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Real-space entanglement spectra (RSES) capture characteristic features of the topological order encoded in
the fractional quantum Hall (FQH) states. In this work, we numerically compute, using Monte Carlo methods, the
RSES and the counting of edge excitations of non-Abelian FQH states constructed using the parton theory. Effi-
cient numerical computation of RSES of parton states is possible, thanks to their product-of-Slater-determinant
structure, allowing us to compute the spectra in systems of up to 80 particles. Specifically, we compute the RSES
of the parton states @2, ¢3, and ¢3, where ¢, is the wave function of n-filled Landau levels, in the ground state
as well as in the presence of bulk quasihole states. We then explicitly demonstrate a one-to-one correspondence
of RSES of the parton states with representations of the Kac-Moody algebras satisfied by their edge currents.
We also show that for the lowest Landau level projected version of these parton states, the spectra match with
that obtained from the edge current algebra. We also perform a computation of spectra of the overlap matrices
corresponding to the edge excitations of the parton states with a constrained number of particles in the different
parton Landau levels. Counting in these match the individual branches present in RSES, providing insight about

how different branches are formed.
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I. INTRODUCTION

The fractional quantum Hall (FQH) effect exhibits a rich
variety of experimentally realizable phases with topological
order. Nearly all the FQH phases of electrons observed in
the lowest Landau level (LLL) can be described in terms
of integer quantum Hall (IQH) phases of emergent weakly
interacting composite fermions (CFs) [1] which are electron-
vortex bound states. A more general class of variational states,
called the parton states [2], has seen active interest in recent
years. All of the FQH states observed in the second LL
of GaAs samples can lend themselves to a parton descrip-
tion [3-7]. It has also been argued that parton states may
be relevant to certain fractions observed in bilayer graphene
[8-10], even-denominator FQH states observed in monolayer
graphene [8—12], and wide quantum wells [13]. Furthermore,
for states in the LLL which lie beyond the realm of non-
interacting CFs, candidate parton wave functions have been
constructed and shown to be viable [14-17].

In the parton theory, the electron is envisaged as being
made of k partons, each of which goes into an IQH ground
state at filling fraction ng [2], where B labels the parton
species. The LLL-projected k-parton state, labeled by a se-
quence of integers (ny, ny, ..., n;), has the general form [2]

k
Witk = Py l_[ bny ({2i}), M
f=1

where z, = x, + iy, is the complex representation of the two-
dimensional coordinate of the gth electron, ¢, is the Slater
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determinant wave function of N particles that completely fill
the lowest-n LLs, and Pr, projects the state into the LLL, as
is appropriate in the large magnetic field limit, i.e., B — oo.
For negative ng, the state is taken to be qbf;ﬂl. Since each of
the partons have the same density as the parent electrons and
all the partons are exposed to the external magnetic field, the
Bth parton is associated with a charge of (—e)v/ng, where —e
is the charge of the electron. The constraint that the charges
of the partons should add up to that of electron relates the
electronic filling v to the parton fillingas v = [Y P n;l]’l. On
the spherical geometry [18], the parton state of Eq. (1) has an
integral shift [19] of S = Y p p- Excitations of parton states
with repeated factors of ¢,,, with |n| > 2, possess non-Abelian
braiding statistics [20]. A

The Laughlin wave function [21] IﬂlL/a(l;ihE) = ¢fp 1 at fill-
ing v=1/(2p+ 1) can be viewed as a parton wave function
where 2p + 1 partons each form a ng =1 IQH state. The
Jain CF wave functions ¥y, , .|) = PriLd;’ ¢an, at filling
v =n;/(2pn; £ 1) for positive integers n;, p are states with
2p + 1 partons, where 2p of them are at filling ng = 1 and
one of them is at filling £n,. The edge theory of such a state
is described by n; bosons [22]. The low-energy edge modes,
as well as the entanglement spectrum [23], show that the
state counting can be interpreted as generated by n; bosonic
fields. More generally, edge theory of parton states of the
form (ny, ny, ..., ny) which are Abelian, i.e., where none of
the ng’s that are greater than one repeat, are described by
c= Z,s ng — (k — 1) bosons. This can be seen by noting that
each IQH state ng is made of ng bosonic edge modes, yielding
in total ) N bosonic edge modes. However, the density

©2022 American Physical Society
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fluctuations of the k partons should be identified which results
in a set of k — 1 constraints. It manifests in a reduction of the
number of bosonic degrees of freedom at the edge by k — 1,
leading to above-mentioned value of chiral central charge c.
This procedure of gluing the unphysical partons back into the
physical electrons is already implemented in the wave func-
tion of Eq. (1) by identifying the coordinates of the different
species of partons with the electronic coordinate, i.e., setting
zg =z, V B (each parton IQH wave function is made up of all
the electrons).

This motivates us to consider the edge structure for the
simplest non-Abelian parton states which contain repeating
ng’s with ng > 2. The edge spectrum of a quantum Hall
system generically depends on the confinement potential and
the details of the electronic interactions. A simple approach
to access the universal properties of the edge is to look at the
entanglement spectrum of the bulk state [23]. In this work,
we consider the entanglement spectra of states (22) = ¢3,
(222) = ¢§’, and (33) = d)_% which represents states at filling
fractions v = 1, %, and 3, respectively. States ¢3 and ¢ are
bosonic whereas ¢3 represents a fermionic parton state. Un-
like the states with nonrepeating ng’s where the edge theories
are made of multiple bosons, the edge theories of qb,’; are
described by edge currents that satisfy an su(n); Kac-Moody
algebra, and a u(1) boson [20] yielding a central charge of
k(n* — 1)/(k +n)+ 1 [Eq. (15.61) of Ref. [24]]. Up to a
u(l) boson, the edge theory of these states is identical to
that of the k-cluster Read-Rezayi states [25]. The momentum-
space entanglement spectrum of the Read-Rezayi states has
been previously studied in Ref. [26]. We mention here
that a formalism has recently been developed to rigorously
study certain unprojected parton states such as ¢3 and ¢3
[27,28].

