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Determining the phase diagram of interacting quantum many-body systems is an important task for a wide
range of problems such as the understanding and design of quantum materials. For classical equilibrium systems,
the Lee-Yang formalism provides a rigorous foundation of phase transitions, and these ideas have also been
extended to the quantum realm. Here, we develop a Lee-Yang theory of quantum phase transitions that can
include thermal fluctuations caused by a finite temperature, and it thereby provides a link between the classical
Lee-Yang formalism and recent theories of phase transitions at zero temperature. Our methodology exploits
analytic properties of the moment generating function of the order parameter in systems of finite size, and it can
be implemented in combination with tensor-network calculations. Specifically, the onset of a symmetry-broken
phase is signaled by the zeros of the moment generating function approaching the origin in the complex plane
of a counting field that couples to the order parameter. Moreover, the zeros can be obtained by measuring or
calculating the high cumulants of the order parameter. We determine the phase diagram of the two-dimensional
quantum Ising model and thereby demonstrate the potential of our method to predict the critical behavior of
two-dimensional quantum systems at finite temperatures.
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I. INTRODUCTION

Predicting the phase diagram of interacting quantum many-
body systems constitutes a central problem in condensed
matter and statistical physics [1,2]. Analytically solving a
complex many-body problem is rarely possible, and instead
numerical techniques have been developed to infer the ther-
modynamic properties of interacting quantum systems based
on their finite-size scaling behavior. For example, powerful
methods based on tensor networks [3–8] and neural networks
[9–13] have recently been used to determine the spin-liquid
phase of interacting lattice models [14–19] and explore su-
perconductivity in systems of strongly interacting quantum
particles [20–24]. Many numerical approaches rely on eval-
uating the average value of an order parameter or its Binder
cumulant [25–28]. By contrast, systematic investigations of
the fluctuations encoded in the higher cumulants of the order
parameter have received less attention.

For classical equilibrium systems, the theoretical frame-
work of Lee and Yang has been successful in explaining the
occurrence of phase transitions [29–32]. Here, the central
idea is to consider the zeros of the partition function in the
complex plane of the control parameter, for example, the
fugacity, an external magnetic field, or the inverse temperature
[33]. For systems of finite size, the partition function is a
sum of positive Boltzmann factors, which cannot vanish for
real values of the control parameters. However, as the system
size is increased, the zeros may approach the value on the
real axis, where the system exhibits a phase transition and
the free energy becomes nonanalytic in the thermodynamic
limit. These ideas have found applications across a wide range
of topics, including protein folding in biophysics [34–36],

Bose-Einstein condensation in atomic physics [37–40], and
quantum chromodynamics in high-energy physics [41–45].
Moreover, the Lee-Yang formalism has experienced a surge of
interest, as it has been realized that partition function zeros are
not only a theoretical concept [46–48]. They have also been
determined in several recent experiments [49–52].

Based on these developments, the ideas of Lee and Yang
have been extended to nonequilibrium phase transitions, both
in classical [53,54] and quantum mechanical systems [55,56].
Recently, we have also taken steps towards a Lee-Yang the-
ory of quantum phase transitions in interacting many-body
systems [57], building on a cumulant method that makes it
possible to determine the partition function zeros from the
fluctuations of the order parameter in small systems [36,58–
60]. For classical systems, the moments and cumulants of
a thermodynamic observable can be related to the deriva-
tives of the partition function with respect to the control
parameter that couples to the observable, for example, en-
ergy and inverse temperature or magnetization and magnetic
field. Moreover, from the high cumulants, it is possible to
find the zeros of the partition function in the complex plane
of the control parameter and determine their convergence
points in the thermodynamic limit. However, due to noncom-
muting observables and quantum fluctuations, these relations
break down for quantum systems. Therefore, we suggested in
Ref. [57] instead to consider the zeros of the moment generat-
ing function of the order parameter in the complex plane of an
auxiliary counting field [61]. As shown for one-dimensional
spin lattices at zero temperature, the zeros can then be ob-
tained from the high cumulants of the order parameter, and in
the case of a quantum phase transition, the zeros approach the
origin of the complex plane in the thermodynamic limit.
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FIG. 1. Phase diagram of the two-dimensional quantum Ising
model. (a) Contour plot of the cumulant generating function of the
magnetization, �(s), in Eq. (5) for T/J = 5, h/J = 1. The Lee-
Yang zeros appear with dark colors as logarithmic singularities.
(b),(c) Lee-Yang zeros closest to the origin of the complex plane,
obtained from the high cumulants of the magnetization for h/J = 1
and T/J = 5 in (b) and T/J = 2 in (c). The black points indicate the
convergence points in the thermodynamic limit. (d) Using our cumu-
lant method, we construct the phase boundary between the ordered
and disordered phases, illustrated in blue and red, respectively.

