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Nonlinear microwave response of clean superconducting films
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We develop an explicitly gauge-invariant semiclassical approach to investigate the nonlinear response of
superconductors to monochromatic terahertz radiation. We demonstrate that in clean superconductors charge
conservation forbids nonlinear response to a uniform field. We apply our approach to quasi-two-dimensional
films and obtain an explicit expression for the photoinduced current. We find that the photoinduced current
exhibits a strong dependence on polarization and the incidence angle of the radiation. Our predictions may be
directly verified in experiments with quasi-two-dimensional superconducting films.
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I. INTRODUCTION

Recently, the response of superconductors to an electro-
magnetic field received a surge of attention following the
advances in nonlinear terahertz (THz) spectroscopy [1]. Suf-
ficiently intensive and coherent THz radiation allows us to
explore the nonlinear response in a characteristic range of
frequencies of the order of the superconducting gap �0. Of
particular interest are frequencies near 2�0, where direct
quasiparticle excitation becomes possible.

Superconductors are known to host a number of collective
modes associated with variations of the complex supercon-
ducting order parameter � = |�|eiϕ (see [2]). The phase
degree of freedom ϕ is coupled to the electromagnetic field
and is responsible for the Meissner effect, as well as for the
phenomenon of dissipationless current. Associated with phase
is the superconducting plasma mode whose properties vary
significantly depending on the temperature and the effective
dimensionality of the sample. This mode has been extensively
studied [2–4] as it significantly affects the linear response
of superconductors. Another mode, usually referred to as the
Higgs mode or Schmid mode [5], is associated with variations
of the absolute value of the order parameter and has a charac-
teristic frequency ω = 2�0. Unlike phase variations, in BCS
superconductors this mode is decoupled from the electromag-
netic field in the linear order, which has long prevented its
direct observation.

In the last decade, the Higgs mode has received exten-
sive attention in the context of experiments [6,7] in which
excitation of this mode serves as a possible explanation of
the observed features of response at characteristic frequency
2�0. A significant number of theoretical works which use
different techniques have since been dedicated to the problem
of the nonlinear response of superconductors, especially to
the third harmonic generation [8–11]. However, these works
attribute the observed effects to different excitations: while
some claim the Higgs mode produces the largest contribu-
tion [9,10], others find the contribution of density fluctuations
to be dominant [8,11].

One of the challenges posed by the problem of nonlinear
response is the gauge invariance. Within the standard diagram-

matic approach, obtaining gauge-invariant response kernels
requires accuracy even in the first order [12]. In this paper, we
aim to formulate a physically transparent approach in which
gauge invariance manifests itself outright and is identically
satisfied in all orders of perturbation theory. We also apply
our approach to calculate photoinduced current in quasi-two-
dimensional superconducting films.

The structure of this paper is as follows. In the following
section we define the system under consideration. Then we
specify the general formalism used in our analysis and for-
mulate our approach. In the following sections we employ
our approach to analyze the nonlinear response of a quasi-
two-dimensional film to microwave radiation. Finally, in the
last section we discuss our findings and compare them to the
results of other authors.

II. SYSTEM UNDER CONSIDERATION

Below we will consider a system depicted in Fig. 1 – a
large superconducting film of constant thickness d exposed
to monochromatic radiation of frequency �. We will be in-
terested in frequencies of order �0, which usually lie in the
THz range. We assume that the effects of size quantization
may be neglected at the energy scale of �0, which usually
holds for samples with d of the order of several decades
of nanometers or larger. Effectively, this condition ensures
that the electron dynamics inside the film may be consid-
ered three-dimensional. On the other hand, the dynamics of
the electric current and order parameter may be considered
two-dimensional if d is smaller than the London penetration
depth λL and the coherence length ξ , which usually are about
100 nm to a few hundred nanometers. In this limit mag-
netic field can freely penetrate the film, and due to the large
wavelength of radiation at these frequencies, all perturbations
may be set constant along the transverse coordinate. However,
dependence on coordinates in the plane of the film is allowed.
The in-plane coordinate dependence of the electromagnetic
field is controlled by the incidence angle θ and is periodic
with the wave vector q = � cos θ/c. We will also assume our
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FIG. 1. Schematic depiction of the system under consideration.
A large quasi-two-dimensional superconducting film subject to a
monochromatic electromagnetic plane wave falling at an incidence
angle θ .

system remains in thermodynamic equilibrium at a tempera-
ture T below and not too close to the critical temperature Tc.

III. GENERAL FORMALISM

The dynamics of an interacting BCS superconductor is
described in terms of the complex superconducting order
parameter field � = (�0 + δ�)eiϕ and electromagnetic field
introduced via scalar and vector potentials V and A. In order
to highlight gauge invariance, we perform a standard unitary
transformation [13,14] which leaves the order parameter real
while incorporating its phase into electromagnetic potentials,
introducing gauge-invariant fields 
 = V + ϕ̇/2e and A =
A − c∇ϕ/2e.

For our problem, we chose to use the Keldysh tech-
nique [15]. Therefore, for every field X we introduce
components XF and XB living on the forward and backward
branches of the time contour, respectively. For convenience,
we also perform Keldysh rotation to classical and quantum
components Xcl,q = (XF ± XB)/2. In order to somewhat com-
pactify our notation, we also introduce matrices X̌ = τ0Xcl +
τ1Xq, where τ0 = (1 0

0 1) and τ1 = (0 1
1 0) act in Keldysh

space.
Within the Keldysh technique, the dynamics of a BCS

superconductor interacting with electromagnetic field is de-
scribed by means of an effective action [15]

iS = iSEM + iS� + tr ln Ǧ−1, (1)

where

SEM = 4
∫

dω

2π

d3k

(2π )3

{
[Acl (ω, k) − A0(ω, k)]

× ω2/c2 − k2

8π
Aq(−ω,−k) + [Vcl (ω, k) − V0(ω, k)]

