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Stopping and image forces acting on a charged particle moving near a
graphene-Al2O3-graphene heterostructure
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We study the impact of plasmon-phonon hybridization on the stopping and image forces acting on a charged
particle moving parallel to a graphene-Al2O3-graphene sandwichlike composite system by considering a broad
domain in the parameter space. The effective dielectric function of the system is obtained using two descriptions
of the electronic response of doped graphene: an ab initio method based on the time-dependent density functional
theory calculations and an analytical expression based on the massless Dirac fermion (MDF) approximation
for graphene π bands. It is found that the main discrepancies between the two methods come from the high-
energy interband electron transitions, which are included in the ab initio method but not in the MDF method.
Special attention is paid to the regime of low-particle speeds, where the MDF method compares well with
the ab initio method, but the modeling is sensitive to the effects of finite temperature and the treatment of
phenomenological damping. It is observed at low particle speeds that both forces exhibit an interesting interplay
between the hybrid modes of the phononic type and the continuum of the intraband electron-hole excitations in
graphene. Furthermore, the effects of the lowest-energy antisymmetric modes, which exhibit acoustic dispersions
at long wavelengths in a system with equally doped graphene layers, are exposed in calculations of the stopping
force on a co-moving pair of incident particles with opposite charges that are symmetrically positioned around
the target system.
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I. INTRODUCTION

The discovery of graphene in 2004 by Novoselov and
Geim [1] recommenced interest in the properties of two-
dimensional (2D) electron systems. This monolayer of carbon
atoms quickly became a very attractive material for numerous
studies and also for potential technological applications [2].
The low-energy excitations in graphene may be described
with its charge carriers treated as massless Dirac fermions
(MDFs) [3,4]. Collective electron excitations, i.e., plasmon
modes in graphene, are interesting from both experimental
and theoretical points of view [5–15]. The three dominant
types of electron excitations occurring in graphene include
the DP (or sheet plasmon or 2D plasmon) and two spectrally
significant features labeled as the π and σ + π plasmons at
ultraviolet frequencies. Dirac plasmon (DP) can only appear
in doped graphene, as it represents charge density waves due
to low-energy intraband excitations of charge carriers, and
is active in the terahertz (THz) to the midinfrared (MIR)
range of frequencies. On the other hand, π and σ + π
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plasmons are high-energy interband transitions and can be
found in doped and undoped graphene [16–18]. DP can be
easily controlled by changing the doping density, thus en-
abling applications of graphene in photonics, optoelectronics,
and plasmonics [19–22]. However, experimental designs of
layered heterostructures involving graphene require stacking
of graphene sheets with insulating spacer layers [23–25],
which usually support strong Fuchs-Kliewer (FK) or optical
surface phonon modes [26]. Those phonon modes are active
in the same frequency range as the DP and can dampen it [27]
or hybridize [28] with it. Such hybridization between plas-
mons and phonons can change the dispersion of the collective
modes in supported graphene and, consequently, substan-
tially affect its tunability for optoelectronics and plasmonics
applications [29].

There has been a recent surge of interest in linearly dis-
persing polariton modes, with a special emphasis on the
so-called acoustic plasmon (AP) in doped graphene because
of its ability to compress optical fields to a nanometric space
[30,31]. AP may be generated when a doped graphene sheet
is placed in the proximity of a highly conductive metallic
surface or when it lies parallel to a nearby 2D conductive layer
[12,13,32]. In particular, a structure based on the spatially
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separated double-layer graphene was predicted theoretically
to give rise to two hybridized modes [33,34]: a higher-energy
plasmon with a similar square-root dispersion as the DP of a
single graphene sheet and a lower-energy, linearly dispersing
AP [33,34]. An interesting application of such a structure was
recently demonstrated in an experiment on molecular infrared
spectroscopy employing a double-layer graphene AP res-
onator [35]. Although, while the linear dispersion of the AP in
double-layer graphene is particularly appealing for nanopho-
tonic and sensing applications, the presence of phonon modes
in the dielectric spacer between the two graphene sheets gives
rise to a strong plasmon-phonon hybridization, which may
destroy the linear dispersion of the AP in the long wavelength
limit [36].

The interaction of moving electrons or ions with the
mentioned heterostructures can be used for probing plasmon-
phonon hybridization, namely, a charged particle traveling
parallel to a metallic or polar crystal surface induces excita-
tions of single electrons and collective modes in that surface.
The onset of the collective oscillations in the polarization
of the medium is characterized by an oscillatory potential
known as the wake effect. This effect arises in the induced
electrostatic potential when the speed of the incident particle
matches the phase velocity of collective oscillations [37,38].
The wake effect in a 2D conductive material was investigated
theoretically in a strongly coupled 2D electron gas [39], fol-
lowed by several studies in carbon nanostructures, including
graphene [40–49]. Dynamic polarization of graphene also
affects charged particles moving parallel to it; specifically,
it has an impact on the stopping force and the image force.
The stopping force represents the rate of dissipation of the
particle’s kinetic energy into plasmon excitations in graphene,
and the image force describes the conservative force attract-
ing the charge particle toward graphene. These forces were
previously investigated in various systems involving graphene
[29,41,42,47–60], e.g., with graphene supported by a SiO2

or SiC substrate. In this paper, we shall explore the impact
of plasmon-phonon hybridization on the stopping and im-
age forces acting on a point charge moving parallel to a
graphene-Al2O3-graphene (for short, denoted by gr-Al2O3-gr)
composite system.

In our previous publication [36], we found that a sandwich-
like gr-Al2O3-gr structure supports a variety of interesting
plasmon-phonon hybrid modes. A thin layer of Al2O3, which
is an experimentally often used dielectric spacer [61–63], sup-
ports two prominent transverse optical (TO) phonon modes in
its bulk. Thus, there are two strongly coupled pairs of the FK
phonon modes that are localized at each surface of the Al2O3

layer. Combining these phonon modes with the DP-AP pair of
modes originating from two doped graphene layers, one can
observe up to six well-defined hybrid modes in the THz to
MIR frequency range. In the case when the graphene layers
are equally doped, the hybrid modes can be classified by
their symmetry into three symmetric and three antisymmetric
modes, which are characterized by the induced potential in
the structure that are even and odd functions of the perpen-
dicular coordinate, respectively. This analysis in Ref. [36]
was accomplished by deriving an expression for the effective
2D dielectric function of the said system using two com-
plementary methods for graphene’s electronic response: one

based on the MDF approximation and the other one was the
ab initio approach. In Refs. [64,65], an expression for the total
potential in the plane of the graphene layer closest to the inci-
dent particle was derived and the impact of plasmon-phonon
hybridization on the wake effect was studied. Finally, general
expressions for the stopping and image forces acting on the
external charged particle moving parallel to the gr-Al2O3-gr
composite system were obtained [66], which are the basis
for this paper. In this paper, the impact of plasmon-phonon
hybridization on the aforesaid forces is evaluated, including
a comparison between the MDF and ab initio methods, by
considering three different doping densities of graphene, two
different thicknesses of the Al2O3 layer, and three incident
particle’s distances from the nearest graphene layer.

Besides the parallel incidence of a single charged particle
upon a gr-Al2O3-gr sandwich structure, we shall also con-
sider in this paper the case of two particles moving at equal
speeds in the same direction, symmetrically placed on the
opposite sides of this structure. By allowing those particles
to have equal and opposite charges, we propose a setting
where the stopping force on those charges can be tuned
to selectively probe the symmetric or antisymmetric hybrid
plasmon-phonon modes in the structure. While such a setting
may be challenging to realize in typical particle scattering
experiments, the conclusions of our calculations for two co-
moving charges could be extrapolated to a system where two
symmetrically placed layers, that can conduct electron and/or
hole currents, can interrelate with the gr-Al2O3-gr sandwich
structure in a manner that is sensitive to the symmetry of its
various hybrid modes.

It is worth mentioning that interactions of fast charged
particles with carbon nanostructures have been studied in the
context of electron energy loss spectroscopy (EELS), typically
using a scanning transmission electron microscope (STEM)
[67–69]. Moreover, the above described scattering geometry,
where an incident charged particle moves (almost) parallel
to the surface, may be of interest, e.g., for possible experi-
ments using grazing scattering of fast ions [70,71] or for the
aloof trajectories of the electron beam used for vibrational
and valence EELS of layered heterostructures within a STEM
[72]. External charges moving at lower energies, as in the
reflection electron energy loss spectroscopy (REELS), may
efficiently probe both the substrate surface phonons and the
low-frequency plasmon modes in a 2D electron gas [73–75].
It is notable that both REELS and low-energy ion grazing
scattering (LEIGS) [76–79] use charged particles that move
at velocities comparable to the graphene Fermi speed, and
are therefore perfectly suited to probe the plasmon-phonon
hybridization in supported graphene.

This paper is organized as follows: After outlining the
theoretical approach in the following section, we present and
discuss the comparison between the MDF and ab initio meth-
ods for the stopping force and image force for a range of
the relevant parameters. Concluding remarks are given in the
last section. Note that we use Gaussian electrostatic units, set
h̄ = 1, and denote the charge of a proton by e > 0.

