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Despite many experimental and theoretical efforts, the pairing symmetry of superconductivity in Sr,RuQO;,
remains undecided. The accidentally degenerate d,2_,» + ig is consistent with most current experiments and
seems to be one of the most probable candidates, but we still lack a satisfactory theoretical mechanism for
its appearance. Here we construct a phenomenological model combining realistic electronic band structures
and all symmetry-allowed multipole fluctuations as potential pairing glues and make a systematic survey of
major pairing states within the Eliashberg framework. Our calculations show that d,2_,» + ig can arise naturally
from the interplay of antiferromagnetic, ferromagnetic, and electric multipole fluctuations whose coexistence is
manifested in previous experiments and calculations. Our work provides a physically reasonable basis supporting
the possibility of d,>_,» + ig pairing in superconducting Sr,RuOj.
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I. INTRODUCTION

For over two decades, superconductivity in SroRuO,4 had
been proposed to be of odd-parity spin-triplet pairing both
in theory and in experiment [1-5]. This belief was re-
cently overturned when refined nuclear magnetic resonance
(NMR) [6-8] and polarized neutron scattering (PNS) [9]
experiments detected a drop in the spin susceptibility be-
low T.. Muon spin relaxation (uSR) and polar Kerr effect
revealed time-reversal symmetry breaking (TRSB) of the su-
perconducting order parameter [10,11]. A line-node gap was
then supported by specific heat [12—14], penetration depth
[15], thermal conductivity [16,17], spin-lattice relaxation rate
[18], and quasiparticle interference imaging from scanning
tunneling microscope (STM) [19]. Candidate proposals of
two-component TRSB order parameters include d_y» + ig
[20,21], s + id\2_\o [22,23], s+ idy, [24,25], chiral or heli-
cal or mixed p waves [4,26-35], d.; + id,, [36], and exotic
interorbital pairings [37-42].

Further constraints can be extracted from several of the lat-
est experiments. A detailed NMR analysis reported an upper
limit of the condensate magnetic response and excluded all
purely odd-parity states (such as py +ipy) [8]. STM mea-
surements pointed toward a nodal direction along the zone
diagonal, supporting a dominant d,2.,» component [19]. Al-
though later analysis suggested that s + id,, with accidental
nodes near the zone diagonal might also explain the STM data
[25], it was often considered to be incompatible with the elec-
tronic structure of Sr,RuQj, [43]. In ultrasound experiments, a
thermodynamic discontinuity was reported in the shear elastic
modulus ces [43,44], which excluded s + id>_,». uSR mea-
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surements reported the split (unsplit) of the superconducting
transition under uniaxial (hydrostatic) pressure [45,46] and
supported the symmetry-protected d., + idy, pairing, but spe-
cific heat measurement fails to see the split under uniaxial
pressure [47]. Moreover, d,; + id,; normally requires a jump
in the (c1; — ¢22)/2 modulus which was not observed in the
ultrasound experiment.

Thus, the accidentally degenerate d,>_,» + ig seems to be
the most probable one among all candidates [20]. It agrees
with most of the above experiments, although a modification
based on strain inhomogeneity might be needed to explain the
absence of an evident-specific heat jump at the TRSB transi-
tion under uniaxial pressure [48,49]. However, the occurrence
of dy2_,» +ig lacks a strong theoretical support so far. In
particular, it is unclear how the g wave can arise and become
accidentally degenerate with the dominant d,2.,» component.
A recent theory can indeed derive the g wave but requires
a sizable momentum-dependent spin-orbit coupling (SOC)
beyond the first-principles prediction [21]. Hence, a fully con-
sistent explanation of the pairing symmetry in Sr,RuO, has
not been achieved.

In this paper, we explore the possibility of d._,» +ig
by constructing a general model Hamiltonian that combines
realistic band structures from angle-resolved photoemission
spectroscopy (ARPES) and multipole pairing interactions
allowed by symmetry for the spin-orbit coupled Ru-4d elec-
trons. The superconducting gap structures are then evaluated
systematically by solving the linearized Eliashberg equa-
tions with antiferromagnetic (AFM), ferromagnetic (FM),
electric multipole fluctuations and their mixtures. We find that
the dy>_,» + ig (pseudospin) singlet pairing can actually be
generated by the interplay of these three multipole pairing in-
teractions within a reasonable parameter range. This provides
a natural physical basis for the occurrence of d,>_,> + ig. We

©2022 American Physical Society
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TABLE I. Multipole operators classified according to the ir-
reducible representations I" of Dy, point group based on the
operator-equivalent technique. The j = 5/2 manifold contains op-
erators from rank O to rank 5 (monopole 1, dipole J, quadrupole
O, octupole T, hexadecapole H, dotriacontapole D), while mul-
tipole operators in j=3/2 are up to rank 3 (monopole 1,
dipole J, quadrupole O, octupole T). The subscript g marks
inversion-symmetric representations and the superscripts +/— de-
note time-reversal symmetric/antisymmetric ones. The subscripts of
multipole operators are related to the tesseral harmonics in O;, group
or cubic harmonics [54,56,57]. For simplicity, we have used the same
symbols for both j spaces. More details are explained in Appendix A.

IR (I') Qi=3/2Te Oi=5/2Ta
Electric multipole operators
A3, A,
B, O O, H,
B, Oy OX), ﬁzb
ES (Ox:, Oy2) (Osz, 0y2), (Hya, Hy),
(bes yb)
Magnetic multipole operators
A, o D, .
Az; ‘IZ’: T7a .L, T Dmla Dzaz
Brg 7;(yz ’I;cvL D2
By, T, T, Doy
E; (e, 4)), oo )y (T Tra),
(}av j}a)’ (’I;(bs yb) (Dth\al)
(nbﬁ I;b) (Dxa2ﬁ D)aZ) (Drbv Dvb)

will also briefly discuss the conditions for other pairing states
within our theoretical framework.

