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Higher-order modulations in the skyrmion lattice phase of Cu2OSeO3
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Using small-angle neutron scattering, we have investigated higher-order peaks in the skyrmion-lattice phase
of Cu2OSeO3 in which two different skyrmion lattices, SkX1 and SkX2, are known to form. For each skyrmion-
lattice phase, we observed two sets of symmetrically inequivalent peaks at the higher-order-reflection positions
with the indices (1 1 0) and (2 0 0). Under the condition where the SkX1 and SkX2 coexist, we confirmed
the absence of the scattering at Q positions combining reflections from the two phases, indicating a significantly
weak double-scattering component. Detailed analysis of the peak profile as well as the temperature and magnetic-
field dependence of the peak intensity also supports the intrinsic higher-order modulation rather than the parasitic
double scattering. The two higher-order modulations show contrasting magnetic-field dependence; the former
(1 1 0) increases as the field is increased, whereas the latter (2 0 0) decreases. This indicates that, in Cu2OSeO3,
skyrmions are weakly distorted, and the distortion is field dependent in a way that the dominant higher-order
modulation switches from (1 1 0) to (2 0 0) under the field. Monte Carlo simulations under sweeping external
magnetic field qualitatively reproduce the observed magnetic-field dependence and suggests that the higher-order
modulations correspond to the superlattices of weak swirlings appearing in the middle of the original triangular-
latticed skyrmions.

DOI: 10.1103/PhysRevB.106.104406

I. INTRODUCTION

In recent years, research on chiral magnets has attracted
considerable interest. Among this class of materials, certain
compounds exhibit topologically protected swirlings called
skyrmions and are characterized by a topological quan-
tum number [1–3]. Besides their intriguing nature, these
entities offer properties well suited for application in infor-
mation technology [4]. Triangular lattices formed from such
skyrmions were first discovered in MnSi [5] and, subse-
quently, in other compounds, such as FeGe [6], (Fe,Co)Si [7],
Cu2OSeO3 [8,9], Co8Zn8Mn4 [10], GaV4S8 [11], and so on.
In bulk samples, this new structure was first observed exclu-
sively in a small phase region at low temperatures and nonzero
magnetic fields; however, several materials with more conve-
nient stabilization conditions have been discovered recently,
making its application in spintronics more likely [10,12]; this
is especially so since techniques suitable for reading and writ-
ing have been proposed [4,13–15], and external field control
of skyrmions has become a likely possibility as well [16–21].
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Among various skyrmion-hosting compounds listed above,
Cu2OSeO3 has attracted particular interest due to its multifer-
roic properties associated with its insulating nature [22,23].
The presence of a skyrmion lattice in Cu2OSeO3 has been
shown using various techniques, including small-angle neu-
tron scattering (SANS) [8,9]. In Cu2OSeO3, it has been known
that two different skyrmion lattices (SkX1 and SkX2), which
are rotated roughly 30◦ against each other, are stabilized at a
certain ratio depending on a temperature (T ) and magnetic-
field (H) protocol used for the stabilization [24]. Specifically,
(1) cooling the sample within an applied field (FC) stabilizes
the SkX2 skyrmion lattice, (2) SkX1 is predominant for field
warming (FW), and (3) following zero-field cooling (ZFC),
the SkX1 and SkX2 skyrmion lattices are stabilized in coexis-
tence and show no sign of relaxation behavior favoring one of
these lattices at any point of the phase diagram [25].

Using SANS, the long periodic modulation of the skyrmion
lattice is observed as sixfold peaks in two-dimensional (2D)
intensity maps, originating from its triple-q nature. Character-
istic of the triple-q structure is the higher-order modulations
arising from interference between the two or more fundamen-
tal modulations. Observation of the higher-order modulation
provides one form of direct evidence for the formation of
a triple-q structure as the counter possibility, namely, the
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FIG. 1. Schematic of the double-scattering processes. The curva-
ture of the Ewald sphere as well as scattering angle 2θ is significantly
exaggerated to increase visibility. (a) The 2D view from the ver-
tical axis for the double-scattering process for (2 0 0). Although
the double-scattering condition cannot be strictly satisfied in this
case due to the very small Ewald sphere curvature, the tail of the
skyrmion Bragg peaks at (1 0 ± δ) may result in finite double-
scattering probability at the (2 0 0) position. (b) The 3D view for
the double-scattering process for (1 1 0). In this case, if both the
(1 1 0) and (0 1 0) reflections [or (1 1 0) and (1 0 0) reflections if
the sample is tilted in the other direction] are simultaneously on
the Ewald sphere, then a strict double-scattering condition may be
satisfied.

multidomain single-q structure, does not give rise to the in-
terference between higher-order modulations. In addition, the
phase relation of the three fundamental modulations may be
known from the interference effect, which can be a direct
confirmation of nontrivial topology [26].

Experimentally, however, there is a serious complication
for the observation of the higher-order modulation in SANS
in which the scattering close to the origin is measured. In this
Q range, the resulting Ewald sphere is nearly flat, and more
than one peak (or even all six peaks) may approximately fulfill
the scattering condition at the same time, resulting in multiple
scattering (scattering processes with a single neutron being
scattered multiple times, Q1, Q2, . . .), and, here, specifically
its second order-double scattering [26–29]. In general, the
intensity and position of the double scattering may be similar
to those of the higher-order scattering. Two particularly im-
portant cases of the double-scattering processes in the SANS
setup are schematically shown in Fig. 1. In the first case, a
neutron is scattered by the same first-order peak twice [cf.
Fig. 1(a)], whereas the neutron can be scattered from another
first-order peak subsequently in the second case [cf. Fig. 1(b)].
Those two scattering paths can result in misleading scattering
intensity at higher-order positions.

To date, there have been a limited number of experiments
performed aiming at detecting the higher-order modulation
in the skyrmion-lattice phase; a pioneering example may be
the one on MnSi [26]. In the experiment, the higher-order
modulation was distinguished from the double scattering by
performing Renninger scans [27] where the sample is rotated
in such a way that the scattering condition for a higher-order
peak position remains fulfilled, and the one for the first-order
peaks is not. However, such scans can generally be challeng-
ing to be implemented on SANS instruments as the sample

has to be rotated around the axis defined by the Q position of
the respective higher-order peak. Furthermore, at each rotation
step, the statistics have to be sufficient to detect the weak
higher-order scattering.

