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We study bosonic systems on a space-time lattice (with imaginary time) defined by path integrals of com-
muting fields. We introduce a concept of branch-independent bosonic (BIB) systems, whose path integral is
independent of the branch structure of the space-time simplicial complex, even for a space-time with boundaries.
In contrast, a generic lattice bosonic (GLB) system’s path integral may depend on the branch structure. We
find the invertible topological order characterized by the Stiefel-Whitney cocycle [such as (4+1)d w,ws] to be
nontrivial for branch-independent bosonic systems, but this topological order and a trivial gapped tensor product
state belong to the same phase (via a smooth deformation without any phase transition) for generic lattice bosonic
systems. This implies that the invertible topological orders in generic lattice bosonic systems on a space-time
lattice are not classified by the oriented cobordism. The branch dependence on a lattice may be related to the
orthonormal frame of smooth manifolds and the framing anomaly of continuum field theories. In general, the
branch structure on a discretized lattice may be related to a frame structure on a smooth manifold that trivializes
any Stiefel-Whitney classes. We construct branch-independent bosonic systems to realize the w,w; topological
order, and its (3+1)d gapped or gapless boundaries. One of the gapped boundaries is a (3+1)d Z, gauge theory
with (1) fermionic Z, gauge charge particle which trivializes w, and (2) “fermionic” Z, gauge flux line trivializes
ws. In particular, if the flux loop’s world sheet is unorientable, then the orientation-reversal one-dimensional
world line must correspond to a fermion world line that does not carry the Z, gauge charge. We also explain why
Spin and Spin® structures trivialize the w,w; nonperturbative global pure gravitational anomaly to zero [which
helps to construct the anomalous (3+1)d gapped Z, and gapless all-fermion U(1) gauge theories], but the Spin”
and Spinx z,Spin(n > 3) structures modify the w,ws3 into a nonperturbative global mixed gauge-gravitational

anomaly, which helps to constrain grand unifications (e.g., n = 10, 18) or construct new models.
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I. INTRODUCTION

Gapped quantum states of matter (or, more precisely,
gapped quantum liquids [1,2]) with no symmetry can be di-
vided into two classes [3]: (1) states with no topological order
(all those states belong to the trivial phase represented by
tensor product states, with no entanglement or short-range
entanglement); (2) states with topological order [4,5] (i.e.,
gapped states with long-range entanglement [6]).

In the presence of global symmetry that is not sponta-
neously broken, the above two classes can be further divided
into some subclasses: (la) states with no topological order
and no symmetry-protected topological (SPT) order, or syn-
onymously, symmetry-protected trivial (SPT) order, with no
entanglement or short-range entanglement; (1b) states with no
topological order but with nontrivial SPT order [7-19], with
short-range entanglement; (2a) states with both topological
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order and symmetry. Those states are said to have symmetry-
enriched topological (SET) orders [20-31], with long-range
entanglement.

In this work, we aim to study those topological states of
matter and their boundaries for bosonic systems. We realize
that even bosonic systems without any symmetries can have
many different types, such as bosonic systems on a space-time
lattice with imaginary time, bosonic systems in continuum
space-time with real or imaginary time, and bosonic systems
defined via lattice Hamiltonian with real continuous time.
Those different bosonic theories require different mathemat-
ical descriptions. In this work, we will only study bosonic
systems on a space-time lattice with imaginary time, that
satisfy the reflection positivity. In fact, we will study a simpler
problem, the so-called invertible topological states of matter
in the bulk, and their boundaries, with or without symmetry.

Stacking two topological states 6] and %, gives us a third
topological state 63 = %] X %,. The stacking operation X
makes the set of topological states into a monoid. (A monoid
is like a group except its elements may not have inverse.) If a
topological state 4 has an inverse under the stacking operation
X, i.e., there exists a topological state & such that ¥ X Z is a

©2022 American Physical Society
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FIG. 1. A branch structure of a simplicial complex is given by
assigning arrows to the links which do not form loops around every
triangle. The branch structure gives rise to a local order of vertices
for every simplex. Stiefel-Whitney cocycle a simplicial complex can
be constructed after assigning a branch structure (see Appendix F,
Figs. 5 and 6).

trivial product state, then ¥ will be called an invertible topo-
logical state. It turns out that all SPT states are invertible. Only
a small fraction of topologically ordered states and SET states
are invertible. For example, a fermionic integer quantum Hall
state is an invertible topologically ordered state [a fermionic
invertible SET with U(1) symmetry]. An antiferromagnetic
spin-1 Haldane chain is a SPT state protected by spin rotation
SO(3) or time-reversal Z symmetry, which is always invert-
ible. (In contrast, an antiferromagnetic spin-2 chain, another
Haldane phase, has trivial SPT order.)

Invertible topological states of bosonic systems are char-
acterized by a simple class of invertible topological invari-
ants [16,32-38]. In this paper, we will derive the possible
boundary theory from those topological invariants, especially
the (4+1)-dimensional [(4+1)d] invertible topological order
characterized by the Stiefel-Whitney w, w3 topological invari-
ant in five dimensions (5d). There are some earlier works in
this direction [34,39—49] which construct boundary theories
of the w, w3 invertible topological order. In this work, we will
present a more complete and systematic derivation.

Branch-independent bosonic system vs generic lattice
bosonic system. Even bosonic systems on a space-time lattice
can have different types. We find that in order to discuss
invertible topological order, we need to introduce a concept
of branch-independent bosonic system (the L-type system
studied in [50] happens to be a branch-independent bosonic
system, L for Lagrangian formulated on the space-time lat-
tice), whose partition function computed from path integral is
independent of the branch structures (or branching structures)
of space-time lattice (i.e., space-time simplicial complex),
even for space-time with boundaries. Here a branch structure
is a local ordering of the vertices for each simplex (see Fig. 1
and Appendix A). Generic lattice bosonic systems do not have
this requirement, and their path integrals may depend on the
branch structures of space-time complex.

Branch independence is a property of lattice bosonic sys-
tems. It appears that such a lattice property is related to frame
independence, a property of continuum field theory. An or-
thonormal frame of a d-dimensional manifold is a set of d
vector fields, which is orthonormal at every point with respect
to the metrics tensor of the manifold. We will abbreviate or-
thonormal frame as frame (which is also called the vielbein).
After assigning a frame to a manifold, we can define an SO(d)
connection to describe the curvature. Continuum field theory
explicitly depends on the SO(d) connection and the frame.
Thus, the partition function of the continuum field theory

may depend on the frame of the space-time manifold. If the
partition function does depend on the frame, we say that the
theory has a framing anomaly [4]. Otherwise, the theory is free
of framing anomaly.

In [51], (2+1)-dimensional [(2+41)d] generic lattice
bosonic systems are constructed to realize topological orders
with any integral chiral central charge and the corresponding
gravitational Chern-Simons term. Since the central charge is
not 0 mod 24, those models contain framing anomaly and are
not frame independent. This implies that the partition function
of generic lattice bosonic systems may depend on the frames
of the space-time manifold in the continuum limit. This exam-
ple and the above discussions suggest a close relation between
the branch structure on a lattice and the frame structure on a
continuum manifold.!

We conjecture that the independence of the branch struc-
ture of space-time complex for lattice models implies the
independence of frame structure of space-time manifold in
the continuum limit. Under such a conjecture, the branch-
independent bosonic systems on lattice only give rise to
continuum effective field theories that are free of framing
anomaly. As a result, a (2+1)d branch-independent bosonic
system can only realize topological orders with chiral central
charge ¢ = 0 mod 24, where the (2+1)d invertible topological
orders are generated by three copies of Eg quantum Hall states
(say E3 topological order). Indeed, using SO(c0) nonlinear o
model, Ref. [50] constructed a branch-independent bosonic
model that realizes the Eg’ topological order with ¢ = 24. For
more details, see Appendix I.

In this work, we find that the (44-1)d invertible topolog-
ical order characterized by the Stiefel-Whitney class wows
is nontrivial for branch-independent bosonic systems. On the
other hand, the w,w; topological order and trivial tensor
product states belong to the same phase for generic lattice
bosonic systems. This implies that we cannot use the oriented
cobordism (i.e., manifolds with special orthogonal group SO
structures) [16,34-36] to classify invertible topological or-
ders for the generic lattice bosonic systems (where the lattice
means the space-time lattice).

Can we use oriented cobordism to classify invertible topo-
logical orders for branch-independent bosonic systems? The

"Branch structure on a discretized lattice vs frame structure on a
smooth manifold that trivializes any Stiefel-Whitney classes: A fram-
ing of a d-dimensional manifold of M is a choice of trivialization of
its tangent bundle, hence, a choice of a section of the corresponding
frame bundle. If there exists a framing on the tangent bundle TM,
then there exist d linearly independent sections of the tangent bundle.
If the ith Stiefel-Whitney class w;(T M) # 0, then there can not exist
d — i+ 1 linearly independent sections of the tangent bundle. So
w;(TM) = 0for 1 < i< d. Thus, note the following:

(1) The tangential frame structure on a smooth manifold trivializes
any Stiefel-Whitney classes.

(2) We will later suggest that a branch structure on a discretized
lattice or on a simplicial complex also trivializes Stiefel-Whitney
classes.

(3) Thus, our work suggests a possible relation: a branch structure on
a discretized lattice may be related to the frame structure on a smooth
manifold that trivializes any Stiefel-Whitney classes.
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oriented cobordism suggests a Z class of (2+1)d invertible
bosonic topological orders, generated by the Eg topological
order.2 However, currently, we do not have a realization of Eg
topological order using branch-independent bosonic systems.
We only know a branch-dependent bosonic model that real-
izes the Eg topological order [51], and a branch-independent
bosonic model that realizes the E§ topological order [50].
Thus, it is not clear if oriented cobordism classifies invert-
ible topological orders for the branch-independent bosonic
systems or not. In this paper, we will concentrate on branch-
independent lattice bosonic systems.

The boundary theories of bulk invertible topological orders
with no symmetry belong to a special class: they are theories
with gravitational anomalies. In fact, the gravitational anoma-
lies in field theories are classified by invertible topological
orders in one higher dimension [35,56]. From this point of
view, we study various anomalous theories with a given grav-
itational anomaly on the (3+1)d boundary of (4+1)d wyows
topological order. We shall call this gravitational anomaly as
the wow; anomaly, which is a nonperturbative global gravi-
tational anomaly.?

For example, it is known that the (4+1)d invertible topo-
logical order has a gapped (3+1)d boundary described by a
Z, gauge theory with the w,w3 anomaly, where the Z, gauge
charge is fermionic. However, the fermionic Z, gauge charge
does not fully characterize the gravitational anomaly. In par-
ticular, there is also an anomaly-free (3+1)d Z, gauge theory
with a fermionic Z, gauge charge, i.e., there is a (3+1)d lattice
bosonic system that can realize a Z, gauge theory with a
fermionic Z, gauge charge [59]. In this work, we show that
the 2d world sheet of the Z, gauge flux in the space-time
must carry a noncontractible 1d fermionic orientation-reversal
world line if the 2d world sheet is unorientable. This 1d
fermionic orientation-reversal world line with neutral gauge
charge is, however, distinct from the fermionic world line
of Z, gauge charge. This crucial property, together with the

2The (2+1)d Abelian bosonic topological orders are classified (in
a many-to-one fashion) by symmetric integral matrices with even
diagonals [52], which are called K matrices. Those topological or-
ders are realized by K-matrix quantum Hall wave functions W(z!) =

[T, G =)™ e~ i 2P and are described by K-matrix U(1)
Chern-Simons theories %a, da;. The K matrices with |det(K)| = 1
classify invertible topological orders. Here the Eg topological order
is an invertible topological order described by a K matrix given by
the Cartan matrix of Eg, denoted as Kg,. The (1+1)d boundary carries
the chiral central charge ¢ = 8 [53]. In contrast, the Ej topological
order is described by a K matrix K = K¢, ® Kg, ® K, and has its
boundary carrying the chiral central charge ¢ = 24. It was suggested
that the Z class of the oriented cobordism is generated by the Eg topo-
logical order (see, for example, Freed’s work [54] or Freed-Hopkins
[16]). See Sec. 7 of [55] for an elaborated interpretation of the related
cobordism invariants.

3Perturbative local anomalies are detectable via infinitesimal gauge
and diffeomorphism transformations continuously deformable from
the identity, captured by perturbative Feynman diagrams [57]. Non-
perturbative global anomalies are detectable via large gauge and
diffeomorphism transformations that cannot be continuously de-
formed from the identity [58].

fermionic Z, gauge charge, characterizes the gravitational
anomaly.

The above result about the fermion world line on un-
orientable world sheet of Z, flux line was first obtained in
Sec. 3.3 of [44]. In this paper we give a different deriva-
tion of the result using a path-integral formulation on a
space-time lattice. This result was also obtained recently in
Ref. [48] using Hamiltonian formulation on spatial lattice.
The “fermionic” nature of the Z, flux line can also be char-
acterized by the statistical hopping algebra for strings [49],
a generalization of the statistical hopping algebra for parti-
cles [59].

A. Notations and conventions

We denote the (n')d for the space-time dimensions to
be ' = (n+ 1) with an n-dimensional space and a one-
dimensional time. Typically, in this paper, the dimension
always refers to the space-time dimension altogether. We may
simply call the Od Z, gauge charge as Z, charge, whose space-
time trajectory is a 1d world line. We may simply call the 1d
Z, gauge flux loop as Z, flux, which can be a 1d loop which
bounds a 2d surface enclosing gauge flux, whose space-time
trajectory is a 2d world sheet.

In this work, we use a lot of formalisms of chain and
cochain, as well as the associated derivative cup product,
Steenrod square, etc. A brief coverage of those topics can
found in Appendix A. The Z, values are chosen to be
{0,1,...,n—1}. In this paper, we always use this set to
extend Z, values to Z values, and treat Z,-valued quantities
as Z-valued quantities. To help to express Z,-valued relation
using Z-valued quantities, we denote = to mean equal up to
a multiple of n (thus, it is a mod »n relation: two sides of the
equality are equal mod n), and use < to mean equal up to a
coboundary df (i.e., with the coboundary operator d).

We denote the Lorentz group as SO (for bosonic systems)
and Spin (for fermionic systems graded by the fermion par-
ity Zg). In (n+ 1)d space-time, the SO really means the
SO(n + 1) for the Euclidean rotational symmetry group and
the SO(n, 1) for the Lorentz rotational 4 boost symmetry
group; the Spin really means the Spin(n + 1) for the Eu-
clidean rotational symmetry group and the Spin(n, 1) for the
Lorentz rotational + boost symmetry group. We denote “ 1o
mean equal up to a mod n relation and also equal up to a
coboundary df. We will use the group N x,, o G to describe
the extension of a group G by an Abelian group N via

Il > N—->NXpoeG—>G—1,

which is characterized by e; € H*(G; N) of the second coho-
mology class, where N is an Abelian group with a G action
via o : G — Aut[N]. We will also use G; xy G2 = % to
define as the product group of G; and G, modding out their
common normal subgroup N. Other mathematical conven-
tions and definitions (such as Stiefel-Whitney class) can be
found in Appendix B. We provide many Appendixes on the
toolkits of cochain, cocycle, cohomology, characteristic class,
and cobordism.

Dynamical gauge fields are associated with the gauge
connections of gauge bundles that are summed over in the
path integral (or partition function). Background gauge fields
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are associated with the nondynamical gauge connections of
gauge bundles that are fixed, not summed over in the path
integral. We will distinguish their gauge transformations: for
dynamical fields as dynamical gauge transformations, for
background fields as background gauge transformations, see
Appendix J.

In this work, the anomalous gauge theory merely means
its partition function alone is only noninvariant under back-
ground gauge transformations (but still invariant under
dynamical gauge transformations), namely, the anomalous
gauge theory with only 't Hooft anomaly of the global
symmetry [60] can still be well defined on the boundary
of one-higher dimensional invertible topological phase. The
cancellation of background gauge transformations between
the bulk and boundary theories are known as the anomaly
inflow [61].

II. BRANCH-INDEPENDENT BOSONIC SYSTEM AND
GENERIC LATTICE BOSONIC SYSTEM

In this work, we are going to use cochains on a space-time
simplicial complex as bosonic fields. In order to construct
the action S in the path integral, using local Lagrangian term
on each simplex, it is important to give the vertices of each
simplex a local order. A local scheme to order the vertices
is given by a branch structure [10,62,63]. A branch structure
is a choice of orientation of each link in the complex so that
there is no oriented loop on any triangle (see Fig. 1). Relative
to a base branch structure, all other branch structures can
be described by a Z-valued 1-cochain s (see Appendix A 6).
After assigning a branch structure to the space-time complex,
we can define cup product <> of cochains that depend on the

branch structure s. For the base branch structure s = 0, we
abbreviate > by —.

We find that for two cocycles, f and g, f <~ g— f — gis

coboundary, that depends on s, f, g. Let us use dv(s, f, g) to
denote such a coboundary (for details, see Appendix A 6):

f=gt+dvis. f.9=f—s &)

Using derivative and cup product of the cochains, we can
construct a local action S. So, in general, the action amplitude
e~5 may depend on the choices of the branch structures.

A. Branch-independent bosonic (BIB) system

Now we are ready to define the branch-independent
bosonic (BIB) system: A branch-independent bosonic system
is defined by a path integral on a branch space-time sim-
plicial complex, such that the value of the path integral is
independent of the choices of branch structures, even when
the space-time has boundaries.

Let us give an example of branch-independent bosonic
system. The bosonic system has two fields: a Z,-valued 1-
cochain field a%2 and a Z,-valued 2-cochain field 522, which
give rise to the following partition function:

7 - Z eirrst(W§+daZZ)3/(W§+deZ)

a?2 p22

x eirr faM5 v(s,wEeraZZ,w’;erbZZ)’ (2)
where )z, ,z, sums over all the cochain fields. The summa-
tion Y z, bz,z in the path integral is known as a summation of
degrees of freedom. Here, the w;, is the nth Stiefel-Whitney
cocycle computed from a simplicial complex M°> with a
branch structure s, as described in [64] and in Appendix F.
The cocycle w; is a representation of the Stiefel-Whitney
class w,(TM) of the tangent bundle (T M) of the space-time
manifold M.* We omit the normalization factor here in the
partition function (2).

