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Metamagnetism and tricritical behavior in the Kondo lattice model
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The phase diagram of the Kondo lattice model is explored around the ferromagnetic region, including an
external magnetic field, and allowing the coexistence of ferromagnetism and Kondo effect (FM+K). Considering
the combined effect of temperature and pressure, the evolution of the FM+K phase yields a wing structure
phase diagram with a tricritical point and a ferromagnetic quantum critical end point. The evolution of the
spin-selective Kondo insulator phase, inside the coexistence region, introduces another critical end point. The
results show a correspondence with the experimental phase diagram of heavy-fermion compounds, in particular,
the ferromagnetic superconductor UGe2.

DOI: 10.1103/PhysRevB.106.054436

I. INTRODUCTION

The Kondo lattice model (KLM) [1–5] constitutes a
consolidated framework to explain the properties of heavy-
fermion systems, including a number of cerium, ytterbium,
and uranium compounds. The underlying physics is governed
by the competition between magnetic order and the Kondo
effect depicted in the Doniach’s diagram, which allows a
direct comparison with experimental phase diagrams of tem-
perature versus pressure [6–8]. Current interest in the model
encompasses the study of quantum criticality [9–11], the
prospection of novel phases, involving charge order (around
quarter filling) [12–14], partial Kondo screening [15,16], the
exhaustion problem (in the low concentration limit) [17–19],
the interplay of magnetism and Kondo effect with geomet-
ric frustration [20,21], the existence of incommensurate spin
density waves or spiral magnetic states [22,23], the role
of impurity concentration in Kondo alloys [24], and the
coexistence of ferromagnetism with unconventional supercon-
ductivity [25–28].

The ground-state phase diagram of the KLM as a function
of the Kondo coupling JK and electron concentration n as
well as the finite-temperature phase diagram, can be derived
within the fermionic mean-field approach. It includes pure
ferromagnetic (FM), antiferromagnetic, Kondo (K), and para-
magnetic (PM) phases and admits the coexistence of magnetic
order and Kondo effect [29–32]. Here we will focus on the
ferromagnetic region of the phase diagram, with concentra-
tions n around 1/8 filling. As previously described [32], the
coexistence region (FM+K) can be subdivided into two por-
tions, namely, a spin selective Kondo insulator (SSKI) phase
and an intermediate weak ferromagnetic phase (FMK). The
model has also been addressed by other reputable theoret-
ical methods, such as quantum or variational Monte Carlo
[33–35], and dynamical mean-field theory [24,36–38], which
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qualitatively corroborate the phase diagram obtained in the
simplified mean-field picture.

The KLM is fundamentally connected to the Anderson lat-
tice model (ALM) describing hybridized f and c bands where
valence fluctuations are allowed [2,4,39,40]. The pure and
mixed phases mentioned above are also present in the phase
diagram of the ALM as a function of the hybridization V , the
position of the f -electron level E f , and local Coulomb repul-
sion U as can be obtained from different methods [41–43].
These studies also suggest an appropriate interpretation for
some well-known shortcomings of the fermionic mean-field
description, such as, the behavior of the order parameter 〈λ〉
(to be introduced in the next section) characteristic of the
Kondo phase. However, the pressure dependence of the model
parameters V and E f are still controversial in the ALM.

In connection to an extensive experimental investiga-
tion, the KLM applies to a variety ferromagnetic Ce-based
[6,11,44] and Yb-based compounds [45,46]. The meta-
magnetism in Kondo systems has been investigated in
Refs. [36,47,48] where the magnetization curves may exhibit
a plateau as a function of magnetic-field B. In the case of
ferromagnetic compounds, the corresponding plateau is remi-
niscent of the SSKI phase appearing in the ground-state phase
diagram in the absence of B. Owing to the possible coex-
istence of ferromagnetism and Kondo effect, the KLM may
be also pertinent to uranium compounds without necessarily
incorporating orbital degeneracy [49].