In this paper, we have utilized a different approach
to distinguish the intrinsic higher-order modulations from
double-scattering artifacts. Specifically, we scrutinized ex-
tinction rules, peak profiles for sample θ rotation, and the
magnetic field and temperature dependence of the scattering
intensity at the first-order and higher-order positions. All the
results consistently indicate that the dominant contribution
to the reflection intensity at the higher-order positions are
intrinsic to Cu2OSeO3. Further support was obtained from nu-
merical Monte Carlo (MC) simulation of a simple 2D square
lattice with competing ferromagnetic and Dzyaloshinskii-
Moriya (DM) interactions under sweeping magnetic field;
the magnetic-field dependence of the higher-order intensity is
qualitatively reproduced.

II. EXPERIMENTAL

To investigate the structure of the skyrmion lattice in
Cu2OSeO3, small-angle neutron-scattering experiments were
performed on a high quality single crystal. The crystal with
approximate dimensions of 8 × 5 × 3 mm3 has been syn-
thesized using the chemical vapor transport method [30].
The neutron experiments were conducted at the beam line
QUOKKA located at the OPAL reactor of the Australian Nu-
clear Science and Technology Organisation, Australia [31]. To
achieve the necessary resolution and sufficient neutron flux, a
wavelength of λ ∼ 5 Å was selected using a neutron velocity
selector with wavelength distribution dλ/λ ∼ 10% in combi-
nation with a 2D detector. The skyrmion lattice was stabilized
using a closed-cycle refrigerator and an external 5-T horizon-
tal field superconducting magnet with its field aligned parallel
to the incident neutron beam ki. The sample was oriented with
its crystallographic [1 1 0] axis approximately parallel to ki

(slightly misaligned by ∼6° on the horizontal scattering plane
and ∼5◦ against the plane) and crystallographic [0 0 1] along
the horizontal direction. The sample rotation axis for angle θ

is normal of the horizontal scattering plane (rocking scan).
The scattering background was estimated using the SANS
pattern measured at the paramagnetic temperature 60 K and
subtracted from data shown here. The wavelength used in
the present experiment allows to measure the scattering in-
tensity of all the sixfold symmetry-equivalent reflections from
the skyrmion lattice, appearing at |Q| � 0.01 Å−1, simultane-
ously, yet at different intensities. Throughout this paper, we
use indices in the parentheses (h k 0) to refer to the skyrmion
lattice reflections; the (1 0 0) reflection corresponds to the
first-order peak appearing at |Q| � 0.01 Å−1 approximately
along the horizontal Qx axis in two-dimensional SANS pat-
terns.

III. DATA ANALYSIS

A. Fitting model and procedure

In the investigation of the first-order peaks of the skyrmion
lattice (1 0 0), data analysis was often simplified by integrat-
ing the data over a certain Q range. This reduces the 2D data
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FIG. 2. (a) The 2D intensity map measured in the skyrmion-lattice phase (SkX2) stabilized at T = 56.75 K and μ0H = 17.4 mT using the
FC protocol. The intensity is shown on a logarithmic scale. (b) Reconstruction of the fit results based on the model defined by Eq. (4). (c) The
pseudopowder spectrum calculated from the 2D scattering data (red line) as well as that obtained from the 2D fit result with background
function (dark blue line) and without the background (light blue line). The low-Q gray region, where contamination due to the direct beam was
found, was excluded in the fitting. The inset shows the definition of the first-order and higher-order peak numbers used in the main text.

to a one-dimensional (1D) azimuthal variation, which still
contains all relevant information. Whereas, in principle, this
could be performed in the present analysis on the potential
higher-order and double scattering, practically, the simplifica-
tion encounters a problem. In typical intensity maps obtained
in the present paper, besides the first-order peak indexed as
(1 0 0) and its symmetry equivalents, additional peaks are
visible at higher Q if viewed on a logarithmic scale [see
Fig. 2(a)]. These can be indexed as symmetry equivalents
of (1 1 0) and (2 0 0), respectively. Because of the finite
peak widths, a separation of them is difficult, and, thus, the
simple integration method used for the analysis of the first-
order peaks is not applicable. This becomes a more serious
issue for the skyrmion-lattice formed after the FW and ZFC
runs; due to the coexistence of the two different skyrmion-
lattice phases (SkX1 and SkX2), the higher-order reflections
appear much closer [see Fig. 3]. Furthermore, the intensity
for the higher-order reflections is significantly weaker, which

requires rigorous analysis to reliably extract the reflection
intensity from the experimental intensity maps. Consequently,
the scattering patterns are fitted in 2D to extract intensities,
positions and peak widths; the peak shape in 2D allows for
reliable fitting even when the peaks overlap.

Each peak will be approximated by a 2D Gaussian function
defined as

G(Q, I0, Q0, σQ, σ�)

= I0 exp

[
−

(
(Qx − Q0x )2

2σ 2
Q‖

+ (Qy − Q0y)2

2σ 2
Q⊥

)]
, (1)

with the amplitude I0, the center position Q = (Qx0, Qy0), the
peak widths σQ‖ along the radial (Q), and σQ⊥ perpendicular
to Q (i.e., along the azimuthal direction). Due to the curvature
of the Ewald sphere, the intensities of peaks at opposite Q are
not necessarily identical, which is why the intensity of each
peak is fitted independently. Regarding the position for each
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FIG. 3. (a) The 2D intensity map measured in the coexisting SkX1 and SkX2 phases stabilized at T = 56.75 K and μ0H = 17.4 mT using
the ZFC protocol. The intensity is shown on a logarithmic scale. (b) Reconstruction of the fit results based on the model consisting of two sets
of sixfold peaks, each of which is defined by Eq. (4). (c) The pseudopowder spectrum calculated from the 2D scattering data (red line) as well
as that obtained from the 2D fit result with background function (dark blue line) and without the background (light blue line). The low-Q gray
region where contamination due to the direct beam was found was excluded in the fitting.
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peak set (SkX1 or SkX2) independently, a sixfold symmetry is
assumed, whereas the positions of the higher-order peaks were
fixed to those calculated from the first-order-peak positions.
[See Eq. (4) for the assumed peak positions.]