Let w, be the Stiefel-Whitney cocycle for the base branch
structure: w, = w'=C. In general, w’ depends on the branch
structure s on M>. However, WS — w,, is a coboundary:

W, = W, + dv,_1(s). 3

We can show that (2) is independent of branch structure s.
First, from the definition of v, with a bulk M but without any
boundary oM 5 we have

203
aZ2 bZ2

_ Z eiﬂst (W§+du22)(wg+db22)' )

a?2 pZ2

eirr Jyys Wi+ da?2 y—(wi+db?2)

In this paper, we abbreviate the cup product for the base
branch structure f — g as fg. From the relation between w;
and w,,, we have

7 — Z ei™ s [wa+ dv (s)+da?2][ws+d vy (s)+ db?2]
a?2,b%2
Z eiﬂj}vﬁ (Watda?2)(ws+db?2) (5)

a?2 b%2

We see that the partition function (2) is indeed independent of
branch structure.

The partition function for a generic bosonic system on a
space-time complex M in a quantum liquid phase has a form

Z(M) = e 5" 7P (M) (©6)

in a thermodynamic limit, where S = f  energy density is
the nonuniversal volume part, and Z'?(M) is the universal
topological partition function (i.e., the topological invariant)

“Here we treat w, as the Stiefel-Whitney cocycle. In contrast,

the mathematical definition of Stiefel-Whitney class as cohomology
class and characteristic class w, is given in Appendix B. Because
the cohomology class is also a cocycle, so we may also abuse the
notation to write Stiefel-Whitney class w, in terms of cocycle w,,.
A cohomology class is an equivalence class that has many repre-
sentatives; any elements in the equivalence class are representatives.
The w, is Stiefel-Whitney class, also it can be referred to as Stiefel-
Whitney cocycle when we choose a representative w,,; the w, is a
Stiefel-Whitney number only when 7 is the top space-time dimen-
sion.
The Stiefel-Whitney product cocycle w,w; is a representative of the
cup product of two Stiefel-Whitney classes (w, and wz). When the
w, w3 paired with the fundamental class, as f s WaWws, is called the
Stiefel-Whitney number.
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that characterizes the topological order. (The topological par-
tition function Z'P and its isolation are discussed in much
more details in Refs. [35,65,66].) For a branch-independent
bosonic system, the topological invariant Z'P(M) does not
depend on the branch structures on M, and possibly, nor the
framing of the space-time manifold in continuum limit. This
leads to the conjecture that the topological invariant Z'°?(M)
is a cobordism invariant [16,34,35] for invertible topological
orders in the branch-independent bosonic systems.

The above example (2) is exactly solvable when M> has no
boundary since the partition function can be calculated exactly

Z = 2NN i fys waws, (N

where N is the number of links (namely, 1-simplices that can
be paired with aZ?) and N; is the number of faces (namely,
2-simplices that can be paired with 5%2) in M>. Thus, the
summation )z, ,z, gives a 2VM*Nr factor. After dropping

the nonuniversal volume term =5 = 2N+N; , we see that the
topological partition function is given by

Zlop(Mﬁ) — eiﬂj;‘/ﬁ W2W3. (8)

The nontrivial topological invariant e'™ Jus waws suggests that
the bosonic model (2) realizes a nontrivial topological order.
The topological order is invertible since the topological in-
variant is a phase factor for any closed space-time M>. We
will refer such an invertible topological order as the w,w3
topological order.

B. Generic lattice bosonic (GLB) system

We also like to define a concept of generic lattice bosonic
(GLB) system, as a bosonic system on a spacetime simplicial
complex, whose path integral may or may not depend on the
branch structures. Indeed, when we define a generic lattice
bosonic system, the local branch structure of space-time com-
plex is given, and the definition may depend on the choices of
the local branch structure.

Let us give an example of a generic lattice bosonic system,
that happens to have “no degrees of freedom.” Here “no de-
grees of freedom” means that there is only one term in the path
integral, and also means that there is only one state |0); per
single site j. By definition, the ground state of such a system
is a trivial tensor product state ®;|0); (or, simply, a product
state). Since the generic lattice bosonic system may have an
action that depends on the branch structure on the space-time
complex M>, we can choose the action amplitude to be

. s
— i Wi—W5 -
e S e Sys Wi EIRES Joms v(s.W3.W5)

— ei”f/vﬁ W3~ w3 — eirr Jus Wiwg. )
This is possible since a branch simplicial complex fully de-
termines the cup product and the cocycles w; that represent
Stiefel-Whitney cohomology classes [18,67]. The w;, depends
on the branch structure and different choices of branch struc-
tures s can only change w by a coboundary. Thus, when M?
has boundaries, the action amplitude ¢’ Jus ¥2% will depend
on the branch structure. So, such an action amplitude is only
allowed by generic lattice bosonic systems.

Since there are no degrees of freedom, the path integral is
only a summation of one term and the topological partition
function is given by the action amplitude

Z[Op(MS) — eiﬂfM5 W’EWE' (10)

This implies the following:

In generic lattice bosonic systems (GLB), a cobordism
invariant e’™ Jus ¥2% can be realized by a system with no
degrees of freedom, and corresponds to a trivial tensor product
state with no SPT nor topological order. Here “no degrees
of freedom” means that there is only one term in the path
integral, and also means that there is only one state |0); per
single site j. So, the Hilbert space only contains a single tensor
product state ®;|0); for all sites.

In contrast, note the following:

In branch-independent bosonic systems (BIB), a cobor-
dism invariant ¢! Jus ¥2% cannot be realized by a system with
no degrees of freedom, and thus corresponds to a nontrivial
invertible topological order.

In other words, we can smoothly deform the topological or-
der characterized by e’ Jus w2%s into a trivial product state in
the parameter space (or landscape) of generic lattice bosonic
systems, but such a smooth deformation path does not exist
in the parameter space (or landscape) of branch-independent
bosonic systems. The smooth deformation is defined as the
continuous and differentiable tuning of any coupling strength
of Lagrangian or Hamiltonian terms in the parameter space,
that do not cause any phase transitions.

To construct the above-mentioned smooth deformation in
the parameter space of generic lattice bosonic systems, let us
consider the following generic lattice bosonic system:

7 — Z o Jus (Wt da®2)(watdb®2) ,=U [ys la®2P+[b%2|? (11)
- ’

a?2 p22
where

/5|a22|252 a2, / 7P =3 b5 (12)
M

@y (ijk)

Changing U leads to the smooth deformation. When U = 0,
the path integral (11) is (2). In the limit U — oo, the path
integral (11) becomes (10). The path integral (11) is still
exactly solvable when M has no boundaries

7 = Z ol Jys W2t da®2)(wWs+db?2) U [yys la®2P+(b72 ]2
a?2,b%2
=1+ e*U)N,+Nfetan5 waws (13)

The system is gapped, namely, with a short-range correla-
tion for any values of U. So the deformation from U = 0 to
U = 400 is a smooth deformation that does not cause any
phase transition. This is why a w,ws topological order and
a product state belong to the same phase for generic lattice
bosonic systems. Crucially, here our discussion applies to the
Stiefel-Whitney class only because the Stiefel-Whitney class
has a local expression in terms of a branch structure (see
Appendix F). Other topological invariants (such as fermionic
eta invariants) may not have local expressions, and may not
be written in this form (13), thus cannot have a smooth
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deformation to a trivial state. Namely, other topological in-
variants may not be trivialized by a branch structure.

From the above discussion, it is clear that invertible
topological orders have different classifications for branch-
independent bosonic systems and for generic lattice bosonic
systems. However, the two kinds of invertible topological
orders are still related. Let TP denote a classification of “topo-
logical phases” following the notation of Freed-Hopkins [16].
Let TP,(BIB) be the Abelian group that classifies the
topological phases invertible topological orders for branch-
independent bosonic (BIB) systems. Let TP;(GLB) be the
Abelian group that classifies invertible topological orders for
generic lattice bosonic (GLB) systems. Since invertible topo-
logical orders for branch-independent bosonic systems can
also be viewed as invertible topological orders for generic
lattice bosonic systems, we have a group homomorphism

TP,(BIB) %% TP,(GLB). (14)

Since invertible topological order characterized by Stiefel-
Whitney classes all become trivial for generic lattice bosonic
systems, the map py; sends all the Stiefel-Whitney class to
zero in the topological invariant. The map p, is not injective.
The map p,; may also not be surjective. So it may only tell
us a subset of invertible topological orders for generic lattice
bosonic systems. In the rest of this paper, we will mainly
concentrate on branch-independent bosonic systems and its
w, w3 invertible topological order.

C. Lattice bosonic systems with time-reversal symmetry

The above discussion can be easily generalized to bosonic
systems with time-reversal symmetry, defined via path inte-
grals on a space-time lattice with a real action amplitude ¢~>.
In order words, we restrict ourselves to consider only the real
action amplitudes ¢~5, as a way to implement time-reversal
symmetry,

The simplest bosonic invertible topological order with
time-reversal symmetry (or time-reversal SPT order) ap-
pears in 2d and is characterized by the topological invariant
(=) ¥ on a closed space-time M?2. A branch-independent
bosonic model that realizes the SPT order is given by

7 = Z(_)sz(Wﬁdgzz)z’ (15)

e

where Zgzz sums over all Z,-valued 0-cochains gZ> and the

space-time M? can have boundaries. The branch indepen-
dence is ensured by the invariance of the action amplitude
(—)Iw21+ds2)" ynder the following transformation:

wi — wi +dvy, g7 — g% + vy, (16)

even when M? has boundaries.
We also have a generic lattice bosonic model given by

7 = Z(_)sz(wl-s-ngz)z U |2 |g22|2‘ (17

e

The model has the time-reversal symmetry since the action
amplitude is real. The model is exactly solvable when M? has

no boundaries, and has the following partition function:
Z =+ el (18)

where N, is the number of the vertices in the space-time
complex M?. Since the partition function only depends on the
area of space-time M?, but does not depend on the shape of
space-time M?, the model (17) is gapped (i.e., has short-range
correlations) for any values of U. There is no phase transition
as we change U.

When U = 0, the model (17) becomes (15) and realizes the
time-reversal SPT order characterized by topological invariant
(_)fM2 ", When U = 00, the model (17) becomes a model
with no degrees of freedom which must correspond to a trivial
tensor product state. We see that, for generic lattice bosonic
models with time-reversal symmetry, the time-reversal SPT
order characterized by topological invariant (=) ¥ and the
trivial tensor product state belong to the same phase. This
result suggests that the bosonic invertible topological orders
with time-reversal symmetry (i.e., with real action amplitudes)
for generic lattice bosonic systems are not classified by un-
oriented cobordism (i.e., manifolds with orthogonal group O
structures).

III. BOUNDARIES OF w,w; INVERTIBLE
TOPOLOGICAL ORDER

A. Branch independence and background gauge invariance

In the last section, we studied a 5d branch-independent
bosonic model on space-time complex M? defined by the path
integral (2). That path integral can be simplified by using the
base branch structure to define the cup product:

Z= Y o (wrdam)onar, (19)

a?2 ,b%2

When M? is a closed manifold with no boundary, the above
path integral gives rise to a topological invariant (also known
as a cobordism invariant) e‘™ Jus W2%3_In this section, we con-
sider the case when M> has a boundary. We shall obtain the
possible boundary theories for the wow3 topological order.

One might guess that, when M> has a boundary, the parti-
tion function is still given by Z(M°) = e'™ Jus W3 Tf this was
true, we could conclude that the boundary is gapped since the
partition function Z(M3) = ¢'™ Jus ;¥ does not depend on
the metrics on the boundary B* = dM>. [A gapless system
must have a partition function that depends on the metrics
(i.e., the shape and size) of the space-time.]

Such a gapped boundary is possible for generic lattice
bosonic systems, but it is impossible for the branch-
independent bosonic model (19). This is because the partition
function in (19) is independent of the branch structure on
M? even when M has boundaries, while our guess Z(M>) =
i Jus Wi depends on the branch structure since

wy =wy + dvi(s), Wi = w3+ dua(s). (20)

Thus, e'™Jus ¥a% cannot be the partition function of (19)
which must be independent of the branch structure.

Due to (20), we see that we can encode the branch-
structure independence, via the invariance under the following
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transformation:

Wy, = Wy + dvy, w3 —> w3 + dus. 21

Thus, the branch independence of (19) can be rephrased as the
invariance of the path integral

Z= Y i Jys (Wort-da?2)(wa+db?2) (22)

a?2 b%2

under the above transformation (21), even for space-time M>
with boundaries. We refer to (21) as a “background gauge
transformation,” which is a change in the parameters in the
Lagrangian rather than a change in the dynamical fields in
the Lagrangian. See the comparison between “background
gauge transformation” and “dynamical gauge transformation”
in Appendix J.

In the following, we will use the background gauge in-
variance under (21) to ensure the independence of branch
structures. For the branch-independent bosonic model (22),
the boundary must be nontrivial. We may assume the bound-
ary to be described by

Z(MS) — Z e Jus Waws— [oys Lonary (§,w2,w3) (23)
¢

The boundary Lagrangian Lyngry is not invariant under the
background gauge transformation (21), which cancels the
noninvariance of wows in e’ 7 Jus %2%s when M® has bound-
aries. This cancellation of noninvariances of the bulk and
boundary theories is actually the idea of anomaly inflow [61].

B. 4d Z, gauge boundary of the w,w; topological order

In this section, we are going to explore the possibility that
the boundary Lagrangian Lpnary describes a Z, gauge theory,
more precisely the dynamical Spin structure summed over in
the path integral.

1. Effective boundary theory

A 4d Z, gauge theory can be described by Z,-valued
l-cochain a% and 2-cochain b%> fields (for example,
see [65,68,69]) with the following path integral:

7 — Z ein Jot aZ2 L dp?2 ei”faﬂ“ V(s,a%2, db%2)

a?2 b%2
: z z
i [4 a2 —db?2 : Zy g1Z,
— § fb‘ — § elrrfB4a db , (24)
a?2 ,b%2 a?2 b%2

where )"z, ,z, is a summation over Z,-valued 1-cochains a%2
and 2-cochains 572 on B*. But, such a theory is invariant under
the background gauge transformation (21), and cannot cancel
the noninvariant of e Jus W2%3

We can add coupling to w, and wj to fix this problem and
obtain the following boundary theory (with the bulk topologi-
cal invariant included):

Z(M?, B* = aM>)

=

a%2 ,b%2 on B*

; ; Zy 117 z z
elzr st WaWs3 i T f54a 2 db*2+a"2 wi+wab 2.

(25)

Indeed, such a partition function is independent of the branch
structure since it is invariant under the background gauge
transformation (21). To see this point, we note that the change
in w, and w3 can be absorbed by aZ> and »%>. In other words,
the action amplitude e/ Jus W2%s o7 fyys a®2 db®2+a®2ws +wab® g
invariant under the following generalized transformation:

a”? > a® + vy, b7 — b2 + vy,

Wy — W + dvy, W3 —> w3+ dus. (26)

So (25) is a boundary theory of the branch-independent
bosonic theory (22).

In fact, we can obtain (25) directly from (22) by assuming
M? to have boundaries and not adding anything on the bound-
aries:

23

a?2,b%2 on M*
by ATb . : Zy 11754 7 z
— 2N, +N;§ :ezrrfm waws i Jpt a®2 db*2+a%2wi+wb 2’ 27)

a%2,b%2 on B*

o7 Jus (Wt da®2)(ws+db*2)

where N2b and N l? are the number of links and faces in M? that

are not on the boundary dM>.

Both (24) and (25) describe some kinds of Z, gauge theo-
ries. However, the two Z, gauge theories are very different.
Equation (24) is anomaly free and can be realized by a
branch-independent bosonic model in 4d. In fact, (24) itself
is a branch-independent bosonic model in 4d that realizes the
anomaly-free Z, gauge theory. On the other hand, (25) has
an invertible gravitational anomaly. It can only be realized as
a boundary of 5d invertible topological order. In our exam-
ple, (22) is a branch-independent bosonic model that realizes
the 5d invertible topological order, and (25) is a boundary
theory of of the 5d model (22).

Due to different gravitational anomalies, the two Z, gauge
theories (24) and (25) have different properties. In the Z,
gauge theory (24), the Z, gauge charge is a bosonic particle
and the Z, gauge flux line behaves like a bosonic string. On
the other hand, in the Z, gauge theory (25), the Z, gauge
charge is a fermionic particle and the Z, gauge flux line has
certain fermionic nature.

To see the above result, we include the world line of 7,
gauge charge and world sheet of Z, gauge flux into the bound-
ary theory (25):

Z ein st WoW3 einf34 a?2 db%2 +a%2 wi+w,b%2
a?2 ,b%2
x ein Sy Ba%2+s5,b%2 i (28)
where /3 and s, are Z,-valued 3- and 2-cocycles which cor-
respond to the Poincaré dual of the world line and the world
sheet. But the above action with the world lines and world
sheets is not invariant under the transformation (26), and
thus is not a correct boundary theory for branch-independent

bosonic systems. We may fix this problem by considering the
following modified boundary theory:

. Ty T z z
E : elnst WZW3et7er4a 2 db*2+a“2 w3 +b“2wy
a?2 ,b%2

x e Jp ba®2+s2b®2 pim [ys watsows (29)
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In the above, we have assumed that /3 and s, on the boundary
B* can be extended to the bulk M3 as cocycles. The invariance
of the above path integral under transformation (26) can be
checked directly.

But the above expression also has a problem: It depends on
how we extend /3 and s, on the boundary B* to the bulk M.
To fix this problem, we propose the path integral

7 — 2 ein Jyys Waw3 ein Sy a?2 db%2 +a%2 wi+wrb%2
a?2 b%2

> ein Sy Ba%2+s5,b%2 eiﬂ Jys SAl+3Wa+Sq? Basa+s2w3 . (30)

that is fully invariant under the transformations in (26). Here
Sq is the Steenrod square (A20) and B, is the generalized
Bockstein homomorphism (A9) that acts on cocycles (see
Appendix A for details).