The purpose of the present work is to extend the formalism
of Ref. [57] to include thermal fluctuations caused by finite
temperatures and to demonstrate that the methodology can
be applied to two-dimensional quantum many-body systems
for which the system size is a well-known limiting factor.
Specifically, we consider the two-dimensional transverse-field
Ising model, which we, in the present context, refer to as the
quantum Ising model to contrast it with its classical counter-
part. Figure 1(a) illustrates the positions of the Lee-Yang zeros
(in dark colors) for a small lattice, corresponding to singulari-
ties of the cumulant generating function, �(s), that we define
below. We calculate the high cumulants of the magnetization
using tensor-network methods [62–64], and we can then ex-
tract the Lee-Yang zeros that are closest to the real axis as
shown in Figs. 1(b) and 1(c) with increasing system size. Us-
ing a finite-size scaling analysis, we can then determine their
convergence points in the thermodynamic limit and thereby
construct the full phase diagram shown in Fig. 1(d). Moreover,
within our finite-temperature formalism, we can consider the
limit of a vanishing transverse field, and we then recover
the partition function zeros for the classical Ising model. As
such, our work provides an important connection between the
zero-temperature formalism developed in Ref. [57] and the
classical Lee-Yang theory of phase transitions.

The rest of the paper is organized as follows. In Sec. II,
we introduce the quantum Ising model on a square lattice
and briefly discuss its phase diagram. In Sec. III, we describe

the methods used throughout this work, including the finite-
temperature Lee-Yang framework that we develop and our
tensor-network calculations. In Sec. IV, we present the results
of our work and construct the phase diagram of the quan-
tum Ising model in two dimensions based on our Lee-Yang
method. Finally, in Sec. V, we present our conclusions and
provide an outlook on possible avenues for further develop-
ments. Technical details are deferred to appendices at the end.

II. QUANTUM ISING MODEL

We focus on phase transitions in the two-dimensional
quantum Ising model described by the Hamiltonian

Ĥ = −J
∑
〈i, j〉

σ̂ z
i σ̂ z

j − h
∑

i

σ̂ x
i , (1)

where σ̂ x,z
i are the Pauli matrices for the spin on site i of the

lattice. The coupling between neighboring spins is denoted by
J , while h is the strength of a transverse magnetic field. The
first sum runs over all pairs of neighboring sites, which we
indicate by 〈i, j〉. To minimize edge effects, we impose pe-
riodic boundary conditions, while other boundary conditions
are discussed in Appendix A.

The quantum Ising model on a square lattice has a known
phase diagram with a quantum phase transition occurring
around hc � 3.04J at zero temperature [65]. Above this crit-
ical field, the system is in a paramagnetic phase without
spin order in the z direction, and instead the magnetic field
forces the spins to point along the x axis. As the magnetic
field is decreased and crosses the critical point, the system
enters a symmetry-broken phase with a finite magnetization
along the z direction. This ordered phase is destroyed as
the temperature is increased, and in the absence of a mag-
netic field, the system undergoes a thermal phase transition at
the transition temperature Tc = 2J/ ln(1 + √

2) � 2.27J with
vanishing magnetization above the critical temperature [66],
taking kB = 1 throughout this work. Figure 1(d) shows the
phase diagram for the quantum Ising model obtained with
the Lee-Yang method developed below. As we will see, the
phase diagram can be determined from the magnetization cu-
mulants in surprisingly small lattices. Here, we find the phase
diagram using numerical calculations of the magnetization
and its fluctuations; however, in principle, these may also be
measured and thereby allow for experimental predictions of
phase diagrams using small lattices of coupled spins.

III. METHODS

A. Lee-Yang formalism

The starting point of our Lee-Yang formalism is the mo-
ment generating function of the order parameter

χ (s) = 1

Z
Tr[e−βĤesM̂z ], (2)

where Z = Tr[e−βĤ] is the canonical partition function, the
inverse temperature is denoted by β = 1/T , and we refer to s
as the counting field. For the quantum Ising model, the order
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parameter is the total magnetization

M̂z =
∑

i

σ̂ z
i , (3)

and the moments of the magnetization can be obtained as
derivatives with respect to the counting field at s = 0,〈

M̂n
z

〉 = ∂n
s χ (s)|s=0. (4)

Moreover, we can define a cumulant generating function,

�(s) = ln χ (s), (5)

which similarly delivers the cumulants as〈〈
M̂n

z

〉〉 = ∂n
s �(s)|s=0. (6)

From these definitions, we obtain the first cumulants in terms
of the moments as 〈〈M̂z〉〉 = 〈M̂z〉, 〈〈M̂2

z 〉〉 = 〈M̂2
z 〉 − 〈M̂z〉2,

〈〈M̂3
z 〉〉 = 〈(M̂z − 〈M̂z〉)3〉, and more involved expressions can

be derived for the higher cumulants.
In the following, the zeros of the moment generating func-

tion in the complex plane of the counting field play the role
of partition function zeros in the classical Lee-Yang theory
of equilibrium phase transitions [29–32]. In this regard, we
observe that Ĥ and M̂z commute in the absence of a transverse
magnetic field (h = 0), and in that case we can write the
moment generating function as