Aside from the peaks, a significant diffuse scattering is
present, which is strongest at Q(100), invariant under the az-
imuthal angle [24] and falls off exponentially to higher Q.
This will be modeled using a 1D Gaussian modified with an
exponential function,

BG(Q, I0, μ, σ, λ) = I0
λ

2
exp

[
λ

2
(2μ + λσ 2 − 2Q)

]

× erfc

(
μ + λσ 2 − Q√

2σ

)
, (2)

with the amplitude I0, mean μ, standard deviation σ , expo-
nential rate λ, and the complementary error function,

erfc(x) = 2√
π

∫ ∞

x
e−t2

dt . (3)

The background at high Q is weak and fluctuating. Thus,
only the peaks are fitted in 2D; from the model and the data,
a pseudopowder pattern is, subsequently, calculated, and the
background is fitted to the difference in 1D. This process is
repeated until convergence is achieved. Assuming SkX2 is sta-
bilized exclusively, e.g., for the FC protocol, the equation for
the full model is as follows:

I2D(Q) =
6∑

n=1

G(Q, I(100),n, Q0,n, σQ‖, σQ⊥)

+
6∑

n=1

G(Q, I(110),n, Q0,n + Q0,n+1, σQ‖, σQ⊥)

+
6∑

i=n

G(Q, I(200),n, 2Q0,n, σQ‖, σQ⊥)

+ BG(Q, I0, μ, σ, λ) (4)

with Q0,n = q[cos(nπ/3 + �0), sin(nπ/3 + �0), 0] where
�0 describes the rotation of the lattice and q is the length
of the magnetic modulation vector. For SkX1 or both lattices
superimposed, the corresponding 2D Gaussians are added.
Aside from the position in Q, the fit parameters for SkX1
and SkX2 are completely independent. In general, this pro-
cedure results in a reasonable comparison even for the weak
peaks—(1 1 0) and (2 0 0)—and when SkX1 and SkX2 are
superimposed, in 2D and in the pseudopowder (see Figs. S2–
S11 in the Supplemental Material [32]). For consistency, the
same procedure is used for all data sets. When only the first-
order peaks are of interest, the higher-order peaks are omitted
from the model.

B. First-order peak structure along the out-of-scattering-plane
direction

In contrast to the sharp feature of the first-order Bragg
peaks in the 2D scattering plane, these peaks exhibit elongated
and structured peak profiles in the rocking scans along the out-
of-scattering-plane (θ ) directions; indeed, the first-order peaks
(and higher-order peaks) show two broad peaks as a function

of θ as will be described later. To model this peak profile along
the θ direction, we used the following resolution-convoluted
two 1D Gaussians with a constant background:

In(θ ) = R(θ ) ∗
2∑

i=1

[G(θ ; θ0,i + δn, I0,i, σi )] + const. (5)

The fitting was performed only for the two horizontal peaks
p2 and p5 in Fig. 2(c) or n ∈ {2, 5}. The position θ0,i,
amplitude I0,i, and standard deviation σi are the same for
both peaks. The resolution function R(θ ) is obtained from
the out-of-plane scans for the helical peaks. Here, the 1D
Gaussian function G(θ ; θ0, I0, σ ) = I0/(

√
2πσ )exp[−(θ −

θ0)2/2σ 2] is used, and δn is the θ shift for the nth peak,
measured from the peak θ position for the n = 2 peak, i.e.,
δ2 = 0.

C. Calculating double-scattering

Double-scattering stems from two elastic-scattering pro-
cesses (first: Q1 = kf,1 − ki,1 and second: Q2 = kf,2 − ki,2

with incident ki,m and scattered kf,m wave vectors) with
their scattering vectors pointing to the same or neighbor-
ing first-order peaks (relevant double-scattering). Whereas
the probability for the first scattering process with Q1 per-
formed at sample rotation θ1 is proportional to the measured
first-order reflection intensity, the probability for the second
process should be different as the incident ki,2 of the sec-
ond process is not parallel to ki,1 of the first process; ki,2 =
ki,1 + Q1. Nonetheless, the reflection Q2 for the second pro-
cess is readily known from geometrical constraints for each
double-scattering process. Hence, by assuming that all the
first-order reflections have the same peak profiles along the
θ direction, by taking account of the change in the incident
neutron direction between the first and the second processes,
we may estimate the scattering probability for the second
process, and accordingly, the total scattering probability, from
the first-order probability.

In practice, the measured profile function In(θ ) for the
first-order peak is converted to I (Qz ), a function of Qz, and
used as a scattering probability for the first-order process. The
second process probability is assumed to be In′ (Q′

z ), where Q′
z

is the position where the new Ewald sphere intersects the θ

scan locus of the corresponding reciprocal-lattice vector (i.e.,
n′ corresponds to the number index of the first-order reflection
appearing at Q2). The double-scattering probability may be
obtained by the product of In(Qz )In′ (Q′

z ), where n and n′ are
the reflections which fulfill the double-scattering condition for
a specific higher-order position.

IV. EXPERIMENTAL RESULTS

A. Appearance of the higher-order reflections

To investigate supposedly weak intensity at the higher-
order-reflection positions, we obtained SANS patterns at
representative H and T points with a very long exposure time,
typically 1 h or more. The data shown in this paper were orig-
inally obtained for the time-relaxation measurement reported
in Ref. [24]. Except for the first few minutes where a strong
relaxation effect was observed, the SANS patterns are time
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independent, and, thus, are integrated to obtain sufficiently
high statistics. Figure 2(a) shows the 2D SANS scattering
intensity map on a logarithmic scale measured at T = 56.75 K
and μ0H = 17.4 mT using the FC protocol. Clear forma-
tion of the SkX2 phase is observed from the appearance of
the first-order sixfold reflections. In addition, we can recog-
nize finite scattering intensity at both the (1 1 0)- and the
(2 0 0)-type higher-order positions. The 2D Gaussian fitting
was performed for this scattering pattern, and the fitting result
is shown in Fig. 2(b). The characteristic features of the SANS
pattern, such as peak intensity, position, and shape, are well
reproduced by the Gaussian fitting. Shown in Fig. 2(c) is the
azimuthally integrated (pseudopowder) diffraction patterns
obtained from the experimental data (solid red line), and cor-
responding one obtained from the 2D Gaussian fitting result. It
can be seen that 2D Gaussian fitting quantitatively reproduces
the experimental observation, indicating the reliability of the
parameters obtained in the fitting.

It is known that coexistence of two different types of
skyrmion-lattice phases is realized under the ZFC condi-
tion [24]. Shown in Fig. 3 is the SANS pattern measured at
T = 56.75 K and μ0H = 17.4 mT with the ZFC protocol.
Clearly, there appear 12 first-order reflections, indicating that
the other SkX1 phase coexists with the SkX2 phase observed
in the FC condition. The 2D Gaussian fitting was similarly
performed, and a successful result was obtained as shown in
Fig. 3(b). It can be clearly seen that the higher-order peaks
of the indices (1 1 0) and (2 0 0) for the SkX2 phase as well
as those with index (1 1 0) for the SkX1 phase are found in
the ZFC SANS pattern. It should be noted that there is no
scattering intensity at the position (1 0 0)SkX1 + (1 0 0)SkX2,
i.e., a combination of magnetic modulations from the two dif-
ferent phases. Since the double-scattering should be equally
possible for this case, the absence of the scattering intensity
at (1 0 0)SkX1 + (1 0 0)SkX2 unambiguously indicates that the
parasitic double-scattering is quite weak, compared to the
intrinsic higher-order contribution in Cu2OSeO3.

