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The Yu-Shiba-Rusinov (YSR) state appears as a bound state of a quasiparticle at a magnetic atom embedded
in a superconductor. We discuss why the YSR state has energy below the superconducting gap and why the
pair potential changes the sign at the magnetic atom. Although a magnetic atom in a superconductor has
been considered as a pair breaker since the 1960s, we propose an alternative physical picture to explain these
reasons. The analytical expression of the Green’s function indicates that a magnetic atom converts a spin-singlet
s-wave Cooper pair into odd-frequency Cooper pairs rather than breaking it and that the odd-frequency pairing
correlations coexist with the YSR states below the gap. The relationships among the free-energy density, the
amplitudes of pairing correlation functions, and the sign change of the pair potential at a magnetic impurity are
discussed utilizing the self-consistent solution of the Eilenberger equation. We conclude that the sign change
of the pair potential happens only when the amplitudes of odd-frequency pairing correlations are dominant at
the magnetic impurity. In the presence of the local w-phase shift in the pair potential, odd-frequency pairs can
decrease the free-energy density there because their response to a magnetic field is paramagnetic.
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I. INTRODUCTION

The Yu-Shiba-Rusinov (YSR) state [1-3] is a bound state
around a magnetic impurity embedded in a superconduc-
tor and is considered to appear as a result of breaking a
spin-singlet Cooper pair by the magnetic moment. Supercon-
ducting junctions with the YSR states have been attracting
renewed attention as a possible platform for quantum com-
puter architectures. Actually, it is known that a chain of
magnetic nanoparticles on an s-wave superconductor accom-
modates Majorana fermions at its ends [4-6]. Controlling the
superconducting subgap state is a necessary element of future
quantum technology [7-9].

A spin-singlet Cooper pair is formed by two electrons
that are time-reversal partners to each other. Thus a magnetic
impurity (a defect breaking time-reversal symmetry) acts as
a pair-breaker. Indeed, it is widely accepted that magnetic
impurities drastically suppress the superconducting transition
temperature 7, [10,11]. Although the formation of the YSR
state was pointed out in the 1960s, there are three unsolved
issues: (i) This conventional simple picture does not explain
why magnetic impurity generates the YSR states below the
gap. (ii) A strong magnetic impurity changes the sign of the
pair potential around the impurity site [12—15]. As briefly
mentioned in a review paper [16], there is no convincing ex-
planation for the local 7 -phase shift even now. (iii) It has been
unclear the relation between the appearance of the YSR states
and the suppression of 7. In this paper, we will show that the
existence of odd-frequency Cooper pairs around the magnetic
impurity provides a satisfactory explanation for these issues.
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The odd-frequency Cooper pairing is a concept that was
introduced by Berezinskii [17] to explain the superfluidity in
3He. Although there has been much theoretical work on odd-
frequency superconducting states in bulk systems since the
1990s [18-25], experimental evidence is still lacking. One of
the authors showed that the spatially uniform odd-frequency
superconducting order is impossible in single-band metals
[26]. However, it turns out that the odd-frequency spin-triplet
s-wave triplet state can be realized as an induced subdominant
pairing correlation in a rather conventional system consisting
of a spin-singlet s-wave superconductor and a ferromagnet
[27]. Induced odd-frequency pairing correlations have been
discussed in connection with a subgap quasiparticle appearing
at a surface of unconventional superconductors [28-32], a
vortex core [33,34], and an edge of a Majorana nanowire
[35]. In superconductors having internal degrees of freedom
(e.g., sublattices, multiorbital, and multiband), a quasiparti-
cle on the Bogoliubov Fermi surface [36] accompanies an
odd-frequency Cooper pair [37]. Although the odd-frequency
pairing correlations around a magnetic impurity were pointed
out by recent studies [38,39], physical phenomena unique to
an odd-frequency Cooper pair have not been discussed yet.
The most important property of odd-frequency Cooper pairs is
that they exhibit a paramagnetic response to an external mag-
netic field [40—43]. When the amplitude of an odd-frequency
pair is dominant at some place in a superconductor, the spa-
tial gradient in the superconducting phase decreases the free
energy there. Indeed, two of the authors showed that the
magnetic response of a small unconventional superconductor
can be paramagnetic at low temperature [42]. We summarize
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the physical consequences of paramagnetic Cooper pairs in
Appendix A.

In this paper, we calculate the Green’s function around a
magnetic impurity in a spin-singlet s-wave superconductor
both analytically and numerically. The analytical expression
of the anomalous Green’s function shows that the magnetic
impurity converts a spin-singlet s-wave Cooper pair into an
odd-frequency Cooper pair. The direct comparison between
the normal and the anomalous Green’s functions explains well
the coexistence of such an odd-frequency pair and a quasi-
particle at the YSR states. Thus the formation of YSR states
below the gap is a natural consequence of the appearance of
an odd-frequency pair. As a result of the symmetry conversion
of a Cooper pair, the amplitude of the spin-singlet s-wave
pairing correlation decreases down to zero and changes sign
with an increase of the amplitude of the magnetic moment. To
explain why the pair potential changes sign around a magnetic
impurity, we analyze the free-energy density and the pairing
correlation function around the magnetic impurity by solv-
ing the Eilenberger equation [44,45] numerically. The results
show that the free-energy density at a magnetic impurity can
be larger than that in the normal state. Such an unusual local
state is possible only in a inhomogeneous superconductor.
Odd-frequency Cooper pairs increase the free-energy den-
sity because they are thermodynamically unstable under the
spatially uniform pair potential. We also show that the free-
energy density at the impurity is decreased by the m-phase
shift in the pair potential when odd-frequency Cooper pairs
stay more dominantly than even-frequency pairs. The param-
agnetic response of odd-frequency pairs explains naturally the
close relationships among the appearance of an odd-frequency
Cooper pair, the local -phase shift in the pair potential, and
the instability of the superconducting state around the impu-
rity. As an extension of the main conclusions, we also discuss
the decrease of transition temperature 7, in the presence of a
number of magnetic impurities.