The real-space entanglement spectra (RSES) of the parton
wave functions have been efficiently evaluated for the case
of Jain CF states, thanks to an idea originally introduced in
Ref. [29]. The algorithm in general applies to wave functions
that can be written as the product of Slater determinants or
their LLL projections, and thus can also be used to evaluate
the RSES of certain parton states. In this work, we employ the
algorithm to unprojected and projected parton states, as well
as a few of their bulk excited states and explicitly demonstrate
a one-to-one correspondence of the RSES with representa-
tions of their edge current algebra.

The paper is organized as follows. Numerical details of
the RSES computation are explained at length in Sec. II.
There we provide details of the RSES computation algorithm
for parton states and discuss the prescription used for LLL
projection. In that section, we also present the calculation of
edge-current algebra of ¢ parton states using representations
of su(n); Kac-Moody algebra. All the results of the paper
are presented in Sec. III. First, RSES for three parton states
which are unprojected q‘)%, d)g’ , and ¢§ are presented. We also
present the RSES for parton states ¢§ and qbg when they have
a quasihole excitation. RSES of LLL projected [¢7¢,]> is
also provided. Edge spectra for unprojected ¢3, ¢35, and ¢3
are presented which is computed by exact diagonalization of
the overlap matrix sectors where LL occupation number is
restricted. Finally, we conclude the paper with a summary of
our findings in Sec. I'V.

II. NUMERICAL DETAILS
A. RSES for parton states

The entanglement spectrum (ES) serves as a useful probe
of the topological properties of FQH states [23]. It has been
argued that the ES has a one-to-one correspondence with the
low-energy edge spectrum providing a natural way to under-
stand the edge theory [23,30,31]. Exact analytical calculation
of ES can be done for Slater determinant states including
the IQH states [32]. Direct numerical calculation of ES of
correlated FQH states requires a numerical calculation of the
reduced density matrix. The dimension of this matrix grows
exponentially with subsystem size, making it infeasible to
evaluate the spectra for large systems.

However, for trial wave functions that can be written as
a product of Slater determinants (or LLL projections of that
product), the ES across a rotationally symmetric real space
cut can be evaluated in a computationally efficient manner
[33,34]. Such wave functions include the Jain CF wave func-
tions as well the more general set of parton states; we discuss
the latter in this work.

The key computational simplification arises from the spe-
cific structure of the wave functions, which allows us to
identify a small set of states whose span contains all the
eigenstates of the reduced density matrix with nonzero eigen-
values. The dimension of this subspace does not scale with the
subsystem size. The task then reduces to evaluating the matrix
elements of the reduced density matrix between these special
sets of states. The simple structure of these basis states allows
us to explicitly evaluate these matrix elements using Monte
Carlo methods. The method makes it possible to efficiently
obtain the ES in a few dominant angular momentum sectors
in large systems with hundreds of particles. In comparison,
exact diagonalization can compute the momentum-space ES
for about 20 particles [35]. Infinite DMRG methods can pro-
duce the momentum-space ES for a nominally infinite system
if the parent Hamiltonian is known. The latter is not true for
the general parton states or the general Jain CF states [36].

The method presented here was introduced in Ref. [33]
and has been previously employed to obtain scaling properties
of the entanglement Hamiltonian for the Jain CF states [34].
Here we provide details of the method and point out the
changes needed when specializing to the case of parton states.

B. Construction of entanglement wave functions

We will work in a disk geometry with a rotationally sym-
metric cut, shown schematically in Fig. 1. Since the full state
has a fixed total number of particles N, the reduced density
matrix is block diagonal in (N4, Np) sectors, where Ny and
N = N — N, are the particles in the subsystems A and B on
the two sides of the real-space cut. We will work in one of
these blocks where Ny p are close to the expected number of
particles in that subsystem [v/2s times the area in units of
the magnetic length £ = /fic/(eB)]. We assume £ = 1 in our
calculations. Due to rotational symmetry, the eigenstates of
the reduced density matrix can be labeled by the angular mo-
mentum eigenvalues. The entanglement spectrum is obtained
as the negative logarithm of the eigenvalues of the angular
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FIG. 1. A rotationally symmetric real-space cut on disk geometry
dividing the full system into A and B subsystems.

momentum blocks of the reduced density matrix plotted as a
function of the angular momenta.

Now we proceed to give details of the method. Any Slater
determinant wave function of N particles occupying angular
momentum orbitals (ky, k2, k3 ..., ky) can be expanded as an
antisymmetrization of the product of smaller Slater determi-
nants of Ny and N particles as follows:

St @) = > €0) Stoyoinyy @) Sty Z): (2)

oeP

where Zy = (21, ..., 2n,) and Zp = (2y,+1, - - ., 2v); P is the
set of (N!/N4!Np!) permutations of the ordered set (1, ..., N)
such that first N4 and the last Ny entries of the P(1, ..., N) are
in an increasing order, and € (o) is the sign for a permutation
represented by o.

Each orbital k; refers to a pair of quantum numbers (n;, m;),
namely, the LL index n and angular momentum quantum
number m. In the disk geometry, these orbitals have the form
(up to normalization)

|z|?

12
Nnm(2) = ZmL;T <7>€2‘, ©)

where L)'(z) is the associated Laguerre polynomial. To keep
track of the signs of permutations, we will associate some
order within the set of orbitals.

The product of two Slater determinants Sy, and Sz where
M = (my,my,...,my)and R = (r, rp, ..., ry) can be writ-
ten as [using Eq. (2)]

V=Y eMENZEL Zp). )
s

Here A goes over all (N!/N4!Ng!)? possible ways to split the
ordered set M into two disjoint ordered sets M4 and Mg and
the ordered set R into two disjoint ordered sets R4 and Rjp.
Here M, and R4 have sizes Ny and Mg and Rp have sizes
Ng. The sign €(A) is the sign of the permutation that takes
the set (M, R) into (M4, Mg, R4, Rg). The entanglement wave
functions (EWFs), &, are defined as

£} = Su,(Za)Sr,(Z4),
€2 = Su,(Zp)Sr,(Zs). (5)

The generalization to the case where the product consists of
more than two Slater determinants is straightforward. The
product Sy;1Sy2 ... Sy« can be written in the form of Eq. (4)
where the EWFs are given by

q q
g =15 @0. & =15 ©)

i=1 i=1

Here A corresponds to one of the (N!/N4!Ng!)? ways to split
every M' into disjoint ordered subsets M} and M}, of sizes Ny
and Np.

