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Non-Hermiticity-stabilized Majorana zero modes in semiconductor-superconductor nanowires
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Coupled Majorana zero modes with nonzero energies are generally detrimental to the non-Abelian statistics
due to the additional dynamic phase. Nevertheless, we show that a well-connected lead can introduce a local non-
Hermitian dissipation term to shift the energies of both coupled Majorana modes to zero, and surprisingly turn the
coupled Majorana mode far from the lead into a dark Majorana mode with exponentially small dissipation. This
dark Majorana mode can conquer the drawback of the partially overlapped Majorana zero modes and possess
the properties of true Majorana zero mode such as the perfect fractional Josephson effect and the non-Abelian
statistics.
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I. INTRODUCTION

Exotic Majorana zero modes (MZMs) in a topological
superconducting system have been drawing extensive atten-
tion during the last decade [1–12]. Since the first signal of
MZMs was observed, remarkable experimental progress has
been made in various platforms [13–26]. Meanwhile, there are
also other possibilities such as quasi-MZMs [27–37]. These
quasi-MZMs are actually a pair of coupled MZMs separated
by a finite distance, and their nonzero energies can lead to un-
desirable dynamic phase in their time evolution, making them
inappropriate for topological quantum computation (TQC).
Eliminating the influence of quasi-MZMs and distinguishing
them from real ones thus become important tasks in Majorana
physics [30–33,38–53].

Apart from the coupled MZMs, the nanowire has to be
connected to leads for transport studies, which introduce non-
Hermitian self-energies. The interplay of non-Hermiticity and
topology is predicted to induce many amazing phenomena
such as the non-Hermitian skin effect and the non-Bloch
bulk-boundary correspondence [54–59]. Recent theories sug-
gest that the coupled MZMs could be brought back to exact
zero energy with the assistance of the non-Hermitian dis-
sipation from the leads, and the lifetime is also bifurcated
[60,61]. The dissipation is fatal for TQC because it may
reduce the lifetime τ of the coupled MZMs and squeeze
up the adiabatic time window h̄/� � T � τ of the braid-
ing process [62–64], where �, T are the superconducting
gap and the time scale of the braiding operation, respec-
tively. However, here we show that the local dissipation at
one end of the nanowire can counterintuitively prolong the
lifetime of the coupled MZM at the other end, thus making
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the latter more favorable for braiding and TQC. In consid-
eration of the dark states where dissipation could facilitate
decoherence-free states in an unusual manner [65,66], we call
the coupled MZM stabilized by dissipation a dark Majorana
mode (DMM).

The basic structure of our device is shown in the bottom
panel of Fig. 1(a) without the right lead, and the left lead
introduces a local non-Hermitian dissipation with two mer-
its. First, the coupling between the MZMs is suppressed, so
the coupled MZMs are pinned to zero energy and spatially
polarized towards different ends rather than equally weighted
on both ends. The energy shift is a nonlocal effect and could
be revealed in transport studies. Second, and more impor-
tantly, as the coupled MZM mainly localized on the right
end of the nanowire still have a small weight on the left
end, the local non-Hermiticity from the left lead can strongly
reduce the effective dissipation and the left-end weight of
the right-end coupled MZM, making it a DMM. Under this
nonlocal effect, the right-coupled MZM has exact zero energy
and exponentially small dissipation (in the order 10−4� or
smaller) (Fig. 2), which is quite favorable for braiding. An
additional advantage of the non-Hermiticity is that, since the
dissipation of the DMM is also much smaller than the original
energy splitting EM of the isolated nanowire, the condition
for adiabatic braiding is much more relaxed. We demonstrate
that the DMM can preserve all the properties of a true MZM,
such as the fractional Josephson effect and the non-Abelian
statistics, through both theoretic analysis and numerical sim-
ulation.

II. MODEL

We use the tight-binding model [27] to describe the quasi-
one-dimensional s-wave superconducting nanowire with the
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FIG. 1. (a) Schematic diagrams for an isolated nanowire (top
panel) and one strongly coupled with a left lead (bottom panel). A
right lead is present only when we calculate the differential con-
ductance dIR/dV . The coupling between two MZMs is EM and
the ith lead introduces dissipation �i. The wavy curves denote the
probability density of the lowest two eigenstates |ψ1(x)|, |ψ2(x)|.
In the top panel, the two states |ψ1(x)| = |ψ2(x)| have a common
nonlocal distribution (dark gray). In the bottom panel, the two states
are split into spatially separated |ψL (x)|, |ψR(x)| by the self-energy
�1 of the left lead. (b) The real parts of the lowest two eigenenergies
for an isolated nanowire (red) and those for one strongly coupled
with left lead (blue). Here �R = 0. (c) dIR/dV (2e2/h) versus V and
μ, for �L = 0, �R = 0.1�. (d) dIR/dV (2e2/h) versus V and μ, for
�L = 1.0�, �R = 0.1�. (e) dIR/dV (2e2/h) versus V and �L , for
�R = 0.1�, μ = 7.5�.

