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The superconducting order parameter of strontium ruthenate is the center of a lasting puzzle calling for the-
oretical studies that include the seldom-considered effects of spin-orbit coupling and the frequency-dependence
of the order parameters. Here we generalize the frequency-dependent theory of superconductivity mediated by
spin and charge fluctuations to include spin-orbit coupling in multiorbital systems and we characterize the
superconducting states using the spin-parity-orbital-time SPOT quantum numbers, group theory, and phase
distributions in the complex plane. We derive a pseudospin formulation that maps the inter-pseudospin sector of
the normal state Eliashberg equation to a pseudospin-diagonal one. Possible superconducting order parameters
for strontium ruthenate are obtained starting from a realistic density-functional-theory normal state. We find
that spin-orbit coupling leads to ubiquitous entanglement of spin and orbital quantum numbers, along with
notable mixing between even- and odd-frequency correlations. We propose a phase diagram obtained from the
temperature dependence of the leading and subleading symmetries in the pseudospin-orbital basis. An accidental
degeneracy between leading inter-pseudospin symmetries in strontium ruthenate, BE and A, , could resolve

apparent experimental contradictions.

DOLI: 10.1103/PhysRevB.106.064513

I. INTRODUCTION

For several decades, the paradigm of s-wave superconduc-
tivity has been found inadequate to describe superconductivity
in correlated systems. Instead, these materials host a rich
variety of superconducting order parameters (SCOP). In these
so-called unconventional superconductors, many SCOPs have
already been identified and understood as highly dependent
on the underlying electronic structure and on electronic inter-
actions. For example, the SCOP in high-temperature cuprate
superconductors has been shown to have d-wave, or more ac-
curately, B, symmetry, emerging from the interplay between
the electronic kinetic energy and single orbital Coulomb re-
pulsion [1-9]. In Hund’s metals with 3d electrons such as the
iron-based superconductors, the local Coulomb repulsion at
the Fermi level acts on multiple orbitals [10]. Pnictides can
exhibit s*-wave, an A, symmetry with a sign change between
different Fermi surfaces [11].

Usually, one would think that the symmetry of a system’s
SCOP should be identified rather quickly. It is thus surpris-
ing that, after several decades of work leading to remarkable
progress of experimental probes and numerical methods, the
symmetry of the SCOP of strontium ruthenate (SrpRuOu,
SRO) has not yet been unambiguously established [12,13].
The reason is that certain measurements appear contradictory.
This is not only an experimental challenge but also one for
theories of strong electronic correlations in 4d/5d multior-
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bital system with important spin-orbit coupling (SOC). A
large variety of symmetries are possible in this materials, thus
making the prediction of SCOPs more challenging [14,15].

In SRO, initially reckoned a spin-triplet state due to its
constant Knight-shift [16,17], independent verifications have
highlighted a heating effect so that a dominantly spin-singlet
state appears more credible [18-20]. Another experiment
probing spins using polarized neutrons met a similar fate
[21,22]. Previously in contradiction with evidences for Pauli
limiting [12,23], these experiments now agree.

Another critical characteristic of SRO is its two-component
nature inferred by evidences of time-reversal (TR) symme-
try breaking [24,25]. Ultrasound experiments also support a
two-component SCOP that couples to the By, shear mode
[26,27]. Additionally, the enhancement of the critical temper-
ature under uniaxial pressure [23] not only provides strong
evidence for an even-parity (e-p) SCOP [28], it is also a useful
knob to study this two-component property. Indeed, muon
spin relaxation («SR) measurements observed two transition
temperatures under pressure, indicative of a lifted degener-
acy between the two components [29]. Surprisingly however,
specific heat measurements, known to be extremely sensitive
to superconducting transitions, have detected only a single
transition temperature [30].

Consequently, various theoretical proposals have been for-
mulated in replacement to the initial chiral p-wave state [31],
including domain-wall physics and inhomogeneities [32,33].
A two-component character can be realized in two ways.
First, the components can be degenerate by symmetry if the
SCOP transforms like a two-dimensional (2D) irreducible
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representation (irrep) of the Dy, point group. The only e-p
such possibility is the E, irrep. One such proposed state is the
dy; + idy;, which could originate from momentum-dependent
k-SOC [34,35]. However, density-functional theory (DFT)
expects this coupling to be negligibly small in SRO, known
to have a quasi-2D character [36,37]. Moreover, these E,
states under uniaxial stress should generate two transitions in
specific heat.

Another possibility for two components is that they are
degenerate by accident and transform like different irreps.
The most natural of the two components is a dy>_,» By,
state, since thermal conductivity and scanning tunneling mi-
croscopy point in this direction [38,39] and it should originate
from antiferromagnetic fluctuations predicted by DFT [40]
and from the strong spin fluctuations caused by the nesting of
the quasi-one-dimensional bands [41]. Such a symmetry was
well studied in the context of the cuprates [1,2]. For the second
component, some studies have proposed an extended s-wave
[42-44] or odd-parity (o-p) states [45-49] also originating
from this strong nesting vector. Unfortunately, these combi-
nation would not couple to the B, shear mode. Other studies
proposed gy, »»—y2) Az, a higher angular momentum version
of d>_,» [50-53]. The similar nodal structures of d,>_,» and
8xy(x2—yy could reduce the signature on specific heat, but not
remove it entirely. It has been proposed theoretically that
this accidental degeneracy is more consistent with ultrasound
experiments than the other symmetry-protected d. + id,, pro-
posal [54]. Moving away from the d,-_,» state, a d,, & is*
state was proposed also proposed [55,56]. However, acci-
dental degeneracies should be lifted by small perturbations.
Although not definitive, ©SR measurements under isotropic
conditions did not observe a split in the critical temperatures
[57]. Additionally, disorder by nonmagnetic impurities could
help split the transition temperatures [58].

These seemingly inconsistent results suggest that the set
of SCOP considered up to now might be incomplete. To
guide potential SCOP candidates, we need to first construct
an accurate normal state electronic structure on which to build
many-body correlations that should generate a broad richness
of possible superconducting states in SRO. The dominant
mechanism explaining its superconductivity is pairing medi-
ated by the exchange of spin and charge fluctuations [2,59—
61]. The Bardeen-Cooper-Schrieffer [62] and Ginzburg-
Landau theories [63] neglect the frequency dependence of this
interaction, or replace it by a single even in frequency sharp
cutoff at the Debye frequency. Doing so constrains the Gorkov
function (T;y¥(7)y¥) to be purely even in imaginary time
and correspondingly in frequency (even-frequency). These
approaches hide not only the frequency structure of possible
SCOPs but also neglect a whole set of superconducting states
that are purely odd in fermionic frequency (odd-frequency)
[64]. This type of superconductivity was first proposed by
Berezinskii in the context of *He [65] and then in the strong
coupling limit of the electron-phonon interaction [66—68]. It
is now considered ubiquitous at interfaces [69—71], impurity
sites [72], and in some multiorbital systems [73-75]. The
finite Kerr effect observed in SRO was linked with the pres-
ence of odd-frequency correlations [76]. In previous papers
[40,77], pure odd-frequency solutions were found when ex-
amining leading superconducting instabilities of SRO without

SOC. These seldom-considered odd-frequency pairing corre-
lations could help understand the ambiguous behavior of SRO
and we are interested to study how they arise in the presence
of SOC.

In this paper, we generalize the frequency-dependent for-
mulation of superconductivity mediated by spin and charge
fluctuations in multiorbital systems [40,61,78,79] to include
SOC. Although the approach developed is general, in the
present study we apply it solely to the SRO case.

We present in Sec. II results from density functional theory
(DFT) after a qualitative discussion of the electronic structure
of SRO. We explain the effects of SOC and how a pseudospin
symmetry is respected for the f,, orbitals in the quasi-2D
approximation. In Sec. III, frequency-dependent two-body
vertex corrections are generalized to incorporate SOC. In the
particle-hole (p-h) channel, vertex corrections are quantified
at the level of the random phase approximation (RPA) using
Stoner factors. We study the effect of these p-h fluctuations
on the normal state p-p scattering through what we refer to as
the normal state linearized Eliashberg equations. We explain
how pseudospin and inversion symmetries simplify numerical
calculations to the same level of numerical complexity as in
the absence of SOC.

In Sec. IV, we present tools to characterize multi-spin-
orbital frequency-dependent Gorkov functions. First, SPOT
decomposition [64] allows to quantify the mixing (entan-
glement) of spin, momentum, orbital, and imaginary-time
quantum numbers. Second, with group theory we classify
SCOPs by irreps of the normal state’s space group along
with time-reversal (TR) symmetry. In particular, we tabulate
the irreps describing how the spin-orbital components of the
Cooper pairs transform in t,, systems.

In Sec. V, we present the resulting phase diagram of the
leading and subleading gap function symmetries that can
emerge from the normal state, depending on the interactions.
We find that SOC couples multiple spin-orbital sectors within
a specific irrep and naturally intricates SPOT combinations.
This mixing induces phases differences between components
of the gap function but preserves TR symmetry. As lead-
ing symmetries, we find two states with coexisting SPOT
contributions in all spin-orbital sectors. One is a Bfg state
whose intraorbital components are purely even frequency,
compatible with many proposed solutions for SRO. The other
is an Aj state whose intraorbital components are purely
odd-frequency. This state is a SOC generalization of the odd-
frequency state found in Ref. [40] when neglecting SOC.
The weighted distributions of the phases of these leading
candidates are studied and suggest a complex interference
between the different SPOT contributions. We also study
the temperature dependence of a few leading eigenvalues at
two points of the phase diagram. Some symmetries exhibit
nonmonotonous behaviors. As subleading states, we find other
states that have odd-frequency intraorbital character: an odd-
parity E, p-wave-like, another A 2 and an Al_g state.

II. NORMAL STATE ELECTRONIC STRUCTURE

The normal state’s electronic structure is essential to un-
derstand the emergence of an unconventional superconducting
state. Similarly to the cuprates, the dominant interactions at
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the Fermi level of body-centered tetragonal SRO involve the
quasi-2D ruthenium-oxide planes [36,37]. In Sec. I A, we dis-
cuss the ruthenium (Ru) atomic problem, which has partially
filled 4d electrons. Their localized nature leads to sizable
multiorbital Coulomb repulsion that can generate the potential
mediators of superconductivity. Furthermore, the large atomic
number of these atoms implies strong local SOC. Spin is no
longer a conserved quantity but pseudospin is. In Sec. II B,
we introduce the lattice. The Ru atom is in the center of a
tetragonally elongated octahedron of oxygen (O) atoms. The
resulting crystal field Acp splits the Ru-4d electrons into the
I, and the e, subsets. Omitting the unoccupied e, states, we
model local interactions on a DFT Hamiltonian downfolded
to the #,, orbitals using projectors. In this Hamiltonian, the
effect of SOC on the O atoms effectively act as k-dependent
SOC. In the quasi-2D approximation, the pseudospin basis
stays diagonal. Details and orbital characters of the resulting
Fermi surfaces are presented in Sec. II C.

A. Atomic problem

In strongly correlated unconventional superconductors,
Cooper pairs emerge from strong electron-electron inter-
actions. The simplest interacting model showcasing this
property is the one-band Hubbard Hamiltonian [80-84]. Its
multiorbital generalization is the Kanamori-Slater Hamilto-
nian (KSM) [85]. Its rotationally invariant formulation is
detailed in Appendix C and its expression given in Eq. (C1).
It depends on two parameters: on-site Coulomb repulsion U
and Hund’s coupling J. In SRO, studies based on realistic
electronic structures have shown that strong electronic cor-
relations improve considerably the quantitative description of
the one- and two-body propagators characterizing its normal
state [86-91]. In this paper, we include strong electronic cor-
relations only at the two-body level through spin and charge
fluctuation theory described in Sec. III and detailed in Appen-
dices A and B.

Another key physical mechanism affecting the Ru-4d elec-
trons is SOC [92]. This relativistic effect induced by the
important electrostatic potential generated by Ru’s large nu-
cleus couples the electronic spin S and angular momentum
L together. When acting on Ru-4d states, these operators
respectively have norms [ =2 and s = % We use a basis
that is diagonal in the projections L, and S, along the %
axis. The atomic SOC is purely local and thus transforms

like the Ay, irrep of the Dy, space group. It has the form

N Al . .
Hyoi = AgoeL - S, which can be recast into ladder operators

that couple states with quantum numbers L, = [; and S, = %
with those having L, =1, + 1 and S, = —%. This coupling
is thus block tridiagonal in spin-angular momentum space
as represented in Fig. 1(a). Consequently, the electrons are
better described by the total angular momentum quantum
operator J = L + S with the eigenstates’ quantum numbers
|j,J.) where j is a half-integer between % and 2 + % and J,
can go from —j to j. As a result, the 10-fold degeneracy
of 4d electrons with [, s = 2, % is broken into a four- and a
sixfold subsets respectively characterized by the total angular
momenta j = % and % Figure 1(b) shows which spin-angular

(a) Spin-angular momentum (b)Pseudospin-angular momentum
o T
+14
0t
-1t
=24
+24
+1¥
of

Pseudospin-orbital

Spin-orbital

FIG. 1. Nonzero components of the Hamiltonian projected on
the Ru-4d shell in different basis sets, that is the (a) spin-angular
momentum, (b) pseudospin-angular momentum with the J, labels,
(c) spin-orbital, and (d) pseudospin-orbital basis. All basis include
atomic SOC components in orange (grey) and the effects of the
crystal field are highlighted in blue (dark grey) for the orbital basis.
The lime (light grey) squares highlight the #,, subset in the orbital
basis.

momentum states are necessary to combine to construct a state
with a given J..

