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Heterobilayer transition metal dichalcogenide (TMDC) moiré systems provide an ideal framework to inves-

tigate strongly correlated physics. Here we theoretically study bosonic many-body phases of excitons in moiré
TMDCs. By using two moiré models and cluster mean-field theory, we reveal that, due to nonlocal Coulomb
interactions, moiré excitons can feature exotic supersolid phases, i.e., superfluids of broken translational invari-
ance, and correlated insulating states. The correlated phases exist at experimentally accessible temperatures and

are tunable via the twist angle and exciton density.
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Introduction. Rapid advances in nanofabrication tech-
niques have allowed for experimental realizations of mul-
tilayer van der Waals moiré heterostructures, where lattice
mismatch or a twist angle between monolayers, results in a
tunable long-wavelength potential for electrons [1-3]. Moiré
potential leads to localized electrons, reducing their kinetic
energy and thus enhancing the role of interactions. Moir€ sys-
tems, therefore, serve as versatile platforms to study strongly
correlated electronic systems. Prominent interaction-driven
phases observed in moiré systems include superconductivity
in twisted bilayer and multilayer graphene [4-6] and corre-
lated electronic states, such as Wigner crystals, stripes, and
Mott insulators in bilayer transition metal dichalcogenides
(TMDC) [7-15].

Moiré TMDCs are also an ideal platform for revealing
many-body effects of bosons. Namely, in TMDC monolayers,
excitons, i.e. bound electron-hole pairs, can be optically cre-
ated. Correspondingly, the moiré potential of electrons leads
to formation of moiré excitons [9,16-25]. While most of the
research has focused on probing moiré electrons with excitons
[9,11,12,14,15,26], less attention has been given to possible
bosonic many-body phases of moiré excitons. As the moiré
potential allows the confinement of bosons to triangular or
honeycomb lattice geometries [19], and as repulsive Coulomb
interactions between moiré excitons can be very strong com-
pared to their kinetic energy, it is tempting to expect that
moiré excitons form Mott insulating phases. This was indeed
predicted in a recent theoretical study [27] for a large range of
tunable parameters. Moreover, the possibility to reach super-
fluidity of moiré excitons has also been speculated [27,28].

Due to the strong on-site interaction, weaker nonlocal in-
teractions between excitons are often ignored. However, at
sufficiently low densities the on-site interaction can, by virtue
of hard-core boson constraint, be discarded so the nonlocal
interactions become the dominant interaction channel. In this
work, we theoretically study possible many-body phases of
moiré excitons by taking into account nonlocal interactions.
We employ two different continuum models [18,29], from
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which we derive the effective tight-binding models for moiré
excitons and compute nonlocal exciton-exciton interactions.
By using cluster mean-field (CMF) theory [30-34], we show
that in addition to possible conventional Mott and superfluid
states, moiré excitons can also exhibit more exotic many-body
states, namely correlated insulating and superfluid phases of
broken translational invariance. The latter is widely known as
the supersolid phase. We show that these states are accessi-
ble using reasonable twist angles and exciton densities, and
experimentally accessible temperatures.

Hamiltonian. We consider moiré excitons of a TMDC het-
erobilayer system of layers 1 and 2. TMDC monolayers have a
hexagonal lattice structure and direct band gaps at the corners
of their hexagonal Brillouin zone (BZ), namely in the K and
K’ valleys [35-37]. Small lattice constant mismatch or twist
angle 6 between layers causes the interlayer electron tunnel-
ing to hybridize the low-energy states of two layers in the K
and K’ valleys [18,38]. This gives a rise to moiré flat bands
of excitons, long moiré periodicity a,,, and reduced moiré
BZ (mBZ), see Figs. 1(a)-1(c). As excitons can be created
valley-selectively [35,39-44], we from now on consider only
the K-valley excitons and small twist angles 6 ~ 0 — 4°.

We study the many-body properties of moiré excitons
by employing two different one-particle continuum Hamil-
tonians. The first one, which we call hybridized moiré
exciton model and denote Hy, has been used successfully
in Refs. [17,18] to study the hybridization of intralayer and
interlayer excitons in moiré structures. The model treats the
interlayer electron tunneling ¢(k, k') from momentum k’ to
k in the microscopic level as #(k, k') o< 8k i + dk—k by +
Sk—k' by [b" are the moiré reciprocal vectors, see Fig. 1(b)],
which leads to the emergence of moiré€ excitons (see Supple-
mental Material (SM) [45] for further details).