This paper is organized as follows. In Sec. II, we sum-
marize the pairing correlations around a magnetic impurity
embedded in a superconductor in one dimension. In Sec. III,
we display numerical results of the pair potential, the local
density of states, the pairing correlations, and the free-energy
density. We explain why the appearance of odd-frequency
pairs decreases 7, in Sec. IV. The conclusion is given in
Sec. V. Throughout this paper, we use the system of units
h=kg=c=1, where kg is the Boltzmann constant and
c is the speed of light.

J

II. COOPER PAIRS AROUND A MAGNETIC IMPURITY

Let us consider a spin-singlet s-wave superconductor in
one dimension where a magnetic impurity is embedded at
x = 0. The Bogoliubov—de Gennes (BdG) Hamiltonian of a
superconductor is given by

i) =| 5 e 2 V0
1
fo—%E—GF, (2)

where A is the uniform pair potential in spin-singlet s-wave
symmetry, €y is the Fermi energy, V represents the impu-
rity potential, and &; for j = 1-3 is the Pauli matrix in spin
space. The potential of a paramagnetic impurity at x = 0 is
described by

V) =[V(56 W &*] 5(x). 3

The Gor’kov equation reads
liwn — Hpao()IG(x —x') = T6(x = '), “)

where w, = (2n + 1) T is the Matsubara frequency, with n
and T being an integer number and a temperature, respec-
tively. The Green’s function has a structure
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because of particle-hole symmetry in the BdG Hamiltonian.
As shown in Appendix B, the Green’s function in the presence
of an impurity can be calculated exactly. The normal Green’s
function is shown in Eq. (B14) in Appendix B. The density of
states are calculated from the normal Green’s function in the
retarded causality,

G(x,x') = |: &)

N(x,e) = —%Im Tr[GR (x, )],

= —%Im Tr[gf(x, x) — (&) (x, 0],

Gl ) =G0 )y s (6)
where ¢ is a small positive real value. The retarded Green’s

function at x = x’ for 0 < € < A is calculated as

y 47 Ny e _ 2A% + (A2 — |pP) + €20 + |p|>)} cos 2k|x|
Te[G (x, )] = | L -y 2 22 _ 2 2)2 ’ )
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where N is the density of states per spin at the Fermi level, and y = Ny V. The first term representing the bulk superconducting
gap does not contribute to the density of states for 0 < |€| < A. The second term represents a quasiparticle excitation at a
magnetic impurity. It is easy to show that the denominator has poles at € = ¢y with

1—|yP
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TABLE I. Symmetry of the potential for random magnetic impurities in three theoretical models. The potential of a magnetic impurity
in Eq. (3) breaks translational symmetry, inversion symmetry locally, spin-rotation symmetry, and time-reversal symmetry. Breaking local
inversion symmetry enables the parity conversion of the pairing correlation between even-parity and odd-parity as indicated by (a). Breaking
spin-rotation symmetry enables the spin conversion of the pairing correlation between spin-singlet and spin-triplet as indicated by (b). In the
self-consistent Born approximation resulting in Egs. (20) and (22), translational, local inversion, and spin-rotation symmetries are restored in
the self-energy due to magnetic impurities. The renormalization factor changes sign in the absence of time-reversal symmetry, as indicated
by (c). In the present theory resulting in Eq. (32), translational and local inversion symmetries are recovered by averaging Eq. (31). Since
spin-rotation symmetry is broken as indicated by (d), the odd-frequency spin-triplet even-parity state can be considered as an intermediate

state for scatterings.

Translational

Local inversion

Spin-rotation Time-reversal

A magnetic impurity
Born approximation o
Present theory

@ «® N
° % ©
x @ X

which corresponds to an energy of the YSR state. The anomalous Green’s function is also calculated as

A~ _ YTN()A

fe,x)
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z
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with S1 and Cy in Eq. (B11), and Z in Eq. (B15). Similar
results were obtained in the previous paper [38].

The first term stems from the unperturbed Green’s func-
tion. The second term is the pairing correlation at the impurity.
These two terms belong to an even-frequency spin-singlet
even-parity s-wave symmetry class and are linked to the pair
potential through the gap equation. In Table I, we summa-
rize symmetries broken by a magnetic impurity. Equation (3)
breaks translational symmetry, inversion symmetry in the
vicinity of x = 0, spin-rotation symmetry, and time-reversal
symmetry. As a consequence, a magnetic impurity gener-
ates various pairing correlations, as shown in Eq. (9). The
absence of local inversion symmetry allows the generation
of an odd-parity p-wave Cooper pair from an even-parity
s-wave pair. Indeed, the third term in Eq. (9) is the pairing
correlation belonging to the odd-frequency spin-singlet odd-
parity symmetry class because it is an odd function of w,,
proportional to 6,, and antisymmetric under the interchange
of x <> x’. The breaking spin-rotation symmetry enables the
generation of a spin-triplet Cooper pair from a spin-singlet
pair. The last term in Eq. (9) represents the pairing correla-
tion belonging to the odd-frequency spin-triplet even-parity
symmetry class. It is easy to confirm that the last term is
symmetric under the interchange of x <> x’. As a result of
breaking spin-rotation symmetry and local inversion sym-
metry simultaneously, even-frequency spin-triplet odd-parity
pairing correlation appears as indicated by the fourth term in
Eq. (9). It is more natural to think that the magnetic impurity
converts a spin-singlet s-wave Cooper pair into a Cooper pair
belonging to another symmetry class rather than destroying it.