II. THEORETICAL FORMULATION

A Cartesian coordinate system with coordinates {R, z} is
used, where R = {x, y} is a 2D position vector in the xy plane
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FIG. 1. Diagram of the stopping force Fs and the image force
Fim that act on the point charge Ze moving parallel to the x axis
with constant speed v at a fixed distance b above the gr-Al2O3-gr
composite system. The polarization function of the top graphene
layer placed in the z = a/2 plane is χ2 and of the bottom in the
z = −a/2 plane is χ1. The Al2O3 layer of thickness a is described
by local dielectric function εs(ω).

and z is the distance from it. It is presumed that an incident
particle with charge Ze and velocity v is moving parallel to
a gr-Al2O3-gr composite structure at distance b from the top
graphene surface, as depicted in Fig. 1. Assuming a trans-
lational invariance in the xy directions, a Fourier transform
is performed, giving R �−→ Q. Two graphene layers occupy
the z = ±a/2 planes and there is no gap between them and
the Al2O3 substrate. Bottom and top graphene sheets are de-
scribed by the 2D response functions χ1(Q, ω) and χ2(Q, ω),
respectively. It is assumed that each graphene layer is flat and
isotropic and that no strain is applied to it. The Al2O3 layer
is described by its local dielectric function εS (ω). The entire
system is assumed to be in vacuum or air.

A. Dynamic response functions of graphene layers

If the graphene layers are considered as strictly 2D sys-
tems, their nonlocal independent-electron response functions
may be written as [80]

X 0
i (Q, z, z′, ω) = χ0

i (Q, ω)δ(z − zi )δ(z′ − zi); i = 1, 2,

(1)

where Q is the momentum transfer vector parallel to the (x, y)
plane and z1 = −a/2 and z2 = a/2 are the locations of the
layers on the z axis. The χ0

1,2(Q, ω) functions are calculated
from first principles as

χ0
i (Q, ω) = L χ0,i

G=0G′=0(Q, ω); i = 1, 2, (2)

where the 3D Fourier transform of the independent-electron
response function is given by

χ0,i
GG′ (Q, ω)

= 2

�

∑
K∈SBZ

∑
n,m

f i
n(K) − f i

m(K + Q)

ω + iη + En(K) − Em(K + Q)

× ρnK,mK+Q(G) ρ∗
nK,mK+Q(G′); i = 1, 2, (3)

with f 1,2
nK = [e(EnK−E1,2

F )/kT + 1]−1 being the Fermi-Dirac dis-
tributions at the temperature T . The charge vertices in Eq. (3)
have the form

ρnK,mK+Q(G) =
∫

�

dre−i(Q+G)·r φ∗
nK(r)φnK+Q(r), (4)

where G = (G‖, Gz ) are the 3D reciprocal lattice vectors and
r = (R, z) is a 3D position vector. Integration in Eq. (4) is
performed over the normalization volume � = S × L, where
S is the normalization surface and L is superlattice constant
in the z direction (separation between graphene layers in a
superlattice arrangement). The plane-wave expansion of the
wave function has the form

φnK(R, z) = 1√
�

eiK·R ∑
G

CnK(G)eiG·r,

where the coefficients CnK are obtained by solving the local
density approximation–Kohn Sham (LDA-KS) equations self-
consistently.

B. The screened Coulomb interaction

If the geometry of the gr-Al2O3-gr composite is such
that the Al2O3 slab occupies region −a/2 < z < a/2 and 2D
graphene layers are laid in the planes z = −a/2 and z = a/2,
then in the region z > a/2 and z′ > a/2 the screened Coulomb
interaction can be written as [36]

W (Q, z, z′, ω) = vQe−Q|z−z′ |

+W ind
a/2,a/2(Q, ω)e−Q(z+z′−a), (5)

where

W ind
a/2,a/2(Q, ω) = v11 + v2

12χ1 + v2
11χ2 + v11v

2
12χ1χ2

1 − v2
12χ1χ2

− vQ

(6)

is a propagator of the induced Coulomb interaction at the sur-
face z = a/2. Here, v11 and v12 represent propagators of bare
Coulomb interaction within and between the surfaces z = a/2
and z = −a/2, respectively, screened by the dielectric Al2O3

slab, which have the following analytical form:

v11 = vQ

{
1 + DS (ω)

1 − e−2Qa

1 − D2
S (ω)e−2Qa

}
, (7)

v12 = vQ
1 − D2

S (ω)

1 − D2
S (ω)e−2Qa

e−Qa, (8)

where vQ = 2π/Q and

DS (ω) = 1 − εS (ω)

1 + εS (ω)
.

Here, εS (ω) represents the bulk dielectric function of Al2O3.
The RPA screened response function of the ith graphene
layer is

χi(Q, ω) = χ0
i (Q, ω)

1 − v11(Q)χ0
i (Q, ω)

; i = 1, 2. (9)

Besides the one-sided screened Coulomb interaction, given
in Eq. (6), we also require a two-sided interaction, enabling us
to calculate stopping forces on two particles comoving on the
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ANA KALINIĆ et al. PHYSICAL REVIEW B 106, 115430 (2022)

opposite sides of the gr-Al2O3-gr composite. In the regions
z > a/2 and z′ < −a/2, the screened Coulomb interaction
can be written as [36]

W (Q, z, z′, ω) = vQe−Q|z−z′ |

+W ind
a/2,−a/2(Q, ω)e−Q(z−z′−a), (10)

where

W ind
a/2,−a/2(Q, ω) = v12 + v11v12(χ1 + χ2) + v2

11v12χ1χ2

1 − v2
12χ1χ2

− vQe−Qa (11)

is the propagator of the induced Coulomb interaction between
the surfaces z = a/2 and z = −a/2.

Finally, we note that removing the dielectric Al2O3 slab
leaves the formulas in Eqs. (5–11) unchanged, except that the
intrasurface and intersurface Coulomb interactions in Eqs. (7)
and (8) should be unscreened according to

v11 → vQ (12)

and

v12 → vQe−Qa. (13)

C. Stopping force and image force for one particle

Following the procedure outlined in the Supplemental
Material (SM) [81], the stopping force on a charged parti-
cle Ze that moves in the x direction with constant speed v

at a fixed distance b above the top graphene layer (so z =
a/2 + b) is

Fs = (Ze)2

π2

∫ ∞

0
dQx

∫ ∞

0
dQyQx

× Im[W (Q, a/2 + b, a/2 + b, Qxv)]. (14)

Considering that z, z′ > a/2, here we use the interaction
Eq. (5) and obtain

Im[W (Q, a/2 + b, a/2 + b, Qxv)]

= e−2QbIm
[
W ind

a/2,a/2(Q, Qxv)
]
. (15)

Moreover, for one-sided interactions, we may also define
an effective 2D dielectric function in terms of the screened
Coulomb interaction at z = z′ = a/2 as

ε(Q, ω) = vQ

W (Q, a
2 , a

2 , ω)
. (16)

After combining this with Eq. (15), we may write

Im[W (Q, a/2 + b, a/2 + b, Qxv)] (17)

= vQe−2QbIm

[
1

ε(Q, ω)

]
,

which, after inserting Eq. (17) back into Eq. (14), gives our
final expression for the stopping force:

Fs = 2(Ze)2

π

∫ ∞

0
dQx

∫ ∞

0
dQy

Qx

Q
e−2QbIm

[
1

ε(Q, Qxv)

]
.

(18)

After using Eqs. (5) and (6) in Eq. (16) and some algebra,
the effective dielectric function may be written in a more
explicit form as

ε(Q, ω) = 1

2

[
1 + εS coth (Qa) − 2vQχ0

2

]

− 1

2

ε2
S cosech2(Qa)

1 + εS coth (Qa) − 2vQχ0
1

. (19)

Using similar argumentations and starting with the expres-
sion for the image force, derived in the SM,

Fim = (Ze)2

π2

∫ ∞

0
dQx

∫ ∞

0
dQy

× ReWind(Q, a/2 + b, a/2 + b, Qxv), (20)

where Wind is obtained from Eq. (5) by removing the bare
Coulomb interaction vQe−Q|z−z′ |, we can use the definition of
the effective dielectric function in Eq. (16) to finally express
the image force as

Fim = 2(Ze)2

π

∫ ∞

0
dQx

∫ ∞

0
dQye−2QbRe

[
1

ε(Q, Qxv)
− 1

]
.

