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Quantum theory of nonlinear thermal response

YuanDong Wang ©,"? Zhen-Gang Zhu®,">%" and Gang Su®?3*71

1School of Electronic, Electrical and Communication Engineering, University of Chinese Academy of Sciences, Beijing 100049, China
*Theoretical Condensed Matter Physics and Computational Materials Physics Laboratory, College of Physical Sciences,

University of Chinese Academy of Sciences, Beijing 100049, China

3CAS Center for Excellence in Topological Quantum Computation, University of Chinese Academy of Sciences, Beijing 100190, China

4Kavli Institute of Theoretical Sciences, University of Chinese Academy of Sciences, Beijing 100049, China
M (Received 4 June 2021; revised 17 July 2022; accepted 18 July 2022; published 28 July 2022)

The linear behavior of thermal transport has been widely explored, both theoretically and experimentally.
On the other hand, the nonlinear thermal response has not been fully discussed. In light of the thermal vector
potential theory [Tatara, Phys. Rev. Lett. 114, 196601 (2015)], we develop a general formulation to calculate
the linear and nonlinear dynamic thermal responses. In the DC limit, we recover the well-known Mott relation
and the Wiedemann-Franz (WF) law at the linear order response, which link the thermoelectric conductivity 7,
thermal conductivity «, and electric conductivity o together. To be specific, the linear Mott relation describes
the linear 5 is proportional to the first derivative of o with respect to Fermi energy (for brevity we call the
first derivative, the others are similar); and the linear WF law shows the linear « is proportional to the zero
derivative (i.e., the o itself). We found there are higher-order Mott relations and WF laws which follow an
order-dependent relation. At the second order, the Mott relation indicates that the second order o is proportional
to the zero derivative of the second order n; but the second WF law shows that the second o is proportional to
the first derivative of «. At the third order, the derivative order increases once. Although we only did explicit
calculations up to the third-order response, we can deduce that the nth-order electric conductivity is proportional
to the (n — 2)th derivative of the nth-order thermoelectric conductivity for the nonlinear Mott relation; and the
nth-order electric conductivity is proportional to the (n — 1)th derivative of the nth-order thermal conductivity
for the nonlinear WF law. Since the second-order Hall effect has been studied in experiment, our theory may be
tested by measuring the second-order Mott and WF as well. Our theory is presented explicitly for fermions, and
it can also be applied to bosons. As an example, we calculate the second-order thermal conductivity of magnons

in a strained collinear antiferromagnet on a honeycomb, in which the linear response disappears.
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I. INTRODUCTION

The interaction of temperature gradient with matter encom-
passes a wide range of phenomena, including the conversion
of heat and electricity or spins, which is essential for the
engineering of thermoelectric and other energy-conversion
applications. Significant efforts have been devoted to under-
standing the thermal response in various materials, but most
of them are devoted to linear order. In analogy with the
anomalous Hall effect, Berry curvature plays a significant role
in thermoelectric transport, known as the anomalous Nernst
effect (ANE) [1-4]. Owing to the Onsager’s reciprocal rela-
tions, the Hall conductivity or Nernst coefficient have to be
vanishing in a time-reversal invariant system [5—7]. However,
with increasing interests on nonlinear properties of topolog-
ical materials, the nonlinear responses could appear in the
presence of time-reversal symmetry but with broken inversion
symmetry. Recently, the nonlinear anomalous Nernst effect
has been predicted in transition-metal dichalcogenides [8—10].
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These nonlinear thermal responses appear with distinctive
behaviors and have become promising tools for understanding
novel materials with low crystalline symmetry in experiments.

Most transport theories of thermally driven lattice systems
are mostly phenomenological and numerical. This is because
temperature gradients are macroscopic quantities after sta-
tistical averaging, and thus it is impossible to integrate into
the Hamiltonian in a straightforward way. However, Luttinger
provided a solution in 1964 [11]. To describe the effect of
temperature gradient, he introduced a fictitious scalar field W,
which is called the “gravitational” potential, that couples to
energy density A(r). The Luttinger’s Hamiltonian is

H, = /d3rh(r)\ll(r). (D

The Hamiltonian of the system is then given as HY =
[ d*r h* (r), with the modified energy density 2% (r) = [1 +
W(r)]h(r). By the constriction of Einstein relation, the po-
tential satisfies VW = VT /T. In this way the dynamical
response of the system to the varying field ¥ would be
equivalent to the response to a temperature gradient assuming
that the latter is slowly varying. Hence, the thermal transport
coefficient can be directly calculated by linear response theory

©2022 American Physical Society
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with Kubo formula. In the following we call this original
proposal thermal scalar potential (TSP) method.