II. MODEL

Crystal-field splitting and SOC are considered of equal
importance in Sr,RuQOy4 [5,50,51]. To capture the pairing
symmetry, it is convenient to construct a general model
Hamiltonian based on the multipole representation of the
pairing interactions. By the Stevens operator-equivalent tech-
nique, the multipole operators Qﬂ“’ k=0,1,...,2j; g =
—k,—k+1,...,k) for a given angular momentum j can be
obtained from the (2j + 1) x (2j + 1) tensor operator fkq
satisfying [52,53]

Qk— DI .
p=(=1F Ww",
Vi Syl = V& F @k £q+ D g1 (g <k), (D)

where J is the raising/lowering operator within the corre-
sponding j subspace. These multipole operators are further
projected into the irreducible representation (IR) I' of the Dyj,
point group of Sr,RuO, and denoted as O/ for the arth com-
ponent in I [54,55]. Table I gives all multipole operators for
the j = 3/2 and 5/2 manifolds of Ru-4d electrons according
to their IRs and ranks. The electric multipoles are of even
rank and time-reversal symmetric and listed on the top of the
table, while on the bottom are the magnetic multipoles (odd
rank and time-reversal antisymmetric) [55,56]. More details
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FIG. 1. (a) Illustration of the multipole interaction Q/1'@QnT#,
(b) The Feynman diagram of the anomalous self-energy ,,,; from
multipole pairing interactions within the Eliashberg framework. We
use k = (K, iw,) for simplicity. (c) The 3D Fermi surfaces with
(dy;, dy., d,,) orbital characters derived from the TB Hamiltonian
H;p. (d) Orbital-resolved band structures along a high-symmetry line
on the k, = 0 plane of the Brillouin zone. The inset shows the colors
for three orbitals.

on the definition of these multipole operators can be found in
Appendix A.

We then write a general interaction containing all
symmetry-allowed multipole fluctuations as potential super-
conducting pairing glues:

Hi= =33 aur VI @0 @0 @)

Jij2 TaB q

YT Y Y i @e ol

Jjij2 Tap q.k K Iml'm’

i i
X €1 k—qCimmkC ki qCiom K> 2)

Aj iTa i
yvhere Q" (q) = Zlf,lm. Im € Cjlk+qCimk and Cjmk (1)
is the electron annihilation (creation) operator with k be-
ing the momentum and m the z projection of the total

. . r
angular momentum j. The matrix elements Q] ¢ are normal-

ized with Q’r“ ]F“/,/Zlm |Q ?|?> for comparison of

different multipole fluctuations, V/ ‘er (q) is the momentum-
dependent interaction vertex and g’ 121" controls the fluctuation
strength between the multipole components jila and jrI'B,
as illustrated in Fig. 1(a). The values of g; 121 are highly
restricted, as the multipole product should be projected
to the identity representation of the crystallographic point
group to keep the overall symmetry of the Hamiltonian.
Thus, only multipoles belonging to the same IR (I") can
be coupled, but they could have different angular mo-
menta (j; # j») due to comparable SOC and crystal field
potential [58,59]. For the two-dimensional IR E + such pro-

jection yields (Q1"* QP + 0" 0Py 2, which will be
denoted as O!'"“O"” for simplicity. There are a total of six
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FIG. 2. Eigenvalues of six major pairing states, s (Aj), dy2.,
(Blg)s (an py) (Eu)7 8 (AZg), dxy (BZg)’ and (dxzv d)'z) (Eg)$ for
individual pairing interactions in j = 3/2 from (a) 11 AFM mul-
tipole channels with §A™ = 9.7 A, wq = w{™ = 11.1 meV, and
QAFNOI =(0.3,0.3,0); (b) 11 FM multipole channels with gf;M =
2.5 A, wq = vlq|, and Qpy = (0,0, 0); (c) six electric multipole
fluctuation channels with &&= £2™, 0y = of = wp™, and Qg =
(0.2,0.2,0). (d) Eigenvalues of six major pairing states for averaged
electric multipole fluctuations as a function of Qg along (A, A, 0)
direction. The s-wave state always dominates and has a maximal
eigenvalue around Qg = (0.2, 0.2, 0). The table on the bottom lists
all multipole fluctuation components for j = 3/2, sorted according
to their IRs and ranks. The longitudinal correlation length is set to

£ = 0.15,.

electric multipole fluctuation channels and 11 magnetic multi-
pole fluctuation channels in the j = 3/2 manifold (listed at the
bottom of Fig. 2), 23 electric components, and 38 magnetic
components in the j = 5/2 manifold (bottom of Fig. 7); 15
electric and 30 magnetic j-mixed (j; # j») multipole chan-
nels (bottom of Fig. 8) that are allowed by symmetry in
SrpRu0Qy4. For example, using the electric multipole opera-
tors listed in Table I, we can generate six electric multipole
fluctuation channels for j = 3/2: 11, 10,9, 020040, 02,01,
Oxyéxy, and O,ZO,Z, which are listed at the bottom of Fig. 2
according to the IRs and ranks of the corresponding multipole
operators.

The above procedures lay out a general phenomenological
framework for studying electron pairing induced by multipole
fluctuations. To apply it to Sr,RuQOj4, we consider the follow-
ing three dimensional (3D) tight-binding (TB) model, H3p =
Hyp + H;, where Hop = Y [ (K)ho(K, s)¥s(K) describes
the k.-independent band structure from ARPES measurements
[60]. ¥s(K) =[xz 5(K), €yz.5(K), Cxy,—(K)]T is the basis of the
low-lying Ru-4d t,, orbitals (d,., d,., d\,). We have

Xz ft . .
€ — Mo € —isAsoc  iAsoc
i, ¥z
ho(K, s) = | €g" + isAsoc € — Mo —sAisoc |
. Xy
—iksoc —sAsoc € — Mo

3

with s = = for the spin and
€. = —2t; cos(ky) — 21, cos(ky),
€. = —2t cos(ky) — 21, cos(ky),
6" = —213(cos(ky) + cos(ky)) — 4t4 cos(k,) cos(ky)
— 2t5( cos(2k,) + cos(2ky)),
X = —dtg sin(k,) sin(k, ). 4)

The H, term describes the hopping along the z direction and is
introduced to deal with out-of-plane pairing such as (d,;, dy.).
Under the same basis ¥;(K), it takes the form

H, (k) = —81y cos(k,/2) cos(k,/2) cos(k;/2). (®)]

The best ARPES fit yields [t1, 12, 13, U4, 15, 6, o, Asoc] =
[0.145, 0.016, 0.081, 0.039, 0.05, 0, 0.122, 0.032] eV [60].
We choose fy = 0.01 eV so #y/t; agrees with a previous study
[61]. It should be noted that we have only considered k-
independent SOC, whose magnitude is consistent with density
functional theory (DFT) calculations [21]. It has been shown
previously that including different types of k-dependent SOC
may enhance certain particular pairing states, but to make
them dominant requires the k-dependent SOC to be at least
one order higher in magnitude than those predicted by DFT
[21,38]. Therefore, we will not discuss such possibility in this
work. The resulting 3D Fermi surfaces of our model are plot-
ted in Fig. 1(c), and the 2D orbital-resolved band structures
are shown in Fig. 1(d) along a high symmetry line within the
k; = 0 plane of the Brillouin zone.