B. Crystal field and pseudospin basis

The crystal structure in which the atoms are embedded
breaks the spherical symmetry of the atomic limit. In many
correlated superconductors, the solutions to the local crystal
field are real spherical harmonics also called orbitals. In SRO,
the space group is Dy, and the Ru atom sits in the center of a
tetragonal octahedron of O atoms. The hybridization between
Ru-4d and O-p electrons separates the 4d-shell into the t,, and
€, subsets, depicted in Fig. 2(a). The elongated nature of the
octahedron introduces further splittings within these subsets.

The t,, subset includes a quasi-2D d,, orbital along with
two symmetry related quasi-one-dimensional d,, and d_, or-
bitals while d> and d,>_,» form the e, subset. These orbitals
are shown in Fig. 2(b) and the transformation from the angular
momenta to the orbitals is given by

By =iL=0, 9 v |le=-1
' ) |5 |l =+D
k5 H|k=-2 o
2=y |5 7 l=+2)

The nonvanishing crystal field and SOC components of the
Hamiltonian in the spin-orbital basis are depicted in Fig. 1(c).
The orbitals diagonalize the CF Hamiltonian but not

A . . .
Hggt. Using the total angular momentum instead, it can be
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FIG. 2. Effect of the crystal field generated by the octahedron of oxygen atoms around the Ru-4d electrons. (a) Cartoon of the splittings.
In a perfect octahedral environment, the t,, and e, electrons are split. Including the elongation of the octahedron generates further splittings
within these subsets. (b) Real spherical harmonics associated with the eigenstates of the crystal field potential. (c) Projection of a realistic
electronic band structure on the t,, states in red (dark grey) and the e, states in green (light grey). There are no e, states at the Fermi level,
which is shifted to O in this figure. The labels of the high-symmetry points are shown in Fig. 4.

diagonalized into two blocks, as shown in Fig. 1(d). As one
can see, the pseudospin is an orbital dependent spin defined
as

1 3 5
p==x forJ,e {Et-,F-,+-¢. 2)

27727772

Although predominantly local, SOC can have additional
contributions to the atomic part. For example, an electron
from the Ru-4d shell could hop to a neighboring O, flip its
spin because of SOC and hop back with a different spin. Thus,
when downfolding to the Ru-t,, orbitals, this SOC process
appears as being momentum dependent and is known as k-
SOC. In Ref. [35], they find that different hoping sequences
lead to three such effective couplings the intralayer chl)gc and
Hfoc’
HSB(;"C and Hségc connect electrons on the xy orbital having a
spin o with electrons on the yz and zx orbitals having a spin
—o. These contributions are intra-pseudospin. H, soc’ on the
other hand, is inter-pseudospin since it connects an electron in
the xy orbital with one in the yz and zy orbitals without affect-
ing its spin. Fortunately, SOC associated to O-p electrons is
small, as is also interlayer hoping in SRO. Consequently, DFT
predicts this inter-pseudospin potential to be negligibly small
[35], as we find. In the present paper, we use the quasi-2D
character of SRO to simulate the k, = 0 and k, = 27 /c planes
for which the HSEéC coupling completely vanishes. Thus the
noninteracting Hamiltonian is block diagonal, a useful prop-
erty to simplify the problem.

along with the interlayer HSOC terms. In the 7, subset,

ky

o)
o8

C. Realistic electronic structure

In spin and charge fluctuation theory, the superconductivity
is mediated through partially filled orbitals of the correlated
atoms only. Devising a tight-binding model of the appropriate
set of local orbitals requires to fit many parameters. Instead,
we start from a realistic electronic structure that we downfold
onto the appropriate set of local orbitals. We use DFT from
the ABINIT package [93-95] with the projected augmented
wavefunction pseudopotentials [96,97].

In 4d electron systems, the crystal-filed splitting is suffi-
ciently larger than SOC such that the latter can be considered
as a perturbation with respect to the former. In SRO, there are
only four electrons that partially fill the 4d-t,, shell of the Ru
atom and the 4d-e, are states too far above the Fermi level to
mix with the 7, orbitals. This is confirmed by looking at the
orbital character of the band structure obtained using DFT as
shown in Fig. 2(c). Thus we omit the e, states and project the
Hamiltonian on the 75, subset only.

The large SOC on the Ru atom couples the xy with the
xz and yz orbitals with opposite spins. Without SOC, spin
conservation makes the normal-state Hamiltonian diagonal
in spins while crystal-field symmetry preserves the block
diagonal form of the xz, yz sector. With SOC, the spin and
orbital sectors are coupled [92]. The intra-pseudospin block
of the normal-state Hamiltonian shown in Fig. 1(d) would be
diagonal in the band basis, but we work in the orbital basis
since it is the natural choice to study spin and charge fluctua-
tions originating from local interactions. The colors in Fig. 3
represent the orbital characters of the resulting Fermi sheets
in the first Brillouin zone. The « and § sheets mainly comes
from quasi-one-dimensional bands with xz and yz orbital char-

dyy

i T

c c

0k, 0k,

- -
g T

a a

k] dyz/zx

ky

o)
)

FIG. 3. Orbital character projected on the «, B, and y Fermi sheets as also calculated in Ref. [92]. The blue color corresponds to xy orbital
character while the red color corresponds to yz and xz orbital characters without distinction between these two.
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FIG. 4. Spectral function in the orbital basis of the noninteracting
system obtained by DFT with SOC for in-plane momenta k, = 0 and
k, = 27” The resulting «, 8, and y bands form the Fermi surface.
The xy, yz, and zx orbitals of the Ru atom are projected on the Fermi
surface with orbital character identified by the blue, green, and red
colors respectively. High-symmetry points are label and connected
by dots to show a specific path. Dashed lines highlight the Brillouin
zone, characterized by its body-centered tetragonal nature. The ar-
rows label different dominant nesting vectors of the Fermi surface
defined in Fig. 5(a).

acters, while the y sheet is mostly a quasi-2D band with
xy orbital character. The color code clearly shows that SOC
introduces spin-orbital entanglement around the k, = £k, di-
agonals, most obvious there because the bands are degenerate
at these points in the absence of SOC.

Similarly, Fig. 4 shows the projection of the xy, yz, zx
orbital characters on the «, 8, and y bands at the Fermi
surface for cuts k, = 0 and k, = 27 /c. These k, momenta are
connected by in-plane vectors because of the body-centered
nature of the Dy, space group. We use the downfolded spin-
orbital Hamiltonian to construct GZ[, b the Green’s functions
that characterize the propagation of a normal state’s quasi-
particle with pseudospin p from orbital /; to /, with energy
momentum K = (iw,,, k). This model Green’s function is
connected to the general Green’s function in Appendix D and
its properties are given in Appendix E.

Now starting from the normal state, we study instabilities
towards ordered states. In SRO, the Fermi liquid (FL) state
preceding the superconducting state appears below Tp ~
25 K [36,98]. By using DFT, we have a well-defined Fermi
liquid, which allows us to study the role of SOC but neglects
strong electronic correlations at the one-body level. Although
various studies have shown their importance for SRO [86-91],
none of them was able to correctly account for electronic
correlations, SOC and temperatures below Tr at the same
time. The exactitude of SRO’s normal state in its Fermi liquid
regime is an ongoing challenge. In this context, we decided
to focus on generalizing spin and charge fluctuation mediated
superconductivity to multiorbital systems with SOC. This for-
malism will remain valid once it will be possible to include all
ingredients to obtain the normal state of SRO.

III. SPIN AND CHARGE FLUCTUATION THEORY

Since interactions are diagonal in the basis of isolated
atoms, they do not commute with the band Hamiltonian. In
perturbation theory, even the ground state is a linear com-

bination of Slater determinants. With long-range Coulomb
repulsion being screened, the atomic interactions that are
left lead to rather large energy denominators. Instead, a
band electron creates electron-hole pairs best described as
spin and charge-density waves. These influence other elec-
trons, a process known as electron-electron scattering by
exchange of spin- or charge-density fluctuations. They are
the lowest-energy excitations and hence lead to small energy
denominators in perturbation theory. The resulting phase dia-
grams exhibit a rich variety of competing ordered states with
associated order parameters. Isoelectronic doping suggests
that SRO lies in the vicinity of magnetic orderings [99], con-
sistent with the important spin fluctuations found by neutron
scattering [41,100-102]. In addition, the well-established cor-
related character of Ru 1, electrons [86-91,103] makes SRO
the archetypal representative of superconductivity mediated
by spin and charge fluctuations. In this section we summa-
rize the basic ideas, which are formulated in more details in
Appendices A and B.

In Sec. Il A, two-body susceptibilities x, are introduced
from a free-energy perspective for « either the p-h or the p-p
channels. They can signal phase transitions and are expressed
in terms of bare susceptibilities xg, complemented with vertex
corrections. We present the dominant components of the bare
susceptibilities and discuss the origin of their momentum and
orbital structure. We comment on the interplay between both
channels through Parquet equations.

In Sec. III B, the enhancement of spin (charge) fluctuations
due to two-body interactions in the p-h channel is quanti-
fied using the magnetic (density) Stoner factor S™ (S¢). We
model the p-h vertex corrections using the Kanamori-Slater
Hamiltonian (KSH), incorporated within the random phase
approximation (RPA). We verify a scaling relation observed in
the bare vertex and justify our choice of parameter sampling.

Now, these spin and charge fluctuations generated by local
interactions can mediate pairing in the p-p channel. Ulti-
mately, we are interested in the structure of resulting SCOPs,
solutions to the linearized Eliashberg equation. Applying the
frequency-dependent formulation of the pairing interactions
to multiorbital systems with SOC is extremely challenging
and requires huge numerical capabilities. In Sec. III C, we
show how the linearized Eliashberg equation for systems with
inversion and pseudospin symmetries can be effectively re-
duced to a problem that is as computationally expensive as
the spin-diagonal case encountered when there is no SOC.

A. Two-particle susceptibilities

As derived in Appendix A, instabilities can be found from
responses to source fields. At the two-body level, they are
either number-conserving or pairing fields, respectively taking
the forms

Y (22 DY) and ¥ (2)¢, 2 DY) ()

with corresponding Hermitian conjugates. Here we use the
superindex i = (k;, u;, t;), which contains momentum, spin-
orbital u; = (o, [;), and imaginary time quantum numbers of
an electron created and destroyed, respectively, by ¥ (i) and
¥ (i). Taking the first derivative of the free energy F with
respect to those fields respectively lead to the normal and
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FIG. 5. Real part of the dominant intraspin components of the
(a) p-h and (b) p-p bare susceptibilities in the orbital basis along a
high-symmetry path. Full lines (dashed lines) are attributed to the
intraorbital (interorbital) components. In (a), we show the RPA sus-
ceptibility 5(‘;,1 defined in Eq. (13) and important peaks associated to
nesting vectors in Fig. 4 are identified. We verified that the interspin
components are negligible compared to the intraspin ones.

anomalous Green'’s functions

5F18)
_— dF(1;2) =
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S¢21(2;1) 0
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In the normal state, G describes the propagation of an elec-
tron, with its largest value near the Fermi energy momentum.
Introducing more electronic correlations at the one-body level
makes electrons further away from the Fermi energy con-
tribute more [40]. On the other hand, F does not conserve
the number of particles and must vanish in the absence of
source-fields in the normal state. More details and properties
of G and F are given in Appendices D and E.

The second derivatives lead to two-body susceptibilities
Xo- A transition from the normal to an ordered phase happens
when infinitesimally small fields can trigger finite responses,
signaled by a diverging x, at low temperature. Neglecting
two-body interactions, we find the bare susceptibilities x°
given by

G(1;2)=p

) 1
O @] = —EGH(;G,@“Z(SW, )
l 1
[x(,ip(Q)]ﬁ,f,z”m = %G%i‘éGﬁ%“‘Sm (6)

where K = (K, iw,), K’ = (K, iw],) are the fermionic four-
momentum vectors and Q = (q, iv, ) the bosonic one. f is the
inverse temperature. In this paper, x° are constructed from a
DFT calculation with SOC. Several relations for x?,p are given
in Appendix F.

In Fig. 5(a), we show the real part of the dominant intra-
and interorbital components of )”(gh = NLﬂ Skl Xgh]KK ativy =
0 with N the number of K points. The summation is perform
at the bare level, justified by the subsequent RPA dressing
explained in Sec. III B. We only show intraspin components
as they dominate. Because the DFT propagators characterize
mostly states at the Fermi level, the q vectors for which the
susceptibility has peaks are associated with the overlapping
of a part the Fermi sheets and another that is shifted by q.

These peaks are called nesting vectors and, for SRO, some
are labeled in Fig. 5(a) and are visualized in Fig. 4. They
were similarly discussed in Ref. [40]. The q;p vector that
folds nicely the 8 band onto the « one is largest in the yz-zx
orbitals sector. q;p was experimentally characterized by vari-
ous neutron scattering experiments [41,100,102,104]. The two
other labeled peaks involve the large pockets of states of the
y band, with xy character. These pockets are near a van Hove
singularity where the density of states diverges [105-107]. In
certain pressure conditions, the y band reaches the van Hove
singularity, leading to a Lifshitz transition [23,28,108-114].
The nesting of these pockets produces an antiferromagnetic
(AFM) plateau along with a nearly ferromagnetic (nFM) peak.
Neglecting SOC, these peaks were similar in height [40].
Including SOC, the AFM peak is significantly favored over
to the nFM one.

