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Magnetization switching probability in the dynamical
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We study magnetization switching in the dynamical regime for in-plane magnetized systems, useful for field-
free spin-orbit torque switching devices. We derive a formula for the switching probability, characterized by the
thermal stability factor, critical current density, and the linewidth of ferromagnetic resonance. The formula agrees
well with numerical simulations based on the Landau-Lifshitz-Gilbert equation. To study the viability of the
theory developed, the switching probability of an in-plane magnetized ferromagnet in three-terminal spin-orbit
torque switching devices is measured. We find that the transition width of the switching probability versus
current increases with decreasing pulse width. The shape of the probability density, the current derivative of the
switching probability, changes with varying pulse width. These characteristics are in good agreement with the
theory developed. From the analyses, we show that the dynamical and thermally activated switching regimes can
be distinguished simply from the shape of the probability density. The formula therefore provides useful means
to analyze the switching probability of two-terminal spin torque and three-terminal spin-orbit torque switching
devices.
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I. INTRODUCTION

Current-induced magnetization dynamics in nanostruc-
tured ferromagnets [1–3] have attracted significant attention
from the viewpoints of fundamental and applied physics
[4–10]. It has a quantum-mechanical nature in which spin
angular momentum of conduction electrons is transferred to
the magnetization of the ferromagnet via spin-transfer torque.
Current-induced magnetization switching and auto-oscillation
can be used for nonvolatile memories, microwave generators,
and random-number generators [11–18].

Magnetization dynamics have a stochastic behavior due to
thermal fluctuations [19], which, for example, cause a nonzero
retention time of magnetization switching and linewidth
broadening of auto-oscillation. Magnetization switching at
finite temperature is classified into two regimes depending
on the applied current density. It is convenient to introduce a
threshold current density J∗, which corresponds to a minimum
current density to induce switching at zero temperature with
an infinite pulse width. In the thermally activated regime,
where current density J is smaller than J∗, energy injection
from a thermal bath is necessary. The switching probability
in the thermally activated regime has been extensively studied
[20–30]. When J is larger than J∗, the dynamical or preces-
sional switching regime takes place.

The switching process is highly probabilistic in the ther-
mally activated regime, i.e., it depends on the thermal energy

provided by the environment. The average time required to
switch the magnetization in this regime is thus significantly
longer than that of the dynamical switching regime. Since the
industry aims to develop faster switching devices, particularly
for memories that make use of spin-orbit torque switching
[28,31–35], switching in the dynamical regime is preferred.
The analyses of the switching probability in the dynamical
switching regime, however, have been mainly limited to per-
pendicularly magnetized ferromagnets [25,36–38], which is
in contrast to the thermally activated regime where analyti-
cal formulas have been derived for both perpendicularly and
in-plane magnetized ferromagnets [20,39–47]. These facts
motivate us to revisit the analysis of the magnetization switch-
ing of in-plane magnetized ferromagnets in the dynamical
switching regime.

In this work, we show theoretical and experimental anal-
yses of current-induced magnetization switching of in-plane
magnetized ferromagnets in the dynamical switching regime.
We derive a formula of the switching probability applicable
to fast magnetization switching by solving the Landau-
Lifshitz-Gilbert (LLG) equation analytically. The formula
generalizes the solution obtained for perpendicularly magne-
tized ferromagnets and has a wide range of applicability. We
compare the formula to numerical simulations of the LLG
equation and find quantitative agreement between the two. To
assess the relevance of the formula, spin-orbit torque induced
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FIG. 1. Schematic illustration of a three-terminal device that
consists of a current channel and a MTJ. The magnetic easy axis
of the free layer (bottom blue layer) and the reference layer (top
blue layer) point along the film plane. The unit vector m represents
the magnetization direction of the free layer. The current density
J flows in the channel along the x direction. Due to the spin Hall
effect of the channel material, spin current with spin polarization
p flows into the free layer. The yellow spheres with a red arrow
represent the flow of spin current. Definition of the coordinate axis
is included. In the system under consideration, the in-plane magnetic
anisotropy field HK points along the y axis while the effective demag-
netization field Hd is parallel to the z axis.

magnetization switching of in-plane magnetized ferromagnets
is studied experimentally. The magnetization switching prob-
ability is obtained for various current pulse amplitudes and
widths. We find that the transition width of the switching
probability increases with decreasing pulse width. An asym-
metry in the shape of the probability density, i.e., the current
density derivative of the switching probability, is identified
for shorter current pulses. The degree of asymmetry increases
with decreasing pulse width. These results can be accounted
for using the formula developed. In particular, we show that
the shape of the probability density provides straightforward
means to distinguish the dynamical and thermally activated
switching regimes.

The paper is organized as follows. In Sec. II, we de-
rive a theoretical formula of the switching probability in the
dynamical switching regime, and we compare it with that
obtained from numerical simulations. In Sec. III, we compare
the theory with experiments conducted using three-terminal
spin-orbit torque switching devices. The conclusion of this
work is summarized in Sec. IV.

II. THEORETICAL AND NUMERICAL ANALYSES OF
MAGNETIZATION SWITCHING

In this section, we summarize the derivation of the switch-
ing probability formula. As described in Sec. I, the present
work is motivated to address spin-orbit torque induced mag-
netization switching in three-terminal devices schematically
shown in Fig. 1, where the magnetization in the free layer
points along the y direction. While we use an in-plane magne-
tized ferromagnet as an example, the formulation developed
here can be extended to perpendicularly magnetized systems
and has wide applicability, as explained in Sec. II C.

A. Landau-Lifshitz-Gilbert equation

Here, we introduce the LLG equation. We are interested
in the dynamics of a uniform magnetization excited by the
spin-transfer torque. Studies beyond such a macrospin limit
can be found in, for example, Refs. [48–51]. The unit vector
pointing along the magnetization direction of the free layer is
defined as m. The LLG equation is given as

dm
dt

= −γ m × H − γ Hsm × (p × m) + αm × dm
dt

, (1)

where γ and α are the gyromagnetic ratio and the Gilbert
damping constant, respectively. The vector p is a unit vector
pointing along the direction of the spin polarization. In typical
two-terminal devices made of a magnetic tunnel junction,
current flows perpendicular to the plane [20–27,29,30]. Un-
der such circumstances, p is parallel to the magnetization of
the reference layer. In three-terminal devices that consist of
a heavy metal layer with large spin-orbit interaction and a
magnetic tunnel junction [31–35,52–60], p is often defined
by the spin Hall effect of the heavy metal layer and/or the
Rashba-Edelstein effect. For both cases, we may set p = ey,
as shown in Fig. 1.