(21)

D. Stopping force for two particles

We now consider two charged particles, which move on
the opposite sides of the gr-Al2O3-gr composite with equal
speeds, with their x coordinates both given by x = vt and
their z coordinates being z = a/2 + b and z = −a/2 − b. We
wish to evaluate the stopping force on one of the particles with
charge Ze, moving at a distance b above the top graphene layer
(so its z coordinate is z = a/2 + b) in the presence of another
particle with the charge ±Ze, moving at a distance b below the
bottom graphene layer (so its z coordinate is z = −a/2 − b).
Following the procedure outlined in the SM for the case of
two particles, we obtain the stopping force on the first particle
when the other particle is equally/oppositely charged as

F±
s = (Ze)2

π2

∫ ∞

0
dQx

∫ ∞

0
dQyQx

×{Im[W (Q, a/2 + b, a/2 + b, Qxv)]

± Im[W (Q, a/2 + b,−a/2 − b, Qxv)]}. (22)

Here, we need the screened Coulomb interactions
W (Q, z, z′, ω) for both one-sided cases with z, z′ > a/2
and two-sided cases with z > a/2, z′ < −a/2. After inserting
the screened Coulomb interactions Eqs. (5) and (10), we
obtain a more explicit expression:

F±
s = (Ze)2

π2

∫ ∞

0
dQx

∫ ∞

0
dQyQxe−2Qb

× Im
[
W ind

a/2,a/2(Q, Qxv) ± W ind
a/2,−a/2(Q, Qxv)

]
. (23)

E. Computational details

The first part of our ab initio calculations consists of
determining the KS ground state of single-layer graphene
and the corresponding wave functions φnK(R, z) and ener-
gies En(K). For graphene’s unit-cell constant, we use the
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experimental value of ag = 0.245 nm [82], while for the su-
perlattice unit-cell constant (separation between the periodic
replicas of graphene layers) we take L = 5ag. For calculating
the KS wave functions and energies, we use a plane-wave,
self-consistent field code within density functional theory,
within the QUANTUM ESPRESSO package [83]. The core-
electron interaction is approximated by the norm-conserving
pseudopotentials [84] and the exchange correlation potential
by the Perdew-Zunger local density approximation [85]. To
calculate the ground-state electronic density, we use 21 ×
21 × 1 Monkhorst-Pack K-point mesh [86] of the first Bril-
louin zone (BZ), and for the plane-wave cut-off energy we
choose 50 Ry. The second part of our ab initio calculations
consists of determining the independent-electron response
function Eq. (3). To achieve better resolution in the long -
wavelength limit (Q ≈ 0) and the low-energy limit (ω ≈ 0),
the response function Eqs. (3) and (4) is evaluated from
the wave functions φnK(r) and energies En(K) calculated
for the 601 × 601 × 1 Monkhorst-Pack K-point mesh, which
corresponds to 361 801 K points in the first BZ. The band
summations (n, m) in Eq. (3) are performed over 30 bands.
In the calculation, we use two kinds of damping parameters:
ηintra = 10 meV for transitions within the same bands (n ↔ n)
and ηinter = 50 meV for transitions between different bands
(n ↔ m).

F. MDF model

The single-layer graphene response functions for nonin-
teracting electrons were obtained at zero temperature using
the random phase approximation (RPA) for doped graphene,
taking into account just its π electron bands in the Dirac
cone approximation [87,88] with the effects of damping in-
cluded via the Mermin procedure for the damping parameter
γ = 10 meV [60]. We call this approach the MDF method.
This method accurately describes both the interband and
the intraband electron transitions involving π electron bands
at frequencies up to the IR for typical doping densities of
graphene. It is assumed that graphene sheets are equally
doped, each having the same Fermi energy, so the graphene
layers have equal polarization functions, χ1 = χ2.

G. Al2O3 model dielectric function

The Al2O3 slab is treated as a homogeneous dielectric
described by local dielectric function εS (ω). Complex po-
lar crystals, such as Al2O3, possess several different optical
phonons with different symmetries and polarizations. But if
we assume that the polarization of the bulk Al2O3 mainly
comes from excitations of the two optical modes that have the
largest oscillator strengths [26,89], its bulk dielectric function
may be approximated by [90]

εS (ω) = ε∞
ox + (

εi
ox − ε∞

ox

) ω2
TO2

ω2
TO2 − ω2 − iωγTO2

+ (
ε0

ox − εi
ox

) ω2
TO1

ω2
TO1 − ω2 − iωγTO1

, (24)

where ε∞
ox , εi

ox, and ε0
ox are the optical, intermediate, and static

permittivities, ωTO1 and ωTO2 are the first and second TO

angular frequencies (with ωTO1 < ωTO2), and γTO1 and γTO2

are the damping rates of the corresponding TO phonons.
For the bulk Al2O3 dielectric function given in Eq. (24),

we use the following parameters: ε0
ox = 12.53, εi

ox = 7.27,
ε∞

ox = 3.20, ωTO1 = 48.18 meV, ωTO2 = 71.41 meV, γTO1 =
1.74 meV and γTO2 = 6.82 meV. After determining the re-
sponse function in Eq. (3) and using the Al2O3 dielectric
function in Eq. (24), the effective 2D dielectric function in
Eq. (19) is calculated.

The thickness of the Al2O3 slab is a and, for simplicity,
it is assumed that there is no gap between it and the two
graphene layers. It was found that this approximation has
negligible effects on the coupled modes. In our previous work
[60], we studied the effects of this distance on the stopping
and image forces in the case of graphene on a semi-infinite
insulator and found that, while the zero-gap approximation
yields qualitatively correct behavior of these forces, there
are notable quantitative effects at the incident particle speeds
v � vF , where vF ≈ c/300 is the Fermi speed of graphene’s π

electron bands and c is the speed of light in vacuum. Although
the issue may be more complicated in the case of a sandwich
structure with a relatively thin insulating layer, we believe that
assigning a finite gap size in the present paper would not alter
the results in a qualitative manner. A detailed study of the
effects of finite gap is therefore deferred to future work.

III. RESULTS AND DISCUSSION

In our previous work, we found that, for a doped graphene
sheet on a SiC [52] or a SiO2 [29] substrate, there exists a
velocity threshold at vF , such that the excitation of the DP can
occur if the charged particle moves at speeds v > vF . Below
the threshold, v < vF , the stopping force showed a broad
feature, which included a combination of contributions from
the continuum of the intraband electron-hole (e-h) excitations
in doped graphene and a low-frequency phonon mode in the
case of a SiC substrate [52]. At the same time, the dynamic
image force barely showed any effects of a SiO2 substrate
in the subthreshold range of speeds [29]. Our goal in this
section is to explore the range of speeds up to 10 vF , paying
special attention to the subthreshold region, v < vF , where
we expect an evidence of the phonon excitation in both the
stopping and image forces. These forces will be evaluated
by using both MDF and ab initio methods for a particle
moving parallel to the sandwichlike gr-Al2O3-gr composite
shown in Fig. 1. We shall use the following set of parameters:
three different doping densities of graphene (with EF = 0
for undoped, and EF = 200 meV or EF = 1000 meV for
doped graphene), two different thicknesses of the Al2O3 layer
(a = 5 nm and a → ∞ for semi-infinite dielectric), and three
incident particle’s distances from the nearest graphene layer
(b = 0.5 nm, b = 5 nm, and b = 50 nm).

A. Stopping and image forces on single particle

First, let us explore in Fig. 2 the system consisting of two
graphene sheets a distance a = 5 nm apart with the same
doping density, which when expressed via its Fermi energy
is given by EF = 200 meV [marked as gr(200 meV)]. The
region between the two graphene sheets is filled with either
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FIG. 2. The stopping force Fs (a) and the image force Fim

(b), normalized by F0 = (Ze)2/(4b2), as functions of the speed v

(normalized by vF ) of a charged particle (Z = 1) moving at a dis-
tance b = 0.5 nm above the top graphene. The separation between
graphene layers (or the Al2O3 slab thickness) is a = 5 nm and both
layers are doped such that EF = 200 meV. Results are shown for two
composite systems: gr-Al2O3-gr (solid lines) and gr-gr (short dashed
lines). Thin black lines are obtained using the ab initio method and
thick red lines using the MDF method. The insets show the zoom
of panels (a) and (b) in the low-velocity regime in the case of the
gr-Al2O3-gr composite.

an Al2O3 layer (solid lines) or air/vacuum (dashed lines).
The distance from the charged particle to the top graphene
layer is b = 0.5 nm. The stopping force acting on the charged
particle traversing parallel to the described system is shown
in Fig. 2(a), while the corresponding image force is shown
in Fig. 2(b). We note that in Fig. S2 of the SM, we plotted
the results for both forces on a gr-Al2O3-gr structure using
the same distance b = 0.5 nm and the same doping EF =
200 meV as in Fig. 2, but with the thickness increased to
a → ∞, and we found that they are practically identical with
those obtained with a = 5 nm. This shows that, for the choice

of parameters in Fig. 2, namely, a � b, the modes originating
from the charge polarization on the opposing surfaces in a
thick gr-Al2O3-gr structure are electrostatically decoupled, so
the problem is reduced to that of a single sheet of doped
graphene on a semi-infinite substrate, studied before [29,60].

In Fig. 2(a), the stopping force obtained with the MDF
method exhibits a broad maximum, which occurs at about
2–3 vF for the system with the Al2O3 layer and at about 4–5
vF for the system without that layer, similar to the stopping
force for single graphene sheet on a semi-infinite dielectric
substrate [29,52]. As in those previous references, the broad
maxima in Fig. 2(a) can be assigned to a high-energy, DP-like
plasmonic hybrid mode, which follows a square-root disper-
sion (see Figs. 5 and 7 in Ref. [36] for the structure without
and with the Al2O3 layer, respectively). On the other hand, the
stopping force in Fig. 2(a) from the ab initio method levels
off at an approximately constant value for v � 4 vF , which is
comparable to that attained at the peak in the MDF method for
the system with Al2O3, while it continues to increase with the
increasing speed in the range above vF for the system without
the Al2O3 layer. The differences between the MDF and the
ab initio methods at high speeds may be explained by a con-
tribution to the stopping force that comes from high-energy
interband electron transitions in the ab initio method, which
are not included in the MDF method. More specifically, with
the contribution of the region with the Q � 1/(2b) = 1 nm−1

values to the integrals defining the stopping and image forces
being suppressed, the role of the high-energy interband transi-
tions with energy, say, ωhigh in the ab initio method can only be
probed at high enough speeds, such that v � 2bωhigh. Taking
ωhigh = 4 eV as a typical value corresponding to the π peak
in graphene, we may estimate that significant deviations of the
MDF method from the ab initio method would be expected at
the speeds v � 6 vF for b = 0.5 nm.