If a wave function ¥ contains more than one copy of the
same Slater determinant (for instance, the unprojected Jain
CF states ¢12p ¢,), then different splittings A can result in the
same EWFs. To clarify this, consider a 10-particle state ¢7
which contains the two copies of the Slater determinant ¢ =
S(0.1,2,3....9) (all orbitals are in the LLL so the LL indices have
been suppressed). Here M'=M?*=(0,1,2...,9). Two dis-
tinct splittings, given by

M, =(0,1,2,3,5), My =(4,6,7,8,9),
M?=(0,1,2,4,5), M} =(3,6,7,8,9)

and

My =(0,1,2,4,5), My =(3,6,7,8,9),
M3} =(0,1,2,3,5), Mj = (4,6,7,8,9)

result in the same EWFs &2 and £5. This allows simplification
of Eq. (4) to

V= siENZ0E (Zp). )

where i indexes the distinct EWFs and s; is the sum of €(A)
for all splittings A that result in the same EWFs &7, &2,

C. Diagonalizing L7 blocks of p,

The RSES can be calculated by diagonalizing the reduced
density matrix obtained as pa =Y sk 1) (§7157) (571
Exhaustive enumeration of all splittings A of the resulting
EWFs is computationally infeasible. However, we are typi-
cally interested only in the specific small angular momentum
sectors. To calculate a block of reduced density matrix p, in a
fixed L? sector, we only need to consider a restricted sum of
only those EWFs which have the desired angular momentum.
This is given by

o =Y sy [E0) (82167 (82 ®)

J.k

where L4 = Y, M5", and M5"" is total momenta of A sub-
system for the ith splitting. For clarity, consider the case of
the ¢12 wave function. In a given (N, Np) sector of p4, there
are no EWFs with L? less than LA . = N4(N4 — 1) but for

'z, min
angular momenta 0, 1, 2, and 3 above Lémin, the numbers of

distinct EWFs are 1, 2, 5, and 10, respectively.
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It can be shown that the nonzero eigenvalues of p,* are the
same as those of the following finite-dimensional matrix:

M= ssilel |67 (P |€F). ©

If the set of the EWFs are overcomplete, then M has excess

zero eigenvalues compared to pﬁf}. The excess zero eigenval-
ues do not affect the entanglement spectra.

The matrix elements of M can be evaluated in terms of the
overlaps between the EWFs:

(€2 [&4) / £ (Z0EN 20z,

(&°167) = /B £} (Zp)EP (Zp)dZp. (10)

Standard Metropolis Monte Carlo methods can be used to
estimate these overlaps up to a proportionality constant. For
given Ny, we choose one of the EWFs with smallest L? value,
£\, as the sampling wave function to estimate the overlap ratio
(61871 /(& 1&9'). For computing (571€,7) /(&7 16), we use &5,
which is complementary EWF to &{'. Since we use the same
sampling wave function for all the L, sectors, we get the
overlap matrix M up to a multiplicative factor of |&5'&;|~>.
This also implies that the entire entanglement spectrum can
be obtained up to an overall vertical shift.

Lastly, we would like to point out that the above algorithm
and its justification also generalize if the product of determi-
nants is replaced by an LLL projection of the same product
wave function. The EWFs should, in this case, be replaced
with the corresponding LLL-projected counterparts.

D. Approximation in LLL projection

The algorithm described in Sec. II C is exact up to statisti-
cal uncertainty from the Monte Carlo estimations of the matrix
elements. The main set of results presented in this work is for
the unprojected parton states. For these states, the algorithm
provides a faithful estimator for the entanglement spectra.
However, approximations are needed when calculating the
spectra for the projected parton states. In this section, we
describe the approximate projection which we used to obtain
the LLL EWFs.

In this work we consider the ES of the projected wave
function of the following form:

VI =P [622] ~(Pu [#3]) =[50, (D)

The wave functions on either side of the ~ sign in Eq. (11)
differ in the details of how the LLL projection is implemented.
We expect such details to not affect the universality class of
the phase described by the wave functions [37,38]. Only the
form given on the rightmost side of Eq. (11) is amenable to a
numerical evaluation for large system sizes and thus this is the
form that will be used in our work.

Projecting state to LLL in the disk geometry is equivalent
to replacing any z by 20, in the Slater determinant after taking
all the terms with z to the right-hand side of the 7 (the deriva-
tives do not act on the Gaussian part of the wave function)

[39],1i.e
Yid = [tz z — 20.)97]". (12)

Same replacements need to be applied in the EWFs to obtain
their LLL projections. Getting the exact analytical form of
the LLL-projected state is not feasible beyond the case of
~10 particles. To make progress, we consider an approximate
projection scheme where we replace Z; by the following:

N9

iZi_Zj

Zi — (13)

J#
For the Jain composite wave functions, this is a highly reliable
way to perform the LLL projections [40]. This has also been
used in the case of parton wave functions previously [3,4]. We
employ the same approximation to the case of the EWFs here.
This produces wave function in the LLL with correlations
similar to that of the unprojected wave functions. Thus, in
general, we have our approximate projected parton state as

wl?;x[lgl”(ﬂ‘Fl)] = [¢1 X ¢n<{z Zl —> Z })} (14)
]?él

which is used for RSES calculation.

E. Edge counting from edge-current algebra representations

The parton states considered in this work, namely [q)f(ﬁn]k,
have edge-mode currents carrying a representation of the
Su(n)r x u(1) algebra. Algorithms discussed in the previous
sections calculate the entanglement spectra reflecting the edge
spectra of the states. To compare the entanglement spectra
with the counting expected from the current algebra, in this
section, we summarize the construction of the representations
of the Su(n); algebra, which has the form

[ 7, —sz”b‘JHwklaHmosab (15)

Here the indices I, m € Z, 1 < a, b < dim[su(n)] and £ are
the structure factors for the su(n) Lie algebra. We provide
a simplified picture of the construction, presented in parallel
with ideas from the more familiar case of the highest weight
representations of the su(2) algebra. Further details on these
ideas can be found in Chaps. 13 and 14 of Ref. [24].