The effective magnetic field H is associated with the
energy density E via E = −M

∫
dm · H, where M is the satu-

ration magnetization. Note that the explicit form of H depends
on the system. For a perpendicularly magnetized free layer,
H = HKmzez, where HK(> 0) is the magnetic anisotropy
field. In contrast, H = HKmyey − Hdmzez for in-plane magne-
tized ferromagnets, where Hd is an effective demagnetization
field. In both cases, the minimum and saddle energy densi-
ties are Emin = −MHK/2 and Ed = 0, respectively. For later
discussion, we introduce a thermal stability factor defined as
(Ed − Emin)V/(kBT ), i.e.,

�0 = MHKV

2kBT
, (2)

where V is the volume of the ferromagnet, kB is the Boltz-
mann constant, and T is temperature. The strength of the
spin-transfer torque is

Hs = h̄gJ

2eMd
, (3)

where d is the thickness of the free layer. The factor g charac-
terizes the angular dependence of the spin-transfer torque, and
its explicit form depends on the system. In two-terminal de-
vices, g is well described by the formula g = η/(1 + λm · p)
[1,3], where η and λ are constants. The factor η represents the
spin polarization of the current. In experiments, it has been re-
ported that spin-transfer torque near the antiparallel alignment
of m and p is larger than that near the parallel alignment. The
factor 1 + λm · p in g describes such an angular dependence.
For three-terminal devices in which the spin Hall effect is
the origin of the spin-orbit torque, g is the effective spin Hall
angle ϑ and is a constant. Here we do not consider the angular
dependence of the spin-orbit torque [61,62].

B. Evaluation method of switching probability

First we show the magnetization dynamics obtained by
numerical simulations. To study the switching probabil-
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TABLE I. Parameters used in the numerical calculations. M,
saturation magnetization; HK⊥, interfacial magnetic anisotropy field;
γ , gyromagnetic ratio; V , volume of the free layer; ϑ , spin Hall angle
of the W channel.

Quantity Value

M 1540 emu/cm3

HK⊥ 11.554 kOe
γ 1.764 × 107 rad/(Oe s)
V π × 44 × 131 × 2nm3

ϑ −0.34

ity, we numerically solve the LLG equation by adding a
random torque (−γ m × h) due to thermal fluctuation to
the right-hand side of Eq. (1). The components hi (i =
x, y, z) of the stochastic field h in Cartesian coordinates
satisfy the fluctuation-dissipation theorem [19] (see also
Appendix A),

〈hi(t )h j (t
′)〉 = 2αkBT

γ MV
δi jδ(t − t ′). (4)

In the numerical simulations, we focus on three-terminal
devices with in-plane magnetized ferromagnets [33–35],
where the effective magnetic field is given by H = 4πM(Nx −
Ny)myey + [HK⊥ − 4πM(Nz − Nx )]mzez. The in-plane mag-
netic anisotropy field HK is defined by the shape magnetic
anisotropy field 4πM(Nx − Ny), where Ni (i = x, y, z) is
the demagnetization coefficient. The perpendicular mag-
netic anisotropy field −Hd consists of interfacial magnetic
anisotropy field HK⊥ and shape magnetic anisotropy field
−4πM(Nz − Nx ). The values of the parameters, shown in
Table I are representative of a three-terminal device based on
W/CoFeB/MgO [33–35] (see also Sec. III). The demagne-
tization coefficients estimated from the shape of the elliptic
pillar are Nx � 0.0420, Ny � 0.0089, and Nz � 0.9491 [63].
The current density J represents the current flow within the
heavy metal layer.

Since the spin Hall angle of tungsten is negative, positive
current induces magnetization to switch from −y to +y di-
rection. We set the initial state of the magnetization to be
m = −ey and solve the LLG equation under the influence of
random field for 10 ns so that the magnetization is directed
around the y axis (current is off during this period). From
t = 10 ns to t = 10 + tp ns, the LLG equation with current
and thermal fluctuation is solved, where tp is the pulse width
of the current. After that, the LLG equation with thermal fluc-
tuation and without current is solved from t = 10 + tp ns to
t = 20 + tp ns to stabilize the final state of the magnetization.
When my at t = 20 + tp ns is negative (positive), we regard
the trial as nonswitched (switched). The LLG equation was
solved by the fourth-order Runge-Kutta scheme with the time
increment of �t = 1 ps.

Figures 2(a) and 2(b) are examples of nonswitched
and switched trials, where α = 0.033, tp = 3 ns, and J is
(a) 40 MA/cm2 and (b) 60 MA/cm2. In Fig. 2(a), before
passing the current (t < 10 ns), the magnetization deviates
slightly from the y axis randomly due to thermal fluctu-
ation. The deviation increases when the current is passed
(10 � t � 13 ns). If J is small [Fig. 2(a)], however, the
magnetization cannot escape from the negative y region.
In contrast, the magnetization can switch to the positive
y region when J is large, as shown in Fig. 2(b). We
repeat such numerical simulations 103 times for each cur-
rent density to obtain the switching probability (see also
Appendix B).

Figure 2(c) shows an example of the switching proba-
bility P plotted as a function of J . The switching prob-
ability P shows an abrupt increase from 0 to 1 when
J ∼ 45–55 MA/cm2. It is interesting to note that the rate
of change in P in the low and large current regions is dif-
ferent: here P changes rapidly in the low current region.
Mathematically, |dP/dJ| near P = 0 is larger than that near
P = 1. This behavior is similar to what was observed in the
experiments of an in-plane magnetized ferromagnet [9], as
well as the numerical simulations of a perpendicularly mag-
netized ferromagnet [38] in the dynamical switching regime,
while an opposite behavior was observed for the switching
in the thermally activated regime [43]. In the following, we

Current density (MA/cm2)

S
w

it
ch

in
g
 p

ro
b
ab

il
it

y

30 35 40 45 50 55 60 65
0

0.2

0.4

0.6

0.8

1.0

tp = 3 ns

(c)(b)

α=0.033
J=60 MA/cm2

tp = 3 ns

J=0 J=0J≠0

0 5 10 15 20

m
y

0

-1

1

Time (ns)

(a)

α=0.033
J=40 MA/cm2

tp = 3 ns

J=0 J=0J≠0

0 5 10 15 20

m
y

-1

-0.99

Time (ns)

FIG. 2. Examples of the time evolution of my for current density J of (a) 40 and (b) 60 MA/cm2, α = 0.033, and tp = 3 ns. The current
density is turned on (J 	= 0) after solving the LLG equation without current for 10 ns to make the initial state distributed around the y axis. After
t = 10 + tp ns, the LLG equation without current is solved for 10 ns to stabilize the final state. (c) An example of the switching probability for
α = 0.033 and tp = 3 ns.
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will derive a theoretical formula of the switching probability,
which reproduces such characteristics.

C. Device structures to which the formulation can be applied

Before deriving the formula of the switching probability,
let us discuss the device structures to which the present work
can be applied since it is related to the approximation used in
the formulation.

The LLG equation is a nonlinear equation of two variables
and, in general, hard to solve exactly. Therefore, we use the
following assumptions to reduce the LLG equation to an
equation of motion with one variable. The magnetization
switching induced by the spin-transfer torque is classified
into two types. First, the switching occurs as a result of
the competition between the damping torque and the spin-
transfer torque. In this type, the precession torque, −γ m × H,
dominates in the LLG equation. Accordingly, the switching
accompanies precession. The second type is that the switching
occurs when the spin-transfer torque overcomes the preces-
sion torque during a time shorter than the precession period
around the stable state. For this type, the switching occurs
without precession. These types can be distinguished by, for
example, the formula of the threshold current for switch-
ing; the threshold current of the first type is proportional to
the damping constant [12,36,45,64,65], whereas that of the
second type is approximately independent of the damping
constant [66–70].