χ (s) = 1

Z
Tr

[
e−β(Ĥ−(s/β )M̂z )], (7)

showing that its zeros become directly related to the partition
function zeros for the classical Ising model in the complex
plane of a magnetic field in the z direction, sk = βhz,k [59].
Moreover, at zero temperature, we write Eq. (2) using a com-
plete set of energy eigenstates as

χ (s) =
∑

j e−βEj 〈� j |esM̂z |� j〉∑
j e−βEj

→ 1

g

g∑
i=1

〈�0i|esM̂z |�0i〉, (8)

having taken the limit βEj → ∞ for each eigenvalue, and
where |�0i〉 are the orthogonal ground states of the Hamil-
tonian with degeneracy g. For the quantum Ising model on a
lattice of finite size and a nonzero magnetic field, the ground
state is unique (g = 1), and we denote it by |�0〉, such that
[57,61]

χ (s) = 〈�0|esM̂z |�0〉. (9)

The Lee-Yang theory of phase transitions exploits that the
partition function for finite-size systems is an entire function
that can be expanded in terms of its zeros [29–32]. Similarly,
the moment generating function allows for a product expan-
sion of the form [67,68]

χ (s) = ecs
∏

k

(1 − s/sk ), (10)

where sk are the complex zeros, and c is a constant that
will not be important in the following, since it only enters
the first cumulant and not the higher ones, which are used
in our cumulant method. We can then express the cumulant
generating function as

�(s) = cs +
∑

k

ln(1 − s/sk ). (11)

Moreover, since the moment generating function in Eq. (2)
is defined as the thermal average of an exponential function,
it is always positive for real values of s. Consequently, the
zeros cannot be real, and they must come in complex conju-
gate pairs. In turn, this implies that the cumulant generating
function has no singularities along the real axis. We can also
introduce the scaled cumulant generating function

θ (s) = lim
N→∞

�(s)/N (12)

with a well-defined thermodynamic limit for large lattices,
where N = L × L is the total number of sites. The scaled
cumulant generating function is similar to the free-energy
density for equilibrium systems, which is nonanalytic for
those parameter values, where the system exhibits a phase
transition. As shown by Lee and Yang, the singularities occur
because the partition function zeros in the thermodynamic
limit approach the real axis [29–32]. Similarly, the zeros of the
moment generating function may approach the real axis in the
thermodynamic limit. However, since the counting field is not
a real physical control parameter such as the temperature or
the magnetic field, the system only exhibits a phase transition,
if the zeros reach s = 0 in the thermodynamic limit.

Our strategy is now to determine the zeros of the moment
generating function from the fluctuations of the magnetization
in small lattices. We then extrapolate those results to the
thermodynamic limit to determine their convergence points
for large systems. To this end, we make use of the cumulant
method developed in Refs. [36,47,57–60], which we briefly
describe here for the sake of completeness. First, we use
Eqs. (6) and (11) to express the high cumulants in terms of
the zeros as〈〈

M̂n
z

〉〉 = −
∑

k

(n − 1)!

sn
k

� −(n − 1)!
2 cos(nφ0)

|s0|n , n � 1,

(13)
where we have introduced the polar notation sk = |sk|eiφk and
s∗

k = |sk|e−iφk for complex conjugate pairs. Also, in the last
step, we used that for large cumulant orders the sum is domi-
nated by the pair of zeros, s0 and s∗

0, that are closest to s = 0.
The relative contributions from other zeros are suppressed
as |s0/s j |n, and they can thus be omitted for high enough
orders. Importantly, the closest zeros can be obtained from
Eq. (13) and expressed in terms of four consecutive cumulants
as [36,47,57–60]

Re[s0] � (n + 1)
〈〈
M̂n

z

〉〉〈〈
M̂n+1

z

〉〉 − (n − 1)
〈〈
M̂n−1

z

〉〉〈〈
M̂n+2

z

〉〉
2(1 + 1/n)

〈〈
M̂n+1

z

〉〉2 − 2
〈〈
M̂n

z

〉〉〈〈
M̂n+2

z

〉〉
(14)

and

|s0|2 � n
〈〈
M̂n

z

〉〉2 − (n − 1)
〈〈
M̂n−1

z

〉〉〈〈
M̂n+1

z

〉〉
〈〈
M̂n+1

z

〉〉2
/n − 〈〈

M̂n
z

〉〉〈〈
M̂n+2

z

〉〉/
(n + 1)

. (15)

Thus, by measuring, simulating, or calculating the cumulants
of the magnetization, the Lee-Yang zeros can be determined
from these expressions. Moreover, if the odd cumulants vanish
due to symmetry reasons, we readily find Re(s0) = 0 from
Eq. (14), and Eq. (15) simplifies to an expression for the
imaginary part reading [59]

Im(s0) �
√

2n(2n + 1)
∣∣〈〈M̂2n

z

〉〉/〈〈
M̂2n+2

z

〉〉∣∣. (16)
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FIG. 2. Cumulants of the magnetization for different system sizes. (a) Magnetization cumulants calculated at zero temperature as functions
of the magnetic field. We compare results obtained with DMRG and exact diagonalization (ED) up to system sizes of N = L × L = 4 × 4.
(b) Magnetization cumulants as functions of the temperature with the magnetic field h/J = 2.