The itinerant ferromagnet UGe2 exhibits two ferromag-
netic phases FM1 and FM2 (with small and large magnetic
moments, respectively), and a superconducting phase at low
temperature near the boundary between these two magnetic
phases [50–53]. The experimental phase diagram of this com-
pound is characterized by wing-shaped surfaces of first-order
transitions between the FM1 and the paramagnetic phases,
delimited by lines of second-order transitions starting at a
tricritical point (TCP) and terminating at a quantum critical
end point (QCEP). The FM1-FM2 transition is first order at
low temperatures, but it is converted to a broad crossover
above a critical end point CEP.
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Wing-structure phase diagrams are universally observed
in itinerant ferromagnets [54] and can be qualitatively repro-
duced from the Stoner theory, assuming a single-band density
of states with a positive curvature in the neighborhood of the
Fermi level [28,55]. The corresponding results are compatible
with the Wolfarth-Rhodes-Shimizu (WRS) theory based on
phenomenological Landau expansions [56,57]. A generalized
expansion of the free energy has been proposed in Ref. [58],
incorporating the many-body effect associated with particle-
hole excitations. In the latter picture, the wing shape of the
phase diagram can be obtained independent of details in the
band structure.

The essential role of the Kondo hybridization in UGe2

has been recently reinforced by the observation of a Kondo
resonance in this compound [59], stimulating an appropriate
explanation of its phase diagram from microscopic models
of heavy fermions. A detailed theoretical investigation of the
critical behavior observed in UGe2 was performed in Ref. [60]
based on the ALM, which provides an improved fitting of the
observed phase diagram in comparison with the other methods
mentioned above. As we demonstrate here, a similar phase
diagram can be obtained directly from the KLM.

In this paper, we study the evolution of the phase dia-
gram as a function of temperature T , Kondo coupling JK ,
and applied magnetic-field B, revealing the critical behavior
exhibited by the KLM. In the next section, we review the
decoupling method introduced in Ref. [32] for the KLM. In
Sec. III, we present the results obtained from the evolution of
the order parameters and the corresponding phase diagram.
In the past section, we compare our results with previous
theoretical works and experimental observations.

II. MODEL AND APPROXIMATION

The Kondo lattice Hamiltonian in presence of an uniform
magnetic-field B can be written as a sum of three terms,

H = Ht + HK + Hh, (1)

where the first one represents a tight-binding conduction band,

Ht = −
∑

i jσ

ti j c†
iσ c jσ . (2)

The localized spins Si are represented by the pseudofermion
operators f †

iσ , fiσ , subject to the constraint 〈n f 〉 =
∑

σ

〈n f
iσ 〉 =

1. Following Ref. [32], we write the second term in Eq. (1) in
the form

HK = −JK

∑

iσ

λiσ̄ λiσ − JK/2
∑

iσ

n f
iσ̄ nc

iσ , (3)

by introducing the operator,

λiσ = 1/2( f †
iσ ciσ + c†

iσ fiσ ). (4)

The magnetic field is included in the last term of 1,

Hh = −h
∑

i

(
mc

i + m f
i

)
, (5)

where m f
i = 2Sz

i = n f
i↑ − n f

i↓ and mc
i = 2sz

i = nc
i↑ − nc

i↓ are
the local magnetization operators and h = μBB (for spin S =
1/2).

The fermionic mean-field approximation [32] yields an
effective Hamiltonian,

H′ = Ht + HṼ + H f + H′
h, (6)

where

HṼ = −
∑

iσ

Ṽiσ ( f †
iσ ciσ + c†

iσ fiσ ), (7)

H f = E f

∑

iσ

n f
iσ , (8)

and

H′
h =

∑

iσ

σ
(
h f

i − h
)
n f

iσ +
∑

iσ

σ
(
hc

i − h
)
nc

iσ , (9)

using σ = + (or −) for up (or down) spin. The effective
hybridizations in Eq. (7) are given by Ṽiσ = JK〈λiσ̄ 〉. Mag-
netic long-range order is related to the molecular-fields h f

i =
1
2 JK 〈sz

i 〉 and hc
i = 1

2 JK 〈Sz
i 〉, which imply a magnetic coupling

between local and itinerant moments. The chemical potential
μ is fixed from the condition

∑
σ 〈nc

iσ 〉 = n, where n is the
conduction electron concentration. In Eq. (8), E f plays the
role of a Lagrange multiplier, determined by the constraint
〈n f 〉 = 1. The parameters E f and Ṽiσ must be distinguished
from the f -electron level and the bare hybridization parame-
ters appearing in the context of the Anderson lattice model.
The self-consistent evaluation of E f and μ partially restores
the correlation effects present in our starting Hamiltonian in
Eq. (1) that have been neglected in the mean-field decoupling.