Comparing the normal and the anomalous Green’s func-
tion enables us to understand the close relationship between
odd-frequency pairs and quasiparticles in the YSR states. The

e~ (xI+Ix'D/Eo |7|2
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local density of states (LDOS) derived from the second term
of Eq. (7) is calculated as

Nysr(x, €) = —No A%

x Y(x)lm[ S S } (10)
€e+id—e €e+id+¢

for € &~ +¢(, where the function

Y (x) = e 2F/%(cos? kx + |y|* sin® kx) (11)
represents the x dependence of the Green’s function, and
1

6+i8i60=efeo_in6(€i60) (12)

gives two peaks in the LDOS due to YSR states below the
gap. The last term of Eq. (9) indicated by fOTE describes the
odd-frequency spin-triplet even-parity pairing correlation and
is calculated to be

N y-o
Jore(x,x) = —m Np ATW

XY(X)[.

lw, — €

1
] (13)

iw, + €

The two Green’s functions in Eqs. (10) and (13) have the same
x dependence and the same singularity in energy. Since the
two Green’s functions satisfy the Gor’kov equation, the sin-
gularity at € = %€ in the normal Green’s function in Eq. (10)
and that in the anomalous Green’s function in Eq. (13) com-
pensate each other. The former describes the peaks in the
LDOS reflecting the existence of YSR states, and the latter
represents the odd-frequency pairing correlation. Therefore,
odd-frequency Cooper pairs and subgap quasiparticles at YSR
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FIG. 1. The numerical results of the pair potential A(x) and the free-energy density Fgy, and the local density of states N (x, €) are plotted
for several choices of the amplitude of magnetic moment as |V |/27T. = 1.0 in (a), 1.5 in (b), 1.814 in (c), and 2.0 in (d). The pair potential
shown with a solid line is normalized to A, which is the amplitude of the pair potential in a uniform superconductor at 7 = 0. The free-energy
density shown with a broken line is normalized to Fy = NyA3/2. The local density of states is shown on the right panel, where we solve the
Eilenberger equation for complex energies € + i§ with § /27T, = 0.005. The size of a magnetic impurity in Eq. (16) is set as xo/& = 0.5.

states coexist with each other. As far as we have studied,
odd-frequency pairs are almost always associated with subgap
quasiparticles. Thus the appearance of the YSR states below
the gap is a direct consequence of the generation of the odd-
frequency pairing correlations.

The pair potential and the pairing correlation functions are
related to each other by the gap equation

A@) =T Y A 3Trlf(x, x)(—i62)],

[on

(14)

where X is the strength of the short-range attractive interaction
between two electrons. Tracing in spin space and putting
x' — x, the spin-singlet s-wave component is extracted from
Eq. (9). As a result, only the first two terms in Eq. (9) con-
tribute to the pair potential. The gap equation at x = 0,

AQ—yP)

Z 15)

AO)=7 ANy T Z

[N

suggests that the pair potential at the impurity decreases with
the increase of the magnetic moment. The suppression of A
can be interpreted as a result of the pair conversion from
a spin-singlet s-wave pair to an odd-frequency pair. Strictly
speaking, an idealistic magnetic impurity characterized by
the §-function in Eq. (3) does not change the sign of the
pair potential [3]. But a magnetic impurity with a finite size
causes the sign change of the pair potential when its magnetic
moment is larger than a critical value irrespective of the spatial
dimension of a superconductor [12,13]. It has been unclear
what causes the sign change of the pair potential [16]. As
we discussed briefly in the Introduction, an odd-frequency

pair indicates the paramagnetic response to a magnetic field
and favors the spatial gradient in the superconducting phase.
Therefore, odd-frequency pairs around the magnetic impurity
stabilize the local m-phase shift in the pair potential. In the
next section, we will check the validity of this conclusion by
numerical simulation.

III. SIGN CHANGE IN THE PAIR POTENTIAL

In Sec. II, we assume that the pair potential is uniform in
real space. In this section, we check the validity of our conclu-
sions in the presence of spatial variation in the pair potential.
In particular, we focus on the effects of odd-frequency pairs on
the sign change of the pair potential. We solve the Eilenberger
equation in a superconductor in one dimension, where the
potential of a magnetic impurity is described by

Vi) =Ve &, (16)

where x( represents the spatial range of the impurity potential.
The details of the simulation are shown in Appendix C. We
numerically calculate the pair potential in Eq. (C13) and the
LDOS in Eq. (C14). In this section, we measure the length
and the energy in units of the coherence length & = vy /27T,
and 2w T, respectively. Here we summarize parameters used
in numerical simulation. The length of the superconductor is
fixed at 20&y, xo in Eq. (16) is 0.5 &, and the cutoff energy w,
for the Matsubara frequency is 3 x2x 7.

Figure 1 shows the pair potential and LDOS around a
magnetic impurity for several choices of the amplitude of
magnetic moment |V|, where A is the amplitude of the pair
potential in the bulk at 7 = 0. The results at |V |/27 T, = 1.0
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FIG. 2. The amplitude of the pairing correlations around the
magnetic impurity for (a) |V|/2xT. =1, (b) 1.5, (¢) 1.814, and
(d) 1.815. The solid (broken) lines are the results of even-frequency
(odd-frequency) components. The Matsubara frequency is fixed at
Wp=o/27T. = 0.1.

in Fig. 1(a) show the slight suppression of the pair potential
around a magnetic impurity. The LDOS in the right panel
of (a) indicates the existence of the YSR states around the
impurity. The energy of the bound state is about € = £0.6A,
which is related to the minimum gap size around the impu-
rity. For |V|/2n T, = 1.5 in Fig. 1(b), a magnetic impurity
suppresses the pair potential further. As a result, the two
bound-state energies get closer to the Fermi level as shown
in the right panel in (b). The minimum gap size is 0.45A¢ and
the energy of a YSR state is 0.21A(. Although the minimum
gap size for |V |/2n T, = 1.814 is 0.26 A in Fig. 1(c), the two
YSR states exist at almost zero energy. When the magnetic
moment increases up to |V|/2x T, = 2, the pair potential at the
impurity changes sign and the two bound-state energies cross,
as shown in Fig. 1(d). The one-dimensional superconductor
with a magnetic impurity is similar to the SFS junction. The
cross of the Andreev bound-state energies at an SFS junction
is responsible for the transition between the 0-state and the
m-state [46].