The above TB Hamiltonian also allows us to get a feel-
ing about leading multipole fluctuations, which cannot be
obtained currently from experiment [62—-64]. As shown in
Appendix B, calculations based on random phase approx-
imation (RPA) for j=3/2 yield two leading multipole
correlations, (J;fz), (f"mf"m), in the AFM channel and four
leading correlations, (fzfz), (Tmf"m), (f“mf};,), and (f}bfrh), in
the FM channel. By contrast, electric multipole fluctuations
are nearly unchanged for the Stoner factor og < 1, implying
that there is no electric instability. The definition of the Stoner
factor is given in Appendix B. The leading multipoles are
supposed to dominate the pairing interaction in the RPA ap-
proximation, but other components also should be present and
have substantial contributions. Quite often, RPA cannot give
a proper description of multipole fluctuations in real materi-
als with strong electronic correlations. To have a systematic
analysis of the electrons’ pairing, we disentangle all multipole
components allowed by symmetry and assume an empirical
form of the interaction vertex [65,66],

1
L4+ [E-(q— QP+ [vl/wg

where v, is the bosonic Matsubara frequency, & = (&, &y, &)
is the anisotropic correlation length of corresponding multi-
pole fluctuations, wq is the fluctuation energy, and Q is the
characteristic wave vector for AFM, FM, or electric fluctua-
tions. These parameters may in principle vary with ji, j», and
I". Here we drop the labels for simplicity.

The above empirical form has the advantage of directly
incorporating some important information of the AFM, FM,

Vit (q, iv,) = ©6)

054516-3



YUTAO SHENG, YU LI, AND YI-FENG YANG

PHYSICAL REVIEW B 106, 054516 (2022)

or electric fluctuations from experiments. It reflects the dy-
namical fluctuations of pairing interactions beyond mean-field
approximation, which is often important in strongly correlated
superconductors. Its exact form was initially proposed for the
spin-fluctuation spectrum in cuprates and may be derived from
a straightforward expansion of the momentum-dependent spin
interaction [65-67]. It was later applied to other uncon-
ventional superconductors and has explained many of their
important properties [68—74]. Here we further extend it to
multipole fluctuations in Sr,RuQy in the presence of SOC.

J

nT

A (K, iw,) _nTZf;S (27[)3

W/L (k iwy) M

This inevitably introduces many free parameters, so we will
study each multipole fluctuation individually before propos-
ing a form of their mixture to simplify the discussion on
potential pairing states in reality.

II1I. ELIASHBERG EQUATIONS

Candidate pairing symmetries of the superconductivity can
be analyzed using the linearized Eliashberg equations [67,71]:

N R WA
Z fs ) (Zn)gvk —————sgn(w, K}, (K, i, K, i),

K (k la)l‘[s
n’Z/J.’ (k B lwn’)|

ia)n’ )

; (N

where w, and w,, denote the fermionic Matsubara frequencies, ;¢ and u are band indices, the integral with FS ,; is over the Fermi
surface of band p” with corresponding Fermi velocity vy, Z,, is the renormalization function, and ¥, = A, Z,, is the anomalous
self-energy related to the gap function A,. All bands are doubly degenerate with pseudospin n = = and we only consider
intraband pairing (singlet or triplet over pseudospin). Figure 1(b) shows the Feynman diagram for the anomalous self-energy
Y. During our calculations, the kernel functions K}ju, and K ;/ju’ can be determined from the interacting Hamiltonian Hj, using

the above empirical pairing interactions and take the following forms:

N SN T _ WUy iU (e 1/ ; Jilax Al ks k' k' k
Kﬂ#’(k’ iwn; K, i) = Z Z g]ﬁ 4 (k — K., iw, — iy )RC[Q I'm' ”jnl,wlujnn,u’n/”/z/’ iy Wjam mz]
]l]zrlml’ !
aff '
A ; 1]21" Jll"ct* JzFﬂ Tk — K. iw k' —kx K
I(W,(k, iw; K, iwy) = Z Z - [V k—-K, — lwy )”]11 i Wil i o i
J12U Iml'm’
apf n
Jji1j2T -k’ —kx K’
+ VIR R4 K i, + il s o ®)
[
where #¥ is the matrix diagonalizing the 3D or 2D TB q; will be set to zero in our calculations but its value shows no

Hamiltonian, projected in the j representation. The linearized
Eliashberg equations can be solved numerically by approxi-
mating A, (k) = A, (K, iw,) ~ A, (k, inT.) and using 1024
Matsubara frequencies, 41 x 41 x 41 k meshes in the 3D
Brillouin zone or 201 x 201 k meshes in the 2D Brillouin
zone. Each eigenvector A of Egs. (7) corresponds to a single
solution of electron pairing and gives the corresponding gap
structure on the Fermi surfaces. The largest eigenvalue A of
Y, at T, determines the leading pairing state.

IV. INDIVIDUAL PAIRING INTERACTIONS

The results of individual multipole fluctuation channels
are presented in Fig. 2 for j =3/2 and Figs. 7 and 8 in
Appendix D for j = 5/2 and j-mixed subspaces, respectively.
We compare the eigenvalues of six major pairing states, s,
deyp, (DPxy Py)s & dyy, (dyz, dy;), Tor the 3D Hamiltonian Hzp

of Sr,RuQ,4. The parameter gi‘ézr is chosen such that all
multipole fluctuations are treated equally for each set of cal-
culations.