× k2

8π
Vq (−ω,−k)

}
(2)

is the action of the free electromagnetic field both inside and
outside of the superconductor, with A0 and V0 describing the
applied (laser) field. We assume the vector potential satisfies
the Coulomb gauge condition ∇A = 0. The next part,

S� = −4

g

∫
dxdt �cl (x, t )�q(x, t ), (3)

is the Hubbard-Stratonovich term for the order parameter,
with g describing the strength of the attractive BCS interac-
tion. The last term, tr ln Ǧ−1, incorporates the contribution
of electrons. The inverse electron Green’s function operator
Ǧ−1 has a matrix structure in the tensor product of Nambu
and Keldysh spaces (which we occasionally denote by indices
K and N over matrices if there is a need to clarify where they
act), depends on collective fields, and is given by

Ǧ−1 = 1̌K ⊗
(

i∂t − ξp− e
c Ǎ

− e
̌ �̌

−�̌ −i∂t − ξp+ e
c Ǎ

− e
̌

)N

= Ǧ−1
0 − X̌ , (4)

where

Ǧ0 =
(

GR
0 GK

0

0 GA
0

)K

, (5)

GR,A
0 (ω, p) = 1

(ω ± i0)2− (�2
0+ ξ 2

p )

(
ω + ξp �0

−�0 −ω + ξp

)N

,

(6)

GK
0 (ω, p) = GR

0 (ω, p)F (ω) − F (ω)GA
0 (ω, p) (7)

is the bare (unperturbed) equilibrium Green’s function of
a BCS superconductor with ξp = (−i∇)2/2m − μ, �0 is
the saddle point (BCS) value of the modulus of the order
parameter, and F (ε) = tanh ε

2T is the equilibrium electron
distribution function, while

X̌ =
(

e
̌ + e2

2mc2
Ǎ2

)
σ0 − δ�̌iσ2 − e

2mc
{ �p, �̌A}σ3

= σ0X̌0 + iσ2X̌2 + σ3X̌3 (8)

includes perturbation terms. Matrices σa are Pauli sigma ma-
trices with σ0 = 1̂ which act in Nambu space. Finally, a full
operator trace and multiplication operations involve both ma-
trix multiplication and integration over internal space-time
arguments. We will also use partial trace operations trK,N

which include only tracing out matrix indices in Keldysh and
Nambu spaces, respectively. One can see that the presented
theory depends only on gauge-invariant potentials 
 and A;
therefore, the gauge invariance is identically satisfied.

Average values of X are given by the functional integral

〈X 〉 =
∫

[DA DV D� D�∗]Xcl eiS (9)

performed over both classical and quantum components of
fields. The average electric current and charge density can be
found as

〈ρ(x, t )〉 =
〈

i

2

δ

δVq(x, t )
tr ln Ǧ−1

〉
− ρe

0

=
〈
− ie

2
trN
(
GK
)
(x, x, t, t )

〉
− ρe

0, (10)
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〈 j(x, t )〉 =
〈
− ic

2

δ

δAq(x, t )
tr ln Ǧ−1

〉

=
〈
− ie

2m
trN
(
σ3 �p GK

)
(x, x, t, t )

− e

mc
Acl (x, t )(ρ(x, t ) + ρe

0 )
〉
. (11)

Here Ǧ is the inverse operator to Ǧ−1 given by (4) and itself
depends on fields, while ρe

0 = ie
2 trN GK

0 (x, x, t, t ) is the bare
unperturbed electron charge density. Note that in (10) we need
to subtract ρe

0 due to the presence of the static ionic back-
ground, which exactly cancels the average electron density.

IV. SEMICLASSICAL APPROACH

Our problem as formulated above remains too complicated
for analytical solution. Usually, one expands action up to the
second order in collective fields [13,14] and treats subsequent
nonlinear terms perturbatively. Alternatively, one can treat this
problem semiclassically and expand the action only in quan-
tum components of collective fields. Within this approach, the
full nonlinearity of the classical dynamics is captured exactly,
while quantum fluctuations are considered to be small [15,16].
It is sufficient for our purposes to expand the action up to
the first order in quantum components of all fields (this ap-
proximation will be justified below). Then integration over
quantum components yields

〈
X
〉 = ∫ [DAcl DVcl D�cl D�∗

cl ]Xcl δ f

(
δS

δXq

)∣∣∣∣
Xq=0

. (12)

All classical components assume values determined by equa-
tions of motion, while quantum components remain zero.
Taking the variation of the action with respect to Vq, Aq, δ�q,
and ϕq consecutively, we arrive at the following set of equa-
tions:

−∇2

4π
(V − V0) = ρ, (13)

−∇2 + ∂2
t /c2

4π
(A − A0) = 1

c
j, (14)

� = − ig

4
trN (iσ2GK )(x, x, t, t ), (15)

0 = ρ̇ + �∇ �j, (16)

with ρ and j given by Eqs. (10) and (11). The first two are es-
sentially Maxwell equations with electron density and current
as sources. The third equation is the dynamic self-consistency
equation. The fourth one is the continuity equation. It rep-
resents charge conservation and is needed to ensure gauge
invariance of response functions. This set of equations to-
gether with

Ǧ−1[X ]Ǧ[X ] = (Ǧ−1
0 − X̌

)
Ǧ[X ] = 1̌ (17)

completely describes the dynamics of a superconductor in
our approximation. Let us notice that Eq. (17) incorporates
two independent equations. The retarded and advanced blocks

describe changes in spectral properties of the electron system
due to radiation, while the Keldysh component accounts for
the electron distribution function and may be used to derive
a collisionless kinetic equation, similar to one for ordinary
plasma [15]. Omission of higher orders of quantum compo-
nents in action is a valid approximation under the assumption
that we can neglect quantum and thermal fluctuations. For
typical laser intensities it is, indeed, justified. Nevertheless,
the quantum nature of electron motion is incorporated into the
theory in a manner similar to how it is incorporated within
the commonly used self-consistent Born approximation which
can be reproduced using this approach. One should also note
that this approximation misses the collision integral. However,
dissipation is still present due to the Landau damping. Another
justification for the omission of the collision integral in the
context of nonlinear response is the fact that superconductors
exhibit little heating. Let us finally note that the resulting set
of collisionless equations is analogous to Vlasov equations for
plasma accompanied by the dynamic self-consistency equa-
tion and the continuity equation [15].