In Fig. 5(b), we show the same components but for the
real part of xgp. We look only at the Q = 0 bosonic four-
momentum because we are interested in superconducting
Cooper pairs with no center-of-mass energy momentum, as
discussed in Sec. III C. In fermionic Matsubara frequencies,
we show only iwy for which the susceptibility is largest. As
understood from inversion symmetry in Eq. (6), the peaks
are associated to k points of the Fermi surface. By inspecting
carefully a peak of an intraorbital component, one can observe
that many peaks are split in two because different orbitals
contribute to nearly touching Fermi sheets due to SOC.

Now we include two-body interactions captured by the
irreducible vertices T',. Susceptibilities yx, are expressed in
series expansions in the interactions as

0
Xpp
1- F,,,,x‘[),p

that are commonly called the Bethe-Salpeter equations [115].
An instability in the « channel is attained once the largest
eigenvalue A, of the operator V, =T, x2 reaches unity. Then
the associated x, diverges and the system reorganizes in a
different phase. These vertices result from electronic interac-
tions and are coupled through the Parquet equations derived
in Appendix B. It is this complex interplay that leads to com-
petition between ordered states and a rich variety of emergent
phases in correlated systems [59,60,116]. The idea of spin and
charge fluctuation mediated superconductivity is that although
the p-h fluctuations can be too weak to induce a transition
in the p-h channel, they still can mediate interactions in the
p-p channel that leads to a divergence. Indeed in this sce-
nario, the SCOPs are very dependent on the details of the p-h
fluctuations and thus the electronic interactions. The subtle
competition between different nesting vectors in the spin and
charge channels has a crucial influence on the type and sym-
metry of the superconducting states that can arise.

0
Xph

=— (N
1-— I'phxgh

Xph and  x,, =

B. Stoner factors in the particle-hole channel

In the p-h channel, the largest eigenvalue of V,;, called
the Stoner factor never reaches unity. Doing so would mean
we have already fallen into a magnetic or charge order. We
use the Stoner factor as a quantifier of the proximity to a
p-h ordered state, since it measures the enhancement in p-h
fluctuations due to two-body interactions. Without SOC, the
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system is spin-diagonal and V ,;, is block diagonal in the so-
called density and magnetic channels associated respectively
with singlet and triplet particle-hole fluctuations. In the S, = 0
channel, the density /magnetic (d/m) block is given as

Vi@ =V +/ -V ®)

where we used VZ,‘:"/"/ Q) = V;,;""’“ (Q). The other magnetic
channels with S, = +1 are obtained as

Vi =vi™h ad v,'Q=Vv;'"©Q. ©

Including SOC, this block diagonal property of V; is
no longer true and spin and charge fluctuations are coupled
together. In the present case, we observe that these devia-
tions are small enough so that we still refer to charge (spin)
fluctuations and we quantify them by looking at the density
(magnetic) Stoner factors S defined as

§4m = max eig{Vg(m)(Q)}. (10)

Let us now discuss the specific choice of vertex T,
entering V p;, = T'py, xgh. As discussed in Appendix C, the two-
body interactions are modelled using the rotationally invariant
formulation of the KSH. This model is a multiorbital gener-
alization of the Hubbard model and depends on the on-site
Coulomb repulsion U, along with the Hund’s coupling J. In
the p-h channel, the spinful p-h irreducible vertex function
I’ is taken as the local and static antisymmetrized Coulomb
interaction A ;, explicitin Eq. (C3). Comparing with Eq. (B5S),
we miss ladder functions in both in the p-p and p-h channels.
The p-p one can be neglected, since we work in the normal
state were p-p fluctuations remain small. The p-h one is ab-
sorbed in A, and renormalizes U and J from the bare values
to further screened ones. This is similar to what is done in the
two-particle self-consistent (TPSC) approach [117].

Now the local and static properties of A, simplifies the
dressing of the p-h susceptibility in Eq. (7) so that it becomes
diagonal in fermionic four-momentum, that is

[Xpn (D]kk = [Xpn(Q)]kk Sk - (11)

Moreover, the p-h susceptibility influences pairing through
the ladder function (B7) that characterizes the exchange of a p-
h fluctuation between to electrons. Using Eq. (11), it simplifies
to

[R(Dki " = [ApXpn (DA ] 2548 (12)
where we only need the so-called RPA susceptibility
1 1
(@] = 55 D D @L™™ . (3
K

This operation can be performed at the bare level, thus we
define the RPA bare p-h susceptibility as

213 L4 1 123 L4
[0, @] =N—ﬁ2[x2h<Q>]§,§‘ a4
K

Several relations for Xgh are given in Appendix F. This
approximation reduces greatly the amount of numerical re-
sources needed for vertex corrections at the cost of lacking
a proper description of the energy-momentum dependence of
the fluctuations. In this paper, we focus on the effects of SOC.

In another study neglecting SOC for a better treatment of
the electronic correlations using dynamical mean-field theory
(DMFT), it was shown that the frequency-dependence of the
p-h vertex leads to a reduction of the AFM peak and an
enhancement of the nFM one [90]. All of these effects can
influence the ordering of the leading superconducting states.

In Figs. 6(a) and 6(b), we show the dependence of S™
(5%) on the parameters U and J. Instead of these parameters,
it is useful to employ J/U and S™ because they have more
physically relevant interpretations, which allows to constrain
them. Moreover, the p-h vertex A, satisfies a scaling relation
Eq. (C5), which directly applies to the Stoner factors as

Sy, g1 =U - §UMNL, J/U]. (15)

To ensure repulsive on-site interactions in Eq. (C3), one
should satisfy J/U < 1/3. We extend the constraint to J/U <
0.45 because some work have considered attractive on-
site interactions in their study of superconductivity in SRO
[52,118,119]. Moreover, in the spirit of Hund’s coupling,
which favours same spin alignment, the interorbital Coulomb
repulsion should be stronger in the interspin channel U’ =
U — 2J compared to the intraspin one U” = U — 3J, impos-
ing J/U = 0. As for S™, it quantifies the role of two-body
interactions in generating magnetic fluctuations. Isoelectronic
doping experiments have shown that there is a lot of magnetic
ordering in proximity to SRO [99]. We study S > 0.5 to tune
the system in the vicinity of a magnetic instability, yet never
do we reach S™ (§9) > 1 since this would imply a magnetic
(charge) instability in the p-h channel.

Asaresult, 0 < J/U < 0.45and 0.5 < 8™ < 0.95 defines
the region of parameter space where we study superconductiv-
ity in Sec. IV. Figure 6(c) shows S¢ in this parameter space,
which is also highlighted by the dotted lines in Figs. 6(a) and
6(b). The charge channel becomes more important at small
J/U where Hund’s coupling does not force spins to be aligned
so that charge can move more freely between local orbitals.

In Fig. 6(d), we highlight the scaling relation Eq. (15),
which implies the dependence of S%/" /U over J/U and tem-
perature. The lighter colors corresponds to 7 = 1000 K, the
middle one to 7 = 250 K and the darker to 7 = 100 K. In
our study, U and J are kept fixed with temperature and the
dependence of the Stoner factors over temperature can be
assessed from the height of the bare p-h susceptibility’s peaks
that sharpen with lowering temperatures. The discontinuities
are associated to different leading q vectors depending on the
interaction parameters.

C. Particle-particle channel in the pseudospin basis

In the p-p channel where instabilities lead to superconduc-
tivity, we are interested in the eigenvectors A = A ,,(Q = 0)
of the operator V,, =V ,,(Q = 0) with largest eigenvalue
A = App. Q = 01is chosen because, in the absence of an exter-
nal magnetic field, the leading instability is usually for Cooper
pairs with no net four-momentum since this minimizes the
free energy by having no net superfluid flow. In the normal
state, these eigenvectors characterize instabilities that satisfy
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FIG. 6. At T =250 K, in the J and U parameter space, (a) and (b) respectively show the density (S?) and magnetic (S”) Stoner factors
defined by Eq. (10). Instead of U and J as parameters, we prefer to use S” and J/U as discussed in the main text. In (c), we show S¢ in this
new parameter space, constrained by physical intuition. This region is highlighted in (a) and (b) by the doted lines. In (d), we show the scaling
relation Eq. (15) for the Stoner factors, with their respective temperature dependence. S¢/U is plotted from dark blue to light green and S™/U
from dark red to yellow. The darker color is computed at 7 = 100 K, the one in between at 7 = 250 K and the lighter one at 7 = 1000 K.

The kinks are related to changes in dominant nesting vectors.

the linearized Eliashberg equation

Z [VPP]ZII?,NLHM AM%MA (16)

K'uspng

)"A[lémz —

As discussed in Sec. II B, the noninteracting DFT Hamilto-
nian projected on the 4d-t,, orbitals of the Ru atom is diagonal
in spina and orbitals when neglecting SOC. Including it en-
tangles the spin and orbital quantum numbers of electrons.
Rotating to the pseudospin-orbital basis, the quasi-2D Hamil-
tonian becomes diagonal in pseudospin, although orbitals and
spins stay entangled. Consequently, the bare susceptibilities
Egs. (5) and (6) are also diagonal in pseudospin with

Sp2ps- (17

As highlighted in Fig. 15 of Appendix C, our choice of
p-h vertex function A, is spin-diagonal, but not pseudospin-
diagonal. An example of an interaction diagram that does not
preserve pseudospin is shown in Fig. 7, which leads to finite
[rgh]ppbﬁ contributions, with p = —p.

However, the dressed susceptibility is still block diagonal,
having an intra-pseudospin channel

[Xo]plpzpsm — [Xo]ﬂlﬂzplﬂza

o o P1P3

oo X;—h+++ X;-h+—— -
ph X;hf++ X;hfff
and an inter-pseudospin channel
+—+— +——+
X//h — Xph Xph ] (19)
D X;}j"‘r* X;h+7+

Consequently, the pairing vertex V,, can also be expressed
as a block diagonal matrix in the intra- and inter-pseudospin
channels. The solutions of the Eliashberg equation in each of

Xyh P Xy¥, R

YZh, P2 YZh,

xyh L. Xy4, P,

FIG. 7. Example of a first order diagram of the dressed p-h sus-
ceptibility that does not preserve pseudospin.

these channels are thus independent. Equation (16) restricted
to the inter-pseudospin channel leads to the following coupled
equations:

+- __ +—+— +— +——+ —+
A'[AK]lllz - [VKK’]11[21314 [AK’]1314 - [VKK’][1121413 [AK’]14[3 )
-+ _ —++— +— —+—+ —+
A[AK]MZ - [VKK’]11[21314 [AK’]1314 - [VKK’]11121413 [AK’]14[3 )

(20)
where Vi = [V,plxk. The Pauli principle leads to
[Axl; = —[A ] @1

and in systems with inversion symmetry, the solutions are
either even- or odd-parity (e-p or o-p). They are defined as

[AL],,. = (AL, F [AkDL) (22)

with K* = (k, —iw,,). In this basis, we found that off-
diagonal elements completely vanish when SOC in neglected.
Considering SOC within the pseudospin approximation, we
found that they were several orders of magnitude smaller than
the diagonal ones so that Egs. (20) can be expressed as

N AV 1[Vie 0 JTAY -
|~ 2] 0 v ||A? 23)
AK KK’ K’

— +—+—
— [VKK’][112]314

where

[V ep/op

=t
KK’ ]11121314 + [VKK/*]11121413

F WVl + Vel 000 24

Using the relation (F10), the effective pairing vertex can
finally be expressed as

ep/o ep/o, N
Ve = [T g, k)] @
with
y _ _
[re[gjl(?p]lllzlah - [FKK,]EIFlzl:_Lt [T ]11121413

F el + Teekdyy - (26)

For the intra-pseudospin channel, Pauli’s exclusion prin-
ciple is not sufficient to construct an effective pairing vertex
and we have to solve the spinful system through Eq. (16) to
study these solutions. They can be understood as having total
pseudospin of 1 and pseudospin projection +1. Comparing
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effective solutions in the inter-pseudospin channel with those
of the spinful system, we not only verify that both give the
same answer but also that all pseudo-triplet states are almost
degenerate. This is very fortunate because, while we cannot go
to low enough temperatures in the spinful case, the degeneracy
between the intra-pseudospin and inter-pseudospin solutions
allow us to discuss all possible solutions by only inspecting
the inter-pseudospin channel.

IV. CHARACTERIZATION OF GAP FUNCTIONS

Ordered states like superconductivity are characterized by
an order parameter that breaks at least one symmetry of the
normal state. As explained in Sec. III, the gap function A is
an eigenvector of the pairing vertex V ,,. This is the SCOP that
we want to characterize. In frequency-dependent multi-spin-
orbital systems, these SCOP have many degrees of freedom
involving various types of classifications.

In Sec. IV A, we first introduce the SPOT decomposition
as a tool to quantify the interplay between these quantum
numbers. In Sec. IV B, we apply group theory to assign a
single label, the irrep of the Dy, space group, that involves all
quantum numbers together. We decompose spin-orbital basis
functions of the t,, subset in terms of irreps and discuss time-
reversal symmetry. Finally in Sec. V, we apply these tools
to the inter-pseudospin solutions of the effective Eliashberg
equation Eq. (23) for SRO. As leading eigenvectors, we find
Bf”g and Az_g states. We discuss how SOC couples different
orbital sectors and compare them with experiments, discuss
their phase weighted distributions and investigate how their
eigenvalues evolve with temperature. As subleading symme-
tries, we find another A} o set of degenerate E; and an Al_g.
We discuss why we do not find some of the other proposed
solutions for SRO.