B. Temperature and magnetic-field dependences
of the higher-order intensity

Intrinsically, the first-order and higher-order components
of the skyrmion lattice should show different dependences on
the temperature and magnetic field [26]. On the other hand,
if the first-order intensity well localizes in the Q space, then
the double-scattering intensity should be proportional to the
square of the first-order intensity. Therefore, by comparing
the H and T dependences of the first-order and higher-order
peaks, one may distinguish the origin of the scattering at the
higher-order positions. However, in reality, there is a possibil-
ity that peak profiles for the out-of-plane (θ ) direction depend
on T and H . This may result in different T and H dependences
for the first-order and double-scattering intensities. Below,
we first confirm that, in the present experimental situation,
the double-scattering probability closely resembles that of the
first-order scattering, even after taking care of the T and H
dependences of the peak profile. Then, we will show experi-
mentally that the scattering intensities at the (1 0 0), (1 1 0),
and (2 0 0) positions all show distinct T and H dependences.

 0

 2

 4

 6

 8

 10

 0  1  2  3  4  5  6  7  8

(a) (b)

T=56.25K

�0H=17.45mT

In
te

ns
ity

 (
ct

s.
)

� (°)
 0  1  2  3  4  5  6  7  8

T=57.126K

�0H=21.40mT

� (°)

FIG. 4. The sample θ -rotation scans for the two first-order peaks,
p2 (blue) and p5 (red). Scans were performed (a) at T = 56.25 K and
μ0H = 17.45 mT, and (b) at T = 57.126 K and μ0H = 21.4 mT. Fit
results to Eq. (5) are shown by the solid lines. Clearly, two peaks
were observed in the out-of-scattering-plane (θ ) direction.

The out-of-plane profile for the first-order reflections was
measured by performing the sample θ -rotation scans with a
short exposure (15 s); this provides sufficient statistics for
the 2D fitting procedure when only the first-order peaks are
considered. The scans were performed within the skyrmion
phase at several temperatures under μ0H = 17.5 mT, and
four different fields at T = 57.125 K, using the FC protocol
stabilizing SkX2 exclusively. Each scattering map was well
fitted by the 2D Gaussian model, and intensity obtained for the
p2 and p5 peaks is plotted in terms of the angle θ in Figs. 4(a)
and 4(b). The two broad peaks are clearly seen in the figure,
indicating the existence of two skyrmion lattices, which are

FIG. 5. Results for the calculation of the double-scattering prob-
abilities based on the first-order peak intensities measured in rocking
scans. For all rocking scans the FC protocol was used; thus, all
intensities stem from the SkX2 skyrmion lattice. The temperature de-
pendence (two runs, r1 and r2, have been performed) was measured
at (a)–(c) μ0H = 17.45 mT and the magnetic-field dependence at
(d)–(f) T = 57.125 K. Here, the intensity of the six corresponding
peaks is summed. The calculated double-scattering (b) and (e) fol-
lows directly the intensity of the first-order peaks (a) and (d). The
same applies to the relation between double-scattering and first-order
intensity (c) and (f).
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I(100) and the peaks at higher-order positions Iho. For the tempera-
ture dependence at (a)–(c) μ0H = 17.45 mT the FC protocol was
used and the ZFC protocol for the magnetic-field dependence at
(d)–(f) T = 56.75 K. In the latter case in addition to SkX2 also the
SkX1 skyrmion lattice was stabilized. A strong dependence is visible
for the higher-order peaks on both temperature (b) and magnetic
field (e) apparently different for (1 1 0) and (2 0 0). With increasing
temperature the (2 0 0) peaks decrease more quickly close to the
phase-transition temperature compared to (1 1 0). Normalizing by
the first-order intensity, Iho/I(100) shows a deviation from the depen-
dence of the first-order peaks.

slightly tilted with respect to each other: SkX2′ (at low θ ,
i = 1) and SkX2′′ (at high θ , i = 2). We find that the two
broad peaks exhibit an intriguing temperature and magnetic
field dependence, which will be explained in Appendix A.

From the obtained out-of-plane peak profile, we esti-
mate the temperature and field dependence of the double-
scattering intensity (probability) using the method described
in Sec. III C. In Fig. 5 the temperature (left column) and
magnetic field (right column) dependence of the calculated
double-scattering intensity Ids is displayed. It can be seen
that the double-scattering expected at the (110) and (200)
positions [Figs. 5(b) and 5(e)] closely follows the intensity of
the first-order peaks I(100). Even the ratio Ids/I(100) [Figs. 5(c)
and 5(f)] shows a very similar dependence indicating that
both scattering processes in the configuration here are nearly
identical. This is not unexpected as the propagation vector q
is very small compared to the incident wave-vector ki,1.

To compare, the 2D SANS patterns were measured with
a longer exposure (1800 s) at a fixed sample θ -rotation an-
gle. The temperatures and fields were selected so that they
correspond to those used for the θ scans of the first-order
peak. For the temperature dependence at μ0H = 17.45 mT,
the skyrmion lattice was stabilized using the FC protocol,
whereas for the magnetic-field dependence at T = 56.75 K
the ZFC protocol was used. The 2D fitting procedure (de-
scribed in Sec. III A) was applied for the obtained intensity
maps, and the T and H dependences of the first-order inten-
sity I100 as well as those at the higher-order positions I110

and I200 were obtained. Shown in Figs. 6(a) and 6(d) is the
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FIG. 7. Sample θ -rotation scans around (a) the first-order (1 0 0)
and (b) the higher-order (2 0 0) positions. The SkX2 phase was
stabilized at T = 57 K and μ0H = 17.35 mT using the FC protocol.
Intensity of the horizontal peak p2 was obtained by fitting the 2D
intensity map to Eq. (4) and is plotted in the figure. Lines are guides
for the eye.

resulting temperature and field dependence of the first-order
peaks for the SkX2 and SkX1 phases, respectively, whereas
those shown in Figs. 6(b) and 6(e) are the results for the
higher-order reflections. For the magnetic-field dependence
shown in Fig. 6(e), whereas the (1 1 0) intensity from both
the SkX1 and the SkX2 phases increases monotonically with
increasing field, the (2 0 0) intensity shows an initial increase
and then weakly decreasing behavior. This nontrivial field
dependence becomes clear when the ratio I110/I100 or I200/I100

is plotted as in Fig. 6(f); all (1 0 0), (1 1 0), and (2 0 0) show
different field dependences. The scattering intensity for the
first- and higher-order peaks shows relatively similar temper-
ature dependence [Fig. 6(b)], however, the ratios I110/I100 and
I200/I100 show weaker and flatter temperature dependences,
indicating that the difference may also exist for the temper-
ature dependence. Such distinct H and T dependences for
the first- and higher-order scattering intensity was found for
all three protocols (see Fig. 6(f), as well as Figs. S1(c) and
S1(f) in the Supplemental Material [32]). As noted earlier
in this subsection, the temperature and field dependences for
the double-scattering intensity should be closely related to
those of the first-order reflections (see Fig. 5). Therefore, the
significantly distinct field dependence between the observed
first-order and the higher-order intensity also supports the
intrinsic origin of the higher-order contribution.

