PHYSICAL REVIEW B 106, 115102 (2022)

Probing Nieh-Yan anomaly through phonon dynamics in the Kramers-Weyl
semimetals of chiral crystals

Chao-Xing Liu"
Department of Physics, the Pennsylvania State University, University Park, Pennsylvania 16802, USA

® (Received 8 May 2021; revised 29 July 2022; accepted 2 August 2022; published 1 September 2022)

Nieh-Yan anomaly describes the nonconservation of chiral charges induced by the coupling between Dirac
fermions and torsion fields. Since the torsion field is beyond general relativity, this effect remains hypothetical
and its relevance to our universe is unclear in the context of high-energy physics. In this work, we propose
that the phonons can induce a torsion field for the Kramers-Weyl fermions through electron-phonon interaction
in a nonmagnetic chiral crystal, thus leading to the occurrence of the Nieh-Yan anomaly. As a consequence,
the Nieh-Yan term can strongly influence the phonon dynamics and lead to the helicity of acoustic phonons,
namely, two transverse phonon modes mix with each other to form a circular polarization with a nonzero angular
momentum and the phonon angular momentum forms a hedgehog texture in the momentum space. The phonon
helicity can be probed through measuring the total phonon angular momentum driven by a temperature gradient.
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I. INTRODUCTION

Weyl fermion is a two-component relativistic fermion
with a definite chirality and serves as the building block
for fermions in quantum field theory [1]. The chirality of
Weyl fermions can give rise to a variety of physical effects,
including chiral anomaly [2,3], chiral magnetic effect [4],
mixed axial-gravitational anomaly [5,6], chiral torsion effect
[7-9], and Nieh-Yan (NY) anomaly [10-13]. Weyl fermions
can also emerge as low-energy quasiparticles in condensed
matter systems. These systems are dubbed “Weyl semimet-
als” [14-18], which have been demonstrated in a number of
materials through observing the surface Fermi arc [19-23], a
negative magnetoresistance [24,25], a negative magnetother-
moelectric resistance [14—18,26].

In Weyl semimetals, position-dependent and time-
dependent perturbations, such as magnetic fluctuations [27],
strain [28-31], and structure inhomogeneity [32,33], can shift
the position of Weyl nodes and thus act as an emergent
gauge field, dubbed the “pseudogauge field” [34,35].
The chiral zero Landau levels induced by pseudogauge
fields have been observed experimentally in photonic and
acoustic Weyl metamaterials [32,33]. Furthermore, these
perturbations can also give corrections to the Fermi velocity
of Weyl fermions and thus play the role of the frame
fields (also called tetrad or vierbein) [36,37], allowing to
mimic Weyl fermions in the curved spacetime [26,38—42].
An exciting theoretical proposal is to realize the NY
anomaly [10-13] due to the torsion field in Weyl semimetals
[43-51], which may be probed through Hall viscosity
[43], topological magnetotorsional effect [52], anomalous
thermal Hall conductance [45], or the sound-wave-induced
current oscillations in tilted Weyl semimetal interfaces under
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magnetic fields [53]. However, all these physical phenomena
require the time reversal (TR) breaking, and thus cannot
appear in Weyl semimetals with TR symmetry. However, the
NY anomaly itself does not require to break TR. Therefore,
one may wonder what anomalous response that reflects the
NY anomaly can appear in TR-invariant Weyl semimetals
and how it is different from TR-breaking Weyl semimetals.

Here we turn to the so-called “Kramers-Weyl” (KW)
fermions in chiral crystals with TR symmetry and will show
that this system provides an appealing platform to explore
physics of Weyl fermions in the curved space. Chiral crys-
tals are the crystal structures with a well-defined handedness
and nonmagnetic chiral crystals can generally host the KW
fermions when taking into account spin-orbit coupling (SOC)
[54-58]. In this work, we consider acoustic phonons in the
KW semimetal phase of chiral crystals and demonstrate that
the phonons will induce a torsion field for the KW fermions.
By integrating out the KW fermions, we prove that the phonon
self-energy contains an off-diagonal term that originates from
the NY anomaly. While this self-energy correction has no
influence on the longitudinal phonon mode, it will mix two
transverse modes and give rise to the phonon angular momen-
tum (PAM) at a finite momentum. In particular, the induced
PAM reverse its sign for opposite phonon momentum, as
shown in Fig. 1(a), and form a hedgehog texture in the mo-
mentum space for one phonon branch [Fig. 1(b)], analogous
to the helical spin texture in spin-orbit coupled electronic band
structures. Thus, we term it as “phonon helicity” [59]. The
phonon helicity can be probed through measuring the total
PAM induced by a temperature gradient [60].

II. ELECTRON-PHONON COUPLING
IN CHIRAL CRYSTALS

In nonmagnetic chiral crystals, all the energy bands are at
least doubly degenerate at high symmetry momenta, labeled
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FIG. 1. (a) The PAM 1 is parallel with the phonon momentum q
and its sign reverses for opposite ¢ for one branch of phonon modes.
This feature of transverse phonon modes is referred as “phonon
helicity.” Here u labels the displacement vector. (b) The hedgehog
texture of the PAM 1 is formed in the q-space. (c) Energy dispersion
between two time-reversal invariant momenta I'y and T, for the
KW semimetal phase of chiral crystals. The red and blue curves are
for two Kramers’ partner. The green dashed line depicts the Fermi
energy, near which the linear term dominates. Here . and p_ label
the energy difference between the Fermi energy and the Weyl nodes
at I'y and I',, respectively.

asT; i=1,2...,8), due to TR and SOC can lift this spin
degeneracy for the momentum away from I';, thus giving
rise to the KW fermions. As shown in the Secs. I and II in
Appendices, the low-energy physics can be described by an
isotropic Hamiltonian,

k2

H
O 2mg
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expanded around T; up to the k> terms, where o labels the
Pauli matrix for spin, mj is the effective mass, vy is the Fermi
velocity, and w is the chemical potential. As discussed in
Ref. [61], this isotropic Hamiltonian remains valid for the
chiral point groups 7' and O, while for other chiral point
groups, the Fermi velocity vy becomes anisotropic and should
be replaced by a tensor. We only focus on the isotropic Hamil-
tonian in this work. In chiral crystals, there are normally
multiple Fermi surfaces and here we only focus on the “KW

off A = 2m£ “L where the linear- k terms dominate over the k*
terms at the Ferml surfaces around different I';, as depicted in
Fig. 1(c).

The electron-phonon coupling in this system can be de-
rived from the standard k - p theory up to the second-order
perturbation terms with the help of Schrieffer-Wolf trans-
formation (Sec. IC of Appendices). The TR symmetry 7 =
io,IC, where K is the complex conjugate, gives a strong con-
straint on the form of the resulting effective Hamiltonian. In
this work, we focus on the acoustic phonons, which couple to
electrons through an internal strain, described by the strain
tensor u;; = %(a,»u ; + 0ju;) with the displacement vector u;
(i, j =x,y,7). Since the strain tensor is even under T, it
cannot directly couple to either electron momentum K or spin
o, both of which are odd under 7. This implies that the strain
tensor cannot play the role of the vector potential of pseudo-
gauge field. The symmetry-allowed strain-electron coupling
Hamiltonian is written as (Sec. II of Appendices)

Hep = (Cy + gokjoju; + giuijkio;, (2)

up to the order of k;0;, since both u;; and T;; = k;o; are rank-2
tensors. We have assumed the summation over the duplicated
indices. Cy, go, and g; are three independent parameters. The
C; term provides a correction to the chemical potential, while
both gy and g; terms give the corrections to the Fermi ve-
locity tensor. Microscopically, both gy and g; terms can be
obtained from the second-order perturbations that combine
the k - p term with the bare electron-phonon coupling term
(Sec. IC of Appendices).

We notice that the strain tensor only couples to spin
Pauli matrix o through linear-k term, and the absence of
k-independent term means that strain cannot play the role of
the vector potential of pseudogauge field for KW fermions
(but scalar potential is still possible). Consequently, the Weyl
nodes are always pinned at TR invariant momenta for the
KW semimetals. This is in sharp contrast to TR-breaking
Weyl semimetals and other generic TR-preserving inversion-
breaking Weyl semimetals, in which Weyl nodes exist at
arbitrary momenta and strain can serve as the vector pseu-
dogauge potential (see more discussions on this difference in
Sec. II of Appendices).

With Hy and H,,, the effective action is then given by Segr =
[ dtd’rLes with (Sec. I1I of Appendices)

Loy = 1//r <— —u—Ap(r)+ = { —ia_,‘)}aa)l/;ri, 3)
where gﬁri is the fermion field operator, {, } labels the anti-
commutation operation, t is the imaginary time, Ay = Cu;;,
x = sign(fivy) and e} = 8} + Aj with the A-field given by
Ay = gouiibja + giuja (i, j,a = x,,z). The Fermi velocity
hvy is absorbed by rescaling the spatial coordinate, while we
still keep track of the chirality x (the sign of Fermi velocity).
The ¢, can be interpreted as the frame field [36,37] and it
only involves nontrivial spatial part due to TR symmetry. The
effective Lagrangian (3) describes the Weyl fermions in a
space with nontrivial frame field but zero spin connection,
which is known as the “Weitzenbock spacetime” studied in
“teleparallel gravity theory” [62]. Zero spin connection means

vanishing Riemann curvature while nontrivial frame field

implies nonzero torsion field, deﬁned as T)f = 9, — 9;ef,

where ef is the coframe field éfe;, = 8’ (Sec. IV of Appen-
dices). Thus strain or acoustic phonon can induce a torsion
field for the KW fermions in chiral crystals. We emphasize
that interpreting ¢}, as a frame field is only for making the con-
nection to the notation of torsion field and Nieh-Yan anomaly
in high energy physics, and there is some subtle difference
between the “effective” frame field defined here and that in
the continuum field description of dislocations in elasticity
theory [63]. The derivations below about stress-stress corre-
lation functions and physical consequence of helical phonon
modes are independent of such connection.

III. STRESS-STRESS CORRELATION FUNCTION
AND NIEH-YAN ANOMALY

We next separate the effective Lagrangian into two parts,
Lo = Lo+ Ly, where =YL (L — pr, + x(=iV)-
o)Nr, and Ly = Y (—Ag + SH{AL, (=id;))}o")r,. Here
both the Ay and A fields in £, are related to the strain
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field induced by acoustic phonons and thus treated as
perturbations. By integrating out the KW fermions in Leg,
we find the effective action W[Ag, A] for the Ag and A
fields (Eq. (70) in Sec. IIT of Appendices), which provide the
corrections to the phonon effective action. Here we focus on
the term Wyy for the A field

1 . .
Wv[Al = 2 ) A(@AL-D P @), @)
q

where ¢ = (q,iv,) and Zq = ﬂLv Zq,ivm' The stress-
stress correlation function de.‘f’ is defined as dD?f’ (q) =
> Tro [Tk, k — §)Gotk — TPk — G, k)Go(k)],  where
k= (K, iw,), Go=liwa+u—x&-0)]"" and the stress
tensor 7,%(k, k') = %(ki + kl)o* with i, a = x, y, z. Here we
have dropped the I'; index and only consider the contribution
from one KW fermion. It should be emphasized that the
chemical potential w here is always measured from the
energy of the Weyl node.

Our next task is to show that CD;‘}’ includes the contribution
from the NY anomaly. To see that, we consider iv,, = 0 and
treat both the momentum q and the chemical potential u
as perturbation. In this limit, we can first expand de-'}’ (q) ~
d>§’;’(0) + (9, Qf;’)q:()qz up to the linear order in q. Since A
is directly proportional to the strain tensor, the zero-order
term GDE‘;’(O) just provides the corrections to the elastic moduli
(Sec. VII of Appendices). The coefficient of linear-q term,
denoted as QDI“I” ;= (0, CD;II” )q=0, can be further expanded as

DI () ~ P (1 = 0) + (3, D¢7))=op up to the linear or-
der in u. Direct calculations in Sec. V of Appendices show
that q’?ﬁz(l‘ =0)=0 and (3;1@?_,?1);;:0 = ie"bs;; x Fo with
e“'” the Levi-Civita symbol, Fo = 575 >, J ik (1 -

4o,y with th ff A and D = (iw,)? — k2
=53 ) with the momentum cuto an = (iw,)* — k~.
The effective action reads

€8x uFo

Way[A] = — >

/ dcrdTAl(B4]) (5
after the Fourier transform into the real space.

Now we will show that Wiy is a manifestation of the NY
anomaly. In literature [44,45,52], the effective action for the
NY anomaly in a Weyl semimetal with minimal two Weyl
nodes has been derived as Sy = F [ d*xnape"* b, 280,
where b, (u=0,x,y,z) is the separation between two
Weyl nodes in the energy-momentum space. Now let us
consider two KW fermions with opposite chiralities at
two TR-invariant momenta, together forming one massless
Dirac fermion. The effective action (5) can be applied to
both KW fermions and the full action will be given by
WNy[A] = —.7:0fd3rd7:€dlh8,‘j(M)XAZ(azAlj)), where </L>X =
%(M+ — ) is the chiral chemical potential with & labels
KW fermion chirality. Since p4 is measured from the energy
of each Weyl node, (i), just corresponds to the separation
by between two Weyl nodes in energy [Fig. 1(c)]. Therefore,
Wny is exactly the by term in Syy. We notice that the by
term is TR-even while the b, ,. terms are TR-odd. Thus,
Wxy does not include the b, . terms that response for Hall
viscosity [43], anomalous thermal Hall conductance [45], etc.
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FIG. 2. (a) Im(®}}) as a function of ¢ for w =0, kT = 0.05,
and u = —0.5,0,0.5, 0.7; (b) Im(®P7)) as a function of u forw =0,
kgT = 0.05, and ¢ = 0.1, 0.5, 0.98; (c) Im(P)) as a function of u
for kgT = 0.06,0.1,0.2,0.4, » =0, and g = 0.1; (d) Im(P}}) as a
function of kzT for w =0, ¢ = 0.1, and u = —0.2,0.05,0.2, 0.4.
Here the lines are from the analytical expression (6). The length is in
unit of characteristic length ap = 1/A. The momentum and energy
is in unit of 1/ao and Aiv,/ag, and O is in unit of /v, /aj.

This is the main difference in the effective action between
TR-breaking and TR-preserving Weyl semimetals.