Rashba spin-orbit coupling shown in Fig. 1(a):

Hq1D =
∑

R,d,α

−t (ψ†
R+d,αψR,α + h.c.) − μψ

†
R,αψR,α

+
∑

R,d,α,β

−iURψ
†
R+d,α ẑ · (�σ × d)αβψR,β

+
∑

R,α,β

ψ
†
R,αVx(σx )αβψR,β

+
∑
R,α

�ψ
†
R,αψ

†
R,−α + H.c. (1)

Here R denotes the lattice sites, d = dx, dy denotes the two
unit vectors in the x and y directions, respectively, α, β de-
notes the spin, t is the hopping amplitude, μ is the chemical
potential, UR is the Rashba coupling strength, Vx is the Zee-
man energy caused by an axial magnetic field, and � is
the superconducting pairing amplitude. The parameters are
set to � = 0.25 meV, t = 25�, Vx = 2.5�, and UR = 2.5�.
The dimensions of the nanowire are Nxa ≈ 750 nm, Nya ≈
50 nm (a = 10 nm is the lattice constant). The superconduct-
ing coherence length ξ0 ≈ ta/� = 250 nm, and thus a pair of
coupled MZMs is formed at the ends.

FIG. 2. The stability of the DMM. (a) The decay rate of lowest
two levels versus the self-energy �L , with �R = 0, μ = 6�. (b) The
moduli of the two levels with �L = �R = 0 (black, |E+| = |E−| =
EM ), �L = 0.5�, �R = 0 (blue, dashed for |E+| and solid for |E−|),
and �L = �,�R = 0 (red, dashed for |E+| and solid for |E−|).

In the presence of the leads, the scattering matrix can be
derived using the recursive Green’s function method [67].

Sαβ
i j (E ) = −δi, jδα,β + i

[
�α

i

]1/2 ∗ Gr ∗ [
�

β
j

]1/2
, (2)

where i, j ∈ {L, R} denote two leads, α, β ∈ {e, h} denote an
electron or a hole, Sαβ

i j denotes the scattering amplitude of a
β particle from lead j to an α particle in lead i, Gr = [E −
Hq1D − ∑

i,α (�α
i )r] is the retarded Green’s function of the

nanowire, �α
i = i[(�α

i )r − (�α
i )a] is the linewidth function of

α particle in lead i, and (�α
i )r(a) is the retarded (advanced)

self-energy of α particle in lead i. In the wide-band limit,
�e

i = �h
i = �i.

Now we can explore the nonlocal signature of the
non-Hermitian self-energy of the left lead by numerically
calculating the differential conductance dIR/dV in the right
lead. The left lead can be well connected to the nanowire to
introduce big non-Hermitian dissipation �L, while the right
lead is only used as a probe for tunneling measurement and
introduces small �R. The bias V is applied on the right lead
for measurement, while the nanowire and the left lead are
grounded, and the current measured from the right lead is [41]

IR = e

h

∫
dE [TLAR( fRe − fRh)

+ (Te + TCAR)( fRe − fL )]. (3)

Here TLAR = |Seh
RR|2, Te = |See

RL|2, TCAR = |Seh
RL|2 are the coef-

ficient of the local Andreev reflection (LAR) in the right lead,
the electron transmission and the crossed Andreev reflection
(CAR) from the left lead to the right lead, respectively; fRe =
1 − fRh = f (E − eV ) means the Fermi distribution func-
tion of electrons/holes in the right lead and fL = f (E ) =
[1 + exp(E/kBT )]−1 means the Fermi distribution function
of elections/holes in the left lead, which is at zero bias.
If we consider zero-temperature Fermi distribution function
f (E ) = θ (−E ) for simplicity, then the differential conduc-
tance is given by

dIR

dV
=

(
|Seh

RR|2 +
∣∣See

RL

∣∣2 + ∣∣Seh
RL

∣∣2

2

)
2e2

h
, (4)
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where all the scattering matrix elements are evaluated at
E = eV .