C. Out-of-plane profile

The peak profile in the out-of-scattering-plane direc-
tion, obtained by the sample θ -rotation scans, may provide
additional support to distinguish the intrinsic higher-order
contribution from the parasitic double-scattering. Specifically,
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FIG. 8. (a) Temperature and magnetic-field dependence of the
topological number �(T/J, hz ). The topological number is estimated
from the thermally averaged spin configuration at each temperature
during the simulated annealing under a fixed external magnetic field.
For each magnetic field, the simulated annealing was performed from
the paramagnetic temperature T/J = 3. (b) Magnetic-field depen-
dence of the topological number at T/J = 0.01.

for (2 0 0) due to the curvature of the Ewald sphere, the
double-scattering originates from a combination of two scat-
tering processes with the first-order Q vectors of (100) ±
(00δ) [Fig. 1(a)]. Hence, the double reflection may appear
at the identical θ as the first-order reflection, however, its
peak width should be broadened by 2(2θ ) ∼ 0.9◦, as the
double-scattering probability is a convolution of two single-
scattering-probability functions shifted by 2δ. In contrast, the
intrinsic higher-order component should appear with almost
the same width as that of the first-order reflection.

The θ scans were performed at a single selected H-T
point with long exposure time (at least, 900 s at each θ

angle) in order to attain decent statistics at the higher-order
positions. Scattering intensity at the first-order (1 0 0) and
higher-order (2 0 0) positions (p2) was obtained using the
2D Gaussian fitting at each θ angle. Figure 7 shows the
resulting θ dependence of the reflection intensity. Again, a
two-broad-peak feature is confirmed in the high-statistics data
for the first-order peaks shown in Fig. 7(a). By comparing
the peak position and profile of the first-order (1 0 0) and
higher-order (2 0 0), one finds that peak profiles are mostly
the same, indicating that the peak broadening expected for
the double-scattering does not occur. In addition, the peak
position shift is approximately 0.5◦, which is in accordance
with the expected shift given by the angle between ki,1 and
ki,2, which is 2θ � 0.45◦ for the first-order (1 0 0) peak. This

FIG. 9. (a) Thermally averaged spin configuration obtained in
the MC simulation at T/J = 0.01 and hz = 0.13. The color indicates
the z component of the spin. (b) Scattering intensity map calculated
from the thermally averaged spin configuration. Qx and Qy are scaled
so that the first magnetic reflections coincide with the experimentally
observed positions.

also supports that the intensity appearing at the higher-order
positions are intrinsic, not arising from the parasitic double-
scattering.

V. MONTE CARLO SIMULATIONS

To obtain additional support for the intrinsic origin of
the observed higher-order reflections, and to gain an insight
into the deformation of the skyrmion texture related to the
higher-order modulations, we have performed classical MC
simulations under a sweeping magnetic field. For this purpose,
a 2D square-lattice model with nearest-neighbor ferromag-
netic J and antisymmetric DM interactions D under external
magnetic-field Hz was used in the MC simulation. The ratio
D/J = d is fixed to tan(2π/13.75) � 0.4917, which corre-
sponds to the skyrmion lattice constant aSkX � 16, or to 64
skyrmions in the system. Details of the MC simulation are
given in Appendix B.
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FIG. 10. Magnetic-field hz dependence of the higher-order re-
flection intensity for the 110 and 200 reflections. The magnetic-field
range corresponds to the region where the experimental observation
of the higher-order reflection was performed [Fig. 6(f)]. Details of
the result and estimation of the magnetic-field range are given in the
main text and Appendix B.

First, we performed simulated annealing runs from
the paramagnetic T/J = 3 under several fixed external
magnetic fields, to estimate the field range where the
skyrmion-lattice phase is stabilized at low temperatures.
Figure 8(a) shows the topological number � evaluated
from the thermally averaged spin configurations at each
temperature obtained during the simulated annealing. The
magnetic-field dependence of the topological number at
T/J = 0.01 is shown in Fig. 8(b). Finite topological numbers
were observed at low temperatures in the magnetic-field range
of approximately 0.07 < hz(≡ Hz/J ) < 0.16, clearly indicat-
ing the formation of the skyrmion phase in this field range.

A representative spin configuration at T/J = 0.01 and
hz = 0.13 is shown in Fig. 9(a) where a triangular-lattice
structure of the magnetic skyrmions can be clearly con-
firmed. Scattering intensity is then calculated using I (Q) =
|〈S⊥(Q)〉|2, where 〈S⊥(Q)〉 = 〈S(Q)〉 − [Q̂ · 〈S(Q)〉]Q̂ and
〈S(Q)〉 = ∑

R〈SR〉 exp(−iQ · R). The resulting scattering
pattern is shown in Fig. 9(b). Note that the intensity is shown
on a logarithmic scale. In addition to the sixfold first-order
peaks, weak but clear higher-order reflections can be seen in
the figure.

Once the stabilization has been reached at T/J = 0.01
(as above), the magnetic field is either slowly increased or
decreased in the MC simulation to destabilize the skyrmion-
lattice phase whereas monitoring the higher-order-reflection
intensity. The magnetic-field dependence for the representa-
tive reflections 110 and 200 in the field range corresponding
to the experimentally observed region [Fig. 6(f)] is plotted
in Fig. 10. It can be clearly seen that I(110)/I(100) increases
in the field range of 0.07 < hz < 0.16, whereas I(200)/I(100)

decreases. The field dependence of I(110)/I(100) is consis-
tent with the mean-field-theory result shown in Fig. 4(d) of
Ref. [26]. The contrasting behavior for the two higher-order
reflections is qualitatively consistent with the experimen-
tal observation shown in Fig. 6(f). One small discrepancy
may be found at the lower field edge (hz = 0.07 or μ0H =
13.5 mT ) where the intensity decreases for both the reflec-
tions in the experiment, whereas the I(200)/I(100) has still a

large value in the MC simulation. We think that this is likely
due to the proximity to the phase boundary as discussed in
Appendix B. Here, we suggest that the overall qualitative
correspondence of the field dependence between the exper-
iment and the MC simulation further supports the intrinsic
origin of the higher-order reflections observed in our SANS
experiment.

