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We study the Josephson effect in planar SF;F,S junctions that consist of conventional s-wave superconductors
(S) connected by two metallic monodomain ferromagnets (F; and F,) with an arbitrary transparency of interfaces.
We solve the scattering problem in the clean limit based on the Bogoliubov—de Gennes equation for both spin-
singlet and odd in frequency spin-triplet pairing correlations. We calculate numerically the Josephson current-
phase relation I(¢). While the first harmonic of /(¢) is completely generated by spin-singlet and short-range
spin-triplet superconducting correlations, for noncollinear magnetizations of ferromagnetic layers the second
harmonic has an additional long-range spin-triplet component. Therefore, for a strong ferromagnetic influence,
the long-range spin-triplet contribution to the second harmonic dominates. We find an exception due to the
geometric resonance for equal ferromagnetic layers when the first harmonic is strongly enhanced. Both first
and second harmonic amplitudes oscillate with ferromagnetic layer thicknesses due to 0-7 transitions. We study
the influence of interface transparencies and find additional resonances for finite transparency of the interface

between ferromagnetic layers.

DOLI: 10.1103/PhysRevB.106.054513

I. INTRODUCTION

The interplay between superconductivity and magnetism in
proximity heterostructures [1-4] has been attracting consid-
erable interest for decades (see, for example, Refs. [5-16]).
Remarkably, odd in frequency spin-triplet pairing correla-
tions may occur in SFS Josephson structures comprised of
superconductors with spin-singlet pairing and a metallic fer-
romagnet [17,18]. In the case of a homogeneous ferromagnet,
the triplet pair amplitude has zero total spin projection on the
magnetization axis. This amplitude, as well as the spin-singlet
amplitude, decay over a short length scale determined by
the exchange energy 4 in the ferromagnet. The characteristic
coherence length in a ferromagnet is given by &r = hivg/h
and & = /hD/h (D = vp{€/3 is the diffusion coefficient with
£ being the electronic mean free path) in the clean and dif-
fusive limit, respectively. The situation is quite different for
an inhomogeneous ferromagnet where spin-triplet pair ampli-
tudes with 1 total spin projection on the magnetization axis
emerge [17]. These amplitudes decay on substantially larger
length scales determined by temperature, & = hvg /(kgT) in
the clean and & = /AD/(kzT) in the diffusive limit [12].

A simple realization of a Josephson junction with an
inhomogeneous ferromagnet is the SF|F,S heterostructure
with two monodomain ferromagnets having noncollinear in-
plane magnetizations [19-30]. However, in such proximity
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structures the long-range spin-triplet component of the super-
current consists only of even harmonic amplitudes [22-25]. In
the case of strong ferromagnets the short-range components
are suppressed and the second harmonic is dominant in the
current-phase relation. Odd harmonic amplitudes can be long
ranged only in heterojunctions with three or more ferromag-
netic layers [31-43].

Note that the anharmonic current-phase relation can be
expanded as I(¢p) = I sin¢ + I, sin2¢ + - - -, where the nth
harmonic amplitude 7, corresponds to the phase-coherent
transport of n Cooper pairs [23]. Junctions with a pure second
harmonic exhibit degenerated ground states for ¢ = 0 and &
at the so-called O-7r transition [4,44]. A small contribution of
other harmonics lifts degeneracy and leads to the coexistence
of stable and metastable 0 and 7 states [45—48].

A long-ranged supercurrent has been observed in Nb
Josephson junctions with Ni- and Co-based ferromagnetic
multilayers [49-53]. An enhanced second harmonic in the
long-ranged supercurrent has been observed in mesa het-
erostructures of cuprate superconductors and ferromagnetic
bilayers of manganite and ruthenate [54], while a pure second
harmonic has been observed in NbN/GdN/NbN junctions
[55].