In what follows we will consider electric field to be com-
pletely screened by the substrate and thus use a simplified
version of Eq. (13) in the form

C(V − V0) = ρ, (18)

where C is the capacitance of the film per unit area [17,18].

V. PERTURBATIVE EXPANSION

Equations (14)–(18) are nonlinear. Therefore, in order to
solve them, one generally needs to employ numeric methods.
Luckily, the nonlinear response is usually sufficiently weak
and can be treated perturbatively in external field A0. We will
seek the solution of Eqs. (14)–(18) while taking A0 as the
expansion parameter. For the Green’s function we have

Ǧ = Ǧ0 + Ǧ0X̌ Ǧ0 + Ǧ0X̌ Ǧ0X̌ Ǧ0 + · · · . (19)

As X has a matrix structure in Nambu space and since we need
only GK (x, x, t, t ), it is convenient to introduce kernels

χ �,...,�n
a,a1,...,an

(p; q)

= i

2

∫
dω

2π
tr[τ1σ̂aǦ0(Q + Q1 + · · · + Qn)

× σ̂a1 Ǧ0(Q + Q2 + · · · + Qn) × · · · × σ̂an Ǧ0(Q)].
(20)

Here Q includes both ω and p, and Qi = (�i, qi ) stands for
frequencies and momenta of perturbations. We assume qi

lies in the two-dimensional plane of the film and p is three-
dimensional. The integral over p is not performed at this stage
as X depends on the momentum through {p,A}. With use
of these kernels the perturbative expansion of the right-hand
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sides of Eqs. (14)–(16) and (18) is given by

ρ(Q) = −e
∑

p

∞∑
n=1

∫ [ n∏
i=1

d3Qi

(2π )3

]
(2π )3δ[Q − (Q1 + · · · + Qn)]χ�1···�n

0a1···an
(p; q)Xa1 (Q1) · · · Xan (Qn), (21)

�j(Q) = − e

m

∑
p

∞∑
n=1

∫ [ n∏
i=1

d3Qi

(2π )3

]
(2π )3δ[Q − (Q1 + · · · + Qn)]

(
�p + �q1 + · · · + �qn

2

)
χ

�1...�n
3a1...an

(p; q)Xa1 (Q1) . . . Xan (Qn)

− e

mc

∫
d3Q′

(2π )3
�A(Q − Q′)

[
ρ(Q′) + (2π )3δ(Q′)ρe

0

]
, (22)

�(Q) = − g

2

∑
p

∞∑
n=0

∫ [ n∏
i=1

d3Qi

(2π )3

]
(2π )3δ[Q − (Q1 + · · · + Qn)]χ�1···�n

2a1···an
(p; q)Xa1 (Q1) · · · Xan (Qn). (23)

Evaluation of kernels χ (p, q) with subsequent summation
over momentum is a demanding task, especially for a dirty
superconductor. Luckily, for our purposes it is not needed as
we are interested in frequencies ranging from almost zero to
several �. At these frequencies typical light wavelengths are
of the order of 10 μm or (usually) larger. Hence, conditions
q 
 pF and q 
 1/lel , where pF is the Fermi momentum and
lel is the electron mean free path, are well satisfied. There-
fore, we can expand all kernels in momenta qi and consider
only zeroth- and first-order (if needed) terms which are ex-
pressed in terms of kernels χa···an (p) defined as χa···an (p; q1 =
0, . . . , qn = 0). This expansion is performed explicitly in the
Appendix.

Subsequent calculations can be further simplified if we take
into account the Ward identity

σ̂0Ǧ0(ω, p) − Ǧ0(ω + �, p)σ̂0

= Ǧ0(ω + �, p)(�σ̂3)Ǧ0(ω, p). (24)

It allows us to express kernels χ (p) of order n with index 3
through kernels of order n − 1 via

χa0
�1
a1

···
···

�i
3

···
···

�n
an

= (χa0
�1
a1

···
···

,�i−1+�i,
,ai−1,

�i+1
ai+1

···
···

�n
an

− χa0
�1
a1

···
···

�i−1
ai−1

,�i+�i+1,
,ai+1,

···
···

�n
an

)
/�i.

(25)

From this it immediately follows that kernels χ33···3a3···33(p),
where all indices, except maybe one, are equal to 3, vanish
identically. It is important to stress that such a claim is valid
only in the limit of q → 0 and � �= 0 since some of these
kernels exhibit noninterchangeability of limits q → 0 and
� → 0. This fact ensures the diamagnetic nature of current
in the system, which will be shown to have a dramatic effect
on the response.

It is also important to distinguish kernels that vanish in the
presence of electron-hole (EH) symmetry. It is straightforward
to verify (see the Appendix) that kernels with an even number
of indices 0 are EH symmetric, while those with an odd
number are EH asymmetric.

VI. UNIFORM CASE

Now we are ready to investigate the nonlinear response
itself starting with the simplest uniform case, that is, when the

falling plane wave is perpendicular to the film. Our observable
of interest is electric current j. From rotational symmetry con-
siderations the current includes only odd orders in A0, while
ρ, δ�, and ϕ have only even-order terms. As the incident
wave is uniform along the film, all the perturbations should
also be uniform. Now we take into account the continuity
equation and immediately get ρ(x, t ) = 0.