Next let us discuss the coefficient Fy in Wyy, which is
found to take form of Fy = Fy+ F(kgT)* for the finite
temperature (Sec. V of Appendices). Dimension counting
suggests the dimension of % for Fy where L is the length
dimension. Thus, Fy is not universal and generally depends
on the form of ultraviolet momentum cutoff, and our calcu-
lation gives Fy = 0 due to the effective Lorentz invariance
with an isotropic momentum cutoff [49] (see more discussions
in Sec. IV of Appendices). However, for the temperature-
dependent term, (kzT)* exactly carries the dimension of é
Consequently, the parameter F) is dimensionless and univer-
sal [45]. Our calculations give F; = —é, consistent with the
previous results from different approaches [45,46,48], and this
T?-dependent term is called “thermal NY anomaly.”

The above discussion applies to the case of a single KW
fermion or a single Dirac fermion in the limit © — 0. For mul-
tiple KW fermions, one can introduce a single chiral chemical
potential (i), = %Zr xr,ur; for different I'; into Eq. (5),
where xr, and pr, the chirality and chemical potential of the
KW fermion at I';. We next consider numerically evaluate the
expression of the correlation function CIJ?jb(q, iw,). Here we
consider the momentum q along the z-direction (q = gé;) and
numerically compute the component ®}, (Sec. VI of Appen-
dices), which is shown in Fig. 2. ®y} is found to be purely
imaginary and Im(®3} ) as a function of ¢ is shown in Fig. 2(a)
for different w. Im(®yy) is linearly proportional to g for
g < 1. Furthermore, Im(®}}) vanishes at = 0 and its sign
reverses for opposite p. Figure 2(b) shows the dependence
of Im(®7)) on u for different g at a low temperature. Im(®7)
depends on p asymmetrically, and for p close to zero, one can
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see that Im(®7}) is flat and almost zero. This suggests that the
linear p term in Im(®7;) should almost vanish, consistent with
our analytical result iy = 0. Figure 2(c) shows Im(®}}) as a
function of u for different temperatures kg7 . With increasing
temperature, the linear-u term in Im(®3)) gradually appears.
Finally, we plot Im(®7}) as a function of kzT for different 1
in Fig. 2(d), which shows a T2-dependence, consistent with
the thermal NY anomaly. At small u and ¢, this temperature
dependence can be well captured by the expression
w l'L(kBT)Z]

Im(PY) ~ —q[ +

6
1272 12 ©

as shown by the blue curve in Fig. 2(d) for © = 0.05 Here
the T2 term (u linear) reproduces our early derivation of
Eq. (5) and we further expand it up to u? terms (Sec. VI
of Appendices). The derivation of Eq. (6) from numerics
increases with p (the red, black and green curves in Fig. 2(d)
for u = —0.2,0.2, 0.4, respectively). We also notice that our
expression of Im(®;}) match those of the chiral vortical con-
ductivity for energy flux [64,65].

IV. HELICITY OF ACOUSTIC PHONONS

Since the A-field is related to the strain field u, it is natural
to expect the NY anomaly term will influence the acoustic
phonon dynamics (elastic wave). As derived in Sec. VII of
Appendices, a new NY-related term can be induced in the
equation of motion for phonons,

d? S 50
ﬁuzc,Vu+( F)V(V - u)+

V x (Vu), (7)
where u is the displacement field, py is the den-
sity, ¢;q) 1is the velocity of transverse (longitudinal)

modes, and & = (hv,)“[ll;;-zx + 12x (kgT)*1, with {(u ) —

% Zri Xriﬂ%i- The &, term does not affect longitudinal modes
but will change the dispersion of transverse modes to ' =

Jeigt + sy 'E"l g> for the s-mode (s = +). Here we always as-

sume & is small enough, so that we do not have any imaginary
frequency within the momentum cutoff. Importantly, these
two transverse modes carry angular momentum l;(q), defined
as l,;(q) = huf (Q)Muq,(q) [60,66-69], where u(q) is
the polarization vector for the mode s = % and the M matrix is
given by (M;) jx = (—i)e;jx with i, j, k =x,y, z. Direct calcu-
lation gives (Sec. VII of Appendices) l;(q) = shl %l g , which
satisfies the relation I;(q) = —1;(—q) due to the TR symmetry
(phonon helicity) [70] and forms a hedgehog texture in the
momentum space, as shown in Fig. 1(b).

The total PAM is defined as 1" = )" L(q)[f(e}) + 3]
[60,66-69], where f(w!) describes the distribution function
for phonons. At the equilibrium state, the total PAM vanishes
due to the TR symmetry. The phonon helicity 1;(q) can give
rise to a total phonon angular momentum IP" by driving a
thermal current with a temperature gradient [60], as shown
in Fig. 3(a). This is in analog to the Edelstein effect of elec-
trons due to spin-orbit coupling [71]. In the linear response

. h
regime, the response tensor ¢;;, defined as /, P — i ; ST can be

Phdfo(w)
Vqu S'l gj 3T ’

evaluated from the formula [60] «;; =
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FIG. 3. (a) When there is a temperature gradient in the sample,
T, > T», a total PAM IM is generated. (b) o, as a function of
kpT . Here the red circles are for the full numerical calculations of
Eq. (135) in Sec. VI of Appendices and the blue lines are from
the analytical expression Eq. (8). Inset: a../(kzT)? as a function of
(kgT)?.

where % is the phonon relaxation time, v} h = dw!/9q is the
group velocity of s-phonon mode and fy(w!) is the Bose-
Einstein distribution function. Since our model is isotropic,
only the diagonal components a,, = oy, = o, are nonzero
and we derive the approximated expression

o %2_712@ ksTao\* (& 8)
45 @2\ g c? poag

in the low temperature limit, where a( is lattice constant.
Equation (8) fits well with the numerical calculations, as
shown in Fig. 3(b). It is instructive to plot a../T> as a
function of 72, which reveals a linear line dependence at
the low temperature, as shown in the inset of Fig. 3(b),
from which the intercept and the slope of the curve de-
termine the contribution of the normal and thermal NY
anomaly, respectively. For the estimate of the magnitude of
a;;, we choose T ~ 300K, ¢; ~ 1500 m/s, i ~ 0.1 eV, vy ~
105 m/s, gy ~0.1eVA and py ~ 10° kg/m and find the
response coefficient oz, ~ 5.5 x 10_7( ) %o7> Which is com-
parable to the o value for GaN, Te, and Se calculated from the
first principles calculations in Ref. [60].

V. DISCUSSION AND CONCLUSION

To summarize, we have demonstrated that acoustic
phonons can induce a torsion field for the KW fermions
that gives rise to the NY anomaly. Strikingly, we find the
phonon helicity can be induced by NY anomaly term and
probed through measuring PAM driven by a temperature
gradient. Phonon dynamics in Weyl/Dirac semimetals was
previously studied in the context of chiral anomaly [72-78]
and Kohn anomaly [79,80]. The concept of PAM has also
been explored both theoretically [66,67,69,81-87] and exper-
imentally [68,88]. The PAM due to temperature gradient can
be measured through the rigid-body rotation or the phonon
orbital magnetic moments, and the theoretical estimate of the
magnitude of the induced PAM suggests these phenomena
are detectable in experiments [60]. The Coulomb interaction
is considered in Sec. VIII of Appendices and will not con-
tribute to the screening of the electron-phonon interaction
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for the relevant phonon modes due to nonzero PAM. Similar
physics can also occur in optical phonon dynamics (Sec. .B
of Appendices), and thus may allow for an optical detection
of the NY anomaly. We also notice a similar phenomenon of
helical electrodynamics which is induced by the anomalies in
Weyl/Dirac semimetals [89,90], which implies more helical
quasiparticles may exist and be related to the anomalies.
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APPENDIX A: k - p HAMILTONIAN AND
ELECTRON-PHONON INTERACTION
OF THE KRAMERS-WEYL FERMIONS

In this Appendix, we will describe the k - p theory for the
KW fermions in chiral crystals. To be general, we start from
the Schrodinger equation

)
LB—+V@4W&)=EW@L (Al)

2m0
where my is the electron mass, p = —iiV and the periodic

potential V(r 4+ R,) = V(r) including both the lattice po-
tential and spin-orbit coupling. The Bloch theorem requires
W(r) = e®Tu(r), where u(r + R,) = u(r) and K is the crys-
tal momentum.

Let us consider the perturbation expansion around a
time-reversal (TR) invariant momentum I'; (i =1, 2, ... la-
bels different TR invariant momenta) and assume that the
Schrodinger Eq. (A1) has been solved at I'; with the eigen-
energy Er, , and eigen-wave function Y, ,(r) = e"ri‘rur[,n(r).
We are interested in the momentum K =T+ Kk where
k is considered as a perturbation, and expand the wave
function ug(r) = Y, C,ur,(r). Thus, Yk (r) = eXTug (r) =
ST Cour,(r) = e* Y C,¥r, n(r). The Schrodinger
equation at K = T + Kk can be expanded as

k>
(Eri,m + _)anmcm + Z,Pmn : kCn = ECm (A2)

Zmo P

and P, = mi()(wri»mlﬁlwri»n)’ and the corresponding Hamil-
tonian can be written as

H = Hy + Hy.p, (A3)
where
nk?
(HO)mn = (El'i,m + _)(Snm (A4’)
2m0
and
(Hk~p)mn = Pmn k. (AS)

Since we focus on TR symmetry, we denote the quantum
number m = («, s), where s labels different spin states, and

« labels other band indices. With the TR operator T, we
define the bands of a Kramers’ pair as Tlﬁri,a,s = SYr,.«.5 and
Er, s = Er, o5, Where 5§ = —s. We may assume around I';,
only one Kramers’ pair of bands, denoted as ¥, o s (¢ = 0),
contribute to the low-energy physics and thus the low-energy
effective Hamiltonian can be written as

2 k2

(Heff)sx’ = (EI',-,O + _*)8.vs’ + PO,XS’ . ka

2m (A6)

with s, s’ = +. Here we only keep the correction to the elec-
tron mass (my — my) for the terms of the second order in
k. In general, the effective mass m( should be a tensor, but
we only consider the quadratic term to provide a cutoff for
the valid regime of the KW fermion physics and thus sim-
ply treat mf as a scalar. We can decompose the parameter
matrix Py as P({’m, =y, nga(aa)mr where o“=%>% are three
Pauli matrices. Here TR symmetry requires that the linear k
term cannot couples to identity matrix. With Tr(o“0) = 257,
we have Pj = %Tr(’Pojaa). Correspondingly, the effective
Hamiltonian can be written as

k2 ;
j o ay .
2] +;P0,a0 kj.

Hep = Er, 0 + (AT)

The parameters P({,a will be constrained by the crystal
symmetry of the system. Since the chiral crystals only involve
rotation symmetry, we consider the full rotation symmetry
here. As discussed in Appendix B, one can show that up to
a unitary transformation, the effective Hamiltonian can be
written as

2 k2
Heiro(k) = Er, 0 + — + hivek - o,
2mg

(A8)

where the Fermi velocity is given by fivy = %Tr(P{)‘ax) =

2”70Tr(7930y) = an’mTr(Pgaz) (with full rotation symmetry)
and its sign determines the chirality of the KW fermions. It
should be mentioned that the above Hamiltonian is also valid
for the crystals with the O and T chiral point groups [61]. In
the second quantization language, we can write down Heg o =
‘l, Dk ég’kHeff’Q(k)CA'O’k. In the real space, the Hamiltonian is
written as

4 n*v? -
Heff,o=/d3”ﬁr',.(r)|:Er,-,o— T hvp(=iV) - U]lﬁr;(r)-
m
(A9)
The Fourier transform is given by
V) = ¢ Yy, (A10)
&k = [ dPre”® T (r), (A1)

with V the volume of the system, where we have suppressed
the lower indices.

1. Deformation potential for electron-acoustic
phonon interaction

The electron-phonon coupling for acoustic phonons should
vanish in the long-wave length limit with the phonon mo-
mentum q — 0, while there is no such constraint for optical
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phonons. Thus, our starting deformation Hamiltonians for
acoustic phonons and optical phonons are slightly different.
For the acoustic phonons, we will start from the continuous
model with the electron field described by 1/71-,. (r) while the
acoustic phonon modes can be described by the displacement
field u(r). In the case of more than one atoms in one unit
cell, the acoustic phonon modes correspond to the polarization
vector with the same amount of shift in the same direction
for all the atoms in one unit cell and thus we can still use
one vector field. The displacement field u can give rise to the
polarization P which couples to electron density through its
divergence V - P. Let us assume this coupling is local as the
lowest-order perturbation. Thus, our starting point will be the
volume deformation Hamiltonian

Hep = g4 / riff (©)(@)(V -y, (r), (A12)
with the coupling constant g,. Here the spin index s does
not appear because volume deformation potential does not
involve spin. V-u =), u; is the trace part of the strain
tensor (volume dilation), which is defined as # below. In the
momentum space, we have

Heyp = 5 Zco a0 k—q> (A13)

where iiq = [d3rii(u)e=9". Here we only consider the
lowest-order bands, and thus only the volume dilation enters
into the effective Hamiltonian. If we consider all the other
bands, then other components of the strain tensor can also
appear to couple different bands and the most general form
of the electron-acoustic phonon coupling is given by

ep = Z aﬁ an kuk(q)cﬂk Q>

ap.ij

(A14)

where we use a single parameter A to label different com-
ponents of strain tensor (u, = u;; for different i, j = x, y, 2).
The form of the coupling parameter g p can be con-
strained by the crystal symmetry, which will be discussed in
Appendix B. The electron-optical phonon interaction is de-
rived in Appendix L.

2. Second-order perturbation terms
from Schrieffer-Wolf transformation

We next consider the second-order perturbation con-
tribution to the electron-phonon interaction through the
Schrieffer-Wolf transformation. We consider the full k - p
Hamiltonian including the electron-phonon interaction around
I'; with the form Hr, = Hy + H; with the perturbation Hamil-
tonian H; = Hy.p + Hp, where Hy, is given by Eq. (A5) with
m = (a,s),n=(B,t) and H, is given by the Eq. (A14) for
acoustic phonons and the Eq. (I3) for optical phonons, in
which K should be replaced by k since all the momenta are
expanded around T’j.

To get the second-order perturbation terms, we consider the
Schrieffer-Wolf transformation

He = e SHr,e® ~ Hy + Hy — [S, Hy] —
+ 1S, [S. Holl + -+ - .

[S, Hi]
(A15)

and we require the first-order term to vanish, H; — [S, Hy] =0.