In Fig. 2, we plot the amplitude of the pairing correlations
around the magnetic impurity at w,/27 T, = 0.1, where we
choose (a) |V|/2xT. = 1.0, (b) 1.5, (c) 1.814, and (d) 1.815.
In Fig. 2(a), the spin-singlet s-wave component is the most
dominant and has a small peak at x = 0, which results in a
tiny peak in the pair potential at x = 0 as shown in Fig. 1(a).
The amplitude of the even-frequency spin-triplet p-wave com-
ponent is the second most dominant. The odd-frequency
spin-triplet s-wave and the odd-frequency spin-singlet
p-wave components shown with broken lines are subdominant
everywhere in a superconductor at |V|/2xT. = 1.0. The ap-
pearance of an odd-frequency pair and the spatial variation

in the pair potential are related to each other [47]. In this
case, the local odd-frequency pairing correlation generates the
tiny peak at x = 0 in the pair potential in Fig. 1(a). In ad-
dition to this, odd-frequency pairs make the superconducting
state unstable locally. We calculate the free-energy density in
Eq. (C16) and plot the results with a broken line in Fig. 1(a).
The free-energy density is almost equal to —Fy far from the
impurity, where Fy = NgA2/2 is the condensation energy of
the uniform superconducting state measured from the energy
of the normal state. The negative free energy means that the
superconducting state is more stable than the normal state.
Although the odd-frequency pairing correlations are subdom-
inant as shown in Fig. 2(a), the free-energy density becomes
positive at x = 0 in Fig. 1(a). The positive free energy at
some place does not mean the absence of the pair potential
there immediately. Such a locally destroyed superconductiv-
ity cannot be a self-consistent solution of the Eilenberger
equation. To achieve zero pair potential at the impurity, the
spin-singlet s-wave correlation must rapidly become zero in
real space. This costs the kinetic energy of the supercon-
ducting condensate. The nonzero pair potentials under the
positive free-energy density are only locally possible in inho-
mogeneous superconductors. The total free energy of such an
inhomogeneous superconducting state is lower than that in the
normal state.

Under a spatially uniform pair potential, odd-frequency
Cooper pairs are thermodynamically unstable because of their
paramagnetic property. The results of the free-energy density
in Fig. 1 show that the superconducting state is locally un-
stable due to the presence of odd-frequency pairs. When we
increase the magnetic moment to |V |/2rx T, = 1.5, the spin-
singlet s-wave correlation decreases its amplitude slightly,
as shown in Fig. 2(b). In contrast, the two odd-frequency
pairing correlations grow as shown with broken lines. As
a result, the free-energy density around x = 0 in Fig. 1(b)
increases and becomes larger than that in (a). In Fig. 2(c),
we increase the magnetic moment to |V |/2n T, = 1.814. The
spin-singlet s-wave correlation is suppressed drastically at
x = 0 and the two odd-frequency pairing correlations become
dominant locally around the impurity, as shown with two
broken lines. In Fig. 2(d), we increase the magnetic moment
only slightly to |V|/2xT. = 1.815. The spin-singlet s-wave
component changes sign around x = 0, which leads to the
local sign change of the pair potential. The profiles of the two
odd-frequency components, on the other hand, are insensitive
to the slight increase of |V|.

In Fig. 3, we compare the pair potential in (a) and the free-
energy density in (b) at the two values of [V |/2x T, = 1.814
and 1.815. The abrupt sign change of the pair potential in
Fig. 3(a) happens as a result of the finite-size effect. The local
sign change in the pair potential causes the drastic decrease of
the free-energy density as shown in Fig. 3(b). The free energy
for |x| < 0.8 in the presence of the sign change is smaller
than that in the absence of the sign change. As displayed in
both Figs. 2(c) and 2(d), odd-frequency pairs are dominant
in such places. As odd-frequency pairs are paramagnetic, the
sign change of the pair potential is one of the possible solu-
tions to decrease the free-energy density. We conclude that
odd-frequency pairs generated by a magnetic impurity cause
the local 7 -phase shift in the pair potential near the impurity.
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FIG. 3. The pair potential (a) and the free-energy density (b) are
plotted for |V|/2nT. = 1.814 and 1.815. At |V |/2xT. = 1.815, the
pair potential at x = 0 changes sign, as shown in (a). As a result of
the sign change, the free energy at |V|/2nw T, = 1.815 can be smaller
than that at |V |/2n T, = 1.814.

Finally, we show that the overall sign change in the spin-
triplet p-wave component [Figs. 2(c) and 2(d)] does not
affect the free-energy density. The pairing correlations are
calculated from the parameters a, for v = 0-3 as shown in
Egs. (C9)—(C14). Thus the overall sign change of the pair-
ing correlation is derived from that of a, (i.e., a, > —a,).
The induced pairing correlations contribute to the free-energy
density through the second term in Eq. (C16). The function
Ny shown in Eq. (C14) consists of the products of a, and
its particle-hole conjugation g,. Thus the overall sign change
of the spin-triplet p-wave component does not affect the
free-energy density because a, a, remains unchanged under
a, to —a,,.