Let us first show that the term e!™ Jus S +1watS* fasa-+sows
only depends on the fields on the boundary B* = dM?, so that
the above path integral is well defined. To do so, we note that,
according to Wu relation for a Z,-valued cocycle x;_, in the
top d dimension on the complex M¢,

Sq"X4n = UpXg_n, 31)

where u, is Wu class:

)
a

. 2,d 2d D
up=1, wu =wy, Uy = Wi + wp,
2.d 2.d 4 2
Uz = WiWp, Uy = W[+ W; + W W3+ Wy,
2d 3 2 2
Us = WiWy + WiW5 + WiW3 + W Wy,
2d 2 2 3 2 2
Ug = WIW5 + WiW3 + W WoW3 + W3 + WiW4 + WoWy,
2,d 9 2
U7 = WiWoW3 + WiW3 + Wi WWy,
2d 8 4 2.2 2 2
Ug = Wi + W, + Wiwz + Wiwowy + Wiwiwy + Wy

+ w?w5 —+ Wiws + W%W6 + WoWeg + W1W7 + Wg.
(32)

From (31) and (32), we can show that Sq’l3+ lsw»
is a coboundary on oriented M’ with w, 20. Thus,
ei™ Jys STh+hw2 only depends on /3 on the boundary B* =
M.

The term e!™ Jus S€5+5% makes I3 on the boundary to
be a fermion world line via a higher-dimensional bosoniza-
tion [17,65,70-72].> (For details, see Appendix C.) In other
words, the anomalous Z, gauge theory on the boundary has a
special property that the Z, gauge charge is a fermion.

There is another way to understand why the Z, gauge
charge is a fermion. The w, w3 topological order, as a bosonic
state, can live on any five-dimensional orientable manifold
with a SO(5) connection for the tangent bundle. One way

SHigher-dimensional bosonization here especially in [71] means
to use the purely bosonic commuting fields (i.e., cochains) with
only Steenrod algebras (but without using Grassmann variables) to
represent the fermionic systems with the fermionic parity symmetry
sz The fermionic system here may be regarded as a system with
emergent fermions living on the boundary of bosonic topological
order. See Appendix K for a summary.

to obtain a gapped boundary of wpwj; topological order is
to trivialize w, for the SO(5) connection on the boundary.
Such a trivialization can be viewed as a group extension
Spin(5) = Z, Xy, SO(5) via

1 — Z, — Spin(5) — SO(5) — 1. (33)

This is consistent with the fact that the Spin manifold is nec-
essary and sufficient condition for its second Stiefel-Whitney
class w, = 0 for its tangent bundle. Trivializing w, on the
boundary can be thought as promoting the SO(5) connection
in the bulk to a Spin(5) connection on the boundary, where
Spin(5) is a Z, central extension of SO(5). This implies that
the boundary is described by a twisted Z, gauge theory, where
the Z, connection 1-cochain a?2 satisfies

2

da® = wy, (34)

instead of da”> = 0. The above relation can be obtained
from (25) by integrating out 5% first. In this case, the 7,
charge couples to the Spin(5) connection on the boundary,
instead of Z, x SO(5) connection. So the Z, charge carries a
half-integer spin representation of the space-time Spin group
if we interpret the extended normal Z, as the fermion parity
7} in (33) as

1 — 7§ — Spin(5) — SO(5) — 1. (35)

The odd Z, gauge charge in (33) is also the half-integer spin
representation of Spin group, which is also odd under the
fermion parity Z£ in (35). Then, according to the usual lattice
belief in terms of the space-time—spin statistics relation, the
half-integer spin representation of this Z, gauge charge is also
a fermion. The Spin structure, which contains the emergent
fermion parity Z{ on the boundary, is also called the emergent
dynamical Spin structure [44].

However, a 4d Z, gauge theory with a fermionic Z, gauge
charge may not have gravitational anomaly since such theory
can be realized by a 4d bosonic model

7 = Z ol I bZZ(Wz-HIaZZ)' (36)
a?2 pZ2

The action amplitude is invariant under the following trans-
formation, even when B* has boundaries:

azz—>azz+v1, b2 — p%2, Wy, = Wy + dvy. (37)

After including the world line of Z, charge and the world
sheet of Z, flux, the above becomes

2= ¥

a?2 b%2 on B*

ei]r jB4 a2 db%2 +b%2w,

. . 2
x ezrrfB4 la%245,b%2 el Jus Sq l3+13W2, (38)

which is the path-integral description of the anomaly-free Z,
gauge theory with fermionic Z, charge [59].

Therefore, the Z, flux line must also have some special
properties as a realization of the anomaly in the Z, gauge
theory (25). Let us first show that Sq2ﬂ2S2 + s,w3 is also a
coboundary on M>. Using

Sq'x = Box, Sq'(wW) Ewiw; +(— Dwjpr, (39
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we find that

Baws = Sq'wy = wiws + ws. (40)
Noticing w; = 0, we find that

$2W3 Z 5:0Wr = Wafass + Ba(Was2) = Wafasy.  (41)

The first equality uses (40), and the second equality
uses the chain rule. The third equality uses B;(Wzs2) <
Sql (W287) £ W W2S2 =0, where we have also used the
Wu relation (31) and w; = 0. Now, according to (41), we
have w2852 + soW3 % 0. Then, using (31) and w; =0, we
have Sq2,32sz + sHwW3 £ 0, and qu,stz + Wy B2 ) Thus,
e Jus STPrsrtews and i Jus ST Pstwaban only differ by a
surface term on B* = dM>. Also, e!™ Jus STA5:+%2852 jtself is
a surface term on B* = aM°.

The term ¢! Jus STAs2+w2P2s2 makes B2s> on the boundary
to be the Poincaré dual of a fermion world line via a higher-
dimensional bosonization [17,65,71]. We note that if the 2d
world sheet for the Z, flux loop is orientable, then its Poincaré
dual s, is a Z-valued 2-cocycle, thus, s, € Z%2(M?; 7). In this
case 35, = %d s, = 0 because the cocycle condition imposes
dS2 =0.

Therefore, a nontrivial 8,5, comes from an unorientable
2d world sheet.® On an unorientable world sheet, we have a
world line that marks the reversal of the orientation, whose
Poincaré dual is 8,s;,. So, such an orientation-reversal world
line corresponds to a fermion world line.

In other words, the anomalous Z, gauge theory (25) on
the boundary has a special property that an unorientable
world sheet of the Z, flux carries a noncontractible fermionic
world line. Such a fermionic world line corresponds to the
orientation-reversal loop on the unorientable world sheet.

2. Trivialization picture

We have used the trivialization picture to understand the
half-integer spin and the Fermi statistic of the Z, charge.
Can we use the similar trivialization picture to understand the
above “fermionic” properties of Z, flux lines?

In the above we have associated the Fermi statistic of
the Z, charge (described by I3 in space-time B*) with the

6Although we require the oriented and orientable special orthog-
onal SO symmetry for this 4d boundary and 5d bulk theory, we
do allow unorientable world sheets on 2d submanifolds. Earlier we
wrote for oriented world sheet s, € Z*>(M?; Z) with the topological

term
el Jus Sq?Brs2+WaPasr — i Jus Sq2Bas2+W3s) ) (42)

However, for unorientable world sheets s, € Z>(M?; Z,), we can use
Steenrod square Sq' to rewrite the above equation as

ein fM5 Sq%Sq's3+wSq' s — ein fM5 Sq%Sq's3+w3sy . (43)
In Appendix H, we prove a generalized Wu relation
Sq*Sq'xg-3 = (W] + W3)xy 3 (44)

on a manifold M? where w; is the Stiefel-Whitney class of M?.

topological invariant

. z . 2
elﬂjB4 La 2+zan5 Sq 13+13W2, B4 — 8M5, (45)

expressed in one higher dimension M>. Similarly, we can
associate the “Fermi statistic” of the Z, flux line (described
by s, in space-time B*) with the topological invariant

eir[ fB“ 52b22+iﬂ fMj qusq152+52W3 B4 — 3M5 (46)

To gain a better understanding of the “Fermi” statistics of Z;
charged particle and Z, flux line, we like to express topolog-
ical invariants in the same dimension rather than one higher
dimension.

We start with the path integral (25) describing the Z,
boundary of the w,ws invertible bosonic topological order.
Then, we add the world line for Z, charge and worksheet for
7, flux line. But here we assume the world line and world
sheet are boundaries. Thus, their Poincaré dual’s /5 and s, are

coboundaries
l3 = dl~2, Sy = d3‘1. (47)

Adding the world line for Z, charge and worksheet for Z, flux
line to the boundary space-time B*, we obtain the following
path integral:

7 — E ei:‘[ﬁm WoW3 ei?‘[ jB‘l a%2 db22+dZZW3+hZZW2
a2, b%2
X ei”.f/;4(dl~2)dzz+(d31)bzz ) (48)

But, the new term breaks the invariance under (26), which to
ensure the branch independence. To fix this, we consider

7 = § : eirr Sogs Waws3 eirr Jp4 a%2 dbP2+a%2wi+bP2w,
a?2,b%2

% i Jp(dD)a%2 4wy +(ds b2 451 w5 (49)
However, the fix causes another problem: I and I, + I, de-
scribed the same world line if 7, is a Z,-valued cocycle; 5
and 5; + §; described the same world sheet if 5; is a Z,-valued
cocycle. Therefore, the path integral must be invariant under
the following transformations

T T T T 2
lg — lg+lz, dlz =0;
51 —> 8145, ds 0 (50)
To have such an invariance, we consider
7 — 2 eiﬂj}vﬁ WoW3 einﬁﬂ a?2 db%2 +aZ2 wi+b%2w,
a?2 b%2

« eirr_fB4(dfz)LJZZ+TZWZ+SQ2TZ+(dSI)bZZ+31W3+quSq]§1’ (51)

where Sqg" is the generalized Steenrod square introduced

in [71], which acts on cochains and is defined in (A21). Sqg” is

equal to Pontryagin square mod 2 when acting on n-cochains.

Thus, the generalized Steenrod square S¢” is in general not the

same as the convention Pontryagin square studied in [73,74].
Using (A29), we find

(L +DLywy +S* (b + b) = (b + b)wy + Sa*h + So*hy
= (b + L)ws + Sl 4+ wol, = Lw, + SoPh, (52)
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where we have used S¢?l, = Sq*l = (wa + w?)l and w; =

0 for B*. This allows us to show the invariance of the path
integral (51) under I, — I, + I,.
Similarly, using (A29) and (A29), we find

(5 +351)ws + So°Sq' By + 51)
= (51 + 5)ws + 56°5q'51 + Sa?Sa's
= 5 ws +550'wa + Sg7Sg'5; + waSq'5, (53)

where we have used Sq1W2 = w3 when w = 0. Using (A33)
and (A9), we have

5150'Wa + w2Sq'5) = 51 faws + Wa a5

= (BaW2)51 + Waas) = Ba(Wa51) = 0. (54

Therefore,
(51 +51)w3 + 56°Sq' 51 + 51) = 5,w3 + 56°5q'5;. (55)

This allows us to show the invariance of the path integral (51)
under §; — §; + 5;. Thus, (51) is a correct boundary theory
for w,wj topological order.

Let us examine the I, terms in the theory. The term
¢! Ir S’L | quadratic in b, gives the Z, charge (described by
I3 = dl,) a Fermi statistics. The accompanying linear term
i7 s W2ba gives the Z, charge a half-integer spin, which is
associated with the statement that fermion is related to the
trivialization of w, (for details, see Appendix C).

Now let us examine the §; terms. Due to the very similar
structure, we can say that the term e™ /i 54’54’51 gives the
Z; flux line (described by s, = d5;) an unusual statistics. We
may also say that the accompanying linear term el Jp Wi
is associated with the trivialization of ws. So, the unusual
statistics of the Z, flux line is associated with the trivialization
of ws, just like the Fermi statistics of a particle is associated
with the trivialization of w,.

One way to characterize the unusual statistics of the 7,
flux line is to notice that d(Sg'5;) = Sq' d5; = Sg's» = Bass
describes the Poincaré dual of the orientation-reversal line of
the world sheet of the Z, flux line. So the orientation-reversal
line of the world sheet behaves like a fermion world line due
to the term S¢?(Sq'5)).

From the relation S,w; = wj, we see that the trivialization
of w; on the boundary also implies a trivialization of wj3. The
world sheet s, of the Z, flux line couples to a 2-cochain b2
via e/™ s 25™ [see Eq. (30)]. For our anomalous 7, gauge
theory, the wj is trivialized as a coboundary via the split into
a lower-dimensional cochain %2, namely,

db” = ws. (56)
Such a relation can be obtained from (25) by integrating out

a” first. But, (56) is not independent from (34) because w3 =
SqlW2.

To summarize, (1) the (4+1)d invertible topological order
has a boundary described by a dynamical Z, gauge theory
with gravitational anomaly; (2) in the continuum limit, the
gauge charge transforms as Z, x,,, SO(o0) = Spin(oco) under
the Z, gauge transformation and space-time rotation; (3) such
a Z, gauge charge is a fermion in the spin statistics; and (4)
the orientation-reversal world line on the unorientable world
sheet of Z, flux loop is a fermion world line, but, such a
fermion world line does not carry the Z, gauge charge.

3. A physical consequence of the fermion-carrying 7, flux
world sheet

In a usual anomaly-free Z, gauge theory, if we proliferate
the Z, flux world sheets in space-time, we will get a new
gapped state, which corresponds to a confined phase Z, gauge
theory with no topological order. Why can proliferating the Z,
flux world sheet give rise to a gapped state? This is because
the path-integral amplitude for the Z, flux world sheets is
positive. If the surface tension of the world sheet is zero,
the equal-weight superposition of the world sheet leads to a
short-range correlated state.

For the anomalous Z, gauge theory on the boundary of
wows topological order, the path-integral amplitude for the
Z, flux world sheets is no longer positive. It contains a £
sign from the braiding of the fermionic world lines carried
by the unorientable world sheet. In this case, we are not sure
that the proliferation the Z, flux worldsheets can give rise
to a gapped Z, confined state. This result is consistent with
our expectation that the anomalous Z, gauge theory at the
boundary of the wows topological order cannot have a trivial
confined phase.

If we only allow orientable world sheets of the Z, flux
lines, then the path-integral amplitude for those orientable
world sheets can be all positive. We can have a phase where
the orientable world sheet proliferates. But, the proliferation
of orientable world sheet gives rise to a U(1) gauge theory,
instead of Z, confined phase. Such a U(1)/ gauge boundary
of the w,wj topological order will be discussed in the next
subsection.

C. 4d U(1)/ gauge boundary of the w,w; topological order

The anomalous Z, gauge theory is only one possible
boundary of the wyws topological order. In this section, we
will discuss another boundary: a U(1) gauge theory with
gravitational anomaly. To obtain such an anomalous boundary
U(1) gauge theory, we first rewrite the topological invariant

2 1
WoWs3 = szq Wy as
Zlop(MS) — eirr_fM5 w2Sq' ws

— eirrfM5 wafawa eirrfM5 wz%dwz’ (57)

where we have used Sqlwz £ Bow, [see (A33)] and Bow, =
1dw, [see (A9)]. In (57), both (w2)(B,w>) and (w2)(3dw>)
pair between the Z, valued w; and the Z valued (B,w,) or
(% dw,), which altogether can be well defined in the Z, value.

We find that if M> has a Spin‘ structure, then Sq'w, =
Sq'(c; mod 2) = 0, thus Bows = 0 and Z°P(M3) = 1 (see a
proof in Appendix D 1’s Remark 3). Thus, the wows is not a
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cobordism invariant for the Spin® structure. In this case, the
SO(co) connection on M> can be lifted into a U(1)/ x

SO(0c0) connection. The U(1)" implies that

1
W2

vy o7

contains the fermion parity as a normal subgroup. Here
U Xy, SO(0c0) is the U(1)’ extension of SO(c0) char-

acterized by 1w, € H*[BSO(c0); R/Z].
Such a group extension to a total group Spin® = Spin xz,

. : ;o
Uy = Spm;—lf}(l) via the short exact sequence
2

1 = U(1)Y — Spin‘(5) — SO(5) — 1 (58)

implies the wows in SO is trivialized in Spin‘. The Spin®
structure, which contains the emergent U(1)/ D Z{ on the
boundary, is also called the emergent dynamical Spin® struc-
ture [44].

The above discussions also imply that the w,w3 topologi-
cal order has another boundary described by a U(1)/ gauge
theory with gravitational anomaly. To write such a U(1)/
gauge theory, we start with a 5d branch-independent bosonic
model that realizes the w,ow3 invertible topological order:

7 = Z i s wat2da™ 7 (Brwat-db?) (59)

aR/zt pz

The brunching independence is ensured by the invariance of
the above path integral under the following dynamical gauge
transformations (o) and background gauge transformations
(v and vy):

R/Z/

a —>aR/Zf+da0+%v1, bZ—>bZ+v2,

Wy — Wy — dvl — 21)2,

Bows — Baws — Bodvy — dvy = Bowy — dvs. (60)

The v; € C'(M?;7) and v, € C3(M?;Z) are Z-valued 1-
and 2-cochains and «y € CO(B*; R/Z) is a R/Z-valued
function (i.e., O-cochain). Note that S,dv; =0 because
B = 1d, while Jv; € C'(M°,R/Z), and dd = d* =0 on
C' (M3, R/Z). Here, the gauge transformation of a®/Z’ is re-
lated to that of %aZZ where the gauge transformation of a?> is
in (26).

When M> has boundaries and after integrating out
a®'? p? in the bulk, we obtain the following boundary

theory:

7 :Z i Jys WaBawa 127 [4 a2 db? +aR1 ot Lwab?