A. SPOT contributions

The gap function A transforms like the anomalous Green’s
function or Gorkov function F defined in Appendix E. It is
given by a time-ordered product of two fermion destruction
operators,

b
i = / dr e ([Tyg W%,). @D)

0
where the two electrons forming a pair have four quantum
numbers each: spin-orbitals u; = (o7, /1) and u,, along with
energy momenta in Matsubara frequency K = (iw,,, k) and
—K. T; is the imaginary-time-ordering operator. Using the
sign change upon the exchange of two fermions, this two-
fermion object, and thus A as well, satisfies the Pauli principle

AE}IUZZZ (lwm) = _A?lfllzll (_iwm)' (28)

The exchange of each quantum number is respectively
characterized by the S, P*, O, and T* operators [64], acting
as follows:

[SA]"” = [A]™,
[OA),1, = Ay,

[P*Al = Ay,

[T*Alliwn) = A(—iwy,), (29)

where, when omitted, quantum numbers stay untouched. Note
that 7* is simply the exchange of relative time, different from
time reversal 7. Moreover, there was recently a generaliza-
tion of these operators to systems with strong SOC involving
the exchange of total angular momentum J instead of the
exchanges of spin § and orbitals O [120]. We did not con-
sider it in this paper. In terms of these operators, Eq. (28) be
expressed as SP*OT*A = —A. Because these operations are
idempotent, the eigenvalues of each operators are + and —1,
associated to even and odd eigenvectors. The SCOPs are not
necessarily eigenvectors, so we use the SPOT decomposition
to characterize gap functions in systems where multiple SPOT
eigenvectors are cohabiting.

In centrosymmetric systems like Dy, all irreps are eigen-
vectors of P* and they are labeled by g (1) for e-p (0-p). They
are denoted TP (TP) and gap functions remain pure in that
quantum number. In spin-diagonal cases such as that obtained
when neglecting SOC, gap functions satisfy SA = +(—)A for
triplet ™S (singlet ~S) solutions. In that case, the singlet chan-
nel A™ — A'? that has total spin 0 and the three degenerate
triplet channels A™", A% and A™ + A" have total spin 1
and total spin projections 41, —1 and 0, respectively.

Considering SOC in multiorbital systems introduces spin-
flips that entangles those spin channels together and can
lead to coexistence of *S and ~S contributions [92]. It also
introduces interorbital interactions that hybridize formerly
decoupled orbital sectors. In other words, it can induce mix-
ing between TO and ~O contributions. These hybridizations
between nondegenerate orbitals were shown to generate coex-
istence between T and ~7T contributions [74,75].

In this notation, conventional superconductors are purely
“STPTOTT with a s-wave symmetry in k space. Similarly,
cuprates are known to be spin-singlet one-band d-wave su-
perconductors [2]. On the other hand, the few candidates
for spin-triplet superconductivity are usually classified as o-p
with a pure TSTPTO™T contribution. Among potential ma-
terials, there are many uranium-based materials like UPt3
[121] and UTe; [122]. Also, the p, &£ ip, chiral p-wave state
previously proposed for SRO would classify as such triplet.

These two types of SCOP, spin-singlet and spin-triplet, are
often mentioned separately in the literature because most su-
perconducting models are single-orbital and/or spin-diagonal.
In SRO however, there have been increasing discussions
about ~O states [14,34,43,47,118,123—-125]. Additionally, a
few papers have studied the frequency dependence of the gap
function and found purely ~7 states when neglecting SOC
[40,77]. Considering SOC, the coexistence between *T and
~T solutions should be ubiquitous [74,75]. One paper actually
linked the ubiquitous presence of ~7 correlations in multior-
bital SRO with its observed finite Kerr effect [76].

B. Group theory

In the Ginzburg-Landau paradigm, ordered states are char-
acterized by an order parameter, which breaks at least one
symmetry of the normal state. The SCOP breaks U (1) gauge
symmetry, associated with breaking conservation of the total
number of particles. In BCS superconductors [62,126], it is
the only broken symmetry. In unconventional superconduc-
tors, the complex mechanisms mediating pairing usually lead
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TABLE I. Basis functions of the SCOP in spin space expressed
as irreps. S is the parity under spin exchange.

Irrep Spin basis function S
Alg (o) -
A2g o1 +
E, 09, 03 +

to additional symmetry breaking [116]. The different symme-
tries that are broken in an ordered phase have a specific label
attached, referred to as an irrep. In Appendix G, we detail the
symmetries and irreps of the Dy, space group.

As the irrep characterizing a SCOP involves all quantum
numbers at the same time, it is instructive to look at how
it decomposes in each of them separately. The total irrep is
obtained from the direct product of the irreps of each in-
dependent space; spin, orbital, wave vector. In Sec. IVBI,
we discuss the spin-orbital components themselves, with-
out including k dependence. First in the case without SOC,
we classify the basis functions in spin and orbital spaces
separately. Then, we introduce SOC, which entangles them.
Certain products of irreps become reducible while maintain-
ing pseudospin symmetry. In Sec. IVB2, we generalize the
classification of Ref. [127], but for systems with multiple
SPOT contributions. We explain why time-reversal operation
7T would be preferable to 7* in systems with multiple SPOT
contributions. However, 7 has a phase ambiguity that prevents
actually using it. As an in-between, we use the frequency
dependence of the intra-orbital components of the SCOP in
our classification. Even-frequency (odd-frequency) intraor-
bital components are denoted by a + (—) superscript in the
irrep label.

1. Spin-orbital basis

Without SOC. The electrons in SRO transform like ir-
reps of the double group Dy, [128]. An irrep of this group
D;; =D; ® E{)2,, can decomposed into the orbital part D,
and the spin part E; /> ,. The gap function describing Cooper
pairs depends on two such electrons, thus it transforms like
Dy s, ® Dy,,. Without SOC, the normal state Hamiltonian is
diagonal in the spin-basis and can be mapped to a doubly
degenerate spin-diagonal Hamiltonian. In that case, the spin
part of the gap function is separable into Ejp , ® Ei/p ¢ =
Ay @ Are ® E, where Ay, corresponds to the spin singlet
A™ — A¥T with total spin O while the three others are spin-
triplet with total spin 1. The Ay, one is given by AT + AV?
with spin projection 0 and the E, ones are A™" and AV with
spin projection 1. These four components are represented by
Pauli matrices shown in Table I.

On the other hand, the orbital part depends in this case
on the #, basis. Those transform intrinsically like two
independent subsets: the xy orbital transforms like the one-
dimensional Dy, = B, irrep while the yz and zx orbitals
transform like the two-dimensional D, /., = E, irrep. In other
words, the electrons states forming the Cooper pairs transform
nontrivially depending on the orbital that hosts them. The
orbital part of the SCOP transforms like D;, ® D;, with three
distinct possibilities:

TABLE II. Basis functions of the SCOP in orbital space ex-
pressed as irreps. O is the parity under orbital exchange. |1+£) and
|2+) are notations that are helpful later.

Irrep Orbital basis function o
Aj, lxy; xy) +
Ay, lyz;¥z) + |zx; 2x) +
By, [yz;¥z) — lzx; zx) +
Ay, lyz; zx) — |zx;yz) -
By, lyz; zx) + |zx;y2) +
E, [14) = |xy; yz) + lyz; xy) +

[24) = |xy; zx) + |zx; xy) +
E, [1-) = |xy;yz) — lyz;xy) -

[2—) = |xy; zx) — |zx; xy) -

(i) The l; = I, = xy sector that involves a single compo-
nent transforming like By, ® By, = Aj,.

(ii) The [}, , € {yz, zx} sector that involves four compo-
nents transforming like B, ® E, = A1, @ Aoy @ B, @ Bog.

(iii)) Thel; = xy and I, € {yz, zx} sectors (and vice versa),
involving four components transforming like By, ® E, =
E, ® By, = E,.

The orbital basis functions written in terms of the irreps are
shown in Table II. See how E, ® E, is reducible. Moreover,
these basis functions can be either even TO or odd ~O under
exchange of the two orbitals forming the pair.

Neglecting SOC makes A diagonal in spins, implying it is
an eigenvector of S. It is also block diagonal in the orbital
basis with the three independent sectors given above. Note
again that we are neglecting the wavevector dependence of
the gap functions. If we were considering a nontrivial irrep
in wavevector space, it would have to be multiplied by the
other irreps. For example, a spin-singlet component for xy; xy
orbitals transforms like A, in spin-orbit basis. If, in k space, it
transforms like the d,>_,» function that is B g, this component
globally transforms like A, ® B1, = By,.

With SOC.. Introducing SOC in the Hamiltonian of the
noninteracting system has the effect that spin and orbital are
no longer good quantum numbers at the one-particle level. As
a result, an electron is in a superposition of different orbitals
and spins, with coefficients depending on its wavevector. In
other words, the Hamiltonian is no longer block diagonal in
those spaces, although it stays diagonal in pseudospin space.
Consequently, the three orbital sectors are coupled together
and the gap functions involve all of the orbitals through
combinations of SP*OT* = —1 contributions. All these con-
tributions however have to globally transform like a single
irrep.

In spin-orbital space, the whole space of 1, orbitals trans-
forms like Dy, ;, = (B2g @ Eg) @ Ey 2. The product Dy, » ®
D,,, involved in the SCOP gives new basis functions that
entangle spins and orbitals. Most of these are trivially ob-
tained, like a singlet state in the xy;xy orbitals transforms
like |xy;xy) ® o2, that is Aj, ® Ajg = Aj,. The only non-
trivial basis functions are those involving the 2D irreps in
both orbital and spin spaces, that is the {yz, zx} orbitals with
{00, 03} spins. This E, ® E, product is reduced by forming
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TABLE III. Nontrivial basis functions of the SCOP in spin-
orbital space expressed as irreps. The orbital and spin parts are
respectively defined in Tables I and II. O (S) is the parity under orbital
(spin) exchange.

Irrep Basis function S o
Alg [14+) ® 0o + i[2+) ® 03 + +
By, [1+) ® 0o — i|24) ® 03 + +
Ay, [14) ® o3 + i[24) ® 09 + +
By, 1+) ® o3 — i]24) ® 0y + +
Agg [1-) ® 0o +i]2—) ® 03 + -
By, 1-) ® 0 — i|2—) ® 03 + -
Ay 1-) ® o3 +i[2—) ® 0p + -
Bo, 1-) ® 03 —i]2—) ® 0o + -

linear combinations that transform like the Aj,, Az, By,, and
B,, irreps. These combinations are given in Table III.

Although SOC couples orbitals of different sectors, the
effective reduction in pseudospin space given in Eq. (23)
implies the gap functions are purely intra- or inter-pseudospin.
In this paper, we only study the inter-pseudospin solutions as
explained in Sec. III C.

2. Time-reversal symmetry

In Ref. [127], the group theory classification for the Dy,
space group was extended to the Shubnikov group of the
second kind to include odd-frequency superconductivity. They
do so by including 7*, the exchange of relative time, to
the symmetry operations. However, 7* is not necessarily a
symmetry of the normal state, since the actual symmetry of
the normal state is TR 7. It involves all electronic degrees of
freedom while 7* only affects iw,.

As shown with two proofs in Appendix E, under 7, the
Gorkov function F transforms like

[TF]E;Z (o) = ealﬁzFiﬁ}sz _lwm)* (30)
where € = 85,5, — 8_g,,. In the ordered phase, TR symmetry
is either conserved or broken by the Gorkov function, with
TF = +F. On the other hand, F is not necessarily an eigen-
state of 7* and a multiorbital state that respects TR symmetry
can still exhibit the coexistence of even- and odd-frequency
correlations in the presence of SOC. Our solutions to the
Eliashberg equation all satisfy Eq. (30), up to a global phase
discussed in Appendix E. Such a global phase has no conse-
quence of observables.

Since SCOPs in multiorbital systems with SOC are not
purely even or odd under the 7* operation, we use an in-
between criterion to label states. The intraorbital components
of the SCOPs are always pure in Matsubara frequencies. Thus,
in the spirit of Ref. [127], we use their SPOT character to label
irreps with the superscript + (—), given they have a *T (" T)
character.

V. LEADING AND SUBLEADING EIGENVECTORS

We now present solutions to the effective Eliashberg equa-
tion Eq. (23) in the inter-pseudospin channel. The p-h channel
is dressed using the RPA vertex, as explained in Sec. III B,

* & &

Q% *  *

* % % % %0
* 4 ¢ ¢ 0 0 0
* ¢ 4 ¢ 0 00

FIG. 8. Global irrep of the (a) leading and (b) first subleading
eigenvectors at 7 = 250 K and for a 24 x 24 x 2 q-grid. The pa-
rameter space is constructed as a function of the dressed parameters
J/U and §™ given in Fig. 6 c). The transparency of the background
square represents the size of the eigenvalue between zero and one.
Notice the A, %, X, #, and + symbols associated to eigenvectors
with global irreps Bfrg, two different A;,, A}, and E respectively.
These specific solutions will be discussed further in the text.

at T =250 K, on a 24 x 24 x 2 q-grid and with parameters
shown in Fig. 6(c). The resulting leading eigenvector symme-
tries in terms of global irreps are shown in Fig. 8(a) while
in (b) we show the first subleading symmetries. They are
labeled using irreps defined in Sec. IV B and the transparency
of each square is proportional to the size of the eigenvalue,
between zero and one. We find various possibilities, but only
two leading instabilities. For each different irrep, we selected
a point in parameter space where we will present actual gap
functions in the following discussion. In particular, we iden-
tify the SPOT decomposition the following way: From the
solution of Eq. (23) in a given parity channel, we can express
it in pseudospin-orbital space using Eq. (22). We then rotate
it to the spin-orbital space and apply the S, P*, O, and T*
operators. We find that many different SPOT contributions
are associated to different real and imaginary parts of the
spin-orbital components, although they all transform like the
same unique irrep. The interference between different SPOT
contributions lead to complex numbers with a nontrivial dis-
tribution of angles in the complex plane.