For AFM fluctuations, inelastic neutron scattering experi-
ments estimate ;A“,FM =9.7A and wq = a)OAFM = 11.1 meV at

the AFM wave vector Qapm = (0.3, 0.3, g;) [62-64], where

qualitative influence on our results. The longitudinal correla-
tion length is set to £2™ = 0.1£™ to reflect the absence of
z-axis signal [63]. As shown in Fig. 2(a), among all 11 AFM
multipole fluctuation channels for j = 3/2, d,-.,» or s are most
supported. Two leading fluctuation channels from RPA analy-
sis, J.J. and T,,T,,, give predominant d,>.2-wave pairing. The
subordinate channels, J. fm, f}ﬂf}ﬂ, f}af",.;,, f,;,f,;,, also sup-
port d,2_,2, while the subordinate T;,TZ;,, Jod, I T, J T favor
s wave and T.,T., favors (px, Dy) or px +ipy. For j =5/2 as
shown in Fig. 7(a), the leading dipole component J.J. supports
d.», while the leading dotriacontapole D.;»D..o supports
s-wave pairing. Figure 8(a) gives the results for j-mixed AFM
fluctuations. We see s and d,2.,» are also the two most favored
pairing states.

FM pairing interactions have previously been consid-
ered because SroRuQ,4 has similar electronic structures as
the itinerant ferromagnets SrRuO; and SryRu3;0j¢ and the
metamagnet Sr3Ru,O7 [5,75]. A short-range FM order was
reported in experiments in Co-doped Sr,RuQy, indicating that
Sr;RuO4 might be near a FM instability [76]. PNS experi-
ments in Sr,RuQ4 also reported a broad FM response [64],
giving Qrv = (0,0, 0), &' = 2.5 A and a characteristic en-
ergy wf™ = 15.5 meV. Since there are no further experimental
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details for the FM multipole fluctuations, we will simply take
wq = volq| and choose vy such that wq reaches the order of

oM at the zone boundary. A slight variation of vy makes
no qualitative change on our main conclusions. Figure 2(b)
shows the typical results of six major pairing states induced
by FM pairing interactions for j = 3/2. Similarly, we find
predominant d,»_»-wave pairing from leading dipole fluctua-
tions fzfz and (p,, p,) waves from leading octupoles TuToas
TvaTyy, and T,,T,,, while the s wave is supported by some
subordinate multipole channels. For j =5/2 in Fig. 7(b),
the leading dipole J.J. favors the s waves, while the leading
dotriacontapoles D,41 D, and D,,D,;, support (py, Dy) waves.
In Fig. 8(b), s and d,2.,» are supported by most j-mixed FM
channels.

Electric fluctuations may arise from the multiorbital nature
of SrpRuO4 [77-81] and have a similar interaction vertex
as AFM ones, but with Qg = (0.2,0.2,0), £f, = §A™, and
a)g = a)O . As shown in Fig. 2(c), all six multlpole channels
for j =3/2 support s-wave pairing, which is robust under
the tuning of fy and of. Figure 2(d) plots the eigenvalues
of six major pairing states as a function of Qg along the
(110) direction. We see that the s-wave pairing always has
a much larger eigenvalue than others. This is expected since
superconductivity induced by charge fluctuations is typically
s wave. But, quite interestingly, the eigenvalue of s reaches a
maximum around Qg = (0.2, 0.2, 0), exactly the wave vector
proposed by the RPA charge susceptibility [81], implying
a potential role of electric multipole fluctuations in super-
conducting Sr,RuQy4. For j =5/2 and j-mixed subspaces,
Figs. 7(c) and 8(c) show that the s-wave pairing is always
supported by leading electric multipole fluctuations.

All together, s and d,»_» are most supported by individual
multipole pairing interactions, while the remaining four are
less favored. Thus, to discuss the possibility of g and the other
three pairing states, it is necessary to go beyond individual
multipole channels and consider some mixed form, which is
reasonable given their coexistence. To proceed, we first note
that all but (d,, dy;) are m, symmetric, i.e., symmetric about
the k, = 0 plane, whose relative importance can be evalu-
ated in 2D. By contrast, the m -antisymmetric (d,;, dy;) or
dy; + id,, pairing state requires 3D calculations as performed
above, but it is not favored because our TB Hamiltonian H;p is
only weakly dispersive along &, direction. We find this conclu-
sion quite robust against reasonable tuning of #y and &, within
our framework. As an example, we give the results with an
artificially enhanced &, = &, for j = 3/2 in Appendix C. In
the literature, it has been proposed that d,; + id,, may become
dominant if a sizable k-dependent SOC of E, representation
is included [38], which induces interorbital hopping along the
z direction but has to be more than one order of magnitude
higher than that of DFT prediction [21]. Hence, we will no
longer consider d,; + id,, in the following section to reduce
computational efforts by performing calculations only in 2D.

V. MIXED PAIRING INTERACTIONS

From now on, we will focus on the 2D Hamiltonian Hp.
In real materials, different multipole fluctuations may coexist,
so we must consider their possible combinations, namely, a

@) os -
T9 = 0.77"1 r3 = 0.5’/‘1 +S/S
0.6 1 .g
~< 0.4 » Ay
(pwapy)

FIG. 3. (a) Eigenvalues of s/s', g, d2.2, and (p,, p,) pairing
states as a function of the ratio r;/r; at fz/rl =0.7 and rp/r, at
r3/r; = 0.5 for a mixed AFM, FM, and electric pairing interaction.
(b) Theoretical phase diagram of predominant pairing states on the
plane of r,/r; and r3/r,. The insets show corresponding gap struc-
tures in each region.

mixed pairing interaction of AFM, FM, and electric multipole
fluctuations such as

Vinix = 1 VAM 4+ VM 4 v )]

where VAFM VM 354 VE denote the AFM, FM, and electric
multipole pairing interactions, respectively, and r; controls
their relative strength. There may exist different combinations
of individual multipole channels, but a natural one without
much a priori knowledge is to average each term over all
multipole components in their respective j = 3/2, 5/2, or
j-mixed subspaces. This work will focus on this particular
form of the pairing interaction. But to examine the robustness
of our results for other possible combinations, we also show
in Appendix E the results for pairing interactions averaged
only over j = 3/2 or over both j = 3/2 and 5/2 subspaces.
All other parameters are set to be the same as discussed in the
previous section.