ARzl pz

,,
x el e o1

where a®/Z" € C'(B*;R/Z) is a R/Z-valued 1-cochain’ and
b* € C*(B*;7Z) is a Z-valued 2-cochain.® We add a gauge-

invariant term e~ 28/s* |b+d“R/Zf+%W2|2, which will produce the
Maxwell term after we integrating out the b7 field. We find
that a small g leads to a semiclassical U(1)/ gauge theory.
Thus, the above describes a U(1)/ gauge theory,” with a
gravitational anomaly of wows.

In the presence of the 1d world line of U(1) electric
charge (i.e., Wilson line) and the world line of Uy magnetic

"Note that the isomorphism R/Z = U(1), however, we use R/Z
to emphasize the group operation is addition as in R/Z, instead
of multiplication in U(1). Also, we denote R/Z/ = U(1)/ > 7] to
include the fermion parity normal subgroup.

$First let us clarify why b%da®'? + (Byw>)a®'? + b (Lw,) is
well defined in R/Z valued, for the cup product between a Z-valued
cohomology class (e.g., here b%, B,w,, etc.) and a R/Z-valued co-
homology class (e.g., here da®/Z", a®/Z 1wy, etc.). Generally, for
z € Z and the equivalence class [x] € R/Z where the representative
x € R, we have that the definition z[x] = [zx] € R/Z is well defined
sinceif [x] = [y] € R/Z,thenx —y € Zandz(x —y) € Z.So [zx] =
[zy] € R/Z, thus, we prove that z[x] € R/Z is well defined. Thus,
we prove that b7 da®? 4 (ﬂzwz)a[R/Zf + bz(%wz) is well defined
in R/Z valued.

"We can motivate better about the 4d action [, 2 da®?
Schematically, without any other source or operator insertions in
the path integral, we have the equation of motion db? = 0. Al-
though the cocycle (closed) is not necessarily coboundary (exact),
locally we can write b%Z = dv®/Z since the bZ € C*(B*;Z) has
the integer-quantized electric flux, then v®/Z e C'(B*;R/Z/) is
the dual gauge field (the 't Hooft magnetic gauge field). Since the
pure Abelian U(1) gauge theory has the action da®Z" A x»da®/?%" =
*dVF/Z A dvR/Z" with the U(1) gauge coupling suppressed, we can
also regard bZ as the integer-quantized electric flux ¢fdvF/ 7z _
¢f * da®?' € Z on a closed 2-cycle, while b7 as the integer-

quantized magnetic flux ¢f » dv®/Z = ¢fda®?" € Z on a closed

2-cycle. Thus, in this special case, we may also treat |, B bZda®?

as [o da®¥? A xda®¥? = S *dV®Z A dvR7 By the Maxwell
equations, dda®? = d da¥? =0, so da is a harmonic form
(closed and coclosed) and the Hodge dual xda®Z = av®/Z’ is
also a harmonic form. By the Hodge theorem, each cohomology
class has a unique harmonic representative. So, Hodge star is an
isomorphism from the harmonic representatives of Hf,(M) to the
harmonic representatives of Hjz"(M), here we can take M = B*.
Poincaré duality says that («, 8) = fMoz A B is a perfect pairing
between Hj5,(M) and H}j*(M). So [,, & A xa > 0 for any nonzero
o and we can define [, ||* as [, & A *a. The sum of ||* on a
2-simplex over the space-time simplex is also the action |, e 2. For
a cohomology class «, the integral fM || is defined to be fM ||? for
any cocycle representative « of the cohomology class o In particular,
we can choose the harmonic representative. For a harmonic form c,
we have [, o> = [, & A*a since a A xa = |af®.
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monopole (i.e., 't Hooft line) on the boundary, the boundary
theory becomes

7 = § : ei” Jys WaBawa ei27r S a®rz! dbz+a[R/Zfﬂzwz+%wzbZ

aR/z! bz

: f
« e~ 38 Iy I+ da™ 4 pwoP?

 i2 Iy 572 S 2

. f f
17 s SIS ZHs ZwatSq? dng /4

dwy , (62)

X

where [5 Z is a Z-valued 3-cocycle, the Poincaré dual of the
Wilson line e $ @™/’ [the world line of the U(1)/ electric

charge], and nf /7 is a R/Z-valued 2-cocycle, i.e., it satisfies

™ =12, (63)

Here, IJ" is a Z-valued cocycle, which is the Poincaré dual of

the *t Hooft line i f v [the world line of U(1)’ magnetic
monopole] written in terms of the dual gauge field.!® We note
that nf 7 [of R/Z or U(1) value] in (62) is related to %sz
where s, (of Z, or Z value) appears in (30).1

The theory (62) is invariant under the gauge transforma-
tion (60). Also, the term

RrR/zf | R/zS

o7 Jus AL ZH Fwat S iy 40y dwy

only depends on the fields on the boundary B* = 9M°. Based
on the relation (63), this term can be also read schematically

o f | rR/zf
10Note that e!27 Js 1§ Za®/Z R

rewritten as

in (62) can be schematically

ei2n 184 5 Zam/zf+n[2R/Z/ dle/Zf

. z, Rzt R/Zf | R/ZS
— etZﬂfB4/§ aR®/ +(dn, Wi/

; z, R/zf z Rz
— etZﬂfB‘tlg a®/ +3' e / (64)

via bZ = dv®'? = »da®/?" . Hence, we can identify the Poincaré
dual of the Wilson line (a®/Z’) as 1¢Z, while the Poincaré dual of the
*t Hooft line (v®/Z') as me,

If we map nf/zf +> 152, both are R/Z valued, then we can map
between the expressions in (62) and (30):

1 1
qudnf/zf + nf/zf dw, — qudisz + Eszdwz

= 8q°Sq's> + £5q' Wy = Sq*(B252) + $2W3. (65)

as

o7 Jus (STHw U5 2412, (66)

This term makes the U(1)/ electric charge (Wilson line
el $o a2 as Poincaré dual of l;z) and the U(1)/ mag-

netic monopole (’t Hooft line e’ % v 45 Poincaré dual
of I 7y to be fermions, via a higher-dimensional bosoniza-
tion [17,65,71]. Thus, we show that the boundary of w,ws
topological order U(1)/ electric charge has the fermionic
statistics, the U(1)/ magnetic monopole has the fermionic
statistics, and their bound object U(1)/ dyon also has the
fermionic statistics. This is known as the all-fermion quantum
electrodynamics (QEDy).

Before ending this section, we like to write two bosonic
theories with no gravitational anomaly. The first one is given
by the following path integral:

7 — Z o127 Jyp @/ AbP—Lg [ bab
L,R/Z/’qbz

. ez Rz L R/Z 7
X 6127'[]34l3 a +n, b (67)

which is invariant under the following gauge transformation:

a[R/Zf — aR/Zf + day, v’ — b2, (68)

When g is small, the above bosonic model realizes a U(1)
gauge theory at low energies, where both electric charge de-
scribed by /5 Z and magnetic charge described by d ny RIZ are
bosons.

The second bosonic model is given by

7 =Z 0127 Jy &/ ab? 44 wab?

a[R/Z/ vz

% o= 38 b+ daE + Lo a(b+ da®/Z +4w)

. » f |, wrRzf . e e
« ezZJr Jpa 1§ Za®1% +n2/ bzem Jys SAIEZ+15 Zwy (69)

which is invariant under the following gauge transformation:
aR/Zf — aR/Zf + dog + %vl, v — b7,
wy — Wy — dvy. (70)

When g is small, the above bosonic model realizes a U(1)
gauge theory at low energies, where the electric charge de-
scribed by £ Z is a fermion, and the magnetic charge described

by dny ®'% is a boson.

IV. 4D BOUNDARY OF SU(2) OR OTHER SPIN(N)
INTERNAL SYMMETRIC THEORIES

So far, we have formulated two kinds of 4d boundary
theories of 5d wows: the 4d Z, gauge theories (where the
local Z, gauge field is more precisely the dynamical Spin
structure summed over in the path integral) and the 4d U(1)
gauge theories [where the local U(1) gauge field is more pre-
cisely the dynamical U(1) gauge connection of Spin¢ structure
summed over in the path integral]. We also have provided
these boundary gauge theory constructions as the trivialization
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TABLE I. For a single space-time Weyl spinor 2, in 4d, it has a Witten SU(2) anomaly if the space-time Weyl spinor is also the (4r + 2)-
dimensional representation (Rep) of SU(2) (or isospin 2r + %), for some non-negative integer r. It has a new SU(2) anomaly if the space-time
Weyl spinor is also the (87 + 4)-dimensional Rep of SU(2) (or isospin 47 + %), for some non-negative integer r. The checkmark v' means the
fermion theory has the corresponding anomaly. These SU(2) anomalies can be interpreted as either a "t Hooft anomaly of global symmetry [if
the SU(2) is global symmetry not gauged] or dynamical gauge anomaly [if the SU(2) is dynamically gauged].

SU(2) isospin 0 % 1 % 2 %
SU(2) Rep R (dim) 1 2 3 4 5 6
Witten SU(2) anomaly v v
New SU(2) anomaly v

3 % mod 4 2r+% 4r—|—% mod 4
7 8 mod 8 4r+2 8r+4 mod 8
v
v

of wows of SO structure via its pullback p to the p*wows =
0 in Spin or Spin‘ structures [namely, 1 — Z, — spin S

SO — 1l and 1 — U(1) — Spin® £ SO — 1 see further de-
tails in Appendix D]. The Spin® = Spin xz, U(1) structure
constrains that the fermions carry odd U(1) charge while the
bosons carry even U(1) charge. In this section, we consider the
Spin" = Spin %z, SU(2) structure such that the fermions are
in even-dimensional representation (e.g., 2, 4, ... ; or isospin
%, % ...) of SU(2) while the bosons are in odd-dimensional
representation (e.g., 1,3, ...; or isospin 0, 1, ...) of SU(2).
More generally, we can consider the Spin xz, Spin(n) struc-
ture. For example, for n = 10, fermions are in the spinor
representation of spin(10) (e.g., 16, ...) while bosons are
in other tensor representation of Spin(10) (e.g., 10, ...). We
list the cobordism invariants from TPs[Spin xz, Spin(n)] in
Appendix D. In this section, we summarize and enumerate
other 4d boundary theories of 5d wows3, based on the Spin Xz,
Spin(n) structure construction, in particular, » = 3 and 10.

(1) Boundary with the SU(2) and Spin" = Spin xz,
SU(2) = Spin xz, Spin(3) structures:

(a) When the SU(2) is a global symmetry, note the
following.

(i) Anodd number of the fundamental two-dimensional
representation (Rep) of SU(2) of the space-time Weyl
spinor ¥ cannot be gapped by quadratic mass term while
preserving the Lorentz and SU(2) symmetries. This is due
to that the only quadratic mass term €*Pe'/v,y5; = 0
[where «, B are the Lorentz indices and i, j € {1, 2} are
SU(2) indices; we take both the singlet 1 out of 2 ® 2 =
1 @ 3] vanish due to the Fermi statistics. This suggests a
possible anomaly: another hint is that the fermion spectrum
under the SU(2) gauge bundle over S* with an instanton
number 1 background gives an odd number of fermion zero
mode. More generally, an odd number of 4r + 2 Rep of
SU(2) Weyl spinor has the same anomaly known as Witten
anomaly as a "t Hooft anomaly of the Spin” symmetry (see
Table I). But, these 4d theories live on the boundary of an-
other 5d cobordism invariant, known as 7~7PD[cz(VSU(2))].12
These 4d theories do not live on the boundary of the 5d
WorWwW3.

12The 7 is a mod 2 index of 1d Dirac operator from TP, (Spin) = 7,
or Q?pi“ = 7,. A 1d manifold generator for the cobordism invariant
fiisa 1d S! for fermions with periodic boundary condition, so called
the Ramond circle. A 4d manifold generator for the c;(Vsy(z)) is the
nontrivial SU(2) bundle over the S*, such that the instanton number
is 1. The PD is Poincaré dual.

(i) An odd number of the four-dimensional represen-
tation (Rep) of SU(2) of the space-time Weyl spinor W
also cannot be gapped by quadratic mass term while pre-
serving the Lorentz and SU(2) symmetries. The singlet of
both Lorentz and SU(2) symmetries requires any quadratic
mass term vanishes: €*#C" W, Wg; = 0.13 Reference [44]
shows that on a 4d nonspin manifold, the complex projec-
tive space CP?, with an appropriate large diffeomorphism
by complex conjugation the CP? coordinates z i — Zj and
an appropriate SU(2) large gauge transformation, we can
construct a mapping torus 5d Dold manifold CP? x §'
such that the large gauge diffeomorphism is transformed
along the fifth dimension. Moreover, together with the
SU(2) bundle, the whole theory is compatible with the
Spin” structure. But, the path integral gets a (—1) sign un-
der this large gauge-diffeomorphism transformation. This
odd (—1) noninvariance shows the new SU(2) anomaly.
More generally, an odd number of 87 + 4 Rep of SU(2)
Weyl spinor has the same anomaly known as the new SU(2)
anomaly as a "t Hooft anomaly of the Spin” symmetry (see
Table I).

(b) When the SU(2) is dynamically gauged, note the
following.

(i) The Witten anomaly gives a dynamical gauge
anomaly constraint such that an odd number of 4r + 2 Rep
of SU(2) Weyl spinor coupled to dynamical SU(2) gauge
fields are ill defined. It is not physically sensible to study
its gauge dynamics.

(i) The gauge theories with new SU(2) anomalies are
still well-defined theories with well-defined gauge dynam-
ics on Spin manifolds because w, = 0 means no wows;
anomaly on the spin manifolds. However, their gauge dy-
namics become ill defined in 4d on non-Spin manifolds.

(7) Let us discuss further about the SU(2) theory with
a 4 Rep of SU(2) Weyl spinor.

(1) Explicit symmetry breaking: If we are allowed to
break this SU(2) theory with the new SU(2) anomaly, for
example, by choosing the quadratic fermion mass term
via the €*PC"V W, Wg; such that the pairing C"/ W, Wy,

BHere I,J €{1,2,3,4} are SU(2) indices which correspond

to isospin-% indices {%,%,—%,—%}. We take the singlet 1

out of the tensor product of 4 of SUQ2): 44=10305d

7. Based on the Clebsch-Gordan coefficients %(l%, %)l%, —%) —

S5 =) F 13, =913, 3) =13, =13, 3) =10,0), we have
CUW, Wy = (Wa1 Wps — WasWg1) — (Waa Wps — Wo3Wpo)]. Since
€*# and C¥ are both antisymmetric, while all ¥ are Grassmannian

variables due to Fermi statistics, thus, e**CY W, Wg; = 0.
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selects the three-dimensional Rep of SU(2) [which is also
the vector Rep of SO(3), and the isospin-1 Rep of SU(2)
and SO(3)], then C""/ is symmetric under I <> J, and such
a mass term does not vanish under Fermi statistics.'* This
mass term explicitly breaks the SU(2) down to U(1) sym-
metry.

(i) Spontaneous symmetry breaking: Instead, we can
consider the spontaneous symmetry breaking by introduc-

ing the Yukawa-Higgs term €*# (é’ljwalkpﬁ /)@ such that

not merely (C‘/”\I!a,\ll,g s) is the 3 of SU(2) but also the

Higgs scalar ® is also the 3 of SU(2), while we again
select the SU(2) singlet 1 out of their tensor product pairing
3® 3 =1®3&S5. Then, the Higgs condensation (D) #0
only breaks the SU(2) spontaneously down to U(1).

(i) SU(2) to all-fermion U(1) gauge theories: Refer-
ence [44] shows that the spherical rotationally symmetric
’t Hooft-Polyakov monopole [up to SU(2) gauge trans-
formation] in the presence of 4 Rep of SU(2) Weyl
spinor traps fermionic zero modes in the spectrum. Ref-
erence [44] shows that the ’t Hooft-Polyakov monopole
becomes fermion. This means under the breaking from
SUQ) to U(1), such that the isospin—% Weyl fermion of
SU(2) becomes the fermionic electric charge 1 of U(1)
and the fermionic 't Hooft-Polyakov monopole of SU(2)
becomes the fermionic magnetic monopole of U(1).

Together with the fermionic electric charge of U(1), the
dyon of U(1) is also a fermion. Reference [44] suggests
that a possible renormalization group (RG) flow such that
the high-energy theory is an asymptotic free SU(2) gauge
theory while the low-energy theory is the all-fermion U(1)
gauge theory. The subtlety is that this 4d SU(2) gauge
theory is ill defined on a nonspin manifold and cannot be
put on the boundary of 5d w,wj3. But, once we break SU(2)
down to U(1), the 4d U(1) gauge theory can be put on a
nonspin manifold on the boundary of 5d wows.

@iv) All-fermion U(1) to Z, gauge theories: If we intro-
duce another Higgs also the 3 of SU(2), with a different
vacuum expectation value, we can further Higgs down the
U(1) down to Z,, such that the fermionic electric charge
1 of U(1) becomes the fermionic electric charge 1 of Z5,
and the fermionic monopole’s 1d 't Hooft line of U(1)
becomes the orientation-reversal 1d fermionic world line
on an unorientable 2d world sheet of Z, gauge theory.

(2) Boundary with the Spin(10) and Spin xz, Spin(10)
structures:

(a) The standard so(10) grand unification [75,76]
with Spin(10) internal symmetry group and with Weyl
fermions in the 16 of Spin(10) does not have the wows3
anomaly [more precisely, it is the wows = w,w} mixed

“Here we take the 3 out of the tensor product of 4 of
SUQR): 44=103®56d 7. Based on the Clebsch-Gordan

coefficients, we may choose [/5:(13, 3)13, —3) + 13, —=2)13, 2)) —
1,3 13 _1 3143 Ly
%(|§s5)|53_§)+|53_§)|535>)]_llvo)’ we have
CM W gy = [y/ %(\I’ul‘ljﬁza + Vo Wp1) — 4/ 710(“1’(12‘1—’53 +
W,3Wp,)]. Since C" are symmetric, €*CV W, Wg; # 0.

gauge-gravitational anomaly, which is also a nonpertur-
bative global anomaly, with w; = w;(TM) and W} =
w;(Vsom=10y)]. This is the only 5d cobordism invariant
from TPs[Spin x 7z, Spin(10)], thus the only 4d global
anomaly for Spin x 7z, Spin(10) structure. The absence of
wyw3 = W,w5 anomaly means that the standard so(10)
grand unification is free from all perturbative local
and nonperturbative global anomalies within Spin Xz,
Spin(10) structure [44,55,77].