In the fermionic mean-field approach, magnetism and the
Kondo effect are characterized, respectively, by the magne-
tizations 〈Sz

i 〉, 〈sz
i 〉, and by the averages 〈λiσ 〉, which are

all evaluated as integrals over their corresponding (nonrigid
band) densities of states or spectral functions multiplied by
the Fermi function. In the pure phases FM and K, only the
respective order parameters are present, whereas in the PM
phase all of them are equal to zero. On the other hand, when
all order parameters acquire a finite value, the system shows a
stable phase with coexistence (FM+K). As confirmed by the
calculations, the FM+K region can be further subdivided into
two solutions: SSKI, characterized by a plateau in the total
magnetization Sz

t = 〈Sz
i 〉 + 〈sz

i 〉, and FMK, where Sz
t decreases

monotonically for increasing JK or temperature.

III. RESULTS

In this section, we choose an electron concentration n =
0.25, which corresponds to a 1/8-filled conduction band and
take the hopping parameter t as the energy unit. The variation
of the order parameters as a function of JK/t in the presence
of a magnetic-field h in the low-temperature limit is shown
in Fig. 1. At low values of JK , the system is stabilized in a
pure FM phase, where 〈λiσ 〉 = 0 and the local spin average
〈Sz

i 〉 reaches its saturation value. We also observe that the
contribution of the conduction electron spin 〈sz

i 〉 to the total
magnetization is much smaller and opposite. By increasing JK

above a threshold value Jλ, a discontinuous transition occurs
to a region with coexistence of ferromagnetic order and Kondo
effect where all presupposed order parameters are different
from zero.
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FIG. 1. Magnetizations 〈Sz
i 〉, 〈sz

i 〉, and Sz
t , and the averages 〈λiσ 〉

as a function of JK/t for n = 0.25 with a magnetic-field h = 0.005t
at a low temperature T = 0.0001t .

The coexistence region can be subdivided into three parts.
For Jλ < JK < Jp, the system is in the SSKI phase with a
plateau in the total magnetization Sz

t = (1 − n)/2, and a Fermi
level located in a gap of the majority spin density of states.
For JK > Jp, Sz

t decreases monotonically. In presence of a
magnetic-field h, the magnetizations do not vanish so that
the phase coexistence extends to larger values of JK . The
transition from the intermediate FMK phase to the extended
K phase is marked by a discontinuity of the magnetizations at
JK = Jδ .

The behavior of Sz
t is shown in Fig. 2 as a function of

JK and h where the two mentioned discontinuities appear as
vertical surfaces, which can be projected onto the JK -h plane.
The phase boundary between the FMK and the K phases shifts
to higher values of JK for increasing h. The discontinuity δSz

t
of Sz

t at JK = Jδ draws a line of first-order transitions in the
JK -h phase diagram, ending up at a critical point (CP) where

FIG. 2. Total magnetization Sz
t as a function of JK/t and h/t at

T = 0.0001t . The surface is drawn with fixed increments in both
axes for better visibility. The borders of the vertical discontinuities
are superposed as smoother curves. The horizontal projection of
these curves provides the transition line in the h-JK diagram.

FIG. 3. JK -T phase diagram for h = 0. The nature of the phase
transitions and the special points are discussed in the text. We also
show the prolongation of the boundary lines between the pure phases
FM/PM and K/PM, which mark the presence of the K and FM
solutions. The dashed line represents the interface FM/K obtained
from the calculated Gibbs free energies.

δSz
t goes to zero. A continuation of this line above the CP can

be defined from the minimum of the derivative of Sz
t . On the

other hand, the discontinuities of the averages at JK = Jλ at
the boundary between FM and FM+K phases are practically
unaffected by the magnetic field as well as the width of the
plateau of the SSKI phase, which persist for higher values of
h.