VI. DISCUSSION

In the present paper, we found that in Cu2OSeO3 the
parasitic double-scattering is rather weak, and the dominant
contribution stems from the intrinsic higher-order modula-
tion of the skyrmion lattice structure. When considering the
intensity observed at the higher-order-peak positions, both
higher-order-peak sets show a mostly constant ratio Iho/I(100)

under temperature variation, indicating that the structure of
the skyrmion lattice remains mostly the same at all tem-
peratures. The slight decrease close to the boundaries hints
at a more regular structure. In contrast, the magnetic-field
dependence of the higher-order scattering differs for (1 1 0)
and (2 0 0). Whereas the ratio I(200)/I(100) decreases at low
and high magnetic fields, I(110)/I(100) increases at higher fields.
Overall, our observations show that the skyrmions are not cir-
cular but always weakly distorted within the entire skyrmion
phase region, and that the external magnetic field further in-
fluences the distortion. The actual distortion is likely due to
a combination of the magnetocrystalline anisotropy and the
external magnetic field. Details of the distortion are discussed
in Appendix B.

It should be noted that the magnetic-field dependence of
the intrinsic (1 1 0) contribution has been investigated in an
earlier MnSi study [26], indicating monotonically increasing
behavior as the magnetic field is increased. This is indeed
qualitatively the same as the present observation. It was
pointed out that the intrinsic (1 1 0) contribution is strongly
suppressed at the lower field boundary (Bint � 170 mT) in
MnSi, which is a key property ensuring the topological na-
ture of the skyrmion-lattice structure. Also in the presently
studied Cu2OSeO3, we found that the (1 1 0) intensity shows
its minimum in the vicinity of the lower-μ0H phase boundary
(Fig. 6), confirming the topological nature of its skyrmion-
lattice phases. On the other hand, the (2 0 0) intensity shows
its minimum at the higher-μ0H boundary. The MC simulation
using the simple Hamiltonian Eq. (B1) qualitatively repro-
duces the observed H dependence for both (1 1 0) and (2 0 0)
intensities (Fig. 10 or 13), suggesting that the higher-order
modulations have a thermodynamic origin, reflecting a dif-
ferent Q dependence of free-energy surface at the (1 1 0) and
(2 0 0) position and not related to the single-ion anisotropy
effect, which is the more typical origin of “squaring-up” dis-
tortion [33,34]. It is indeed shown in Appendix B that the
distortion of the skyrmions by the external magnetic field is
driven by the formation of new swirlings with the superlattices
characterized by the higher-order modulations (1 1 0) and
(2 0 0) (see Fig. 14).

It may be noteworthy that in the earlier work on MnSi,
a significant amount of double-scattering contribution was
observed. Since the SANS experiment setting (such as wave-
length and resolution) is similar in the earlier MnSi and
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FIG. 11. (a) Result of the sample θ -rotation scan for the helical peaks, used in the fitting of skyrmion peaks as an instrumental resolution
function for the θ direction. (b)–(l) Results of the sample θ -rotation scans for the first-order peaks on the horizontal axis [p2 (blue) and p5
(red)]. The skyrmion lattice at each temperature/magnetic field is stabilized using the FC protocol. The observed intensity (points) is compared
with the fit (line) using Eq. (5). The temperature dependence is displayed in (b)–(h) and the magnetic-field dependence in (i)–(l).

present Cu2OSeO3 experiment, and the |Q| of the first-order
reflection is much smaller than that in the MnSi experiment,
the double-scattering contribution should, in principle, appear
more prominently in the present experiment. Nonetheless, our
experiment showed that the double-scattering component is
relatively weak compared to the intrinsic higher-order mod-
ulation. This may be because the higher-order modulation is
more significant in the present T and H ranges in Cu2OSeO3.
Indeed, the higher-order intensity is roughly 2 × 10−3 of the
first-order peak as inferred in Fig. 6(c) or 6(f), which is
larger than the higher-order contribution in MnSi [26]. An-
other possibility is the suppression of the double reflection
due to the accidental misorientation of the sample. Although
the sixfold first-order peaks are simultaneously observed
in the present setup, we know that the sample [1̄10] axis
is tilted from the vertical axis by approximately 5◦. Hence,
the double-scattering condition for (1 1 0) is far from opti-
mal, and, consequently, the double-scattering intensity may
be suppressed in comparison to what is achievable with the
Renninger scans.

VII. CONCLUSION

SANS measurements were performed in Cu2OSeO3 to elu-
cidate the origin of the higher-order scattering. We found that
significant higher-order scattering appears in the SANS pat-
terns for both SkX1 and SkX2 phases stabilized under certain
H-T history. Notably, however, the higher-order intensity at
the Q position combining modulations from the two phases,
such as Q = QSkX1 + QSkX2, does not appear. This absence

clearly indicates that the parasitic double-scattering is much
weaker than the intrinsic higher-order modulations. The tem-
perature and magnetic-field dependence of the higher-order
intensity, as well as its peak profile along the out-of-
scattering-plane direction, supports the weaker contribution
of the parasitic double-scattering. It is further found that
the two higher-order modulations, (1 1 0) and (2 0 0), show
contrasting magnetic-field dependence; the former increases
as H is increased, whereas the latter decreases. This clearly
indicates that, in Cu2OSeO3, skyrmions are weakly distorted,
and the distortion is field dependent in a way that the dom-
inant higher-order modulation switches from (1 1 0) in the
low-field region to (2 0 0) in the high-field region. The MC
simulation using the simple two-dimensional square lattice
with nearest-neighbor ferromagnetic and Dzyaloshinskii-
Moriya interactions qualitatively reproduces the observed
field dependence of the higher-order modulations. The MC
simulation further suggests that the higher-order modula-
tions correspond to the superlattices of weak swirlings
appearing in the middle of the original triangular-latticed
skyrmions.
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APPENDIX A: INTENSITY VARIATION IN SAMPLE
θ-ROTATION SCANS

Results of the sample θ -rotation scans for the first-order
(1 0 0) peak are shown in Fig. 11. The measurements were
performed at various temperatures and magnetic fields. It can
be clearly seen that relative intensity and position of the two
peaks depend on magnetic field and temperature. On the other
hand, the overall shift between the curves for the p2 and p5
reflections is always δ5, independent of temperature and mag-
netic field, being consistent with the geometrical condition for
the Bragg reflection taking account of the curvature of the
Ewald sphere. Applying the model described in Sec. III B, we
obtained a reasonable approximate analytic profile function at
all temperatures and magnetic fields (see solid lines in Figs. 4
and 11). The optimal fitting parameters, peak intensity, and
position, are shown in the Fig. 12. It may be noteworthy that
the positions θ0 of the two Gaussians in the intensity variations
show an antagonistic temperature dependence, whereas with
the magnetic field they change seemingly in accordance. In
addition, the dependence of the intensity on temperature and
magnetic field differs for the two Gaussians. At low temper-

atures SkX2′ dominates whereas at high temperatures and
higher fields SkX2′′ increases. We will not go into detailed
analysis, but just note here that an intricate mechanism related
to the sample shape may be necessary to understand this
behavior.