In fact, for the quantum Ising model, we easily identify
the symmetry, Û †ĤÛ = Ĥ , where the unitary operator Û =∏

i σ̂
x
i flips all spins. Inserting identities of the form Û †Û = 1

in Eq. (2), we find χ (s) = χ (−s), since Û †M̂zÛ = −M̂z, and
also �(s) = �(−s), showing that all odd moments and cumu-
lants vanish at any temperature.

B. Numerical calculations

To determine the Lee-Yang zeros, we now have to eval-
uate the high moments and cumulants of the magnetization.
Specifically, we need to calculate the moments,

〈
M̂n

z

〉 = ∂n
s χ (s)|s=0 = 1

Z
Tr

[
M̂n

z e−βĤ]
, (17)

which subsequently are converted into cumulants using the
standard recursive relation

〈〈
M̂n

z

〉〉 = 〈
M̂n

z

〉 −
n−1∑
m=1

(
n − 1

m − 1

)〈〈
M̂m

z

〉〉〈
M̂n−m

z

〉
. (18)

At zero temperature, we find the moments as the ground state
averages, 〈M̂n

z 〉 = 〈�0|M̂n
z |�0〉, which we calculate based on

tensor-network methods [62] with the ground state computed
using the density matrix renormalization group (DMRG)
method as implemented in ITensor [63]. Although the method
was developed for one-dimensional systems with short-range
interactions, we can represent the two-dimensional lattice
using a snakelike path and find the ground state for lattice
sizes up to L × L = 8 × 8 and with bond dimensions up to
χm = 1000. To ensure numerical stability, the ground state
is explicitly symmetrized using Û |�0〉 = |�0〉, and we ver-
ify that the cumulants have converged with increasing bond
dimension.

Figure 2(a) shows zero-temperature cumulants of the mag-
netization as functions of the magnetic field for several

different lattice sizes. For small system sizes, L � 4, our
DMRG calculations are in good agreement with exact diag-
onalization (ED), providing an important check of our results.
We have also ensured that the DMRG calculations have con-
verged with respect to an increased bond dimension, implying
that the matrix product state provides a faithful representa-
tion of the wave function despite the nonlocal couplings in
the lattices (see also Appendix C). For large systems that
are away from a phase transition, we expect the cumulant
generating function and the cumulants to be linear in the
system size, N = L × L. By contrast, in Fig. 2(a) we consider
small lattices, and as we tune the magnetic field below its
critical value of hc � 3.04J , the cumulants scale as Nn = L2n,
because these values are on the phase transition line between
two ferromagnetic states with opposite magnetization.

To evaluate the moment and cumulants at finite temper-
atures within the tensor-network formalism, we rewrite the
trace operation in Eq. (17) as an average with respect to the
(unnormalized) pure state

|u0〉 =
L2⊗

i=1

(|↑〉i|↑〉iaux + |↓〉i|↓〉iaux ), (19)

where the spin on each site, |σ 〉i, is now entangled with an
auxiliary spin that we denote by |σ 〉iaux . We can then “purify”
the trace operation in Eq. (17) and write it as

〈
M̂n

z

〉 = 〈u0|e−βĤ/2M̂n
z e−βĤ/2|u0〉

〈u0|e−βĤ|u0〉
= 〈uβ/2|M̂n

z |uβ/2〉
〈uβ/2|uβ/2〉 , (20)

where |uβ〉 = e−βĤ|u0〉 and 〈uβ | = 〈u0|e−βĤ are states that
have evolved in imaginary time given by the inverse
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FIG. 3. Finite-size scaling of the Lee-Yang zeros. (a) Extrapolation of Lee-Yang zeros to the thermodynamic limit based on Eq. (21), which
is shown with lines. The results correspond to the magnetic fields h/J = 0.0, 0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0 and T = 0. (b) Extrapolated
convergence point as a function of the magnetic field, both from exact diagonalization (ED) and from matrix product states (MPS) calculations,
with the former being limited to L � 5. We find a critical field of about hc � 3.05J .

temperature. We have also used that the Hamiltonian and the
operator for the total magnetization only act on the physical
spins and not the auxiliary ones [69,70]. The time evolution
in imaginary time then follows Ref. [71]. To reduce numerical
errors, we explicitly implement powers of the magnetization,
M̂n

z , as a matrix product operator with the bond dimension
n + 1 as described in Appendix D. In Fig. 2(b), we again show
the first four even cumulants of the magnetization; however,
this time as a function of the temperature with a fixed mag-
netic field. As we lower the temperature, the required time
evolution in imaginary time becomes longer, and our results
become less accurate. Thus, we only show results for T � J .