III. NON-HERMITICITY-STABILIZED ZERO BIAS PEAK

First we only weakly connect the nanowire to the right
lead for conductance measurement, and do not connect the
left lead [Fig. 1(a), top panel]. Due to the finite-size effect, the
eigenstates are the coupled MZMs, which are superpositions
of the true MZMs γ1, γ2, and the eigenenergies are generally
nonzero. Therefore, the conductance peak will split away from
zero energy [Fig. 1(c)]. Then we connect the nanowire to a
left lead, which introduces a strong dissipation �L [Fig. 1(a),
bottom panel]. Now the position of the peak of dIR/dV will
be significantly suppressed towards zero energy [Fig. 1(d)],
revealing a nonlocal pinning effect by �L of the left lead.
To understand this energy shift, consider a minimal non-
Hermitian Hamiltonian in the Majorana basis [60],

HNH =
(−i�L −iEM

iEM −i�R

)
, (5)

where EM is the coupling of γ1, γ2, and �i is the dissipation
on γi. In our model the MZMs γ1, γ2 are at the ends of the
nanowire, while �L and �R are from left and right leads, re-
spectively [68]. The eigenvalues are E± = −i(�L + �R)/2 ±
[E2

M − (�L − �R)2/4]1/2. If both leads are weakly connected,
�L − �R � EM and the two levels only slightly deviate from
±EM . On the contrary, when only the left lead is well con-
nected, the asymmetric dissipation is strong �L − �R � EM

and both levels will be pinned to zero. This heuristic picture
is qualitatively consistent with the numerical results shown in
Fig. 1(b).

To further reveal this energy shift, we can keep the
right lead weakly connected, while modulating the coupling
strength between the left lead and the nanowire. Because the
right lead is not changed, the energy shift of the peak of
dIR/dV due to the change of �L is a nonlocal behavior and
can be used for distinguishing coupled MZMs from local
fermionic states. The energy shift, shown in Fig. 1(e) nu-
merically, is also consistent with the analytical result dIR

dV =
1

|Z|2 (�2
R(E2 + �2

L ) + E2
M�L�R) 2e2

h in Refs. [67,69], with Z =
E2

M − (E + i�L )(E + i�R), E = eV is the energy of the par-
ticle. The eigenenergies E± of the minimal model Eq. (5)
are just the poles of dIR

dV . A straightforward derivation [68]
shows that the first term of dIR

dV is the contribution of LAR,
and the second term is the contribution of nonlocal elec-
tron transmission and the CAR, corresponding to Eq. (4).
For the ideal long nanowire case, EM = 0 and the zero bias
peak (ZBP) only contains the perfectly quantized LAR term
Gideal = Gideal

LAR = 2e2

h . In realistic finite-size nanowires, Refs.
[67,69] have focused on weak connection �L, �R � EM and
found that the peaks lie at ReE± ≈ ±EM . In contrast with
this splitting behavior, here we find that if the nanowire is
well connected with one lead but in weak connection with
the other lead, �L − �R � EM , E± become purely imagi-
nary, and the peaks will shift to zero and merge. After being
pinned to zero energy, the ZBP is different from quantized
2e2

h in the ideal long nanowire case due to nonzero EM ,

GNH = �L�R

E2
M+�L�R

2e2

h . This ZBP is the sum of a nonquantized

LAR term GNH
LAR = (�L�R )2

(E2
M+�L�R )2

2e2

h and two nonzero nonlocal

terms GNH
e = GNH

CAR = EM�L�R

2(E2
M+�L�R )2

2e2

h . Although a quantized

ZBP is present for �L�R � E2
M , the ZBP in experiment may

oscillate with μ, which changes EM . Such fluctuation may
explain the instability of quantized ZBP observed in recent
experiments [52,53,70,71].