IV. SUPPRESSION OF T,

It has been widely accepted since the 1960s that the transi-
tion temperature decreases with the increase of the magnetic
impurity concentration [10,11]. We first summarize the out-
line of these historical papers. The transition temperature is
determined by solving the linearized gap equation,

A = gN2n T Z F, (17)

w,>0

where F is the linearized anomalous Green’s function, and it is
F = Fy = A/|w,]| in the clean limit. The anomalous Green’s
function is renormalized by the self-energy due to impu-
rity scatterings. For nonmagnetic impurities, the anomalous
Green’s function is calculated as

A
F =Fm=—, (18)
Wy

1
7~n:nl
+2m%d‘” ”[+

where 7, is the lifetime of an electron due to scatterings
by nonmagnetic impurities. The relation F,, = Fp holds true
because the renormalization factor in the numerator of Fy,
cancels that in the denominator. As a result, the transition
temperature does not change in the presence of nonmagnetic
impurities. For magnetic impurities, however, we find within

A :A[l } (19)

27 |wy|

the self-consistent Born approximation that

A A

n  oa] + 1/t
where 1, is the lifetime of an electron due to scatterings
by magnetic impurities. In Table I, we summarize symme-
tries broken by the self-energy due to magnetic impurities.
Thus translational symmetry, local inversion symmetry, and
spin-rotation symmetry are restored after averaging. The
renormalization factor of w, and that of A can be different

from each other because the magnetic moments of impurities
break time-reversal symmetry,

6,V -6%6,=—V .6, 1)

F =F, = (20)

The negative sign on the right-hand side is the source of 1/t
in Eq. (20) that explains the suppression of 7.. Indeed, the
transition temperature is estimated as

I\ 1 1 & T
n(g)~o() (i) @
1 1 x
v(z)-v(5+3)

> 2 2

_§2n+1+x ;2n+1’ @3)
where Tj is the transition temperature in the clean limit, £,, =
vF Ty 1S the mean-free path of an electron due to scatterings
by magnetic impurities, and 1 (x) is the digamma function.
As shown with a broken line in Fig. 4, T, decreases rapidly
with the increase of &,/¢;,. We note that neither spin-triplet
pairing correlations nor odd-frequency pairing correlations
are considered on the way to Eq. (22).

Secondly, we discuss how odd-frequency pairs affect the
transition temperature. To do this, we derive the linearized
Eilenberger equations, which are displayed in Egs. (C17) and
(C18). The gap equation in the linearized regime is given in
Eq. (C19). We consider a pair of the classical trajectories: one
is along k and the other is along —k.Asa result, we obtain the
following equations, which relate the four pairing correlations
belonging to different symmetry classes:

vek - VS_ 42w, S, —2iT 4 -V — 2sgn(w,) A =0, (24)

vk - VT_ 4+ 2w, T, —2iS,V =0, (25)
vrk - VS, 42w, 5. —2iT_-V =0, (26)
vik - VT +20,T_ —2iS_V =0, (27)

Se(r k, w,) = ao(r,k, w,) £ ap(r, —k, w,),  (28)

T.(r.k, wy)) =a(r k,w,) £ar, —k, w,). (29)

Riccati’s parameter S, (S_) represents the spin-singlet
even-parity (odd-parity) pairing correlation, and T, (T-)
represents the spin-triplet even-parity (odd-parity) pairing
correlation. Equation (24) describes the relation among the
three spin-singlet even-parity pairing correlations and the pair
potential. The spatial gradient of the odd-parity correlation
S_ generates the even-parity component, which is a result of
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FIG. 4. The theoretical results of the transition temperature are
plotted as a function of the inverse of the mean-free path. The broken
line is the result calculated from the impurity self-energy within the
self-consistent Born approximation, where we use Eq. (20). The solid
line is the result of this paper, where we use Eq. (32). It is impossible
to compare T, in the two results because the horizontal lines are
defined in different ways. In Eq. (20), ¢, = vr Ty is the mean-free
path of an electron on the Fermi level. In Eq. (32), on the other hand,
£, = t,vup can be interpreted as the mean free path of a spin-singlet
Cooper pair.

breaking local inversion symmetry. For simplicity, we neglect
the effects of breaking local inversion symmetry and delete the
gradient terms in real space in Eqs. (24)—(27). In this approxi-
mation, we implicitly consider the homogeneous correlation
functions after averaging over the position of magnetic
impurities. The correlation functions under the approxima-
tion recover both translational symmetry and local inversion
symmetry.

In the absence of gradient terms in real space, S_ =T _ =
0 is a solution of Egs. (26) and (27). The odd-frequency cor-
relation T, contributes to the spin-singlet pairing correlation
as a result of breaking spin-rotation symmetry by magnetic
impurities. In what follows, we analyze the two remaining
equations, Egs. (24) and (25), in the absence of gradient terms.
Equation (25) implies that the magnetic moment generates
the odd-frequency spin-triplet pairing correlation T from
the spin-singlet even-parity correlation S, in the absence of
spin-rotation symmetry. The Matsubara frequency w, in the
second term enables the conversion from the odd-frequency
correlation T, to the even-frequency correlation S.. As a
result of the conversion, the free-energy density at a mag-
netic impurity increases above zero, as shown in Fig. 1. The
free energy averaged over a whole superconductor increases
and the transition temperature decreases with the increase
of the magnetic impurity concentration. The superconduct-
ing state disappears when the averaged free energy becomes
zero. By eliminating the odd-frequency pairing correlation
T, at Egs. (24) and (25), we reach an equation only for the

spin-singlet even-parity component,
WS, +V VS, = Alw,|. (30)
We assume the properties of a random potential,

1
Vr) =0, —

R
Ts

V)V = 3D

under ensemble-averaging, where 1/7, can be interpreted as
the lifetime of a spin-singlet Cooper pair in the presence
of magnetic impurities. This can be confirmed by changing
iw, > —3; - —id, in Eq. (30). We find that t; gives the
characteristic timescale of the equation. We finally reach a
solution of

A |y

T >

S,

The scatterings by magnetic impurities remove the singularity
at w, = 0 at the denominator. This explains the decrease of T
when we substitute F' = S into Eq. (17). In Fig. 4, we show
T. calculated by using Eq. (32) with a solid line, where the
horizontal axis is &/, with £; = t,vFr meaning the mean-
free path of a spin-singlet s-wave Cooper pair under magnetic
impurities. The calculated results show that 7. decreases
with the increase of scatterings by magnetic impurities. This
phenomenon can be understood from two different view-
points because magnetic impurities simultaneously generate
odd-frequency Cooper pairs and subgap quasiparticles. The
viewpoint from a Cooper pair shows that the odd-frequency
pair increases the free energy locally. The viewpoint from a
quasiparticle suggests that the occupation of the YSR states
below the Fermi level reduces the condensation energy. We
conclude that these two facts make the superconducting state
unstable and decrease 7.