The corresponding second-order term is given by

Her ~ Hy — (S, Hy1. (A16)

Since H; = Hy.p + Hep, we can also decompose S = S; +
S with Sy, Ho] = Hyp and [S2, Hy] = Hep. One can show
that
1 A A
Si = Z A Clx,k(PaSvﬁt 'k)cﬁz.k (A17)
K, a#B,st Ba
and
1 1 .
S2 - V Z gf‘l&,ﬂtuk(q)ca&kcﬂz.k_q, (A18)

k.qa#Bsta P

where Ag, = Eg — E,. Here we choose optical phonons as
the example and keep the lowest-order terms, so we can drop
the inde.x. K, q for the coupling constant 823 pr- With the de-
composition of S, the effective Hamiltonian includes

Heiy ~ Hy — 2([S1, Hipl + [S2, Hipl + [S1, Hepl + [S2, Hep)).

(A19)
The first perturbation term is given by
1 1 1
- 2 (e
k, v,y By
x (Pyy - K)e] x0u0uepk, (A20)

which provides a correction to the effective mass. The second
and the third term together give

—3([S2, Hep) + [S1, Hep)

1 1
ZWZ(A

K.q.pv.aBy . A «y

1 v
+ A—ﬁ) (&t [Py - (k= )]

+ (P, k) g ) (Q)e] 10,0085 k. (A21)

where g’.}”’ g = > ’ ga’g (0,)s:- The last term ——[Sz, Hep] is of
order g and we neglect this term.

Now we apply the above second-order perturbation for-
malism to the Kramers-Weyl fermions to project into the
lowest-energy subspace with o« = 8 = 0, and obtain the ef-

fective Hamiltonian

Hetr,r, = Hesr 0 + Hefi eps (A22)
where
1 k>
_ AT A
Hegrp = v Zk:CO’k( Ot Gt )Co,k (A23)
and
1 )
2) AT A
Hetr, ep — Heff ep + Heff ep — V2 Z gf,u,\(q)cocho,qu
k,q,1
(A24)
! ! Pl - (k—q)] + (P -k)g'y
+‘ﬁ Z XO (gOy [ y0 ( q)] ( oy ° )gyO)
k.q,uv, 7,1
X 13 (Q)2] 1 0,000k —q- (A25)
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Here we have made the approximation of isotropic effective
mass

h2* :ﬁ_2+ Z Aloy((P k) (P, - ))12, (A26)

2m 2m
0 O uy#0

where (...); means the average over all different directions of
the momentum k.

Since (0,)* = 1, 0004 = 0400 = G4, 0uOp = Sap + i€apcOc
with a, b, c = x, y, z, we may define

) 1 .
A, AL s
Col=> Egolypffoj (A27)
wy#0 VY
and
chi = Z <ggy7> + g P +lZ€ang)6y yo)
y70 B0y
(A28)
and He(fzgep can be rewritten as
1 ; . .
HE., = v > (Criun(@)ed o (ki — g)eok—q + Hee.).
k,q, A
(A29)

Transforming back to the real space, we find that Hg o is given

by Eq. (A9), H etf ep is given by Eq. (I9) and
He(fzf)ep Z /d rus (0) (Clr . (0)a =i, ()]
ok, j

+ () (90, (0)]0 " Py ().
(A30)

Now let us impose the TR symmetry on the above ex-
pression and we find C'\’j = —(C'\’j)* so that C’\’i should
be pure imaginary while col (CA Iy (a = x, v, z) so that
Ci7 should be real. This means that for the CM term, the
Hamiltonian will only depend on 9;u; (r), while the Cy’ terms
(a = x,y,z)depend on i, (r). In the long Wavelength limit, the
CA J term will be much smaller than the 2/ terms. Thus, we

only consider the C/ terms below.

The Hamiltonians (A9), (I9), and (A30) together form the
starting point for our study on the electron-phonon coupling
in the Kramers-Weyl semimetals, and we can rewrite them in
a more compact form

) Y, (r)

h2
Ha= [ d r[wr (r)( "
0

[—id;yr, (r)]

oy Z i (0)elo”

+[id jl/}lti(l‘)]egdal/}ri(r)):|, (A31)
where the chemical potential p has included the energy Er, o,
Ag = gf;u,\ (r) is from the zero-order term of electron-phonon
coupling and behaves as a chemical potent1a1 fluctuation (or
scalar potentlal) and the frame field ¢} = 8 + Al(r) with
Aa (r)= hu, > Ca J u; (r) comes from the second-order per-
turbation involving electron-phonon coupling. In deriving the

above Hamiltonian, we only used the TR symmetry and the
spatial rotation symmetry will give additional constraints on
the parameters Ck/ and reduce the number of independent
parameters, as discussed in the Appendix B. From the above
form of the Hamiltonian, it is clear that the phonon provides
a background frame field of the curved space for the KW
fermions.

We emphasize that here we consider the strain-induced
background field felt by the KW fermions through electron-
phonon interaction, and this background field is not necessary
to be the same as that in the continuum field description of
dislocations in elasticity theory [63]. The major difference is
related to the difference between distortion tensor and strain
tensor. In the continuum field description of dislocations,
the coframe field e}, is directly given by the unsymmetrized
distortion tensor, defined as wlw = 0 u,, which is a gradi-
ent term. Thus, as a curl of eﬂ, one can immediately show
that the torsion 7, = 9, — 9,&;, = 9,,9yuq — 3,0y Uy = 0.
Thus, in the continuum field description of dislocations [63],
the nonzero torsion can only be related to dislocation which
breaks the integrability condition. However, in this work,
we consider the nontrivial spacetime geometry that the KW
fermions see through the electron-phonon interaction, which
is induced by the strain field u,,,, instead of the distortion field
w,q. From the above derivation in this Appendix and also
Eqg. (2) in the main text, the “effective” frame/coframe fields
that the KW fermions see in this case should be proportional
to the symmetrized strain field u,, = 9, u" + d,u,, and its
curl will no longer vanish T, = d,€] — d,&), o 9, (dyu, +
Oquy) — 0y(9uty + 0quty,) = 00,1, — 0,0,u, 7#0. We em-
phasize again that the “effective spacetime geometry” that the
Weyl fermions see is not necessary to be the same as the
spacetime geometry from the continuum field description of
elasticity since it originates from the microscopic electron-
phonon interaction. In other words, one can start from the
electron-phonon interaction Hamiltonian [Eq. (2) in the main
text] and perform the whole calculation of integrating out the
electrons without introducing the whole notation of frame or
coframe fields, and the whole results remain valid. The nota-
tion of frame/coframe fields is only useful to make the analog
with the torsion and the Nieh-Yan anomaly in high-energy
physics. One may ask if the strain tensor or distortion tensor
should enter into the form of electron-phonon interactions (or
electron-elastic wave interaction) in the effective theory for
Weyl fermions. As we know, the distortion tensor can be de-
composed into a symmetric strain tensor and an antisymmetric
rotation tensor, Wy, = U,y + Wpa, Where ,q = 0,uy — gty .
Normally, we expect only the strain tensor part u,, should
be responsible for the electron-phonon interaction, while the
electron energy should not be influenced by the rotation part
4. Indeed, there are a large number of papers in literature
to consider the the coupling between deformation potential
from lattice distortion and electrons from the microscopic
models, such as tight-binding model, and only the strain ten-
sor enters the coupling form in these papers [30,42,74,91].
However, we also notice that people consider distortion ten-
sor coupled to electron momentum in some papers [43,92],
but these works are more motivated by the analog to the
high-energy physics. In Ref. [93], they use distortion ten-
sor for the continuous model and the strain tensor for the
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tight-binding model, and make the comparison between these
two cases. In our work, we developed a k - p theory to describe
the effective theory of Weyl fermions from the microscopic
electron-phonon interaction (deformation potential theory).
Reference [42] considered a tight-binding model for Weyl
semimetals and derived both the effective spacetime geom-
etry and pseudogauge field for low-energy Weyl fermions.
Their effective model with the frame/coframe fields of Weyl
fermions from the tight-binding model is complementary to
our results from the k- p theory and one can see that the
“effective torsion” for the Weyl fermions can be induced by a
strain field. Based on our above argument, we next consider
the relation between transverse elastic waves (or acoustic
phonons) and the torsion spacetime. For example, we can
consider a transverse elastic wave u,(z) = u,o cos(wt — qz)
propagating along the z axis, which can induce a shear strain
Uy;(z) X Oy + Oyuy = quayg sin(wt — gz). With the definition
of the effect coframe field €3(z) o u,.(z), a nonzero dy-
namical torsion field T7%(z) = 9,83(z) — 0:85(z) o O;u,(z) =
—q%u, cos(wt — gz) can be induced. This gives a simple ex-
ample of how elastic wave can induce dynamical torsion field
in Weyl semimetals.

APPENDIX B: SYMMETRY CONSTRUCTION
OF THE ELECTRON-STRAIN INTERACTION
HAMILTONIAN FOR THE KW FERMIONS

In this Appendix, we will consider the construction of the
effective Hamiltonian for the KW fermions from the sym-
metry principle [94,95]. Here we will focus on the acoustic
phonons, which couple to electrons through the strain tensor
Uij.

The chiral crystals only involve rotation symmetries and to
simplify the problem, let us first consider the isotropic systems
with the full rotation symmetry [SO(3)] and TR symmetry. In
this case, we can classify all the physical operators in terms of
their angular momentum. The Hamiltonian should be invari-
ant under the full rotation and thus should carry the angular
momentum 0. Both the momentum k and the spin o carry the
angular momentum 1, and thus allow to construct two terms
k% and k - 0. As discussed above, the acoustic phonons couple
to electrons through the strain tensor u;;, which is a rank-2
tensor and symmetric with respect to i and j (#;; = uj;). For
the momentum Kk and spin o, one can define another rank-2
tensor T;; = k;o;, which is actually the stress tensor of Weyl
fermions. Now we need to construct the invariant terms based
on two rank-2 tensors u;; and T;; and there are two ways:
(1) > wiiTj; and 3, u;;T;;. Thus, we can write down the
Hamiltonian as

H.it = Co + Cyit 4 C3k* + (Cy + goi)(k - o) + g1 ZuijTij,
ij

(B1)
up to the order of k? and uijk;, where =7 ,u; is
the trace of strain tensor. For TR symmetry 7, k and
o are TR-odd while u;; and T;; is TR-even. There-
fore, all the terms above are allowed for a TR-invariant
Hamiltonian. We may further consider the strain as a
field with spatial and temporal variations and thus re-
quire to change u;T;; = u;kio; to Huy, (—id)}o; and

ulk-o)to %{ﬁ, (—=iV - 0)}. The corresponding Hamiltonian
can be written as

Her = / d3m/7*<r)(co + Ciit — C3V2 + Co(—iV - o)

+ %{u, (—iV o)} + %{uu, (—i&»q)&(r).

(B2)

As compared with Eq. (A31), one finds u = —Cy, Ag =
Ciit, Cy =z, G =y, and Al = 7-(80ija + g11tja).
Since we only focus on the spatial component, the upper
and lower indices do not have specific meaning as in general
relativity.

Here we notice that there are two independent parameters
that characterize the coupling between strain tensor u;; and
the stress tensor 7;;. This conclusion can also be obtained
by classifying the rank-2 tensors according to their angular
momentum. The strain tensor can be decomposed into two
parts, uj—om—0 = ), u; = i with the angular momentum 0
and uj—o.p—+2 +1,0 With the angular momentum 2. The ex-
plicit form of u;_5.y is given by

22 = ltter — thyy + Gy + y)], (B3)

Uz = (—3) [tz + tz + iy, + )], (B4)
1

U0 = \/;(ZMZZ — Uy — Uyy), (B5)

g, = 3y + tox — iy, + uzy)], (B6)

Uy 2 = %[uxx — Uyy — i(uxy + uyx)]~ (B7)

Similarly, the stress tensor component with the angular mo-
mentum 2 can also be written as

Top = 3[Tex — Ty + i(Tey + Ty (B8)
D1 = (—3)[T + T + i(Ty. + Ty)] (B9)
T = fé(zn — T —Tyy) (B10)
Tt = 3T + T — i(Ty + Toy)] (B11)
T2 = 3T — Ty — i(Tey + Ty)]. (B12)

The term Zm U T, 1s invariant under the rotation. Col-
lecting all the invariant terms, we obtain the form of the
Hamiltonian

Heit = Ciugo + C3k* 4 (Cy + Zouto.0)(k - o)

+ 8 E uy I, .
m==+2,+1,0

(B13)

One can easily check that this Hamiltonian is the same as
Eq. (B1).

When reducing the symmetry group from SO(3) to
chiral point group symmetry, the number of independent
parameters will increase. Here we take the O group
as an example and other chiral symmetry groups can
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FIG. 4. (a) The Weyl point is pinned at k =0 (or other
TR-invariant momenta) by TR symmetry for the Kramers-Weyl
semimetals and the strain can only shift Weyl nodes in energy but not
its momentum (k = 0). (b) The Weyl points for a generic inversion-
breaking TR-preserving Weyl semimetals, in which strain can also
induce the momentum shift of Weyl nodes. Here the dashed lines
show the dispersion after adding the strain and the purple spots depict
the location of Weyl nodes.

be worked out in a similar manner. According to the
character table of O group [95], there are five irreducible
representations (IRRs), labeled by A, A, E, T, and T>.
The Hamiltonian should be invariant and thus belongs
to the A; IRR. Both k and o belong to the 7; and since
Th®T =A;+E+ T, + T, we have one term k - ¢ can be
constructed to be invariant. For the strain tensor, ug o = Zl. U;;
belongs to the A; IRR, (uq — uyy, 2u;; — e — utyy)
belongs to the E IRR, and (uyy,uy,,u,) belongs to
the 7, IRR. This allows us to construct the following
invariant terms: (1) upok - o and uoﬁokz; 2) Quy — Uy —
uyy)k:0p + Quxy — thyy — Uz )ky0x + (2uyy — Uy — Uzr)ky0y;

3) uxy(kxay + kyax) + uyz(kyUz + kzay) + uz (ky0x + kyoy).
Therefore, the first four terms in the Hamiltonian (B1) remain

the same while the last term is changed to
Uxx — ”yy)kzoz + Quyy —

g1[Quy; — Uyy — Uz ko

+ (zuyy — Uy — Uz )k)’oy]+ (B14)
82 [uxy(kxay + kyax) + u)'z(k)'az + kzay)
+ zi (k;0x + kyo2)], (BI5)

which possesses two independent parameters g; and g».
Based on the above derived effective Hamiltonian, we
below discuss the major difference between the Kramers-
Weyl semimetals and conventional TR-preserving inversion-
breaking Weyl semimetals. Figure 4(a) schematically shows
the Weyl nodes location for the Kramers-Weyl semimetals
without and with the strain (shown by the solid and dashed
lines, separately). Due to TR symmetry, the Kramers-Weyl
nodes are always pinned at k = 0, and this general property
remains in the presence of strain that respects TR. This fact
can also be understood from the effective model [Eqgs. (1) and
(2) in the main text]. For the Weyl nodes k - o, TR T = ioyK
directly acts on spin Pauli matrix o and the strain cannot
induce any constant (k-independent) coupling to o since o is
TR-odd while any function of strain tensor must be TR-even.
Therefore, the strain tensor cannot contributes to the vector
potential part A of the pseudogauge field while it can only

contribute to the scalar potential Ag. Without the vector poten-
tial A, the scalar part Ay of strain-induced pseudogauge field
itself cannot give rise to the axial anomaly. This situation is
changed for generic TR-preserving inversion-breaking Weyl
semimetals, as shown in Fig. 4(b). The TR symmetry now
relates one Weyl point at the momentum Kk to another Weyl
point at the momentum —Kk, so the strain can play the role
of both vector potential A (shift in the momentum space) and
the scalar potential Ag (shift in energy) for the pseudogauge
field, as shown in Fig. 4(b). In this situation, the pseudogauge
field due to strain itself can in principle give rise to the con-
tribution to the axial anomaly equation through the form of
ehvor 0,A,0,A,, where A, and A, both can come from pseu-
dogauge fields. Therefore, there is a substantial difference for
the strain effect between the Kramers-Weyl semimetals and
generic inversion-breaking Weyl semimetals: for Kramers-
Weyl semimetals, the strain can only induce A and the torsion
field (higher-order-k correction), and as discussed below, this
fact means that only the NY anomaly is possible, while for
generic inversion-breaking Weyl semimetals, the strain can
both A and Ay, as well as the more general gravitational field,
and thus can lead to all different types of anomaly, including
axial anomaly, mixed axial-gravitational anomaly and NY
anomaly. It should be noted that the axial anomaly due to the
strain-induced pseudogauge field can also affect the thermal
transport in Weyl semimetals. For example, it is shown that
axial anomaly induced by pseudogauge fields in strained Weyl
semimetals can give rise to a directional asymmetry of the
heat transfer and thus strongly modify thermal conductivity in
this system [96]. The pseudomagnetic magnetic fields due to
torsional mechanical strain can also influence thermoelectric
transport in Weyl semimetals under additional magnetic fields
[97].