The resulting phase diagram including j = 3/2, 5/2, and
j-mixed terms is plotted in Fig. 3, together with two examples
of the largest eigenvalues of four major pairing states and their
variations with the ratio rp/ry or r3/r1. The d,>_2-wave is seen
to extend from the origin (r, = r3 = 0) to cover a major part
of the phase diagram with dominant AFM multipole fluctu-
ations (rp/r; < 0.6, r3/r; < 0.7). A nodal s wave is induced
by a moderate FM pairing interaction (r,/r; > 0.6), but for a
stronger electric interaction (r3/r; > 0.7) we find a predomi-
nant nodeless s wave. For distinction, we will use s’ to denote
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a nodal s wave in the following. As discussed earlier, d,2_,2
and s (or s’) are major pairing states for dominant AFM, FM,
or electric multipole fluctuations. In the absence of electric
fluctuations (r; = 0), the resulting d,2_,» or s’ waves agree well
with previous work [22]. Quite surprisingly, g-wave pairing is
seen in Fig. 3 to govern a large portion of the phase diagram
where both FM and electric multipole fluctuations are of equal
importance as the AFM ones.

Thus, within our framework, the accidentally degenerate
d,>_y» + ig pairing may exist at the phase boundary with a
somewhat weaker FM pairing interaction than the AFM one,
namely, r,/r; & 0.6. However, a moderate electric pairing
interaction (0.2 < r3/r; < 0.8) is also needed. If the electric
fluctuations are too weak or too strong, a two-component s’ +
id>_y» or s +id»_,» might appear but is inconsistent with the
ultrasound experiments [43,44]. The other two states, (py, py)
and d,,, require even stronger FM or electric fluctuations than
AFM ones. In all cases, electric multipole fluctuations, such
as zero-rank charge fluctuations, seem to play a crucial role in
superconducting Sr;RuQy, and should be better examined by
future x-ray diffraction or Raman experiments [82-86].

The emergence of a g wave is robust for such mixed AFM,
FM, and electric pairing interactions. Appendix E shows the
phase diagrams of two other examples of averaged pairing
interactions. In the first case, we consider only the j = 3/2
subspace and take an averaged pairing interaction over all
multipole fluctuations; in the second case, we take the average
over both j =3/2 and 5/2 subspaces. The phase diagrams
are shown in Fig. 9 and found qualitatively the same. The
downshift of the phase boundaries in Fig. 3(b) indicates that
the s-wave pairing is more promoted by the j-mixed multipole
interaction. Nevertheless, the g-wave state still covers a large
portion of the phase diagram with strong AFM fluctuations
and moderate FM and electric ones, where d,>_,» and s (or
s') solutions supported by individual multipole fluctuations
are suppressed. We thus conclude that the competition and
interplay of AFM, FM, and electric multipole fluctuations
may provide a mechanism for the unusual d,-_,» + ig pairing
in Sr,RuQ,4. Whether or not this reflects the true situation in
real materials requires future experimental scrutiny.

To have an idea of the gap structures for these pairing
states, Fig. 4 presents their projection (normalized) on the 2D
Fermi surfaces and evolution with the azimuth ¢. Both d,-_,»
and g show clear symmetry-protected nodes on three bands
along the zone diagonal (¢ = £ /4 and £37 /4). The result-
ing d_y» + ig gap also has nodes along the zone diagonal,
which is protected by symmetry and fits well to the STM
data [19]. Quite unexpectedly, we also find that the s’ wave
can change signs or have gap minima near the zone diagonal.
This interesting feature arises from the particular orbital char-
acter of the three bands. Along the diagonal direction, the o
band contains a contribution only from |j = %, J. = :I:%) and
|3, %3), the B band contains only |3, +3) and |3, £3), and
the y band contains only |%, i%) and |2, j:%). Hence, as an
example, an s-wave pairing supported by multipole fluctua-
tions of j = 3/2, j, = £1/2, or j, = +3/2 must have nodes
along the zone diagonal on the 8, «, or y band, respectively.
This may give rise to the gap minima after other contributions
are included. Consequently, the two-component s" + id,>_y»

(a)

/ ro/r1 = 0.7 \ °
lr3/§1=0.2 GV A BN AV ey & SRR Uiy
N/
™S 1 |,
(S |

7'2/7‘1 =0.8
( l”‘g/’f‘l =0.1 '

.\_,/,
D,f \\\j
/ \
l 7‘2/7"1:0.7‘\

7‘3/7’1 =0.3

(c

-~

FIG. 4. Typical gap structures of (a) d,2.,2, (b) §', and (c) g-wave
pairing states and their evolutions with the azimuth ¢. (d) Gap
magnitude of a typical s’ + id,2_,» pairing state constructed from
(a), (b) as a function of the azimuth ¢, showing local gap minima
along the zone diagonal (¢ = /4 and £37 /4) on all three bands.
(e) Gap magnitude of a typical d2_,» + ig pairing state from (b),
(c) as a function of the azimuth ¢, showing the symmetry-protected
nodes along the zone diagonal.

can also exhibit gap minima near the zone diagonal. If we
assume the two components have the same magnitude, we
may obtain a gap structure in Fig. 4(d), where the relative
gap ratio is |Az 4/ Amax| & 0.22, 0.45, 0.34 for «, B, y bands,
respectively. Note that a previous STM experiment has an
energy resolution of about 75 ueV, which is roughly 21% of
the measured gap of 350 eV [19]. Thus, it is impossible for
the STM alone to exclude s" + id,>_ if the s" component is
only moderate compared to d,>.,» component. The ultrasound
experiment is then crucial.
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VI. DISCUSSION AND CONCLUSIONS

Our results provide a potential physical basis for the pos-
sibility of d,»_» + ig pairing in superconducting SryRuQj.
But there are also proposals supporting other pairing states
in the literature. For clarity, we give a brief summary in this
section on current experimental and theoretical situations of
several major candidates of two-component order parameters
that break the time-reversal symmetry, including p, + ip,,
dy, + idy;, s + ideo_y2, s +idy, and d>_p + ig.