The solution of Eqs. (13)–(17) in now found trivially with
the result

�j = − e

mc
�Aρe

0. (26)

For the third-order response we must carefully investigate all
potentially contributing kernels in Eq. (23). Such an analysis
is carried out in the Appendix. The result shows the absence
of a third-order response in the uniform case as a result of the
fact that the current in our system is purely diamagnetic due to
the Ward identity (25). A more thorough investigation shows
that in the clean case this result should hold at all orders as a
consequence of the identity

[ �̂jq=0, Ĥ ] = 0, (27)

which holds for uniform fields �A(x, t ) = �A(t ). Therefore,
within the adopted model with a parabolic electron spec-
trum the nonlinear response occurs only for space-dependent
perturbations (see, e.g., [8,9] and references therein) or, equiv-
alently, when the incident wave in not normal to the plane
of the film. In real materials with disorder the identity (27)
no longer holds, and the optical response of the film may
become nontrivial (see [19]). In a real experiment, the third
harmonic generation may also occur at the boundary of the
sample for various reasons, mainly due to the presence of
defects. However, theoretical analysis of boundary effects lies
beyond the scope of the present work.

VII. NONUNIFORM CASE: FIRST-ORDER RESPONSE

Now we will turn to the case of a nonuniform incident field
which corresponds to the situation when the electromagnetic
wave is not perpendicular to the film. Let us first investigate
the first-order response within our approach. The first-order
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expressions for ρ, j, and � are given by

ρ (1)(q) = −e
∑

p

[

qχ�

00(p; q)e − χ�
02(p; q)δ�q

−χ�
03(p; q)eAq

a1

cm

(
pa1 + qa1

2

)]
,

j (1)
a (q) = −ρe

0eAq
a

cm
− e

m

∑
p

(
pa + qa

2

)[

qχ�

30(p; q)e

−χ�
32(p; q)δ�q − χ�

33(p; q)eAq
a1

cm

(
pa1 + qa1

2

)]
,

�(1)(q) = − g

2

∑
p

[

qχ�

20(p; q)e − χ�
22(p; q)δ�q

−χ�
23(p; q)eAq

a1

cm

(
pa1 + qa1

2

)]
. (28)

A major simplification can be made if we take into account
that vF 
 c, which leads to q 
 �/vF (in addition to the
aforementioned condition q 
 p f , 1/lel ). Being interested in
frequencies in the microwave range, we see that all the ker-
nels can be expanded in q up to the lowest necessary order
for which relatively simple expressions are available (see the
Appendix). Inclusion of terms of higher order in q produces
an additional small parameter ∝ vF /c. We will also consider
electromagnetic field generated by currents inside the film to
be small compared to the incident laser field. This is justified
as long as the film is thinner than the London penetration
depth. This assumption allows us to set A = A0 and com-
pletely discard the Maxwell equation (14).

Taking into account these considerations, we now insert
the expansion (28) into Eqs. (15), (16), and (18) and find V
and ϕ. Inserting these solutions back into Eq. (28) yields the
linear response current. In the simplest case of electron-hole
symmetric material we get

�jq = −ρe
0e

mc

(
�Aq − �q(�q �Aq)

q2 − g(�)�2

v2
0

)
, (29)

where

v2
0 = dρ0e

mC
∼ v2

F

1

ε

(
d

a0

)2

(30)

is the plasma mode velocity [4,18] and

g(�) =

∑
p

χ�
00(p)e2d∑

p
χ�

00(p)e2d + C
≈ 1. (31)

Equation (29) represents the first-order result for the electric
current. The contribution of the Higgs mode is small due to
both electron-hole asymmetry and the smallness of q and is
not included in (29). However, even in electron-hole asym-

metric materials the Higgs mode does not change much, with
its only effect being a renormalization of the plasma mode
parameters. The expression for the current contains a perfect
diamagnetic response term and a contribution from the plasma
mode, which has a pole at � ≈ v0q. If the plasma mode veloc-

ity satisfies v0 
 c, then we arrive at �j (1) ≈ − ρe
0e

mc ( �A − �q(�q �A)
q2 ).

Note that the expression in parentheses is not equal to A⊥
since here A and q are projections of the corresponding three-
dimensional wave amplitude and wave vector on the plane of
the film.

VIII. NONUNIFORM CASE: PHOTOINDUCED CURRENT

Now let us proceed to the second order of the pertur-
bative expansion. As A(x) = Aqeiqx + A∗

qe−iqx, in the second
order we naturally get a current response at wave vectors
±2q, 0. Here we will consider specifically a stationary and
uniform component of the current. In the regime of fluctu-
ating superconductivity (at T > Tc) the effect was studied
in [20]. Normally, in bulk crystals with inversion symmetry
the second-order response is forbidden. In a thin-film geome-
try, this is no longer the case as there exists a unique direction
normal to the plane of the film. The current is allowed to flow
only along the plane of the film and is then affected only by
the in-plane components of A, which change with a spatial
period defined by the in-plane wave vector q. The projection
of A is not orthogonal to q, and one may easily obtain a
nonzero second-order current response. The appearance of the
second-order response in such systems may be thought of as a
boundary effect and may happen not only in low-dimensional
geometry but also at the boundary of a bulk sample.

After a series of simplifications including decomposition
in q and angular integration, the resulting expression in the
second order assumes the form

ja = − e

cm
(Aq

aρ
−q + A−q

a ρq) + subleading terms. (32)

Subleading terms result from the n = 2 expansion of (23)
and are smaller by a parameter ∝ (vF /c)2(�/�)2 (for de-
tails see the Appendix), unless the frequency of the incident
wave is not too close to 2�, where resonant excitation of
the collective modes takes place. Omission of higher-order
terms is no longer possible for � − 2� ∼ �( vF

c )2, where their
contribution is of the same order. However, since all kernels
become singular in this limit, the response itself becomes non-
linear. In this regime Eqs. (14)–(18) can no longer be treated
perturbatively and require alternative solution methods.