As in the case of su(2), the highest weight representations
are labeled by the quantum numbers of the highest weight
state, and the remaining basis states in the representation
can be obtained by repeated action of ladder operators. The
dominant highest weight representations of Su(n); are labeled
by the Dynkin labels i = [u@, u™P, ..., u”] of the highest
weight state |hw). Here r is the dimension of the maximal
commuting sub-algebra of sti(n);, and 1?’s are non-negative
integers that add up to k. Thus, the highest weight representa-
tions of Su(2), (for which r = 1) are labeled by Dynkin labels
[1,1], [2,0], and [0,2].

Having discussed the highest weight states, we now discuss
the ladder operators. The ladder operators arise from identify-
ing linear combinations of {J¢} that form su(2) subalgebras
of Su(n);. There are (r + 1)-independent ladder operators
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g 1 < 2 2 1
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=}
g 2 T S
g [-1,3] [1,1] 13-1] (53]
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§° [-3,5] [-1,3] [1,1] [3-1] [5/3] [7,-5]
N R
[-3,5] [-1,3] [1,1] [3-1] [5,-3] [7,-5]

Dynkin Label A©

FIG. 2. Representation of Su(2), generated from the highest
weight state with Dynkin label [1,1] (red dot). Other states in the
representation are generated by action of ladder operators Ey and E;.
Action of E; on any state is represented by a diagonal arrow and the
horizontal arrows show the action of E;. Arrows with same colors
are used to illustrate successive application of either ladder operators
to form an su(2) multiplet.

{Eo, E; ...E,} that can be constructed (see Secs. 13.1.3 and
14.1.4 of Ref. [24]). An infinite tower of basis states is gen-
erated by the ladder operators acting on the highest weight
state. The action of a ladder operator on a basis state reduces
the Dynkin label of the state by a fixed integral vector; each
ladder operator E; is labeled by this integral vector &;. These
integral directions are determined by details of the algebra
encoded in 9. For su(2); these are given by @y = [2, —2]
and &1 = [—2, 2] (see Sec. 14.1.7 of Ref. [24]).

Repeated action of E; on |hw) = |fi) creates an su(2)
multiplet. The dimension of this multiplet is 1”4+ 1; thus,
each E; can act on the state 1) times producing basis states
[k, Ei1 [k, Eizlﬁ), R E[.’t |it) with Dynkin labels &, it —
@, i — 2a; ... i — uV&;. Any state |1) obtained by action
of one of the ladder operators, say E;, on any basis state is
a highest weight state for the remaining r ladder operators
E; (j # i), and the corresponding multiplets have dimensions
AU + 1. Note that when referring to the Dynkin labels of the
highest weight state characterizing the representation we use
the symbol u; the symbol A is used to refer to a general state
in the representation.

We illustrate this for the special case of su(2),. The ideas
are summarized in Fig. 2 where we show the representation
generated from the highest weight state i = [1, 1] shown
in the figure with a red dot. The action of E,; is indicated
by a horizontal arrow. This generates an su(2) multiplet of
dimension u" + 1 = 2. The action of the E, ladder operator
is indicated by a diagonal arrow going down to the lower left.
This creates a multiplet of dimension @ 4+ 1 = 2.

The state Ep|fi) is a highest weight state for Ey. It has a
Dynkin label [3, —1] and thus is the highest weight state of a
dimension 4 su(2) multiplet generated by E; (indicated by the
sequence of states connected by the green arrows). The state

Ey|ft) has a Dynkin label [—1, 3] and is the highest weight
state of a dimension 4 su(2) multiplet generated by E; (indi-
cated by the sequence of states connected by the red arrows).
The Dynkin label [1,1] can be created by two paths in the dia-
gram representing the states E1Ey|fi) and EoE,|fi). Whether
they are distinct states or linearly dependent is decided by
the commutation relation between E; and E,, encoded in the
structure constants f%°. In general, when a Dynkin label can
be arrived at by multiple paths in the diagram, the multiplicity
of that Dynkin label is determined by the number of linearly
dependent combinations of E;’s that reach there starting from
|12), which in turn is determined by the commutation relations
between the ladder operators.

Getting the multiplicities, taking into account all commuta-
tion relations can be difficult; thankfully, the multiplicities can
be obtained directly using the Freudenthal recursion formula
[see Eq. (14.136) of Ref. [24]]. The formula allowed us to
evaluate the multiplicities using simple computational combi-
natorics. The multiplicities are shown in Fig. 2 as an integer
above the dot.

The coordinates of the dots in Fig. 2 are chosen as follows.
The x axis represents A(”) (note that the Dynkin label A" is
automatically determined as k — A(?)) and the y coordinate
called the “grade” is determined by the number of actions
of Ey required to reach the state. We empirically identify
the Ey with angular momentum raising operator in the edge
spectrum. Thus, the y coordinate is identified as angular mo-
mentum in the spectrum, which means the total number of
states at angular momenta 0, 1, 2 are 2, 6, 12, respectively.

The edge-current algebra is su(n); x u(1). The multiplici-
ties at the angular momenta L, = 0, 1, 2. .. for the u; boson is
given by the integer partitions of L, namely, 1,1,2,3,5...
(see Sec 14.4.3 of Ref. [24]). The total multiplicity is given
by the convolution M(L) = Z%:o Mgy, MMy (L — m)
considering all possible ways of partitioning the angular mo-
menta. The representation of Su(2), and su(2); are given in
Figs. 12 and 13 of Appendix, respectively. In the figure, the
multiplicity Mg), for each Dynkin label is shown above
the dot whereas the full multiplicity M(L) is given in the
parentheses. Figure 3 shows the representation of su(3), for
highest weight state given by Dynkin label [2,0,0]. Other high-
est weight representations are presented in the Appendix (see
Figs. 14 and 16 of Appendix).