APPENDIX C: EFFECTIVE ACTION
AND CORRELATION FUNCTION

In this Appendix, we will show the derivation of the for-
malism for the effective action for the phonon dynamics and
the corresponding correlation functions.

From the Hamiltonian (A31), the effective action can be
written as

p AU A
Seft = / dT/d3r|:1/f1t.—1/fri + Heff:|
0 gt
B <D "2 .
= [ar [ w;.(——u—Ao(n— Vz)‘ﬂri
0 i\at 2mg

+ % ; (Y, eqo (—idjim,) + (iajl/f;i)ei‘aawri)},

(CnH
Where we have used the imaginary time T = it and eé = Sé +
Al
To implement the perturbation calculations, we may sepa-
rate the full action into two parts Seir = Sp + 51, where

B
So = / dzfd%p;i(% — A+ v (—iV - o)) Jr, (C2)
0
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and
’ 3. g ; ! AN, ; AYNEE
S, = / dt / dr| =i Ao()r, + =+ Z (. Ao (i) + (i0;911 ) Alo“yr,) |- (C3)
0 ,
a,j
Now let us define the Fourier transform as
Y, (r. 7) = 57 . Z T (K, i), (C4)
Ao(r,T) = —V 2 €T A v, (C5)
ivn,q
Alr, 1) = Z SUTTTAL(G, ivp). (C6)
wm q
Then, we have
So = BV [;( UK, iw)[—iw, — 1+ Fvp(k - o) (K, io,) (C7)
and
1 A . Lo . .
Si=——= Y |V K i0)A(q, iva)Pr,(k — q, i, — ivy)
(BV) iy, ivy K, q
—L 3P, i) AL iv)0 (2k; — g (K — g, iw, — ivm>]. (C8)
a,j
[
Here iw, = 1(2”;1)” and iv,, = 2% We have dropped the  Ppartition function
quadratic term ? in Sp and 1nstead we limit the momen-
tum summation within the range set by the cutoff A = 2m+”’, 7 = /D(tﬁflﬁ)exp(—S) — Det(—gal +2) (C12)
A2 -
2m§
term fivy A.
Below, we introduce the notation k = (iw,, k) for short so and the zero-order partition function
that the summation over both the frequency and the momen-
tum can be simplified as ) ; = ﬁl—v 2 iw, k- One should keep
in mind the value of iw, is for boson or for fermion operators. Zo = / D T)exp(—Sy) = Det(—g’l) (C13)
The full action can be written as 0

S=So+S81 =Y ¥I(=G ")+ vlxk &)y,
(C9)
where
Go = liwy, + p — hvp(k - 0)]™" (C10)

and

)+ ) TR R)ALG =k - ),

a,i

Xk, k)= —-Ao(G=k

(C11)
with the stress tensor operator 7,%(k, k') = h"f (ki + k)o@ for
Weyl fermions.

Since the full action is quadratic in fermion operators,
one can directly integrate out the Weyl fermions to get the

effective action for the Ag and A fields. Let us consider the

where Det is the determinant. The effective action W[Ag, A]
is defined as Z = Zye™" and thus

W[Ap, A] = —In[Det(—G; ' + X)] + In[Det(—Gy )]
= ~Tifin(~ G5 + %) ~ In(~G; "]

1
= —Tr[In(1 — XGp)] = Z ;Tr[(xgo)”], (C14)

n

which gives us the perturbation expansion. The first-order
term is given by Tr(XGo) = Yt X(k, k)Go(k). This involve
only the terms Ag(§ = 0) and A!(§ = 0) in X. Since we only
consider the fluctuation for X and thus can choose Ay(§ =
0) =0 and Al (§ = 0) = 0 when defining S;. Thus, the first-
order term will be zero.
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Next we consider the second-order term, given by

W[Ao, A]

ki k

ij,ab

where three types of correlation functions are defined as

Mo(@) = Y Tro[Gotk — PGo(®)],  (Cl6)
k

®{7(q)
= Y T[Tk, k— PGok — Tk — 4, F)Go(K)],
k
(C17)

O1@) = Y Tr,[Go(k — DTk — ¢. )Gok)l.  (C18)
k

Here Il is the density-density correlation function, Cb?jb is
the stress-stress correlation function, while ®¢ is the stress-
density correlation function.

APPENDIX D: A BRIEF REVIEW
OF NIEH-YAN ANOMALY

In this Appendix, we will first review the Weyl/Dirac
fermions in the curved space and the Nieh-Yan anomaly. Then
we will discuss the connection of the stress-stress correlation
function ®%” and Nieh-Yan anomaly in our formalism. In a
curved space, the action for Dirac fermions can be written as
[36,37]

Sp = /d4x1p (%y“{eﬁj, v, - m>1/f, (D1)
where y“s are the standard y-matrices with {y¢, y?} = 2np®
and 1 is the metric in the Minkowski space, and el is
the frame field. Here the Einstein summation rule has been
assumed. The frame fields satisfy n“beﬁje,‘j = g with the
metric g"” in the curved space, so that {y*, y'} = 2g"” where
vt =yell. V, =09, +T, is the covariant derivative with
the spin connection 'y, = 574¢ hud @ and the generator J% =
— L[y, "] of the Lorentz group.

It is convenient to introduce the so-called spin connec-
tion 1-form I’y = Fgudx” and the coframe field 1-form e =
éZdX”, where the coframe field is the inverse of the frame
field, e;e; =4,. The Cartan’s structure equations of the
Riemann-Cartan spacetime [98] define the curvature 2-form
R =dI; +T¢ AT and the torsion 2-form T = de” +
I'“ A ef. In the standard general relativity, the torsion is as-
sumed to be zero (zero torsion constraint), leading to the
relation between the coframe field and the spin connection
(de” +T¢ A e = 0). However, in the Einstein-Cartan theory
[98,99], the torsion can be nonzero and consequently, the

1 . .
5 2 | A @Ao=DTo@) + 3 AL AL (-
q

1 1 .~ - - . -
ETr(xQofgo) =5 Z Trg [X(ki, k2)Go (ko)X (ka, ki)Go(k1)]

@) = YA @DAL(=PONG) — Y ADA(-POI(—7) |,

(C15)

(

frame field (or coframe field) and the spin connection should
be treated as two independent fields.

By comparing the effective action (A31) for our system
with the action of Dirac field in the curved space, it is clear that
the electron-phonon coupling can create a nontrivial coframe
field e“ but the spin connection I'j is still zero. Consequently,
the Weyl fermions in our system will feel nonzero torsion,
given by T = de“, but zero curvature Rj = 0. This is in
sharp contrast to the standard general relativity with nonzero
curvature but zero torsion, and is known as the “Weitzenbdck
spacetime,” which was studied in the “teleparallel gravity
theory” [62].

When the Dirac fermion is coupled to an electromagnetic
field, quantum correction can give rise to the anomalous
nonconservation of the chiral charge, known as the “chiral
anomaly” [1], given by

1

a[l. <j5M> = WGMMPFMVFA,O,
where F),, = 9,A, — d,A,, is the strength of the gauge field.
The chiral anomaly effect plays an essential role in predicting
and understanding a number of physical phenomena in Weyl
semimetals. In our system, the phonon will induce the torsion
field for the KW fermions, instead of the pseudogauge field.
It turns out that the torsion field can also contribute to the
nonconservation of the chiral charge, which is known as the
Nieh-Yan anomaly [10-13] and given by

(D2)

. F
0u (i) = e T T,

(D3)

where F is some nonuniversal coefficient. Since the spin
connection vanishes, the torsion field T = de“ gives the field
strength of the coframe field e and its components are given
by T7, = d,€, — dye;, and the Nieh-Yan anomaly equation is
also written as

0 (1) = Fnape"09,8,0,2). (D4)

Unlike the chiral anomaly with the universal dimensionless
coefficient # (Here we follow the convention of high energy
physics and set e = i = 1), the coefficient F in the Nieh-
Yan anomaly has the dimension [1/L]?, where [L] labels the
dimension of length. This can be easily obtained from the di-
mension counting as follows. In the Dirac action, the fermion
field has the dimension [1/L]%/? and the chiral current (j°*) =
(¥ y>¢) has the dimension [1/L]3. Thus, the left-hand side
of the anomaly equation (9, 7)) has the dimension [1/L]*.
However, the coframe field & is dimensionless and thus
9,240,25 has the dimension [1/L]*. This means that the

coefficient F has the dimension [1/L]%. It was shown in
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literature that F is proportional to the ultraviolet (UV) mo-
mentum cutoff A2 [12,12,45]. Due to the nonuniversal nature
of this coefficient, the relevance of Nieh-Yan (NY) term to the
anomaly for relativistic fermions has been debated for long in
high energy physics. Chandia and Zanelli first proposed that
NY term can appear in anomaly equation [12]. Later, Kreimer
and Mielke suggested that NY term should be cancelled by
the counter term in the renormalization group argument [100].
A series of subsequent papers were devoted to clarifying
this issue [101-106]. While the status of the NY anomaly in
relativistic systems remains controversial, the nonrelativistic
condensed matter systems have an explicit UV cutoff and thus
its appearance in condensed matter physics is plausible. A
number of recent papers in the field of Weyl/Dirac semimetals
and topological insulators discuss this possibility [43-51]. It
was suggested by Nissinen that the presence or absence of NY
anomaly in condensed matter systems relies on how the UV
cutoff is chosen [47,49]. Particularly, it was shown that the
momentum separation between two Weyl nodes can give rise
to an anisotropic cutoff along different momentum directions,
which determines the magnitude of the anomaly. However,
for relativistic Weyl fermions with Lorentz invariance up
to arbitrary scales, the anomaly will be cancelled. Besides
the temperature independent term, it was recently proposed
[45,46,48] that at a finite temperature, the coefficient takes
the form F = Fy + F(kgT)* with Fy = apA? and F; =

The temperature-dependent term is proportional to (kzT')?,
which absorbs the dimension [1/L]?, and thus, the coeffi-
cient F; becomes dimensionless and universal in the sense
that it is only proportional to the central charge of (1 + 1)-
dimensional Dirac fermion, which was proposed in Ref. [45].
Thus, the anomaly induced by this temperature-dependent
term is dubbed “thermal Nieh-Yan anomaly.”

To compare with our results, it is convenient to derive the
effective action that corresponds to the Nieh-Yan anomaly.
Since the right-hand side of Eq. (D4) is actually a to-
tal derivative, the chiral current can be given by (j°*) =
]:nabe“”’\péﬁa)\éz. With (j5*) = gj—:‘:, we have

Sny = F / d*xnape As, 20,2, (D5)
where As, is the chiral gauge potential. Since the phonon can
only induce chiral chemical potential in our case, we only
keep the Asp term in the above action and thus obtain

Sny = F / d*xnape"*? Aso2’ .25, (D6)
where v, A, p = x, y, 2.

In our effectiv¢ actiqn [Eq. (3)] of the main text, the frame
field is given by e;, = §; + A} and the corresponding coframe
field is é? = 8]? — Aé with a, j = x,y,z. Since we only
concern the spatial coordinate here, the upper and lower
indices do not have much meaning. Furthermore, Aﬁ; is
proportional to the strain tensor uj, which is symmetric
with respect to j and a. We next focus on the stress-stress
correlation function term (C17) in the effective action
(C15). We may expand CD“b(cj) as a function of ¢,
DI(G) = PIP(0) + (3g PP )g=0 - q + (awn®“b)q own + -0
Here we only focus on the term that is llnearly proportional

FIG. 5. (a) Feynman Diagram for the expansion of the Green’s
function Gy up to the linear order in u. (b) Feynman diagram for
the expansion of the stress-stress correlation function d>j.’}’ . Here the
blue lines are for the Green’s function Gy, the black lines are for the
Green’s function Gy at o = 0, the green wiggly line is for the vertex
coupled to u and the red dashed lines are for the stress tensor 7;%.

to q and denote % 1= (0, ®F %)i=0. Then, the corresponding
term in the action 1s given by

WNY[A]= 5 Y U [ALDA(-Dai],
q ijl,ab
1
=5 > /d3rdr<1>f]hlA’ (r, D[id Al(r, )]
ijl,ab

D7)

As demonstrated in Appendix E, the coefficient <I>?]’f ; 18 purely

imaginary and proportional to §;;¢®', where € is the Levi-

civita symbol. Moreover, this term is linearly proportional
to the chemical potential @ for a small w. Therefore, by
replacing &% with A!, Wiy takes the exact form as Sy for
the Nieh-Yan anomaly, and we call this term as the Nieh-Yan
term below. Actually, the symmetry analysis of the possible
terms for the strain tensors, given in the Appendix G, suggests
that the Nieh-Yan term is the only term that is allowed by
symmetry at this order of q in a uniform isotropic system.