V. CONCLUSION

We have studied the properties of a superconducting state
around a magnetic impurity embedded in a conventional su-
perconductor. The analytical results of the anomalous Green’s
function show that the magnetic impurity converts a spin-
singlet s-wave Cooper pair into odd-frequency Cooper pairs.
Comparing the normal and the anomalous Green’s function
explains the coexistence of odd-frequency Cooper pairs and
quasiparticles at the Yu-Shiba-Rusinov (YSR) states. We con-
clude that the formation of the YSR states below the gap is
a direct consequence of the appearance of an odd-frequency
Cooper pair.

The numerical results of the free-energy density show
that the superconducting states around a magnetic impurity
are thermodynamically unstable because of the paramagnetic
property of odd-frequency Cooper pairs. This fact explains
naturally the remaining open issues listed in the Introduction.
The sign of the pair potential changes around an impurity with
a sufficiently large magnetic moment because odd-frequency
pairs are dominant around such a strong magnetic impurity.
On the basis of the obtained results, we also proposed an
alternative scenario to explain the suppression of the transition
temperature in the presence of many magnetic impurities.
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APPENDIX A: PARAMAGNETIC COOPER PAIRS

The superconducting condensate can be described phe-
nomenologically by the macroscopic wave function

Y (r) = ns(r)e”?,

where ng is the density of Cooper pairs and 6 is the phase
of the condensate. The flux quantization is derived from the
single-valuedness of this wave function. The Josephson effect
is explained as the tunnel effect between two superconductors
characterized by such wave functions. The energy of the con-
densate can be calculated in terms of the macroscopic wave
function,

E =fdr%{(V ¥ %A)I/ﬁm}{(v = i%A)x/x(r)},

(A2)
2 2
=/drh—{ (Vns) +ns (V6 - iA)z}.
2m | 4ng hic

The first term in Eq. (A3) represents the kinetic energy of
the condensate, and the second term means the elastic energy
of the superconducting phase. Since ng > 0, both the spatial
gradient of the density and the spatial gradient of the phase
increase the energy of the condensate, which describes the
rigidity of the superconducting state. Therefore, both the pair
density and the phase are uniform at the ground state in
the absence of a magnetic field. The electric current can be
described by

(AD)

(A3)

. eh + 4 . e +
J—E[lﬁ )V —izA)y@ = (V+iza)y'®) wm}

2

ehng ns e
= Vo —
m mec

A. (A4)

Together with the Maxwell equation V x H = 4L—’f J, we obtain
the equation for a magnetic field in a superconductor,

(AS5)

London’s length Ay = \/m c?/47w ng €? characterizes the spa-
tial variation of a magnetic field. Equation (AS5) represents the

Meissner screening effect of a magnetic field. The dumping
of a magnetic field into a superconductor is described by the

negative sign at the second term on the last line in Eq. (A4).
The argument above is valid when the pair density ng is
positive everywhere in a superconductor.

Let us assume that the pair density is negative locally at
a finite area around r = ry, and let us discuss the physical
consequence of ng(rg) < 0. The second term in Eq. (A3)
suggests that a large gradient of the phase and the penetration
of a magnetic field are necessary to decrease the energy of
the condensate. Namely, the condensate with the “negative
pair density” is paramagnetic. Equation (AS) with negative
ng suggests also that a magnetic field can penetrate into such
a paramagnetic superconductor [40,41]. Such a local area
around rp may no longer be superconductive because the
phase 0 fluctuates easily from a constant value. Thus the pair
density ng must be positive to realize the stable homogeneous
superconducting ground state both electromagnetically and
thermodynamically. However, the “pair density” can be nega-
tive locally in the presence of an odd-frequency pair.

The surface of a superconductor breaks inversion sym-
metry locally. As a result of breaking inversion symmetry,
odd-parity (even-parity) pairing correlations appear at the
surface of an even-parity (odd-parity) superconductor. Such
induced pairing correlations belong to an odd-frequency sym-
metry class because the surface does not change the spin of
a Cooper pair. In what follows, we demonstrate that the pair
density can be negative at such a surface by using an analytical
solution of the Eilenberger equation,

hivek - Vg +[H, 8 =0, (A6)
wn A ]
H = _Ssé(r’ ]}) —wy, 9 g(r9 k9 wn)
sk, w)  frk o)
= | =5 fr k) —gr. k, w,) | (A7)

Here we have reduced to 2 x 2 particle-hole space by ex-
tracting one spin sector of the Bogoliubov—de Gennes (BdG)
Hamiltonian. The pair potential obeys the symmetry relation

Ar, k)
—A(r, k)

singlet s, = —1,

Alr, —k) =
(r, —ko) { triplet s; = 1,

(A8)

which is derived from the Fermi-Dirac statistics of elec-
trons. The Eilenberger equation can be decomposed into three
equations [47],

vek - Vg=2Afs, wvpk-Vfz= 2w, fs,
vrk - Vfs = 2(A g — w, fp), (A9)
with

fo=3(f =sf) fs=3(F+sf).  (AlO)

The quasiclassical Green’s functions satisfy the normalization
condition

g-sff=8+f-f=1 (A1)
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In a homogeneous superconductor, we obtain the solution as

N Ak) "
8= = fB:T’ fs=0, Q=2+ A2(k).