III. RESULTS

In this section, we present the numerically obtained RSES
for three different parton states as well as for their quasihole
excitations. We compare the structure of RSES with the rep-
resentations of the corresponding edge-current algebra. It is
found that the RSES contains multiple distinct branches. This
is true for Jain CF states as well where it has been found
that the different branches can be associated with the differ-
ent number of composite fermions occupying the different
Lambda levels [41]. We can attribute a similar origin to the
different branches in RSES of these partons as well. For this,
we find the number of linearly independent edge states after
fixing the number of particles in the different LLs in each
parton.
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FIG. 3. Representation of Su(3), characterized by the highest weight state with Dynkin label [2,0,0]. In each panel, which is labeled by
the grade quantum number, action of E; and E, changes the Dynkin label without changing the grade. Highest weight state with Dynkin label
[2,0,0] has uV, u® = 0, hence, action of E; and E, annihilates the state. Therefore, only one state exists for grade = 0 which is represented
by the blue marker in the top left panel. The number above each marker represents the multiplicity of the state whereas the number inside
the parentheses corresponds to the same after adding 1 boson. Since 1® = 2, E; can act twice to produce states with Dynkin labels [0,1,1]
and [—2, 2, 2] which have grade 1 and 2, respectively. In the top right panel, we get six new Dynkin labels after E; and E, act on [0,1,1]. If
we think of grade as Lf quantum number in RSES, representation in each panel can be mapped to RSES in different L? sectors. The arrows
give combined multiplicities (with 1 boson) of states spanned by the gray boxes. It turns out that these combined multiplicities are one-to-one

mapped with the counting in ¢3 RSES, shown in Fig. 7 (middle panel).

A. Real-space entanglement spectra of

parton states

Figure 4 shows the RSES of the ¢3 state across a rota-
tionally symmetric cut (schematically shown in Fig. 1). The
left panel shows the RSES corresponding to a block of the
reduced density matrix with Ny = 40 and the right panel is
for the block with Ny = 41. RSES is qualitatively unchanged
when Np is varied without changing N,. For other nearby N4

sectors, the RSES is qualitatively the same as the ones shown
here, depending on the parity (odd or even) of Ny.

The density matrix p4 within an N4 block is itself block
diagonal in angular momentum sectors. The x axis shows the
angular momentum eigenvalues (L?) of different blocks. The
y axis shows the (negative logarithm of) eigenvalues of that
block of the reduced density matrix.
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FIG. 4. RSES of the parton wave function unprojected ¢3. The
two different panels show the RSES in two different blocks of p4 cor-
responding to Ny = Nz = 40 (left) and Ny = 41, Ny = 40 (right).
Entanglement energies € are the negative logarithm of eigenvalues
corresponding to Lg‘ blocks of p, in a given (N4, Np) block. Each
marker thus is labeled by its L? quantum number on the x axis which
is shifted such that L2 . = 0. The number next to clusters of markers
represents the number of eigenvalues in that cluster. Total number of
distinct EWFs in any given L# block is shown just above the top axis.

In the expansion shown in Eq. (4), the EWF &' with the
smallest angular momentum corresponds to that in which all
the N, particles in each parton compactly occupy the smallest
single-particle angular momentum states. All possible com-
pact LL configurations for ¢3 are shown in Fig. 5. In the

(a) Unprojected ¢3; odd N4

®-0--0--0--0--0--0------ X & -0--0--0--0--0--0------  ----. LLL

(b) Unprojected ¢3; even N4
X

@O @@ @ @ - @mmn e

X @O @@ @@

X @O @@= @ mm

(¢) Unprojected ¢§ with 1 gh;even Ny
X

X--®--0-0--0--0--0------ @ -0--0--0--0--0--0------

X-0--0-@--0--0--0------ >< ©-0--0-0--0--®-----nnn

FIG. 5. Schematic diagram showing all compact LL configura-
tions for unprojected ¢3 in even and odd N, sectors. Different partons
are represented with different colors. For (a) odd Ny, there is only one
configuration with L2 . whereas for (b) even N, three distinct LL
configurations are possible. We also study RSES for parton states
with one quasihole excitation. (c) Shows two possible compact LL
configurations for unprojected ¢3 with one quasihole in LLL, when
N, is even.

case of ¢>§ with odd Ny, the lowest angular momentum is
obtained when both the partons have (N4 — 1)/2 particles in
the LLL and (Nj + 1)/2 in the second LL. This is the only
state with this angular momentum. When N} is even, there are
three distinct EWFs, all with an angular momentum equal to
the lowest angular momentum. There are no EWFs with Lf
below these angular momenta, and hence the RSES contains
no states for L < L4 . . The L? values across the x axis in

2y min*
these figures are relative to this minimum angular momentum
A
Lzmm

The entanglement energies in the RSES appear in several
nearly degenerate clusters. In Fig. 4, the number of entangle-
ment energies in a cluster is shown right next to the cluster.
The total number of distinct EWFs with a given LA (and N,)
obtained by simple enumeration (as described in Sec. IIC)
increases quite rapidly with L?. This number is shown just
above the top axis of each panel. The total number of en-
tanglement energies in each LA sector is much less than the
number of EWFs. This is due to the extensive number of linear
dependencies between the EWFs. As discussed in Sec. IIC,
these linear dependencies are reflected as O eigenvalues of the
matrix M.

In general, the total number of the EWFs, total number
of linear dependencies, and the total number of entanglement
energies in each LA sector grow rapidly with LA Due to the
proliferation of EWFS reliable numerical calculatlon of the
matrix M is possible only up to L?‘ ~ 5. These sectors were
sufficient to make a comparison with the representations of the
current algebra. Quad-precision arithmetic in C codes reliably
estimates M in systems as large as 80 particles. Statistical
uncertainties in the estimated eigenvalues can be inferred by
considering the results of many independent Monte Carlo
trials. These error bars are typically comparable to the width
of the marker and therefore are not shown.

The y axes of the RSES plots are shifted by an arbitrary
constant. This is because the matrix M and therefore its
eigenvalues can be calculated only up to a proportionality
constant in the Monte Carlo techniques (see Sec. I C). This
factor depends only on the Monte Carlo sampling distribution.
Since the same distribution is used for all Lg‘ sectors within
a single plot, the different L? sectors are shifted by the same
amount. For the calculations presented in each plot, the Monte
Carlo sampling wave function was chosen to be equal to the
square of the absolute value of one of the EWFs with angular
momentum Lﬁ‘mm Since the sampling function is different
across different plots (for instance, the two panels in Fig. 4),
the ES in different plots are shifted by different constants.