Collecting the answer using the already obtained first-order
solution, for the stationary current density we get

�j = − eC

mc2d
g(�)

(�q �Aq)�

q2 − �2

v2
0

g(�)

(
�A−q − �q(�q �A−q)

q2 − �2

v2
0

g(−�)

)
.

(33)
In sufficiently thin films where v0 
 c this answer reduces

to the simple form j = ρ0e2

(mc)2�
(�q �Aq) �A−q, which is valid not

too close to � = 2�. It is interesting that this answer is
almost identical to the standard result for two-dimensional
systems [21], with the main difference being the dependence
on light polarization.
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FIG. 2. Dependence of the second-order photoinduced current I
on the incidence angle θ for different angles φ in the limit c → ∞
[see Eq. (34)]. At φ = 0 the incident wave is transverse magnetically
(TM) polarized, while at φ = π/2 the polarization is transverse
electric (TE).

The current strongly depends both on the incidence angle
of the light wave and on its polarization. The answer becomes
zero in the limits of the wave being both perpendicular and
parallel to the plane of the superconducting film. It is also
zero if the polarization of the wave is transverse electric (TE),
for which �A ⊥ �q. Therefore, the largest values of the shift
current are obtained for TM polarization at intermediate in-
cident angles θ . Let us now explore the full dependence of the
photoinduced current on the angle and polarization assuming
that polarization components are given by ATM = A cos φ and
ATE = A sin φ. Taking into account that �q is the projection of
the full momentum of the incident wave, in the limit v0/c → 0
we get

| j|2 ∝ cos2 φ sin2 θ cos2 θ (sin2 φ + cos2 φ cos2 θ ) (34)

(see Fig. 2). For a fixed linear polarization characterized by φ

the maximal value of the current is obtained at the incidence
angle determined by cos2 θ = 1+cos2 φ

2+cos2 φ
.

It is important to stress that the contribution of the Higgs
mode to the second-order response is suppressed by both
approximate electron-hole symmetry and the ratio vF /c and
may safely be omitted in our situation.

IX. EFFECTIVE NONLINEAR ACTION

In the previous sections we identified leading first- and
second-order terms in the perturbative expression for the
current. Instead, it may be more convenient to carry out a per-
turbative expansion directly in the action (1) where dominant
terms may be determined using the same arguments as before.
An effective action sufficient to reproduce the obtained results

for the current is given by

Seff = 2d
∫

d3k

(2π )3

(
−
̃cl (k)K

(k)
̃q(−k)

− ρe
0e

mc2
Acl (k)Aq(−k) + δ�cl (k)K��(�)δ�q(−k)

+δ�cl (k)K�
(�)
̃q(−k)+ δ�cl (−k)K�
(−�)
̃q(k)

)

+ 2
∫

dt d2x CVclVq − 2
∫

dt
∫

d3x
Hcl Hq

4π
, (35)

with k encompassing both � and q, the new potential 
̃ given
by 
̃F,B = 
F,B + e

2mc2 A2
F,B, 
̃cl,q = (
̃F ± 
̃B)/2, and the

kernels being

K

(�) = e
∑

p

χ�
00(p), K�
(�) =

∑
p

χ�
20(p),

K��(�) = −4

g
+
∑

p

χ�
22(p).

Nonlinearity in Eq. (35) is introduced through 
̃, which con-
tains A2. It may be shown that all other nonlinear terms
(up to third order) only generate smaller corrections to the
final expression for the current as they contain higher or-
ders of q. Within our approximations, this action provides a
complete classical description of our system generating all
equations of motion. It can be used to evaluate other nonlinear
effects, such as generation of the second and third harmonics.
However, one should take into account that the action (35)
contains terms relevant specifically for current response, while
different types of response may be more sensitive to other
terms.

Comparing the obtained action (35) with [8], we find that
the authors derived a quite similar effective action for uniform
perturbations. Their action taken in the limit of parabolic
electron dispersion coincides with ours if we identify “den-
sity fluctuations” ρ in [8] with V , take q → 0, and consider
screening in the substrate in this limit negligible (i.e., set C =
0). The differences originate both from considering different
geometries and from the fact that in our case of parabolic dis-
persion uniform response is forbidden, so the phase gradient
must be accounted for. As our analysis shows, the variable
ϕ is always crucial for obtaining gauge-invariant response
functions.

It is also necessary to mention that the effective action (35)
is a simple nonlinear extension of the Gaussian effective
action obtained in [13,14]. In these works, all the linear re-
sponse kernels were evaluated in the dirty limit for arbitrary
frequencies, which serves as a good starting point for further
investigation of nonlinear microwave response in the dirty
limit.

Finally, the effective action (35) can be easily modified in
order to incorporate quantum and fluctuation effects. For this
purpose it is sufficient to introduce terms ∝ XqXq, while the
coefficients may be restored using the fluctuation-dissipation
theorem.
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X. RESULTS AND DISCUSSION

In this paper we investigated the nonlinear response of a
thin superconducting film in electromagnetic field. We de-
veloped an approach based on equations of motion for the
collective fields in the spirit of self-consistent Vlasov equa-
tions used to describe the dynamics of interacting plasma. The
resulting set of equations (18) and (14)–(16), along with (17),
governs the dynamics of the electromagnetic field and order
parameter and has a clear physical interpretation and includes
the Poisson equation, the self-consistency equation, the con-
tinuity equation, and the equation for the Green’s function.
In contrast to the more widely used diagrammatic approach
in which in order to achieve gauge invariance one needs to
carefully sum various diagrammatic contributions [12], within
our approach the charge conservation manifests itself right
away: the equation of motion for the superconducting phase
coincides with the continuity equation for electric charge.