Q
(A12)

Thus fp is interpreted as a bulk component of pairing corre-
lation, which contributes to the pair potential through the gap
equation

A(r k) = TZ/—A(k ok, wy),

Wy

(A13)

where XA represents an attractive interaction between two
electrons. The second equation in Eqs. (A9) represents the
symmetry relationship between f3 and fs. Since k is an odd-
parity function and w, is an odd in Matsubara frequency, fs
belongs to the opposite parity and opposite frequency sym-
metry class to fg. Therefore, fs is considered as an induced
pairing component due to the spatial gradient of fz. Although
the anomalous Green’s function f in Eq. (A13) consists of
both fg and fs, only the bulk component fz contributes to
the pair potential. Since fs is an odd function of w,, the
summation of fs over w, vanishes. The Meissner kernel for
the quasiclassical Green’s function is described as [48]

2ne?

jM:_m_qu Vs

Q,H_dnTZ/—k o 8(r k., )

Wy

dk;
_dnTZ/ o (f5 = fs)awnlog i

w,>0

(A14)

(A15)

The last expression suggests that the odd-frequency pairing
correlation decreases Q,, .. By putting the results in Eq. (A12)
for a spin-singlet s-wave superconductor into Q, it is possible
to recover the results of [49]

Quu=rT)y ———5

o w2 + AZ

750 (A16)

The product of n Q,, ,, is often referred to as pair density.

As an example of inhomogeneous superconducting states,
we consider the condensate near the surface of a two-
dimensional p-wave superconductor. The pair potential is
described as

A(x) = Acos6 tanh (?), sz = cos 6,
0

UF
Acosf’

ky=sing, & = (A17)

where we assume that a surface is at x =0 and a p-wave
superconductor occupies x > 0, the superconducting state is
uniform in the y direction, and & is the coherence length. The

solution of Eq. (A9) can be obtained as [50]

6.0, On A2 cos? 6
X0, w,) = — + ——cos
& Q" 2w,

A cosf X
fo(x, 6, 0,) = tanh (= ), (A18)
Qg &0
Folx. 0 ) AZcos? 0 - X
X, U,wp) = ——"—" S P K
s 2w, &
Qp = /w2 + A2cos? 6. (A19)

The bulk component fz(x,6 + 7, w,) = —fp(x,0,w,) is
odd-parity, whereas the surface component fg is even-
parity because of cos?(8 + ) = cos 6. The gap equation in
Eq. (A13) is described as

/

2w
d
Ax)=T —(2A % 0’
(x) ;/0 271( cos @ cosf’)

[fB(-xa 9/5 wn) + fS('x7 9,7 wn)]a

=A cos 6 tanh <£)AT Z ;
&o o Vol + A2

On the way to the second line, we approximately neglect the
6 dependence of €24 and that of &, in fg. The amplitude of fs
increases with the decrease of w, at its denominator and can
be larger than the amplitude of f5 for w, < A. The resulting
response kernel,

78Y "’(SMUT[TZ/ZN a0

o 27 (w2 + A2cos 9)

A? 0
x [1— & cosh™2 * ,
20} &o

can be negative for a low temperature 7 < T, near the sur-
face 0 < x < &). The paramagnetic response at the surface
of an unconventional superconductor was pointed out for a
d-wave superconductor [51,52]. To make clear the details
of the paramagnetic effect theoretically, analysis beyond the
linear response is necessary. In Refs. [42,53], the pair po-
tential and a magnetic field are determined self-consistently
with each other in a small unconventional superconductor. A
small p-wave superconducting disk shows a paramagnetic re-
sponse to a magnetic field at low temperature. Even-frequency
pairs stabilize p-wave superconductivity in the bulk, and
odd-frequency pairs exhibit the paramagnetic response at the
surface.

Finally, we briefly explain the coexistence of an odd-
frequency pair and a quasiparticle at the Andreev bound state
at a surface. After applying iw, — € + id, the local density
of states for |e| < A calculated from the second term of the
normal Green’s function becomes

N(x, €) /d@, A2 cos? 6
=Re | —i
No 27 (e + i8)v/ A2 cos? 6 — €2

x cosh™2 (£> — 38(¢) é cosh™? (i)
§o T &o

(A23)

(A20)

(A21)

2cos?6

(A22)
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The peak of the local density of states at zero energy re-
flects the existence of a quasiparticle at the surface Andreev
bound state.

APPENDIX B: LIPPMANN-SCHWINGER EQUATION

The Lippmann-Schwinger equation relates the Green’s
function in the presence of perturbations V to the Green’s
function in the absence of perturbation as

g(r, r)= QV(O)(r, r)
+ / dr GO, ) V) G r). (B

When we consider an impurity potential V (r) = V§(r), the

equation becomes
Gr.r) =G0+ G0 0Vi0.r). (B
By putting » = 0 into the equation, the equation
G(0,r')=G"0,r)+G0,0VG0,r) (B3
has a closed form. Substituting the solution
6.7y =[1-¢90.0v] '¢V0.r) (B4
into Eq. (B2), we obtain
g, ry=3690r)+ 3% 0V
x [1=890,07]'¢90,r). (B3

J

Goxox') = GO, 2y — ”NO oI/

8 0T[iw(S+ -

Cy = cos {k(|x| = XD},

A(S+ — nCy)

The anomalous Green’s function results in

A , JTN()A
fl,x)=—

i6, |:C()e [x—x'1 /&0 +

In this paper, we consider a spin-singlet s-wave super-
conductor in one dimension as described by Eq. (1). The
unperturbed Green’s function in the Matsubara representation
is given by

50 oy N0 liw,Co — Q8o ACy
i) =gV [ AG, iw,Co + S0
x e-r=Veg (B6)
with
L Q
Q= Jo2 + a2, ki:k<1j:z—>
26]:
N
v= [o i&zei“’]’ (B7)
’ . / 261:
Co =cos(klx —x'|), So =sin(klx —x|), & =—,
Qkr
(B8)

where 6; for j = 1-3 is the Pauli matrix in spin space, and k
denotes the Fermi wave number.