The radius of the circular cut (Fig. 1) was chosen to be
approximately equal to the radius of EWF with the most com-

SO . A
pact configuration, i.e., with a total angular momentum L7 . .

For example, in the case of ¢3, the largest single-particle
momenta of the most compact configuration is approximately
Ny4. Hence, the radius of the cut was chosen as /2N, (in
magnetic length units).

RSES of ¢3. Figure 4 shows the RSES of unprojected
#3 where the left and right panels correspond to even and
odd N4 blocks, respectively. Across different L? sectors, the
clusters in entanglement energies appear as distinct branches.
Different arrangement of these branches give the RSES a
particular structure. RSES of unprojected ¢3 for even and odd
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FIG. 6. RSES of unprojected ¢§’ for Ny = N = 30 (left) and
Ny = 31, Np = 30 (right) blocks of ps. Number of distinct EWFs
for L sectors are much larger than that for @3 parton state, and hence
spread in clusters is more, partly due to numerical errors.

Ny consist of different arrangements of two distinct branches
(1,2,6,13,...)and (1, 3, 8, 18...) as shown in Fig. 4. The
counting and structure of RSES for even Ny exactly matches
to the Su(2), x u(1) representation corresponding to Dynkin
label [0,2] whereas for odd Ny, it matches with representation
corresponding to Dynkin label [2,0] (left and middle panels in
Fig. 12 of Appendix).

RSES of ¢5. The RSES of unprojected ¢3 is shown in
Fig. 6 with the left panel showing the spectrum for (Ny =
30, Np = 30) sector and right panel for (N4 = 31, Ny = 30).
Similar to the case of ¢§, we find that the RSES arrange-
ment of unprojected ¢35 only depends on the parity (even
or odd) of N4. These arrangements consists of two distinct
branches which have counting (1,2, 6, 14,32, 66, ...) and
(1,3,9,21,48,99, ...). We find that the RSES arrangement
for even N, exactly matches the highest weight representation
of su(2); x u(1) corresponding to Dynkin label [0,3] and the
representation corresponding to Dynkin label [3,0] matches
spectrum for odd N, (Fig. 13).

RSES of ¢32. Figure 7 shows the RSES of unpro-
jected q’)% where the left, middle, and right panels show
the RSES for (N4 =29, Ng =29), (N4 =30, Nz =31),
and (Nj = 31, Np = 31) blocks, respectively. Three dif-
ferent branches are present in the RSES correspond-
ing to (N4 =29, Ng =29) and (N4 =31, Ng =31) sec-
tors, with counting (2,8,31,93,...), (1,4,17,54,...),
and (1,6,24,78,...). For the case of (N4 =30, Nz =
31), we find branches with counting (1,3, 14,45,...),
(2,10,36,...),and (1,7,24, ...). We use a gray vertical line
in Fig. 7 to represent which eigenvalues are clubbed together
in the counting.

Unlike the case of ¢ and ¢3, comparing RSES of ¢2
to su(3), x u(1) representation is not straightforward. Let us
take an example of RSES for the (N4 = 30, Ny = 31) sector
(middle panel of Fig. 7). Total number of states at each angular

Unprojected Q)§ Unprojected ¢§
N4y =30, Ng =31 Ny =31, Np =31
19 72 325 1323 6 36 204 837

Unprojected QB%
Ny =29, Ng=29

2 L A= 1_ 7= E |22 4= 1TE i

3 - g =79
R o 10= 30 | P o= 28 S
Ul 3 Lo G Wy oo aE 9B

57T 3= UE TI= = =
w10 i 1_ = = | oo 2@ S
6 o 10= 3068 | 61— -
2 CouE | o =1TE T
_, 1= TES= | 6= E
- 2= 0= | =
=6 —6 = o=
~10 1- 3= 11 1—
0 1 2 3 0 1 2 3
LA LA

FIG. 7. RSES of unprojected ¢? for three blocks of ps cor-
responding to Ny = Ng =29 (left), Ny = 30, Nz = 31 (mid), and
Ny =31, Np =31 (right). As multiple branches emerge in close
proximity to each other, we use a vertical (gray) line to show which
clusters are clubbed together. Total number of states in these collec-
tions are shown next to the vertical lines.

momentum in the RSES match the total number of states at
the corresponding grade in Fig. 3. We empirically find that
the counting in the branches in the RSES is the sum total of
counting along a horizontal line in Fig. 3 (shaded gray boxes).
In this sense, the spectrum for N4y = 30 matches the [2,0,0]
representation of the Su(3), x u(l) algebra. Other highest
weight representations of Stu(3), x u(1) are given in Appendix
(see Figs. 14-16 in Appendix). We find that the Ny = 29 and
31 RSES matches highest weight representations for [0,0,2]
and [0,2,0] Dynkin labels, respectively, shown in Fig. 14 of
Appendix. In all the cases that we tested, we find that the
aggregate number of states along a line matches exactly with
the spectrum obtained from the current algebra.

The finer structures in each cluster too resemble the count-
ing in the states of individual Dynkin labels. We point this
out in the RSES of Ny = 29 shown in the left panel of Fig. 7.
For instance, at L, = 1, we find seven clusters with counting
(1,4,6,8,6,4,1), which can be associated with the total number
of states along horizontal lines in the top right panel (grade 1)
of Fig. 14 (Appendix). The number 4 is obtained by adding
three states with Dynkin labels [0,0,2] and one state with
Dynkin label [3, —3, 2]. This 3 4 1 structure is reflected in
the RSES as indicated in the left panel of Fig. 7.

RSES of ¢3 and ¢35 with a quasihole. We also explore
the RSES for ¢35 and ¢35 when 1 quasihole is added to the
system at the origin (Fig. 8). Adding a quasihole at the origin
is equivalent to having the lowest angular momentum state in
any one of the LLs in one of the partons empty. Figure 5 shows
a schematic for LL occupation in the two partons of ¢35 when
the quasihole is in the lowest angular momentum state of the
LLL. We find that the RSES does not change if the quasihole
is added to either LL.