Charge conservation is particularly important in the context
of the electromagnetic response of a superconductor due to the
diamagnetic nature of the superconducting current. At least
for pure superconductors, as long as the external field varies
slowly in space (q 
 �/vF ), the paramagnetic response is
very weak and vanishes identically for uniform fields in sev-
eral of the lowest orders [see Eq. (25) and the paragraph
below]. Therefore, the current is given by the simple ex-
pression �j = − e

mc ρ( �A − c
2e

�∇ϕ). In a uniform field, ϕ(x) is
uniform in space, while the density assumes its equilibrium
value due to the charge conservation. Hence, only the linear
term �j = − e

mc ρ0 �A survives reproducing a well-known classi-
cal answer [22].

It is instructive to compare this conclusion to the result
of [8], in which the authors studied third harmonic genera-
tion in bulk superconductors. They found that the third-order
current is determined predominantly by the diamagnetic term
with a (usually) small correction produced by the amplitude
mode, in agreement with our results. A closer examination
of the response kernels obtained in [8] shows that after
renormalization by phase degrees of freedom they obtained
a correction which cancels the kernels out exactly in the case
of parabolic electron dispersion, leaving the third harmonic
equal to zero. This again highlights the role of the phase
mode.

The crucial role of scalar fields ϕ and V in the context of
the nonlinear response was also emphasized in [11], in which
the authors showed how their dynamics cancels out the den-
sity response from other channels. The authors also studied
the problem of third harmonic generation. According to their
results, the main contribution to the third-order response (at
least, in the absence of voltage applied to the film) comes from
the term SAA� ∝ K��

AA�A2(�)δ�(−2�), which generates cur-

rent j(3�) ∝ A(�) [K��
AA�(2�)]2

K��
A2(�). They claimed it persists

in the limit of q → 0 and provided an expression for the
necessary kernel in the limit lim

�→0
(lim
q→0

KAA�), which remains

finite. We find the latter statement to be erroneous since the
identities (24) and (25) leave this kernel equal to zero at q = 0.
One may obtain a nonzero expression for this kernel in the
opposite limit lim

q→0
lim
�→0

, which is relevant in the context of the

response to nonuniform static fields but not in our situation.

Such behavior is an example of a well-known nonanalyticity
which many response kernels exhibit at q,� → 0, with the
most common example being the Lindhard function for the
polarization operator [23,24]. In the context of third harmonic
generation in superconductors, we find again that in our sit-
uation the evidence for the dominance of the Higgs mode is
insufficient.

Our results demonstrate that in clean isotropic supercon-
ducting films second- and third-order responses to a uniform
microwave field vanish. This implies strong dependence of the
response on the incidence angle of the microwave, as well
as on its polarization. The absence of a response at q = 0
introduces the necessity to expand the response kernels in mo-
menta, which in turn makes the resulting current small by the
additional parameter vF /c. This additional smallness provides
an edge to thin films as they allow an angle-dependent non-
linear response already in the second order. In our analysis,
we focus our attention on the shift current—a stationary, or,
in practice, slowly varying, component of the photoinduced
current, for which we derive the explicit analytical expres-
sion given in Eq. (33). It is proportional to the total carrier
density and shows weak dependence on other parameters of
the superconducting material or the substrate, as long as the
superconducting film is properly insulated and the velocity
of the plasma mode remains much smaller than c. The fre-
quency dependence is simple, with | j| ∝ I/�2 outside of a
narrow range of frequencies near � = 2�, where the current
displays nonanalyticity in all orders while a perturbative cal-
culation becomes impossible. In this case Eqs. (13)–(17) must
be solved using alternative methods, for example, numerical
ones. It should be stressed that the resonance at � = 2�

occurs in our analysis due to the excitation of the plasma
mode, while the contribution of the Higgs mode is negligibly
small.

It is important to discuss the range of validity of our results.
It is based on two premises: the diamagnetic nature of the
current in superconductors and the conservation of electric
charge. The first one is a consequence of the identity (24),
which holds for pure superconductors and leaves zero all
the paramagnetic response kernels in the limit q → 0, � �=
0 at any temperature. In disordered systems such a simple
relation no longer exists, and a paramagnetic response may
arise. Moreover, several studies claim the paramagnetic re-
sponse of higher orders is much stronger in the presence of
disorder [9,10]. Thus, the disordered case requires separate
treatment and will be worked out elsewhere.

The charge conservation is another issue which should
be addressed here as it requires the film to be completely
insulated from other electron reservoirs. It might be espe-
cially difficult to achieve in DC measurements, which usually
require electrodes connected to the film and involve larger
timescales. If charge is allowed to be transferred between the
film and the environment, then the charge conservation for the
film alone no longer holds, and the response at q = 0 becomes
possible, although in this case it becomes largely dependent
on the environment and cannot be considered a property
of the superconductor alone, but rather that of the whole
setup.

Finally, even if the film is sufficiently pure and is prop-
erly insulated, it may still demonstrate an angle-independent
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third-order response due to the boundary effects. As the
bulk third-order response is relatively weak due to its depen-
dence on the angle, the boundary might hide it in a given
sample. Therefore, a film of sufficiently large area may be
required. Within our approach, it is possible to account for
boundary effects due to the fact that the effective action (35)
includes only spatial derivatives of first order. In order to
do this, boundary conditions on charge and current must be
imposed.

Our findings may be tested in experiments with quasi-two-
dimensional films.
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APPENDIX

1. Kernels

Evaluating integrals in Eq. (20) at q = 0, we obtain∑
p

χ�
00(p) = 2ν0

y
√

1 − y2
arctan

y√
1 − y2

, (A1)

∑
p

χ0�
003(p) = ν0

2�y

(
−1 +

√
1 − y2

y
arctan

y√
1 − y2

)
,

(A2)∑
p

χ�
22(p) = (y2 − 1)

∑
p

χ�
00(p), (A3)

where T → 0 and y = (� + i0)/2�.