A dominant second harmonic, I, > I;, can be realized in
the regime of highly asymmetric SF,F,S junctions [22-25].
The physical picture behind this effect is the following: At
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the SF interface the exchange field generates spin-triplet cor-
relations with O spin projection. Penetrating into the next
ferromagnetic layer with misoriented magnetization they mix,
forming long-range spin-triplet correlations with &1 spin pro-
jection. Therefore, for a fully developed spin-triplet proximity
effect, one of two ferromagnetic layers should be sufficiently
thin to provide a large short-range spin-triplet amplitude with
zero spin projection at the interface between ferromagnetic
layers in order to generate large long-range spin-triplet am-
plitudes with +1 spin projection. The other ferromagnetic
layer should be sufficiently thick to filter out the short-range
correlations [56].

In this paper we study the Josephson effect in clean planar
(three-dimensional) SFF,S junctions that consist of conven-
tional s-wave superconductors and two metallic monodomain
ferromagnets (equal strength and different thicknesses) with
arbitrary transparency of the interfaces. We calculate numeri-
cally the Josephson current-phase relation /(¢) by using the
Bogoliubov—de Gennes formalism. In particular, we calcu-
late the first and second harmonic amplitudes, /; and I,. The
long-range second harmonic is well pronounced for an overall
strong ferromagnetic influence due to the contribution of the
odd-frequency spin-triplet correlations with 41 spin projec-
tion. However, for equal thicknesses of ferromagnetic layers
the spin-singlet contribution to the first harmonic is dominant
due to geometric resonances even for a strong ferromagnetic
influence. In a previous paper the results for linear (one-
dimensional) SF;F,S structures were illustrated only for equal
ferromagnetic layers and the influence of the long-range spin-
triplet correlations was completely hidden [20]. In subsequent
papers using the same approach [29,30], the interplay between
the geometric resonances and spin-triplet correlations was not
studied explicitly. Here, we focus on this subject.

Both the first and the second harmonic oscillate with fer-
romagnetic layer thicknesses due to the 0-7 transitions. For
a finite transparency of interfaces the supercurrent is sup-
pressed, with higher harmonics being more affected. A lower
transparency of the interface between ferromagnetic layers,
where the long-range spin-triplet correlations are generated,
has a nontrivial impact on the interference phenomena: For
certain thicknesses of the ferromagnetic layers we find addi-
tional geometric resonances.

The paper is organized as follows. In Sec. II we present the
model and the solution. In Sec. III we present and discuss the
numerical results for the Josephson current and harmonic am-
plitudes. Finally, the concluding remarks are given in Sec. I'V.

II. MODEL
A. The Bogoliubov—-de Gennes equations for SF;F,S
heterojunctions
We consider a clean planar (three-dimensional)

ST\Fi1,F,75S  heterojunction that consists of two
superconductors (S), two uniform monodomain ferromagnetic
layers (F; and F,), and three nonmagnetic interfacial potential
barriers between metallic layers (Z;—Z73), depicted in Fig. 1.
Superconductors are described in the framework of BCS
formalism, while for ferromagnets we use the Stoner model
with a spatially dependent energy shift 2h(r) between the

7 Ly s

0 d, dy +d,

FIG. 1. Schematic representation of an SF,F,S junction. Two
ferromagnetic layers F; and F, of thicknesses d; and d,, respectively,
are coupled to two superconducting electrodes (S). The magnetiza-
tion vectors lie in the yz plane at angles «; and o, with respect to the
z axis. The insulating interfaces between the superconducting and
ferromagnetic layers are denoted as Z;—Zs.

spin subbands. The model and methods are the same as in the
previous papers [20,29,30].