It is well-known that the quantum anomaly normally comes
from the triangle diagram in the perturbation expansion.
Below we will show that by expanding the stress-stress cor-
relation function CD?;’ up to the linear order in i, we actually
evaluate the triangle diagram and thus, our method here is
equivalent to the evaluation of the triangle diagram. Since
the p-dependence of the stress-stress correlation function CD;‘}’
in Eq. (C17) comes from the Green’s function G,, we first
expand Gy in Eq. (C10) as

Go=Go+ 3% Ut s (D8)
ou 4=0
where
Go = Go(u = 0) = liw, — hvp(k-0)]”' (DY)
and
aa—i” =G (D10)
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This expansion of the Green’s function is shown in Fig. 5(a). Next we consider ®%, which can be expanded as

[
QUG = Tro (T (k. k — Gok — Tk — . k)Go (k)
k
~ Y T Tk k — (Gok — §) — nGy(k — )T} (k — G, k)(Go(k) — nGg (k)))
k
~ OG- Y [Tro (T, k — G0k — TPk — . K)G3 (k) + Tro (T (k. k — §)G5 (k — G T} (k — G, b)Go(k))].
k

(D11)
Here éj.’}’ (@) =Y ;Tr, (7;“(12, k —§)Gok — 57)7;2’ (k — G, k)Go(k)) is the stress-stress correlation function at & = 0 and the next
two terms in the last step is linear in w. From the diagram in Fig. 5(b), it is clear that these two terms are for the triangle diagrams
that response for the quantum anomaly.

APPENDIX E: ANALYTICAL EVALUATION OF THE NIEH-YAN TERM
In this Appendix, we will evaluate the coefficient CI>f]” ; analytically. With Eq. (C17), we have

ab 8(1)?11? T~ INTE T VG ai 7 P~ b7 NG (F
o, = (L ZTra kK = §),_ GV T (k. F)Go (k) + T (k. k)(dy, Go(k — §)g=0T, (k. K)Go(k)

Tk, k)Go(k) (3, T} (k — §. k) ._yGo(k))
h
= ZTTU(( vf)(SzIGago(k)Tb(k I)Go (k) + T (k, k)Go (k)8 10" Go (k)

+ T (k, k) (3%, Go (k)T (k, IE)QO(IE)) (ED)

The Green’s function Gy is given in Eq. (C10) and here we focus on the situation with a small chemical potential 1, so we expand
Go up to the linear order in i as Go(u) = Go(pt = 0) + (3,Go) u=opt With

iw, + hvs(k - o)

Golp = 0) = (Gon — hugk- o)™ = o=

(E2)

and
(8,G0)u=0 = —liw, — hvs(k - 0)]7 = —[Go(u = 0)]*. (E3)

Below we absorb 7iv into the definition of the momentum k, but keep track on the chirality of the Weyl fermions. Thus, we
define the chirality as x = sign(/ivs), and obtain

iwn + X(k : U)
Go(u =0) = - (E4)
where D? = (iw,)> — k? and
liw, + x (k- o)) (iwn)? + k* + 2w, xk - o

(0.G0)u=0 = —[Go(u = 0))° = — o =— o : (ES)

Thus, the Green’s function is given by

) iw, + xk-o [Gw,)? + k% + 2iw, xKk - o]

Go(k. i) = x(k-o)  [(wn) X n (E6)

D? D*
Let us first look at the first term in Eq. (E1) and the direct calculation gives

R Sk 2iwy)? diw,
3 T, (10 Go ()T (K, k)go(k)>=2#<"wn+u—$) (1 e )( o’y (k-0)+ 0" x (k- a)o")
k k

8,k 2(iwy)? 2iw, A .
= Z X% (m),, w— (@) 'u><1 _ e M)Tra(o“oha] + 0% ot

D? D?
8,’ k2 2(i n 2 21 " .
_ %(iwn—{—u— (";2) ad )(1 - "52“ )Tr(,(a“Z(SbJ) —0. (E7)
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In the second step of the above derivation, we collect all the terms that have even order in the momentum k since these are
the nonzero term under the integral of the momentum angle. Similar calculation also shows the second term in Eq. (El) is

also zero. Thus, only the last term is left nonzero. To evaluate this term, we first need to calculate 9y, go(lé), which is given
by

! 2 ! . ! 4
I 3(1/D*) 2k + 2iw,xo . . 3(1/D%)
% Go(k) = T+ (i + x (k- 0)) == — p = — (i)’ + K + 2iwnxk - )=
o! 2k! 2k! + 2iw, x o 4k
=+ G+ Xk o = =P — (i) + K ik o) o
xo! . 26 I oA Inggi N2 12 Login N2 1 12 4 A
=t (iwn + x (k- G))F ~ 6 (2K + 2wy x 0" )((iwn)” — k7) + 4k ((lwn)” + k™ + 2iw, xk - 0))
! Zkl 2 i . !
= ’j)—az + (i, + x(k- 0N F7 ~ % - —(6k1(1a),,)2 + 202K + 8K (i) xk - o). (E8)
By substituting these terms into the last term in Eq. (E1), we find
L) = " Tr, (T (k. k)@, Go (k) T/ (k. k)Go (k)
7
l 2k1 2 i i 1
=31, (0"1{,»(XD—02 + (i, + x (k- o) 57— % - —(6kl(la)n)2 +2K%K + 8K (i) xk - 0)>
3

Gbkj<iwn+x<k-a>

D2 - l%((iwn)z + k? + 2iw, xk - 0)))

1 1 : 1 .\ 2
X0 2k 2uiw, X o iw, ((lw,)” +kHu
= EE Tra<0'akj<F+X(k‘O’)ﬁ_T__8k (iwy)xk - ) k ( T

l

.2k . by [ X(K-0)  Qiwxk-o)u
—i—a"ki(lwnﬁ—ﬁ(6k1(zwn)2+2k2kl)>a k,( -~ i )) (E9)

In the above, since only the terms with even number of the momentum k can be nonzero, we thus obtain two terms, and let us
calculate them separately. For the first term, we have

! . ! . . . 2 2
ur [(XO 2iw, 2k diw, 1t b, [iwn  ((wp)” + k7))
ZTI’U(U ki(ﬁ(l_ 2 )+X(k‘0)ﬁ<1— 2 0’k; D> e
k
io, (o, + K\ (1 2iwyjt ot by, 2K 4iwq “ b
Z;inkj(ﬁ_T o3 1-— o Tr{,(aoo)—l—ﬁ 1—7 Tr{,(o (k-a)a)
Z Kk, (zwn (i, ? +k2)u> ( 1 (1 B 2iwnu>2i€alb | 2y (1 B 4iwnu)2ieamb>
D* D? D? D* D?

2 ki klk kkm
= _; Xll;l J(z( n)2< calb 4 gjeamb o )_I_((lwn)Z+k2)(l€alb_|_2leamh o )) (E10)

In the last step above, we have dropped all the terms with odd number of iw, since the frequency summation will make them
vanishing. For the second term, we have

a . 2K . xk-o) Qio,xk-o)u
> T, <o k; (“””ﬁ — ﬁ(6k’(lwn)2 + 2k2kl))o”kj< T >>
k

D4

l

2k 1 2iw,
= 2 xkik; (iwnﬁ — 5 (6K (i0,)? + 2k2kl>> (— - ﬂ)m(o“ob(k o)
k

2y kik k! 2iwn
-y XD—GJ<iw,, - %(3(1'%)2 + k2)> (1 — ’l“))z“)Tro(a“ab(k o))
7

4 x pkik; k'K

D 2 (53iw,)” + K)ie™. (El1)

Je k!
T Z %(2(@»2 + B(iw,)’ + ENTro (00 (k- 0) = =)
k k
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Again here we only pick up the terms with even order of iw,. Finally, we can add these two terms together and obtain

dped 2y sakik; Kk, Ay kil e
( 8qll ) 0 - _ Z X“’ ((3(1(0;1)2 +k2)i€alb + (S(iw”)z +k2)2i6amb D2 ) Z[zz XIU’D (5( n) +k2)l6(lbm

2 pkik; Kk Kk,
- _Z A ((3( @) + K)ie + (100i,)* + 2K)ie™ 2 + (100i,)” + 26)ie ™™ 1)2>

2)(,ukk “ . a kik; 4(iwy)?
= _Z L(3(iwn)* + k)ie™? = 2ie lmeD—;(l -~ ) (E12)
i

In the above expression, the integral over the momentum k can only be nonzero when i = j. Furthermore, the integral over the
polar and azimuthal angles of the momentum gives rise to

2 _ 2 _ ) 4w,
d(cost)dopk, = d(cos@)dqoky = [ d(cost)dpk; = ?k (E13)

with k = (k, 6, ¢) in the spherical coordinate. Thus, let us define the function

2 k2 4(ie,)? . 4(iw,)*
T I R N

where a cutoff A in the momentum space has been assumed, and

dDb
YY) = ( aq,J) = i’ x uFo, (E15)
g=0

from which one can see that dD“” ', 18 indeed pure imaginary (Fy is real, as shown below), and proportional to e“lbs;; ;. Thus, we
demonstrate the effective actlon (H9) together with Eq. (E15) indeed takes the form of Nieh-Yan term.
Next we will evaluate the coefficient Fy in Eq. (E14) analytically. Let us separate J into Fy; and F, with

1 A k*
For = W;/o dk oy (E16)
and
A 40 N2
For = ﬁ ;/O dk%, (E17)
so that
Fo = For — Foa. (E18)

Here we have substitute the expression for D?.
We perform the frequency summation in Fp; and consider the contour integral

d
I = ?ﬁ @@ (E19)
R 471

with
f2)= : (E20)
DT 2 ey
in the complex-z plane with the radius R of z. In the limit R — o0, since the integrand f(z)nr(z) decays to zero fast enough, this
integral should be zero. However, this integral can re-expressed as the integral around the poles of the integrand in the complex-z
plane, and thus is determined by the residuals of these poles according to the residual theorem. We next need to figure out all the
poles and the corresponding residuals for the integrand f (z)ng ().
For the Fermi function ng(z) = ﬁ, the poles are z, = iw, =i

Res[f(2)nr(2), 2 = za] = =5 f(iwy).

There are another two poles z+ = £k from the function f(z). Since they are not simple poles, we need a bit more work to

extract the residuals. For z = z, = k, let us denote f(z)nr(z) = (Zg(;()Z with g(z) = ('z’fr(k))z We need to expand g(z) around z; = k

(2";1)” and the corresponding residuals for f(z)np(z) are

and pick up the first-order term (ag(Z)) —1(z — k) since the coefficient in this term will give the residual of f(z)np(z). Direct
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calculations give rise to

9g(z) 2 1 Beb _ B
e s Y T ) (E2D
and thus the corresponding residual is
. (98@) 2 1 B _ b R B
Reslf @nr (). 2= 2] _< oz )z T T G acongny — w8 P T 168 cosipk/2)p
(E22)
For z = z_ = —k, we denote f(z)np(z) = 553)2 with g(z) = (';5(,5;2_ With
dg(z)
e P AR k)za 1 (2), (E23)
we obtain
_ _ 0g(z) _ 2 N 1 B
Res[f(z)np(z), = Z*] - ( aZ )sz - (—2k) nF( k) (—2k)2 4[COSh(,3k/2)]2
Lk ) p
= R 0 feosh Bk 2)T (E24)
Putting all the results together, we have
1
I = 3 Zf(iwn) + Res[f(2)nr(2), z = z4+] + Res[f(2)nr(z), 2 =2-1=0
- Zf(zwn) = Res[f(2)nr(2). 2 = 241 + Res[f@Inr(2), 2 = 2]
= k - —— P gy P (E25)
- 4k3 g P () = e () = g [cosh(Bk/) — 4k2 " (BR2) = g [cosh(Bk/2)]?’

and

Foy = — a1 dkk4<it h(Bk/2) — L)
Uy ;/0 o) — 2P 37‘[2/ anh(BR/2) = 413 [cosh( Bk /2) P

1A k RS B

We may consider the coefficient Fy; at the zero temperature and its correction from the finite temperature, Fo; = Fo1(T = 0) +
8 Fo1(T). At zero temperature (8 — 00), the first term in the above integral diverges as A? since tanh(8A/2) — 1 while the
second term converges (actually vanishes). Thus, we have

A 2
Fou(T =0) = #/O dk]i = %ﬂz (E27)
and the finite temperature correction is given by
A 2
§Fn(T) = 31?/0 dk(g[tanh(ﬁk/Z) —1]1- %[cosh(iﬁ)
0 2
=32 d(2x/ﬂ)<j—;[tanh(x) —1]- %—[cosf(x)]Z)
__ /Oodx<x[tanh(x) —1]- L) _ L KTy (E28)
372p2 Jo [cosh(x)]? 2482 24
where we have used x = fk/2 and A — oo.
For F,, we should choose
2
f@)= Tkz)S (E29)

in Eq. (E19). The poles and residuals for ny(z) remain the same. For f (z) the poles are still at zy = =k, but the residuals are

changed. For z = z = k, we denote f(2)np(z) = (Zg(zk))3 with g(z) = G +1<)3 nr(z). Since this is a pole of third order, we need to
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1 3%g(2)

evaluate ( ).=«. Direct calculations give rise to

2 92
dg(z) 2z 372 72
9z <(z+k)3 N (z+k)4>nF(Z)+ Gty @)

Pex) [ 2 122 127 2z 37 z

02 ((z+k>3 e (z+k)5)nF(Z)+2<(z+k)3 N (z+k>4>a"F(Z)+< + k) %nr (@),
A R

(@) = (efe+ 12~ 4[cosh(Bz/2)]

ﬁzeﬁz 2[3262& eZﬂz _ eﬁz eﬂz eﬁz -1 ,32

2 _ _ 2 _ a2 _

@ = Ty P e T R a1 T oz AP B0

and the residual is

02 1 3 3 2 3
Res[f(2)nr(2). 2= 24] = 2( g@) = (— BETERE 16k3) (k) + ( - @)azm(k) k),
z=k

7> 8k3 8k 8Kk2 1ok =
— @nF(k) - 161k2 4[Cosh(f;k/2)]2 ﬁm tanh(Bk/2). (E31)
Similarly for For z = z_ = —k, we denote f(z)nr(z) = (ﬂ%s with g(z) = ); nr(z). Direct calculations give
ag(zZ) N ((z EZk)3 e 3_Z21¢)4>”F(Z) + #@W(Z),
azai(;) N ((z —zk)3 G 1—21)4 * (ZIEZZ)S)"F @)+ 2<(z Ezk)3 TG 3_Z2k)4>3 np(z) + Fyae Onr(z),  (E32)

and the residual is

1/9? 1 3 3 2 3
Resl/f(nr(2).z = 2] = 5( g(Z)) = (—— +o - 16k3) F(—k) + ( - )a (=) — — 0 (),
z=—k