IV. RESULTS

A. Zero temperature

We are now ready to extract the Lee-Yang zeros from
the high cumulants of the magnetization and determine their
convergence point in the thermodynamic limit of large sys-
tem sizes. Specifically, we find the closest pair of Lee-Yang
zeros, s0 and s∗

0, for different system sizes, L × L, and then
extrapolate their convergence points, s0,c and s∗

0,c, in the limit
L → ∞, which are also known as the Lee-Yang edge singular-
ities. At zero temperature, we determine the Lee-Yang zeros
from the magnetization cumulants in the ground state obtained
with DMRG. Due to the symmetries of the Hamiltonian, the
Lee-Yang zeros are purely imaginary, and in Fig. 3(a) we show
the imaginary part of the Lee-Yang zeros as a function of the
(inverse) system size. To determine the convergence points of
the Lee-Yang zeros, we assume the scaling form

Im(s0) � Im(s0,c) + αL−γ , (21)

where α and γ are constants. We expect this scaling behavior
to hold for systems that are close to criticality, and we have
found that it applies for the quantum Ising model in one
dimension, where it also works well away from criticality
[57]. Figure 3(a) shows this extrapolation for different values
of the magnetic field, and we see that the scaling form fits
the available data points well. We can thereby read off the

convergence points of the Lee-Yang zeros in the thermody-
namic limit. For large magnetic fields, the Lee-Yang zeros
remain complex as there is no phase transition. By contrast, at
lower fields, the Lee-Yang zeros converge to zero, signaling
a quantum phase transition. To determine the critical value
of the magnetic field, we show in Fig. 3(b) the convergence
points of the Lee-Yang zeros as a function of the magnetic
field close to its critical value. The extrapolated results from
ED with maximum sizes of just L = 5 agree well with results
from DMRG using L up to 8. Above the critical point, the
Lee-Yang zeros remain complex, and they only vanish as
we lower the magnetic field and eventually reach the crit-
ical point, which we determine to be hc � 3.05J , which is
in line with other numerical calculations [65]. Moreover, at
criticality, we expect γ to be related to the order parameter �

and the dimension d through the relation � = d − γ [57]. At
criticality, we find γ � 1.46 and � � 0.54 with d = 2, which
is close to the best known value of � ≈ 0.5181 [72].

B. Finite temperatures

We can apply the same approach at finite temperatures.
Specifically, we find the Lee-Yang zeros from the cumulants
of the magnetization for a fixed magnetic field, but with dif-
ferent temperatures. This procedure is illustrated in Fig. 4(a),
where we show the Lee-Yang zeros as a function of the sys-
tem size up to L = 6. To determine the convergence point
in the thermodynamic limit, we again use the interpolation
form given by Eq. (21), and for the results in Fig. 4(a) with
zero magnetic field, we find a critical temperature, which is
close to the known expression Tc = 2J/ ln(1 + √

2) � 2.27J .
In Fig. 4(b), we have similarly determined the convergence
points for different magnetic fields and temperatures. The
points, where the curves reach Im(s0,c) = 0, then correspond
to the phase boundary in the phase diagram. Proceeding in
this way, we can map out the phase boundary between the
ordered and the disordered phases by considering different
temperatures and magnetic fields.
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FIG. 4. Finite-size scaling of the Lee-Yang zeros at finite temperatures. (a) Extrapolation of the Lee-Yang zeros to the thermodynamic limit
based on Eq. (21), which is shown with lines. We consider the temperatures T/J = 1.5, 2.0, 2.5, 3.0, 3.5, 4.0 with the magnetic field being
h = 0. (b) For fixed values of the magnetic field, we can determine the corresponding phase transition temperature and thereby construct the
phase diagram of the quantum Ising model.

C. Phase diagram

Finally, we can assemble the full phase diagram of the
quantum Ising model, which we show in Fig. 1(d) based on
the results obtained with our cumulant method, both at zero
and at finite temperatures. The results are in good agreement
with the known phase diagram of the quantum Ising model
on a square lattice, both for the critical field at zero temper-
ature and the critical temperature for a vanishing magnetic
field. We note, however, that it is hard to capture the phase
boundary at low temperatures close to the critical magnetic
field. In that regime, the required time evolution in imagi-
nary time becomes very long, and the results get increasingly
inaccurate. In this context, it is relevant to mention a few
issues that require careful consideration when applying our
cumulant method. Besides numerical inaccuracies, the deter-
mination of the Lee-Yang zeros based on Eq. (13) requires that
high enough cumulant orders are used, so that the sublead-
ing Lee-Yang zeros can safely be neglected. Thus, one has
to check that the results remain unchanged if the cumulant
order is increased. Finally, we rely on the scaling ansatz in
Eq. (21), and one should check it against as large system
sizes as possible.