Electronlike and holelike quasiparticles with energy
E and spin projection o =%, | are described by u,(r)
and v, (r), respectively, where r is the spatial coordi-
nate. Using the four-component wave function W(r)=
[y (r), uy (r), v4(r), v¢(r)]T, the Bogoliubov—de Gennes
equation has the following form,

HY(r) = EV(r), (1)

with # being a 2 x 2 matrix in particle-hole space

v (H(r) A
"= < A —H(r))’ @

where each block itself is a 2 x 2 matrix in spin space, such
that A (r) = Hy(r)1 — h(r) sin[a(r)]%, — A(r) cos[a ()]
and A(r) = A(r)%,. Here, %; are Pauli matrices, 1 is the unity
matrix, and Hy(r) = —#*V?/2m +W(r)+ U(r) — . The
chemical potential is denoted by u. W(r) = >, W;d(x — x;)
is the potential of the barriers at the interfaces, and U (r)
is the electrostatic potential. The x axis is chosen to be
perpendicular to the layers, whereas x; =0, x, =d;, and
x3 =d| +d, are coordinates of the interfaces. At zero
temperature the difference u — U(r) is equal to the Fermi
energy Er. The in-plane (y-z) magnetizations of the two F
layers are not collinear in general, and the magnetization
orientation is defined by the angle «(r) with respect to the
z axis. We choose «a(r) =«a; for 0 < x <d; in F;, and
a(r) =y ford; < x <d; +d, inF, (see Fig. 1).

For simplicity, we assume equal magnitudes of the ex-
change field in the ferromagnets, h(r) = h®(x)O(d, + d» —
x), where ®(x) stands for the Heaviside step function. We
also assume that the effective electron mass m is constant
throughout the layers and that the mean Fermi energy of
the ferromagnets, Er = (EFT + E} )/2, is equal to the Fermi
energy of the superconductors. However, the influence of the
mismatch of effective electron masses and Fermi energies is
similar to the influence of finite interfacial transparency: an
increase of the normal refection [46,57,58].
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We take the pair potential A(r) in the form
A(r) = A[e?O(—x) + O —d; —dy)],  (3)

where A is the bulk superconducting gap. The macro-
scopic phase difference across the junction is ¢ = ¢ — ¢,.
The temperature dependence of A is given by A(T) =
A(0)tanh(1.74/T./T — 1) with A(0) being the pair potential
at zero temperature and 7. the critical temperature [59]. In
general, A(r) should be determined self-consistently [29,42].
However, for simplicity we use the stepwise pair potential
given in Eq. (3), since self-consistency will not alter our
results qualitatively [26].

B. Solution of the scattering problem

The parallel component of the wave vector k| is conserved
due to the translational invariance of the junction in the di-
rection perpendicular to the x axis. Consequently, the wave
function can be written in the form

Y(r) = y(x)e™r, )

where ¥ (x) = [uy(x), uy (x), vy (x), vy (x)]7 satisfies the fol-
lowing boundary conditions:

V(O)ly40 = ¥ (X)lx—0 = ¥ (x), &)
dyr(x) dy(x) .
e I Zikpr (x). (6)

Here, Z; = vaVl‘/hsz (i=1,2,3) are parameters [60]
that measure the transparency of the interfaces (i.e., bar-
rier strengths) located at x; =0,d;,d; +dy, and kp =
V2mEg /Ii* is the Fermi wave vector.

The four independent solutions of the scattering problem
for Eq. (1) correspond to the four types of quasiparticle in-
jection processes: an electronlike or a holelike quasiparticle
injected from either the left or the right superconducting elec-
trode. When an electronlike quasiparticle is injected from the
left, the solutions of Eq. (1) for the left superconductor (x < 0)

are
U\ _ [ ue'”/? g a2\ ey
ve | = \pe-ien/2 )€ 1o\ ge—idr/2 )€
Dei®1/2 -
+ alo (ﬁe_i¢1/2 e’ x’ (7)

and for the right superconductor (x > d; + d;)

Uy iie'®2/2 it DelP2/2 .
(Wx) - (ﬁe-i¢z/2 et dio| gimp ) (®)

where & is opposite to o =1, i = /(1 + Q/E)/2, v =
VA —=QJ/E)/2,and Q = +/E? — A2, Constants a1,, b1,, Clo,
and dj, correspond to Andreev and normal reflections, direct
transmission, and nonlocal Andreev reflection, respectively.
For the left ferromagnetic layer F; (0 < x < d;) solutions of
Eq. (1) are