In both the MDF and the ab initio methods, the stopping
forces at speeds v > vF have significantly smaller magnitudes
in the case with the Al2O3 than in the case without the Al2O3

layer, indicating a shift of the spectral weight toward the
low-energy, phononlike hybridized modes [36]. This shift of
weight in the presence of the Al2O3 layer will be a pervading
qualitative observation in all the results on stopping force
presented below, which will be rationalized in a more quan-
titative manner via the modal decomposition in Fig. 7. Here,
in Fig. 2(a), we observe that the magnitudes of the stopping
forces at low speeds, v < vF , in the case without the Al2O3

layer are small in both methods and they only show a linear
increase with the increasing speed due to the continuum of
the intraband e-h excitations, corresponding to the regime of
linear friction [52]. However, in the presence of the Al2O3

layer, both methods yield a stopping force that exhibits a sharp
peak at the speed around v = 0.08 vF , as seen in the inset to
Fig. 2(a). To elucidate the origin of that peak, let us derive
approximate conditions on the charged particle’s distance b
and speed v, which will enable a low-energy, weakly dispers-
ing optical phonon mode to make a sizable contribution to
the stopping force. It is shown in Sec. S2.A of the SM that
the location of the peak seen in the inset of Fig. 2(a) may
be ascribed to a contribution coming from the FK phonon
with the frequency ωFK2 ≈ 86 meV, from the range of wave
numbers outside the continuum of the intraband e-h excita-

115430-6



STOPPING AND IMAGE FORCES ACTING ON A CHARGED … PHYSICAL REVIEW B 106, 115430 (2022)

tions, where this mode is free from Landau damping. From
Fig. S1(b), we can ascertain that this will be the case when
Q > 2kF + ωFK2/vF , where kF = EF /vF is the Fermi wave
number in graphene. On the other hand, that FK mode can
make a contribution to the stopping force if the resonance
condition is fulfilled, ωFK2 < Qv. Moreover, keeping in mind
that the effective range of the contributing wave numbers is
bounded by Q � 1/(2b), we may estimate that sizable effects
of the FK phonon in the stopping force can be expected
for short enough distances and the speeds, which satisfy the
inequalities

1

2b
� ωFK2

v
� 2kF + ωFK2

vF
, (25)

giving the conditions b � 0.7 nm and v � 0.2 vF for the dop-
ing of EF = 200 meV. Clearly, the choice of b = 0.5 nm
facilitates the appearance of a peak at v ≈ 0.08 vF , whose
width at half maximum satisfies the above condition on the
particle speed, as evidenced in the inset to Fig. 2(a).

The inset in Fig. 2(a) also shows a remarkably close
agreement between ab initio and MDF methods in the low-
velocity range, from which we may conclude that the MDF
method provides an adequate description of the fate of the
substrate phonons, when they interact with the continuum of
low-energy intraband e-h excitations at (relatively) large wave
numbers.

In Fig. 2(b), the dependence of the image force on the
speed in the case without the Al2O3 layer resembles the typ-
ical results found previously for a single-layer free graphene,
[29] exhibiting a local minimum near v = vF , with a gradual
approach to a constant value as v → 0. The magnitude of the
image force in the ab initio method is larger than that in the
MDF method for speeds v � 2 vF , with a difference that keeps
growing with v, which is again likely related to contributions
from the high-energy interband transitions that are included
in the ab initio method. In the case with the Al2O3 layer,
the image forces obtained with the two methods are seen to
be in closer agreement than in the case without that layer,
and they both show a tendency to approach a value deter-
mined by a substrate with the dielectric constant ε∞

ox as the
speed increases [91]. Most strikingly, the two methods share
interesting qualitative features in the dependence of the image
force for the speed in the region v < vF , where the stopping
force was found to be dominated by the substrate FK phonon,
namely, there is a local minimum in the inset to Fig. 2(b) for
the image force at around 0.02 vF < v < 0.03 vF , noticeable
in both methods in the presence of the Al2O3 layer, which is
related to the local maximum seen in the inset to Fig. 2(a) for
the stopping force at around v = 0.08 vF . This local minimum
in the image force with the Al2O3 layer is followed by a
broad, asymmetric local maximum at v ≈ 0.25 vF in Fig. 2(b),
which gradually evolves into another local minimum at about
v = vF that apparently shares the same origin as the minimum
observed in the case without the Al2O3 layer.

The curves obtained from the MDF and ab initio methods
for the image force at low speeds, v < vF , look qualitatively
similar, but they exhibit small vertical and horizontal shifts.
This difference between the two methods may be attributed to
the limit of static screening, where static in-plane polarizabil-
ity of graphene can be strongly affected by the high-energy

FIG. 3. The stopping force Fs (a) and the image force Fim (b),
normalized by F0 = (Ze)2/(4b2), as functions of the speed v (nor-
malized by vF ) of a charged particle moving at a distance b = 0.5 nm
above the gr-Al2O3-gr composite system. The thickness of the Al2O3

layer is a = 5 nm. Results are shown for two values of the Fermi
energies, same for both graphene layers: EF = 200 meV (solid lines)
and EF = 1000 meV (short dashed lines). Thin black lines are ob-
tained using the ab initio method and thick red lines using the MDF
method. The insets show the zoom of panels (a) and (b) in the
low-velocity regime when both graphene layers are doped such that
EF = 1000 meV.

interband transitions in graphene [32,92], which are in-
cluded in the ab initio method but are missing in the MDF
method. Next, we increase the Fermi energy of the graphene
sheets to EF = 1000 meV. Figure 3 shows the stopping
and image forces in the gr(200 meV)-Al2O3-gr(200 meV)
and gr(1000 meV)-Al2O3-gr(1000 meV) systems. We see
that, while the increase in the doping density in Fig. 3 has
negligible effects on both forces at the speeds exceeding
3–4 vF within both methods, there is a notable increase in
the magnitudes of both forces at speeds vF � v � 3–4 vF

when going from EF = 200 meV to EF = 1000 meV. Given
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that we may still expect that the two surfaces in our sandwich
structure are electrostatically decoupled for the chosen a and
b values in Fig. 3, this increase of magnitudes may be simply
assigned to an increase of the energy of the DP-like hybrid
mode due to an increase in the doping density of graphene,
as previously observed for single layer graphene [29]. In
the range of low speeds, v < vF , we also see some quantitative
changes in the contribution of the substrate phonons to the
stopping force. Comparing the insets in Figs. 2(a) and 3(a),
we see that the increase in the doping density reduces the
magnitude of the phonon-induced peak in the stopping force
and pushes it to a lower speed, v ≈ 0.04–0.05 vF , followed
by a broad minimum around v = 0.1 vF for the ab initio
method and around v = 0.2 vF for the MDF method, giving
rise to a small difference between the two methods, which was
not seen in the inset to Fig. 2(a).

The changes in the low-velocity region of the stopping
force can be analyzed in view of the conditions derived above,
which now give b � 0.15 nm and v � 0.04 vF for the doping
of EF = 1000 meV. These inequalities indicate that increasing
the doping density in Fig. 3 is not favorable for the appearance
of a signature of the FK phonon mode in the stopping force
in the form of a sharp peak at v 
 vF . While the phonon-
induced peak is suppressed in the stopping force, we see that
a region with linear increase of that force takes over as the
speed increases beyond v = 0.1 vF for the ab initio method
and beyond v = 0.2 vF for the MDF method, indicating the
onset of the friction regime due to the intraband e-h excitations
in graphene doped at EF = 1000 meV.

Similar changes are visible in Fig. 3(b) for the image force,
which exhibits an increase in the magnitude at speeds v <

3 vF in both methods. A closer inspection of the low-velocity
region in the inset to Fig. 3(b) also reveals some small changes
in the shape of the image force curves in the two methods with
the doping EF = 1000 meV, with the minima still occurring
at about the same speeds, 0.02 vF < v < 0.03 vF , as in the
case with the doping EF = 200 meV, discussed in the inset
to Fig. 2(b). In Fig. 4, we show the stopping force in the
range of speeds from 0 to vF for two undoped graphene
sheets a distance a = 5 nm apart, with and without the Al2O3

layer, as well as for the sheets with the two doping densities
from Fig. 3 with the Al2O3 layer, using the same particle
distance b = 0.5 nm. It is seen that all the curves from the
ab initio and the MDF methods agree reasonably well up
to the speed ∼0.5 vF , except for the undoped case without
the Al2O3 layer. All the curves obtained from the ab initio
method show a rapid increase in the stopping force at speeds
0.8 vF � v < vF , which is not evident in the curves from the
MDF method. We recall that the speed v = vF corresponds
to a threshold for excitations of the e-h continuum due to
the interband transitions involving the π electron bands in
graphene. Therefore, the discrepancy between the two meth-
ods in Fig. 4 when the speed approaches this value is likely
due to the fact that the ab initio method uses a rather large
damping rate of ηinter = 50 meV for the interband transitions,
whereas the MDF method uses the damping of γ = 10 meV
for both the intraband and interband transitions. This point is
further analyzed in Fig. S3 of the SM.