The purely odd-parity py + ip, paring was recently ex-
cluded by a series of NMR [6—8] and PNS [9] experiments.
A mixed-parity state has been proposed in the quasi-1D limit
[31], which has accidental nodes along the zone diagonal
consistent with the STM experiment [19]. However, the odd-
parity component requires a jump in the shear elastic modulus
(c11 — c12)/2, which was not observed in the ultrasound ex-
periment, at least within the current accuracy [43,44]. In our
theory, the p, + ip, paring is only supported by several FM
fluctuation components such as the octupoles TuToa, TraTo,
TT., of j =3/2, and therefore only appears for relatively
strong FM and electric fluctuations in the unphysical regions
of m/rp~1—2andr3/ri =~ 1 —3.

The d; + id,, pairing is typically unfavored due to the
quasi-2D Fermi surface topology of Sr,RuQ,, but may be sta-
bilized if a sizable momentum-dependent E,-SOC is included
[38]. The latter could give rise to a spin-triplet odd-orbital
(dx; + id,;)-like pairing that can explain the Knight shift drop
below 7. [87-89], but the required E,-SOC is at least one
order of magnitude higher than that predicted by DFT [21].
The d,; + id,, gap is featured with horizontal line nodes on
the k, = 0 plane [90], so it is supposed to cause spin reso-
nance at ¢; = 0, which is, however, absent according to recent
neutron scattering experiments [91,92]. It is also inconsistent
with the ultrasound experiment showing no evident jump in
(c11 — c12)/2 [43,44]. The d,; + id,. pairing was mainly sup-
ported by ©SR measurements that reported the splitting of
superconductivity and TRSB under uniaxial pressure as op-
posed to hydrostatic pressure [45,46]. However, this splitting
was questioned by specific heat measurements, which found
no sign of bulk phase transition induced by uniaxial pressure
[47]. More accurate experiments will be needed to clarify
how exactly superconductivity evolves under pressure. In our
calculations, the SOC is k independent and has a magnitude
consistent with the DFT prediction. Thus, the d; + id,, pair-
ing is always unfavored within our framework.

The d,-.,» wave has the desired vertical line nodes revealed
by thermal conductivity [17] and nodes or gap minima on
o and B bands in STM measurements [19]. From our cal-
culations, it is indeed supported by AFM fluctuations and
can form a two-component order parameter with acciden-
tally degenerate s” or g in the presence of moderate FM and
electric fluctuations. An s+ id._,» has been proposed in
previous theory but was nodeless along the zone diagonal
[22]. By contrast, our derived 5"+ id,>_,» can have nodes
or gap minima near the 2D zone diagonal and may agree
with STM. But s’ +id,»_,» seems inconsistent with ultra-
sound experiment, where the observed thermodynamic jump
of the shear elastic modulus §ces o o reflects the coupling
term  ogltyy (AL Adxz,).z + A:;Yz_\,z Ay) between the strain u,,

and two superconducting components in the Landau free
energy [43,44]. Such a coupling is prohibited by symmetry
because ng(uxy) X Alg(Asr) ® Blg(Adxz,vz) = Azg #* A1g~

To overcome this problem, an accidentally degenerate s’ +
id,, pairing has been proposed by taking into consideration the
nearest-neighbor Coulomb repulsion [24], which is nodeless
on the « band but has gap minima on the y band along the
azimuthal ¢ = 0.157 direction. A recent analysis suggested
that this s" + id, gap structure could well fit the Bogoliubov
quasiparticle interference pattern in STM measurements [25]
and might be a competitive candidate for the pairing sym-
metry of superconducting Sr,RuQ,. Calculations of the spin
and charge susceptibilities indicated that the primary role of
nearest-neighbor Coulomb repulsion is to enhance the electric
fluctuations over the magnetic ones [24]. It thus corresponds
to increase r3/ry in our theory. In this sense, their result is con-
sistent with our phase diagram, where d,, can indeed become
dominant at large r3/r; > 1. But within our framework, it also
requires very strong FM fluctuations (r,/r; > 2), which is not
realistic in experiments [64].

An interorbital spin-triplet d,»_,» + ig state has been pro-
posed by including a sizable momentum-dependent B,,-SOC
about 20 times higher than that predicted by DFT [21]. It
is different from our pseudospin singlet d,>_,» + ig solution
which is a mixture of spin-singlet even-orbital and spin-triplet
odd-orbital pairings but dominated by the spin-singlet com-
ponent with a k-independent SOC of reasonable magnitude.
In any case, d,»_,» + ig has the desired nodal structures for
STM and the required symmetry (Bag(uyy) ® B g(Adxz,vz) ®
Aze(Ag) = Aj) by ultrasound experiment, and may also find
signatures in impurity scattering [93,94] or heat capacity [95].
However, as for all accidentally degenerate pairing states,
d,>_y» + ig also suffers from the difficulty in explaining the
observed unsplitting of the transition under hydrostatic pres-
sure [45,46], as well as the lack of a large specific heat jump at
the TRSB transition under uniaxial pressure [47]. It has been
argued that the unsplit transition under hydrostatic pressure
can be accounted for by proper assumption of the Landau-
Ginzburg parameters [48] and a modified d,>_y» + ig scenario
based on strain inhomogeneity near dislocations or domain
walls may explain the lack of specific heat jump and the acci-
dental degeneracy [48,49]. Unfortunately, these effects cannot
be easily parameterized in our calculations, so a quantitative
justification of their analyses is not immediately possible. On
the other hand, on a very crude level, one may expect that
hydrostatic pressure tends to modify all parameters in the
Hamiltonian, which may increase the bandwidth but keep the
ratios r,/r; and r3/r; less affected. If this is the case, one may
expect that the system could be driven away from magnetic in-
stabilities, so T, decreases but the superconductivity stays near
the boundary of d,».,» and g waves with an unsplit transition.
Under uniaxial strain, the system is driven toward an incom-
mensurate spin-density-wave (SDW) instability as proposed
in experiments [45], which may primarily enhance (for small
strain) AFM fluctuations or r;. As shown in Fig. 3(a), starting
from the g-dominant region, the eigenvalue of d,-_,» increases
more rapidly with decreasing r,/r; and r3/r|, while that of the
g wave varies only slightly. This would lead to an increase of
T; in the d\»_,» pairing channel before it reaches a maximum
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TABLE II. Definition of multipole operators in Table I based on the operator-equivalent technique, which are classified according to the
irreducible representations I' of Dy, point group. The j = 5/2 manifold contains operators from rank O to rank 5 (monopole 1, dipole J,
quadrupole O, octupole T, hexadecapole H, dotriacontapole D), while multipole operators in j = 3/2 are up to rank 3 (monopole 1, dipole
J, quadrupole O, octupole T'). For simplicity, we have used the same symbols for both j spaces. They have, in principle, different bases and

representation matrices.