S . o
u icos &\ .+ icos &\ _+
") =¢ T [ o) N [
u, —sin 3 —sin 3

- o w
1S1n = iat 1S1n = —igt
+03( 2>e’q¢x+64< 2)6 nr(9)

L5 o
COs 5 COs 5

. o : (23]
v icosZ\ - icos &\ _;.-
) =c¢s Z et + e % e
U¢ — Sin 3 — Sin 3

T T o
+C7(ISIH 2>€lq¢x+Cg(lS1n 2>e—zq¢x. (10)

a (551
cos 3 cos 3

Solutions for the right ferromagnetic layer F, (d, < x < d| +
d,) can be obtained by substituting «; — «;, with a new set
of constants ¢/, . .., .

When a holelike quasiparticle is injected from the left, the
solutions of Eq. (1) for the left superconductor (x < 0) are
given by

Uy ve /2 -, ve/2\ -
el /2 o
+ax (De_w,/z e (an

while for the right superconductor (x > d; + d»)

Uy . Dei¢2/2 ikx uei¢2/2 i
<U5> _02"<L‘¢e—i¢2/2 e + dao Ge—itn2 | (12)

Constants ay,, ba,, €20, and dp, describe analogous processes
as in the case of an injected electronlike quasiparticle given
earlier.

Solutions for ferromagnetic layers can be obtained by sub-
stituting ¢; — C; and ¢; — C] in solutions for the case of an
injected electronlike quasiparticle. The longitudinal x compo-
nents of the wave vectors in the superconductors are given by

L 2m )
k= = F(Epﬂ:&'z)—k“, (13)

while their counterparts in the ferromagnetic layers read

4 2m )
g =\ 7 Er £E 4 p) — . (14)

The sign &+ in the superscript corresponds to the sign of the
quasiparticle energy, whereas p, = +1 (—1) is related to the
spin projection o =1 ().

Solutions for quasiparticles with opposite spin orientations
are nontrivially coupled: in the superconductors, Eqs. (7) and
(8) and Egs. (11) and (12), as well as in the ferromagnets,
Egs. (9) and (10). In that manner, both the usual and spin-flip
Andreev reflections are taken into account.

All the unknown 48 coefficients in the above solutions, in
both electronlike and holelike scattering problems, are deter-
mined from the boundary conditions, Eqgs. (5) and (6), at the
three interfaces.

C. The Josephson current

The Josephson current can be calculated from the linear
superposition of amplitudes of the normal and anomalous
Andreev reflections [61], a1, and ay,,

A kgT on on
19)=5 2 55 & +k;)[“1knf¢) - “zkn(d’)}.

ok,

s)
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FIG. 2. The Josephson current in SF,F,S junctions as a function
of the superconducting phase difference ¢ for the ferromagnetic layer
thicknesses (a) d; = d, = SOOk;l and (b) d; = 10k;1, d, = 990k;l,
for h/Er = 0.1, T/T, = 0.1, and different relative angles between
the magnetizations: o, = 0, w /4, 7 /2, 37 /4, . The Josephson cur-
rent for SNS junction (2 = 0) with the thickness d; + d, = 1000k1;1
is shown in (a) for comparison (dotted line).

Here, ¢ = ¢ — ¢, is the superconducting phase difference,
and a1, Qaon, k=, and , = /w2 + A? are obtained from the
corresponding quantities shown in the previous section by per-
forming the analytic continuation, £ — iw,. The Matsubara
frequencies are w, = (2n + 1)mkgT, withn =0, =1, £2, ...
and the temperature 7 .

For nonmagnetic (SNS and SIS) Josephson junctions aj,
and ay, are o independent and related by particle-hole sym-
metry, a;(¢) = a,(—¢). However, for SFS junctions (with
homogeneous/inhomogeneous magnetization), when the odd-
frequency spin-triplet correlations (short/long range) are
generated, the amplitudes a;, and a,, are o dependent. In that
way, the spin-mixing processes are included.