IV. NON-HERMITICITY TUNED PERFECT DMM

We have shown that the finite hybridization strength can
be suppressed to zero through the asymmetric dissipation. A
natural question is whether these dissipation-induced MZMs
are stable enough. Interestingly, Eq. (5) gives the relation
Im E+ · Im E− = E2

M for �L > 2EM and �R = 0. Therefore,
by simply keeping the left lead well connected but detach-
ing the right lead, �L increases Im E+ = �L/2 + [�2

L/4 −
E2

M]1/2 and decreases Im E− monotonously, making the lat-
ter a stable mode. The eigenstates corresponding to E± are

ψL,R = 1√
2
(

√
1 ±

√
1 − E2

M/�2
0,

√
1 ∓

√
1 − E2

M/�2
0 )T in the

Majorana basis, where the asymmetric dissipation term �0 ≡
(�L − �R)/2 suppress the overlap between ψL,R and push
them to the left (right) end. In the case �L � EM, �R = 0,
we have ψR ≈ (0, 1)T = γ2, polarized to the right end and
converges to γ2 by �L in this limit, as shown in the bottom
panel of Fig. 1(a). This also explains why the stronger left
dissipation lessens the dissipation on the ψR: it suppresses
(enhances) the weight of γ1(γ2) in ψR, and because the true
MZM γ2 is locally immune from the left lead, ψR feels less
dissipation overall.

This heuristic result is consistent with our numerical one
shown in Fig. 2. As the coupling between the lead and
the nanowire increases to �L � EM , the dissipation for ψL

also increases to Im E+ � EM , but that for ψR decreases to
Im E− � EM . Figure 2(b) shows the moduli of the eigen-
values versus the chemical potential μ with Nxa = 750 nm.
Without the dissipation, the levels are real values and EM ∼
10−3� (black line). While if we increase �L to 0.5�, the en-
ergies become purely imaginary with Im E− ∼ 10−4� (blue
line). If we further increase �L to 1.0�, which is the same
as that in Fig. 1(d) and easily accessible in experiments, then
Im E− further decreases, corresponding to a long lifetime of
the coupled MZM ψR. Therefore the coupled MZM ψR is a
perfect DMM, indicating that it has zero energy and exponen-
tially small dissipation, and approximates to the true MZM γ2.
Armed with these properties, the DMM is expected to show
most of the properties of a true MZM.

Indeed, we found this idea can be employed in a topologi-
cal Josephson junction as shown in Fig. 3(a). It is well known
that the MZMs may induce fractional Josephson effect, but
the effect is vulnerable to the finite-size effect of the nanowire
[72]. In Fig. 3(b) we show the energy level of Andreev bound
states versus the phase difference of two nanowires. The en-
ergy levels anticross each other due to the finite-size effect,
restoring the system to be 2π periodic. On the contrary, if we
add two normal leads at the outer ends as shown in Fig. 3(c),
then two DMMs can be created near the quantum dot. These
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FIG. 3. Topological Josephson junction. (a) A junction made
by two nanowires (blue, with Nxa = 750 nm) and a quantum dot
(green) in the center. The finite-size effect causes the coupling of four
MZMs γ1, γ2, γ̃1, γ̃2. (b) The Andreev bound states versus the phase
difference for (a), showing anticrossing and 2π period. (c) Same
as (a) except the two outer ends of the system are connected to
leads. The leads introduce �L = � for the MZMs γ̃1, γ̃2 far from
the quantum dot and �R = 0 for the MZMs γ1, γ2 near the quantum
dot. (d) The Andreev bound states versus the phase difference for (c),
showing crossing and 4π period.

two DMMs will couple with each other and not be affected
by the other two short-lived quasi-MZMs at the outer ends,
so their energy-phase relation shows a perfect 4π periodic
behavior [Fig. 3(d)].

V. NON-ABELIAN STATISTICS OF DMM

We have shown that a local dissipation term on one end
can produce a perfect DMM on the other end; however, the
possible non-Abelian statistics of the DMMs remains to be
investigated. The non-Abelian statistics of MZMs is induced
by a nontrivial geometric phase of π in the braiding process,
where two MZMs are spatially swapped. The braiding opera-
tor B(γi, γ j ) = exp( π

4 γiγ j ) transforms the MZMs as γi → γ j

and γ j → −γi [73]. If the nanowires W1, W2 in Fig. 4(a)
are long enough to suppress the coupling energy EM be-
tween the MZM near the dot γi and that far from the dot
γ̃i, the nonlocal fermions for the left nanowire W1 will be
ψ1(2)(0) = (γ̃1 ± iγ1)/

√
2. If γ1 and γ2 are braided twice in

succession, the wave functions for W1 will be ψ1(8T ) =
(γ̃1 − iγ1)/

√
2 ≡ ψ2(0). Here the time duration for the braid-

ing operation is 4T and the detailed braiding protocol could
be found in Refs. [68,74]. Then in this case, the fidelity of
the braiding can be defined as |〈ψ1(8T )|ψ2(0)〉|, which is ex-
pected to reach unity for a successful braiding. Because of the
finite size of W1, W2, EM will generate a dynamic phase for
large T . To see this, the wave-function evolution |ψ1(2)(t )〉 =
U (t )|ψ1(2)(0)〉 is calculated, with U (t ) = T̂ exp[i