(b) However, it is possible to construct a modified
s0(10) grand unification with Spin(10) internal symmetry
group, also with Weyl fermions in the 16 of Spin(10),
but with additional discrete torsion class of Wess-Zumino-
Witten—type term written on the 4d boundary and 5d bulk
coupled system [45-47]. Here we summarize the results
in [45-47]:

(i) When Spin(10) internal symmetry group is treated
as a global symmetry, this modified so(10) grand uni-
fication can live on the boundary of 5d wow3; = W)W}
invertible topological order. The w,w3 = w,w} anomaly
is saturated by the discrete torsion class of Wess-Zumino-
Witten—type term alone. The discrete torsion class of
Wess-Zumino-Witten—type term gives rise to various pos-
sible gauge theory realizations of low-energy dynamics in
4d. The various possible gauge theory realizations are the
emergent gauge theories [similar to the emergent dynam-
ical Spin structure of the Z, gauge theory and emergent
dynamical Spin© structure of the all-fermion U(1) gauge
theory that we studied earlier].

(i) When Spin(10) internal symmetry group is dynam-
ically gauged, the Spin(10) gauge field in the 5d bulk
wyw3 = W,wj5 is also gauged. The 5d bulk is no longer
a gapped invertible topological order; the 5d bulk be-
comes gapless and further long-range entangled. Thus, the
Spin(10) gauge fields can live only on the 4d boundary, but
also propagate into the 5d bulk.
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APPENDIX A: SPACE-TIME COMPLEX WITH BRANCH
STRUCTURE, COCHAINS, HIGHER CUP PRODUCT

1. Space-time complex and branch structure

In this paper, we consider models defined on a space-
time lattice. A space-time lattice is a triangulation of the
d-dimensional space-time, which is denoted by M¢. We will
also call the triangulation M¢ as a space-time complex, which
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is formed by simplices: the vertices, links, triangles, etc. We
will use i, j, ... to label vertices of the space-time complex.
The links of the complex (the 1-simplices) will be labeled by
@, j), (j, k), .... Similarly, the triangles of the complex (the
2-simplices) will be labeled by (i, j, k), (j, k, 1), . ...

In order to define a generic lattice theory on the space-time
complex M? using local Lagrangian term on each simplex,
it is important to give the vertices of each simplex a local
order. A nice local scheme to order the vertices is given by
a branch structure [10,62,63]. A branch structure is a choice
of orientation of each link in the d-dimensional complex so
that there is no oriented loop on any triangle (see Fig. 2).

The branch structure induces a local order of the vertices
on each simplex. The first vertex of a simplex is the vertex
with no incoming links, and the second vertex is the vertex
with only one incoming link, etc. So the simplex in Fig. 2(a)
has the following vertex ordering: 0,1,2,3. We always use or-
dered vertices to label a simplex. So, the simplex in Figs. 2(a)
and 2(b) are labeled as [0,1,2,3].

The branch structure also gives the simplex (and its sub-
simplices) a canonical orientation. Figure 2 illustrates two
3-simplices with opposite canonical orientations compared
with the three-dimensional space in which they are embedded.
The blue arrows indicate the canonical orientations of the
2-simplices. The black arrows indicate the canonical orien-
tations of the 1-simplices.

2. Chain, cochain, cycle, cocycle

Given an Abelian group (M, +), M can also be viewed a Z
module (i.e., a vector space with integer coefficient) that also
allows scaling by an integer:

x+yeM, xxyeM, mx=x+x4+---+x€eM,
— ——

m terms

x,yeM, mel. (A1)

The direct sum of two modules MM; & M, (as vector spaces) is
equal to the direct product of the two modules (as sets):

as set

Ml @Mz = Ml X Mz. (AZ)

An n-cochain «, in M? is a formal combination of n-
simplexes in M¢ with coefficients in M:

=Y i jklirjo... k], alphay; . €M (A3)
[,k
where ), ., sums over all simplexes in M 4. The collection

of all such n-chains is denoted as C,(M¢; ). For example, a

FIG. 2. Two branch simplices with opposite orientations. (a) A
branch simplex with positive orientation and (b) a branch simplex
with negative orientation.
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FIG. 3. A 1-cochain a has a value 1 on the red links: ay = ajx =
1 and a value O on other links: a;; = ai; = 0. da is nonzero on the
shaded triangles: (da)jx = aj + ay — aj. For such 1-cochain, we
also have a — a = 0. So when viewed as a Z,-valued cochain, f,a #
a — amod 2.

2-chain can be a 2-simplex: [i, j, k], a sum of two 2-simplices:
[i, j, k] + [, k, I], a more general composition of 2-simplices:
[Z, j, k] — 2[J, k, [], etc.

An n-cochain f, in M¢ is an assignment of values in M
to each n-simplex M. For example, a value f; ; . € Mis
assigned to n-simplex (i, J, . .., k) (see Fig. 3). We also denote
the value f; ;. ..x as fu([i, j,...,k]). So a cochain f, can
be viewed as a bosonic field, f,([i, j, ..., k]), on the space-
time lattice M?. To be more precise f, is a linear map f, :
n-chain — M. We can denote the linear map as f,(n-chain),
or

fule) = D awijoahullisj.... kDEM, (A4
[i,jo....k]

. . d
where } ;) sums over all simplexes in M*.

We will use C"(M“; M) to denote the set of all n-cochains
on M. C"(M%; 1) can also be viewed as a set all M-valued
fields (or paths) on M?. Note that C"*(M?; M) is an Abelian
group under the + operation.

The total space-time lattice M correspond to a d-chain.
We will use the same M to denote it:

M= 3" sl gkl (A5)
1

li,j,..ook

where s; ;= %1, describing the relative orientation be-
tween M“ and [i, j, ..., k]. Viewing f; as a linear map of
d-chains, we can define an “integral” over M d.

Ja
Md

faM?y = Z Saii o kSiji.
S

[i,),....

" fallis g kDS (A6)
1

li,jo.
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FIG. 4. A 1-cochain a has a value 1 on the red links. Another 1-cochain a’ has a value 1 on the blue links. On the left, a — a’ is nonzero
on the shade triangles: (a — a');j; = a,-ja;., = 1. On the right, @’ — a is zero on every triangle. Thus, @ — @' 4+ @’ — a is not a coboundary.

3. Derivative operator on cochains

We can define a derivative operator d acting on an n-
cochain f,, which gives us an (n + 1)-cochain (see Fig. 3):

df)lioiriz - . - iyg1])
n+1

=D ()" fullivhiz . Db, (AT)
m=0

where igifiy .. .0y ... in+1 1s the sequence ipijiy ... i+ With
i, removed, and i, i1, i3 ...I,+1 are the ordered vertices of
the (n 4 1)-simplex (ipijis ... iut1)-

A cochain f, € C"(M“;M) is called a cocycle if df, = 0.
The set of cocycles is denoted by Z"(M?;M). A cochain
fn is called a coboundary if there exists a cochain f,_;
such that df,_; = f,. The set of coboundaries is denoted
by B"(M?;). Both Z"(M%;M) and B*(M%;M) are Abelian
groups as well. Since d? = 0, a coboundary is always a co-
cycle: B*(M?; M) C Z"(M?;M). We may view two cocycles
differ by a coboundary as equivalent. The equivalence classes
of cocycles [ f,,] form the so-called cohomology group denoted
by

H" (M) = Z" (M 11)/B"(M; 1), (A8)
H"(M?; M), as a group quotient of ZMM4 M) by B"(M?;1),
is also an Abelian group.

For the Zy-valued cochain x,, we lift Zy to Z, via
{0,1,...,N—1} CcZyto{0,1,...,N — 1} C Z, and define

1

ﬁan = Ndxn' (A9)

When x, is a cocycle, we have dx, = (. In this case, Bnxy is
a Z-valued cocycle, and By is Bockstein homomorphism.

4. Cup product and higher cup product

From two cochains f,, and h,, we can construct a third
cochain p,,, via the cup product (see Fig. 4):

Pm+n = fm ~ hna

Pmtn([0 — m + n]) = f,([0 — mDh,([m — m + n]),
(A10)

where i — j is the consecutive sequence from i to j:

i—j=i,i+1,...,j—1,]. (A11)
Note that the the order of vertices in a simplex (0 — m) and
the notion of consecutive sequence are determined by the
branch structure. Thus, the cup product (and the higher cup
product below) on a simplicial complex can be defined only
after we assign a branch structure to the simplicial complex.
The value of the cup product depends on the branch structure.
The cup product has the following property

d(h, — fm) = (dh,) — fm + (_)nhn ~ (dfm) (A12)
for cochains with global or local values. We see that ki, — f;,
is a cocycle if both f,, and h, are cocycles. If both f,, and
h, are cocycles, then f,, — h, is a coboundary if one of f,,
and 4, is a coboundary. So the cup product is also an opera-
tion on cohomology groups —: H"™(MP; M) x H*(MP; M) —
H™(MP; ™). The cup product of two cocycles has the fol-
lowing property (see Fig. 4):

ﬁn ~ hn = (_)mnhn ~ f;n + Coboundary. (A13)

We can also define higher cup product f,, — h, which
k
gives rise to a (m + n — k)-cochain [78]:

(fm \k/hil)([ov 15 "'7m+n_k])

= () full0 > dg.iy > i, )

0<Lig<-<ipy<n+m—k

x hy([ig = 11,00 = i3, -+ 1), (A14)

and f,, — h, =0 for k <0 or for k > morn. Here i — j
k

is the sequence i,i+ 1,..., j — 1, j, and p is the number of
permutations to bring the sequence

G+l —>h—1,Lb+1—>i3—1,...
(A15)

O—)io,i1—>i2,..

to the sequence

0—>m+n—k«k. (A16)
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For example,

m—1

(fn = h)([0 — m+n —1]) = 3 (=)D

i=0
X fm((0 = i,i+n—>m+n—1D)h,([i — i+ n]).
(A17)
We can see that —=-—. Unlike cup product at k = 0, the
higher cup pI‘OduCtOv of two cocycles may not be a cocycle.
For cochains f,, h,, kwe have

d(fm \k/ hy) = dfm ‘k/ hy + (_)mfm \A/ dh,

+ (_)m+n—kfm K hn + (_)mn+m+nhn : fm~

(A18)

Let f,, and h, be cocycles and ¢; be a cochain, from (A18)
we can obtain

d(fon = ) = (=" fo =y
+ (_)inn+m+nhn k\_/l Sms

d(fm \k’ fm) = [(_)k + (_)m]fm /:/1 fm,

From (A19), we see that

dScfe, = d(cy — cn+cn — dcy)

n—k

= Sq'dc, + (—)"{

In particular, when ¢, is a Z,-valued cochain, we have

dSafc, = Sqtdc,.

d(c : ¢+ \k/ dc)) = dc \k/ dc;
— (=) = e = a

+ ¢ : dcp). (A19)

5. Steenrod square and generalized Steenrod square

From (A19), we see that, for Z,-valued cocycles z,,,

Sq" (@) =z — @ (A20)

is always a cocycle. Here Sq is called the Steenrod square.
More generally, h, — h, is a cocycle if n + k = odd and h,
k

is a cocycle. Usually, the Steenrod square is defined only for
Z,-valued cocycles or cohomology classes. Here, we like to
define a generalized Steenrod square for M-valued cochains
Cn:

Sg" ke, = ¢y — o+ n — dcy. (A21)
k k+1
(A22)
n—k+1
0, k = odd
25g**e,, k= even.
(A23)

Next, let us consider the action of qu on the sum of two M-valued cochains ¢, and c);:

Sof (e, + )= Sofe, + quc; +c, et ¢ +c, ~ Cn +c¢, — dc,+c, — de,

n— n—k+1

n—k+1

= Sq'cy + Sg'c), + [1+ (=) Jew = ¢ = (=) [=(=)"""e) = cu+ (=)'ew — )]+ en — dey+ ¢, — dey.
n—k n— n—k n—k+ n—k+

Notice that [see (A18)]

—k
_(_)n C,Il ;:’k Cn + (_)ncn :: C;l = d(C;,

we see that

S (cn + ¢) = Sa'cy + Sa'c;, + [1 4 (=) lew — ¢, + (=)' [de), — e+ (=)'c, — de,]

—(=)yrd(c, ~, en)+en — dc,+¢), — dey

n—k+1

= Sq'cy + So'c, + [1+ () Jew — ¢, + 1+ (—)e, — dey — (=) d(c, — c)

—[(=)"*de, — ¢, —c, — dcl).
n—k+1 n—k+1

Notice that [see (A18)]

(_)n—k-HdC;l - ¢y — Cy
n—k+1

n—k

(A24)
— ¢ —dc, — ¢ — (=)'c, — dcy, (A25)
n—k+1 n—k+1 n—k+1
n—k+1
n—k+1
(A26)
— dc,=d(dc, — ¢,)+(=)"dc, — dc,, (A27)
—k+1 n—k+2 n—k+2
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and we find

Sa'(eu + ) = Sg'en + Sa'c, + [1+ (=) ew — ¢ + 1+ (=), — dey = (=)'"d(c, — )

—d(dc, — cy)— (=)'dc), — dc,
n—k+2 n—k+2

= Sq'c, + Sa'c, — (—=)'de, — dey + 11+ (=) llew — ¢, + ¢, — dc,]
n—k+2 n—k n—k+1

—(=)"7*d(c), — ) —d(dc, — c).
n—k+1 n—k+2

We see that, if one of the ¢, and ¢}, is a cocycle,

Saf (e, + ) = Sgfe, + quc;.

We also see that

(A28)

(A29)

Sc(cn + dfy-1) = Sa'cy + S dfy1 + [1+ (=) Vdfur — e = (=)' "d(en — dfu1) = d(dey — dfp-y)

= Sofe + [1+ (=)' Ndfur — o+ (=)"Se™ fui] + dISe foy — (=)' ew— dfus — dey—dfy1].

Using (A28), we can also obtain the following result if dc, = even:

Sof (e, + 2¢)) = Sgfc, + 2d(c, — ) +2de, — ¢, = Sgfc, + 2d(c, — ).
n—k+1 n—k+1 n—k+1

As another application, we note that, for a Q-valued cochain m, and using (A18),

Sq' (mg) = my = mg +mg — dmg

= (=)'BaSa’ma = 2(=)" Bamy — poma

= (=) S0’ my — 2(—)Sa Bamy.

This way, we obtain a relation between Steenrod square and Bockstein homomorphism, when my is a Z,-valued cocycle

where we have used Sqomd = my when the value of the cochain is only 0,1.

For a k-cochain a;, k = odd, we find that

Sofax = aray + a; — day
1

= 1lday = day — d(day < a)] - Ld(ay — ax)

(A30)
(A31)

= 3(=)d(ma = ma) = dmg — mal + 3mq — dmg

= (=) Ba(my — ma) — (=) pamg — mg +mg — Bamyg

(A32)
Sq' (ma) = Bama, (A33)

= 1lda — g —ag~ day — d(ax - a)] + a - day
(A34)

= 1d(day — day) — 3d(ax — ax + day — a).
3 1 2

Thus, Scfay is always a Q-valued coboundary, when k is odd.

6. Branch-structure dependence

Note that the concepts of chain and cochain do not depend
on the branch structure. Although the definition of the deriva-
tive operator d formally depends on the branch structure, in
fact, it is independent of the branch structure as a map between
cochains.

However, the cup product and higher cup product do de-
pend on the branch structure, as maps from two cochains to
one cochain. To stress this dependence, we write a higher cup

product as f/, where B denotes the branch structure. In this
k

(

section, we like to study this branch-structure dependence.
First, we need to find a quantitative way to describe a change
of branch structures.

Let us compare two branch structures By and B. We can use
a Z,-valued 1-cochain s to describe the difference between By
and B: s5;; = 1 if the arrow on the link (i) is different for By
and B, and s;; = 0 otherwise. However, not every 1-cochain s
corresponds to the difference between two branch structures.
We find that s describes the difference between two branch
structures if and only if (iff) on every triangle (i jk),i < j < k,
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s has a form

S[j:l, Sjk:(), SikZO;
or S,'j=0, Sik = 1, S,'k=0;
or s5;;=0, sp=1, sp=1
or Sij = 1, Sik = O, Sik = 1;
or s;=1, sp=1, spg=1, (A35)

where the order i < j < k is determined by the base branch
structure By. Thus, after we fixed a base branch structure By,
all other branch structures can be described by s. We may
write higher cup product as \z/ The higher cup product for the

base branch structure By is written as —, which corresponds

k
tos =0.
We believe that, for cocycles f,g, f~g—f —gis a

coboundary. Thus,
fogt+dvis, f.9=f—¢
If f and g are 1-cocycles, then we find that
f—8-f—zg
=dis— [ —+2s— f)—g+2f —(s—g)
“2s = = =2s— Q) — (5= /)
—2s = f) = (@ ) +2s— Q) — L5 — (5= /)]

(A37)

(A36)

+2(s7f)7[(s7g)VS]

holds on a triangle (i jk) for all the five choices of s in (A35).
We prove it as follows. The value of the right-hand side
of (A37) on a triangle (i jk) with the branch structure By is

sijfij&ij + Sjkfix&jk — Sikfix&ik
+ 281 fij8jk + 2fijSjk&jk — 251 fijS jk8 jk
+ 2sigiSij ik + 28i fik8ijS jk
— 2(gic Sk + &ij Sk )SijS jkSiks
where we have used (A17). Note the following:

(1) Ifs;; =1, sjx =0, sy =0, then the value of the left-
hand side of (A37) on the triangle (ijk) is fi;jgjx — fji&i
while the value of (A38) is f;;gij + 2fijgjx = fij&jkx — fiigik
since g;; + gjx — g&x = 0 where we have used the cocycle
condition for g.