IR(I) o Qire Basis
Electric Af, 1 i Joo
2 Ox I
3 Hy («ﬁfm + \/§j44c)/\/ﬁ
4 H, (V5J10 = V1) V12
Az, 1 Hy, Jaas
BTg 1 0:22 jzAzc
2 H, —Jazc
B;g 1 O:Xy ‘,:ZZS
2 Hy Jaos
ES 1 O, O, Dores S
2 I:Ixav qua (_j43c + \ﬁjzllc)/\/g; (j435 + ﬁfztls)/\/g
3 T, Hyp (—VTJize = ) /N8, (VW ias — Jus) /N8
Magnetic A[g, 1 1?4 f§4s
Aig 1 Jz JAIO
2 L, J30
3 D1 Jso
4 Dz_aZ j54c
Biﬁ’ 1 Axyz f?}s
2 D, —Js2s
B, 1 ?b J:SZ(‘
2 Dy, Js2e
E; 1 S J, Jiies Juns
2 f‘,‘\'av j}a (\/§f33c - \/gf?alc)/\/gv (_\st&’u - \/§f31s)/‘/§
3 T fvb (V3330 + V/5F310) /8, (=333, + /5F31.) /48
4 D, Dyal (3V14Jss. — VT0Js3. + 24/1551.)/16, (33/14Jss, + /7053, + 2+/15J51,)/16
5 D2y Dyar (V10Jss. + 9V2Js3. + 23/21F51.)/16, (N 1055, — 98/ 253, + 2+/21J51,)/16
6 Dy, éyb (V3055 + v/6Js53. — Z\ﬁfﬂc)/& (v/30Jss5, — /6535 — 27Js15)/8

near the SDW transition. At the same time, the g-wave compo-
nent should remain less affected, which explains the splitting
of the superconducting transition and the nearly unchanged
Trrsp induced by the g-wave channel below 7. In this sense,
our calculations are consistent with the pressure experiments,
but more elaborated analyses with realistic parametrizations
are needed for a final justification.

Putting together, d,>_,» +ig seems to be a most prob-
able candidate for superconducting pairing in SrpRuQy, at
least within our framework. It may arise naturally from a
mixed pairing interaction of AFM, FM, and electric multipole
fluctuations of reasonable magnitudes. Our results provide a
plausible explanation of the pairing symmetry in supercon-
ducting Sr,RuOy4 and pose a challenge for future experiments
to examine the role of different multipole fluctuations. Our
theory may also be applied to other unconventional supercon-
ductors.
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APPENDIX A: MULTIPOLE OPERATORS

Definitions of the multipole operators under the Dy, point
group are listed in Table II and formed by the Hermitian tensor
operators (for g # 0)

N 1 “ “
quc = _[(_l)qjkq + Jk,—q]v
2
7
Jrgs = E[(—l)"fkq — Je—q.

For ¢ =0, Jy is itself Hermitian. Different notations
have been used for multipole operators in the literature
[54-56,96,97]. Here we follow the convention in Ref. [56]
and use the tesseral harmonics in the O; point group or
cubic harmonics as the basis [54,57]. For 1D or 2D IR of
Oy, the subscript denotes the tesseral harmonics Zy, (). For
3D IR of O, the subscripts in (Oxz, Oyz, Oxy) represent the
basis function (zx, yz, xy), while other multipoles are marked
by the subscript (x,y, z) with additional a (b) denoting the

054516-8



MULTIPOLE-FLUCTUATION PAIRING MECHANISM OF ...

PHYSICAL REVIEW B 106, 054516 (2022)

Tig/u (Togr) IR, 1 (2) for different equal rank basis in the
same IR, and g/u for inversion symmetric/antisymmetric.
For instance, (022, 020) in the E; IR correspond to tesseral
harmonics r Zzz(f') x x?> —y* and r?Zy(}) o 3z% — 12, re-
spectively; (Dya1, D val s wl) correspond to the first basis in
Ti, IR [54,56,96,98]. For simplicity, we have dropped the
label j of the total angular momentum. Multipole operators
belonging to different j spaces may have the same notations
but different representation matrices. As examples, the matri-

ces for the dipole fz and octupoles Tias f}yz are

-3
A 1 -1
J,=—= ,
z 2\/5 1
3
—V3 5
o L [-V3 3
xa 4\/3 3 _ﬁ k)
5 V3
-1
A i 1
Ecyz_z 1
-1
in the j = 3/2 subspace and
-5
-3
s~ 1 —1
C V0 ! ’
3
5
5
-3 3 >
- 3 /1o 6 23 5
fo— L 1o Vs N
xa 12 i L i )
V2 NG ; V10
2V5 R~ -3
5 -3
5
-1
7o [ \/g 1
RV J5
-1
-5

in the j=15/2 subspace. All multipole matrices are
normalized with Q’ra Jra/,/zl, ]Falz For two-
dimensional IR E;E we fix the sign in the definition of its two

r r I T r il
components so O/ Q) b= Qe itk +QJI “Qf Y
belongs to the identity representation.

—
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FIG. 5. (a) Evolution of 11 AFM and FM magnetic multipole
correlations and six electric ones as functions of the Stoner factor
oy at their respective wave vector for j = 3/2. (b) Evolution of 38
AFM and FM magnetic multipole correlations and 23 electric ones
as functions of their respective ag for j = 5/2. (c) Evolution of 30
AFM and FM magnetic multipole correlations and 15 electric ones
as functions of their respective as for j-mixed subspace.