This analysis is performed for the Bfg state in Sec. V 1 and

for the A, in Sec. V2. The phase diagram naturally suggests
the possibility of an accidental degeneracy between these
two, which could explain the experimental discrepancies. We
then discuss the temperature dependence of the solutions in
Sec. V 3, along with subleading candidates and reasons why
we do not find some of the other SCOPs proposed for SRO in
Sec. V4.

1. The BY, irrep

Denoted by a A in Fig. 8, the J/U = 0.15 and S = 0.9
parameter set has a Bfg leading irrep. This symmetry is a
prime candidate that could form an accidental degeneracy in
SRO. It is usually discussed as having a purely ~STPtO*T
character, neglecting the entanglement of SPOT characters.
However, SOC leads to entanglement of the electronic quan-
tum numbers and the SPOT decomposition has ~STPTO*T,
*STP~O*T, and *STPTOT characters, given in Table IV.
Those can be understood by studying the real and imaginary
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TABLE IV. SPOT decompositions of the gap functions denoted
by A and % in Fig. 8. Here, P5POT A is the ratio of the absolute value
of the projected gap function A for a specific SPOT on the total one.
Each SPOT is specified by a color that is used in Figs. 9-12.

N P 0 T PSPOTAMBY)  PSPUTAR(AL)
= + | + ] = 95% <1%
= | - | & - 10% 81%
=+ ] - + 29% 58%
= + = = 0% <1%

parts of the spin-orbital components of A*(BY,), shown in
Fig. 9(a) for the first positive and negative Matsubara fre-
quencies. Globally, this state transforms like a single global
irrep with ubiquitous even- and odd-frequency correlations,
as expected in such a multiorbital system [74]. Although ar-
guably responsible for the finite polar Kerr effect [76], these
odd-frequency correlations are insufficient to explain the two-
component signatures in SRO, which motivates revisiting the
polar Kerr experiment under uniaxial pressure.

The intraorbital parts have ~STPTOTT character. We
make them real by selecting the appropriate global phase and
the gap function transforms like 7A = A under TR symme-
try. These components are the largest and because they are
spin-singlet ~S, they are characterized by the |/;1) ® o, basis
functions defined in Sec. IV B. While the xy; xy component
transforms like A, in spin-orbital space, it transforms like a
Big d>_,» function in k space, making it globally Bi,. The
vz;yz and zx;zx components transform into each other and
their phase difference implies that they transform like the B,
orbital basis function in Table II. In k space, they transform
like A, making them globally B,. Because of the *7 char-
acter of these intraorbital components, this gap function is
labeled BY,.

These intraorbital components involve opposite spins. Be-
cause of SOC, the orbital sectors are coupled by spin-flip
processes as follows: One of the paired xy electrons of a
Xy;xy pair can propagate to the {xz, yz} orbitals by flipping
a spin (yet preserving pseudospin). The resulting interorbital
pair involving one xy electrons with one yz or zx must now
have equal spins, i.e., form a triplet pair with *S. Having a

Re[AB‘fg(imo)] Re[AB‘?g(—iu)o)]
Xyt yzt  zxt Xyt yzt  zxt

Xyt

yzZi

ZX |

FIG. 9. (a) Real and (b) imaginary parts at the first positive iw, and negative —iw, Matsubara frequencies of the leading B

fixed *P, there are two possible SPOT characters that can
entangle: *STP~O"T and *STPTO~T. Inspecting Fig. 9, we
see that the real parts of xy; yz and yz; xy and imaginary parts
of xy; zx and zx; xy have *STP~O™T character and can be ex-
pressed using the By, |1—) ® 09 — i|2—) ® o3 basis function.
On the other hand, the imaginary parts of xy;yz and yz;xy
and real parts of xy; zx and zx; xy have "STPTO~T character
and can be expressed using the By, [14) ® 0¢ — i[2+) ® 03
basis function. These xy; {yz, zx} interorbital components are
smaller yet similar in magnitude to the xy;xy one and also
transform like B

Moreover, the other xy electron of the initial pair can
also flip its spin and propagate to {yz, zx} orbitals. All or-
bital sectors are connected and the intraorbital A ’7 and
A %7 are the second largest components. They globally trans-

X,2x

form like the Af;"" component as Bf, with “S*P*O*T
character. The interorbital components yz;zx and zx;yz are
much smaller than the others. Their real (imaginary) parts
have *STPTO™T (t*STP~O"T) character expressed using
[lyz; zx) + [zx; y2)] @ o1 ([lyz; 2x) — |zx;yz)] ® 01). The ir-
reps associated to those components are By, (A) in orbital
space, Ay, (Ay,) in spin space and A, (B,) in k space, thus
globally transforming like B .

Although there are multiple SPOT contributions to the
state, it still satisfies the TR condition (30). However, the
transformation properties of individual components involve
complex numbers, which means that the gap function repre-
sented by the 3 x 3 matrices cannot simply be written with
real numbers. To illustrate this fact, we show in Fig. 10 a polar
plot of the weighted distribution of phases in the complex
plane of the A B{g gap function Fig. 9 at iwy, on a semilog
scale. It is defined by

D(p) = Z |AZIIL2| with ¢ in AII?M — |All;1142|ei¢. 31)
K1

The black line corresponds to the distribution of phases when
we include all the matrix elements entering the gap functions.
The colored distributions are associated to a single SPOT
characters, with colors associated to characters as in Table IV
and the contours of Fig. 9. For a given SPOT contribution,
the distribution has mostly ¢ € {0, %, T, 3—’T} angles, in other
words a given SPOT contribution can be represented by purely

(b) Im[AB‘&(imo)] Im[AB‘&(-imo)]
xyl: yzt :zx 1: ‘xyt‘ yzt ‘zxt‘

ZX |

+

1, gap function

denoted A in Fig. 8. Each entry of a 3 x 3 matrix is the momentum distribution in the first Brillouin zone for k, = 0 and k, = 27 /c of a
component of the inter-pseudospin gap function. Colors go from —1 (blue) to 1 (red) and components were rescaled with a coefficient printed
at their I point. The colors around the squares show the SPOT character of each component: blue, red, and orange correspond to ~STPTO*T,

tSTPTO™T, and *STP~O™T respectively, as in Table IV.

064513-12



SUPERCONDUCTIVITY IN CORRELATED MULTIORBITAL ...

PHYSICAL REVIEW B 106, 064513 (2022)

A BA& (1wo)

135°

45°

180° 0°

270°

FIG. 10. Weighted distributions of the phases of the complex
numbers entering the A gap function at iw,, defined in Eq. (31). The
black line is associated to the total gap. The other colors are the distri-
butions of each SPOT contribution of Table IV, with corresponding
colors.

real or imaginary numbers. The purely imaginary ones are im-
posed by the C; symmetry operation detailed in Appendix G,
acting on the spin-space of interorbital components. Including
all SPOT contributions creates the wild phase distribution
seen in black in Fig. 10. This kind of distribution emerging
from the interference of different SPOT contributions is un-
avoidable in multiorbital systems with SOC. It is not clear how
these phases affect physical observables.

2. The A3, irrep

The other leading irrep in Fig. 8 is the Az_g gap function.
We study the one found at J/U =0 and S = 0.75 and de-
noted by the star (¥ ) symbol, where its real and imaginary
parts are shown in Fig. 11 for the first positive and negative
Matsubara frequencies. It has *STPTO~T intraorbital com-
ponents, which explains the minus superscript in our notation.
This state is a generalization of regular odd-frequency to a
multiorbital system where SOC leads to multiple coexisting
SPOT contributions. In this case, the dominant characters
are TSTP~O'T and TSTPYO™T in the proportions given in

(8)  Re[AX (imy)] Re[AX: (-iwy)]
'xyl yzt ZX 1} ‘xyl yzt

vz

7X}

Table IV, with negligible contributions from ~STP~0~T and
“STPTO'T characters.

The dominant components are intraorbital and transform
like TSTPTO~T. If we make them real by choosing the
appropriate global phase, we find that the whole gap trans-
forms like 7A = A under TR symmetry. If instead we apply
an additional 7 /2 phase shift, these intraorbital components
are purely imaginary and the whole gap now transforms
like 7A = —A. This global phase invariance is detailed in
Sec. IVB2.

The intraorbital xy;xy component is the largest and is
characterized by the |xy;xy) ® o7 basis function defined in
Sec. IVB1, which transforms like A, in orbital space and is
a spin zero Ay, triplet in spin space. In k space, it is almost
uniform, transforming like A, so that overall this component
transforms like Aj,. The other intraorbital components are
much smaller and have the same phase. They transform like
[lyz; yz) + |zx; zx)] ® o7 in spin-orbital space and they are
almost uniform in k space, thus they globally transform like
Ay, as well.

Now, because the intraorbital components are *S for op-
posite spins o] = —o3, a single spin-flip induced by SOC
generates interorbital components that are necessarily TS as
well. This explains why the dominant SPOT contributions are
both triplet. Those are of the same order of magnitude as the
dominant xy;xy one. The real part of xy;yz and imaginary
part of xy; zx can be expressed as the |1+) ® o3 + i|24) ® 09
basis function with TSTP~O*1T character, while the imag-
inary part of xy;yz and real part of xy;zx is instead of
the form |1—) ® o3 + i|]2—) ® oy with TSTPT O™ T character.
Both of these transform like A,,. Looking at the small yz; zx
components, their real (imaginary) parts have ~StTP~O~T
(“STPTO*P) characters. All components consistently trans-
form like A, globally.

Again, we can look at the weighted distribution Eq. (31)
of phases in the complex plane shown in Fig. 12, for all
components of the gap function in black and for the indi-
vidual SPOT contributions are shown in Fig. 11 with colors
as in Table IV. In this case, most individual SPOT contribu-
tions have only complex phases as ¢ € {0, 7, 7, 371 but the
TSTPTO™T contribution has additional interference coming
from the interorbital components. We cannot explain why that
is. Overall, all SPOT contributions again interfere, leading to
a wild distribution of complex number phases for which it is

(b)) Im[AX (iwy)] Im[A X (-io)]
Xy yZt ZX t Xy yZt ZX 14

ZX |

FIG. 11. (a) Real and (b) imaginary parts at the first positive and negative Matsubara frequencies of the leading A, gap function denoted
% in Fig. 8. See Fig. 9 for more details of what is shown. The additional ~S*P~O~T component is highlighted in green.
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A (i) *

180°

270°

FIG. 12. Weighted distributions of the phases of the complex
numbers entering the % gap function at iw,. The black line is as-
sociated to the total gap. The other colors are the distributions of
each SPOT contribution of Table IV, with corresponding colors.

not clear whether a signature can be observed in experiments,
motivating further investigations.

Now, because this state has spin-triplet intraorbital compo-
nents in the inter-pseudospin channel, it is expected to have
nearly degenerate intra-pseudospin solutions with a similar
structure. This is what unconverged calculations confirm. Be-
cause the A, character of the different components comes
from the spin degrees of freedom, the intra-pseudospin solu-
tions instead have E, spin irreps and globally transform like
two degenerate E, states.

The interest in this A < SCOP is twofold. First, it trans-
forms like Aj,, consistent with ultrasound experiments.
Second, intraorbital odd-frequency SCOP are gapless at the
Fermi level [66]. This property implies that their effect on
the Fermi surface of SRO could be negligible enough that it
has a negligible signature in specific heat. A similar behavior
is expected for the even-frequency components since, being
interorbital, they open gaps where the bands with the same
orbital characters cross, which is mostly away from the Fermi
level for different characters. Consequently, an accidental
degeneracy between Bfg and Az’g in the system at ambient
pressure could appear as having two components and breaking
TR symmetry. Applying uniaxial strain, one can imagine that
the Bfg acquires a larger critical temperature while the A,
remains almost constant. As a result, one would observe a first
transition when entering the Bf”g state and a second one when

entering the BTg + ei‘f’Az_g, which could suddenly break TR
symmetry, with a negligible signature in specific heat. Such
a scenario should be further investigated.

3. Temperature dependence

While the eigenvectors of Fig. 8 have largest eigenvalues,
these are lower than one, meaning that the system remains in
the normal state. The assumption is that these eigenvalues are
enhanced by lowering temperature and at some point become
unity, signaling a phase transition. The temperature depen-
dence of the eigenvalue is very important as a subleading

(a) 0.7 A — i (D) 04—
Ay ‘
0.6 Iy
— &, 03
0.5 \f\ — e
P G )
< <

0.1

253

0.04 . = 0.04 T
100 1000 5000 100 1000 5000
Temperature [K] Temperature [K]

FIG. 13. Eigenvalues’ temperature dependence at the (a) A and
(b) % points of Fig. 8. Error bars explained in Appendix H.

eigenvalue might rise faster than the leading one. We studied
this possibility for the A and % points of the phase diagram,
which have leading eigenvectors A‘(B?‘g) and A¥ (A, .)- The
results are shown in Figs. 13(a) and 13(b), respectively. The
eigenvalues are very challenging to calculate at lower tem-
peratures where the convergence in k points and fermionic
frequencies becomes increasingly difficult. The way the error
bars are obtained is explained in Appendix H.