In Sec. S2.A of the SM, we show that the peak at the speed
v � 0.08 vF is related to the FK phonon with higher frequency

FIG. 4. The stopping force Fs normalized by F0 = (Ze)2/(4b2)
as a function of the speed v (normalized by vF ) of a charged par-
ticle moving at a distance b = 0.5 nm above the top graphene. The
separation between graphene layers is a = 5 nm. Results are shown
for four composite systems: two undoped graphene layers (thin black
lines), two undoped graphene layers with Al2O3 in between (medium
red lines), two graphene sheets with Fermi energy of EF = 200 meV
with Al2O3 in between (thick blue lines), and the same system but
with EF = 1000 meV (extra thick green lines). Short dashed lines are
obtained using the ab initio method and solid lines using the MDF
method.

of the two FK phonons in a Al2O3 surface, ωFK2 = 86 meV,
which is modified by static screening in graphene. The peak
region up to ∼0.2 vF in Fig. 4 is not affected by the method
used nor by the change in the doping density from EF = 0
to EF = 200 meV, confirming the dominant role of that FK
phonon mode in the Al2O3 layer. The curves with the dop-
ing increased to EF = 1000 meV in Fig. 4 reveal additional
details of the case discussed in the inset to Fig. 3(a), with
the weight of the peak lowered and its position reduced to
about 0.04–0.05 vF , accompanied by an onset of a quasi-
linear increase of the stopping force in the range of speeds
0.2 vF � v � 0.8 vF for both methods. The differences seen
in Fig. 4 between the curves obtained with the two methods at
the doping EF = 1000 meV, which include the peak heights
and positions, as well as a small vertical shift of the stopping
force in the linear region, may be related to the fact that the
temperature was taken to be room temperature in the ab initio
method, while the MDF method is formulated for zero tem-
perature. However, it is more likely that the difference arises
in the static screening of the substrate phonons by graphene
due to different treatments of the damping factors, namely,
the MDF method employs Mermin’s procedure, while the
ab initio method does not. The largest difference between the
two methods is seen in Fig. 4 for the case of undoped graphene
sheets without the Al2O3 layer, where a linear increase of the
stopping force with increasing speed in the ab initio method
occurs at a much higher rate than in the MDF method. This
is likely to be due to the effects of both finite temperature
and larger damping rate for the interband transitions in the
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FIG. 5. The stopping force Fs (a) and the image force Fim (b),
normalized by F0 = (Ze)2/(4b2), as functions of the speed v (nor-
malized by vF ) of a charged particle moving at two distances above
the gr-Al2O3-gr composite system: b = 0.5 nm (solid lines) and
b = 5 nm (short dashed lines). The separation between graphene
layers or the Al2O3 slab thickness is a = 5 nm and both layers are
doped such that EF = 200 meV. Thin black lines are obtained using
theab initio method and thick red lines using the MDF method. The
insets show the zoom of panels (a) and (b) in the low-velocity regime
for the charged particle distance of b = 5 nm.

ab initio method. In any case, based on the above discussion
of Fig. 4, as well as in the discussion of Fig. S3 in the SM,
we may conclude that modeling of the substrate phonon influ-
ence on the stopping force at low speeds, v < vF , is strongly
affected by the details of the adopted method, such as the
treatment of the damping and the temperature effects. Let
us now increase the distance from the charged particle to the
top graphene layer. Figure 5 shows a comparison between the
stopping and image forces, obtained by ab initio and MDF
methods, for b = 0.5 nm and b = 5 nm. The Fermi energy
of graphene sheets is EF = 200 meV and the thickness of
Al2O3 layer is a = 5 nm. Obviously, the electrostatic coupling

between the opposite surfaces of our structure is no longer
negligible for the distance b = a = 5 nm. One can see in
Fig. 5 that the increase in b generally improves the agreement
between the two methods for both the stopping and image
forces over a wider range of speeds. This may be explained
by referring to the discussion of Fig. 2(a) regarding the effects
of high-energy interband electron transitions with energy ωhigh

in the ab initio method, from which we may conclude that im-
proved agreement between the two methods may be expected
in the range of speeds v � 2bωhigh, which is expanded by
increasing the distance b. However, there are differences in the
stopping forces in Fig. 5(a) around v = 1.5–2 vF , where the
ab initio method exhibits some local peak structures, which
are not visible in the MDF method. Those structures can be
assigned to a very sparse sampling of the ab initio energy
loss function (ELF) in the region of small wave vectors for
which it is still not possible to apply the ELF expression in
the strict optical limit. As a result, the numerically obtained
ELF could be notably discontinuous in the range of optically
small wave vectors, thus possibly giving rise to artifacts, such
as a shoulder and a small peak in the interval of speeds v =
1.5–2 vF in the stopping force in Fig. 5(a), which are echoed
by a small dip and a shoulder in the same interval of speeds in
the image force in Fig. 5(b).

More interestingly, the local maximum in the stopping
force at v ≈ 0.08 vF and the corresponding dip in the image
force at about v ≈ 0.02–0.03 vF , which were observed in
the insets of Fig. 2 for b = 0.5 nm, are eliminated after the
distance is increased to b = 5 nm, as shown in the insets of
Figs. 5(a) and 5(b), respectively. This may be explained by
the fact that, with the wave numbers that make the dominant
contribution to the stopping force being reduced to the range
Q � 1/(2b) = 0.1 nm−1, any fingerprint of the FK mode in
the form of a sharp peak at a low speed v 
 vF is likely to be
blurred by the Landau damping of that mode in the continuum
of the intraband e-h excitations. This is to be expected based
on the previously discussed conditions, because the cases with
the distance b = 5 nm in Fig. 5 grossly violate the condition
b � (4kF + 2ωFK2

vF
)−1 ≈ 0.7 nm. Instead of a sharp, phonon-

induced peak, we observe in Fig. 5(a) a nonlinear behavior
of the stopping force in the range of speeds 0 < v < vF ,
which could be loosely described as a very broad peak of the
phononic origin being superimposed on a linear portion of the
stopping force that comes from the intraband e-h excitations.
The effects of increasing b on the FK phonon-induced peaks
in the stopping force are further discussed in Sec. S2.A of the
SM. Similar changes are also observed in the image force in
Fig. 5(b), where the dip at the speedsof about 0.02–0.03 vF ,
seen in the inset to Fig. 2(b) for b = 0.5 nm, is eliminated after
the distance is increased to b = 5 nm, so the image force be-
comes approximately constant at speeds v � 0.1 vF , as seen in
the inset to Fig. 5(b). Next, we compare in Fig. 6 the stopping
and image forces for two Al2O3 thicknesses, a = 5 nm and
a → ∞ (corresponding to a semi-infinite substrate), with the
particle distance b = 5 nm, using the ab initio and MDF meth-
ods. This figure illustrates the effects of electrostatic coupling
between the two surfaces, which were found in Fig. S2 of the
SM to be negligible when b = 0.5 nm for the same two values
of thickness a. In Fig. 6, we see that, when the distance is
increased to b = 5 nm, the effects of the electrostatic coupling
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FIG. 6. The stopping force Fs (a) and the image force Fim (b),
normalized by F0 = (Ze)2/(4b2), as functions of the speed v (nor-
malized by vF ) of a charged particle moving at a distance b = 5 nm
above the top graphene. The Fermi energy of graphene is EF =
200 meV. Results are shown for two values of the Al2O3 slab thick-
nesses: a = 5 nm (solid lines) and a → ∞ (short dashed lines). Thin
black lines are obtained using the ab initio method and thick red lines
using the MDF method. The insets show the zoom of panels (a) and
(b) in the low-velocity regime for a semi-infinite Al2O3 substrate
(a → ∞).

are still strong at speeds v � 2 vF . On the other hand, no
effects of the increased thickness are observed in the stop-
ping and image forces at the speeds v � 1.5 vF . Therefore,
it appears that for the low-velocity behavior of those forces,
where a strong interplay is expected between the phonon-
induced hybrid modes and the continuum of the intraband
e-h excitations takes place, the gr-Al2O3-gr structure may be
treated as a single graphene sheet on a semi-infinite substrate,
even when b ∼ a. This is somewhat surprising because the
opposing surfaces of the gr-Al2O3-gr structure should be elec-
trostatically coupled for a = b. A possible explanation will be
offered in Fig. 7, where the stopping force at speeds v < vF is

FIG. 7. The (a) resonant frequencies ω
p
j and (b) corresponding

weights Ap
j are shown as functions of the wave number Q for

two equally doped graphene sheets having the Fermi energy of
EF = 200 meV, a distance a = 5 nm apart, with (colored lines) and
without (black lines) an Al2O3 layer between them. The solid lines
show the symmetric (p = +) and the dashed lines show antisym-
metric (p = −) hybrid modes, with j = 1 (purple lines) and j = 2
(orange lines) labeling the lower-energy and higher-frequency
phononic modes, and j = 3 (cyan lines) labeling the highest-
frequency mode of plasmonic character. The ten black dotted lines
in the panel (a) indicate the straight lines ω = vQ, with the particle
speed taking the values v = vF , 2vF , . . . , 10vF .

dominated by the phononic modes of the antisymmetric type
in a gr-Al2O3-gr structure, which exhibit a series of avoided
crossings in the range of the wavenumbers Q � 0.1 nm−1,
which look qualitative similar to the avoided crossings in a
single graphene sheet on a semi-infinite substrate [29].