V. CONCLUSIONS

We have developed a Lee-Yang formalism for quantum
phase transitions in interacting quantum many-body systems
at finite temperatures. It thereby provides a link between the
classical Lee-Yang theory of equilibrium phase transitions
and a recent extension to quantum many-body phase tran-
sitions at zero temperature. Our methodology considers the
zeros of the moment generating function in the complex plane
of a counting field that couples to the order parameter. Im-
portantly, in the case in which the system exhibits a phase
transition, the zeros move towards the origin of the complex
plane as the system size is increased and the thermodynamic
limit is approached. The zeros can be determined from the

fluctuations of the order parameter, which are encoded in the
high cumulants of the order parameter statistics, which in
principle are measurable. As a specific application, we have
used our Lee-Yang method to construct the phase diagram
of the quantum Ising model on a two-dimensional lattice
using rather small system sizes combined with a finite-size
extrapolation to the thermodynamic limit. To this end, we
have employed tensor-network methods to evaluate the high
cumulants of the magnetization on Ising lattices of finite size,
and we have shown that it is possible to construct the phase
diagram of the two-dimensional quantum Ising model. As an
outlook on future directions, it may be important to develop
methods for evaluating the high cumulants in larger two- and
ultimately three-dimensional systems, for instance using neu-
ral network quantum states. In particular, it may be necessary
to treat larger systems, when applying our Lee-Yang method
to more complicated spin lattices that could include frustration
between neighboring sites.
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APPENDIX A: BOUNDARY CONDITIONS

Throughout this work, we have imposed periodic boundary
conditions to minimize edge effects. It is, however, interest-
ing to investigate the influence of other boundary conditions,
which could be important for the small lattices that we con-
sider. Indeed, for a square lattice of size L × L, the number
of sites on the boundary is 4L − 4, which implies that 75%
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FIG. 5. Boundary conditions. We show Lee-Yang zeros for peri-
odic boundary conditions (PBC), cylindrical (semiopen) boundary
conditions (CBC), and open boundary conditions (OBC) for zero
temperature and the magnetic field h/J = 3.2. The position of the
Lee-Yang zeros for finite-size lattices depend on the boundary con-
ditions, while the convergence point in the thermodynamic limit
appears to be less sensitive.

of the sites belong to the boundary for a lattice of size 4 × 4
and still nearly 50% for a lattice of size 8 × 8. Therefore,
we expect significant effects of the boundary conditions for
small lattices, while they should be less important in the
thermodynamic limit. In Fig. 5, we show Lee-Yang zeros ob-
tained with exact diagonalization for three different boundary
conditions: periodic boundary conditions (PBC), cylindrical
(semiopen) boundary conditions (CBC), and open boundary
conditions (OBC). We see that the position of the Lee-Yang
zeros for finite systems depends on the boundary conditions.
On the other hand, the extrapolation to the thermodynamic
limit is less sensitive to the boundary conditions, and we have
used periodic boundary conditions for all calculations in the
main text of this paper, because they most closely mimic the
conditions in the thermodynamic limit.

APPENDIX B: DETAILS OF MPS CALCULATIONS

Here, we present details of the MPS calculations used to
obtain results at zero and finite temperatures.

At zero temperature, DMRG was used as implemented in
the ITensor library in its Julia version [63]. The maximum
bond dimension was chosen as χm = 1000 and a cutoff of
10−9 was used. The ground state was converged with 25
sweeps, and the noise level was reduced from 1 to 10−8

over the first 13 sweeps. The two-dimensional lattice was
mapped to a one-dimensional chain using a snakelike path,
and periodic boundary conditions were imposed. The MPS
calculations for the largest systems took less than 1 day on a
regular computer node of a local cluster.

For the finite-temperature calculations, the TenPy library
was used [69]. The state was modeled as a purification MPS
with two physical indices per site. After initialization of the
state at infinite temperature, it was time evolved using the W II

approximation to reach the target temperature [71]. The maxi-
mum bond dimension was chosen as χm = 500, the cutoff was
set to 10−10, and a time-step size of �τ = 0.001 was used.
The calculations for the largest systems took about 1 week
per value of h/J on one node of a local cluster.

APPENDIX C: NUMERICAL CONVERGENCE

To check the numerical convergence of the Lee-Yang zeros
with increasing bond dimension, we compare our results with
exact diagonalization as shown in Fig. 6. In panel (a), we
compare results obtained at zero temperature using DMRG
and find good agreement with exact diagonalization for lattice
sizes up to L × L = 5 × 5, which is the upper limit for our nu-
merically exact calculations. A similar agreement is observed
in panel (b), where we show results for finite temperatures
obtained by combining matrix product state calculations with
purification.

APPENDIX D: EXPLICIT EXPRESSION FOR M̂n
z

For the matrix product calculations, we explicitly imple-
ment the operator M̂n

z rather than repeatedly applying M̂z.