The switching probability formula derived below can be
applied to the first type, where the switching accompanies
precession. The dynamical and thermally activated switchings
discussed in this paper belong to this type, where the current
density J is larger (smaller) than the threshold value J∗ for
the dynamical (thermally activated) switching, as noted in
Sec. I. Note that the precession torque, −γ m × H, induces
a precession on a constant energy curve determined by the
value of E . Under such circumstances, we may average the
LLG equation with respect to the phase of the constant en-
ergy curve. As a result, the LLG equation is reduced to a
one-variable differential equation. Such an approximation has
been used in the analyses of the switching in the thermally
activated regime and auto-oscillations [39,42,44–47,71].

Whether the switching occurs with or without the pre-
cession depends on various factors, such as the directions
of the spin polarization, the easy axis of ferromagnets, the
external magnetic field, and the angular dependence of the
spin-transfer torque. For example, when the spin polarization
has a projection along the easy-axis direction, the switching
often accompanies precession [44–46]. In contrast, when the
spin polarization is orthogonal to the easy axis, precessional
dynamics can be excited in two-terminal devices [72] while
the switching occurs without the precession in three-terminal
devices [66,73]. The difference between the two devices arises
from the difference in the angular dependence of the spin-
transfer torque. In typical two-terminal devices (e.g., magnetic
tunnel junctions), the spin polarization, defined by the magne-
tization in the reference layer, is parallel to the easy axis of the
free layer. The formula derived here is therefore applicable
to a wide range of two-terminal devices. For three-terminal
devices (driven by spin-orbit torque), the so-called type-Y

structure [73] is classified as the first type, where the switching
accompanies precession. In such a structure, the magnetic
easy axis of the free layer is parallel to the spin polarization of
the spin current, both of which point along the y-axis, which
is transverse to the current flow direction (current flows along
the x-axis). In the other types of three-terminal devices, known
as type-X and type-Z, the switching does not accompany
precession [66–69]. The switching probability formula for
type-Z was derived in Ref. [67]. The formula derived here is
applicable to type-Y and type-XY (easy axis points in between
the x- and y-axes) devices [33–35,74].

D. Solution of the LLG equation at zero temperature

When the switching accompanies precession, the LLG
equation can be averaged on a constant energy curve. The
trajectory of the precession is distinguished by the value of the
energy density E . The LLG equation averaged over constant
energy curves becomes (see also Appendix C)

dE

dt
= 1

τ (E )
[Wα (E ) + Ws(E )], (5)

where τ (E ) is the precession period on a constant energy
curve of E , while Wα (E ) and Ws(E ) are the dissipation due
to the damping torque and the work done by the spin-transfer
torque during a precession. Wα (E ) and Ws(E ) are defined as

Wα (E ) = −αγ M
∮

dt
[
H2 − (m · H)2

]
, (6)

Ws(E ) = γ M
∮

dtHs[p · H − (m · p)(m · H)]. (7)

The integrals in Eqs. (6) and (7) are calculated by substituting
the solution of the Landau-Lifshitz (LL) equation, dm/dt =
−γ m × H, into the integrands. Recall that the effective mag-
netic field of an in-plane magnetized ferromagnet was given
by H = HKmyey − Hdmzez, where the energy density is E =
−(MHK/2)m2

y + (MHd/2)m2
z . It is useful for later discussion

to derive the explicit forms of Wα and Ws for the in-plane
magnetized system [75],

Wα (E ) = −4αM

√
Hd − 2E/M

HK

[
2E

M
K(k) + HKE(k)

]
, (8)

Ws = π h̄ϑJ (HK + 2E/M )

ed
√

HK(HK + Hd )
, (9)

where K(k) = ∫ π/2
0 dφ/

√
1 − k2 sin2 φ and E(k) =∫ π/2

0 dφ
√

1 − k2 sin2 φ are the first and second kind of
complete elliptic integral with the modulus k,

k =
√

Hd(HK + 2E/M )

HK(Hd − 2E/M )
. (10)

The precession period f (E ) = 1/τ (E ) is

f (E ) = γ
√

HK(Hd − 2E/M )

4K(k)
, (11)

which reproduces the ferromagnetic resonance (FMR) fre-
quency, fFMR = γ

√
HK(HK + Hd )/(2π ), in the limit of the

minimum energy density, E → Emin.
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From Eq. (5), we find that

ts =
∫ Ef

Ei

dE

[Wα (E ) + Ws(E )]/τ (E )
, (12)

where ts is the time necessary to move the magnetization from
an initial energy state Ei to a final energy state Ef . Since we
are interested in magnetization switching, Ei should be close
to the minimum energy state Emin, whereas Ef should be the
saddle point energy, Ed. As can be seen in Eqs. (8) and (9),
the integrand in Eq. (12) is a nonlinear function of E , and thus
calculation of the integral is difficult in general. It should be
noted that both Wα and Ws often become zero in the limit of
E → Emin. In fact, Eqs. (8) and (9), as well as the modulus k
given by Eq. (10), become zero when E = Emin for device
structures and effective magnetic fields used in Sec. II B.
Therefore, the lower limit Ei of the integral in Eq. (12) should
be slightly larger than the minimum energy Emin. It should also
be noted that the integrand in Eq. (12) becomes large when the
integration variable E is close to Emin. Accordingly, using an
approximation

Wα (E ) + Ws(E ) �
[

dWα (E )

dE
+ dWs(E )

dE

]
E=Emin

(E − Emin),

(13)
we notice that the integral in Eq. (12) can be approximately
calculated as

ts � τ (Emin)

−[dWα (E )/dE ]E=Emin (J/Jc − 1)
ln

�E

δE
, (14)

where �E = Ed − Emin and δE = Ei − Emin. The critical cur-
rent density, Jc, which is the minimum current density to
destabilize the magnetization near the stable state, is defined
from the following equation (see also Appendix D):

J

Jc
= − dWs/dE

dWα/dE

∣∣∣∣
E=Emin

. (15)

Using Eqs. (8) and (9), the explicit form of Jc in the in-plane
magnetized system is

Jc = 2αeMd

h̄ϑ

(
HK + Hd

2

)
, (16)

which is consistent with the critical current density obtained
from the linearized LLG equation [36,64]. We should note
that the critical current density Jc does not determine the
threshold for switching. The threshold current density for the
magnetization switching is (see also Appendix D) [45]

J∗ = 4αeMd

π h̄ϑ

√
Hd(HK + Hd ). (17)

Note that the threshold current density is defined as the max-
imum current density satisfying Wα (E ) + Ws(E ) = 0 for E
in the range of Emin � E � Ed. For in-plane magnetized sys-
tems, J∗ corresponds to the current density when E = Ed. At
zero temperature, when J/Jc < 1, the magnetization relaxes
to the minimum energy state, while an auto-oscillation on
a trajectory close to the constant energy curve is excited
when J/Jc � 1 and J/J∗ < 1. The magnetization switching
without thermal activation occurs when J/J∗ � 1. Therefore,
the dynamical and thermally activated switching regimes are
observed when J/J∗ > 1 and J/J∗ < 1, respectively.

We would like to emphasize here that J∗ is the minimum
current density necessary to switch the magnetization when
the duration of the applied current is infinite (i.e., t → ∞).
When the current pulse width is finite, a current density larger
than J∗ is required, as will be discussed below (Sec. II G).