As noted in Fig. 5, the increase of the distance to b = 5
nm improves the agreement between the two methods for
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the stopping force in the case of a → ∞ in Fig. 6 by ex-
panding the range of speeds, v � 2bωhigh, where high-energy
interband transitions do not contribute to that force. On the
other hand, there exists a difference between the two methods
in the image force in the form of a constant shift at very low
speeds, seen in the insets to both Figs. 5(b) and 6(b). This
may be attributed to differences in the limit of static screen-
ing, which arise in the two methods because of the role of
high-energy interband electron transitions in graphene’s static
polarizability, which are not included in the MDF method.
Another possible source of the discrepancy may come from
the effects of finite damping, which are not removed in the
ab initio data according to Mermin’s procedure.

B. Modal analysis and stopping force on two particles

To aid the discussion in this section, we present results
of an analytical approximation for the modal decomposition
of the ELF for a symmetrically doped gr-Al2O3-gr structure,
developed in the SM. We also discuss in this subsection the
stopping force for a somewhat more impractical, yet physi-
cally more revealing configuration of two charges moving in
the same direction at equal speeds along parallel trajectories
that are symmetrically located outside the structure.

In Figs. S1(a) and S1(b) in the SM, we have repro-
duced Figs. 6(a) and 7(b) from Ref. [36], showing the ELF,
Im[−1/ε(Q, ω)], for the gr-Al2O3-gr structure with a = 5 nm
and EF = 200 meV in two ranges of wave numbers, Q <

0.08 nm−1 and Q < 0.8 nm−1, respectively. Besides the den-
sity plots of the ELF obtained from the ab initio method, we
also show in Fig. S1 the dispersion curves for various hybrid
modes, calculated using the MDF method within the optical
limit for graphene’s response [36]. In the SM, we outline
an analytical derivation of the modal decomposition of the
ELF, achieved by neglecting all the damping mechanisms and
using an approximation to the optical MDF model for the
polarization function of doped graphene valid at long wave-
lengths, Q 
 kF , and low frequencies, h̄ω � EF , similar to
the analysis performed in Ref. [91]. Using this approximation
to solve the equation Re[ε(Q, ω)] = 0 gives analytical expres-
sions for resonant frequencies, ω

p
j (Q), and the corresponding

weight functions, Ap
j (Q), appearing in Eq. (S15) of the SM,

where j = 1, 2, 3 labels the hybrid modes with parity p = ±
in a symmetrically doped gr-Al2O3-gr composite. With those
expressions shown in Figs. 7(a) and 7(b), one may invoke
Eqs. (S14) and (S15) of the SM to assess the contributions
of various modes to the forces calculated in this section by
noticing that the distance b of the charged particle reduces
the range of the relevant wave numbers to Q � 1/(2b),
whereas the speed v of the charged particle controls the re-
gions of the (Q, ω) plane, which contribute to the stopping
force (ω < Qv) and the image force (ω > Qv), as discussed
in Ref. [91]. To emphasize the role of this kinetic reso-
nance condition in evaluation of the forces, we also show in
Fig. 7(a) the straight lines ω = Qv for ten particle speeds, v =
vF , 2vF , . . . , 10vF (black dotted lines with increasing slope).

By choosing both equally and oppositely charged pairs of
the comoving particles, which are symmetrically positioned
with respect to the center of the sandwich at z = 0, we wish
to achieve a selective excitation of the symmetric and an-

tisymmetric hybridization of the plasmon/phonon modes in
the gr-Al2O3-gr structure. When the Al2O3 layer is absent,
the resulting double layer of equally doped graphene sheets
supports a well-defined pair of plasmon modes in the domain
QvF < ω < 2EF − QvF for 0 < Q < kF , with a symmetric
mode that retains the square-root dispersion relation akin to
the DP in single-layer graphene, and an antisymmetric AP
mode, which exhibits linear dispersion at long wavelengths,
ω = Qvac,pl [see the black solid and dashed lines in Fig. 7(a),
labeled ω+

0 and ω−
0 , respectively] [33,34]. When the Al2O3

layer is present, it was shown in our previous publication [36]
that a hybridization takes place between those two plasmonic
modes in graphene sheets with two pairs of the surface optical
phonon modes in the oxide slab, giving rise to altogether
three symmetric [see the colored solid lines labeled by ω+

j
for j = 1, 2, 3 in Fig. 7(a)] and three antisymmetric [see the
colored dashed lines labeled by ω−

j for j = 1, 2, 3 in Fig. 7(a)]
modes. The dispersion curves of the three symmetric modes
in Fig. 7(a) exhibit rapid variation due to a series of avoided
crossings at long wavelengths, typically Q < 0.01 nm−1,
whereas the three antisymmetric modes exhibit a generally
much weaker dispersion at those wavelengths. As the wave
number Q increases, the highest-energy symmetric mode and
the highest-energy antisymmetric mode [labeled by ω+

3 and
ω−

3 in Fig. 7(a), respectively] regain the plasmonic character
and continue to closely follow the dispersion relations of the
symmetric and antisymmetric plasmon pair for two graphene
sheets separated by a region with constant permittivity ε∞

ox [as
can be seen in Fig S1(b) of the SM for the wave numbers
Q > 0.1 nm−1]. At the same time, the dispersion relations of
the two pairs of lower-energy symmetric [labeled by ω+

1 and
ω+

2 in Fig. 7(a)] and antisymmetric [labeled by ω−
1 and ω−

2
in Fig. 7(a)] modes maintain their phononic character. As the
wave number Q increases, those modes enter the continuum
of the intraband e-h excitations [see the region Q > ω/vF in
Fig. 7(a)], where they become nearly degenerate (ω−

j → ω+
j

for j = 1, 2) while undergoing attenuation due to Landau
damping, and ultimately attain the energy of one of the two FK
phonons in a Al2O3 surface (ω+

j → ωFK j for j = 1, 2) as they
emerge from that continuum [see the green horizontal lines in
Fig. S1(b) of the SM at the wave numbers Q > 2kF + ω/vF �
0.6 nm−1], where they are statically screened by the graphene
layers [36].

On the other hand, Fig. 7 exposes detailed behavior of all
the hybrid modes in the long wavelength limit of particular
interest for the stopping force, which should be enhanced
in the presence of any acoustic modes in the gr-Al2O3-gr
structure with equally doped graphene layers. In that context,
it is shown in Sec. S2.B of the SM that for a thin structure,
the lowest-energy antisymmetric mode [purple dashed line la-
beled by ω−

1 in Fig. 7(a)] exhibits linear dispersion in the limit
Q → 0 of the form ω = Qvac,ph, with vac,ph = e

√
2aEF /ε0

ox.
When the Al2O3 layer is replaced with air, the resulting acous-
tic speed corresponds to the AP in double-layer graphene
[black dashed line labeled by ω−

0 in Fig. 7(a)], which yields
vac,pl = e

√
2aEF ≈ 2.58 vF for the doping of EF = 200 meV.

In the presence of the Al2O3 layer, the acoustic mode is of
a phononic character with a much reduced acoustic speed,
vac,ph ≈ 0.73 vF for EF = 200 meV, owing to the quite large
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value of the static permittivity of Al2O3, ε0
ox = 12.53. We

note that because vac,ph < vF , the dispersion relation of such
an acoustic mode of the phononic origin is embedded in the
continuum of the intraband e-h excitations in a range of the
wave numbers ω/vF < Q < 2kF + ω/vF , where that mode is
exposed to Landau damping. With regard to the weights of
various modes displayed in Fig. 7(b), it can be shown that the
weight of the antisymmetric mode of the plasmonic type is
much smaller than the weight of its symmetric counterpart for
all particle speeds v � vF , both in a system with the Al2O3

layer, i.e., A−
3 
 A+

3 , and a system without that layer, i.e.,
A−

0 
 A+
0 . On the other hand, the weights of the symmetric

phononic modes with j = 1, 2 are higher than the weights
of their antisymmetric counterparts at high speeds, while this
relation is reversed as the particle speed decreases. In Fig. 8,
we discuss the case of two charges moving at equal speeds in
the same direction along parallel trajectories that are located
on the opposite sides of the gr-Al2O3-gr sandwich at equal
distances b from the nearest graphene layers. We show results
from the ab initio method for the stopping force on one of
those particles when the accompanying particle is equally
charged (F+

s ) and oppositely charged (F−
s ) for two distances:

(a) b = 5 nm and (b) b = 50 nm. For the sake of comparison,
we also show the usual stopping force on a single charged
particle (Fs) moving at the same velocity and distance as those
two particles. As expected from Eq. (23), the stopping force
Fs on a single charged particle is an arithmetic mean of the
stopping forces F+

s and F−
s , whereas their half difference,

Fc ≈ (F+
s − F−

s )/2, is a measure of the electrostatic coupling
between the opposite surfaces of our sandwich structure. We
consider in Fig. 8 that graphene layers are equally doped with
EF = 200 meV and are placed a distance a = 5 nm apart, with
and without an Al2O3 layer between them. The SM shows that
the electrostatic coupling between the graphene layers should
be strong with this choice of the a and b values.