The borders of these allowed phases can be delimited
by the vanishing of the order parameters, which may occur
as continuous (second-order) or discontinuous (first-order)
transitions. As usually admitted in mean-field treatments, the
phase transitions related to the vanishing of 〈λ〉 should be
interpreted as crossovers. A preliminary draft of the finite tem-
perature phase diagram can be drawn as usually by comparing
the pure phases FM, K, and PM, wherever they are competing.
The interface FM/K should be determined by the crossing
of the corresponding Gibbs free energies G = E − T S, which
involve the evaluation of the entropies S(T ) of the two phases
by integration (the same method utilized, e.g., in Ref. [55]).

However, the FM+K region develops somewhere around
the FM/K boundary so that the actual phase boundaries
should be obtained by numerically analyzing the survival of
the FM+K solution. In the coexistence region, it is assumed
that the the value of G is lower in the mixed phase as compared
to the pure K and FM phases. The self-consistent determi-
nation of the order parameters naturally provides the correct
stable phases which minimize the Gibbs free energy.

The calculated JK -T phase diagram is illustrated in Fig. 3
for h = 0. The boundaries K/PM and FM/PM are lines of
continuous transitions where the respective order parameters
(either 〈λiσ 〉 or the magnetizations) go to zero. On the other
hand, the border between the FM phase and the coexistence
region FM+K or the pure K phase is a line of discontinuous
transitions where the value of 〈λiσ 〉 drops to zero at decreasing
JK , accompanied by jumps in the magnetizations 〈Sz

i 〉 and 〈sz
i 〉.
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FIG. 4. (a) Wing-structure phase diagram JK -T -h and the projections of the critical wing line on the planes (b) h × JK , (c) T × h, and
(d) T × JK . A symmetrical wing is also present in the region h < 0.

The boundaries of the SSKI phase are determined by the
presence of a magnetization plateau of width � related to
the Kondo gap in the majority spin density of states [32,38].
Changes in the Fermi surface topology occur at both sides of
the SSKI region as the chemical potential crosses this gap.
Whereas the discontinuous transition at JK = Jλ is marked
by the Kondo breakdown, the transition at Jp consists of a
pure Lifshitz transition [43,48]. The value of � decreases for
increasing T and tends to zero at and tends to zero at CEP
where the SSKI phase collapses. Analogously, accompanying
the interface FM/FMK above this CEP, another CEP′ can
be found where the FMK phase also collapses. Between this
CEP′ and the triple point, a first-order transition can occur
directly between the pure FM and K phases. The FMK and
K phases are separated by a line of second-order transitions
starting at the triple point (intersecting the pure phases K,
FM, and PM) and terminating at a TCP. The curvature of this
line implies a reentrant behavior of the magnetizations as a
function of JK in a narrow range of temperature around T =
0.02t . The FMK/K boundary continues as a line of first-order
transitions (on the h = 0 plane) with a reentrant behavior from
the TCP to the horizontal axis.

In the presence of a magnetic field, we obtain the phase
diagram JK -T -h shown in Fig. 4. It is characterized by two
symmetrical wing-shaped surfaces of first-order transitions
delimited by lines of critical points that link the TCP (located
at T = 0.0160, JK = 3.027 in the adopted units) to the re-
spective QCEP on the T = 0 plane. These critical lines can be
obtained by accompanying the evolution of the critical point in
Fig. 2 as a function of temperature. Panel 4(b) shows the pro-

jection of these critical lines on the h × JK plane. The dashed
line in this figure represents the line of first-order transitions
separating the K and FMK phases in the ground-state phase
diagram. Panel 4(c) shows the projection of the critical line
on the T × h plane. The square symbols correspond to the
experimental points of Ref. [52]. In order to allow a direct
comparison with our results, we have converted the physical
units by taking a temperature TTCP = 24.0 K at the TCP,
which corresponds to an effective hopping t = 133 meV. The
long tail in this curve makes it difficult to determine the pre-
cise location of the QCEP along the h axis from the numerical
calculations. An estimated value of h/t = 0.0130 corresponds
to a magnetic-field B = 29.0 T at the QCEP, very close to the
value proposed in Ref. [60]. Panel 4(d) shows the projection
of the critical line as seen on the T × JK phase diagram. The
boundary line representing the interface FMK/K in Fig. 3 is
also shown. The region between these curves corresponds to
metamagnetic behavior as usually represented when describ-
ing itinerant electron metamagnetism in the WRS theory [57].