The left panel of Fig. 8 shows the RSES for ¢7 with a
quasihole and Ny = 31. We found that the same RSES is pro-
duced for both odd and even N4. RSES for d)% with a quasihole
exactly matches with the [1,1] highest weight representation
of su(2); x u(1) (middle panel in Fig. 4). RSES for qbg’ with
a quasihole, for Ny = 30 (right panel in Fig. 8) matches with
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FIG. 8. RSES of ¢3 (left) and ¢ (right) where both parton states
have a single quasihole placed at m = 0 angular momentum state of
LLL. Both panels show RSES for Ny = Ny = 30 block of py4.

with [1,2] highest weight representation of the St(2)3; x u(l).
RSES spectra change for Ny = 31 which maps exactly to
[2,1] highest weight representation of St(2)3 x u(1). The cor-
responding representations are shown in Fig. 13 of Appendix.

B. RSES for the projected state

Until now we discussed the RSES of unprojected parton
states. A natural question is whether the agreement between
the RSES and the representations of the edge currents contin-
ues to hold even after projection into the LLL. The algorithm
that we have used for the calculation extends also to the case
of the projected parton states. The calculations run slower
due to the computational cost of projection. Moreover, an
exact projection into the LLL is not possible except in very
small systems. We instead rely on approximate projection as
described in Sec. IID. To enable the use of the projection
scheme, we consider a projected state xp12/2514 [see Eq. (11)]

which is expected to also show the same edge counting as ¢3.
We indeed find that even after the approximation, the
RSES of LLL-projected 1,012/2514 state has the same structure

#5 as shown in Fig. 9. Note that the number of the EWFs
(shown above the panels) in each L? block is significantly
larger than that for unprojected ¢3 (Fig. 4). This is a result
of the excitations associated with the additional Slater de-
terminants ¢, in the wave function. We find a larger spread
in the clusters. An exact match with RSES of unprojected
¢§ suggests that multiplication with factors of ¢; and action
of LLL projection do not alter the topological features (fu-
sion rules of the nontrivial anyons are identical) of a parton
state.

C. Origin of the branches and edge overlap matrix

The branches in the entanglement spectra appear in the
case of the edge spectrum of composite fermion states as well
[41,42]. Each branch in that case could be associated with

FIG. 9. RSES of LLL projected [¢7¢,]* for two blocks of p, cor-
responding to Ny = Np = 30 (left) and Ny = 31, Nz = 30 (right).
The projection is approximated as described in Sec. II D.

states with a particular occupancy of the composite fermion
Landau levels. In this section, we ask whether a similar picture
is true in the context of the parton states.

The entanglement spectrum contains states with different
occupancy of the Landau levels of each parton. A strategy to
address the question could be to expand the Schmidt eigen-
states in the EWFs. Then identify the number of particles in
each LL in the basis states that contribute predominantly to
each Schmidt eigenvector. This strategy does not yield a clear
answer as the EWFs are not all linearly independent.

We instead address the problem in the following way. We
consider the states with a fixed number of particles in each
LL of each parton. We consider the excitations at the edge of
the system at each angular momentum. These are the same as
the EWFs that we had constructed earlier but with a specific
Landau-level occupancy of each parton. We consider the over-
lap matrix of the edge states O and plot the (negative logarithm
of) eigenvalues for different L, blocks of O. The number of
dominant eigenvalues is a measure of the linearly independent
states in the space of these states, i.e., the dimension of the
space.

Interestingly, the number of dominant eigenvalues of O at
different L, values reproduce the same counting that we saw
in the individual branches present in the RSES. The dominant
eigenvalues as a function of momentum are plotted in Figs. 10
and 11 for the case of ¢3 and ¢3, respectively, and further
results are summarized in Tables I and II, respectively.

For qb%. Figure 10 shows dominant eigenvalues of the over-
lap matrix against L, for two different (N, Ny 1) sectors.
The left panel shows the case of (N):3,N)%) = (10, 10)
(where superscript labels different partons). As shown in
Table I, as long as both the partons have same LL occupation,
the counting remains the same. The right panel shows the case
where (N[, N/[;) = (11,9) and (N}, N ) = (10, 10).
This produces a different branch. Similarly, we find that more
generally whenever NﬁLL = NELL + 1 and NﬁLl = NELI -1,
we get the same counting (see Table I). The counting that we
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FIG. 10. Dominant eigenvalues of the overlap matrix O for two
different Landau-level occupancies. Left panel shows the spectra
when both partons have identical LL occupation (Npip,Nyp;) =
(10, 10). The right one is for when LL occupation of one of the
partons is (N . + 1, Ny — 1) and the other one has a configuration
(NiLLs Mip1)- The y axis is the negative logarithm of eigenvalues of
different L, blocks of O.

see in these two cases is in agreement with the individual
branches seen in the ground-state RSES shown in Fig. 4.
If we perform a similar calculation of the eigenvalues of
the overlap matrix for cases where there is a quasihole at
the center, we obtain a counting that matches the individual
branches of the RSES shown in the right panel in Fig. 8.
This counting is independent of the number of the particles
in each parton Landau level (Table I). This is consistent
with the fact that only one type of branch appears in this
RSES.

For ¢3. Figure 11 shows the dominant eigenvalues of the
overlap matrix for ¢3 in two different LL occupation sectors.
Counting matches the different branches present in the ¢§’
RSES (Fig. 6). The spectra in the left panel correspond to
LL configuration where all partons have same LL occupa-

Unprojected ¢3

Nl =11, Nij5 =10
Nll,u, =9, NESL =10

9 3
5]
{1 1 3
€ - 1 =
—1 -1 = =
-3 -3
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FIG. 11. Dominant eigenvalues of overlap matrix O of ¢3 for
different Landau-level occupancies. Left panel shows spectra for a
configuration when all three partons have identical LL occupation
(NiLLs M11)- The right one is for a configuration when two partons
have same LL occupation (Ny11, N i) and LL configuration for the
third parton is given by (N + 1, Ny — 1). Two distinct count-
ings we get in these spectra match exactly to those of two distinct
branches present in the RSES of ¢3.

TABLE I. Different LL configurations for parton state ¢3 given
by (N, Nl ) x (N3, N3 ,) along with counting corresponding
to the dominant spectra of its overlap matrix O. Here Ni., + ¢
represents the quasihole addition to nth LL.