(i) If 5;; =0, sjx = 1, s = 0, then the value of the left-
hand side of (A37) on the triangle (ijk) is fijgjx — fix&kj>
while the value of (A38) is fjkgjk + Zﬁjgjk = fijgjk — ﬁkgkj
since fi; + fjx — fix =0 where we have used the cocycle
condition for f.

(iii) If s;j =0, sjx = 1, six = 1, then the value of the left-
hand side of (A37) on the triangle (ijk) is fijgjx — fxi&ijs
while the value of (A38) is

Fix&jk — fugik + 2fij8jk + 2figij
= fijgjk + fu&ij + (fij + fir)gjx + fu(gij — &)
= fijgjk — fui&ij + fix&jk — fix&jk
= fij&jk — fri&ij

(A38)

(A39)

since fi; + fix — fu =0 and g;; + gjx — gix = 0 where we
have used the cocycle condition for f and g.

(iv) If s;j =1, sjx = 0, six = 1, then the value of the left-
hand side of (A37) on the triangle (ijk) is fijgjx — fix&ki»
while the value of (A38) is

fijgij — fu&ik + 2fijgjr + 2fixgix
= fijgjx + fixgik + fij(gij + gji) + g (fix — fir)
= fijgjx — fix8ki + fij8ik — g fij
= fij8jk — fix8ki (A40)

since fij + fix — fu =0 and g;; + gjx — gix = 0 where we
have used the cocycle condition for f and g.

(v) If 5;; =1, sy = 1, sy = 1, then the value of the left-
hand side of (A37) on the triangle (ijk) is fijgjx — fxj&ji»
while the value of (A38) is

Jij8ij + fix&jx — fix&ik + 2fij8jk
+2figik + 2fgij — 2(gi fix + &ijfix)
= fijgjx + fij(8ij + &jx) + fix&jk — fi&ix
= fijgjk + (fij — fi)gix + fix&jk
= fij&jk + [ix(gjx — &ix)
= fij&jk — [fir&ij
= fijgjk — fxj&iji (A41)

since fi; + fix — fu =0 and g;; + gjx — gix = 0 where we
have used the cocycle condition for f and g.

Thus, we have proved that (A37) holds on a triangle (i jk)
for all the five choices of s in (A35). So f — g— f > gisa

coboundary modulo 2 if f and g are 1-cocycles.

7. Poincaré dual and pseudoinverse of Poincaré dual

The Poincaré dual of a cochain f € C"(K;Z,) is defined
to be the cap product [K] —~ f € C,,—,(K; Z,) where [K] is
the fundamental class of K (the sum modulo 2 of all m-
simplices of K). The cap product o —~ f for an m-simplex

o=[vy,..., U, ...,0,] and f € C*(K;Z,) is an (m — n)-
chain, which is defined as
o~ f:=f(vo, -, vaDlvn, - s Uil (A42)
So, the Poincaré dual PD(f) = [K] —~ f is
PD(f)= Y f(00 - s vaDlvn, .o, vl (A43)

[V05 s Unseens U]

where » ., . is the sum of all m-simplices of K.
Since the Poincaré dual is an isomorphism between co-
homology and homology, it has a pseudoinverse (defined on
cycles and cocycles and up to a boundary or coboundary). The
pseudoinverse Poincaré dual of a cycle ¢ € C,,—,(K; Z3) is a
cocycle PD(y) € C*(K; Z,), which is defined via its values on
all the n-simplices [vy, . .., v,]: first assume that no summand
of ¢ is of the form [v, ...] where v is any one of the first n
vertices according to the order given by the branch structure.
We can first determine the value of PD(v/) on the “minimal”
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V3
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FIG. 5. The surface of a branch tetrahedron.

subset of all the n-simplices [vy, ..., v,]:
PD(¥/)([vo. - - - » Ua]) = Yo,
foryr =" Yy, [Vns oo v,
[V eeos V] s
where ¥, ,, =0, 1. Here by minimal we mean the fol-

lowing: since PD(v) has to be a cocycle, its value on any
boundary is zero, if we have determined the values of PD(v/)
on the n-simplices consist of vertices that are prior according
to the order given by the branch structure, then we can deter-
mine the values of ﬁ(lﬂ) on other n-simplices [vy, ..., v,]
and PD(v/) is defined up to a coboundary.

Note that the summand of the Poincaré dual of any cochain
f € C"(K;Z,) can not be of the form [v,...] where v is
any one of the first n vertices according to the order given
by the branch structure. If ¢ € C,,_,(K;Z5) is a cycle, we
can modify ¢ by a boundary such that no summand of
is of the form [v,...] where v is any one of the first n
vertices according to the order given by the branch struc-
ture. So, the definition of the pseudoinverse Poincaré dual is
complete.

For example, let K be the surface of a tetrahedron and
|K| = §2. Given the branch structure on K so that the four ver-
tices of K are ordered as vy, vy, vz, and v3 (see Fig. 5). If =
[vo, vi] + [vo, v3] + [v1, v2] + [v2, v3], then modify ¢ by a
boundary [vg, v1] + [vo, v3] + [v1, v3] such that no summand
of ¢ is of the form [vy, ... ], we get ' = [vy, va] + [v1, v3] +
[v2, v3]. By (A44), PD(v') takes value 1 on [vg, v;], so the
sum of the values of PD(y') on [vg, v2] and [vy, v2] is 1. The
values of ﬁ(l//’) on other 1-simplices can also be determined
and PD(y/') is determined up to a coboundary. By (A43),
PD[PD(y")] = [v1, v2] + [v1, v3] + [v2, v3]. So PD[PD(y/")]
and ¢/’ are equal.

Since vg, ..., Vs, ..., VU, are ordered according to the
branch structure, the Poincaré dual of a cochain and the pseu-
doinverse Poincaré dual of a chain depends on the branch
structure, i.e., the same cochain can have different Poincaré
duals and the same chain can have different pseudoinverse
Poincaré duals for different branch structures.

APPENDIX B: COMPARISON WITH STANDARD
MATHEMATICAL CONVENTIONS AND
STIEFEL-WHITNEY CLASS

In the main text of this paper, we use the Stiefel-Whitney
cocycle w, and the Steenrod algebra for cochains, for exam-

ple, summarized in Appendix A. In this Appendix, instead,
we make the comparison with the standard mathematical con-
ventions and Stiefel-Whitney characteristic class w,. Some of
the math notations and conventions can be found also in the
summary of [79].

Let us define mathematically carefully about Stiefel-
Whitney class. The Stiefel-Whitney classes of a real vector
bundle & : R" — £(&§) — B(&) [here £(£) is the total space
of £ and B(£) is the base of &£] are the cohomology classes
w;i(§) € H(B(§);Z2) (j=0,1,2,...) satisfying the fol-
lowing axioms:

Al: wo(§) =1€ H'(B(§); Z2), w;(§) =0, forV j > n.

A2: Naturality. For f : B(§) — B(n) covered by a bundle
map (so that & = f*1), w;(§) = f*w; ().

A3: Whitney sum formula. If & and n are vector bun-
dles over the same base B, then w(§ ® n) = Z];:o w;(§) —
wi—;(1)-

A4: For a canonical line bundle yll over RP!, wl(yll) #0
(i.e., the y,! is the Mobius strip and the y,! is the canonical line
bundle over RP").

The Steenrod square is Sq”’kc,, =c,—c, for a 7Z;,-

k
valued n-cohomology class ¢, € H*(—, Z,). The first Steen-
rod square Sq1 :H"(—,Z5) — H"'(—,7,) is the Bock-
stein homomorphism associated with the group extension
Zy — 74 — 7. The By : H'(—, Z,) — H"t'(—, Z) is the
Bockstein homomorphism associated with the group exten-
sion Z — Z — Z,. Poincaré dual means PD(B) = B —~ [M]
where —~ is the cap product, the PD maps a cohomology
class B to a homology class, and [M] is the fundamental
class of the manifold. So PD is the cap product between a
cohomology class and the fundamental class of the manifold.
The cup product — is a product between a cochain and another
cochain. We shall make the cup product — implicit whenever
the product is clear written between cochains.

APPENDIX C: EMERGENCE OF HALF-INTEGER SPIN
AND FERMI STATISTICS

In the following, we like to explain more carefully why 7,
gauge charge current /3 is a fermion current, or why the 7,

gauge charge is a fermion. We like to show that for a twisted
Z, gauge theory satisfying da”?> = w,, the corresponding 7,

gauge charge is a fermion. This is because da?> = w, im-
plies that under a combined Z, gauge and SO(c0) space-time
rotation transformation, the Z, gauge charge transforms as
Z) Xy, SO(00). In other words, the Z, gauge charge couple
to a Z; Xy, SO(00) connection in space-time. Let us use

(a72.vij). af? € o, yij € SO(c0) (CI)
on link (ij) to describe a Z, X, SO(oc0). Here we use a pair
(@”,y), a** €Z,, y € S0(c0) (C2)

to label an element in Z; Xy, SO(00). The group multiplica-
tion in Z, Xy, SO(00) is given by

(@, 1) (@32, y2) = (a* + a3 + wa(y1, v2), 1iys), (C3)

where wa(y1, 2) € H*(BSO(00); Z5).
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For a nearly flat connection (aizjz, ¥ij) on a triangle (ijk),
we have
(al.zjz, Yij) (aJZ,f, Yik) = (aizj2 + a]Z,f + W2 (¥ijs ViK)s VijVik)
~ (i, vir)- (C4)
We see that

wa(Vij, Vit) = dF — aif — aip (C5)
which is w, = da”>. This way we show that the twisted
Z, gauge theory has a Z, gauge charge that transforms as
Z5 Xy, SO(0c0) = Spin(oo) simply denoted as Spin. In other
words, the Z, gauge charge carries a half-integer spin, and is
a fermion using the spin-statistics theorem.

We may also compute the statistics of the Z, gauge charge
directly (which is phrased as the high-dimensional bosoniza-
tion in Refs. [17,65]). Let us assume the world line of the Z,
gauge charge is a boundary. In this case, the Poincaré dual of
the world line is a coboundary

2 Z,
I3 = db.*. (C6)
Now we can rewrite
eir[ st Sq213+l3W2
— i ys S dbZ? + dbrw,
— oimlus Se? dby 2 +dbe >wy _ i s dSe* b2 +dbPwy
. 2,2y Zy
= ! Jp Sa°b.* +b, w2 (C7)

Here Sqg is a generalized Steenrod square that acts on a
cochain ¢,

Sqn_kcn =~ it ey~ an, (CS)
k k+1
where — is the higher cup product. It has properties
k
dSgfe, = Sdtdc,,
Saf (e, + ¢)) = Safc, + Sa¥c, + dc, — de,
n—k+2
+d(c), — cy)+d(dc), — ¢,). (C9)
n—k+1 n—k+42

Now the term in the path integral that contains /35 becomes

e i [pu la%2 +S:q2b(zz +bCZZ w)
b

(C10)

where b72 is given by I3 via db?> = 5. The above phase factor
has a gauge invariance

Wy = W + duy, a®> — a” +u. (C11)
We note that b?z is determined up to a cocycle bgz. Since

i Syt AP+ (072 452 )+ (b2 +by s
— i Jyt AT 4SSy 2 (b 2+ 2w

— i Jyt a2 4SBT 2w,

(C12)

therefore, the phase factor (C10) does not depend on this boZz
ambiguity. In the above, we have used Sq*b]> + b5>w, = 0
since w 0.

The linear /3 term in the phase factor

ein Jp4 ra*2 +b‘Zzwz (C13)
describes the coupling to the background Z; X, SO(c0)
connection, which indicates that the Z, gauge charge carry
half-integer spin. The quadratic /5 term

i Iyt S _ i s @ Ayt (C14)
describes the Fermi statistics of the Z, gauge charge. The
absence of bgz cocycle ambiguity requires the linear I3
term and the quadratic /3 term to appear together as a
combination (C10). Similarly, the WZW-type phase factor
e Jus S€h+w2ls will not depend on how we extend from B*
to M° only when the linear /3 term w,/3 and the quadratic I3
term Sq’l3 to appear together. This corresponds to the spin
statistical theorem.

To summarize, adding a phase factor ei™ Jus SCh+w2l yi]]
make the current /3 on the boundary B* = dM> to become a
fermion current where the fermions carry a half-integer spin.
Similarly, adding a phase factor e/ Jus Sa°A2s2+w25252 will make
Bas> on the boundary to become a fermion current as well.

APPENDIX D: COBORDISM GROUP DATA AND
ANOMALY CLASSIFICATION

Let us systematically enumerate the pertinent cobordism
group TP,(G) with some space-time internal G symmetry in
Table II.

In particular, we focus on TP5(G) which classifies the
invertible topological phases of space-time-internal symme-
try G in the five-dimensional space-time. We would like to
comment why the invertible topological order characterized
by wyws is present or absent in the given G symmetry.

Here we denote the w; = w;(TM) = w;(a®°) as the jth
Stiefel-Whitney class of the space-time tangent bundle (7 M)
of the space-time manifold M, while W; = W,;(Vsomy)) is the

TABLE II. The cobordism group TP,(G) classifies the invertible
topological phases or invertible topological field theories (including
both the G-SPT state and the invertible topological order with G
symmetry) of space-time internal symmetry G in the d-dimensional
space-time. See the cobordism computations in [55,77,79].

d 1 2 3 4 5 6
TP,(SO) 0 0O Z 0 Z, O
TP, (Spin) 7, Z, 7 0 0 O
TP,[Spin x U(1)] Zx7, 7, 7* 0 7> 0
TP,[Spin xz, U(1)] VA 0 7> 0 7> 0
TPd[Spll'l X SU(2)] Zz Zz Zz 0 Zz Zz
TP,([Spin xz, SU(2)] 0 0 7> 0 753 73
TP,[Spin x SO(3)] 7, 72 72 0 0 0
TP,[Spin x Spin(n > 7)] 2

TP,[Spin x Spin(10)] 2 7 0 0 0

. . >
TP,[Spin xz, Spin(n = 7)] 0 0 2 0 7, 7,

TP,[Spin xz, Spin(10)]
TP4[Spin x SO(n = 7)]
TP,[Spin x SO(10)]
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Jjth Stiefel-Whitney class of the associated vector bundle of
the principal gauge bundle of SO(n) = Spin(n)/Z,.

Below let us explain why the cobordism invariant wows3
vanishes in some G symmetry [e.g., Spin and Spin¢ =
Spin xz, U(1)], but why the w,w3 persists in other symmetry
[e.g., SO and Spin” = Spin xz, SU(2)].

1. Space-time and gauge bundle constraint

(1) There is no particular constraint on w, or ws for the
SO structure and SO manifold, thus the cobordism invariant
w,w3 derived in the cobordism group of an SO structure still
survives.

(2) The constraint for the Spin structure and spin manifold
is wp = 0, thus, w3 = Sqlwz = 0 and wow3 = 0. We had also
used the symmetry extension to trivialize the w, w3 term in an
SO structure via a pullback to 0 in a Spin structure under the
group extension 1 — Z, — Spin — SO — 1.

(3) The constraint for the Spin® = Spin xz, U(1) struc-
ture is wo = ¢; mod 2 also w3 = 0, so wowsz = 0. To derive
this, we use the w3 = Sq'w, = Sq'(¢; mod 2) = 0 since
Sql,o = 0 where p is the mod 2 map. The Sq1 = pfB, where
B> is the Bockstein associated with the short exact se-
quence | - Z — Z — Z, — 1, which induces the fiber se-
quence in their classifying spaces as - - - — B?>Z — B%Z, —
B3Z — .... The B, sends the pc; =c¢; mod 2 € Z, in
HZ(M;ZQ) to Brpci = Ba(cp mod 2) € Z in H3(M;Z).
Moreover, the group of homotopy classes of the maps from
M to the higher classifying space B"G is the cohomology
group H"(M;G), which implies the long exact sequence

of cohomology groups --- — HX*(M;Z) > H>*(M;Z,) 5
H3(M:;Z) — .... This implies that the imp = ker f5,, thus,
Bop =0. We derive the w3 = Sqlwz = Sql(cl mod 2) =
Sq'(per1) = pBa(per) = p(Bap)er = 0, thus waws = 0.

The constraint for the Spin x U(1) structure still requires
a spin manifold (w, = 0) with a tensor product structure of
space-time tangent bundle and the principal U(1) gauge bun-
dle, thus, wow; = 0.

(4) The constraint for the Spinh = Spin xz, SU(2) struc-
ture includes w, = w), where we denote W} = w;(Vso3))-
Thus, Sqlwz = Sqlw’2 = W3 = W}, SO WoW3 = W, W5 can be
nonzero.

The constraint for the Spin x SU(2) or Spin x SO(3)
structure still requires a Spin manifold (w, = 0) with a tensor
product structure of space-time tangent bundle and the princi-
pal SU(2) or SO(3) gauge bundle, thus, wows = 0.

(5) Now we discuss Spin x Spin(n > 7), Spinxz,,
Spin(n > 7), and Spin x SO(n > 7), especially when n = 10
or 18 suitable for grand unified theories [76,80,81].

The constraint for the Spin x Spin(n > 7) and Spin x
SO(n > 7) structure still requires a Spin manifold (w, = 0)
with a tensor product structure of space-time tangent bundle
and the principal SU(2) or SO(3) gauge bundle, thus, wyw; =
0.

The constraint for the Spin xz, Spin(n > 7) structure
includes w, = wj), where we denote W} = w;(Vsom))-
Thus, Sqlwz = Sqlw’2 = W3 = W}, SO WoW3 = W, W5 can be
nonzero.

2. Cobordism invariants

To summarize their 5d cobordism invariants, note the fol-
lowing:

(1) TPs(SO) = Z, is generated by the cobordism invariant
w,w3. The manifold generator is a non-Spin manifold such as
a Wu manifold

SU3)/SO(3)
or a Dold manifold
CP? x §!