Performing a summation over k; by employing ZkH —

AQ2m)~? [ d*k, we obtain

AT /2
I(¢p) = —kpgT / df sin6 cos 6
Rye 0

k;:— + kn_ alon((b) a20n(¢)
Xg iQ, ( k& ) (16)

n

Here, Ry = 272li/ Ae’kz with A being the cross section of
the junction and we assume k; = kr sin 6, since we deal with
standard BCS superconductors, where A /Ep ~ 1073-107%.

0.10
4 - (a) (b)
=
N !
~ 0.05 -
Z L
S
\S)
0.00 [ 1 L 1 L 1 L 1 L L 1 L 1 L 1 L 1
[ (¢ d
<]l< 0.05 _=\\( ) P I, -( ) I,
L \\’/l\\\_/‘ r—r =N sT N ‘\
\N 0 OO - \\// /
‘_T . T — T —— |
= . L I
‘:5 -0.05 F 8

20 40 60 80 400 420 440 460 480 500
kpd, krd,

FIG. 3. The critical current in SF,F,S junctions with mutually
orthogonal magnetizations o, = /2 and fully transparent inter-
faces, Z; = Z, = Z; =0, shown as a function of the F; layer
thickness d;: (a) thin and (b) thick F; layer. The total thickness is
d, + d = 1000k;". The amplitudes of the first (solid line) and the
second harmonic (dashed line) of the Josephson current are shown in
(c) and (d).

In general, the current-phase relation is an anharmonic 2 -
periodic function and can be expanded as

I(¢p) =1 singp +Lsin2¢ +---, (17)

where the nth harmonic amplitude 7, corresponds to the phase-
coherent transport of n Cooper pairs.

III. RESULTS AND DISCUSSION

We illustrate our results on SF;F,S planar junctions
with relatively weak ferromagnets A/Er = 0.1 at low tem-
perature 7 /T, = 0.1. The ferromagnetic coherence length
is & = hvp/h = 2Ok;1. Superconductors are characterized
by the bulk pair potential at zero temperature A(0)/Er =
10~ which corresponds to the superconducting coherence
length £5(0) = hvp /T A0) = 636k;1. The Josephson current
is normalized to 7w A/eRy as usual [see Eq. (16)]. The to-
tal thickness of the ferromagnetic bilayer is kept constant,
dy +dr = 1000k, " = 50&F = 1.57£5(0).

A. Fully transparent interfaces

The current-phase relation in a junction with fully trans-
parent interfaces, Z; = Z, = Z3 = 0, for various values of
the relative angle between magnetizations, o, = o] — o, and
equal thicknesses of the ferromagnetic layers is shown in
Fig. 2(a). It can be seen that the current is completely sup-
pressed for the parallel magnetizations, o, = 0, and increases
almost monotonously with a misorientation of magnetizations
up to 1(¢) of the corresponding SNS junction (& = 0) for the
antiparallel magnetizations, «, = 7, which has been observed
experimentally [62]. The current-phase relation is a practi-
cally universal function of the ferromagnetic influence, which
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FIG. 4. The Josephson current in (a) SN;N,S and (b)—(d) SF,F,S
junctions with layer thicknesses d; = 10k ", dy = 990k ", and dif-
ferent barrier strengths (Z;, Z,, Z3) at the interfaces. Relative angles

between the magnetizations «, = 0, 7 /2, 7 in SF;F,S junctions are
indicated in the plots.

is measured by the product of thickness and the exchange
field strength, d - h [46]. This explains the cancellation of
ferromagnetic influence in the case of equal thicknesses and
equal strengths of the ferromagnets. In that case no signifi-
cant influence of the triplet correlations was found even for
noncollinear magnetizations [20]. This we explain by a domi-
nant first harmonic due to the geometric resonance effect [see
Fig. 3(d)].