922 8k3  8k3 8k 16k? 16k *

1 B L B>

RRRRTTE 4[cosh(Bk/2)12 ' 16k 4[cosh(Bk/2)]2

@W( tanh(Bk/2). (E33)

Putting all the results together, we have

1
3 Zf(iwn) = Res[f(nr(2), z = z¢] + Res[ f(D)np(2), 2 = z-]
- k k p ! 2k tanh(Bk /2
- 16k3 Toe R =) = s acosh(Br/DP T 8k dcosh(Br 2P LM PR/2)
— 1 anh(gr/2) — —— P L P tanh(Bk/2) (E34)
= Tow PR = g3 dlcosh(Bk/D)E T 8k dlcosh(pk/2 2 MM AR/2).
and
4 (iwy)?
Fo = 372/0 s ; [(ieon)? — K23
—4Adkk41thk2 p 1 p tanh(Bk/2
322 ), (167 anh(Bk/2) = G lcosh(Bk/2)E T 8k dlcosh(Bk D) WMAK/ ))
A ,3/(2 ﬂ2k3
=21 /0 dk(2ktanh(,3k/2) - b GIE t o BT tanh(ﬁk/2)>. (E35)
We can decompose Fy; into Fgp = Fo(T = 0) 4+ §Fp2(T) and find
1 A A?
FoT =0) = = fo dik = 57— (E36)
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and
A ,3k2 ﬂ2k3
8Fo(T) = a2 /0 dk(Zk[tanh(ﬂk/2) —1] - [cosh(Bk/2) + [cosh(Bk/ )2 tanh(,Bk/Z))
_ ;/wd(z )(4 fanh(ry 1] — — @D ))
T apepr ), GV AW [cosh() | [coshm?
1 o x2 2x3 1 (kgT)?
- 3m2p? /o dx<x[tanh(x) —l- [cosh()P | [eosh(Ol2 tanh(x)) 24p2 24 E37)
where we have used x = Bk/2 and A — oo.
Now we can see that from Fy = Fy; — Fop, we have
Fo(T =0) = For(T =0) = Fo(T =0) =0, (E38)
and
B TP kTP (kgT)?
§Fo(T) = 8Fo1(T) — 8Fou(T) = — T a s o (E39)

It is interesting to notice that the cutoff-dependent term cancels between Fy; and F,, while the temperature-dependent term
remains. Thus, Fy = Fy + Fj (kgT)? with F =0 and F; = —1—12. It should be emphasized that F depends on the form of UV
momentum cutoff, and our model here has the effective Lorentz invariance with an isotropic momentum cutoff, and thus ' = 0
is expected [49]. In contrast, our result ] = —1—12 recovers the value derived in literature [45,46,48], implying the universal
property of the thermal Nieh-Yan term.

APPENDIX F: NUMERICAL METHODS FOR EVALUATING STRESS-STRESS CORRELATION FUNCTION

In this Appendix, we will describe our numerical methods to evaluate the stress-stress correlation functions. Here we only
focus on the stress-stress correlation function ®¢; (q, iv,,) in Eq. (C17). One can rewrite the Green’s function in Eq. (C10) as

Py(k
=30k o (F1)

~ oy — &

where &y = shvsk — o and the projection operator Py(k) = (1 + ske ) Then after the Matsubara frequency summation,
Eq. (C17) can be simplified as

nr &y x—q) — nr (€ k)
DY(q, iv) = = . =2 G (sk, sk — q), (F2)
l§ ”)m + Ss ' k—q — ss,k I
with

GY(sk, s’k — q) = Tro [T (k. k — )Py (k — )7 (k — q. K)Py(K)]. (F3)

Direct evaluation of G{Y gives

2 k ki —
G(sk, sk — q) = (v f ) (2k; — g;)(2k; — q,»)(a“b + ie“blszl + ie“”’s’“i—_(q;|
ss’ b

+ k|k—_q|[kb(ka — qa) + kalky — qp) = 8k - (k —q)] ). (F4)

Up to now, the whole formalism is general and can be calculated numerically in principles. As our purpose here is to extract the
term that is related to the Nieh-Yan anomaly, we want to look for the terms @?}’ (q, iv,) o §;;. Furthermore, let us choose the
momentum along the z-direction, q = (0, 0, g.), and then we should expect that the relevant component should be deiy (qz, ivm).
Thus, our numerical simulations focus on the component ®3;(g., iv,,) below (P31(q;, ivy) = Dy3(g;, iv,)). For this component,
we have

(ﬁvf) ) k. —q; ss'
G2(sk, s’k — q) = ——k; —is = 4 2k.k, ). (F5)
k k—q| kk—gq "
Now let us consider the momentum integral in Eq. (F2), and choose the spherical coordinate for the momentum,
= (k sin 6 cos ¢, k sin 6 sin @i, k cos 6). Furthermore, we denote k' =k — q = (k" sin 6} cos ¢, k' sin sin ¢, k' cos 6;) =
(k sin 6y, cos @y, k sin 6 sin ¢, k cos 6 — g;). Thus, we have go,’( = @y, k' sin 9 = ksin6; and k’ cos 9,2 = k cos 6y — g,. The latter

two equalities give rise to k' = /k> + g2 — 2kq, cos 6 and cos 6, = %

115102-18



PROBING NIEH-YAN ANOMALY THROUGH PHONON ... PHYSICAL REVIEW B 106, 115102 (2022)

By choosing q along the z direction, & \_q only involves k and 6 and does not depend on ¢. Thus, we can define

GY(ss'sk, cos b, q;) = / —GX"( k, sk — q)

(F“)f)2 o 2.2 2 . . s sS y .
= drk” sin” O cos” @y | is cos Oy — is' cos O + —— 2k~ sin” G cos @y sin ¢
47 0 kk/
hvg)?
= P o i Ok (is cos 6, — is' cos 6)), (F6)
and then
k*dkd cos 0y np(Ey x—q) — nr (§sx) -
DY (q,, ivy,) = . 22 GV (ss's k, cos B, q.). F7
(e ) Z/ IR S k4 "
We may decompose ®3)(q., iv,) into several different components &3, (qz, ivy,) = XX (qz, V) + O (qz, ivy,), where +
labels the contribution from different s bands. We further decompose ®3 (qv, ) = d7 - (q ivy) + CDXX j;(qz, ivy,), where 1

and 2 here are for the intraband and interband contribution. Explicitly,

o K2dkd cos 6 np (4 x—q) — nr (4 x)
Q1 (qzy ivm) = > .
(2m) W+ 81 x—q — &1k

k>dkd cos 6 - .
O3 (Ges V) = / Rk ( rGtkea) G (—+3k, cos b, ;) — - wabe
(27[) Wy + $+,k*q - E*,k W + g*,qu - g+,k

k2dkd cos 6 np (- x—q) — nr (5 x)
xx 1 (qu lvm) B .
2m) W +6_x—q—&_x

k*dkd cos 6 nr(§- k—q) oy nr(§-x) -
D (e ivm) = / ( : G (+—3k, cos bk, q.) — - : G(—+:k, cosbk, q.) |.
<2 Q27 \ivy £ g — Eri o F g —Ea ™ o s

Gl(++:k, cos by, ;)

G2 (+—;k, cos b, qz))

Gol(——;3k, cos b, ;)

(F8)

Since the above integral involves the singular points, we need to treat it as the Cauchy principal value integral. To numerically
evaluate the integral, we need some more simplification. First, the integral over 6; can be replaced by the integral over k. All the
above integrals takes the form of

k2dkd cos 9
= / KEARA oSO 6 k. cos b, ). (F9)

(2m)?
With [d?k'8(k' —k +q) = [ d*k'8(k' — /k* + q> — 2kq, cos 6) = 1, we have [107]

k2dkd cos 0y
1= / “onr / d’K's (k/ - \/kz + q? — 2kq cos Qk)g(k, cos b, g;)

2/ dk/k+q —g(k cos b = M,%). (F10)
(27T) k—q| 2kq;

Here the integral range of k' is determined by requiring |cos6;| < 1. Next one may absorb the velocity /vy into the def-
inition of the momentum, k = hvsk, k= hvek’, g = hvrq,. Thus, one can see that G does not give any additional factors
while the integral J; should contain an additional prefactor ﬁ Now G should be a function of k, &/, g, denoted as
Gk, &, q). Finally, one can take the transformation k= %(x +y) and k= %(x —y) and the integral can be transformed

into
A S /Ad /qd xz_yzg(lz L +y), K = Lx — ). q) (F11)
= X = 57X . = 5X — 5 .
VS Qo ), T8 N 2T
Using the equation, we can rewrite the integrals as
+y
X}Jr d d‘x _y nF(__M)_nF(__M)GXy .
O (g 0+in) = —(2n)2(hvf)3/ x/ y ot in—y w(H+ix, v 9)
-y Xty
X)JF d dx_y (T_H’) I’l(——ﬂ) xy .
® (g 0+in) = G )2(hvf)3/ x/ y pRI—— Go(—+;x, 5, q) — Pp— Go(+—:x,5.9)
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§ x—y (=5 o) (=5 - w)

d d
xf Y w+in+y

P (g, 0 +in) = Go(——:x,%,9)

(27T)2(71Uf)3

J
[ e

OV (g, w+ i
w2 (@0 = G )Z(Evm

nF(———M) oo ne( =5~ )
-5 X, - — X, ), ) F12
><< ot in—x Go(+=:x.5.9) Wt intx Ga(=+x,5.9) (F12)
where
2
G2(ss'sx,y,q) = x _1’_6))) (1 — cos® 6 )(is cos 6 — is' cos ), (F13)
cosgp = CEETKE _wtd (F14)
2kq. x+y)q’
cosf, = keost — 4. . a (F15)
¢ K (=g’

and we have replaced iv,, by o + in. Now one can see that the poles of the integral are determined by x = +w or y = Fw,
and the corresponding Cauchy integral is easy to deal with numerically. These expressions form the basis for our numerical
calculations.

To recover the unit, one notices that g, x, y in the above expression are in the unit of energy. fivy is in the unit of [£ - L], and
thus we need to further choose certain length unit of our system, which is denoted as ay. A natural choice will be the inverse of
the momentum cutoff @y = 1/A. Then, the unit of energy can be chosen as vy /ag. From the expression of @}, one can easily
find that 7 is in the unit of energy density or equivalently /iv;/ag. For the numerical calculations, we simply choose fivy = 1
and ap = 1, and this is also convenient to compare with analytical results in Appendix E. The main results of our numerical
calculations are summarized in Fig. 2 in the main text.

Below we provide some more understanding on the analytical aspects of the formalism. We consider the small q expansion
of Eq. (F7) at iv, =0, and perform the perturbation expansion. The calculation here is equivalent to the calculations in
Appendix E, except that we below keep the chemical potential up to u>. For a small q = ¢.é,, we have the perturbation
expansion

£y k—q ~ STvsk — p — s'hvpqcos O = &y x — s'Tvyq, cos b, (F16)
ng
nr €y k—q) ¥ nr €y i) — - P ' q; cos b, (F17)
cos Oy ~ cos b, — % sin’ Ok, (F18)
up to the first order in g,. Now let us denote @}, = ZY g CDM . and evaluate CDXX . separately. First, let us consider s = s" and
we have
G (551 k, cos by, gz) & ;(huf)2 sin Oukq., (F19)
which only possesses the linear-g, term. Thus,
k>dkd cos 0y dnr - is : A ang
R G2 (ss;k, cos by, q,) = —(hvy)? /d 0 '49/k3dk—. F20
Y.ss / Qn? bt (583 k, cos O, g;) 4( vr)g: » cos By sin” 6 ; - (F20)
. s
With ;jél; = —% and x = B& x, we find
, . 4q. (ksT)’ < f°° S /°° 3 ¢ )
QY =i ' dx(x + —+ dx(—x + — . F21
0= 5P g\, P+ B o T x4 B (F21)
With
00 &~ 2 3
[Caw o~ T P (F22)
Bu (1+¢ 6 12
°° e 1 Bu  (Bw)’
d — N = = — s F23
fm Trer 27 2 7 )
P 3 € 4
dx(x + )y ——= ~ . F24
/ﬂﬂ @+ B e ™ B (F24)
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we have
q: 2
E Y = kgT F25
- XX,88 157_[2(}..1 )Z[M +M7T ( B ) ( )
For s’ = —s,
Xy e ~ E 2 in2 2 o 2
Go(s, —s;k,cosby, q,) ~ 4(hvf) sin“ 6 (2k~ cos 6 — kq, sin“ 6;), (F26)

which contains both ¢.-independent and linear-g, terms. In addition,

ne(Egieq) = (o) 1 E-a) — (o) + FesTvq cos O
£ sk—q — &5k —2shv sk + shqu cos by

(nF (6-sx) —nr(&x) + q; cos 9k( shvy + k(nF Esk) — nF(és,k)))) (F27)

© 2shusk IE_x

up to the linear order in g,. Putting all these results together, we have

o0 /kzdkdcosék (—ilivsq.)

s = o) 2 (—(nF(s_s,k) — np (&) sin® 6 + 2k cos” 6 sin® 6,

( gi kshvf + = T (nF (¢—sx) — nr (&,k))))

ok (Zim0ra) (30 e ) — mr ) + stk (F28)
— | —= _sk) — v
(27_[)2 15 ) nrg s,k np(Ss.k as K Snvy
where we have used
! 4 16
dcosbsin” 6, = —, (F29)
1 15
1
.2 2 4
d cos 6 sin” 6, cos” 0, = 5 (F30)
-1

In the above expression, since Zx (np(§_5x) — np(&x)) = 0, the first term will vanish after the summation over s. Thus,

_ls(hvf)z%) o is(hvp g, [ dk 5 BefSs
Zq)xxY—Y_Z / (27-[)2 8.’;—' sk XX: 15 (27t)2k (eﬁ%?s.k-kl)z' (F31)

Now let us define x = B£_; x and find

Xy _ —igq, * . 3 e * 3 e
Zcpxmﬁs — —15ﬁ3(2nhvf-)2 (/m dx(—x + ) RS +/ dx(x+ Bu) a+ x)2>

B —Bur
v 0 TR, (F32)
15Q2mhvy)?
Putting all the results together, we have

3

X qz 2 2 R . 2

oY = oY =i kpT)*) = — — kgT
Z s = T Gy (e (ks T)?) = o2 2oy p %)

: 2 2
ig: < W (ksT) ) 353)

~ Tz T T2
The second term reproduces the result of Egs. (E15) and (E39) for the thermal Nieh-Yan anomaly (choosing /vy = 1), while
the first term is of order x> and thus not included in the calculations of Appendix E, which only keep the terms up to linear .