[which identifies the complex conjugation of coordinates in
z € CP? with the antipodal inversion of x € S, so (z,x) ~
z, —x)].

(2) TPs(Spin) =0 trivializes the cobordism invariant
w;, W3 to none via a pullback from SO to Spin.

(3) TPs[Spin x U(1)] = Z*> classes are generated by
two 5d cobordism invariants acf and wu[PD(c;)]. The
5d ac; corresponds to the perturbative local anomaly
captured by Feynman diagram of U(1)-U(1)-U(1) fields
acting on the three vertices of the triangle diagram.
The 5d wp[PD(c;)] corresponds to the perturbative local
anomaly captured by Feynman diagram of U(1)-gravity-
gravity fields acting on the three vertices of the triangle
diagram.

Here the a is the U(1) 1-form gauge connection. Here the
first Chern class ¢; = ¢;(Vy(1y) is written as the associated
vector bundle of U(1). The w[PD(c;)] is the 3d Rokhlin
invariant of PD(c;), where PD(c;) is the submanifold of a
Spin 5-manifold which represents the Poincaré dual of c;. In
general, the Poincaré dual means PD(B) = B —~ [M] where
~ 1is the cap product, PD maps a cohomology class B to
a homology class, and [M] is the fundamental class of the
manifold.

The TPs[Spin x U(1)] = Z* are also descended from
the two 6d topological invariants of the bordism group
Qgpm(BU(l)): c; and g[o (PD(c;)] — F - F) from the free part
of the bordism group Qgpm(BU(l)). The PD(c;) is the sub-
manifold of a Spin 6-manifold which represents the Poincaré
dual of ¢ = c¢1(Vya)). The o[PD(cy)] is the signature of
the 4-manifold PD(c;). The F is a 2d characteristic sur-
face of the 4-manifold PD(c;), where F represents PD(B)
where B € H>(PD(c;); Z). The F - F is the intersection form
of the 4-manifold PD(c;). The intersection form F.F =
(B — B, [PD(c1)]) is computed via the pairing between a
cohomology class with a homology class, where [PD(c)]
is the fundamental class of PD(c;). By Rokhlin’s theorem,
o[PD(c1)] — F - F is a multiple of 8 and %[O’(PD(C‘l)] —F-
F = Arf(PD(c;), F) mod 2. The Arf(PD(c,), F) is the Arf
invariant of a quadratic form G : H|(F;Z,) — Z», it is Z;
valued, the left-hand side is Z valued and equals to the right-
hand side modulo 2. The F-h=h-h mod 2 is true for all
h € Hy(PD(c,); Z).

(4) TPs[Spin xz, U(1)] = TPs(Spin®) = Z> classes are

2

generated by two 5d cobordism invariants %ac1 and

ﬁc1CS3(TM ). The 5d %ac% corresponds to the perturbative
local anomaly captured by Feynman diagram of U(1)-U(1)-
U(1) fields acting on the three vertices of the triangle diagram.
The 5d ﬁc1CS3(TM ) corresponds to the perturbative local
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anomaly captured by Feynman diagram of U(1)-gravity-
gravity fields acting on the three vertices of the triangle

diagram.
The TP5(Spin®) = Z? are also descended from the two 6d
topological invariants of the bordism group Q2e"" 1c} and
Spin®

2o [PD(cy)] from the free part of the bordism group Q" .
The PD(c;) is a Spin submanifold of the Spin® 6-manifold
which represents the Poincaré dual of c;.

(5) TPs[Spin x SU(2)] = Z, class is generated by a 5d
cobordism invariant 7PD(c2(Vsu(2))), where the 7 is a mod 2
index of 1d Dirac operator from TP (Spin) = Z, or Q?p‘n =
Z,. A 1d manifold generator for the cobordism invariant 7
is a 1d S! for fermions with periodic boundary condition, so
called the Ramond circle. A 4d manifold generator for the
¢2(Vsu(2)) is the nontrivial SU(2) bundle over the S%, such that
the instanton number is 1. So the 5d manifold generator for
the cobordism invariant 7PD(c2(Vsu(zy)) is the

S x s

with the fermion periodic boundary condition on S' and the
SU(2) bundle over S* with an instanton number 1. The 4d
boundary for a 5d 7PD(c2(Vsu(2))) captures the Witten SU(2)
anomaly [82].

(6) TPs[Spin xz, SU2)] = TPs(Spin”) = Z% classes are
generated by two 5d cobordism invariants. One is the similar
cobordism invariant as that of the TPs[Spin x SU(2)] = Z,
whose 4d boundary has the Witten SU(2) anomaly [82]. The
other is the wow3 = w,w}5 with the w/j = w;(Vsoay))-

(7) TPs[Spin xz, Spin(n)] = Z, has a Z, class generated
by wows = w,w; with the w;- = w;(Vsomy))-

Anomalies in SU(2) vs SO(3): Cobordism vs homotopy group

‘We note that the 4d nonperturbative global anomalies of an
internal SU(2) symmetric theory on non-Spin manifolds are
classified by

TPs[Spin xz, SU(2)] = 73,

whose generators are the Witten SU(2) anomaly and the new
SU(2) anomaly wow3 = w5w5; while on spin manifolds are
classified by

TPs[Spin x SU(2)] = Z»,

whose generator is the Witten SU(2) anomaly. The global
anomalies of an internal SO(3) symmetric theory on nonspin
manifolds are classified by

TPs[SO x SO(3)] = 73,

whose generators are the wow; gravitational anomaly from
the w;(T M) of space-time tangent bundle TM and the w,w}
gauge anomaly from the w’j(Vso(3)) of internal gauge bundle;
while on spin manifolds are classified by

TP;5[Spin x SO(3)] = 0.

We shall compare the cobordism group classification of
global anomalies with the traditional homotopy group anal-
ysis [82] of global anomalies. We will find that the homotopy
group analysis is insufficient, such that the homotopy group
sometimes leads to incomplete or misleading results.

TABLE III. The homotopy group 7,(G) sometimes leads to in-
complete or misleading results of global anomalies. The lesson is
that we should use the dth cobordism group TP,(G) to classify per-
turbative local and nonperturbative global anomalies in the (d — 1)d
space-time, such as the cobordism group data in Table II. See the
cobordism computations in [55,79].

d 1 2 3 4 5 6

74[SU2)] 0 0 z Z, 7, VAT
7q[SO(3)] Z, 0 z Z, Z, Ly,

For example, in Table III, we learn that the homotopy group
m4[SU(2)] = Z, only gives the Witten SU(2) anomaly [82]
but misses the new SU(2) anomaly [44]. We also learn that
the homotopy group 74[SO(3)] = Z, gives a possible global
anomaly but in fact the topological invariant in the homotopy
theory does not correspond to any 5d cobordism invariant on
Spin manifolds [with Spin x SO(3) structures]. Thus, there is
no corresponding Witten SU(2) anomaly in an internal SO(3)
symmetric theory.

3. Trivialization via group extension

(1) Trivialization via the pullback p* in
1 — Z, — Spin(5) 5> SO(5) — 1,

following (33) and the symmetry extension method [43],
gauging the normal subgroup Z, provides a boundary Z,
gauge theory construction of the 5d bulk w,ws.

(a) The 5d cobordism invariant wow3 for the 5d space-
time with the SO symmetry becomes trivialized to O for the
space-time with the Spin symmetry because the Spin structure
requires wo = 0 and w3 = Sq'w, = 0 on the Spin manifold.

(b) The wows of TP5(SO) is trivialized as p*(wow3) =0
in TP5(Spin).

(c) So there is no Spin symmetric theory with some in-
ternal global Zg fermionic parity symmetry in 4d with the
boundary anomaly of 5d wpws.

(d) This means the 4d boundary anomaly of 5d w,ow3 of
SO is also vanished in Spin. However, dynamically gauging
the normal Z, subgroup provides a boundary Z, gauge theory
that preserves the SO symmetry but with the ’t Hooft anomaly
of WoW3.

(6) Trivialization via the pullback p* in

1 — U(1) — Spin“(5) > SO(5) — 1,

following the symmetry extension method [43], gauging the
normal subgroup U(1) provides a boundary U(1) gauge theory
construction of the 5d bulk w,ows.

(a) The 5d cobordism invariant wows for the 5d space-
time with the SO symmetry becomes trivialized to O for
the space-time with the Spin® symmetry because the Spin®
structure requires w, = ¢; mod 2 and w3 = Sq'wz = Sql(cl
mod 2) = 0 on the Spin‘ manifold.

(b) The wows of TP5(SO) is trivialized as p*(wow3) =0
in TP5(Spin®).
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(c) So there is no Spin® symmetric theory with some inter-
nal global U(1) symmetry in 4d with the boundary anomaly
of 5d WoWs3.

(d) This means the 4d boundary anomaly of 5d wow; of
SO is also vanished in Spin‘. However, dynamically gauging
the normal U(1) subgroup provides a boundary U(1) gauge
theory that preserves the SO symmetry but with the 't Hooft
anomaly of wows.

(11) The group extension

1 — SU(2) — Spin*(5) > SO(5) — 1,

however, does not provide the trivialization of wows.

(a) The 5d cobordism invariant wows for the 5d space-
time with the SO symmetry becomes w,w3 = w, w5 for the
space-time with the Spin” symmetry because the Spin” struc-
ture requires wo = wj and wz = Sq'w, = Sqlw’2 = wj on the
Spin” manifold. This also means the 4d gravitational anomaly
on the boundary of 5d w,ws term becomes the 4d mixed
gauge-gravitational anomaly on the boundary of 5d w,w} =
Wy W3 term.

(b) The wows of TP5(SO) is not trivialized but becomes
PF(Waw3) = Wows = WoW5 in TPs(Spin”).

(c) So there indeed exists certain Spin” symmetric theory
with some internal global SU(2) symmetry in 4d with the
boundary 't Hooft anomaly of 5d w,w; = wow3. In fact, the
Weyl fermion as a two-component space-time spinor and a
four-component internal SU(2) spinor, in the representation of
(21,4) of Spin xz, SU(2) = Spin” has this precise so-called
new SU(2) anomaly [44] of 5d wiw} = wows.

(d) This means the 4d boundary anomaly of 5d wow; of
SO does not need to vanish in Spin”. However, we can ask
whether it is sensible to dynamically gauge the normal SU(2)
subgroup in this Spin” symmetric Weyl fermion theory with
the new SU(2) anomaly [44].

(i) If we only restrict to the spin manifold with w, =
wy = 0 thus also w3 = w}; = 0, then, yes, we can obtain a
well-defined SU(2) gauge theory on a Spin manifold (such as
a flat Euclidean or Minkowski space-time) and we can study
its dynamics [44].

(i) If we construct this SU(2) gauge theory on a generic
non-Spin manifold with a Spin” structure, then we have
wy = w5 # 0 thus also w3 = w} # 0. Then, no, we obtain an
ill-defined SU(2) gauge theory by summing over the SU(2)
bundle with the SU(2) connections on a generic non-Spin
manifold. We cannot study the dynamics of an ill-defined
SU(2) gauge theory with dynamical gauge-gravitational
anomaly uncanceled [44].

(18) The group extension

1 — Spin(n > 3) — Spin(5) xz, Spin(n > 3)
£ S0(5) — 1,

however, also does not provide the trivialization of w,ws, but
modifies the wows to wows = w,w5. The situation for n > 3
is similar to our previous remark on Spin(3) = SU(2).

(a) In comparison to the Spin(2) = U(1) case, there ex-
ists an all-fermion QED,4 as a U(1) gauge theory definable
on a generic nonspin manifold with a pure 4d gravitational

anomaly as a 't Hooft anomaly of the space-time diffeomor-
phism SO symmetry from the 5d wows3.

(b) But, for Spin(n > 3), we do not have a Spin(n > 3)
gauge theory (such a 4d gauge theory is not definable on
a generic non-Spin manifold) with a pure 4d gravitational
anomaly as a 't Hooft anomaly of the space-time diffeomor-
phism SO symmetry from the 5d w,ows3.

(c) For Spin(n > 3), we do have a Spin(n)-symmetric the-
ory definable on a generic nonspin manifold with a 4d mixed
gauge-gravitational anomaly as a ’t Hooft anomaly of the
gauge-diffeomorphism symmetry from the 5d wowz = wyHwj.

(i) Dynamically gauging the Spin(n) in 4d alone makes
sense only on a Spin manifold, which results in a 4d Spin(n)
gauge theory with a well-defined dynamics on a 4d spin man-
ifold.

(i) Dynamically gauging the Spin(n) in 4d alone on a
nonspin manifold is ill defined. But, dynamically gauging the
Spin(n) on a non-Spin manifold can result in a well-defined
4d-5d coupled fully gauged system. This 4d-5d coupled sys-
tem for Spin(n = 10) is studied in [45-47].

APPENDIX E: ORIENTED BORDISM GROUPS AND
MANIFOLD GENERATORS

In Thom’s famous 1954 article [83], he showed that the ori-
ented bordism ring is isomorphic to stable homotopy groups
of the Thom spectrum MSO: QEO = m,(MSO). All of the
homotopy groups are a direct sum Z" @ Z3. Bordism classes
of oriented manifolds are completely determined by their Pon-
tryagin and Stiefel-Whitney numbers. The mod 2 cohomology
of MSO is the same as the mod 2 cohomology of BSO, a
polynomial ring on the Stiefel-Whitney classes wy, w3, ...
whose Poincaré series is

1
Hl—t"'

i2

Rationally, the oriented bordism ring is a polynomial algebra
Q[x4, x8, X12, . . . | on generators in degrees that are a multiple
of 4. This tells us the rank r of each group. The Poincaré series
for the free part of Q5 is thus

1
Pirec(t) = 1_[ T— 4

i=1

2-locally, the Thom spectrum MSO is a wedge sum of sus-
pensions of Eilenberg-Mac Lane spectra HZ, and HZ. This
allows us to write

H*(MSO;7Z,) = EB

free summands

< D

torsion summands

H*(HZ; Z,)®
H*(HZ;Z5).  (El)

Let the Poincaré€ series for H*(HZ,;7,) and H*(HZ; Z,) be
puz,(t) and pyz(t), respectively, then by [84], we have

1
=[] 7=

k=2/—1

045127-24



(3+1)d BOUNDARIES WITH GRAVITATIONAL ANOMALY OF ...

PHYSICAL REVIEW B 106, 045127 (2022)

TABLE IV. Oriented bordism groups and manifold generators.
As manifold Y3 (respectively Y°, Y'!) we may take the nonsingular
hypersurface of degree (1,1) in the product RP* x RP* (respec-
tively RP? x RP® or RP* x RP®) of real projective spaces. These
manifolds are called real Milnor manifolds. The 5d Wu manifold
is SU(3)/SO(3). The 5d Dold manifold is S' x, CP? where the
involution 7 sends (x, [y]) to (—x, [7]).

d Q0 Manifold generators

0 YA

1 0

2 0

3 0

4 z CP?

5 7 Y3, WuSU(3)/SO(3), or
2 Dold S! x, CP? manifolds

6 0

7 0

8 7? CP*, CP? x CP?

9 7 Y%, Y3 x CP?

10 7, Y’ x Y3

11 7, y!

and

1
1) = —— 1).
prz(t) 1+IPHZZ( )

Since the Poincaré series piors(?) of the torsion part in Q5°
satisfies

Puors(t) - Prz, () + Prree(t) - pruz () = [ |

k=2
a-n ]

1
, 11—tk
k>2,k£2i—1
()
- l_[ _ )|
|:1+tk>1 1—1t

In particular, we have Table IV [[85], p. 203].

In 5d, the bordism group ng = 7/, and the bordism in-
variant is wpwj3 since the only nonvanishing Stiefel-Whitney
number of oriented 5-manifolds is wows.

1 — %’

we can solve

Prors (t) =

APPENDIX F: COMBINATORIAL FORMULA FOR
STIEFEL-WHITNEY CLASSES

In 1940, Whitney obtained an explicit combinatorial for-
mula for the Stiefel-Whitney classes [86]. The formula is as
follows. Let K be an m-dimensional combinatorial manifold
and K’ the first barycentric subdivision of K. Let C,, be the sum
modulo 2 of all (m — n)-dimensional simplices of K’. Then
the chain C,, is a cycle modulo 2 and represents the homology
class W, Poincaré dual to the nth Stiefel-Whitney class of K.

In [64], the authors obtained a formula for the Stiefel-
Whitney homology classes in the original triangulation
without passing to the first barycentric subdivision. Their
formula is as follows. A branch structure on a triangulation
is an orientation of the links with no closed loops which in

V3

)
Vo b2

U1

FIG. 6. The surface of a tetrahedron with another branch struc-
ture in which the order between vy and v; is reversed.

turn provides an order to the vertices of simplices. Given a
branch structure on K so that any representation of a simplex
in K is written with its vertices in increasing order. Let s be
an (m — n)-simplex in K, say s = [vp, V1, ..., Uy_n]. Let ¢
be another simplex which has s as a face; i.e., s C ¢ (s may be
equal to ). Let B_; = set of vertices of ¢ less than vy, By = set
of vertices of ¢ strictly between vy and v;, By = set of vertices
of ¢ strictly between vy and vg1, B,,—, = set of vertices of ¢
greater than v,,_,. We say that s is regular in ¢, if By is empty
for every odd k. Let 9,,_,(¢) denote the mod 2 chain which
consists of all (m — n)-simplices s in 7 so that s is regular in 7.
Then C;, = Y i 15m—n Om—n(t) is a chain which represents the
homology class W, Poincaré dual to the nth Stiefel-Whitney
class of K.