FIG. 6. Numerical convergence. (a) Comparison of results based on exact diagonalization (ED) and DMRG with the bond dimension
χm = 500 and χm = 1000 and the parameter values T = 0 and h/J = 3.0. (b) Lee-Yang zeros obtained with ED and results based on matrix
product states combined with purification. The parameter values are h/J = 2 and T/J = 1.
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Any truncation errors appearing during the calculation of the
higher moments can be avoided by using this matrix product
operator M̂n

z with bond dimension n + 1. The operator is given
by (

M̂n
z

)
σ1,...,σN ,σ ′

1,...,σ
′
N

= A(1)
σ1,σ

′
1
A(2)

σ2,σ
′
2
· · · A(N )

σN ,σ ′
N
, (D1)

with the dots denoting matrix multiplication, and we have
introduced the matrices A(i)

σi,σ
′
i

with matrix elements

(
A(i)

σi,σ
′
i

)
m,l =

⎧⎪⎨
⎪⎩

0, l > m
αmσ m−l

z,σi,σ
′
i
, l = 1

σ m−l
z,σi,σ

′
i
/(m − l )!, otherwise,

(D2)

where we have defined

αm =
{∏n+1−m

k=1 (n + 1 − k), m > 1 and m �= N + 1
1, otherwise,

(D3)

and σi denotes the physical site index. For the first A matrix
we take the last row of the matrix, while for the last A matrix
just the first column, to obtain an operator in the end. For
example, for n = 6, we obtain, using the shorthand notation
σ for σz,σi,σ

′
i
,

Aσi,σ
′
i

ml =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0

720σ 1 0 0 0 0 0

360σ 2 σ 1 0 0 0 0

120σ 3 σ 2

2 σ 1 0 0 0

30σ 4 σ 3

6
σ 2

2 σ 1 0 0

6σ 5 σ 4

24
σ 3

6
σ 2

2 σ 1 0

σ 6 σ 5

120
σ 4

24
σ 3

6
σ 2

2 σ 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (D4)
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[45] G. Başar, Universality, Lee-Yang Singularities, and Series Ex-
pansions, Phys. Rev. Lett. 127, 171603 (2021).

[46] B.-B. Wei and R.-B. Liu, Lee-Yang Zeros and Critical Times
in Decoherence of a Probe Spin Coupled to a Bath, Phys. Rev.
Lett. 109, 185701 (2012).

[47] C. Flindt and J. P. Garrahan, Trajectory Phase Transitions,
Lee-Yang Zeros, and High-Order Cumulants in Full Counting
Statistics, Phys. Rev. Lett. 110, 050601 (2013).

[48] A. Krishnan, M. Schmitt, R. Moessner, and M. Heyl, Measuring
complex-partition-function zeros of Ising models in quantum
simulators, Phys. Rev. A 100, 022125 (2019).

[49] C. Binek, Density of Zeros on the Lee-Yang Circle Obtained
from Magnetization Data of a Two-Dimensional Ising Ferro-
magnet, Phys. Rev. Lett. 81, 5644 (1998).

[50] X. Peng, H. Zhou, B.-B. Wei, J. Cui, J. Du, and R.-B. Liu,
Experimental Observation of Lee-Yang Zeros, Phys. Rev. Lett.
114, 010601 (2015).

[51] K. Brandner, V. F. Maisi, J. P. Pekola, J. P. Garrahan, and C.
Flindt, Experimental Determination of Dynamical Lee-Yang
Zeros, Phys. Rev. Lett. 118, 180601 (2017).

[52] A. Francis, D. Zhu, C. Huerta Alderete, S. Johri, X. Xiao,
J. K. Freericks, C. Monroe, N. M. Linke, and A. F. Kemper,
Many-body thermodynamics on quantum computers via parti-
tion function zeros, Sci. Adv. 7, eabf2447 (2021).

[53] P. F. Arndt, Yang-Lee Theory for a Nonequilibrium Phase Tran-
sition, Phys. Rev. Lett. 84, 814 (2000).

[54] R. A. Blythe and M. R. Evans, Lee-Yang Zeros and Phase
Transitions in Nonequilibrium Steady States, Phys. Rev. Lett.
89, 080601 (2002).

[55] M. Heyl, A. Polkovnikov, and S. Kehrein, Dynamical Quantum
Phase Transitions in the Transverse-Field Ising Model, Phys.
Rev. Lett. 110, 135704 (2013).

[56] S. Peotta, F. Brange, A. Deger, T. Ojanen, and C. Flindt, Deter-
mination of Dynamical Quantum Phase Transitions in Strongly
Correlated Many-Body Systems Using Loschmidt Cumulants,
Phys. Rev. X 11, 041018 (2021).

[57] T. Kist, J. L. Lado, and C. Flindt, Lee-Yang theory of criti-
cality in interacting quantum many-body systems, Phys. Rev.
Research 3, 033206 (2021).

[58] A. Deger and C. Flindt, Determination of universal critical ex-
ponents using Lee-Yang theory, Phys. Rev. Research 1, 023004
(2019).

[59] A. Deger, F. Brange, and C. Flindt, Lee-Yang theory,
high cumulants, and large-deviation statistics of the mag-
netization in the Ising model, Phys. Rev. B 102, 174418
(2020).