IV. DISCUSSION

As well established from experiments, in connection with
Doniach’s diagram, the parameter JK/t in the KLM increases
with pressure P in Ce compounds, and it decreases in Yb
compounds, although the functional dependence P(JK/t) is
unknown. In addition, the value of the hopping parameter t ,
usually taken as the energy unit (both in the KLM and in
the ALM), is also supposed to increase with pressure. With
these essential limitations in mind, the diagram in Fig. 3
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corresponds to a P-T phase diagram of ferromagnetic heavy-
fermion materials. In particular, it accounts for the weak
ferromagnetic phases found in these compounds well below
the Kondo temperature TK .

The obtained phase diagram is in overall agreement with
previous mean-field studies, contributing with more details
and some noticeable differences. The region corresponding
to the SSKI phase in Fig. 3 is substantially reduced in com-
parison to Ref. [31] where a constant density of states has
been used. This indicates an important influence of the lattice
geometry when describing the coexistence FM+K. Here we
identify the TCP that separates the FMK/K boundary line
into continuous and discontinuous transitions, and two critical
end points CEP and CEP′ associated with the SSKI and FMK
phases respectively.

By studying the effect of a magnetic field on the FMK/K
transition, we obtain the wing-structure phase diagram of
Fig. 4. It shows a clear resemblance with the observed phase
diagram of UGe2 [50,51,53], providing an alternative to other
studies based on the Anderson lattice [60] or on Landau ex-
pansions [57,58]. The FM1 and FM2 phases of this compound
correspond, respectively, to the coexistent phase FM+K and
the pure FM phase in our notation. The nature of the crossover
region reported above the CEP remains to be further investi-
gated as well as the differentiation between the SSKI and the
FMK phases inside the FM1 phase.

The critical wing line (CWL) in Fig. 4 satisfies the ther-
modynamic constraints expressed in Ref. [61]. The projection
of the CWL in panel 4(d) becomes tangent to the critical line
of the FM/FMK transition at the TCP, and the projections of
the CWL in panels 4(b) and 4(c) are tangent to the JK and T
axes at the TCP. We also find that the projection of the CWL
in panel 4(b) is tangent to the first-order FMK/K transition
line on the T = 0 plane at the QCEP. The slopes of the CWL
decrease drastically as it approaches the QCEP in panels 4(c)

and 4(d). This feature is in good agreement with experiments,
in contradistinction with the methods of Refs. [57,58], which
yield CWLs perpendicular to the T = 0 plane. This peculiar
quantum critical behavior may be attributed to the Fermi sur-
face changes across the FMK/K transition which are naturally
incorporated in the model and captured by the method. We
also note that our wing surfaces remain perpendicular to the
T = 0 plane, consistent with the thermodynamic constraints
at low T discussed in Ref. [62]. A direct quantitative com-
parison with experiments is suggested in Fig. 4(c) assuming a
linear transformation of units in both T and h axes, using t as
a single fitting parameter.

To summarize, the application of the fermionic mean-field
method to the Kondo lattice model provides a satisfactory
description of the electronic and magnetic properties observed
in a variety of ferromagnetic heavy-fermion compounds as
a function of temperature, pressure, and magnetic field. The
nature of the phase transitions and critical behavior in uranium
compounds can be specified with an appropriate interpre-
tation, before analyzing the impact of valence fluctuations,
f -orbital degeneracy, intersite interactions, or details in the
band structure. A straightforward comparison of the present
results with the experimental phase diagram of UGe2 supports
the idea that unconventional superconductivity might be as-
sociated with the SSKI phase. The obtained phase diagram
provides a basis for further studies on the KLM and related
models incorporating additional competing phases listed in
the Introduction.
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