In Fig. 8(a), we see that an inequality |F+
s | > |F−

s | holds
for the gr-Al2O3-gr system at high speeds, v � 2 vF . More-
over, the shape of the velocity dependence of the force F+

s at
speeds v � 2vF supports the previously discussed notion that
stopping is likely dominated by the highest-lying symmetric,
the DP-like hybrid mode, whose square-root dispersion ω+

3
gives rise to a broad maximum at speeds 4–5 vF , similar to
that in Fig. 6(a). It is then conceivable that the force F−

s stems
from the highest-lying antisymmetric mode ω−

3 in the range
of speeds v � 2vF , so the inequality |F+

s | > |F−
s | seems to

reflect the fact that the symmetric hybrid mode of plasmonic
type occurs at a generally higher frequency, and that it con-
tributes to the ELF with a larger weight than the corresponding
antisymmetric mode of plasmic type [see the solid and dashed
cyan curves in Fig. 7(b)]. A similar conclusion may be drawn
from the shapes of the stopping curves F+

s and F−
s for the case

without the Al2O3 layer at speeds v � 2.5 vF .
On the other hand, the fact that the maxima in the stop-

ping forces F−
s , which are observed at speeds 1.5–2 vF in

Fig. 8(a) both with and without the Al2O3 layer, are much
narrower than the maxima in the corresponding forces F+

s ,
is commensurate with the perceived enhancement of the en-
ergy loss when the resonance condition is met, i.e., when

FIG. 8. The stopping forces Fs (thin black lines), F+
s (medium

red lines), and F−
s (thick blue lines), normalized by F0 = (Ze)2/(4b2)

as functions of speed v (normalized by vF ) of a charged particle
moving at two distances above the top graphene: (a) b = 5 nm and
(b) b = 50 nm, obtained using the ab initio method. The separation
between graphene layers (or the Al2O3 slab thickness) is a = 5 nm
and both layers are doped such that EF = 200 meV. Results are
shown for two composite systems: gr-Al2O3-gr (solid lines) and gr-gr
(short dashed lines). The insets show the zoom of panels (a) and (b) in
the low-velocity regime.

the particle speed matches the acoustic speed of a linearly
dispersing mode. This is readily corroborated for F−

s in the
case without the Al2O3 layer, where we observe a peak at
v ≈ 2 vF , which is somewhat smaller than the acoustic speed
of the AP in double-layer graphene, vac,pl ≈ 2.58 vF [33], the
difference being probably because the AP dispersion tends to
saturate as Q surpasses the value ∼0.1 nm−1 (see Fig. 5 in
Ref. [36]). However, the origin of a narrow peak in F−

s at
about v = 1.5 vF in the presence of the Al2O3 layer is not
immediately obvious, but it may be traced to the highest-lying
antisymmetric hybrid mode because its dispersion relation
ω−

3 approaches that of an AP with the screened acoustic
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speed vac,pl = e
√

2aEF /ε∞
ox ≈ 1.44 vF arising for two sheets

of graphene doped with EF = 200 meV and separated by a
region of thickness a = 5 nm with the dielectric constant of
ε∞

ox = 3.2 [see Fig. S1(b) in the SM at Q � 0.1 nm−1].
Furthermore, a reversed inequality, |F−

s | > |F+
s |, holds at

low speeds, v < vF , in the case with the Al2O3 layer, as
shown in the inset to Fig. 8(a). Given that this range of
speeds is dominated by the phononic hybrid modes, which are
quenched by Landau damping in the continuum of the intra-
band e-h excitations, the reversal of the roles of the symmetric
and antisymmetric modes may be explained by noticing that
A−

1 > A+
1 in Fig. 7(b) for Q � 0.035 nm−1, so the linearly

dispersing portion of ω−
1 for the lowest-energy antisymmetric

mode is still dominant over its weakly dispersing symmet-
ric counterpart with ω+

1 , even after they are both heavily
broadened by the Landau damping. In that respect, the broad
maximum in F−

s at about v = 0.6 vF in the inset to Fig. 8(a)
may be considered a weak signature of the acoustic behavior
of the phononic mode, with ω−

1 exhibiting the acoustic speed
vac,ph ≈ 0.73 vF at long wavelengths. At the same time, as
discussed in Fig. 5, the distance b = 5 nm in Fig. 8(a) is too
large to allow for the appearance of a sharp peak in either
of the stopping forces F±

s , which would originate from the
nondispersing portions of the higher-energy phononic modes
with the dispersions ω±

2 that extend to the wave numbers
beyond the continuum of the intraband e-h excitations. We
see in the inset of Fig. 8(a) that, in the case without the
Al2O3 layer, F−

s ≈ F+
s ≈ Fs at low speeds, v < vF , because

of the absence of phonon modes, whereas the linear increase
of all three stopping forces indicates the familiar regime of
friction due to the excitation of the intraband e-h pairs in
graphene.

Finally, by choosing a rather large distance b = 50 nm
in Fig. 8(b), we suppress contributions to the stopping force
coming from the wave numbers exceeding Q ∼ 1/(2b) =
0.01 nm−1. One may observe in Fig. 7 that, in the range
Q � 0.01 nm−1, the weights of all antisymmetric modes are
significantly reduced in comparison with the weights of their
symmetric counterparts, whereas all the symmetric modes
have comparable weights and exhibit avoided crossings in
that range, which can only be probed by a stopping force at
speeds exceeding v = 10 vF , i.e., beyond the range of speeds
discussed in this paper. Nevertheless, we can still provide a
semiquantitative discussion of the results shown in Fig. 8(b)
in the range of speeds v < 10 vF by noticing that, owing to the
inequality Qa ∼ a/(2b) 
 1, the whole sandwich structure
may be considered optically thin [93]. Accordingly, we have
developed in Sec. S2.B of the SM an approximate modal
decomposition of the ELF for a thin structure, which gives
rise to two dominant modes at wave numbers Q � 0.01 nm−1:
a higher-energy, symmetric mode with frequency ωDP(Q) =
e
√

2QE∗
F , which describes the DP in a single, free-standing

graphene sheet with doubled Fermi energy, E∗
F = 2EF , and

a lower-energy, antisymmetric, linearly dispersing mode with
the acoustic speed of vac = e

√
2aEF /εS (0). It is shown in the

SM that, in the range of wave numbers Q � 0.01 nm−1, the
curve ω = ωDP(Q) approximates the dispersion relation of
the mode ω+

0 in Fig. 7(a) for a structure without the Al2O3

layer and it interpolates across the dispersion curves of all
three symmetric modes in a structure with that layer. At the
same time, the line ω = vacQ is found to reproduce the lin-
early dispersing portions of the antisymmetric modes ω−

0 or
ω−

1 in Fig. 7(a) for Q � 0.01 nm−1 when its acoustic speed
vac is evaluated by setting εS (0) = 1 or εS (0) = ε0

ox = 12.53,
respectively.

In Fig. 8(b), we see that the forces F+
s are almost the same

for the cases with and without the Al2O3 layer, pointing to
the fact that they are dominated by the DP-like mode with
frequency ωDP(Q), which is independent of the thickness a
and of the dielectric constant of the material between the two
graphene sheets, as expected in an optically thin material [93].
Moreover, the fact that the curves F+

s keep increasing with in-
creasing speed may be explained by referring to the analytical
result for the stopping force, given in Eq. (S23) of the SM,
which implies that a maximum of that force should occur at
the speed vp ≈ 1.7 e

√
bE∗

F , taking a value vp ≈ 13.9 vF that
lies just outside the range of speeds shown in Fig. 8(b) (see
the red dashed curve in Fig. S4 of the SM). At the same
time, the force F−

s in the case with the Al2O3 layer is almost
diminished in Fig. 8(b) at speeds vF � v � 10 vF . This is
consistent with the fact, seen in Fig. 7, that the weights of
all antisymmetric modes are suppressed when probed in the
very long wavelength regime by the stopping force at such
a large distance as b = 50 nm. On another note, the force
F−

s in Fig. 8(b) in the case without the Al2O3 layer shows a
narrow, strongly asymmetric peak close to the acoustic speed
of on AP vac = vac,pl ≈ 2.58 vF . It is argued in Sec. S2.B of
the SM that the asymmetric shape of that peak is a reflection
of the square-root singularity ∼1/

√
v − vac,pl in the force

in Eq. (S24) (see the blue dashed curve in Fig. S4 of the
SM), and may thus be considered a signature of the AP in
an optically thin structure consisting of two graphene sheets
without the Al2O3 layer. Similarly, the peak seen in the force
F−

s in Fig. 8(b) at about vac = vac,ph ≈ 0.73 vF in the presence
of the Al2O3 layer is likely related to the phononic acoustic
mode ω−

1 , but is distorted by the presence of the continuum of
the intraband e-h excitations.