For in-plane magnetized ferromagnets, the factor dWα/dE
in Eq. (14) reads

dWα

dE

∣∣∣∣
E=Emin

= −2πα(2HK + Hd )√
HK(HK + Hd )

, (18)

while τ (Emin) = (2π )/[γ
√

HK(HK + Hd )]. Therefore,
Eq. (14) becomes

ts = ln(�E/δE )

2π� f (J/Jc − 1)
, (19)

where � f is the FMR linewidth defined as

� f = − 1

2πτ (Emin)

dWα (E )

dE

∣∣∣∣
E=Emin

, (20)

and is explicitly given for the in-plane magnetized ferromag-
net as [76]

� f = αγ

2π
(2HK + Hd ). (21)

Equation (19) is the time necessary to switch the magne-
tization from the initial state Ei = Emin + δE to the saddle
point by the spin-transfer torque with the current density
of J . We note that Eq. (19) is a generalization of the re-
lation between the current density and the switching time,
ts ∝ 1/[(J/Jc) − 1], obtained in axially symmetric systems
[36]. While the relation has been empirically applied to the
in-plane magnetized system [73], the derivation shown above
guarantees its validity.

E. Switching probability formula

In the dynamical switching regime, the principal role of
thermal fluctuation is to randomly distribute the initial state
[36,37]. The distribution of the initial state before application
of current is given by the Boltzmann distribution,

PB(E ) = exp[−(E − Emin)V/(kBT )]

kBT (1 − e−�0 )
, (22)

where �0 = (Ed − Emin)V/(kBT ) = �EV/(kBT ). The
Boltzmann distribution is normalized as

∫ Ed

Emin
dEPB = 1.

Note that E in Eq. (22) differs from Ei in Eq. (19). The
variable E in Eq. (22) is in the range of Emin � E � Ed, and
PB(E )dE gives the probability to find the energy of the initial
state at E (before passing current). The energy density Ei, on
the other hand, is the initial energy of the system after the
current is passed and it has a certain value.

Let us now discuss the switching probability when the
duration of the applied current is finite. As in the experiments
in Refs. [33–35], we assume that a current pulse of length
tp is applied to the system. We assume that thermal fluctu-
ation plays a minor role during the switching because we
are interested in a fast switching process (i.e., short current
pulses). For a current pulse, we replace ts in Eq. (19) with
a pulse width tp. Recall that Eq. (19) provides the switching
time ts when the initial state is at Ei and the current density
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is J . With ts replaced with tp, Eq. (19) can be regarded as the
equation that determines the value of Ei required to move the
magnetization to the saddle point at t = tp. When the initial
state E in Eq. (22) has an energy larger than this value of
Ei, the magnetization can switch its direction during a time
shorter than tp. This is because such an initial state is closer to
the saddle point than the state of Ei, and thermal activation
during the switching process is assumed to be negligible.
Accordingly, the switching probability by current pulses with
pulse width tp and current density J is given as the inte-
gral of the initial distribution with the energy density larger
than Ei, i.e.,

P =
∫ Ed

Ei

dEPB(E )

= exp
{−�0 exp

[−2π� f tp
(

J
Jc

− 1
)]} − exp(−�0)

1 − exp(−�0)
.

(23)

Equation (23) is the switching probability in the dynamical
regime, and it is the main result in this work. We note that
Eq. (23) includes three parameters, namely the thermal stabil-
ity factor �0, the FMR linewidth � f , and the critical current
density Jc. While we derived the theoretical formulas of these
parameters for the in-plane magnetized systems, Eq. (23) is
applicable to any devices mentioned in Sec. II C when the
explicit forms of these parameters are replaced appropriately,
according to their definitions.

The error rate of magnetization switching, defined as ER =
1 − P, is often used to characterize the device quality [25,37].
Assuming that �0 � 1, the error rate for J/Jc � 1 estimated
from Eq. (23) becomes

ER � �0 exp
[
−2π� f tp

( J

Jc
− 1

)]
. (24)

F. Approximations used in the derivation of
the switching probability formula

In Sec. II G, we will investigate the validity of Eq. (23)
through comparison with numerical simulations. Before do-
ing so, here let us discuss the applicability of the formula.
Note that there are mainly two approximations made in the
derivation of Eq. (23).

First, we assumed that the switching time is dominated by
the time needed to escape from the near minimum energy
state. This assumption can be seen in Eq. (13), where we ex-
panded the integrand in Eq. (12) around the minimum energy
state and neglected the higher-order terms of (E − Emin). In
reality, however, a finite time is necessary for the switching
after escaping from the initial state. Accordingly, the time t
given by Eq. (19) is shorter than the exact value of the switch-
ing time. This approximation also provides an inaccurate scale
of the current, that is, Eq. (19) includes Jc, not J∗, although Jc

is not the threshold current for the switching for the in-plane
magnetized system.

The second approximation is that the effect of the thermal
activation is included in the initial state only. This assumption
is valid when the switching occurs in a short time. In reality,
thermal fluctuation during the switching induces an active
motion of the magnetization.

Despite these approximations, we will show that Eq. (23)
agrees well with the results obtained from numerical sim-
ulations. We consider this is related to the fact that the
two assumptions play opposite roles. The first approximation
causes the switching probability estimated by the formula to
reach P = 1 faster than the exact solution (numerical simula-
tions) of the LLG equation due to the following reason. If the
magnetization moves sufficiently away from the stable state
but cannot arrive at the saddle point of the energy, the event
should be classified as “not-switched.” However, Eq. (23)
defines such an event as “switching” because the formula
only focuses on whether the magnetization escapes from the
minimum energy state. Accordingly, the first approximation
leads to faster saturation of the probability compared with the
numerical simulations. The second assumption results in the
switching probability to saturate slower than the exact solu-
tion since the approximation neglects the thermal activation
during the switching. The roles of these approximations will
be clarified in the next section.

G. Comparison with numerical simulations

Now let us get back to discussing the results of the nu-
merical simulations and compare them with the switching
probability formula.

Figure 3 summarizes the switching probability of in-plane
magnetized ferromagnets described in Sec. II B, where the
pulse width tp is (a) 1, (b) 3, (c) 4, (d) 5, (e) 10, (f) 20,
(g) 30, and (h) 50 ns. The damping constant is α = 0.033
[34,35]. The dots are obtained from the numerical simula-
tions, as in the case of Fig. 2(c), while the (green) solid
line corresponds to the theoretical formula, Eq. (23). The
values of the parameters used in Eq. (23) are �0 = 431,
� f = 674 MHz, and |Jc| = 33.0 MA/cm2. The large �0

used here reflects the large area of the nanopillar used in the
experiments; see Sec. III A. Note that |J∗| = 36.5 MA/cm2.
The switching, therefore, occurs in the dynamical regime
(J/J∗ > 1) for the pulse widths from tp = 1 to 5 ns, while the
switching for 10 � tp � 50 ns is in an intermediate regime
between the dynamical and thermally activated switching.
The transition width of the switching probability decreases
with increasing pulse width, which is opposite to what is ex-
pected for magnetization switching in the thermally activated
regime [77].

We note that the formula given by Eq. (23) quantitatively
reproduces the results of the numerical simulations. In addi-
tion, the formula reproduces the characteristic described in
Sec. II B, i.e., |dP/dJ| near P = 0 is larger than that near P =
1 (for shorter pulses). We notice that the switching probability
obtained by the numerical simulations saturates faster than
that predicted by the formula. This is because thermal fluc-
tuation during the application of current, which is neglected
in the formulation, prompts faster switching, as explained in
Sec. II F.