APPENDIX B: DETAILS OF MONTE CARLO
SIMULATIONS

The classical MC simulation was performed using the
standard Metropolis algorithm combined with the simulated
annealing method. The success rate of the spin flip at each
temperature is fixed to 50% [35] using the Gaussian move
algorithm to enhance the efficiency for the thermal stabi-
lization [36,37]. The system size was chosen as (Nx, Ny ) =
(127, 110); this particular rectangular shape was chosen to
reduce the dislocations introduced by the mismatch between
the periodic boundary condition for the triangular lattice and
the system dimension [38].

In the MC simulation, we used the following well-
established spin Hamiltonian consisting of the nearest-
neighbor ferromagnetic and antisymmetric DM interactions
on the 2D square lattice [39],

H/J = −
∑

R

SR · (SR+x̂ + SR+ŷ)

− d
∑

R

[(SR × SR+x̂ ) · x̂ + (SR × SR+ŷ) · ŷ]

− hz

∑
R

Sz
R, (B1)

where d = D/J and hz = Hz/J are the dimensionless DM-
interaction and external-field (along z) parameters, respec-
tively. We used d = tan(2π/13.75) � 0.4917, which corre-
sponds to the skyrmion lattice constant aSkX � 16.

For the phase diagram study shown in Fig. 8(a), at each
fixed magnetic field, the simulated annealing was started
from sufficiently high-temperature T/J = 3, down to the base
temperature T/J = 0.0001. The temperature was decreased
linearly in 200 temperature steps for 3 > T/J � 1.0, 1400

FIG. 13. Magnetic-field hz dependence of the higher-order re-
flection intensity for the (1 1 0) and (2 0 0) reflections in the wide
field range 0 < hz < 0.3. Details of the result and estimation of the
magnetic field range are given in the main text and Appendix B.
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FIG. 14. (a) Magnified plot of skyrmion lattice formed at T/J = 10−8 and hz = 0.124. (b) and (c) Spin configuration corresponding to the
higher-order modulations obtained by inverse Fourier transform of S(Q) with removing the first-order reflections (|Q| < 0.0166 Å−1). (b) Spin
configuration at hz = 0.067 was used, where the dominant higher-order modulation is (2 0 0). In addition to the original skyrmion centers,
other swirling appears at the center of the triangular bonds. (c) Spin configuration at hz = 0.124 was used, where the dominant higher-order
modulation is (1 1 0). In addition to the original skyrmion centers, other swirling appears at the center of the triangular unit cell.

steps for 1 > T/J � 0.01, 100 steps for 0.01 > T/J � 0.001,
and 100 steps for 0.001 > T/J � 0.0001. At each tempera-
ture we waited 7000 Monte Carlo steps (MCS) for thermal
equilibration. In the simulated annealing runs, the thermally
averaged spin configurations are evaluated using the con-
figurations in the last 3500 MCS at each temperature. The
topological number �(T/J, hz ) shown in Fig. 8(b) is esti-
mated from the thermally averaged configurations using the
following equation:

�(T/J, hz ) = 1

4π

∑
R

〈SR〉
|〈SR〉| ·

[( 〈SR+x̂〉
|〈SR+x̂〉| − 〈SR〉

|〈SR〉|
)

×
( 〈SR+ŷ〉

|〈SR+ŷ〉| − 〈SR〉
|〈SR〉|

)]
. (B2)

It should be noted that since the system is two dimensional,
well-defined ordering does not exist at finite temperature.
Nonetheless, clear formation of the skyrmion phase is seen
in Fig. 8, indicating that the skyrmion phase has sufficiently
slow dynamics at low temperatures.

In the MC simulation, the skyrmion-lattice phase was
observed in the magnetic-field range of 0.07 < hz < 0.16
(Fig. 8). Assuming that the range where the skyrmion-lattice
phase is found in MC corresponds to the experimentally ob-
served range (15 � μ0H � 28 mT [24]), we estimate that the
field range of the present higher-order experiment [13.5 <

μ0H < 19.5 mT, see Fig. 6(f)] roughly corresponds to 0.07 <

hz < 0.1. This is the range where the MC result is shown in
Fig. 10.

The field sweep simulation was performed in two steps.
First, we performed the MC simulated annealing from the
paramagnetic temperature to T/J = 0.01 under hz = 0.13.
After confirming the formation of the skyrmion lattice, we
swept the magnetic field either to hz = 0 with 130 field steps
or to hz = 0.3 with 170 steps. At each field, we waited 7000
MCS for equilibration. The ratio of the two higher-order in-
tensities I(110) and I(200) to the first-order intensity I(100) is
shown in Fig. 13 in a wide field range 0 < hz < 0.3. We
note that sweep rate does not significantly modify the results;
we checked the sweep rate dependence by performing the

field sweep with a doubling of field steps with the same
waiting MCS at each field (260 steps for hz → 0, whereas
340 steps for hz → 0.3), however, no significant difference
between the two results was observed. (Compare the thicker
and thinner lines in Fig. 13.) On the other hand, the higher-
order reflections, as well as main skyrmion-lattice reflections,
survive even outside the skyrmion-formation range of 0.07 <

hz < 0.16. This reflects the fact that the skyrmion-lattice
phase is indeed quite robust to its destruction to the triv-
ial helical or ferromagnetic phase. It may be further noted
that the lowest magnetic field in Fig. 10 (hz = 0.07 cor-
responding to the experimental μ0H = 13.5 mT) is indeed
slightly outside the skyrmion-formation range. Therefore,
although the MC-obtained I(200)/I(100) increases as hz de-
creases to 0.07 as shown in Fig. 10 or 13, we think the
instability of the skyrmion-lattice phase itself would result
in the decrease of the higher-order reflection intensity in
reality.