∫ t
0 dτHs(τ )]

the time-evolution operator, Hs the Hamiltonian of the system
and T̂ the time-ordering operator [75,76]. For EM ≈ 10−3�,
due to the dynamic phase, ψ1(8T ) tends to fall back to ψ1(0)
and the fidelity is obviously lower than unity at large T , as
shown in Fig. 4(b). For small T , the fidelity also fails to
reach our expectations, probably because of the involvement
of supragap state. Therefore EM ≈ 10−3� is already too large

FIG. 4. Non-Abelian braiding of the DMMs. (a) A device for
braiding two MZMs γ1, γ2. W1, W2 are two nanowires, G1, G2
are the electrical gates between the nanowires and the quantum
dot D. (b) The braiding fidelity versus T for (a), where ψ1(2)(0) =
(γ1 ± iγ̃1)/

√
2. (c) Same as (a) but W1, W2 are connected with leads

L1, L2. (d) The time evolution of the wave functions ψ1(2) for (c),
where ψ1(2)(0) = γ1(2) and time scale T = 100/�. (e) The braiding
fidelity versus T for (c), where ψ1(2)(0) = γ1(2). � is the dissipation
from the leads L1, L2.

to implement the adiabatic braiding condition h̄/� � T �
h̄/EM [64].

In contrast, if we connect W1, W2 to leads L1, L2
[Fig. 4(c)], the dynamic phase vanishes because under the
large non-Hermitian self-energy of the leads, the DMMs
ψW 1,R = γ1, ψW 2,L = γ2 are pinned at exact zero energy. In
addition, the dissipation introduced by L1, L2 only acts as an
identity background �s during the braiding, thus the braiding
operator would be B̃(γi, γ j ) = exp( π

4 γiγ j − ∫
�sdt ) and the

non-Abelian geometric phase of π remains unchanged [68].
This is confirmed by the numerically calculated evolution
shown in Fig. 4(d), with the initial states ψ1(2)(0) = γ1(2). The
wave function ψ1(t ) after braiding once is ψ1(4T ) ∝ ψ2(0),
and after braiding twice is ψ1(8T ) ∝ −ψ1(0), so the geo-
metric phase is the same as that based on the true MZMs.
Now the fidelity of the braiding should be redefined as
|〈ψ1(8T )|ψ1(0)〉|. As shown in Fig. 4(e), larger dissipation
� from the lead can improve the fidelity in a wider region
of T , because this dissipation suppresses Im E− and stabilizes
the DMM. Compared with the previous case EM ≈ 10−3�,
here the dissipation on the DMM can be suppressed down
to Im E− ≈ 10−5�, and the energy for DMMs is EM = 0, so
the condition for adiabatically braiding is significantly relaxed
to h̄/� � T � h̄/ Im E− for non-Abelian braiding based on
DMMs.

VI. DISCUSSION AND CONCLUSION

With the assistance of a local dissipation term, we
show that a perfect DMM can be prepared in a short
semiconductor-superconductor nanowire. These DMMs have
their energy pinned to zero with long lifetime and preserve
the non-Abelian statistics of MZMs quite well. In reality,
the quasi-MZMs can emerge due to the inhomogeneous
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potential at the interface. Although they can even persist in
a trivial phase, they are still partially separated and can be
viewed as a pair of coupled MZMs [32]. Hence our pro-
posal also applies for the case of quasi-MZMs. When they
masquerade the true MZMs in the transport studies, one of
them is probably transformed into a DMM because of the
dissipation of the lead. Therefore, these seemingly trivial
quasi-MZMs could also become candidates for TQC. Sur-
prisingly, though dephasing usually destroys the coherence of
quantum qubits, our work suggests that local dephasing may
even assist the TQC because it can induce DMM nonlocally
in the far end of the nanowire with exact zero energy and
exponentially small dephasing, greatly relaxing the time scale
for adiabatically braiding. Finally, we would like to point

out that aside from the connection with normal leads, there
are many other physical ways to introduce the dissipations,
such as the fluctuation of superconducting phase, external
time-dependent driving forces, and the environmental modes.
In principle, these dissipation terms arising from different
sources may work in the same way. Therefore, we expect
that these different dissipation terms may provide more ex-
perimental platforms supporting DMMs.
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