2. Spectral decomposition

Any retarded or advanced propagator f R,A can be ex-
pressed via the Lehman representation

f R,A(ω) =
∫ ∞

−∞
dz

Jf (z)

ω ± i0 − z
, (A4)

where

Jf (ω) = i

2π
[ f R(ω) − f A(ω)]. (A5)

For the bare equilibrium Green’s function of a BCS supercon-
ductor

Ĵp(ω) = Jp(ω) · M̂ (N )
p (ω), (A6)

with

Jp(ω) = 1

2εp
[δ(ω − εp) − δ(ω + εp)], (A7)

M̂p(ω) = (ξpσ̂0 + �iσ̂2 + ωσ̂3)N . (A8)

Accordingly,

Ǧ0(ω, p) =
∫ ∞

−∞
dz

⎛
⎝ 1

ω + i0 − z
−2π iδ(ω − z)Fω

0 1
ω−i0−z

⎞
⎠

K

× Jp(z)M̂p(z) (A9)

=
(

SR(ω) [SR(ω) − SA(ω)]Fω

0 SA(ω)

)K

⊗ M̂p(ω),

(A10)

SR,A(ω) = 1

(ω ± i0)2 − ε2
p

. (A11)

Spectral decomposition can be used in the regularization of
kernels or to analyze their nontrivial limits. Separation of the
Nambu space structure in matrix M̂ is useful for determining
some properties of kernels.

3. EH symmetry of kernels χ(p)

Let us consider how kernel χaa1···an (p) changes upon the
substitution ξp → −ξp. We notice that the kernel’s symmetry
is determined by the symmetry of the trace

Tr = trN [σaM̂(ω + · · · )σa1 M̂(· · · ) · · · σan M̂(ω)]. (A12)

Another observation is M̂(ξ → −ξ ) = −σ1M̂σ1. Inserting
this relation into the just mentioned trace Tr and performing a
cyclic permutation, we get the same expression multiplied by
(−1)n0 , where n0 is the number of indices 0 in the kernel.

4. Momentum expansion of kernels χ(p; q)

Let us use the identity

∂G0(ω, p)

∂p
= −G0(ω, p)

∂G−1
0 (ω, p)

∂ p
G0(ω, p). (A13)

Therefore,

G0(ω, p + q) ≈ G0(ω, p) − �v �q G0(ω, p)G0(ω, p). (A14)

Inserting the last equality in the definition of kernels χ (p; q),
we have

χ�1,...,�n
a,a1,...,an

(p; q1, . . . , qn) − χ�1,...,�n
a,a1,...,an

(p)

≈ −�v( �q1 + . . . + �qn)χ 0,�1,...,�n
a,0,a1,...,an

(p)

− �v( �q2 + · · · + �qn)χ �1,0,�2,...,�n
a,a1,0,a2...,an

(p)

− · · · − �v �qnχ
�1,...,�n−1,0,�n

a,a1,...,an−1,0,an
(p). (A15)

In the case of extreme necessity such a decomposition may be
carried out at higher orders.

5. Third-order response in the uniform case

In the uniform case, due to the charge conservation, the dia-
magnetic contribution to the current is given by (26). Hence,
we need to consider only paramagnetic contributions. Sym-
metry considerations show that from all the collective fields
only A obtains first-order corrections. From the third-order
expansion of the current (23) only a single term with χ3333

remains relevant. However, the Ward identity (25) leaves it
identically zero. From the second-order expansion angular
integration leaves terms containing kernels with two indices
3, such as χ303, which again vanish by virtue of the Ward
identity (25). In the first order all paramagnetic terms are
trivially zero.

As a result, the current does not acquire second- and third-
order corrections in the uniform case as a result of the charge
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conservation and the Ward identity (24), which cancels all
paramagnetic contributions. Therefore, Eq. (26) is correct at
least up to fifth order.

6. Subleading terms of photoinduced current

The subleading terms of the photoinduced current originate
from the n = 2 order of Eq. (23). They vanish at q = 0 and
therefore require decomposition in q. As the result, for them
we have

jsubl
a = − e

m

∑
p

p2

(

−qχ−�0�

3002 δ�qe

3m
qa− 
−qχ�0−�

3200 δ�qe

3m
qa

− 
qχ�0−�
3002 δ�−qe

3m
qa + 
qχ−�0�

3200 δ�−qe

3m
qa

+ 
−qχ−�0�
3003 e2Aq

a2 qa2 qa

6cm2
+ 
−qχ�0−�

3300 e2Aq
a1 qa1 qa

6cm2

+ 
qχ�0−�
3003 e2A−q

a2 qa2 qa

6cm2
+ 
qχ−�0�

3300 e2A−q
a1 qa1 qa

6cm2

− χ−�0�
3203 δ�−qeAq

a2 qa2 qa

6cm2
− χ�0−�

3203 δ�qeA−q
a2 qa2 qa

6cm2

−χ−�0�
3302 δ�qeA−q

a1 qa1 qa

6cm2
− χ�0−�

3302 δ�−qeAq
a1 qa1 qa

6cm2

)
.

(A16)

They all contain kernels of high order and are proportional to
q3. Compared to the diamagnetic contribution ∝ ρA, they are
small. Therefore, the photoinduced current is predominantly
determined by diamagnetic terms associated with charge den-
sity variations.