In the half century since the proposal of the original idea,
Luttinger’s method has found several applications in the cal-
culation of the linear thermoelectric response. Nonetheless,
a general nonlinear thermoelectric response theory is still
lacking. Another point is that the external field may cause the
electron to excite to another band or to move to a nearby k
point on the same band. Hence, it needs a unified treatment
of the two drift effects due to an external field in crystalline
systems. This problem is handled in nonlinear optical re-
sponse calculations, both in length gauge [12—16] and velocity
gauge [17,18]. Motivated by these developments, we devote to
developing a quantum theory for thermal response including
generally the linear and nonlinear responses.

However, it is proved that a direct application of the cou-
pling Hamiltonian (1) often leads to unphysical divergent
results as T — 0. It is shown that the divergence can be
eliminated by introducing the vector potential representation
[19]. By imposing the continuity equation for energy density
¢ and energy current density j,, the Luttinger Hamiltonian (1)
can be transformed into vector potential form

H = /d3rj£(r,t)-AT(t), )

in which j, is the energy current density and Ay is the thermal
vector potential, which satisfies
VT(t)
GAT(r,t) = VU¥(r,t) = T 3)
The Hamiltonian (2) is equivalent to Luttinger’s Hamiltonian.
The derivation of Eq. (2) in Ref. [19] is under the assumption
that the temperature gradient is static. In order to make it uni-
versally significant, we adopt a time-dependent temperature
gradient, and the vector potential Hamiltonian (2) is still valid.
For a comparison, we call the introduction of the vector poten-
tial representation as thermal vector potential (TVP) method.
For the case of electromagnetic vector potential A, the
charge conservation is guaranteed by the U(l) gauge in-
variance. However, for TVP A7, there is no such a gauge
symmetry. In velocity gauge, the minimal coupling free-
electron Hamiltonian including the thermal vector potential
is given by [19]

. i
Hy = - > (k= exAr )k )
k

For a general multiband Hamiltonian, the minimal coupling
Hamiltonian is generalized to

Hy, = Ho(k — HoAr). &)
The many-body crystalline Hamiltonian reads as
ﬂ() = Z 81}k6;k6pka (6)
p.k

where the latin index p is the band index.

In this work, we explicitly derive the dynamical thermal-
thermal and thermoelectirc response coefficients by devel-
oping a theory based on TVP, and consider their DC limit.
The frequency dependence of thermal-thermal response is

receiving more and more attention in recent years, as a crucial
issue especially for the thermal design of microprocessors in
which the clock frequencies work in GHz. It is crucial to
cool the Joule heat in such system [20]. Shastry [21,22] and
others [23,24] explored the linear dynamical thermal conduc-
tivity and thermoelectric response mediated by electrons and
phonons via the TVP method, while the nonlinear counterpart
has been given less attention, which should play an important
role when the linear part disappears due to symmetry. We ap-
ply a canonical perturbation theory, both in velocity gauge and
length gauge, to deal with the thermal nonlinear response with
quantum effect fully considered. In this method the nonlinear
thermal response fundamentally involves interband processes
which are difficult to model semiclassically.

The paper is organized as follows: In Sec. II we introduce
the perturbation expansion Hamiltonian in velocity gauge and
derive the nonlinear thermal response, including nonlinear
Nernst conductivity and nonlinear thermal conductivity. In
Sec. III we present the formula given by length gauge and
compare the semiclassical results in static limit. As an ex-
ample of application, we present a calculation of nonlinear
magnon Hall effect in a collinear antiferromagnetic system in
Sec. IV. The last section is dedicated to a summary of our
results.

II. PERTURBATION EXPANSION:
DIAGRAMMATIC APPROACH

In analogy with the relation between electric field and elec-
tromagnetic vector potential, we can define the corresponding
“thermal field” (E7) to thermal vector potential A7 as

0AT VT(t)
Er=——— =— , 7
T o T @)
and their Fourier transformation
Er(w) = ivAr(w). (3

The spatial variation of the temperature gradient is assumed
to be much larger than the material, so that the thermal field
has no spatial dependence. The particle current is expanded in
powers of the thermal field

(Je)(w) = / dw LS (0; 00)ELS,, .