For example, let K be the surface of a tetrahedron and
|K| = $*. Then, C{ = Y_y,,51 01(¢). Given the branch struc-
ture on K so that the four vertices of K are ordered as
vo, V1, vz, and v (see Fig. 5). For dim¢ > 1, ¢ can be
chosen as [UQ, Ul], [UQ, Uz], [Ul, Ug], [Uo, U3], [U], U3], and
[v, v3] if dim¢ = 1 and [vg, vy, v2], [vo, V1, V3], [Vo, V2, V3],
and [vy, vp, v3] if dim¢ = 2. If dim¢ = 1 and s € 9;(¢), then
s=t, if dims =2 and s € 9;(¢), then s is the 1-simplex
whose two vertices are the smallest and the greatest vertices
of t. Therefore, C| = [vo, vi] + [vo, v3] + [v1, v2] + [v2, v3].
If another branch structure is given on K so that the order
between vy and v, is reversed while other orders remain the
same (see Fig. 6), then C| changes to [vo, vi]+ [vo, v2] +
[v1, v3] + [v2, v3] and the difference with the original Cj is
[vo, v3] + [vg, v2] + [v1, v2] + [v1, v3] which is a boundary.
So, C;, depends on the branch structure and different choices
of branch structures can only change C;, by a boundary.

The Poincaré dual (see Appendix A 7) also depends on the
branch structure. Thus, w, depends on the branch structure
and different choices of branch structures can only change w,
by a coboundary.

APPENDIX G: COMPUTE w,w; ON REAL MILNOR, WU,
AND DOLD MANIFOLDS

The 5d real Milnor manifold [87] Y° = H(2,4) is the
submanifold of RP? x RP* given by

H(27 4) == {([XOa-xla-xz]’ [yOa .o ’y4]) S IRIPZ X IRUD4 :

(GD)

2
X inyi = O}.
i=0
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In fact, H(2,4) is the submanifold of RP? x RP* Poincaré
dual to (a+b) where a and b are the generators of
H*(RP?, Z,) and H*(RP*; Z,), respectively. Note that a* = 0
and »° = 0. The total Stiefel-Whitney class w(H (2, 4)) of
H (2, 4) is given by the restriction to H (2, 4) of the expression

(1+a)P1 +0d)
(1+a+b)

By direct computation, we find that w, = a®> + ab and w3 =
ab® + a*b. So wows = a*b’ and the Stiefel-Whitney number
(waws, [Y3]) = ((a + b)waws, [RP? x RP*]) = 1.

The Wu manifold W := SU(3)/SO(3) has cohomology
ring H*(W; Z,) = Zz[zg,zg]/(zz,z3) with the total Stiefel-
Whitney class w(W) =1+ 2 + 23, Sq(ZQ) =2 + z3, and
Sq(z3) = z3 + 2223 where Sq :=Sq” + Sq' + Sq* + is
the total Steenrod square. So the Stiefel-Whitney number
(waws, [W]) = 1.

The 5d Dold manifold [88] P(1,?2) is the quotient S' x,
CP? where the involution 7 sends (x, [y]) to (—x, [§]). The
ring structure of H*(P(1, 2); Z,) is

H*(P(1,2); Z,) = [Z,]c]/(¢* = 0)] ® [Z2[d]/(d’ = 0)],
and the total Stiefel-Whitney class of P(1, 2) is
w(P(1,2) =1+ o)1 +c+4d),

where ¢ € H'(P(1,2);Z,) and d € H*(P(1,2);Z,). The
Steenrod squares act by

Sq° =id, 8q'(c) =0, 8q'(d) = cd, Sq*(d) = d°,

and all other Steenrod squares act trivially on ¢ and d. By
direct computation, we find that w, = d and w3 = cd. So the
Stiefel-Whitney number (wows, [P(1,2)]) = 1.

APPENDIX H: GENERALIZED WU RELATION

The classical Wu relation (31) expresses the action of a
single Steenrod square Sq" on a Z,-valued cocycle x;_, in
the top d dimension on a manifold M? as the cup product
UpXxg—n, where u, is the Wu class (32). In this Appendix, we
generalize this Wu relation to other elements in the mod 2
Steenrod algebra A,.

By Adem relation, Sq'Sq' = 0 and Sq'Sq® = Sq>. So the
simplest element in .4, which is not a single Steenrod square
is qusq'. We claim that Sq*Sq'x;_3 = (Wf + W3)xy_3 on a
manifold M? where w; is the Stiefel-Whitney class of M¢. In
fact,

Sq*Sq'xy—3 = (W} + w2)(Sq'x4_3)
= Sq' (Wixa—3) + (Sq'w2)xs—3 + Sq' (Waxs_3)
= Wixg—3 + (WiWa + W3)Xg—3 + Wi WaXg_3

= (W? + W3))Cd_3. (Hl)

In the first equality, we used the Wu relation (31) for Sq°. In
the second equality, we used the product formula for Steenrod
square Sq*(x — y) = ZiH kqu — Sq’y and Sq' (Wl) = 0.
In the third equality, we used the Wu relation (31) for Sq'

and Sqlwz = W ;W3 + w3. This (H1) is a new generalized Wu
relation, which is mentioned in Ref. .

APPENDIX I: PULLBACK CONSTRUCTION OF
BRANCH-INDEPENDENT BOSONIC MODELS

In this Appendix, we are going to present a general system-
atic construction of branch-independent bosonic models. We
will first construct a model with a finite-G symmetry, realizing
a G-SPT order. The degrees of freedom in our model are de-
scribed by g; € G on each vertex i. The model on space-time
M? is defined by the path integral

ZM*) =) e S, 1)
8i

We can rewrite that model as

ZM =3 e 4l = g7 (12)

We can add a background flat G gauge field AG eG

ATAS = Af 13)

to describe the symmetry twist, and consider the following

gauged model:

8i

Z(M*, A%) = af = gAfe;'. (14

Note that aiGj satisfy a flat condition

agag{ = af,i (I5)
When Al.Gj = 1, the partition function in (I4) automatically has
the G symmetry

g — gih, hegG, 16)

even for space-time M“ with boundaries. This implies that the
G symmetry is anomaly free.

We can choose a proper S(ag) so that the bosonic
model (I4) realized a bosonic SPT order. To do so, let us
consider the classifying space of the group G, and choose a
one-vertex triangulation of the classifying space. We denote
the resulting simplicial complex as BG. For the details about
the one-vertex triangulation, see Ref. [89]. BG has the proper-
ties that 71(BG) = G and 7,41 (BG) = 0. Since BG has only
one vertex, the links in BG are labeled by Ezg € G, that satisfy
the condition

aja, =ag (I7)
for every triangle (ijk) in BG.
a% on the links of space-time simplicial complex M¢ de-

ﬁneslja homomorphism of simplicial complex

4 P
M* — BG. 8)
¢(ai) maps the vertices in M to the only vertex in BG. ¢(af})
maps the link in M¢ with value al 7 to the link in BG labeled

by a§ = a§. The two flat conditions (I5) and (I7) ensure that
¢(ag) maps the triangles in M to triangles in BG, etc. Thus

¢(a ) is a homomorphlsm of simplicial complex, and a
the pullback of a by ¢(af)):

aj, = ¢*(a}) afj. (19)
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Let @, be a R/Z-valued cocycle in BG:

@4 € HY(BG;R/Z). (110)
Now we can construct a bosonic model using @g:
ZM4 A%) =3 eI 9B gl = gAGeT! (1)

8i

We refer to this construction as pullback construction. Clearly,
the resulting bosonic model is branch independent since
during the whole construction, the branch structure is not
even specified. We also note that the action amplitude
!27 Jua @1 goes not depend on the Stiefel-Whitney co-
cycle w,,.

The branch-independent bosonic model (I11) realizes the
SPT order labeled by @y € HY(BG; R/Z), and described by
the SPT invariant [32,33]

ZtDP(Md,AG) l27[ jquﬁ (A”)a)d

(112)

This is consistent with the group cohomology classification of
SPT order [10].

The above construction of branch-independent bosonic
models can be generalized to compact continuous group G
with less rigor, where the branch-independent bosonic model
is given by the following path integral:

Z(Md, AG) — Z eiZ” jMd o e jMd [/(¢)
¢

I13)

Here we give the classifying space of G a triangulation and de-
note the resulting simplicial complex as BG. The trianglation
temporarily breaks the G symmetry. ¢ is a homomorphism
from space-time simplicial complex M to classifying space
simplicial complex BG:

Mm% BG. (114)

The path integral is a sum over the homomorphisms ¢. This is
similar to the definition of nonlinear o model on a continuum
space-time, where the path integral is a sum over the con-
tinuous maps from space-time manifold to target space. The
term e~ Jut £@) is chosen such that the model (I13) describes
a disordered state. In the limit of fine triangulation the model
has a G symmetry, and the disordered state is G symmetric.

Also, @, in the path integral (I13) is a R/Z-valued cocycle
in BG:

@4 € HY(BG;R/Z). (115)
IftH'"BG;Z)=2&Z,® ---, then H'(BG;R/Z) =R/Z &
Z, @ --- according to the universal coefficient theorem

HYX;M) ~ Mz HY(X;Z) ® Tor(M, H*'(X; 2)). (116)

We see that the torsion part of HY(BG;R/Z) and
H1(BG; 7) coincide:

TorHY(BG;R/Z) = TorH**'(BG; 7). (117)

The cocycle that generates R/Z part of H"(BG; R/Z) does not
have a quantized coefficient and can be continuously changed
to zero. So the R/Z part of H*(BG;R/Z) does not char-
acterize a topological phase. Only @; € TorHY(BG;R/Z) =
Tor(R/Z, H'T'(BG; Z)) gives rise to distinct topological
phase via the model (I13), which is a G-SPT phase.

When G is continuous, some G-SPT order can belong to Z
class which is not a torsion. To construct branch-independent
bosonic model to realize this kind of SPT order, we need to
generalize the above model (I13) to the form

Z(Md, AG) — Z e Jud £&) 51271 [ya ¢*@at fyar1 Vars l’
¢

M? = Nt (118)

The term ¢?27 Jye+1 #%+1 Jiving in one higher dimension, is a
Wess-Zumino-Witten—type term, and ¢y is a homomorphism
of simplicial complex

N2 BG (119)

such that at the boundary M? = dN‘*!, gy = ¢. 44 is a R-
valued cocycle that satisfies a quantization condition

Uiyl € Z,
Nd+1

for all closed N4t! in BG. In other words, the R-valued co-
cycle ;41 represents a cohomology class in the free part of
H¥Y(BG; 2):

120)

D41 € Free(H'™ (BG; 72)). (121)

In the disordered phase, (I18) realizes a G-SPT or-
der characterized by (@g, Vg+1) in Tor(H? (BG; R/2)) =
Tor(H?T'(BG; Z)) and Free(H?t'(BG;Z)). In other words,
the G-SPT order is characterized by the elements in
H*1(BG; Z), which agree with the group cohomology theory
of SPT order for symmetries described by compact groups.

When G = SO(o0), the term e!?” Jyar $ivass gives rise to
the SO(0c0) Chern-Simons term on M¢ = dN4*!, whose gen-
erator is the Pontryagin class (for d + 1 =0 mod 4). The
pullback of different maps ¢,

M % BSO(c0), (122)

gives rise to different SO(oco) bundle over M¢. If we restrict
Z¢ in (I18) to a subset of maps ¢, such that the SO(c0)

bundle over M? is the same as the stabilized tangent bun-
dle of M?, the model (I18) may realize a bosonic invertible
topological order. The Z class of invertible topological orders
are described by gravitational Chern-Simons term, which is
also SO(00) Chern-Simons term. We see that the model (I18)
can only realize gravitational Chern-Simons terms generated
by Pontryagin classes, which have no framing anomaly. Thus,
in 3d, the model (I18) can only realize invertible topological
orders generated by Eg topological order. The Eg topological
order is characterized by a gravitational Chern-Simons term
that corresponds to % of the first Pontryagin class, which has
a framing anomaly.

APPENDIX J: BACKGROUND VS DYNAMICAL GAUGE
TRANSFORMATIONS

In Sec. III B 1, we describe the invariance or noninvariance
of path integral in terms of the change of coboundaries and
branch structures. Here we fill in some additional terminol-
ogy more accessible for quantum field theorists: in terms of
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background gauge transformations vs dynamical gauge trans-
formations.

For 4d 7, gauge theory (24) described by Z,-valued 1-
cochain and 2-cochain dynamical fields a?> and b%2,

E : im a?2 db%2
7 = e f34 s

a?2 ,h%2

where )z, ,z, is a summation over Z-valued I- and
2-cochains. The above theory has dynamical gauge transfor-
mations for dynamical fields:

a®? — a> + duyg, b2 — pP + dup, dn

where uy € CO(B*;Z,) and u, € C'(B*;Z,) are Z,-valued 0-
and 1-cochain fields.

Now let us discuss another interpretation of (25).
The Stiefel-Whitney classes w, € H>(M>;7Z,) and wj €
H3(M?;Z,) are special cohomology classes satisfying the
extra axioms A 1-A4 listed earlier, with the base manifold M>
for the real vector bundle. Since M? is orientable, we have
Wi 2 0and W3 = Sqlwz.

When M has a boundary, the partition function (25) de-
pends on the choice of the coboundaries in w, and ws. i.e.,
under the following background gauge transformation for
nondynamical fields:

Wy — Wa + dvy,
w3 — w3+ Sq' dv; + dvs — w3 + dv,. J2)

Although the Stiefel-Whitney classes have the relation
Sqlwz = wj3 so that the transformation dv; can be related to
Sq'dvy, but they can differ by a coboundary dv, which thus
absorbs Sq' dv.

An anomalous Z, gauge theory (that has ’t Hooft anomaly
of space-time SO diffeomorphism) on the boundary B* =
OM> of the topological state is described by (25) which
has not only the dynamical gauge transformations [involv-
ing up and u; in (J1)] but also additional background gauge
transformations [involving v; in (J1)]:

a? — g% ¢ dug + vy, b 5 pP 4 du; + v,

Wy — Wy + dvy, W3 —> w3+ duv;. dJ3)

It turns out that the background gauge transformations at the
lattice scale of the simplicial complex are important to ensure
the anomaly inflow or anomaly cancellation between the bulk
and boundary for the ’t Hooft anomaly of global symmetries.
In contrast, the dynamical gauge transformations at the lattice
scale of the simplicial complex are not so crucial or funda-
mental: the dynamical gauge invariance at the lattice scale,
even if we break them locally, the dynamical gauge invariance
can reemerge at a larger length scale. So, only the emergent
dynamical gauge invariance is crucial.

APPENDIX K: Z, TOPOLOGICAL ORDER WITH
EMERGENT FERMION AND HIGHER-DIMENSIONAL
BOSONIZATION

In this Appendix, we review and summarize the
higher-dimensional bosonization following [71]. In (d + 1)-
dimensional space-time, a bosonic model that realizes a Z;

topological order is described by the following path integral:

Z(M‘H']) — Z 1,

da?220

(K1)

where ) JaZs 2o SUMS over all Z,-valued 1-cocycles a?>. The
low-energy effective theory of the Z, topological order is a
Z, gauge theory where the pointlike Z, charge is a boson.
Such a Z, topological order has another realization in terms
of Z,-valued (d — 1)-cocyles [%>:

ZMy = Z 1.

Zy 2
di% =0

(K2)

There is a twisted Z, topological order [59], whose low-
energy effective theory is a twisted Z, gauge theory where the
pointlike Z, charge is a fermion. Such a twisted Z, topological
order is realized by the following bosonic model:

Z(Md+1) — Z eiﬂj;wd+l quldz,zl'

Zy 2
di*2 20

(K3)

The above path integral does not contain a Z, charge. To
include a Z, charge, we note that the world line of a particle
can be described by its Poincaré dual f;, which is a Z,-valued
d-coboundary. The path integral including such a world line
is given by

Z(Md+1) — Z g”rfMd“ qulffl . (K4)

Zy 2
dltl—zl :fd

The term '™ Jui+1 ST gives the world line (described by
fa—1) a Fermi statistics.

The (d 4 1)d twisted Z, topological order has a d-
dimensional boundary, formed by condensing the Z, flux.
Such a boundary contains only pointlike topological excita-
tions, which are fermions, coming from the bulk fermionic
Z, charge. Such a boundary is the canonical boundary of the
path integral (K4), which is described by the following path
integral:

Z(Md+1) — Z eiJT fMdH quldz_zl , Bd — aMd+1. (KS)

a2, 2o

The cocycle ldzjl on the boundary B? can be viewed as the
Poincaré dual of the world line of boundary fermions.
Now, let us try to view the above path integral (KS5) as a

path integral on the boundary B¢ for the field ldzf], and view

i 2122 . .
the term '™ Jui+1 ST 45 o Wess-Zumino-Witten—type term
defined in one higher dimension. But, such a viewpoint is
. . i [ 2,7
not quite correct since the e!” Jus+1 Sl not only depends
on [5?, on the boundary BY = dM“*!, but also depends on
Mt ie., how we extend BY. However, when M9*! is ori-
ented and spin, w 20 and W 2‘=dO, quldzjl 22 (0. In this
. 2.,Z
case, ! Jur+1 Sl only depends on ldzjl on the boundary
B? = dM9t! | and can indeed be viewed as a Wess-Zumino-
Witten—type term.
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We can modify the path integral (K5) to relax the require-
ment for M4*! to be spin:

. foo.
Z(MdJrl) = Z ei”(de ldz—zlAZz +jMd+1 Suzlrlz—21+W2[dZ}1)

Zy 2
a2 20

B! = aMt!,  wy = dAZ on BY. (K6)

In the above, M?*! is orientable but may not be spin,
. y :
and B? is spin such that w, = dAZ> on B?. In this case,
in [ 2,2 Z . .
' ot STLZHwli2) g g Wess-Zumino-Witten—type term,

that only depends on ldzjl and w, on B, Also, (K6) is invariant
under the “gauge” transformation

Wy — Wy + dUIZZ, AL 5 Al + UIZZ, (K7)

so that it is branch independent.

Azé is a Zp-valued 1-cochain, which corresponds to the
spin structure on BY. The relation wy = dAZ* tells us that the
world line ldzjl couples to the SO(n) tangent bundle of B¢ in
such a way that the world line corresponds to a half-integer
spin.
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