Let us investigate the range of validity of the above state-
ment. For this purpose we need to compare similar terms from
Eq. (32) with those from Eq. (A16). For this purpose we need

explicit expressions for the relevant kernels. For (
A) terms
at T → 0 the relevant kernels read

χ�
00(p) = − 4�2

εp(�1 − 2εp)(� + 2εp)
, (A17)

χ�0−�
3300 (p) = χ−�0�

3003 = �2
(
�2 + 4ε2

p

)
ε3

p(� − 2εp)2(� + 2εp)2 . (A18)

At � → 0 we have ∑
p

χ00(p) = 2ν0, (A19)

∑
p

p2[χ�0−�
3300 (p) + χ−�0�

3003 (p)
] ≈ 8

3

ν0 p2
F

�2
. (A20)

Then the leading contribution jlead

A and the subleading term

jsubl

A proportional to 
−qAq are given by

�jlead

A = e3

mc
2ν0


−q �Aq, (A21)

�jsubl

A = − e3

6m3c

8

3

ν0 p2
F

�2

−q( �Aq �q)�q. (A22)

It is now straightforward to verify that the subleading contri-
bution is, indeed, small by the parameter ∝ (vF /c)2(�/�)2.

The situation changes for frequencies � close to 2�,
where kernels cease to be analytic functions of �. For (� −
2�)/� = ε 
 1 in the leading order we have∑

p

χ00(p) ≈ ν0π√
ε

, (A23)

∑
p

p2
(
χ�0−�

3300 (p) + χ−�0�
3003 (p)

) ≈ ν0π p2
F

4�2ε3/2
. (A24)

Now we have jsubl

A/ jlead


A ∼ 1
12ε

( vF
c )2. Hence, omission of

higher-order kernels is unjustified in a narrow range of fre-
quencies � − 2� ∼ �( vF

c )2. We also need to point out that in
this range the response should become highly nonlinear due
to the more singular behavior of higher-order kernels.

[1] T. Kampfrath, K. Tanaka, and K. A. Nelson, Nat. Photonics 7,
680 (2013).

[2] I. O. Kulik, O. Entin-Wohlman, and R. Orbach, J. Low Temp.
Phys. 43, 591 (1981); S. N. Artemenko and A. F. Volkov, Sov.
Phys. Usp. 22, 295 (1979).

[3] R. Carlson and A. Goldman, Phys. Rev. Lett. 34, 11 (1975).
[4] J. E. Mooij and G. Schön, Phys. Rev. Lett. 55, 114 (1985).
[5] A. Schmid, Phys. Kondens. Mater. 8, 129 (1968).
[6] R. Matsunaga, Y. I. Hamada, K. Makise, Y. Uzawa, H. Terai, Z.

Wang, and R. Shimano, Phys. Rev. Lett. 111, 057002 (2013).
[7] R. Matsunaga, N. Tsuji, H. Fujita, A. Sugioka, K. Makise, Y.

Uzawa, H. Terai, Z. Wang, H. Aoki, and R. Shimano, Science
345, 1145 (2014).

[8] T. Cea, C. Castellani, and L. Benfatto, Phys. Rev. B 93,
180507(R) (2016).

[9] Y. Murotani and R. Shimano, Phys. Rev. B 99, 224510 (2019).

[10] N. Tsuji and Y. Nomura, Phys. Rev. Research 2, 043029 (2020).
[11] F. Yang and M. Wu, arXiv:2111.06128.
[12] P. I. Arseev, S. O. Loiko, and N. K. Fedorov, Phys. Usp. 49, 1

(2006).
[13] K. Y. Arutyunov, D. S. Golubev, and A. D. Zaikin, Phys. Rep.

464, 1 (2008).
[14] A. van Otterlo, D. S. Golubev, A. D. Zaikin, and G. Blatter, Eur.

Phys. J. B 10, 131 (1999).
[15] A. Kamenev, Field Theory of Non-equilibrium Systems (Cam-

bridge University Press, Cambridge, 2011).
[16] A. A. Radovskaya and A. G. Semenov, Eur. Phys. J. C 81, 704

(2021).
[17] G. Schön and A. D. Zaikin, Phys. Rep. 198, 237 (1990).
[18] A. D. Zaikin and D. S. Golubev, Dissipative Quantum Mechan-

ics of Nanostructures: Electron Transport, Fluctuations, and
Interactions (Jenny Stanford Publishing, Singapore, 2019).

094505-9

https://doi.org/10.1038/nphoton.2013.184
https://doi.org/10.1070/PU1979v022n05ABEH005495
https://doi.org/10.1070/PU1979v022n05ABEH005495
https://doi.org/10.1103/PhysRevLett.34.11
https://doi.org/10.1103/PhysRevLett.55.114
https://doi.org/10.1007/BF02422735
https://doi.org/10.1103/PhysRevLett.111.057002
https://doi.org/10.1126/science.1254697
https://doi.org/10.1103/PhysRevB.93.180507
https://doi.org/10.1103/PhysRevB.99.224510
https://doi.org/10.1103/PhysRevResearch.2.043029
http://arxiv.org/abs/arXiv:2111.06128
https://doi.org/10.1070/PU2006v049n01ABEH002577
https://doi.org/10.1016/j.physrep.2008.04.009
https://doi.org/10.1007/s100510050836
https://doi.org/10.1140/epjc/s10052-021-09382-4
https://doi.org/10.1016/0370-1573(90)90156-V


A. A. RADKEVICH AND A. G. SEMENOV PHYSICAL REVIEW B 106, 094505 (2022)

[19] J. R. Schrieffer, Theory of Superconductivity (CRC Press, Boca
Raton, FL, 2018).

[20] M. V. Boev, Phys. Rev. B 101, 104512 (2020).
[21] E. L. Ivchenko, Phys. Status Solidi B 249, 2538

(2012).

[22] J. R. Schrieffer, Theory of Superconductivity (CRC Press, Boca
Raton, FL, 2018).

[23] J. Lindhard, Dan. Vid. Selsk Mat.-Fys. Medd. 28, 8 (1954).
[24] A. Altland and B. D. Simons, Condensed Matter Field Theory

(Cambridge University Press, Cambridge, 2010).

094505-10

https://doi.org/10.1103/PhysRevB.101.104512
https://doi.org/10.1002/pssb.201200081