Therefore, this analytical result is consistent with the results given in Appendix E. Equation (F33) can fit well with our numerical
results at small p, as shown in Fig. 2(d) in the main text.
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APPENDIX G: ACOUSTIC PHONON DYNAMICS IN THE KRAMERS-WEYL SEMIMETALS

In this Appendix, we will analyze the influence on the effective action (D7) on the phonon dynamics. We focus on the
acoustip phonons here, and as discussed in Appendix B, the Ag and A fields are related to the strain tensor as Ay(§) = C,i(G)
and AL(§) = ﬁv [g0i1(§)8ja + g11uja(§)], where the strain tensor u;; is treated as a fluctuating field for acoustic phonons and

=) u By substltutmg the forms of Ag and A fields, we find

1
W=5; @(§)Ao()i(— q>+2u<q)Azl<q>um( q)+§)u,a<q>z\g,]<q>u]b( D |, (G1)
where
& (5 Cig
Ao(q) = czno(q>+2(h 7 ,;(q)—Z h‘ —200iq) + ©i(=d)] (G2)
a ¢~ 8081 a,~ aj ~ 2C1g1 a
Az,,-(cn:; v 7 [@44@) + @ (-] - oy O¢(g), (G3)

~ (hw )2

We can expand Ao(G), A5 ;(§), and A3 i .(g) as a function of g, A(g) =
order term, we have

A0) + (0gA)j=0 - q + (0w, A)g=0@n + ... At the zero-

1
WO =23 @@ A=) + Y a@AS [ O)ia(=G) + Y uia @ AL O)ujp(—3)
q i,a

ij.ab

B
% /0 dt / d&r u(r,r)Ao(O)ﬁ(r,r)+;ﬁ(r,r)AgJ(O)um(r,1')+Zuia(r,r)Ag‘bu(O)ujb(r, 21 (e5))

ij,ab

Here all the terms are quadratic in the strain tensor u;; and let us consider the general form of the effective action for acoustic
phonons (elastic wave), which is defined as [108,109]

1
Soho = 3 / drd’r| ; B4t — %Aijkzaiujakul , (G6)

where the rank-4 tensor A;jy; is the elastic modulus. It is clear that w© just provides the correction of the elastic modulus A ;.
Next we focus on the first-order term with the linear q dependence, which takes the form

wh =~ Z Z(a AU qii(—§) + Y _(0;A5 Ja@)qjtia(—G) + Y (O AL uia(@qiuep(—)

ija ijl,ab
= / dt/d3 < (3 Ao)a(r, ‘L')(l—u(l‘ r)) Z(&,-A Da(r, r)( —ujq (T, ‘L’))
ij,a Tj
0
+ U%jh(akzg ,,)uia(r,r><ia—mujh<r,r)> , (G7)

(

where (0;A) = (g—;\/_)g:o is just a number. From Eq. (G4), one phonons

can see that the last term is just the Nieh-Yan term. Although 5

the above expression seems quite complex, the symmetry Spn,1 = / dtd’r Z i jktm (it ji Yt (G8)
gives a strong constraint on the form of the allowed effective ijklm

action. It is clear that the above action contributes to the where 9, = 3% . Now the question is what is the most general

following general form of the effective action of acoustic

form of the coefficient &ijkim> a rank-5 tensor, for a uniform
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isotropic system. Since the strain tensor u;; is symmetric with
respect to the indices i and j, the coefficient &; i, should sat-
isfy the relations &;jxm = &ixjim = &ijrmi- Furthermore, it also
satisfies the anti-symmetric relation &;jx;,, = —&iimjx. These
relations together with the full rotation symmetry will fix the
form of &; k.

It is also equivalent to ask how to construct an invariant
term with the form of (9;u)u;,. We analyze this problem
based on the irreducible representation of the angular mo-
mentum. As discussed in Appendix B, the symmetric rank-2
tensor u;; can be decomposed to two parts, # with the angular
momentum 0 and u;_, 3 with the angular momentum 2. Since
the expression involves two strain tensors, the corresponding
angular momentum decomposition can be given by

22=403020100, (GY)
200=2, (G10)
0®0=0, (GI1)

where the bold number represents the total angular momen-
tum. Furthermore, the expression (0;u i )u;, involves one 0;
in addition to two strain tensors, and 9d; possesses the an-
gular momentum 1. To make the term (0;uji)u;, invariant
(with the angular momentum 0), only the irreducible repre-
sentation with the angular momentum 1 in 2 ® 2 can lead
t01®1=26160. From such angular momentum com-
bination, only a single term is allowed for &;4;,, in a uniform
isotropic system. This term can be explicitly constructed as

Spn1 = §o/dtd3r Z 8 j1€ikm (Oilh ji Yty (G12)
ijklm
so that the parameter &; 1, is given by
5o
&ijkim = Z@jléikm + Oui€ijm + Ojm€int + Skmeijr).  (G13)

We can apply the above analysis to the action W, and
it is clear that it is impossible to construct an invariant term
from the first two terms in Eq. (G7), and thus the coefficient
djAg and 9 ;A9 ; must vanish. The effective action then takes
the form

W(l) — / dt / d3 Z (lakA3 ,j)uia(r9 T)

ijk,ab

0
(o)

with the coefficient

(G14)

g21 ab

. ab . g21 ab ~ — 7
(lakA3 lj) lm(akq)ij (q))[j=0 = l(hvf)g q)ij,k
_ (hi%eabkaij i Fo. (©G15)

Here we have used Eq. (E15) and restored the coefficient
(Fivg)* in <I>?£ .- Substituting the coefficient and also changing
from imaginary time to real time, we have

82XM-7'-0
wh = § : /dtd3re“bk8 Uig (T, T)
YRS ij%ia
Z(Flvf) ijk,ab

0
X (a—rkujb(r, r))

JT.'
=g%XM 0 Z/dtdSrék“hS,,

4
2(hvy) o

0
X <—uw(r, f)) ujp(r, 7). (G16)
or, k
Comparing with Sy, 1 in Eq. (G12), one can see that the Nieh-
Yan term can contribute to a new term in the phonon effective
action and the corresponding coefficient is given by

gxuFo
Z(FIUf )4 '

We may further use the derivation of Eq. (F33) to get a more
complete result, up to the order of 1>. We also include multi-
ple KW fermions and obtain
() X 2
kgT)~ |,
+ B (kgT)

£ = g <<u3>x
07 T ()t \ 1272

where (1), = 3 Y. xrur, and (), = 3 31 xrud, rep-

resent the average of 1 and u3 terms over all the I'; momenta,

respectively. Here xr, is the chirality and pr, is the chemical

potential with respect to the Weyl node for the KW fermion at

I;.

In the above discussion, there is another term with the form
of u;jw,uy; at the same order and in the time-domain, this
term should have the form of u;;(3;ux). In the elastic theory,
this term is nothing but the viscosity, generally defined as
[108-110]

&= (GI7)

(G18)

Swa = [ drd'r Y wpuGam,. (G19)
ijkl

However, the existence of the viscosity requires the breaking

of TR symmetry, while TR symmetry exists in our system.

Thus, the viscosity coefficient #;;;; extracted from our model

must vanish.

Now we hope to solve the acoustic phonon dispersion
(or elastic wave) in our system based on the actions (G6)
and (G12). For the uniform isotropic system, there are two
independent parameters for the elastic moduli A;;; and the
corresponding equation of motion for the displacement field
u is given by

d? 22

d—zu—c \Y% u—i—(c, —c )V(V u),
where ¢; and ¢, are the velocities of longitudinal and trans-
verse waves. The Nieh-Yan term S, can add an additional
term into the above elastic wave equation, as given by

(G20)
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S

#h,l = %)Gikm(sknaiajujm + Sjngiakujm - 8mnaiajujk -
= 50 (i 39 39
= E(einm 10U jim + €ikm O Ok — €in 001 ji —

&o

= (Etnma alulﬂl - eiknaiajujk) =

2

By including the Nieh-Yan term, the equation of motion for
the displacement field is now written as
d? §o

oy VZ 2—2VV‘
d2u ;Vau+ (¢ —¢;)V( u)+2po

V x (Vu),
(G22)
where py is the mass density of the elastic media. We can
decompose the displacement field into the longitudinal and
transverse components, u = uj + u¢. One can show that the
longitudinal and transverse components are still decoupled
from each other. The longitudinal part does not have any
correction from the Nieh-Yan term, while the equation of
motion for the transverse part is revised as
d? &o
—u, =V + ——V x (Vu G23
T VX (V) (@23)
Let us take u, = uwped™ ' and the equation of motion is

changed to

2 2.2 foqz.
w Wy = c;q Uy + ——iq X Up. (G24)
2po
Now let us choose q = g€, and ug = (uoy, Uy, 0)7 (the super-
script T here represents transpose) and then the equation of
motion (G24) can be written as

2q? - &
(,()2 <u0x> _ “q 2poq (M0X>
Hoy lzggoq tq Hay
This eigen equation can be easily solved. Two branches of
dispersion relations for the transverse modes are given by

o' = [c2q? +s|$0| =q [c?+s @ q,
2p9 200

from which one can see that the Nieh-Yan term mainly
corrects the phonon velocity and gives rise to the different ve-
locities for two transverse phonon modes. The corresponding
normalized eigen vectors are given by

(G25)

(G26)

L.
u,=—|\is 0

= (@ , (G27)

so that ug,x(k)uo,s(k) = 1. The angular momentum of the
phonon modes is defined as [60,66—69]

i(q) = huf (@)M;ug,5(q).

where s = 4,7 = x, y, z, and (M;) jx = (—1)€;jx. One can eas-
ily show that only [, is nonzero and [, , = +£% for the
momentum q = gé&,. Due to the full rotation symmetry of our

(G28)

é2Gl'nm8,'81'(8‘,'1/0” + amuj) =

Bjnaiamujk)

€ikm 8[ 8m Unk )

@Einmai(vzum) = _E_O(V X (Vzu))n

> (G21)

(

model, the general form of angular momentum for the s-mode
is given by

(G29)

with § = 3

Next let us consider the phonon total angular momentum
induced by a temperature gradient. The total phonon angular
momentum per volume can be related to the temperature gra-
dient by

o T

. =0ji—
i J ’
Brj

(G30)

where i, j = x,y,z and r is the spatial coordinate. From
Ref. [60], the response coefficient «;; is derived as

___Zl phafO(w)
5,iV s, j

(G31)

in the linear response regime, where t is the phonon relaxation
time, v2" is the group velocity of s-phonon mode and fy(«!) is
the Bose distribution function for phonons. The group velocity
of the transverse mode should be given by

t

L dwidg G +43;0|f lq

09 9q9q 24+ iglg

For our isotropic system, there is only a single nonzero in-
dependent component o, = oy, = o, so let us evaluate o,
which is given by

ow
vfh =

q. (G32)

qu 50 C +4p0|€:0|q 8f()

Wz =

(27T)3 7 15| [c? + 55 lgolg oT
2 «‘;:0 C + 43;0|§0|6] 8f0
= — G33
67T2/ qu 1l /2 1ol T’ (G33)
where
fol@) . e

Here we have recovered 7 to get the correct unit and ne-
glected the temperature dependence in &;. This expression
can be evaluated numerically. The angular part of the phonon
momentum in the above expression can be integrated out
since % only depends on the magnitude of q. To get
some analytical understanding, we can make the further ap-
proximations. According to the Bose distribution fy(w), we
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know that the phonons are mainly excited in the energy range
determined by the temperature T, iw < kgT . This means the

Sléol

where wy = ¢;q and w; = T

ol 2. Let us define x = Bhwy =

a9 and then we obtain

contribution in the above expression mainly comes from the kT
momentum range g < ’% Now let us consider the momen-
tum range, in which the Nieh-Yan term contribution to the 9 fo( o) B X e
velocity |&y|q/po is much smaller than c . This is naturally aT = kB,Bzha)o (ePrn — 12 ?( 1 (G37)
satisfied when the temperature kT < h“s’ IIJU and in this tem-
perature range, we can treat |§y|q as a perturbation and expand d
the integrand in Eq. (G33). First, we have an
+ 43—g|$ lg 3s s 2 Bhw
—r ~ cf(l + 4—2|§o|61> (1 — 4—2|§o|61> Orolen) _yogrn O
2+ =6l Poc; Poci 0T 0w (ePhn — 13
x [0 (1 — Bhax) — Bhiwy — 1]
~ Ct<1 0 Ié“oIq) (G35) K &
Poc :mx—ls[e"(l x)—x—1]. (G38)
and B (6 - )
0 d 02
i = Jol@o) fo ——dw (G36) Thus, we have
aT aT aTdw
|
Th 2 dfowo) | 0*fo sléol ,
z = q°d
= qz“’m |< 200 cz'g o )( T | 0T0wApec, !
Th ) dfo(wo) &o Pfo &
=-——> [ 9°dqc 5 q
6 oT  poc; dT dw 2 pyc;
ho(ksT\’ d ksT 97
__ T B &o i /xzdx Jo(wo) xkp n fo x 2(kB Ty
o2\ ¢ ) pocth oT  h 0T dw 21
t&okp 3 / 4 e 1 o
———————(kgT)’ d + = "1—x)—x—1 G39
67t2poc,5h3(3 )" | xMdx @1y 2(6)6_1)3[6( x)—x—1] (G39)

In the above expression, the integral of x is convergent, and
thus just gives a number. Therefore, all the temperature de-
pendence is given by the coefficient before the x-integral. With
the expression (G18) for &y, we expect o, has T3 dependence
for the standard Nieh-Yan term and T° dependence for the
thermal Nieh-Yan term. Let us denote ¢y = [ x*dx(=— = 1)2 +

%ﬁ[ex(l —x) —x — 1]) = —4x*/15, and then we have

Tcobokp
~ —————(kp
Oz 6720 CSFZB( )
Tcok
_ 0 Bgzl — ((N );(( BT)3 (n )x (kBT)5>.
62 po(hvy)*e i’ \ 127 12
(G40)

To give a reasonable estimate of the magnitude of the
effect, we rewrite the above equation as

()

where ay is some characteristic length scale and we can

choose it as the lattice constant. The overall unit of «,, is

given by % and the remaining parts in the above expression
0

'L'kBT
h

Co h
672 Ta]

kBTaO
hic;

§o

2
Ci Podo

Oz = —

>, (G41)

are dimensionless, making it convenient for us to estimate the
magnitude. Let us next estimate each term separately. We con-
sider the temperature 7 ~ 300 K (around room temperature).