The second model, which we denote H, treats the moiré
effects with a slowly varying effective potential A(r) (r being
the spatial coordinate) i.e., the single-particle Hamiltonian for
excitons is simply Hr = —V?/2m + A(r), where m is the
exciton mass. We call this as an effective potential model,

©2022 American Physical Society
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FIG. 1. (a) Schematic of the moiré system in the momentum
space. Blue (orange) hexagon depicts the BZ of layer 1 (2) and black
hexagon presents the moiré BZ (mBZ) in the K valley. (b) K-valley
mBZ. The momentum space is spanned by vectors b} and b%'. The
red path gives the x axis of panel (c). (¢) Moiré exciton K-valley
spin-down band structure at & = 0.5° obtained for MoSe/WS, with
Hy . (d) Corresponding triangular tight-binding model for the lowest
band moiré excitons, characterized by the NN hopping #xn and moiré
periodicity a,,.

and it has been widely used to study moiré€ electrons [46—49]
and excitons [16,19,27,29,50]. Recent first-principles studies
[51] have argued that continuum models are sufficient to
capture the nature of the lowest energy moiré excitons, the
primary focus of this work. Following the experimental works
of [16,17], we apply Hy (Hg) to study a hybrid moiré excitons
(moir€ interlayer excitons) in a MoSe, /WS, (MoSe,/WSe;)
heterobilayer system.

Both Hy and Hp yield one-particle Hamiltonians in the
form Hy = ),k cupz €kn yljn Ykn» Where n is the band index and
Yk annihilates a moiré exciton at momentum k and energy e,
[45]. For both the models, the lowest energy band € at small
0 is extremely flat and well isolated from higher bands by a
large band gap (see Fig. 1(c) and SM [45]). Subsequently, the
Wannier functions of the lowest moiré exciton band form a tri-
angular lattice characterized by the nearest-neighbor hopping
NN [45], see Fig. 1(d). We thus write the effective tight-
binding Hamiltonian of the excitons in the lowest moiré band
as

H= Z tijx;ij + ZonlTxlTx,-xi + Zl],»jxjx;xjxi, 1))
i,j

<i,j> i

where x; annihilates a moiré exciton in lattice site i, ¢;
describes hopping from site i to j, Uy is the repulsive
on-site interaction, U;; denotes the nonlocal interactions be-
tween sites i and j, and the sum over the hopping terms is
limited to nearest-neighboring sites. Interaction terms arise
due to Coulomb interactions between excitons, and the val-
ues of t;;, Up, and U;; depend on the chosen continuum
model. The hopping values are obtained as the Fourier
transform of the energies of the lowest moiré band, i.e.,
tij = 1l\l2kemBZ exre  ®®Ri-R)  Here N is the number of
moiré unit cells, and R; denote the locations of moiré lattice
sites.

Deriving interaction terms Uy and U;; is more involved and
depends on the chosen model. We detail how to do this for Hy
in the next section. In Fig. 2 we present Uy, nearest-neighbor
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FIG. 2. (a) and (b) Uy, Uxn, and Unnn With respect to |fnn|
as a function of 6 obtained with Hy and Hg continuum models,
respectively.

(NN) and next-nearest-neighbor (NNN) interactions, Unn and
Unnn, Wwith respect to |fyn| as a function of 6 for the two
continuum models. In both cases, Uy is the dominant energy
scale, being roughly one to two orders of magnitude larger
than Unn. Furthermore, Unn is comparable to fxy in case of
Hy and much larger than fyNy when using Hg. We also see
that in the case of Hg, NNN interaction is comparable to fxn
and cannot be ignored. We thus keep the interactions up to the
NN (NNN) terms when using Hy (Hg). In the case of moiré
electrons, nonlocal interactions have been predicted to lead a
rich landscape of many-body phases [47—49,52-54].
Exciton-exciton interactions. We now derive the interaction
terms of Eq. (1) in the case of Hy (derivation for Hp is
given in SM [45]). In this model, the moiré excitons consist
of superpositions of intra and interlayer excitons labeled as
IX), |1X), |IX), and |IX'). Intralayer excitons |X) (|X’)) and
holes of interlayer excitons |IX) (|]IX’)) reside in layer 1 (2).
However, due to the permanent dipole moment of interlayer
excitons, IX-IX, IX’-IX’, and IX-IX’ interactions are much
larger than other interaction terms. Hence, we write the inter-
action Hamiltonian for the direct Coulomb interactions as

1 ) .