Distortion of skyrmions under the magnetic field is further
checked by performing the inverse Fourier transform. As a
reference, Fig. 14(a) shows the averaged spin configuration
obtained at the base temperature T/J = 10−8 obtained under
hz = 0.124. To increase visibility, only a small area (20 × 20)
is depicted. The triangular lattice of skyrmions in this fig-
ure corresponds to the first-order reflections in the SANS
patterns. This real-space spin arrangement was first Fourier
transformed to obtain 〈S(Q)〉, and then the 〈S(Q)〉 with |Q| �
0.0166 Å−1 is inverse Fourier transformed again into real
space. This way, the contribution of the first-order modulation
(appearing at |Q| � 0.01 Å−1) is removed, and, consequently,
the spin modulation originating only from the higher-order
modulation may be depicted. Figures 14(b) and 14(c) show,
thus, obtained real-space spin configurations for hz = 0.067
and hz = 0.124. In the former case, the dominant higher-order
modulation is (2 0 0), whereas (1 1 0) is dominant for the
latter. It can be clearly seen that in addition to the swirlings
appearing at the original triangular-lattice vertices, those at the
bond centers (former) or at the unit-cell centers (latter) appear.
It may be noteworthy that the helicity [40] of the higher-order
swirlings are opposite; those for the (1 1 0) have the same
helicity to the first-order skyrmions, whereas opposite helicity
is seen for (2 0 0).
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Nagy, Z. Q. Im, I. Živković, M. Bartkowiak, H. M. Rønnow,
S. Hoshino, J. Iwasaki, N. Nagaosa, A. Kikkawa, Y. Taguchi,
Y. Tokura, D. Higashi, J. D. Reim, Y. Nambu, and T. J. Sato,
Commun. Phys. 2, 79 (2019).

[22] S. Seki, X. Z. Yu, S. Ishiwata, and Y. Tokura, Science 336, 198
(2012).

[23] S. Seki, S. Ishiwata, and Y. Tokura, Phys. Rev. B 86, 060403(R)
(2012).

[24] K. Makino, J. D. Reim, D. Higashi, D. Okuyama, T. J. Sato, Y.
Nambu, E. P. Gilbert, N. Booth, S. Seki, and Y. Tokura, Phys.
Rev. B 95, 134412 (2017).

[25] It may be noted that for FC (FW) the sample is cooled (heated)
from the paramagnetic (conical) phase under an applied mag-
netic field, whereas for ZFC, the sample is cooled from the
paramagnetic phase under the zero magnetic field, and, subse-
quently, a magnetic field is applied. See Ref. [24] for details of
the thermal-magnetic-field history.

[26] T. Adams, S. Mühlbauer, C. Pfleiderer, F. Jonietz, A. Bauer, A.
Neubauer, R. Georgii, P. Böni, U. Keiderling, K. Everschor, M.
Garst, and A. Rosch, Phys. Rev. Lett. 107, 217206 (2011).

[27] M. Renninger, Z. Phys. 106, 141 (1937).
[28] R. M. Moon and C. G. Shull, Acta Crystallogr. 17, 805 (1964).
[29] A. Okorokov, S. Grigoriev, Y. O. Chetverikov, S. Maleyev, R.

Georgii, P. Böni, D. Lamago, H. Eckerlebe, and K. Pranzas,
Physica B 356, 259 (2005).

[30] K. H. Miller, X. S. Xu., H. Berger, E. S. Knowles, D. J. Arenas,
M. W. Meisel, and D. B. Tanner, Phys. Rev. B 82, 144107
(2010).

[31] K. Wood, J. P. Mata, C. J. Garvey, C.-M. Wu, W. A. Hamilton,
P. Abbeywick, D. Bartlett, F. Bartsch, P. Baxter, N. Booth, W.
Brown, J. Christoforidis, D. Clowes, T. d’Adam, F. Darmann,
M. Deura, S. Harrison, N. Hauser, G. Horton, D. Federici et al.,
J. Appl. Crystallogr. 51, 294 (2018).

[32] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevB.106.104406 for the detailed datasets for the
magnetic-field dependence of the higher-order intensity and
long exposure SANS patterns used for the higher-order scat-
tering estimation.

[33] Y. A. Izyumov, Sov. Phys. Usp. 27, 845 (1984).
[34] T. Sato, H. Kadowaki, H. Masuda, and K. Iio, J. Phys. Soc. Jpn.

63, 4583 (1994).
[35] M. Creutz, Phys. Rev. D 36, 515 (1987).
[36] R. F. L. Evans, W. J. Fan, P. Chureemart, T. A. Ostler, M. O. A.

Ellis, and R. W. Chantrell, J. Phys.: Condens. Matter 26, 103202
(2014).

[37] J. D. Alzate-Cardona, D. Sabogal-Suárez, R. F. L. Evans, and E.
Restrepo-Parra, J. Phys.: Condens. Matter 31, 095802 (2019).

[38] Y. Nishikawa, K. Hukushima, and W. Krauth, Phys. Rev. B 99,
064435 (2019).

[39] S. D. Yi, S. Onoda, N. Nagaosa, and J. H. Han, Phys. Rev. B 80,
054416 (2009).

[40] U. Güngördü, R. Nepal, O. A. Tretiakov, K. Belashchenko, and
A. A. Kovalev, Phys. Rev. B 93, 064428 (2016).

104406-12

https://doi.org/10.1038/nnano.2013.243
https://doi.org/10.1088/1361-6463/ab8418
https://doi.org/10.1038/natrevmats.2017.31
https://doi.org/10.1126/science.1166767
https://doi.org/10.1038/nmat2916
https://doi.org/10.1103/PhysRevB.81.041203
https://doi.org/10.1103/PhysRevB.85.220406
https://doi.org/10.1103/PhysRevLett.108.237204
https://doi.org/10.1038/ncomms8638
https://doi.org/10.1038/nmat4402
https://doi.org/10.1038/nmat4752
https://doi.org/10.1038/nnano.2013.210
https://doi.org/10.1126/science.aaa1442
https://doi.org/10.1038/nnano.2016.234
https://doi.org/10.1126/science.1195709
https://doi.org/10.1038/nphys2231
https://doi.org/10.1038/nphys3883
https://doi.org/10.1038/nphys4000
https://doi.org/10.1038/s41467-018-04563-4
https://doi.org/10.1038/s42005-019-0175-z
https://doi.org/10.1126/science.1214143
https://doi.org/10.1103/PhysRevB.86.060403
https://doi.org/10.1103/PhysRevB.95.134412
https://doi.org/10.1103/PhysRevLett.107.217206
https://doi.org/10.1007/BF01340315
https://doi.org/10.1107/S0365110X64002201
https://doi.org/10.1016/j.physb.2004.10.087
https://doi.org/10.1103/PhysRevB.82.144107
https://doi.org/10.1107/S1600576718002534
http://link.aps.org/supplemental/10.1103/PhysRevB.106.104406
https://doi.org/10.1070/PU1984v027n11ABEH004120
https://doi.org/10.1143/JPSJ.63.4583
https://doi.org/10.1103/PhysRevD.36.515
https://doi.org/10.1088/0953-8984/26/10/103202
https://doi.org/10.1088/1361-648X/aaf852
https://doi.org/10.1103/PhysRevB.99.064435
https://doi.org/10.1103/PhysRevB.80.054416
https://doi.org/10.1103/PhysRevB.93.064428