When the damping constant is smaller, the stochastic field
induced by thermal fluctuation decreases [see Eq. (4)] and
its effect is reduced in the switching process. In Fig. 4, we
summarize the switching probability when α is reduced to
0.005. The pulse widths are the same as those in Fig. 3. In
this case (α = 0.005), |Jc| and |J∗| are 5.0 and 5.5 MA/cm2,
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FIG. 3. Black dots represent the switching probability obtained from the numerical simulations of the LLG equation for pulse width tp of
(a) 1, (b) 3, (c) 4, (d) 5, (e) 10, (f) 20, (g) 30, and (h) 50 ns. The green solid lines are the switching probability calculated using Eq. (23). The
damping constant α is 0.033.

respectively, while � f = 102 MHz. As expected, the differ-
ence between the numerical and theoretical results becomes
small. We also notice that the switching probability formula
saturates faster than that of the numerical simulations when
the pulse width is small. This is because the switching time
estimated by Eq. (19) is faster that the real switching time, as
explained in Sec. II F.

H. Comparison with previous works

We emphasize that Eq. (23) is a generalization of the
switching probability formula derived for the perpendicularly
magnetized system and has a wide applicability. Here, let
us briefly summarize the results from previous works and
compare them with the present work.

We first discuss a perpendicularly magnetized system. To
describe such a system in our formalism, we simply need to
neglect terms related to Hd and regard HK as a net perpen-
dicular magnetic anisotropy field. This results in substituting
the following relations into Eq. (23): 2π� f = 2αγ HK and
Jc = [2αeMd/(h̄ϑ )]HK.

The perpendicularly magnetized ferromagnet has an axial
symmetry along the easy axis. Due to the higher symmetry of
the system, the magnetization equation of motion depends on
the tilt angle from the easy axis (θ ) only. Without averaging
over the energy states discussed in Sec. II D, the equation of
motion reads

dθ

dt
= −αγ HK sin θ cos θ + γ Hs sin θ. (25)
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FIG. 4. Black dots represent the switching probability obtained from the numerical simulations of the LLG equation for pulse width tp of
(a) 1, (b) 3, (c) 4, (d) 5, (e) 10, (f) 20, (g) 30, and (h) 50 ns. The green solid lines are the switching probability calculated using Eq. (23). The
damping constant α is 0.005.
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These features enabled the authors of Refs. [24,25,36,37] to
derive the switching probability formula for the perpendic-
ularly magnetized system with a few approximations. There
are, however, a few differences among the previous works,
although they focus on the same system.

For example, both Refs. [24,25] and Refs. [36,37]
found that the switching probability of the perpendicularly
magnetized system is well described by a formula,

P ∝ exp
{
−F (J )�0 exp

[
−2π� f tp

( J

Jc
− 1

)]}
, (26)

where 2π� f = 2αγ HK and Jc = [2αeMd/(h̄ϑ )]HK (these
forms are the same as those derived by our formalism). In
the following, we discuss details of the derivation of Eq. (26).
First, note that the formulas in Refs. [24,25,36,37] do not
satisfy P(t = 0) = 0. [P(t = 0) might be sufficiently close to
zero when �0 is large.] This is rather unphysical since the
state at t = 0 should be at the initial state, thus P must be zero.
Our formula, Eq. (23), satisfies P(t = 0) = 0, independent of
the value of �0.

The factor F (J ) in Eq. (26) is a constant in Refs. [36,37]
while it is a function of the current density in Refs. [24,25].
The difference is related to the approximation they used, as
shown below. For the perpendicularly magnetized system, we
found from Eq. (25) that the integral corresponding to Eq. (12)
becomes

ts =
∫

dθ

αγ HK sin θ [(J/Jc) − cos θ ]
, (27)

where Jc = [2αeMd/(h̄g)]HK is the critical current density of
the perpendicularly magnetized ferromagnet. Reference [36]
performs the integral with the approximations sin θ � θ and
cos θ � 1, and obtains

ts = ln[π/(2δθ )]

αγ HK[(J/Jc) − 1]
, (28)

where δθ is the tilted angle of the initial state while π/2
corresponds to the angle of the saddle point. In contrast,
Refs. [24,25] performed the integral without using such ap-
proximations and obtained

1

a + 1
ln cos

δθ

2
− 1

a − 1
ln sin

δθ

2
+ 1

a2 − 1
ln

a − cos δθ

2a

= αγ HKts,
(29)

where a = J/Jc is the notation used in Ref. [25]. Assuming
δθ � 1, Ref. [25] obtained

ts = − 1

αγ HK(a − 1)
ln

[
δθ

2

(
2a

a − 1

)1/(a+1)]
. (30)

Equations (28) and (30) can be summarized as

ts = ln(G/δθ )

αHK[(J/Jc) − 1]
, (31)

where G = π/2 in Eq. (28) and G = 2[2a/(a − 1)]−1/(a+1) in
Eq. (30). From Eq. (31), one finds

δθ = G exp
[
−αγ HKts

( J

Jc
− 1

)]
. (32)

The Boltzmann distribution for the perpendicularly magne-
tized ferromagnets is given by PB ∝ e�0 cos2 θ . Therefore, the
switching probability is given by

P ∝
∫ π/2

δθ

dθ sin θPB �
∫ ∞

δθ

dθθe�0(1−θ2 ) ∝ e−�0δθ
2
, (33)

where we use the approximation of θ � 1. Substituting
Eq. (32) into Eq. (33) and noting that 2π� f = 2αγ HK, we
obtain Eq. (26), where F = G2 is π2/4 in Refs. [36,37] and
4[2a/(a − 1)]−2/(a+1) in Refs. [24,25]. As can be seen in these
explanations, even in the perpendicularly magnetized system
where the system has high symmetry and the LLG can be in-
tegrated exactly, the switching probability formulas can differ
depending on the approximations used, which can be seen in
the derivations of Eqs. (28) [36,37] and (30) [24,25].

In the case of the in-plane magnetized ferromagnet, it is
difficult to integrate Eq. (12) exactly unless approximations
such as Eq. (13) are used. Nevertheless, we showed in Figs. 3
and 4 that Eq. (23) qualitatively explains the switching prob-
ability of the in-plane magnetized ferromagnets. Moreover,
we point out that this work shows the validity and the appli-
cable range of the relation [Eq. (19)] between the switching
time and the applied current density, which was derived for the
perpendicularly magnetized system [24,25,36] and has been
empirically applied to in-plane magnetized systems [73].

I. Distinction between dynamical and thermally activated
switching regimes

In previous works, the dynamical and thermally activated
switching regimes have been distinguished by evaluating
the switching current density as a function of pulse width
[21,24,27,38]. This method, however, requires a systematic
investigation of the switching probability over a wide range of
pulse widths. Equation (23) implies another, relatively simple,
method to distinguish the dynamical and thermally activated
regimes.

The switching probability formula in the thermally acti-
vated regime is given by [19,39–47]

P = 1 − exp

{
− fatp exp

[
−�0

(
1 − J

J∗
)b]}

, (34)

where fa is an attempt frequency. The switching exponent b is
2 for perpendicularly magnetized ferromagnets [40–43] while
it is close to 2 and depends on the material parameters for in-
plane magnetized ferromagnets [45]. We notice that Eqs. (23)
and (34) have a different symmetry with respect to the current.