(

fic,/ayp is the acoustic phonon energy at the Brillouin zone
boundary, which is estimated as %c,/ay ~ 10 meV. This cor-
responds to the speed of sound wave around ¢; ~ 1500 m/s for
a lattice constant ag ~ 1A, which is typical in a metal. With
these assumptlons the dimensionless factor (k’*T“” )y ~17.3.

h

the Brllloum zone boundary induced by Nieh-Yan term. We
first give an estimate of &y based on the expression (G18). We
choose u~0.1eV, vy~ 10° m/s (or hvy ~ 0.6 eV A) and

~ 300 K. The strain-electron coupling constant g; share
the same unit as fivy and we choose g; ~ 0.1 eVA With
these choices of parameters, we have & ~ 7.6x10~7 eV /A2,

With py ~ 103 kg/m?, we have 7 [f— ~ 0.07 meV. Thus,
0
50 —) ~ 5x107°. With the above

estimates, the response coefﬁc1ent o ~ 5.5%x1077( 15)

is the splitting of two transverse phonon modes at

the dimensionless factor ( Z

Km?*

APPENDIX H: ELECTRON-ELECTRON INTERACTION

Since the electron-phonon interaction may be influ-
enced by electron-electron interaction, one may wonder how
electron-electron interaction affects the proposed phenomena
here. In this Appendix, we will demonstrate that electron-
electron interaction is actually decoupled from the phonon

115102-25



CHAO-XING LIU

PHYSICAL REVIEW B 106, 115102 (2022)

modes discussed in this work and thus all the results remain
valid even taking into account electron-electron interaction.
To see that, let us start from the effective action Scg in
Eq. (C1) with an additional electron-electron Coulomb inter-
action. We consider the Stratonovich-Hubbard transformation
by introducing an additional ¢ field with the effective action

Scz/drd3r(%[Vgo(r, O + iep(r, DY (r, )Y (r, 7))
(HD)

With the Fourier transform

(H2)
|

Ur(r, 1) =Y MO k),

e(r,T) =Y 1T g(g), (H3)
q
we have
2
Sc =Y To@e(=a) +ie Y o@, ©in(k - 9.
q kg
i (H4)
where Y ; = ,stv Y k.iw,- Now let us perform the transforma-
tion
P(=q) = ¢(=4) + l Z (g, (k— ) (HS5)
PD=9@+is Z Ui Yk +q)  (H6)
and

2
% (w(ci) + i% > A R, (k + ci)> <¢< Dtig Z vt (k) (k — q))
k

L@ +ientq i, G- — < b (e (F + bt () (F — a
- ; <3<p(q)w(—q) +iep(d) ; k=) - 55 ; Ui e,k + D B ® — 3 ).

From the above quality, we have

2
Se =Y. To@p(—9) +

q

the latter term of which is indeed four-fermion Coulomb interaction with the coefficient V, =

2
;—qz 3G i + D En E = 9,
Gk’

(H7)

(H8)

o

the Fourier transform of

¥

»Ql«:

Coulomb interaction in the momentum space (we have set €y = 1).
Now let us compare the second term in S¢ [Eq. (H1)] with the first term in S; [Eq. (C3)], and one can see that the Ay field

is identical to the —iep field. Similar to the derivation for the effective action W [Ay,

A] in Eq. (C15), we consider the effective

action for the ¢ and A fields (we drop the Ay field here) by integrating out the fermion operators, and the resulting effective

action is given by

Wilp, A]

+ i@ ()AL De(—=)]

where the duplicated indices should be summed over. Here D~!(§) = q2 — ezl'lo(q) =

function for the ¢ field.
Next let us consider the path integral

Zi[A] = / Dye™M1e-A)

and we can perform the transformation

P(q) =

P(—G) = p(—§) + ie®@* (Al (=G)D(—§).

9(q) + i1e® (=G AL(GD(G)

—Z To@De(—§) — TP Pe(—F) + PGP AP AL—G) + ieON (e AL(-F)

—Z [D7' @e(@e(—d) + PLDALDAN—G) + ie®N D@ AL(—G) + ie®f (—DAL@e(—d)]. (HY)

Dy ' — ¢*T1y(§) defines the full Green’s

(H10)

(H11)

(H12)

115102-26



PROBING NIEH-YAN ANOMALY THROUGH PHONON ...

PHYSICAL REVIEW B 106, 115102 (2022)

Correspondingly,

1 1 , .
3 2D @P@DH-D) = 5 D7 @le(@) + e (~DALDD@Ip(~d) + i@} DAN-DD(~)
q q

1 , .
=3 DN @e(@e(—§) + iep(@OUPAL(—§) + 1O (—ALGp(—])
q

—O(—ALHDGOLUDAL—]

and

1 . .
Wilp, Al = 2 YD @ @P(-) + (P1@G) + EOH (—PHD@GOYD) AL AL(-)]-

Now one can see that the @ and A fields are decoupled from
each other. Let us write Z;[A] ~ e~"2lAl and then

Wa[A]
1 4 4
= 5 2 [97@ + O{—DP@OFD]ADA-D).
q

(H15)

From this expression, we conclude}hat the full stress-stress
correlation function, denoted as <I>j?}’(c7), should generally
acquire a correction from the electron-electron interaction
through

Fab ~ b~ 2 SO g

(q) = () + FOU-PD@OLG).  (HI6)
where the stress-density correlation function ®¢(§) is defined
in Eq. (C18).

J

ajlezkm(azujk)ulm = 6zxy(az"‘jx)ujy + 6zyx(8zl"jy)ujx

(H13)

(H14)

One can see that the ®¢(§) function couples electrons to
acoustic phonons and this function involves one density vertex
and one stress tensor vertex from Eq. (C18). Next we will
show that for the phonon modes that we are interested in, the
©¢(g) function is always zero if the system has full rotation
symmetry. In the above expressions, a, b, i, j = x, y, z which
is not convenient for the symmetry analysis. It is more con-
venient to relabel the strain and stress tensor with the angular
momentum, as shown in Egs. (B3)-(B12). The rotationally
symmetric form of the Hamiltonian (B13) is useful for our
symmetry analysis below.

To make the problem more concrete, let us consider the
phonon momentum along the z direction, q = ¢,€;, and we
first figure out which strain tensors, as well as the stress
tensors, are involved in the Nieh-Yan term. To see that, let
us write down explicitly the terms in Eq. (G12) along the g,é,
direction, which involves

= [(azuxx)uxy + (azuyx)uyy + (azuzx)uzy] - [(3zuxy)uxx + (azuyy)uyx + (3zuz)')uzx]

= 2¢0,(Uxy — uyy) + 2(azuzx)uzy,

in which all the total derivative term has been dropped since
they will not contribute to the effective action. Now we notice
that only the components uy, — Uyy, Uyy, Uz, and ug, of the
strain tensor are involved for the acoustic phonons along the
z direction that we are interested in. From Eqgs. (B3)—(B7),
one can see that only u;—» 3 with M = 1, £2 are involved,
which means the the z-direction angular momentum M only
takes £1 and %2, but not 0. However, the electron density
operator carries z-direction angular momentum 0. Since the
z-direction rotation symmetry is preserved for the momentum
q along the z direction, we expect elections cannot directly
couple to the phonon modes with higher angular momentum.

To make this argument more explicitly, let us define 7} as

BT T T,

TP = (T AT+ + )] H19)
1 X ,

Tz:\/;(ZTZ—Tx -7). (H20)

(H17)

[
T =5T+T T+ )] 2D
Th=3[T -7 - +7)].  #H2

and the stress-density correlation function can also be recon-
structed as

1
®£/I(qv ivm) = ﬂ_V Z Tra [QO(k —q, iwn - lvm)

Kk, iw,

x Ty (k — q, K)Go(k, iw,)] (H23)
for the angular momentum J, M of the stress operator.
Here we also add the density operator n which is an
identity. Let us consider a symmetry operator R, which
transforms the stress tensor as R7;(k —q, KR~ =
> our Dy (ROT IR (k — q), R7'Kk]. The Green function
should be invariant under the symmetry operation
RGo(K, iw, ) R~ = Go(R™'k, iw,). Thus, one can insert
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symmetry operation into the definition of stress-density correlation function and find

05,(q, ivy,) = ﬂLV Z Tr, (RGo(k — q, iw, — v, )R™'"RT;;(k — . )R RGy(k, iw, )R ™)

k,iw,
1
ﬂV k,iw,
1
ﬂV K iw, M’

=Y D (R)O}, (R7'q. ivy).
—

In the above derivation, we have used k' = R~'k. The above
equation gives rise to the symmetry constraint on the form
of correlation functions. Along q = g.é., we have R™'q = q
and

O (Gz. V) = D Dy (RIO3y (. ivi).

M

(H25)

Now let us consider the orthonormality relation for ir-
reducible representations of a symmetry group, given by
Y g Dy (R)DYA (R = L58undm. We should con-
sider the symmetry group formed by the rotation along the z
directions and thus only the z-directional angular momentum
M is a good quantum number that characterizes the rotation
group, while the total angular momentum J is not. Conse-
quently, we expect the orthonormality relation is then given
by 3 Dy (RID%n (RT* o< 8ynaryr. Now let us choose
D\, to be J' = 0 (identity representation), so N =N’ =0
and DY, = 1 forany R. Then the orthonormality relation takes
the form ) D}, (R) o Spr08m0, which leads to

D 01z iva) = DD Dy (R)O(g. ivm) < S0
R M R

— O)(q, iVy) X Sur0- (H26)

So the correlation function ®}, can only be nonzero for the
z-directional angular momentum M = 0. However, as we have
shown above, the Nieh-Yan anomaly term only involves the
strain tensor with M = +1, £2, and this concludes that the
electron-electron Coulomb interaction will not contribute to
the acoustic phonon modes, whose dynamics is influenced by
the Nieh-Yan anomaly.

APPENDIX I: DEFORMATION POTENTIAL FOR
ELECTRON-OPTICAL PHONON INTERACTION

The optical phonons involve the relative motions of atoms
within one unit cell and thus we cannot directly start from
the continuous model. Let us next consider the deformation
potential

Hep = /‘dSI":I\/T(I')(Zunr :

where R,; = R, +t; with the lattice vector R, and
the position t, for the atom t in one unit cell. Here
the electron field operator can be expanded as W(r)=

dU(r — Ryr)

IR, ) v(r), b

=_— > Tr, (%(R‘l(k — @), i, — ivy) Y Dy (R)Tig (R (k — @), K)Go(R ™k, iwn)>
v

> Dl (R)Try (Gok' — R™'q). iew, — i) Ty (K — R7'q. K)Go (K, ie,)

(H24)

(

% D sk Xy, (1)é0sk, Where s labels spin and « labels
other band index, while uy,; is the displacement field, which
can be expanded as up, = \/N;W > g Qrqele e Here M, is
the atom mass, Q;, 4 labels the normal mode of the A-phonon,
and the polarization vector ¢’ satisfies the equation of motion

wiel, =Y Di(tis&j)es ;. (12)

§J
where i, j = x,y,z and Dg(ti;£j) is the dynamical matrix
for phonons in the momentum space. Since the displacement
uy,; is real, Q) q = Qiﬁq. By substituting the expansion of

\i/(r) and u,, into Eq. (I1) and after some straightforward
simplifications, we obtain

1
Hep = o5 >

K,q,as,8t,A

s 5t K. QO (2] xlprk—q. (13)

where
gzs,ﬁt K, q)

N _iqr U@ —17)
= Xr: 1\714 - (UK osle qu

We can again expand g}, 4 (K, q) in terms of the 2 by 2
matrices as g, 5, (K, q) =), &, , (K, q)(c")y, where u =
0, x, y, z. The electron-phonon coupling Hamiltonian is writ-
ten as

luk—q.p:).  (14)

1 R A
Ho=175 D ZopuK Q0@ k0" epxq. (5)

K.q.a8,u,A
The hermitian property of the Hamiltonian HJp = H,p requires

[gf;[ﬂu_(Kv (I)]* = g)f\}a,“(Ka _q)
The time-reversal symmetry provides a constraint on
the form of g’.}mﬂt(K, q). With TQ,\(q)T’1 = 0,(—q) and

Tel(K)T ! = & (~K)(io,K), we have
THSPT?IZ Z (giﬂ,M(K’Q))*Qx(—q)f;,K(iale)a“

K.q,aB,1,x
x (i0,K)ép q-K a6)
= > (&K —0) 0u(q)c] g (ioy,K)o"
K,q, 08,11
x (—ioyK)ep K—q- a7
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Since (ioyK)o%(—io,K) = ¢ and (ioyK)o*(—io,K) = —o*
(a=x,y,2), the time-reversal symmetry THe,T~' = H,,
gives rise to [gh,(—K, —q)I* = g5 (K, —q) and
[gﬁﬁ,a(—K, —Q)]* = —gﬁﬁ,a(K, Q).

In the spirit of the k - p theory, we consider the electron-
phonon coupling around time-reversal invariant momenta
I'; = —T; and thus take the approximation K = T for the pa-
rameter g, , (K, q), so that [g’;ﬁ’o(l“i, —qQ)I* = ggﬂ,o(ri, —q)
and [g;4 ,(Ti, —Q)I* = —g},5 ,(Ti, —q). Below we will drop
the index I'; in the coupling constant g. Furthermore, we
can assume the phonon momentum q is a small number
and expand g as gy, (Q) = ghs , (@ = 0) + (34&p . )g=0 -
q + ..., and for optical phonons, we may only focus on the
lowest-order term gy, , = gss ,(q =0). Thus, we should

have (813(,9,0)* = 8’;,3,0 and (ggﬂ,a)* = —gﬁﬁ’a (a=x,y,7)and
thus g}, , is real while g, , is pure imaginary. The hermitian
condition requires (g, ,)* = g4, ,- Therefore, if we choose

o = 3, then only 8%,0 does not vanish while the pure imagi-
nary gt s, Only couples different bands o # B.

Now let us look at the effective electron-phonon coupling
for the band v, ;. Since now we choose ¢ = 8 =0, it
is clear that only g% , is nonvanishing for the lowest-order
terms. Therefore, at the lowest order, the electron-phonon

coupling takes the form

1 A—L A
Hep,l",' = W Z gﬁQk(q)c(‘),ch,k—q I8)
k,q,x

for optical phonons, where g% is a real number. In the real
space, we have

Hor, = ¢ / Ero, i O 19)
A

for optical phonons, where we have defined Q,(q) =

[ d3rQ;(r)ear.
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