T T
Hpy = 24 Z gf;”(q)xl’k+qxt-,k,_qx,~,k/x,,k, 2)

kk'q
73
where A is the system area, 7,7 € {IX,IX’}, x; x annihilates an
interlayer exciton of momentum k and type ¢, g%’ (q) is the
interaction vertex and the momenta sums are not limited to
mBZ. We transfer to the moiré exciton basis:

gk k. @)
Hiy = Z ]TJ/I('JF.I,-Vlz_q e 3)
kk'qemBZ
ijki
with
gk K. @) => > gl (q+ Gy)uiksqlt. o+ ¥)
tf afy
X (ujw—qlf, B — y){E, Blug ) (t, orlu ).

“

Here |u; x) is the periodic part of the moiré Bloch function for
the ith band of momentum k, and matrix elements (t, ct|u; x)
represent its components related to the exciton of type ¢ at
momentum k + G, with G, = g.b]' + p,b5 (g, and p, are
integers).
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The Coulomb interaction vertex g‘ftf’ (q) can be straightfor-
wardly computed by deploying the excitonic wave functions
¢(k) [45]. For example, the interaction vertex between two IX
excitons is

gl (q)%ﬁ f*a)’ | F(¥aq)’
IXIX 2q Gintra,Z(q) Gintra,l(q)
€inter(q) .

Here e is the elementary charge, f(k)= Zq o1y (@ix (+k)
and x* (xX) is the relative electron (hole) mass of the
IX exciton such that x.* +xX =1 [45]. The terms inside
the wave brackets arise due to electron-electron, hole-hole
and electron-hole Coulomb interactions, respectively. We
have approximated the excitons to be tightly localized in
the momentum space around the K-point [45]. Further-
more, we take into account the two-layer geometry via
the momentum-dependent intralayer and interlayer dielectric
functions, €jnya(q) and €ipeer 1 (q) [55], derived in SM [45].

We rewrite Eq. (3) for the tight-binding model (1) by dis-
carding all but the lowest moiré band and using the Wannier
function expansion, i.e., yi; = \LW Y. e Rix; [45], to obtain

1 ir
Hiy ~ A Z gblilll(k’ K, Q)V|j+q13’1j/—q13’k’l)/kl

kk'qemBZ
= ) SabeaXyXjXcXa (6)
a,b,c,d
with
_ Z g kK, q)  e*RAKR o
8abed = JANZ okt R +i(k—q) R, °

kk'q

Equation (7) gives rise to different scattering processes
such as direct and exchange interactions (guppa> Cabab)s
interaction-assisted hopping g,qa», and pair hopping gaum- The
importance of such terms was highlighted in Ref. [49] for the
case of moir€ electrons. Here, however, the direct interaction
is the dominant one and we discard nondirect terms to obtain
Eq. (1).

Supersolidity of moiré excitons. As Uy in (1) is much larger
than other energy scales, it is presumable that the ground
state is a Mott insulator when the exciton density n, i.e.,
the number of excitons per lattice site, is n = 1. However,
for smaller densities, the ground state can be very different.
Namely, U is so large that for n < 1, one can employ the
hard-core constraint (HCC), i.e., to limit the occupation num-
ber of each lattice site to be less than 2. HCC is accurate
when n < 1/Ay., where Ay is the area of the moiré unit
cell. For example, with twist angle 6 =2°, 1/A" = 3.1 x
1072 cm™2 for a MoSe,/WS, structure. This density is to
be contrasted with experimentally measured critical density
n. above which interlayer moiré excitons dissociate to free
electron-hole plasma [56,57]. In the case of MoSe,/WSe,,
n. was measured and theoretically computed to be roughly
ne~1.6—3x 1072 cm~2 [56]. We therefore restrict our
analysis to n < % and employ HCC, as justified by the ex-
periments.

To study competition between the hopping and non-local
interaction terms, we treat moiré excitons as ideal bosons
and employ cluster mean-field (CMF) theory [30-34]. As we
are using sufficiently small exciton densities, excitons follow
to a good approximation bosonic commutation relations, and
therefore our bosonic model is well justified [45]. CMF the-
ory has been used in earlier works to investigate nonlocally
interacting hard-core bosons in square and triangular lattices,
revealing that such systems can feature Mott states, superfluid
states, and supersolid phases [31-33]. Moreover, CMF theory
has been shown to agree well with Monte Carlo calculations
[31,58]. Previous studies have considered only real-valued
hopping parameters, whereas here the moiré potential can ren-
der tny complex valued in case of Hy. One therefore cannot
apply directly the results of previous studies [31] here.