We observe that the eigenvalues of states with odd-
frequency intraorbital components, denoted by the minus
superscript in our notation, are not monotonous in tem-
perature. In other words, they have a maximal value at a
finite temperature. This reentrance property has been pre-
dicted in odd-frequency superconductors and could lead to
a metal-superconductor-metal transition induced by temper-
ature [68,129]. In our case, the maxima appear at high
temperatures, with eigenvalues far from unity. Because this
has not been studied a lot, it is unclear whether this behavior
can be avoided with better choices of interactions and normal
states, leading to enhanced maximum eigenvalues at lower
temperatures. Otherwise, these states might never trigger a
phase transition. However, the BTg state behaves normally and
rises as temperature is lowered, guaranteeing its importance
as a potential state to form an accidental degeneracy.

4. Subleading gap functions

As the temperature dependence suggests, it is not impos-
sible that subleading gap functions become leading when
lowering temperature further. We briefly present a few of the
other symmetries present in the phase diagram, denoted by the
+, X, and ¢ symbols on Fig. 8(b) and shown in Fig. 14.

At the + symbol, there are both large amounts of spin
and charge fluctuations, with both Stoner factors around 95%.
In this parameter regime, the second and third largest eigen-
values are degenerate and transform like the E; irrep. The
largest component in pseudospin-orbital basis is the intraor-
bital xy;xy, classified as a ~S™PtO~T. The second largest
are the interorbital xy;yz/zx ones. These gap functions are
shown in Figs. 14(a) and 14(b). One can see that they are
complementary, exhibiting the fact that they represent the
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FIG. 14. Other gap functions at the points denoted by the +, x, and 4 symbols on Fig. 8. In (a) and (b), eigenvectors with second and
third largest eigenvalues at the x point. They are degenerate and correspond to the two-dimensional E irrep. In (c) and (d), first and second
eigenvectors at the 4 point. They both transform like different A;, irreps. In (e), second largest eigenvector at the 4 point, which have A},

symmetry. For more details about what is shown, see Fig. 9.

same two-dimensional irrep. The symmetry protected degen-
eracy between these states would naturally be broken under
uniaxial conditions. However, they would have either zero or
two temperature transitions under uniaxial strain.

At the x symbol, both the spin and charge fluctuations
are relatively low around 50%. In this region of parameter
space, both the first and second eigenvectors transform like
A, ., a one-dimensional irrep. They are shown in Figs. 14(c)
and 14(d). These two gaps should be linearly independent.
The first one has similar relative amplitudes and momentum
structure as the A*(Az_g) gap function. This is expected as
they are part of the same region in the phase diagram Fig. 8.
The second gap is similar in structure, but the magnitude be-
tween different components is different, and most strikingly,
the phase between the intraorbital xy; xy component and the
yz;yz and zx; zx ones is opposite, which makes it orthogonal
to the A}, state.

At the ¢ symbol, spin fluctuations are very large with a
magnetic Stoner factor of 95%, while charge fluctuations are

unenhanced by correlations. At this point in parameter space,
the second eigenvector transforms like the A7, irrep, shown in
Fig. 14(e). Its intraorbital components have a lot of gradients
and sharp values due to extremely sharp peaks in the dressed
p-h susceptibility. Equivalently important components are the
uniform interorbital xy; yz and xy; zx ones.

We notice that all these second leading eigenvectors have
odd-frequency intraorbital components. We do not find the
even-frequency solutions that could have been expected for
SRO. First, the d,, & id,, state that transforms like the E,
irrep and could originate from k-SOC [34,35] is vanishing at
k, =0and k, = 27” To study this state, we need to include
more k, dispersion and cannot use the pseudospin reduction
of the Eliashberg equation (20). However, we do not expect
this state to be dominant, since the k-SOC obtained from DFT
is negligibly small and SRO is well known to be quasi-2D
[36]. Second, the odd-frequency interorbital E, found when
computing the dressed p-h susceptibility using DMFT [77]
was obtained when neglecting SOC. Restoring it, the gap
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function would need to involve all orbital sectors, in which
case intraorbital E, would necessarily involve a strong k;
dispersion like the d. * id,, state or higher-order harmonics,
which is improbable. It might however be compatible with
the E; intra-pseudospin state analogous to A*. Third, al-
though the extended s wave proposed in some studies [42-44]
was found when neglecting SOC [40], it appears only in the
yz/zx orbital sector because it is originating from fluctuations
caused by the quasi-one-dimensional nesting vector. Again,
considering strong SOC implies that all sectors are active,
but the Ay, irrep is incompatible with the xy orbital sector
due to the repulsive nature of the singlet Coulomb interaction.
Fourth, various studies have proposed the g.,2_,2) Az state
[50-53]. As a higher angular momentum version of d,>_,,
this state might involve too many gradients in k space, thus
reducing its eigenvalue.

From our results, it seems that the only state with even-
frequency intraorbital components that has a large enough
eigenvalue to be considered a leading eigenvector for SRO is
the B]Lg state. Our calculations suggest that the other dominant
states have odd-frequency intraorbital components, making
this kind of state an important case that should be further
studied.

VI. CONCLUSIONS

Unconventional superconductivity in strongly correlated
systems is a phenomenon involving many degrees of free-
dom. Consequently, the space of possible order parameters
is broad and identifying the right symmetry is a challeng-
ing process. In this paper, we present a general formalism
to study frequency-dependent correlation-enhanced pairing,
starting from realistic electronic structures that characterize
the normal states of multiorbital systems with SOC. We apply
it to the archetypal unconventional superconductor SRO for
which the normal state is extremely well understood, while
the superconducting one continues to evade clear theoretical
propositions with seemingly contradicting experimental evi-
dences.

We start by projecting DFT wave functions on a localized
basis set of 4d-t,, orbitals of the Ru atom. We discuss how
SOC couples orbitals with different spins, yet preserves a
pseudospin symmetry for intralayer wave vectors. We use
the RPA approximation to obtain dressed p-h susceptibilities.
While SOC entangles the spin and charge channels, the mag-
netic and density Stoner factors remain relevant indicators of
the amount of spin and charge fluctuations.

In p-h fluctuation mediated pairing, correlation-enhanced
pairing is studied by inspecting p-p vertex corrections through
the Eliashberg equation. It is extremely difficult to solve when
considering all momenta, orbitals, spins, and frequencies, the
relevant quantum numbers. Using pseudospin symmetry and
Pauli principle, we map the inter-pseudospin channel to an
equation that does not involve spins, thus greatly reduces the
numerical costs of the Eliashberg equation.

Because of SOC, we find complex and rich SCOPs that
involve all quantum numbers. The ubiquitous coexistence be-
tween even and odd contributions in the exchange of spins,
relative momenta, orbitals, and relative frequencies invites us
to define SPOT decomposition to characterize SCOPs. More-

over, we show under which irreps of the Dy, space group each
quantum number transforms. We use the pure SPOT character
of the intraorbital components to extend the space of irreps to
include states with odd-frequency intraorbital components.

In SRO, we find two different leading symmetries to the
Eliashberg equation: a Btg and an A,, that have even- and
odd-frequency intraorbital components, respectively. We dis-
cuss how the leading spin-orbital components naturally lead
to coexistence of SPOT contributions due to SOC. We study
the temperature dependence of these leading states and find
that gap functions with odd-frequency intraorbital compo-
nents have a maximum eigenvalue at a finite temperature.
We also observe that SOC imposes all orbital sectors to be
active, which greatly reduces possible SCOPs. The only state
with even-frequency intraorbital components is the Bfg state,
while all other dominant states have odd-frequency intraor-
bital components. We contend that this generalized picture
with extended possible SCOP symmetries is an important step
in understanding completely the phenomenon of unconven-
tional superconductivity and that it has the potential to explain
the mysterious experimental signatures of SRO.
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APPENDIX A: DERIVATION FROM FREE ENERGY

Consider a system ruled by the grand canonical Hamilto-
nian K = A — uN. Each electron is characterized by a set of
quantum numbers 1 = (ky, o1, 71, [;) with respective labels
for its momentum, spin, imaginary time, and orbital degrees
of freedom. The more usual basis is in position space instead
of momentum, but for our purpose, momentum is more conve-
nient. Creation and annihilation operators for such a particle
are written ¥ (1) and v (1). In systems with inversion P*
and time-reversal 7~ symmetries, superconducting pairs form
between degenerate states related by 7. Acted on v/ /T, this
operation flips momentum and spin [64]. We will consider
general spin states, thus we employ a time and multior-
bital generalization of the Barlian-Werthammer particle-hole
spinor [130,131], leading to

v

\I’ 1 =
o <W(1*)

), () =@ ya) (Al
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where 1" = (—ky, —0o1, /1, 71) and in this two-dimensional
particle-hole (p-h) representation, we label the first and sec-
ond components with indices as ¥ (1) = ¢(1) and ¥,(1) =
¥ T(1*). In order to keep canonical anticommutation relations,
we restrict ourselves to k, > 0 so that

{W. (1), ‘1’2(2)} =84p8(1;2), {Wu(1), ¥g(2)} = 0. (A2)
We now consider source terms ¢(1;2) that couple as follows:
\IIZ(I)(baﬂ(l; 2)Wg(2). In this p-h basis, ¢1; and ¢2, conserve
the number of particles while ¢, and ¢, do not. The partition
function characterizing this system including source terms is

with  S[¢] = o PR ¥y 12)W(2)
(A3)
with T the time-ordering operator and where the bar over the
quantum numbers implies that the continuous variables are
integrated and the discrete ones are summed over. Similarly,
the bar over the p-h indices implies summation. Above, this
integration is performed in the argument of the exponential.
Even if we sum over only half of the Brillouin zone, the
contributions from 1 and 1* compensate. Moreover, each field

J

Z[¢] = Tr[T: S[]]

GL:2:9)| = —(LYMY' Q) = (

—(Ty (DY (2)
—(Ly @)y (2))

is independent. In other words,
8,5(3:4)

The Helmbholtz free energy is F[¢] = —é In Z[¢] and the

generalized Nambu Green’s function in the presence of the
source fields is defined as

= 8(1;3)8(2;4)84y 885 (A4)

1
G(1;2;¢) = ——Tr[ T S[$]W (1) ¥ (2)]. (A5)
~ ZIg]

Each component of the Green’s function is related to the free
energy by

hay o OF[@l  SInZ[g]
Cop(1:2:4) = ﬂaqsﬁa(z;l) O 3¢p.(251)
1 _8¢z(1:2)
= Tr| T, S[¢]W! (1) —2L """, (2) |.
761 r[ 1D iy Y )}

(A6)

Without source terms, we recover the system’s normal and
anomalous Green’s functions

—(Tyr (D)yr (2% 1;2
(T (DY ( )))E(G( ) A7)

—F(I;Z))
—(Ty " A"y (2%)) -F(1;2)

G(1;2)

where we define the particle-particle and hole-hole Gorkov functions F and F, which vanish in the normal state, along with the
particle and hole propagators G and G [77]. These two are related by

The equations of motion are given by G;ﬂl (@) = GO;; _ %,3 — op(¢p) with Ga}‘/G};‘; = 84p since
a -~ a = -
<_3_r1 —Ho - ) 8ap8(1.2) —2,5(1:2:9) — §,5(1:2) | Gpy(2:2: ) = 8ap8(1:2) (A9)
1G5 '145(1,2)

where H are matrix elements of the Hamiltonian’s noninteracting part and X is the self-energy, which accounts for the electronic

correlations at the one-particle level.