The solid lines in Figs. 5(a) and 5(b) schematically show
the switching probability in the dynamical and thermally acti-
vated regimes, obtained from Eqs. (23) and (34), respectively.
We also show the probability density, defined as dP/dJ , by
dashed lines. Note that the probability density is asymmetric
with respect to the current density, and the asymmetry is
opposite in the dynamical and thermally activated switching
regimes. The probability density of the dynamical switching
has a larger tail where current is larger than the peak position.
In contrast, the probability density of the thermally activated
switching has a larger tail in the lower current region. The
shape of the probability density, therefore, provides direct

104431-8



MAGNETIZATION SWITCHING PROBABILITY IN THE … PHYSICAL REVIEW B 106, 104431 (2022)

Current density Current density

P,
 d
P/

d
J

P ,
 d
P/

d
J

)b()a( worraNediWworraN Wide

FIG. 5. Calculated switching probability P (solid lines) and the
probability density dP/dJ (dashed lines) of (a) dynamical and
(b) thermally activated switching regimes. The distribution of the
probability density for the dynamical (thermally activated) switching
is wider for the large (small) current region.

evidence of the switching regime, whether it is the dynamical
or thermally activated regime.

As mentioned, the present model is applicable to the dy-
namical switching regime. In addition to the well-studied
thermally activated regime, switching in an intermediate
regime has been discussed recently [78]. The switching-time
formulas of the thermally activated and dynamical regimes
were combined with weights, and a gamma distribution func-
tion was used for fitting the switching probability. Although
the approach is heuristic and empirical, it provides a connec-
tion between the two limits.

In general, the switching probability formula is obtained as
a solution of the time-dependent Fokker-Planck equation [19].
Solving the Fokker-Planck equation exactly, however, is diffi-
cult, and approximations are necessary for deriving analytical
formulas of the switching probability in different limits. Fur-
ther studies are required to develop a comprehensive theory
that can account for the switching probability over a wide
range of parameters.

III. EXPERIMENTAL ANALYSIS

In this section, we show experimental results from type-Y
three-terminal devices (with in-plane magnetized ferromag-
net) to study the applicability of the formula described above.

A. Device structure and magnetic properties

The three-terminal device consists of a W channel
and a magnetic tunnel junction (MTJ) [34,35]. The MTJ
is comprised of a bottom CoFeB (2) free layer and a
CoFeB(2)/Ru(0.8)/CoFe(2)/IrMn(8.5)/Ru(2)/Ta(3) top ref-
erence layer separated by an MgO(1.8) barrier (thickness in
nm). The film stack was postannealed at 250 ◦C for 3 h in an
in-plane magnetic field over 1 T. As described in Sec. II B,
the MTJ is patterned into an elliptic cylinder. The length of
the ellipse’s short and long axes is about 90 and 260 nm,
respectively. The thickness of the W channel is 3 nm and its
width is about 260 nm. The resistance of the W channel is
about 2.2 k
.

A schematic illustration of the measurement setup is pre-
sented in Fig. 6(a). A constant voltage pulse generator and
a 50 
 load are connected to the W channel via the high-
frequency port of the bias tees. The voltage pulse, with
amplitude Vp and length tp, supplies current to the W channel.
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FIG. 6. (a) Schematic illustration of the measurement circuit,
where Z0 represents a 50 
 load. (b) Resistance of the MTJ as
a function of an external magnetic field (Hy) applied along the
y direction. (c) Resistance of the MTJ as a function of pulse number.
The high (low) resistance state corresponds to the initial (switched)
state. A data set from the 104 measurements is shown.

The spin current generated in the W channel via the spin Hall
effect diffuses into the free layer of the MTJ and exerts spin-
transfer torque (or spin-orbit torque) on the magnetization. To
read out the state of the MTJ, a small dc bias current Idc is
applied to the MTJ from the gate of the three-terminal device
(i.e., the current source is connected to the MTJ reference
layer). The dc ground is connected to the W channel via the
low-frequency port of the bias tee. The resistance of the MTJ
is monitored using a nanovoltmeter. A small sense current Ich

is applied to the W channel, via the low-frequency port of the
bias tee, to monitor its resistance. Ich is set to zero during
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FIG. 7. (a) Switching probability, P, and (b) the probability density, dP/dJ , of the three-terminal device studied. The pulse widths are 2, 3,
4, 10, 20, 50, 150, and 400 ns from right to left. (c) An enlarged view of the probability density for the data with a pulse width of 2 ns. The solid
black line shows the fitting result using a bi-Gaussian function. ws and wl are the fitting parameters defined as illustrated. (d) Dependences of
ws and wl on the pulse width.

the MTJ resistance measurements. All measurements were
performed at room temperature using a home-made transport
measurement system.

Figure 6(b) shows the magnetic field dependence of the
MTJ resistance of a typical three-terminal device. The field
(Hy) is applied along the magnetic easy axis of the MTJ free
layer, i.e., along the y direction sketched in Fig. 1. Within
the range of Hy applied, the magnetization direction of the
reference layer does not change. The loop shown in Fig. 6(b)
thus shows the hysteresis of the free-layer magnetization. The
magnetoresistance ratio, defined as �R/RP, is 105%, where
�R ≡ RAP − RP, and RAP and RP are the resistance for the
antiparallel and parallel states, respectively, of the magnetiza-
tion configuration of the reference and free layers. The center
of the loop in Fig. 6 is shifted from the origin Hy = 0 due to
the stray field from the reference layer, which is estimated to
be about 11 Oe. The coercive field is about 140 Oe. The in-
plane magnetic anisotropy field (HK), obtained from separate
measurements, is about 560 Oe. The measured HK is close
to the shape magnetic anisotropy field estimated from the
demagnetization factors of the elliptic pillar.

We study the probability of current-induced magnetiza-
tion switching using the following procedure. The field is
set to a value (Hy ∼ 11 Oe) that allows cancellation of the
stray field from the reference layer. We first initialize the
magnetic state of the free layer by applying a direct current

of 27 MA/cm2 for 100 ms. From preliminary measure-
ments, we find such a condition that allows initialization
with little error. Next, a single voltage pulse from a pulse
generator is applied to the W channel. The resistance of
the MTJ is measured before and after the pulse application
to study the magnetic state of the free layer. If the magni-
tude of the resistance change after the pulse application is
more than 85% of �R found in the hysteresis loop shown
in Fig. 6(b), we assume the free-layer magnetization was
switched. This process is repeated 104 times to obtain the
switching probability. Here we show results where the initial
state is the high resistance state (antiparallel alignment of the
reference and free layer). Figure 6(c) shows an example of
the measurements, where the pulse width and the current den-
sity are 20 ns and 49 MA/cm2, respectively. Current-induced
magnetization switching is found for all trials shown. We have
studied more than 10 devices and found similar characteristics
in many of the devices. Representative results from a single
device are presented here.

B. Switching probability

Figure 7(a) summarizes the switching probabilities ob-
tained using voltage pulses with widths of 2, 3, 4, 10, 20, 50,
150, and 400 ns. The current density that flows along the W
channel is calculated from the pulse amplitude and the channel
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resistance. The switching probability varies from 0 to 1 as
the current density is increased (see also Appendix E for the
accuracy of the evaluation on the switching probability). The
current density at which the switching probability exceeds
0.5, defined as J50%, increases with a decreasing pulse width.
The transition width of the switching also increases with a
decreasing pulse width. These results are consistent with the
numerical simulations (see Figs. 3 and 4), suggesting that the
switching occurs in a dynamical switching regime.