(10, 10) x (10, 10)
(11,9) x (11,9)

(12, 8) x (12, 8)

(11, 10) x (11, 10)
(11,9) x (10, 10)
(12,8) x (11,9)
(12,9) x (11, 10)
(10,10 4 g) x (10, 10)
(11,94 ¢) x (11,9)
(11,10 4+ q) x (11, 10)

1,2,6,13,29,57

1,3,8,18,39,77

1,3,8,19,41,83

tion (NLlfL’S, NLl’L21’3) = (10, 10). We checked that the counting
remains same as long as all three partons have same LL oc-
cupation (Table II). Similarly, we get the second branch (right
panel in Fig. 11) in the RSES of ¢3 when LL occupation is
such that NﬁLL = NLZ’L3L + 1 and N]}Ll = NLZ’L31 - 1.

RSES of ¢; with the quasihole has two distinct
branches given by counting (1,3,9,22,51,...) and
(1,4,11,28,63,...) as shown in Fig. 8. We get the first
branch from the dominant spectra corresponding to the
LL configuration in which all three partons have the same
LL occupation but one parton has a quasihole in LL1 (see
Table II). We get the second branch in configurations where
N/p =N +1and N}\, =N}’ — 1 and the quasihole is
in one of the latter (indexed by 2, 3) partons.

IV. CONCLUSION

We have studied the RSES of a variety of unprojected
parton states given by ¢3, ¢35, and ¢ for bipartitions of
systems with as many as 80 particles. The RSES of ¢3 and
#3 was also computed when the parton states had quasihole
excitations in the bulk. We found that counting present in
RSES for the unprojected parton wave function of the form

TABLE II. Different LL configurations for parton state ¢3 given
by (ML, ML) x (NP, NAL) x (NP L. NPy, along with counting
corresponding to the dominant spectra of its overlap matrix O.
(Nj1;, N}, + q) represents the LL occupation sector where a quasi-
hole is added to LL1 of the ith parton.

(10, 10)? 1,2,6,14,32,66
(11,9

(11, 10y

(11,9) x (10, 10) 1,3,9,21,48,99

(12, 8) x (11,9)?

(12,9) x (11, 10)?

(10, 10 + ¢) x (10, 10)>
(11,94 g) x (11,9)?

(11,10 + ¢) x (11, 10)?

(11,9) x (10, 10) x (10, 10 + ¢)
(12,8) x (11,9) x (11,9 + q)
(12,9) x (11, 10) x (11, 10 + ¢)

1,3,9,22,51,108

1,4,11,28,63,134
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#* has a one-to-one mapping with the counting of states in
the Su(n); x u(l) edge-current algebra. RSES counting that
match with different representations of the algebra could be
realized by considering sectors of the reduced density matrix
with odd and even numbers of particles or by insertion of a
quasihole.

We also studied RSES of LLL-projected [¢?¢,]* state with
an approximate projection scheme. We found that the RSES
for this state has an identical structure as that of unprojected
¢5 which suggests that both states are topologically equivalent
(up to Abelian anyons). Multiplication with ¢12 and LLL pro-
jection does not change the topological class of a parton state
(to be precise, multiplication by ¢? does not change the chiral
central charge but does alter other topological quantities like
the shift and the charges of the quasiparticles but these can be
readily accounted for).

Finally, we computed the spectra of the overlap matrices
corresponding to the edge excitations of the parton states
while restricting the number of particles in parton Landau lev-
els. The calculations indicate that the different branches seen
in the RSES can be associated with different Landau-level oc-
cupancies of the partons. However, a more thorough study is
needed to consider a wider range of Landau-level occupancies
to see how they are embedded in the RSES. A careful study
of the overlaps between the fixed Landau-level occupancy
edge-state space and the eigenspace of states formed by the
individual branches in the RSES can provide a more concrete
demonstration of the connection between the Landau-level
occupancies and the branches. The qualitative similarity in the
branch structure of the RSES to the ones previously studied
[34] for the Jain sequence states motivates the question of
whether these entanglement spectra as well can be associated
with a local entanglement Hamiltonian.
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APPENDIX: REPRESENTATIONS OF su(2),, su(2);, AND
su(3), KAC-MOODY ALGEBRA

A complete summary of root systems of affine extensions
of su(2) and su(3) can be found in Ref. [24] (also see explicit
tables in Ref. [43]). We used these ideas to construct the
explicit multiplicities for the cases we are interested in. For
su(2) affine algebra, the simple roots in the Dynkin label
basis are given by Ey = [2, —2] and E; = [—2, 2]. In case
of su(2),, the possible highest weights are [2,0], [1,1], and
[0,2]. Following the procedure described, we get their highest
weight representations (Fig. 12).

Similarly for su(2);, the possible highest weights are [3,0],
[2,1], [1,2], and [0,3]. The highest weight representations are
presented in Fig. 13.

For su(3) affine algebra, the simple roots are Ej =
2,—-1,-1], £, =[-1,2,—1], and E, =[—1, —1,2]. For
Su(3), the possible highest weights are [2,0,0], [0,2,0], [0,0,2],
[1,1,0], [1,0,1], and [0,1,1]. Figures 14—16 show the represen-
tation of Su(3), for different highest weight states.
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FIG. 12. Representations of su(2), for all three highest weight states given by Dynkin label [0,2] (left), [2,0] (middle), and [1,1]. Dynkin
labels for each state are labeled along the x axis. The number above each marker shows the multiplicity of the state whereas the number inside

the parentheses shows the multiplicity corresponding to su(2), x u(1).
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FIG. 13. Representations of Su(2); for all possible highest weight states given by Dynkin label: (a) [0,3], (b) [3,0], (c) [2,1], and (d) [1,2].
Dynkin labels for each state are labeled along the x axis. The number inside the parentheses shows the multiplicity corresponding to Su(2); x

u(1).
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FIG. 14. Representation of su(3), for highest weight state given by Dynkin label [0,0,2]. This representation is identical to that for highest
weight state given by Dynkin label [0,2,0], but with a rotation. Each panel shows a particular slice of the full representation labeled by grade

quantum number.
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FIG. 16. Representation of Su(3), for highest weight state given by Dynkin label [0,1,1]. Each panel shows a particular slice of the full
representation labeled by the grade quantum number. Action of £ and E; on [0,1,1] state creates large number of states in grade = 0.
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