A dominant second harmonic can be seen in Fig. 2(b)
for highly unequal thicknesses of the ferromagnetic layers,
krd; = 10 and krd, = 990, and noncollinear magnetizations.
In contrast to the case of equal ferromagnetic layers, the criti-
cal current is not a monotonous function of the misorientation
angle «,. It almost vanishes for o, = 0, 7 and reaches the
maximum for o, = 7 /2. This is a manifestation of the long-
range spin-triplet proximity effect in ferromagnetic bilayers
where the first harmonic is suppressed and the phase-coherent
transport of two Cooper pairs becomes dominant [22-26].

To illustrate the role of ferromagnetic bilayer asymmetry,
we calculate the critical current /. and the amplitudes of
the first and the second harmonic, /; and I, as functions of
the F, layer thickness d;, keeping the total thickness con-
stant, kp(d; + dy) = 1000. The relative angle between the
magnetizations is o, = /2 (the strongest effect of spin-
triplet correlations) and the interfaces are fully transparent,
Z, =27, =73 =0. Results are shown in Fig. 3. When d;
approaches d, we can see the rise of the I; amplitude due to
the geometric resonance. Because of that, the first harmonic
is dominant for equal ferromagnetic layers and the spin sin-
glet and spin triplet with zero spin projection correlations
practically generate the supercurrent [20]. In ferromagnetic
bilayers only even harmonics (the second is the largest) can
be generated by long-range spin-triplet correlations with £1
spin projections [23].

0.05 IQ
:\\Il‘\/\/\/\,\_,\«,_-\,~~~—A~v./«' \/

0.00 f

-0.05 |\ 4
0.05 F

V b

:\v/\/‘\/\/..,\ e o m N PAN e e

0.00

-0.05 F\7)
0.02

eRNILQ/ﬂ-A

0.00

-0.02 &
0.02

0.00

-0.02

FIG. 5. The first harmonic amplitude (solid line) and the second
harmonic amplitude (dashed line) of the Josephson current-phase
relation in SF,F,S junctions with orthogonal magnetizations «, =
/2 as a function of the F, layer thickness d;, for total thickness
di+d, = 1000k;', and for different barrier strengths at the inter-
faces Z = (Z,,2,,73): (a) Z=(0,0,0), (b) Z=(0,1,0), (c) Z=
(0,3,0),and (d) Z = (1, 0, 1). Additional geometric resonances are
pointed to by arrows: (b) and (c).

The characteristic oscillations of I;(d,), Ir(d;), and 1.(d;)
are due to O-7 transitions with the period practically equal to
the ferromagnetic coherence length &p = 20k;1. Note that in
the clean limit the critical current /. is minimum but not zero
at the 0-r transition [8,9,46].

B. Finite interfacial transparencies

The role of finite interfacial transparencies is illustrated
in Figs. 4-6. For comparison, the current-phase relation for
a clean SN|N,S (4 = 0) junction with krd; = 10, krd, =
990 is shown for various interfacial barrier strengths [see
Fig. 4(a)]. With decreasing transparency the supercurrent is
suppressed in comparison to the fully transparent case [see
the dotted curve in Fig. 2(a)]. In this case the first harmonic
is dominant. The supercurrent of SF;F,S junctions with o, =
0, 7 /2, m and different interfacial transparencies is shown in
Figs. 4(b)—4(d). Note that for collinear magnetizations, ¢, =
0, 7, the current is short ranged and for orthogonal magneti-
zations, o, = /2, the dominant second harmonic is due to
the long-range spin-triplet correlations. It can be seen that a
lower transparency of the interface between ferromagnets is
less destructive than lower transparencies of the interfaces be-
tween superconductors and neighboring ferromagnetic layers.
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FIG. 6. The Josephson current in SF;F,S junctions with equal
layer thicknesses d; = d, = 500k, " and interfacial barrier strengths
Z, =1, Z, =73 =0, shown for different relative angles between
magnetizations «, =0, 7 /2, m. The Josephson current in the
SN|N,S junction with the same layer thicknesses and barrier
strengths is shown for comparison (dotted line).