In Fig. 7(b), we show the probability density, the current
density derivative of the switching probability. The shape of
the probability density varies as the pulse width is changed. As
discussed in Sec. II I, the dynamical and thermally activated
switching regimes can be distinguished from the distribution
of the probability density with respect to its peak. To analyze
the shape of the probability density, we fit the data with a bi-
Gaussian function. Figure 7(c) shows the probability density
when the pulse width is set to 2 ns. The solid lines show the
fitting result. We use three fitting parameters: widths ws and
wl, as illustrated in Fig. 7(c), and the amplitude. ws (wl) rep-
resents the width from the peak position to the lower (higher)
current density to which the probability density is half of the
peak value. When ws < wl (ws > wl), the switching occurs
in the dynamical (thermally activated) regime. Figure 7(d)
summarizes the pulse width dependence of ws and wl. The
results show that the dynamical switching regime dominates
when the pulse width is shorter than ∼20 ns.

We note that previous studies have shown the means to
distinguish the switching regime. In many cases, the averaged
threshold switching current was measured over a wide range
of pulse width [21,24,25,27]. In the dynamical switching
regime, the switching current is inversely proportional to the
pulse width, as can be seen in Eq. (19), while that in the
thermally activated regime has a logarithmic dependence on
the pulse width, as implied from Eq. (34). The present analysis
and the associated experimental results, however, demonstrate
that the switching regime can be directly identified from
the shape of the switching probability. These findings would
be useful for the analyses of the switching probability of
two-terminal spin torque and three-terminal spin-orbit torque
switching devices.

Note that the agreement we obtained between theory and
experiment is qualitative. The lack of a quantitative agreement
might be due to the limitation of the macrospin model. An
incoherent magnetization rotation and/or creation of multiple
domain structures might appear in the experimental sample.
We keep the development of the model beyond the macrospin
model as future work.

IV. CONCLUSION

In summary, current-induced magnetization switching of
an in-plane magnetized ferromagnet in the dynamical switch-
ing regime was studied. A generalized formula of the
switching probability was derived from the LLG equation.
The formula includes three parameters: a thermal stability fac-
tor, linewidth of ferromagnetic resonance, and critical current
density. A quantitative good agreement between the theory
and numerical simulations was obtained, in particular, when
the damping constant is small. The formula also reproduces

several characteristics found in the numerical simulations. For
example, the transition width of the switching probability in-
creases with decreasing pulse width. The probability density,
i.e., the current density derivative of the switching probability,
is asymmetric with respect to its peak when short current
pulses are applied. The tail of the probability density for the
higher current region increases as the pulse width is reduced.
Such features have been identified in experiments where the
magnetization switching probability of three-terminal spin-
orbit torque switching devices is studied. From the analyses,
we show that the asymmetric shape of the probability density
is related to the switching regime: the tail is larger for the
higher (lower) current region for the dynamical (thermally
activated) switching regime. These results thus validate the
formula developed and show that the shape analyses of the
probability density provide straightforward means to identify
the switching regime.
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APPENDIX A: NUMERICAL TECHNIQUE ADDING
THERMAL FLUCTUATIONS

In the numerical simulation, the random field is given by
(i = x, y, z)

hi(t ) =
√

2αkBT

γ MV �t
ξi(t ). (A1)

The time increment �t is 1 ps, as mentioned. White noise
ξ is defined from two random numbers, ζa and ζb, in the
range of 0 < ζa, ζb � 1 by the Box-Muller transformation as
ξa = √−2 ln ζa sin(2πζb) and ξb = √−2 ln ζa cos(2πζb). We
added Eq. (A1) to the magnetic field and solved the LLG
equation numerically using the Runge-Kutta method. The
method thus includes spurious drift terms [79] and belongs to
the Stratonovic prescription. The contribution of the random
torque to the time evolution of the magnetization is on the
order of hi�t ∝ √

�t .

APPENDIX B: ACCURACY OF THE SWITCHING
PROBABILITY IN SIMULATION

As written in Sec. II B, the switching probability is numer-
ically obtained from 103 trials using different random fields.
One might be interested in the accuracy of this estimation.
Figure 8(a) shows the switching probability obtained from
100 (blue), 200 (green), 500 (red), and 1000 (black) trials,
where tp = 1 ns and α = 0.033. The black line is identi-
cal to that shown in Fig. 3(a). As is evident, the switching
probability shows larger scattering when the trial number is
reduced. From this plot, the scattering is negligible when the
trial number is set to 103.

To evaluate the error, we repeat the simulations for the 103

trials 10 times with different random numbers. The average,
minimum, and maximum values of the switching probability
at each current density are extracted. The results are shown
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FIG. 8. The switching probability for tp = 1 ns and α = 0.033. (a) The number of trials is changed as 100 (blue), 200 (green), 500 (red), and
1000 (black). (b) The averaged value of the switching probability, where the evaluation of the switching probability from 103 trials is repeated
10 times with different random numbers, and such 10 probabilities are averaged. The bars at each current density represent the difference in the
maximum and minimum values in the 10 samplings. The inset shows an enlarged view in the current density range of 70 � J � 80 MA/cm2.

in Fig. 8(b). The error bars represent the difference of the
maximum and minimum values of the switching probability.
The error range is sufficiently small and allows comparison
with the theoretical formula.

APPENDIX C: AVERAGING TECHNIQUE OF
THE LLG EQUATION

Here, we explain the averaging technique of the LLG
equation over a constant energy curve. Note that the con-
stant energy curve is a trajectory given as a solution of the
Landau-Lifshitz (LL) equation, dm/dt = −γ m × H. Let us
first investigate the solution of the LL equation for an in-
plane magnetized system as an example [75]. Since the LL
equation conserves the norm of the magnetization, i.e., |m| =
1, the energy density E = −(MHK/2)m2

y + (MHd/2)m2
z can

be rewritten as

m2
z + HK

HK + Hd
m2

x = 2E/M + HK

HK + Hd
. (C1)

Thus, mx and mz can be expressed as mx = (v′/v) sin u and
mz = v′ cos u with v2 = HK/(HK + Hd ) and v′2 = (2E/M +
HK )/(HK + Hd ). Then, using the LL equation, we find that
du/dt = (v/mz )(dmx/dt ) becomes

du

dt
= γ (HK + Hd )vmy. (C2)

Introducing a new variable w = sin u, this equation becomes

dw√
(1 − w2)(1 − k2w2)

= γ (HK + Hd )v
√

1 − v′dt, (C3)

where the modulus k is given by Eq. (10). The solution
of w is given by the Jacobi elliptic function sn(y, k) with
y = γ

√
HK(Hd − 2E/M )t + ϕ0, where the initial phase ϕ0 is

determined by the initial condition. Recall that w relates to mx

via mx = (v′/v)w. Introducing other Jacobi elliptic functions
cn(y, k) and dn(y, k) that satisfy sn2(y, k) + cn2(y, k) = 1 and

dn2(u, k) =
√

1 − k2sn2(u, k), the solution of the LL equa-
tion for the in-plane magnetized system becomes

mx =
√

1 + 2E

MHK
sn

[
4K(k)

τ (E )
t + ϕ0, k

]
, (C4)

my =
√

Hd − 2E/M

HK + Hd
dn

[
4K(k)

τ (E )
t + ϕ0, k

]
, (C5)

mz =
√

HK + 2E/M

HK + Hd
cn

[
4K(k)

τ (E )
t + ϕ0, k

]
, (C6)

where τ (E ) is the inverse of the oscillation frequency given
by Eq. (11). Note that the precession period is defined as a
time τ̃ , which appears in the elliptic function as sn(4Kt/τ̃ , k).
In fact, in the circular limit of the elliptic function, i.e., k →
0, sn(y, k) → sin(y) = sin(2πt/τ̃ ) because limk→0 K(k) =
π/2, and thus τ̃ can be regarded as an oscillation period. The
solution of the LL equation in different systems can be found
in, for example, Refs. [71,80].