In the CMF method, a cluster of sufficiently many-lattice
sites is solved exactly, and the coupling between the cluster
and sites outside the cluster is treated in the mean-field level.
Specifically, the cluster Hamiltonian reads

He = Z(fi,-j,- — U8, XX + Z Uy, j. XX X%,

ic, Je icsJe
+ Z(ti]}-]/ji*xjc + HC) + Z 2U,~Cjnjx2x,~0. (8)
ije ic,J

Here i. (i) refers to the sites within (outside) the cluster and
we have introduced the chemical potential . The mean fields,
namely the superfluid order parameter v; and exciton density
n;, are solved selfconsistently. This is done by solving suf-
ficiently many cluster problems, centered at different lattice
sites. If site i belongs to M; different clusters (as clusters
can overlap), an average over these clusters is taken, i.e.,
v = ﬁ > c{x:), where C is the cluster index (details are
provided in SM [45]). The expectation values (x;) in clus-
ter C are computed by exactly diagonalizing the cluster
Hamiltonian Hc and taking the thermal average, i.e., (x;.) =
ZLCTr{e’ﬂHCxil_}, where B = kgT with kg and T being the
Boltzmann constant and temperature, and Z¢ = Tr{e #Hc} is
the partition function for cluster C. Obtained mean fields v;
and n; are inserted back to the cluster Hamiltonian (8) and the
iterative procedure is continued till v; and n; converge for all
i. We use several different initial ansatzes for v; and n;, and
select the result with the lowest free energy 2 = —kg7 InZ
where Z is the total partition function of the system.

To exactly diagonalize Eq. (8), we consider the Hilbert sub-
space spanned by the Fock states which have, at maximum,
one particle per each site. Moreover, we do not fix the particle
number as the average density is controlled by p in Eq. (8).
This ensures that we can access the superfluid order parameter
that breaks the U (1)-gauge symmetry.

We present in Figs. 3(a) and 3(b) our CMF results for
MoSe,; /WS, as a function of p and 6, obtained with 10-site
clusters (see SM [45]) by using txn, Up, and U;; of Hy. To
study possible broken spatial symmetries, we define the stag-
gered density as An = W We show both the average
superfluid order parameter v [Fig. 3(a)] and An [Fig. 3(b)].
For clarity, ¥, An, and average density 7 are also depicted in
Figs. 3(c) and 3(d) as a function of 6 for u/Uxn = 0.4 and
w/Unn = 5.8, respectively.
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FIG. 3. (a) and (b) CMF results for ¥ and An, respectively, as a
function of 6 and n at T = 0 by using Hy. Inset of panel (b) shows
the spatial profile of n; of the solid phase (yellow denotes n; = 1 and
blue n; = 0) with 77 = 1/3. (c) and (d) ¥, An, and 7 as a function of
0 for u/Uxny = 0.4 and p/Unn = 5.8, respectively, at T = 0.

From Fig. 3 we see that by tuning 6 and pu (i.e., 7),
one can reach different many-body phases: spatially ho-
mogeneous superfluid (SF) phase (characterized by ¥ # 0,
An = 0), solid phase with broken translational symmetry
(¥ =0, An # 0) and, importantly, supersolid (s # 0, An #
0). The solid phase has the average density of 7 = 1/3 and
its spatial density profile, depicted in the inset of Fig. 3(b),
is characterized by vanishing density within two-thirds of the
sites. The supersolid phase has a similar staggered density
pattern, with the exception of having finite density in all the
sites so that 7 > 1/3.

To study how finite temperature affects the supersolid
phase, we plot in Fig. 4(a) ¥ and An as a function of T
for /Uy = 5.88 at 6 = 1.4° (symbols) and at u/Uny = 5.8
with 8 = 0.7° (dashed lines). At = 1.4°, the superfluid com-
ponent of the supersolid vanishes around 7' ~ 2.4 K, whereas
the staggered density pattern survives to slightly higher tem-
peratures. A similar trend can be seen more clearly in the case
of 6 = 0.7° for which the staggered solid phase vanishes at
considerably higher temperatures compared to the superfluid
order. This is understandable as the superfluidity emerges
due to U(1) symmetry breaking and is thus more susceptible

T
= =An (0 =0.7°) 0.9
i (0=149) = = 2 (0 =0.7°) 08

(0 =14°)