The particle-hole and particle-particle susceptibilities are obtained from

8> Flg]

Xn(1;2:3;4) = —B

i X s Ly = -7
5012 16, (3:4) lg—o” X7 2 51 (2 156153, 4) lp—o

2
(1;2;3;4) 4 57191

(A10)

where the factor % in the p-p channel is necessary to avoid double counting due to the indiscernibility of electrons. These
susceptibilities can be expressed as four-point correlation functions. In the normal state, we find, leaving the time-ordering
operator implicit,

X (1:2:3:4) = (T.y " Gy Dy Ry (1) — (LY B @)y )y (1)), (All)
1 .
Xpp(1:2:3:4) = §<wa'(3)w*<4*)w<2*)w<1>>. (A12)
From —g 8g g 0 and the equations of motion,
aG;é(i:i:q))
5611 (3:4)
8G11(1;2; ) 8ap(1:2)  8%,5(1:2:9) 6G;5(3:4: ) _
—— = —G,;3(1; 1; — — Gz(2;2; Al3
5¢11(3:4) ta "’)[ 5¢11(3:4) 8G 34 o g, a) |CHEEP A
—,_z
o s (1:2:3:4:¢)
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o 86-3(3;4_1;¢)
=G(1;3;)G(4;2:¢) + G1a(1;1; )Gy, (2;2;9)T7 -(1:2:3:4;p)————. (Al14)

ap7 5¢11(3:4)

In this expression, we have defined the irreducible vertex I'"". Since we are looking at instabilities from the normal state, taking
the ¢ — O limit means the off-diagonal components of the Nambu Green’s function vanish. Thus the following equalities and
the ones with ¢, — ¢, are satisfied:

3Gua(1:2:9)| _ 5G1n(1.2:4)

=—aa | = (A15)
36,3, 4) lg=0 8ps(3.4) lo=0

By conservation of momentum and of particle number when ¢, = ¢,; = 0, we have I“"l’{y 5 = 8,58,1T%],. Defining the bare p-h
susceptibility xgh(l; 2;3;4)as —G(1;3)G(4;2), Eq. (A14) becomes

S = A2 — TN 2R (A16)
where T ,;,(1;2;3;4) = '], (1;2;3;4). (A17)
The above can also be written in the form
Xpn(1:2:3;4) = x0,(1:2:3;4) + X0, (1,2 1, 2)T (1 2; 3, 4) (3 4; 3, 4). (A18)
Now looking at functional derivatives of off-diagonal components, we have
8G12(1;2; ) 8G;5(3:4; )

561,(3:4) =G11(1;3;0)G2(4;2; 9) +Gu(1;1;¢)G22(2;2;¢)r12y5(1;2;324;¢) 56,3.4)

Momentum and particle number conservation in the vertex when ¢, = ¢,; = 0 imposes (7, 8) =(1,2). Replacing the hole
propagator for a particle one using Eq. (A8) and defining X?)p(l; 2;3;4) as %G(l; 3)G(2*%;4"), we use the antisymmetry of the
p-p susceptibility under the exchange of both particles to write

(A19)

Xop(1:2:3:4) = X0 (1:2:3:4) + 0, (1:2:1;2) [T]5,,(1:2:3:4) — T'5,(1: 2:4: 3)] x,,(3: 4: 3:4) (A20)

r,,1:2:3:4)

and I, is defined such that it is antisymmetrized and to avoid double counting.
For normal state Green’s function that are diagonal in momentum space, we have G(1;2) = G(1;2)d, k,. It also satisfies
time-translation symmetry. Matsubara transforming it yields

B
Gl = / TGl (K, 11Ky, 0) dt (A21)
0

where 7 = t; — 15, while K = (k = ky, iw,,) is the momentum-energy quadrivector and we use u; = (o;, [;) for compactness.
We write the bare susceptibilities accordingly as

B _ B -
[Xph(Q)]Zl[?ZM”“ — / dt e(zw,,,+tv,,)r/ dT/ elon® Xoh(1;2;3;4) ﬁG%féGMM(SKK’v (A22)
0 0
* * ﬁ . . 1
[X0,(@)] e = / dr eliontivnT / dr’ 7" 0 (1;2;3:4) = —ﬂGgféG"z“45KK, (A23)
0 0

where we used T =1 — 13 and v’ = 17y — 7, and u* = (—o, ). The spin o in the latter label needs to be replaced by a
pseudospin index p in the presence of spin-orbit coupling. The 1/8 factor is associated to the Kronecker delta in Matsubara
frequencies. The bare susceptibilities characterize two noninteracting particles. In the p-h channel, a particle is created at 1 (4)
and removed at 3 (2). It has a frequency iw,, + iv, (iw,,) and a momentum k + q (k). The vertex encodes an interaction between
these particles. Since they conserve energy-momentum, we take K} = K + Q, K = K, K3 = K' + Q, and Ky = K'. In the p-p
channel, K’ and K are changed for —K’ and —K. A number of additional relations between the vertices of both channels are
derived in Appendix B. The susceptibilities read

PN Al e (o)) e S SO N D'EA (o)) i § PN (o)) Parmrla VO (o)) iy (A24)
Fr i

X (@1 = O]+ 3 > X @] [T pp QIR X, (DN (A25)
K"K" Ws....u8
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APPENDIX B: TWO-PARTICLE VERTICES

The completely reducible particle-hole and particle-particle vertices are given by [78]

3 Y M@ et e,y and Tp= 3 Y W@ el ey B
KK’Q KK'Q
... hq Mi... g

where u = (o, [) with as usual spin replaced by pseudospin in the presence of SOC. Using the anticommutation relations of the
¢ operators, one can show that inside a time-ordered product it implies the crossing relations

[T = =[T(K' = K)lixis" = (DO, = —[Ta(K' + K + Q1. (B2)

The usual perturbative approach is to define irreducible vertices | N N h, I'’P, which are irreducible in either the horizontal
channel (I'”" and I'"P) or the vertical channel (I'” h) and to construct the full vertices using the Bethe-Salpeter equations

(TR Qg™ = [T @™ + [T @ (T (D] (B3)
LI = [ @I + [F@X o @T (@] (B4)
Using the crossing relations (B2), one finds the Parquet equations, which can be reduced to
[Con (@3 = [A (@Il ™ — [@(K' — Ko™ + (WK + K + Q1878 (B5)
[T QN1 = —[App(K' + K + QI + [@(K — KIS — [R(K + K 4 O) g (B6)

where A is the vertex. which is irreducible in all channels given by Eq. (C3) and the vertex corrections are characterized by
the p-h and p-p ladder functions ® and W, respectively given by

[T = [Con X Ton( @] ™" and - LR = [Tppxpp Dpp (@] (B7)

In the approximation that we use, the fully reducible vertices appearing in the latter equations are replaced by, respectively, the
particle-hole irreducible vertex and the particle-particle irreducible vertex.

APPENDIX C: KANAMORI VERTEX FUNCTION

In this paper, we assume that local interactions between electrons mediate unconventional superconductivity. These local
correlations on individual sites labeled i are modeled by the Kanamori-Slater Hamiltonian [85], that is

AT l ’AT "5 R AT l A»L ‘AT 1At AL, AL AT
Hipe = ZU + Z Un llz + Z U'n Z] 32 Z Jé ll[ ll[ ll’) ll') + Z Je 1[1' 1[1' ily llz (Cl)
ll[;ﬁlz lO'l] ;él'y ll] ?élz lll#lz
h\,—d

Ay Ay Hy» Ay i

In this expression, o and [ are electronic spin and orbital respectively and U, U’, and U” are the intraorbital, opposite spin
interorbital, and same spin interorbital Coulomb repulsion, respectively. J is the spin-flip (sf) term and J’ the pair-hopping (ph)
term. In the vertex formulation, this interacting Hamiltonian can be recasted as

a.az ;0304 Am TA(TZ T A0y AO3
Hine = _ZZ Z hbibh i S, G (€2)
i l..l401..04

In this formalism, I is the antisymmetrized Coulomb interaction and here it is given in the particle-particle channel. We
take it as the bare particle-particle vertex A ,, = I. To rotate it to the particle-hole channel, we use the second crossing relation

[Apn]] 107 = —[Appl] 7157 Then, the bare particle-hole vertex is given by
U h=b=hL=1 :|O']=(72=—O'3=—0'4 -U h=b=hLh=1L i|o'1=o'3=—0'2=_g4
U Lh=h#h=1 U L=h#hL=1
A= .
1120305 J 112137512214 —J 112127513:14
J h=lL#hL=1h —J h=L#hL=1h
UN ll=lz7él3=l4 — 01 =0 =03 =04 —UN 11:l37él2=l4 — 0] =03 =03 =04

(C3)
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(@) tt td 4t Vv (b)) £+ F— —F ——

t 1 1 A ++ ii Apﬁ%pgpA J_ri
H It

FIG. 15. Structure of the p-A vertex in (a) spin and (b) pseudospin
basis. In each small square of this representation, the upper (lower)
labels are associated to spins/pseudospins labeled 1 and 2 (3 and 4).

Half of its elements have a minus sign difference with the
other half as a consequence of the first crossing relation

01020304 __ _ 01030204
[APh]lezlgu = [Aph]11131214 : (C4)

Assuming the rotationally invariant formulation of this in-
teraction, we have U' =U —2J,U" =U —3J and J' = J.
Thus, the vertex A,,[U, J] depends only on two parameters,
the on-site Coulomb repulsion U and the Hund’s coupling J
and one finds the relation

AU, J1=U - Aull, JJUL. (C5)

Moreover, because it preserves the spin projection, the ver-
tex can be interpreted as an exchange of either spin 0 or 1. It is
spin-diagonalized [61,79] from the % ® % basis represented in
Fig. 15(a)intothe 0 @ 1 ~ A1, @ A,, @ E, one in spin-space.
The spin 0 (Aj,) bare vertex A, is the density channel while
the spin 1 (A, ® E,) bare vertices A, _1, Ay 0= A, and
A, +) are form the magnetic channels. Because of rotational
invariance, the choice of axis for the projection is arbitrary
and the magnetic channels are degenerate. One can check that
Apii =AM = A, ;=AY = A, and that

[(Adjmly 1, = AITI%TL‘ +/= AZ% (C6)
200—J ) —J h=h#hL=1
“U'+2J) -U L=bL+#hL=1k

= J =T h=ls#hL=0L (C7)
u/-U h=h=L=1
0 otherwise.

Writing the p-h vertex in the pseudospin basis introduces
off-block diagonal elements, for example the diagram of
Fig. 7 in the main text. Its structure in this basis is represented
in Fig. 15(b).

APPENDIX D: CONNECTION BETWEEN THE GENERAL
GREEN’S FUNCTIONS AND THE GREEN’S FUNCTIONS
IN MODEL SPACE

The general Matsubara Green’s function of a system in
thermodynamic equilibrium is given by
G771, 1, 1) = (LU (1, ¥ (1)) D)

where W is a field operator and A(t) = ¢""Ae~"7. Note that
the hat distinguishes this operator from the Nambu spinor of
Appendix A. We follow the derivations of Ref. [132]. Using

the relation G(r;, rp) = % ZRO G(r; + Ry, + Ry) for Ry a
translational vector of the unit cell, the Fourier transform leads
to

Gy5 (. 7)

1 , o
=5 f dridrye "TOTGN% (ry, 1y, 7)™ (D2)

where q is taken within the first Brillouin zone and Q, Q' are
reciprocal lattice vectors.

For an interaction well defined in an atomic-like orbital
basis set {¢§[ ,(r)} where [ and o are orbital and spin indices
respectively and R, is the position of the ith atom, it is suitable
to expand the field operator in this basis with destruction
operators y as

LEOED DU (D3)
R;!
Defining one-body oscillator matrix elements
o 1 —iq- o
ORllll (q) = W / dl‘l e lan ¢Rllll (I']), (D4)

we can write

Gyy(q.1)=—) OY, (q+Q)
LLRRy

< (TR, (OvR 0% (g + Q). (DS)

Introducing Fourier transforms

1 ik-R
o= — e 2, and (D6)
le \/N Xk: Wk/
1 .
07, (@) = —= ) _*R0g,(q). (D7)
k\d JN XR: r/\q
one has
Gy (@) =) 0% (q+ Q)G , 07 (q+Q) (D)
1 LK’
where there T dependence was omitted and
Gz (1) = =Ty (OY). (D9)

is the Green’s function in the model space. The oscillator
matrix elements are needed to make contact with observables
such as the local density, but for calculations of the Green’s
function in the model space with the model Hamiltonian,
they are not necessary. For detailed arguments on the relation
between observable susceptibilities and susceptibilities calcu-
lated in the model space, see Ref. [132]. This is particularly
important for nonsymmorphic groups.

Similarly, the Gorkov (or anomalous Green’s) functions of
a stable system are defined as

F%(ry, 12, 7) = (LY (r;, )¥”(ry)) and  (D10)

FO(ry, 0, 1) = (LW (00, 0% (). (D1D)
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Following the same procedure as for the normal Green’s func-
tion, we find

FG(q) =) 0% (q+QFy%:, OF, (—q— Q) and

L LKK'
(D12)
Fog (@) =) 03" (—q— QF%, 00" (q+ Q) (DI13)
1 LKK'
where
Fuo, (0) = FI2 (o) = (T (O, (D14)
Fuo () = Figl® (o) = Ty oy, (D15)

APPENDIX E: PROPERTIES OF MODEL GREEN’S
FUNCTIONS

In this paper, we consider a local model Hamiltonian that is
invariant under the crystal translation symmetry, which allows
to simply take k = k'.

In the presence of spin-orbit coupling, it is useful to em-
ploy spinors \Illil(r) = (lﬂlII'T(‘L') wly(r)) and electrons can
propagate flipping spins. Again, this spinor is different from
the Nambu spinor defined in Appendix A. The probability
amplitude is related to the Green function propagator

Gy (7) = — (T [Wi, (1)), 1), (ED)
Applying complex conjugation on each side, we find the rela-
tion
Gﬁ"”(r)* —
where u; = (0;, [;).

For a symmetry of the system characterized by the operator
S, the matrix element of Eq. (E1) is equal to

[SGli,1, (T) = —(T:8™ Wiy, (1) %y, S). (E3)

For time-reversal symmetry, S =7 = iKo, with o, the
second Pauli matrix in spin-space and K is the right-side

Gy (1) (E2)

conjugation operator, which acts as (K~'OK) = (O™"). Thus
[TGlu, (t) = —(Troy [V, (DY 1oy). (B4

Using [0yA0y]71%? = €45,5,A77' 7% with €55, = 86,6, — 90,0,
and ¥y = ¥°,, where orbitals are taken to be time-reversal
invariant [133], we find

[TG1 (1) = €,,6,G"31 (1), (ES)

where u* = (—o, ).
Given that spins are invariant under inversion symmetry
S = I, systems with / and orbitals that are even under / satisfy

Gl (v) = G"Y° (v). (E6)

Transforming from imaginary time t to Matsubara fre-
quencies w,,, complex conjugation Eq. (E2), time-reversal
Eq. (E5) and inversion symmetry Eq. (E6) become respec-
tively

G (iwn) = G (—iwp)* ET)
= €010, G" (i) (E8)
= Glilkuz (iwp). (E9)

We write the Green’s function as GZ}M@ G (iwy,) with
the fermionic four-momentum K = (k, iw,,).