The potential of a nonmagnetic impurity is described by
v | V6o 0 A
V= |: 0 _V()a() - ‘/()T3a (B9)
where %; for j = 1-3 is the Pauli matrix in particle-hole space.

The Green’s function in the presence of a nonmagnetic impu-
rity is calculated as

(1+ Vo)
10C4) + Q(Cy + Y0S4)

A(St = nCy)
B10
oSy — 1Cr) — 2Ch + 8 |V ®B10)
Sy =sin{k(lx| £ XD}, yo = 7NoVh. (B11D)
. + 2 S+ — C"')e(mﬂx,l)/é{l‘ (B12)

The anomalous Green’s function f(x, x') consists only of a spin-singlet even-parity Cooper pair because it remains unchanged

under x <> x’. The normal Green’s function becomes

v —47‘[iN() € Yo . )
Tr[GF(x, x)] = 1 2k|x| — 2k xl/%o | B13
r[GE(x, x)] m[ + = yz(sm |x| — yo cos 2k|x|)e (B13)
which is always a real value for € < A.
In the presence of a magnetic impurity, the normal Green’s function is calculated to be
N .
§e.x) = T2 e R i, €y — 2S0)
e~ (xI+IxD/&o yen. 5 5 5 5 .
- 7l [iwa AC- +{A(1 = [y]") — o, (1 + [YID)Ni@nCy — €25,)]
e~ (xI+Ix'D/o A 5 5 5
t——7r 0Q{A(1 — [yI)C- + iwy(iw,Cy — QS (1 + Y1)}, (B14)
Z=NA~ [y +aop(L+ PP, y=7NV. (B1S)

where S+ and Cy are given in Eq. (B11). The anomalous Green’s function is displayed in Eq. (9).
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APPENDIX C: EILENBERGER EQUATION

To study the pairing correlations around a magnetic impurity, we solve the Eilenberger equation numerically. The Matsubara
Green function can be decomposed into the Riccati parameters as

s oo (G F\_ (N 0)[sen(w,) (1 —aa) 2a
gﬂ"kJ“”—<z; _g)"<o ,&)( 2a —sgn(e,) (1 — aa) )" €D
a=arkio),  a=awrkio,), (€2)
N=a+a)". N=da+an™". (€3)
The Riccati parameters can be decomposed into four components as
a(ral/éa lwn) Za()(raiéa ia)ll)+a(r9 ’}a lCl)n) '6" (C4)

where ay is the spin-singlet component, and a; for j = 1-3 are three spin-triplet components. They obey the symmetry relations
ao(r, —k, —iw,) = ao(r k. iwy),  a(r, —k, —iw,) = —a(r k. iv,). (C5)

The spin-singlet component ay is either the even-parity even-frequency symmetry or the odd-parity odd-frequency one. The
three spin-triplet components a are either the odd-parity even-frequency symmetry or the even-parity odd-frequency one. The
Riccati parameter a in Eq. (C2) obeys the Eilenberger equation,

ihvplAc -Va+2iw,a+Vr)-ca+aVE) o —isgn(w,) Ar)+isgn(w,)aAr)a =0, (C6)
ihvpk - Va — 2iw,a —V(r)-6a—aV(r)-o +isgn(w,) A@r) — i sgn(w,)a A(r)a = 0. (C7)

The equation
X(r k,iwy) = 62 X(r k. iwy) 6, = 6, X*(r, —k, i) 6, (C8)

defines the relation among X, X, and X.

The anomalous Green’s function is represented by

Fr k,iwy) =2 N (r, k, iwy) a(r, k, iw,) = Fo(r, k, iw,) + Fr, k, iw,) - 6, (C9)
. 2

Folrikiwn) =7~[a0 + (a5 — @) @] ;4 1 (C10)
. 2

Fr.k, iwy) :Z[a +(ap —a®)a], i iy (C11)

Zy =1+ (aj—a-a)(a;—a-a)+2apay—a-a). (C12)

The pair potential for spin-singlet s-wave symmetry is calculated self-consistently by using the gap equation,

dk X
A(r):rrNog/S—T > Folr.k. i), (C13)
d

Wy

where s, is the solid angle in d-dimension and g is the coupling constant. The Ricatti parameters in the real energy representation
iw, — € + 1§ enable us to calculate the local density of states
dk X 1
N(r,€) =NoRe S—[2No(r,k,€)— 1, No= Z—(1+aogo—a'c_l), (C14)
d N

where M is the spin-singlet component of A/ in Eq. (C3). The condensation energy of the superconducting states can be
represented as [54]

&—&=/wmm, (C15)
fsn(r) =Ny f % |:T ; A*(r) Fo(r, k, iwy) + 8T LUZ:O fw Oo doRe[Ny(r, k, iw) — 1]}. (C16)

The first term is derived from the constant term in the mean-field Hamiltonian. Although the second term is calculated from the
normal Green’s function, a Cooper pair affects the condensation energy through the normalization of the Green’s function (i.e.,
G +FFE=1.
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To discuss the suppression of 7, due to odd-frequency Cooper pairs, we analyze the linearized Eilenberger equation. By

deleting the last term in Eq. (C6), we obtain

(va} -V +2w,)ay — 2ia - V(r) — sgn(w,) A(r) =0,

(vek - V + 2w,)a — 2iagV (r) = 0.

(C17)

(C18)

The first (second) equation corresponds to the spin-singlet (spin-triplet) part of Eq. (C6). The gap equation in the linear regime

is given by

dk .
a0 =gt Y [ 200k 0,

(C19)

In numerical simulation in this paper, we calculate the Ricatti parameters a(x, £, iw, ), where 4+ (—) indicates the positive
(negative) momentum point on the Fermi surface in one dimension. The angle average on the Fermi surface is represented as

Sa

dk . 1
/ —X(r,k,iw,) — 3 ;X(x, S, iwy).

(C20)
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