The depairing effect of normal reflection at the SF interfaces is
stronger due to the direct suppression of the Andreev process.

The influence of finite interfacial transparencies on the first
and the second harmonics is quite different. A first harmonic
is generated by the phase-coherent transport of one Cooper
pair, while the second harmonic is determined by the phase-
coherent transport of two Cooper pairs. In Fig. 5 the first
harmonic amplitude (solid curve) and the second harmonic
amplitude (dashed curve) are shown as functions of d; for
kr(dy + dr) = 1000, «, = /2, and different transparencies
of the interfaces, Z = (Z,, Z,, Z3). It can be seen that both
I} and I, amplitudes are suppressed by decreasing the trans-
parency of the interfaces, the first harmonic amplitude being
much less affected.

New geometric resonances and amplifications of /; emerge
for a finite transparency of the interface between ferromag-
netic layers [see Figs. 5(b) and 5(c)]. Besides the resonant
amplification of I; for d, = d,, we find resonant amplifi-
cations at dy = d»/3,d»/5, .... This effect is related to the
multiple reflections that lead to the emergence of electron and
hole quasiclassical trajectories with a canceled phase accumu-
lation.

The current-phase relations for equal ferromagnetic layers
and finite interfacial transparency between them are shown
in Fig. 6. The critical currents are approximately two times
smaller than in the fully transparent case [see Fig. 2(a)].
We can see a peculiar amplification of the Josephson current
for antiparallel magnetizations, o, = 7, in comparison with
nonmagnetic layers. This effect was previously reported for
SFIFS Josephson junctions with antiparallel orientations of
magnetizations [63], and for junctions between superconduc-
tors with ferromagnetic exchange fields [64,65].

IV. CONCLUSIONS

We have studied the Josephson effect in clean planar
SFF;S junctions with arbitrary transparencies of the inter-
faces between the layers. By solving the scattering problem
for the Bogoliubov—de Gennes equation, we have calculated
numerically the current-phase relation, the critical current,
and first and second harmonic amplitudes. For a relatively
weak exchange field, 4/Er = 0.1, mutually orthogonal mag-
netizations, o, = 7 /2, and very unequal thicknesses of the
ferromagnetic layers, d, < d,, a well-pronounced second har-
monic is obtained as a signature of the long-range spin-triplet
correlations. On the other hand, for equally thick ferromag-
netic layers, d| = d, the spin-singlet contribution to the first
harmonic is enhanced due to the geometric resonance, and
dominates even for thick layer junctions (strong ferromagnetic
influence) with orthogonal magnetizations.

Both resonant and spin-triplet effects qualitatively persist
in the presence of impurities or moderate disorder (see, for
example, the quasiclassical analysis in Refs. [22,25,26]). In
experiments the resonances can be recognized as more sinu-
soidal /(¢), while the long-range spin-triplet correlations in
the Josephson junctions with ferromagnetic bilayers lead to
the more anharmonic current-phase relation due to the domi-
nant second harmonic.

Both the first and the second harmonic amplitude show
characteristic oscillations with varying thicknesses of the fer-
romagnetic layers. The critical current oscillates in the same
manner. This is due to the 0-7 transitions and the period of
oscillations is the ferromagnetic coherence length & .

For a finite transparency of interfaces the supercurrent is
suppressed, with higher harmonics being more affected. A
low transparency of the F; /F, interface, where the long-range
spin-triplet correlations are generated, has a nontrivial impact
on the interference phenomena and the current-phase rela-
tion. For certain thicknesses of the ferromagnetic layers in
addition to d; = d,, new geometric resonances occur at d; =

d>/3,d>/5, ..., making the first harmonic dominant even in
asymmetric junctions.
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