[60] A. Deger and C. Flindt, Lee-Yang theory of the Curie-Weiss
model and its rare fluctuations, Phys. Rev. Research 2, 033009
(2020).

[61] A. Lamacraft and P. Fendley, Order Parameter Statistics in the
Critical Quantum Ising Chain, Phys. Rev. Lett. 100, 165706
(2008).

[62] U. Schollwöck, The density-matrix renormalization group in
the age of matrix product states, Ann. Phys. 326, 96 (2011).

[63] M. Fishman, S. R. White, and E. M. Stoudenmire, The
ITensor Software Library for tensor network calculations,
arXiv:2007.14822.

[64] J. Hauschild, E. Leviatan, J. H. Bardarson, E. Altman, M. P.
Zaletel, and F. Pollmann, Finding purifications with minimal
entanglement, Phys. Rev. B 98, 235163 (2018).

[65] H. W. J. Blöte and Y. Deng, Cluster Monte Carlo simula-
tion of the transverse Ising model, Phys. Rev. E 66, 066110
(2002).

[66] T. D. Schultz, D. C. Mattis, and E. H. Lieb, Two-dimensional
Ising model as a soluble problem of many Fermions, Rev. Mod.
Phys. 36, 856 (1964).

[67] J. B. Conway, Functions of One Complex Variable (Springer-
Verlag, Berlin, 1978) Chap., Entire Functions, p. 280.

[68] G. B. Arfken, H. J. Weber, and F. E. Harris, Mathematical
Methods for Physicists: A Comprehensive Guide (Academic,
New York, 2012).

054402-9

https://doi.org/10.1103/PhysRev.87.410
https://doi.org/10.1103/PhysRev.87.404
https://doi.org/10.1142/S0217979205032759
https://doi.org/10.1590/S0103-97332003000300008
https://doi.org/10.1103/PhysRevLett.110.248101
https://doi.org/10.1103/PhysRevE.88.022710
https://doi.org/10.1103/PhysRevE.97.012115
https://doi.org/10.1103/PhysRevLett.84.3511
https://doi.org/10.1103/PhysRevA.64.013611
https://doi.org/10.1139/cjp-2014-0585
https://doi.org/10.1103/PhysRevE.96.032116
https://doi.org/10.1016/0550-3213(92)90324-5
https://doi.org/10.1103/PhysRevD.73.054502
https://doi.org/10.1103/PhysRevD.91.094507
https://doi.org/10.1016/j.physletb.2019.04.040
https://doi.org/10.1103/PhysRevLett.127.171603
https://doi.org/10.1103/PhysRevLett.109.185701
https://doi.org/10.1103/PhysRevLett.110.050601
https://doi.org/10.1103/PhysRevA.100.022125
https://doi.org/10.1103/PhysRevLett.81.5644
https://doi.org/10.1103/PhysRevLett.114.010601
https://doi.org/10.1103/PhysRevLett.118.180601
https://doi.org/10.1126/sciadv.abf2447
https://doi.org/10.1103/PhysRevLett.84.814
https://doi.org/10.1103/PhysRevLett.89.080601
https://doi.org/10.1103/PhysRevLett.110.135704
https://doi.org/10.1103/PhysRevX.11.041018
https://doi.org/10.1103/PhysRevResearch.3.033206
https://doi.org/10.1103/PhysRevResearch.1.023004
https://doi.org/10.1103/PhysRevB.102.174418
https://doi.org/10.1103/PhysRevResearch.2.033009
https://doi.org/10.1103/PhysRevLett.100.165706
https://doi.org/10.1016/j.aop.2010.09.012
http://arxiv.org/abs/arXiv:2007.14822
https://doi.org/10.1103/PhysRevB.98.235163
https://doi.org/10.1103/PhysRevE.66.066110
https://doi.org/10.1103/RevModPhys.36.856


VECSEI, LADO, AND FLINDT PHYSICAL REVIEW B 106, 054402 (2022)

[69] J. Hauschild and F. Pollmann, Efficient numerical simulations
with tensor networks: Tensor Network Python (TeNPy), SciPost
Phys. Lect. Notes, 5 (2018).

[70] M. Binder and T. Barthel, Minimally entangled typical thermal
states versus matrix product purifications for the simulation of
equilibrium states and time evolution, Phys. Rev. B 92, 125119
(2015).

[71] M. P. Zaletel, R. S. K. Mong, C. Karrasch, J. E. Moore,
and F. Pollmann, Time-evolving a matrix product state
with long-ranged interactions, Phys. Rev. B 91, 165112
(2015).

[72] F. Kos, D. Poland, and D. Simmons-Duffin, Bootstrapping
mixed correlators in the 3D Ising model, J. High Energy Phys.
11 (2014) 109.

054402-10

https://doi.org/10.21468/SciPostPhysLectNotes.5
https://doi.org/10.1103/PhysRevB.92.125119
https://doi.org/10.1103/PhysRevB.91.165112
https://doi.org/10.1007/JHEP11(2014)109