Without magnetic field or applied current, the composite
bosons described by the Gorkov function usually favours a

vanishing center of mass momentum, which leads tok’ = —k.
We define

Fp'(t) = (T, (1)w") and (E10)

F" (o) = (Lv" 5 (0w, (E11)

We find relations analogous to those found above for the
normal Green’s function for Pauli, complex conjugation and
time-reversal operation, respectively

Fi'" (iwy) = —F"M (—iw,), (E12)

Fi'" (iwy)* = F\'" (—iw,), and (E13)

[TF1 (i) = €gy0,F "1 (i) (E14)
Combining these last two gives

[TFI (iwy) = e(,,ng‘f{j‘?(—iwm)*. (E15)

Using the fact that field operators ¥ can be multiplied by a
global phase e~i2, we can also work with F = ¢ ®F so that
in this gauge, time-reversal symmetry becomes

[TF]" (om) = P, (—ion)". (E16)
Our solutions to the linearized Eliashberg equation satisfy
the above equation with § = 0. The eigenvectors have com-
ponents that pick up phases that may differ depending on
quantum numbers (components of the eigenvectors) so that
there is no way to choose a global phase that would set all
elements of the eigenvectors to have the same phase.

1. Other proof for time-reversal

Here is another proof of Eq. (E15). We start from the
spectral weight in the Nambu representation, given by

(W1, 1), W5 (K)))
(W2, 1), ¥5(K)))
(E17)
We look at the 12 component and write spins and orbitals
indices

(1w (k, 1), ¥ (k)

Ak, 1) =
[<{~v2<k, 1), ¥ (K)})

A, = (v o, v }). (E18)
Upon complex conjugation it becomes
Al = (v T o). (E19)
Applying time-reversal
TTAl" &, 0] = (ey'y o7 oy (o)
= o (YT W (0N, (B20)
Comparing the last two equations, we have
TIAL" (K, 1)] = €5,0,AM " (=K, —1)". (E21)
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From this point of view, time-reversal symmetry takes a
simple form, namely time-reversal symmetry is satisfied if

AMIR(K, 1) = €55, AN (=K, —1)", (E22)

which is similar to what one would require from wave func-
tions. The above does not require that A};"*(k, r) be real.
Fourier transforming back to space however if time-reversal
is satisfied A},"*(r, 0) is real when the spins are identical,
or pure imaginary if the spins are anti-parallel (assuming
throughout that the orbitals are invariant under time-reversal).
In other words, for a given spin configuration, there is a global
phase that can make A},}"*(r,0) real. However, seen as a
matrix in the spin-indices, there is no way that matrix can be
made purely real with a global phase.

How this translates in frequency is less familiar, but is not
difficult to find. Using

/ dt & f*(—t) = f*(w), (E23)

we have

TTA (k. )] = €0,mAl" (—k, o). (E24)

We can also obtain the Gorkov function in Matsubara fre-
quency as follows:

do A" (k, ©)
=

2w iw, —

Otk iw) = F{" () = [ (E25)
We thus recover our previous results Eq. (E15) or Eq. (30)
since

do A} (—K, )"

2 iw, —w

TFL (i0,) = €510, (E26)

= noF" " (—i,)". (E27)
Note that F}'"* (iw,) does not need to be real, nor to be even
or odd in frequency to satisfy this equation.

However, in the presence of time-reversal symmetry, the
usual singlet combination F} " (iw,) — F 7’ (iw,) for a sin-
gle real orbital is even in Matsubara frequency when there is
also inversion symmetry since

TF] % (iw,) — TF.”° (iwy) (E28)
=F7 °(—iw,) — F ) (—iw,). (E29)

This is the familiar BCS result.

APPENDIX F: PROPERTIES OF SUSCEPTIBILITIES

Within the RPA approximation, an element of the bare
susceptibility in the particle-hole channel is given by

kgT
_(T) S GusGE (Fl)
K
where Q = (q, iv,) is a bosonic four-momentum. Because

of the sum over fermionic four-momentum, one can show it
equals

[Xgh(Q)]ﬂlﬂzmm =

[Xgh(_Q)]M/lsﬂzm ] (FZ)

lc—s—063

(@), (b)

20— <«—07'4

6 —>»—0 6 —>»——-0

0'— <« ¢ 06— <«——-0'

FIG. 16. Three categories of diagrams representing bare particle-
hole susceptibilities. They are characterized by having (a) zero,
(b) one, and (c) two spin-flips where the spin & = —o.

Using the property of Green’s functions under complex con-
jugation Eq. (E7), we have

[x0n(@, iva) = [X0u(q, —iv,) ] (F3)

and with time-reversal and inversion Eq. (E9), one can show
that

]MIIJ«ZMM

(X (@] = [xpu(— )] (F4)

Using time reversal symmetry Eq. (E8) leads to the follow-
ing relations:

[XO ]IMV«ZMB,‘M

~0 TH3H2LT R
ph ]

= €0,03 [X

= €0y04 [)~(1!7h]mu4uw2 (F5)

0 JHIHGHTH;
= €5,05€0,04 [Xph] ’

where the O dependence is implicit.

Time-reversal symmetry then connects different spin-
sectors into three categories, diagrammatically represented on
Fig. 16. The first one has no spin-flips (a) and satisfies

T, = Wi, = D, = [l 86

the second has one spin-flip (b) with

~0 10005 ~(0 10066 _ ~(0 (0000 _ ~0 10066
[Xph]lllzl;l4 [Xph]1;12/114 [X17h]lll41312 = [Xph]13141,12
(F7)
and the last category has two spin-flips (c) with
~(0) 10060 0 100060 0 100060 ~0 10060
[Xph]1|12/314 [Xl7h]l;lzl|l4 [Xﬁh]l Lilsh [X]7h]lzl4l|lz
(F8)

The particle-particle bare susceptibility is given by

[pr(Q)]Zl[?rZMIM _ ﬁG%iLQzGltzm 8[(](/ . (F9)

In spin and charge fluctuation-mediated superconductivity,
it only involves Q = 0 in Eq. (16) and we change notation
for X(;);p(K ). The following relations hold from the definition
and from the property of Green’s functions under complex
conjugation Eq. (E7):
[XPP(K)]MIMIJ-SM _ [X([))p(_K)]MzulluMs

= [[Xgl7(K*)]M3”'4ﬂ]M2]*’

where K* = (k, —iw,). Again, using time reversal Eq. (ES)
and inversion Eq. (E9) leads to

[X(;p(K)]Mlﬂzﬂsm = €0 [Xgp(K)]MsﬂzMM
= €oy04 [Xgp (K)]MIM4M3M2

0 /LT/L*;L*;L*
=€a1r736(rz(74[xpp(K)] T

(F10)
(F11)

(F12)
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TABLE V. Space group symmetry generators g and correspond-
ing transformation matrices in momentum 7, orbital 7; ({xy, yz, zx}),
and spin 7, basis. Cy is a rotation by 7 /2 around the z axis, while o,,
oy, and o, are mirrors with respect to the yz, zx, and xy planes.

TABLE VI. Character table for the Dy, space group. Each row is
assigned to an irrep. Each column is a class of symmetry operations
with dimension as the prefactor. Each operations can be expressed in
terms of the generators of Table V. E is identity, C is a 7 /2 rotation
around the z axis, C,, C}, and Cy are m rotations around the z axis,

g Tx T T, the x or y axis and the (x + y)- or (x — y) axis, i is inversion and Sy,
0 . o . o Oy, 0y, 0q are Cy, Gy, €, Cy times i, respectively.
_ _ 14 0

G (1) 8 (1’ 8 01 é ( o lﬁ) Dy E 20, G 2C, 2C) i 28 o, 20, 204

-1 0 0 -1 0 0 0 i A, 1 1 1 1 1 1 1 1 1 1

O 0 1 0 0 1 0 ( . 0) Ay 1 1 1 -1 -1 1 1 1 -1 -1
0o 0 1 0o 0 -1 ! B, 1 -1 1 1 -1 1 -1 1 1 -1

1 0o 0 -1 0 o0 0 | B,, 1 -1 1 -1 1 1 -1 1 -1 1

oy 0 -1 0 0 -1 0 (_ 0) E, 2 0 -2 0 0 2 0o =2 0 0
0o o0 1 0 0 1 A, 1 1 1 1 1 -1 -1 -1 -1 -1

1 0 O 1 0 0 i 0 Ay 1 1 1 -1 -1 -1 -1 -1 1 1

o, 0 1 0 0 -1 0 (0 —i) B, 1 -1 1 1 -1 -1 1 -1 - 1
0 -1 0o 0 -1 B, 1 -1 1 -1 1 -1 1 -1 1 -1

E, 2 0 -2 0 0 -2 0 2 0 0

APPENDIX G: GROUP THEORY AND Dy, SPACE GROUP

The normal state of the system is invariant under a set G
of symmetry operations g. They define the space group of
the system and can all be constructed from a set of genera-
tors. In the case of SRO and as discussed in previous works
[14,34,123,127], the generators are written in Table V, along
with their representations in momentum, orbital, and spin
basis.

Thus, the annihilation operators transform like

vl = [T (@1 [Yg e i)™ (G
where T(g) = T;(g) ® T, (g). It follows that gap functions
transform like

[RAJM = [T ()] [T (g)]“2H ALk

Ti(gDk- (G2)

Any space group can be decomposed into a set of irreducible

representations (irreps). They characterize the fundamental
ways objects transform under the operations of the group.
For an object ¢7, which transforms like the one-dimensional
irrep p, we have 2¢” = x?(g)¢” where x”(g) is the character
of the operation g for the p irrep. The n-dimensional irreps
are characterized by n independent objects {¢>i” }ien, Which
transforms like

gl =Y x4l (G3)
J
In these cases, the character of the operation g for the p irrep
is given as x”(g) = Tr[ xi’;]. For the Dy, space group, the
character table is printed in Table VI.
The projector operator P” selects only the contribution
associated with the p irrep. It is defined and acts as

Pr = Nic D IxXPTe Pret=05,4" (G4

geG
where Ng is the number of symmetry operations of the group.
To characterize the symmetry of an order parameter, we find
the irrep that represents its transformation properties under
the operations of the group. There is a set of basis functions
for each of the four quantum numbers characterizing a gap

function. These basis functions can be classified with the irrep
that represents how they transform.

APPENDIX H: CONVERGENCE OF THE GAP FUNCTIONS

While the gap functions considered have orbital and spin
basis that have a fixed number of states, the relative momen-
tum and frequency are discretized so their convergence needs
to be studied. In momentum space, temperature introduces a
broadening in the Green’s functions, thus high temperatures
do not necessitate large numbers of k points. Lowering tem-
peratures however, the Green’s functions become increasingly
sharp and better resolutions are required. In Figs. 17(a) and
17(b), we study the A (B?'g leading) and % (Az_g leading)
points of Fig. 8, respectively. For temperatures going from
100 to 450 K, we present the eigenvalues of the five leading
eigenvectors as a function of the grid size L characterizing
L x L x 2 q-grids for the susceptibilities.

These q-grid convergence calculations are all performed
with two fermionic frequencies. The eigenvalues are classified
by their global irrep, with the same colors as in Fig. 13.
For each irreps v and each temperature 7', the eigenvalue
at the largest L is presumed converged and we fit an ex-
ponential on the other values to define the error Ak;(T)
associated to q-point convergence. At high temperatures
than 450 K, we simply take the eigenvalues for L = 24 as
they are well converged. The phase diagram of Fig. 8 is
using irreps at 250 K for L = 24, indicated by the dash
lines.

Since the pairing interactions are dynamical and delayed
in time, the fermionic frequencies should also be converged.
However, solving the Eliashberg equation for a large num-
ber of fermionic frequencies in a multiorbital and strongly
g-dependent system like SRO is very challenging. Because
Matsubara frequencies are spaced proportionally to temper-
ature, they are very spreaded at large temperature and the
first fermionic Matsubara frequencies Fiwy are sufficient to
capture all the dynamics of the gap functions. At lower tem-
perature, again, the proximity of the frequencies to the origin
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FIG. 17. Grid size dependence of the eigenvalues for various temperatures (a) for the triangle point in parameter space where the dominant
eigenvalue is Bfg and (b) for the star point where the dominant eigenvalue is A,. Convergence of the eigenvalues in the number of fermionic
frequencies npy.x for the 15 x 15 x 2 q-grid for (c) the triangle point in parameter space and (d) for the star point.

implies that a lot of frequencies are required to have accurate
eigenvalues. In Figs. 17(c) and 17(d), we present frequency
convergences of the superconducting eigenvalues with respect
to temperatures ranging from 100 to 450 K. Each eigenvector
is again assigned a global irrep with color defined in Fig. 13.

For each temperature 7 and each irrep v, we fit an expo-
nential function and look at the value at infinity to define
the error AA;, (T') associated to the frequency convergence.
The error bars in Fig. 13 are given as the sum of the errors
Arg(T) + Adg, (T).
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