T
09 —s—An (0 =14°)
08~ —&—

A0=07) | 0

0.1*66@@35%5\k (b)
Ll

10° 10

FIG. 4. (a) Calculated An, v, and 7 as a function of T at
/Uy = 5.88, 8 = 1.4° (symbols) and at u/Unny = 5.8, 6 =0.7°
(dashed lines) by using Hy. (b) Corresponding results with Hg for
/.L/UNN =5.7and 6 = 3°.

to thermal phase fluctuations. Notably, the superfluid critical
temperatures 7, obtained here are experimentally accessible
[20,25]. One should note, however, that CMF accounts for
exactly local and short-ranged quantum fluctuations, but treats
long-range fluctuations in the mean-field level. Thus, CMF
most likely overestimates 7,.. Our prediction, however, should
be better than that given by a simple Gutzwiller mean-field
theory. To improve the prediction for T, one should perform
a fluctuation analysis for the complex phase of i; to access
the BKT-transition temperature. With CMF, this could be
done as in Ref. [33], where fluctuations of the density matrix
were studied, or computing the superfluid density by ex-
tending the quantum Gutzwiller theory [59] for our cluster
approach. We leave this aspect to future studies.

For completeness, we performed CMF computations for
MoSe,/WSe, by using tnn, Uy, and U;;, obtained from HE.
With experimentally feasible parameters [16], twist angles
of 6 ~ 3° yield supersolidity (see SM [45]). In Fig. 4(b) we
show An, ¥, and 7 as a function of T at u/Uxn = 5.7 and
0 = 3°. We see that 7. ~ 1 K. Our prediction for excitonic
supersolidity is thus not model-dependent, but an intrinsic
property of moiré excitons that feature a finite interlayer exci-
ton component.

Discussion. We have demonstrated that moiré excitons,
in addition to previously predicted Mott and conventional
superfluid states [27,28], can also host superfluid and insulat-
ing states that break the periodicity of the original triangular
moiré lattice. By tuning the density of excitons and the twist
angle, one can reach these many-body phases within a rea-
sonable parameter regime and at experimentally accessible
temperatures. We employed two different continuum models
to build the tight-binding models and interactions for moiré
excitons. The common feature of these models is the presence
of interlayer excitons. Nontrivial states of broken translational
invariance emerge then from strong nonlocal Coulomb inter-
actions, which cannot be ignored in experimentally feasible
density regime.

We used here equilibrium CMF theory, whereas experi-
mental systems are inherently in nonequilibrium due to optical
pumping and decay processes of excitons. However, interlayer
excitons can exhibit relatively long lifetimes in moiré systems;
in Ref. [60] the lifetime of interlayer excitons was measured
to be around 1-10 nm for small twist angles, giving the decay
rate of y ~ 107* — 1073 meV. This is still much smaller
than other energy scales. For example, || ~ 0.1 meV at
0 ~ 0.7° used in Fig. 4(a). Thus, we expect that including
a decay term in Eq. (1) does not change our conclusions
qualitatively. Moreover, recently realized dual-moiré systems
[61,62], where the system geometry suppresses the recombi-
nation of electron-hole pairs, can further enhance the lifetime
of interlayer excitons and can thus be a strong candidate
for realizing supersolid phases similar to the ones predicted
here. Nonequilibrium dynamics of excitons provide a rich
playground to reveal new properties of moiré systems [60,63]
and remain an important topic for future studies.

Our work considers excitons in the K valley only. On
the other hand, the hybridized exciton model Hy allows us
to simultaneously consider the K’-valley excitons. However,
the intralayer excitons of different valleys are coupled via
the intervalley exchange interaction [64—66]. Consequently,

035406-4



NONLOCAL INTERACTIONS AND SUPERSOLIDITY OF ...

PHYSICAL REVIEW B 106, 035406 (2022)

the lowest moiré exciton bands of two valleys hybridize and
a two-band tight-binding model is required [67] to faith-
fully study such intervalley moiré excitons. Intervalley moiré
physics can be very rich, e.g., possibly leading to topological
band structures [50] and excitonic phases of broken crystal
symmetries [68].

Moiré excitons can also easily couple with light, form-
ing moiré exciton polaritons [69] and therefore allowing
the creation of strong nonlinearities and many-body phases
of light [63,70]. Furthermore, electron-exciton interactions

[9,11,12,14,15,25,26,26,71-73] provide a promising platform
for studying strongly correlated Bose-Fermi mixtures. Our
work, describing the possibility to access supersolid phases,
manifests vast opportunities of moiré excitons and highlights
their significant role in studying strongly correlated bosonic
many-body phases.
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