APPENDIX B: LEADING RPA MULTIPOLE
FLUCTUATIONS

We evaluate the dynamical susceptibility R from RPA,
project it into the j space, and define an effective strength for
each multipole channel using the correlation function [56,99]:

(lel"thjzl"ﬂ Z QJIFO! ARPA]IZ (Q o — O)szrﬁ_
Iml'm’
(B1)
The RPA susceptibility §RPA is given by
25%(q) =11 = Togo(@)] ™ R0(@), (B2)

where g denotes both momentum and bosonic Matsubara fre-
quency and Zo(q) is the Lindhard susceptibility:

-T Z Gy, (k)G (k—q).  (B3)

[xol) 7 (q) =
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FIG. 6. Eigenvalues of six major pairing states, s (Ajg), d,2.2
(Blg)s (sz Py) (Eu)’ 8 (AZg)9 dxy (BZg)1 and (dxzs dyz) (Eg)’ for indi-
vidual pairing interactions in j = 3/2 from (a) 11 AFM multipole
fluctuation channels, (b) 11 FM channels, and (c) six electric chan-
nels. (d) Eigenvalues of six major pairing states for averaged electric
multipole fluctuations as a function of Qg along (%, 4, 0) direction.
All parameters are the same as in Fig. 2 except &, = §,,.

They are calculated based on the 2D TB Hamiltonian Hy with
an additional local Coulomb term,

Iy 7T
Hy = Z Z [FO]l;l;Cill Ci, Cilz Cily» (B4)
i Lkl

where /; represents both orbital and spin quantum numbers.
The interaction matrix I'y is given by

[Tolfty = [Tolf) = U,

[Tollh = [Tolly = U,
[Tolirt, = [Tolyr = J,
[Colh = [Toliy,, = —J.
[Coll,, = [Tollh, = U’
[Colim = [Tolim =
[Coll, = [Toloy =J',

|
|
<

ml
[Tollm = [Toloh = —J',
[TolY,, = [Tollh , =U" —1J,
[Colim = [Toljm =J —U’, (B5)

where spin up or down is distinguished by the indices with or
without prime. The parameters are fixedasJ = 0.17U,J =J
and U’ = U — 2J according to a previous DFT+DMFT study
[78]. The obtained RPA spin susceptibility peaks at Qrps =
(0.37,0.37), close to the experimental Qapm-.

Figure 5 compares the symmetry-allowed AFM, FM, and
electric multipole correlations as functions of the Stoner factor
ag at their respective wave vectors. The Stoner factors are

(b)
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55 56 57 58 59 60 61
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FIG. 7. Comparison of six major pairing states obtained by di-
agonalizing the linearized Eliashberg equations on the 3D Fermi
surfaces of Sro,RuO4 from (a) 38 AFM multipole fluctuation chan-
nels, (b) 38 FM channels, and (c) 23 electric channels for j = 5/2.
All parameters are the same as in Fig. 2. The table on the bottom
lists all multipole fluctuation channels for j = 5/2 sorted according
to their IRs and ranks.

defined as the largest eigenvalue of the matrix I Xo(q) for
given Q [100]. For j = 3/2, we find, among all 11 magnetic

multipoles, two leading components, (J..J.) and (7}, T,,), in the
AFM channel, and four leading components, (J.J,), (1;,T}4),
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FIG. 8. Comparison of six major pairing states from (a) 30 AFM
multipole fluctuation channels, (b) 30 FM channels, and (c) 15 elec-
tric channels in j-mixed subspace. All parameters are the same as
in Fig. 2. The table on the bottom lists all multipole fluctuation
channels in j-mixed subspace sorted according to their IRs and
ranks.

(Tmf",b), (f}bf}b), in the FM channel. For j = 5/2, among
all 38 magnetic multipoles, we find two leading components,
(L1), (D.i2D.a), for AFM fluctuations, and three leading
components, (fzfz), (D,alﬁ,al), (ﬁ,bD,b), for FM fluctuations.
For j-mixed subspace, (/..).) is the leading component for
both AFM and FM fluctuations. The electric multipole fluctu-
ations show no significant variation for «f < 1 in all j spaces,

indicating the absence of electric instability on the RPA level.

FIG. 9. Theoretical phase diagrams of the superconductivity in
Sr,RuOy, for the mixed pairing interaction averaged over all multi-
pole components in (a) j = 3/2 and (b) j = 3/2 and 5/2. The insets
show typical gap structures in each region. All parameters are the
same as in Fig. 3.

APPENDIX C: PAIRING STATES
WITH &, = &, for j = 3/2

Figure 6 shows six major pairing states with an artificially
enlarged &, = &, for all three channels (AFM, FM, electric) in
the j = 3/2 manifold. All other parameters are the same as in
Fig. 2. A larger value of &; does enhance d,, + id,, and other
m-antisymmetric pairing states, but it is still not enough to
make them predominant. This implies the d,. + id,, pairing is
not favored for the quasi-2D superconductor Sr,RuQy, at least
within our framework.

APPENDIX D: PAIRING STATES FOR j =5/2
AND j-MIXED

Figure 7 compares the eigenvalues of six major pairing
states induced by 38 AFM or FM multipole fluctuation chan-
nels and 23 electric channels for j = 5/2. For the FM channel,
the leading dipole J.J. favors the s wave, while the lead-
ing dotriacontapoles D,a1D,q1 and D,,D,, support (px, py)
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waves. Figure 8 compares the eigenvalues of six major pair-
ing states induced by 30 AFM or FM multipole fluctuation
channels and 15 electric channels for the j-mixed subspace.
Most components support the s wave, including the leading
component J.J. for AFM and FM channels and the leading
components ﬁﬁo, 02 H,, OXYOAX}, for electric channels, while
the rest support d,2.,». Therefore, the j-mixed components
would enhance s-wave pairing in the phase diagram. We note
that the off-diagonal multipole fluctuations Q/'"* 0”28 with
J1 # j» or @ # B may lead to negative contributions to the
renormalization function Z,, and were usually ignored in the
literature [56,99-101]. They are also taken into consideration
in our calculations.

APPENDIX E: ROBUSTNESS OF g-WAVE

Figure 9 compares the phase diagram for the pairing in-
teractions averaged only over j =3/2 and that over both
Jj = 3/2and 5/2 without j-mixed components. The two phase
diagrams are basically the same except for some slight ad-
justments of each pairing region, while in Fig. 3(b), all phase
boundaries are pushed down toward smaller 73 /7, as expected
once j-mixed contributions are included. Nevertheless, we
still obtain a dominant g wave in the broad intermediate re-
gion and a two-component d,>_y» + ig pairing may emerge
with strong AFM and moderate FM and electric multipole
fluctuations.
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