Since E = −M
∫

dm · H, the energy change is described
by the equation

dE

dt
= −MH · dm

dt
= −αγ M[H2 − (m · H)2]

+ γ MHs[p · H − (m · p)(m · H)], (C7)

where we substitute the right-hand side of Eq. (1) to dm/dt
in Eq. (C7) and neglect higher-order terms of α. We note
that the evaluation of Eq. (C7) requires, strictly speaking,
the exact solution of the LLG equation. The exact solution
of the LLG equation deviates from the solution of the LL
equation, Eqs. (C4), (C5) and (C6), due to the presence of the
spin-transfer and damping torques, and it is hard to obtain ana-
lytically. In addition, even if such a solution is obtained, it will
depend on the initial condition, which is usually uncontrol-
lable. However, when the damping constant and the current
are small, the deviation is also small and the magnetization
precesses many times before the switching, as described in
the main text. In this case, the energy change described by
Eq. (C7) is slow and becomes approximately independent
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of the initial condition. When the energy change is slow,
this change is well described by Eq. (C7) averaged over the
precession trajectory. Note that this precession trajectory is
also approximated by the solution of the LL equation because,
although the spin-transfer and damping torques cause devi-
ation, the deviation is small, as mentioned. After averaging
Eq. (C7) over the precession trajectory, we obtain Eq. (5) with
Eqs. (6) and (7). The explicit forms of Wα and Ws for a specific
system can be obtained by substituting the solution of the LL
equation into Eqs. (6) and (7). For example, Eqs. (8) and (9)
are obtained by substituting Eqs. (C4), (C5), and (C6) into
Eqs. (6) and (7), respectively.

APPENDIX D: DEFINITIONS OF JC AND J∗

Here, we discuss the definitions and derivation of Eqs. (16)
and (17). For this purpose, let us briefly review the physical
interpretation of Eq. (5).

The precession torque, −γ m × H, induces a precession
of the magnetization on a constant energy curve, where the
energy density E relates to the effective magnetic field H via
E = −M

∫
dm · H. Therefore, when the spin-transfer torque

compensates the damping torque, magnetization dynamics
is dominated by the precession, and it becomes reasonable
to average the LLG equation over a constant energy curve.
Under such circumstances, we obtain Eq. (5) from Eq. (1).
As discussed in Sec. II C, the condition for the compen-
sation depends on many factors, such as the directions of
the easy axis and spin polarization. In the following, as in
the case of the main text, we assume that the spin-transfer
torque compensates for the damping torque and thus the
magnetization dynamics is dominated by the precession, un-
der which the magnetization dynamics is well described
by Eq. (5).

We note that Ws given by Eq. (7) is proportional to the
current density J through Hs. It is convenient to introduce Qs

as Ws = QsJ and define J (E ) as

J (E ) = −Wα

Qs
. (D1)

Note that J (E ) is the current density to sustain the magne-
tization precession on a constant energy curve of E . Now
let us discuss the derivations of Jc and J∗. In the absence
of current, the magnetization stays near the minimum energy
state. Therefore, the current density required to destabilize the
stable state is given by

Jc = J (Emin). (D2)

When the current density becomes slightly larger than Jc,
the spin-transfer torque overcomes the damping torque acting
on the magnetization near the stable state (E = Emin), and
the magnetization will move to a higher-energy state. Note
that Wα and Ws(∝ Qs) often become zero in the limit of
E → Emin, as mentioned in Sec. II D. Therefore, it is neces-
sary to expand Wα and Qs near E = Emin. Then, we arrive at
Eq. (15).

The threshold current density for the switching is
defined as

J∗ = max[J (E )], (D3)
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FIG. 9. The dependence of the switching probability on the num-
ber of trials in experiments. The inset shows the dependences of the
mean and the standard deviation of the switching probability on the
number of trials used in the evaluation, where the pulse width is 2 ns
and the current density is 67.8 MA/cm2.

where the range of E is Emin � E � Ed. The physical inter-
pretation of Eq. (17) is as follows. Note that destabilization
of the stable state, by applying a current density larger
than Jc, does not guarantee switching. When the current
density J is in the range of J/Jc > 1 and J/J∗ < 1, there
are E satisfying Wα (E ) + Ws(E ) = 0. When such an E ex-
ists, auto-oscillation of the magnetization is excited. On
the other hand, when the current density is larger than J∗,
there is no E satisfying Wα (E ) + Ws(E ) = 0. Therefore,
the magnetization cannot maintain the auto-oscillation state,
and it switches its direction. Accordingly, J∗ defined by
Eq. (D3) can be regarded as the threshold current density for
switching.

In the case of in-plane magnetized ferromagnets, where Wα

and Ws are given by Eqs. (8) and (9), respectively, J (E ) given
by Eq. (D1) monotonically increases with E . Therefore, J∗
is given by J∗ = J (Ed ), where the explicit form is given by
Eq. (17). It is well known that in-plane magnetized ferromag-
nets can show auto-oscillation when the value of the current
density is appropriately controlled [45]. On the other hand, for
a perpendicularly magnetized system, J (E ) is obtained from
Eq. (25) as

J (θ ) = 2αeMd

h̄ϑ
HK cos θ, (D4)

where we use the tilt angle θ instead of the energy density
E = −(MHK/2) cos2 θ . Note that the minimum (saddle) en-
ergy state corresponds to θ = 0 (π/2). Therefore, Eq. (D4)
is a monotonic decreasing function of E . Accordingly, J∗ =
J (Emin) = Jc in this system. Once the minimum energy state
is destabilized by the spin-transfer torque, the magnetization
always switches its direction, and auto-oscillation cannot be
excited.

APPENDIX E: ACCURACY OF THE SWITCHING
PROBABILITY IN EXPERIMENTS

Here, we discuss the accuracy of the switching probability
obtained in the experiments. We divided the 104 measure-
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ments into 10 subgroups, with each subgroup containing N
measurement results. We vary N as 10, 100, 1000. The data
for each subgroup are randomly selected. Figure 9 shows the
dependence of the switching probability on the current density
with various N . As an example, we chose data with the pulse
width set to 2 ns. The black circles are identical to those shown
in Fig. 7(a). As is evident, scattering of the data increases with
decreasing N .

The inset to Fig. 9 shows the dependence of the mean
value and standard deviation of the switching probability

for the 10 subgroups. Data with current density equal to
67.8 MA/cm2 are chosen as an example (pulse width is
2 ns). (For the mean value of the switching probability,
we also included the results with N = 104. Since there is
only one subgroup for N = 104, the standard deviation is
not shown.) While the standard deviation continues to re-
duce with increasing N , the mean value tends to saturate
as N is increased. These results show that the 104 trial is
sufficient to study the current dependence of the switching
probability.
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