A comparison between all force components at the speeds
0 < v < vF in the inset to Fig. 8(b) reveals some interesting
features. They all have the same magnitude and exhibit a
linear increase at speeds 0 < v � vac,ph ≈ 0.73 vF , both with
and without the Al2O3 layer, attesting to a dominant role of
the continuum of the intraband e-h excitations, which cannot
be described by a simple modal decomposition that ignores
all damping mechanisms. All the force components continue
to increase in the same manner for v � 0.73 vF , except for F−

s
in the case with the Al2O3 layer, which switches to a linearly
decreasing form in such a manner that the total stopping
force Fs appears approximately constant for v � 0.73 vF . This
results in a peculiar triangular shape of the peak region of F−

s
at speeds around vac,ph ≈ 0.73 vF in the case with the Al2O3

layer. We speculate that this scenario results from an interplay
between the linearly dispersing portion of the phononic mode
ω−

1 with the continuum of the intraband e-h excitations at
very long wavelengths, which requires a broader analysis. A
further discussion of this point is provided in the concluding
paragraph of the SM.
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IV. CONCLUDING REMARKS

We have performed a thorough analysis of the stopping
and image forces on a charged particle moving parallel to
a gr-Al2O3-gr sandwich structure, covering broad ranges of
the particle speeds and distances, as well as the doping den-
sities of the two graphene sheets. This analysis relies on our
previous work [36], where a detailed discussion of the ELF
was presented in the (Q, ω) plane for the same structure,
based on extensive calculations using the ab initio and MDF
methods for the dynamic response of the structure. While the
ab initio method includes features in the ELF coming from
the high-energy interband electron transitions in graphene, we
focus in this paper on the THz-MIR range of frequencies,
where the MDF method should provide a useful analytical
approximation. Using those two methods to compute the stop-
ping and image forces constitutes a step toward proposing a
spectroscopy based on an electron or ion beam under aloof,
or grazing incidence upon the gr-Al2O3-gr structure, which
may provide additional insight into the plasmon-phonon hy-
bridization processes in that structure. Such a spectroscopy
offers an attractive possibility to tune both the particle’s speed
v and its distance b to probe the dispersion relations of various
hybrid modes in the (Q, ω) plane. In particular, controlling the
distance b enables the control of the range of wave numbers,
Q � 1/(2b), that contribute to the stopping and image forces.
On the other hand, by varying the speed, one may control
the complementary segments of the (Q, ω) plane, which con-
tribute to the stopping force (ω < Qv) and to the image force
(ω > Qv) [91].

In our paper, we addressed several interesting questions.
(1) We paid special attention to the acoustic type of hybrid

modes, which exhibit linear dispersion at long wavelengths,
because the stopping force should be particularly enhanced
at a particle speed that matches the acoustic speed of such
modes. In particular, we have identified two types of acoustic
modes, exhibiting plasmonic and phononic characters, and
searched for their signatures in the stopping force.

(2) We discussed at length the regime of low particle
speeds, below the Fermi speed of graphene vF , where a sig-
nature of the optical phonon modes in the Al2O3 layer is
expected to arise, and we analyzed their interaction with the
continuum of the intraband e-h excitation in doped graphene,
which is normally responsible for the friction regime of a
stopping force.

(3) Besides calculations of the stopping force on a single
incident charged particle, we also studied in some detail the
case of two comoving particles with equal or opposite charges,
which can be used to selectively excite the symmetric or
antisymmetric hybrid modes in a gr-Al2O3-gr structure with
equally doped graphene sheets. While this configuration of the
incident particles is more challenging to realize in practice, it
provides an indirect insight into the relative weights of those
two types of modes in the ELF of the structure.

(4) By a direct comparison of the results obtained with the
ab initio and MDF methods, we have assessed the domain
of the applicability of the MDF method for the stopping
and image force calculations, and we discussed the signif-
icance of the model parameters, such as the damping and
temperature.

Among other findings, we made the following observations
regarding the stopping and image forces in terms of parame-
ters v, b, a, and EF .

(1) Both the stopping and image forces exhibit the de-
pendencies on the speed in the region v > vF , which are
dominated by the highest-energy, plasmonic hybrid mode
with a square-root dispersion, akin to the DP in graphene.

(2) At speeds v < vF , the stopping force without the
Al2O3 layer exhibits a linear increase with v, corresponding to
the regime of friction due to the continuum of the low-energy
intraband e-h excitations in graphene.

(3) In the presence of an Al2O3 layer, there is generally
a shift of weight in the stopping force, with its magnitude
reduction in the high-speed region, v > vF , and an increase of
the phonon-induced features in the low-speed region, v < vF .

(4) A signature of a nondispersing FK phonon mode in the
Al2O3 layer can be observed as a sharp peak in the stopping
force (or a narrow dip in the image force) at a very low speed
v 
 vF for sufficiently small distance b, satisfying the con-
ditions in Eq. (25). That signature results from the portion of
the FK dispersion lying outside the continuum of the intraband
e-h excitations in graphene.

(5) As the doping density of graphene increases, there
is a redistribution of the weights in the stopping force in
the region v < vF , with the FK phonon-induced peak being
suppressed and a linearly increasing force taking over at the
speeds approaching vF from below.

(6) When a � b, the electrostatic coupling between the
modes in the opposing surfaces of the gr-Al2O3-gr structure
is weak and the forces exhibit the features analyzed for the
system of a single graphene sheet on a semi-infinite Al2O3

substrate.
(7) When b increases so a ∼ b, the sharp peak in the stop-

ping force at v 
 vF disappears in the case with the Al2O3

layer, and the region 0 < v < vF exhibits a nonlinear depen-
dence of the speed, indicating an interplay of the intraband e-h
excitations in graphene and an acoustic mode of the phononic
type with its dispersion relation embedded in the continuum
of these excitations.

(8) The results for the stopping force from the MDF
method are found in generally good agreement with those
from the ab initio method for the speeds and distances satis-
fying the relation v � 2bωhigh, where ωhigh is a typical energy
of the high-energy interband electron transitions, which are
included in the ab initio method but not in the MDF method.

(9) There are systematic differences between the two
methods in the image force values at low speeds, v 
 vF ,
which may be attributed to differences in the limit of static
screening, where the static polarizability of graphene includes
the high-energy interband electron transitions in the ab initio
method but not in the MDF method.

(10) The MDF method provides a generally good de-
scription of the interaction of the phononic modes and the
intraband e-h excitations in the stopping force at speeds v <

vF , but the modeling in that range is sensitive to the tem-
perature effects and the treatment of the phenomenological
damping.

(11) A necessary condition for the appearance of an acous-
tic mode with linear dispersion at long wavelengths is a 
 b,
which promotes the use of the optical limit for graphene’s
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response function and allows one to treat the gr-Al2O3-gr
sandwich structure as optically thin.

(12) In the case of a comoving pair of incident particles
with equal/opposite charges at b = a, the shapes of the max-
ima in the stopping forces per particle that occur at speeds
v > vF show evidence of the highest-energy symmetric mode
of plasmonic type with a DP-like square-root dispersion and
the highest-energy antisymmetric mode of plasmonic type,
AP, which exhibits acoustic dispersion at long wavelengths.

(13) For the comoving pair of charged particles in the case
b = a, the stopping force exhibits a nonlinear dependence
on speed in the region v < vF , with a dominant contribu-
tion coming from the lowest-energy antisymmetric mode of
phononic type, exhibiting acoustic dispersion that is embed-
ded in the continuum of the intraband e-h excitations.

(14) For the comoving pair of charged particles in the
case b � a without the Al2O3 layer, the stopping force shows
evidence of the DP–AP pair of hybrid modes, whereas in the
presence of the Al2O3 layer, the stopping force from all the
antisymmetric modes is quenched for v � vF .

We attempted to support our discussion of the results ob-
tained from the ab initio and MDF methods by the results from
simplified analytical models for a modal decomposition of
the ELF, which were developed in the SM in certain limiting
parameter regions of a general gr-Al2O3-gr structure. In par-
ticular, we have found analytical expressions for the stopping
forces’ origination from (a) the FK phononic modes in a thick
structure with lightly doped graphene, given in Eq. (S21),
as well as (b) the Dirac-like plasmon, and (c) AP in a thin
structure, given in Eqs. (S23) and (S24), respectively. In the
case of an AP of the phononic type in a thin gr-Al2O3-gr
structure, further work is needed to achieve an analytical
description of the interaction of such plasmons with the con-
tinuum of the intraband e-h excitations. Perhaps the methods
of contour integral representation in the scattering problems of
electromagnetic theory could be generalized to tackle such a
task [94,95].

While the role of ELF is well-established in various EELS
techniques, we wish to point to the importance of including
the stopping and image forces in the particle scattering tra-
jectory simulations, especially at low incident speeds, large

distances, and grazing-angle incidence. The connection of
both the stopping and image forces with modal decomposition
of the ELF, which is demonstrated in the SM for this paper
and in a previous work [91], opens the possibility to relate
the total energy loss and the beam deflection angles to the
particle scattering trajectories for certain EELS techniques.
Such a relation could be possibly used to design experiments
with the goal of detecting a specific mode. For example, our
simple analysis of the peaks in the velocity dependence of
the stopping force originated in the acoustic and DP modes
in a graphene double layer, outlined in Sec. S2.B of the SM,
is based on certain constraints on the system parameters and
the particle scattering regime. Obviously, more future work
is required to conduct realistic particle trajectory simulations
using the forces discussed in this paper. Such a project would
be most appropriately of interest for REELS under glanc-
ing angles [73–75] as well as for LEIGS [76–79]. For the
former technique, the dependence of the derived ELF on scat-
tering conditions has been identified as an open issue [96]
whereas, for the latter technique, using low-energy protons
raises questions regarding the charge-state evolution during
scattering [97].
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[51] I. Radović and D. Borka, Phys. Lett. A 374, 1527 (2010).
[52] K. F. Allison and Z. L. Mišković, Nanotechnology 21, 134017
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