+ f dw1doy LY (0; 01, 0)ESEY S0y a0

+oe ©)

The greek indices w, o, 8, -- € {x,y,z} are the space in-
dices, and L}y "*"(w;w; ... w,) is defined as the nth-order
thermoelectric conductivity tensor. The frequency before the
semicolon in the response thermoelectric conductivity tensor
LY " (w; oy . .. w,) represents the frequency of the output
response, and the frequencies after the semicolon represent
the frequencies of the input forces.

Before expanding the minimal coupling Hamiltonian (5)
in Taylor series, one should deal with the k-space derivatives
carefully. The important fact is that the Hamiltonian operator
is differentiated first and then its matrix elements are calcu-
lated. Owing to this covariance k derivative of operator O (k)
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is [18,25]

Di[O)],py = [ViOE) ] py = VieOK) py — il Ag, OK)] g
(10)

Here the covariant derivative operator is defined by D*. In
Eq. (10) Ay is the Berry connection, and its component in «
direction is A% (K) = i (| 50 gk )-

The partition function with thermal field is written as the
path integral

Z:fd[é, c]exp(—i/dtKAT>, (11)

in which Ky, = Hy, — uN = Ko(k — KoAr), with Ky =
Dok épké;képk, and &, = ¢, — p is the energy measured from
the Fermi energy.

Different from the direct expansion of Hamiltonian in
series of electromagnetic vector potential in calculating the
nonlinear electric conductivity, the Hermiticity should be en-
sured in expanding Ky, in series of thermal vector potential
Ar. For example, the first-order perturbation of I%AT is

Ry, ~ Ky — LA%[Ko, D*[Ro]l4, (12)

where the sum over space index « is implicit, and [. . . ] is the
anticommutation operation. To distinguish from the normal
bracket, we use [. . . |- to denote the commutation operation in
the following. The grand-canonical ensemble energy operator
K4, can be expanded by Taylor series in terms of thermal
vector potential

00
KAT = 130 + Z
n=1

R PN
D”’Z[EA‘;"[KO,D“k[Ko]hH H . 13)
+

+

n

D'l ols anl 1 wls
— HEAT' Ro. D% | AT | Ko, .
ok

=1

Equation (10) can be used to write the velocity operator of the
unperturbed system as

b = D[K,]. (14)

The higher-order direct derivatives of the unperturbed Hamil-
tonian are written as

o = P D[R], 5

We introduce the superoperator D* which is defined as the
Hermitian derivative

D*[0] = 1Ko, D*[O])s. (16)

It should be noted that the Hermitian derivative superoperators
defined in Eq. (16) carry an additional dimension [energy]’
than that of the direct derivative. Hence, the Hermitian deriva-
tive of the unperturbed K is defined as

L — o PaRy]. a7

Again, the dimension of nth-order Hermitian derivative of the
unperturbed Hamiltonian is n-power higher than that of the
nth-order direct derivative of the unperturbed Hamiltonian.

Through Fourier transformation, the expanded Ky, is sim-
plified as

0 n .
K R 1 1 ! ra o) ...
KAT =K0—|— E EH/‘dwkelwkthwkETk(wk)K: Lt
n=1 k=1
(18)

Very recently, a diagrammatic approach has been developed
to calculate the optical conductance in velocity gauge [18,26].
We generalize it in calculating the dynamical thermal re-
sponse: the propagation of the temperature gradient is defined
as a quasiparticle “thermalon.” With the aid of TVP concept,
the linear and nonlinear thermoelectric responses can be de-
rived and the mutual relation between heat and charge can be
studied at nonlinear level revealing deeper physics beyond the
linear response.

The local particle current operator is defined as Jy = 7,
here ¥ is the velocity operator in the perturbed system de-
pending on the thermal field

0%(t) =D"[Ka, ]

. 1 . iyt —i a, AT -
:Zl:ag/dwke K h—wkETk(a)k)D (K],
19)
The local heat current operator is defined as J 0= Je— /,Lj N>
with p the chemical potential. An exact from of the energy
current operator J can be derived from the conservation
equation using Luttinger’s Hamiltonian [27]

M) 1 g oy .
o7 _E[h r),H | =-V - Je(r). (20)

Using HY = Hy,, the result is (for the derivation in detail see
Appendix A)

R LN oy ran
Js = E(UTKAT + Ky, 05) — 3 Xy: v, (050] — 0597). (21)

It has been proved that the last term cancels when calculat-
ing the Kubo formula. In this case the heat current operator
converts to the usual anticommutator representation jQ =
%[I%AT, dr]4. It is worth noting that the heat current operator
defined through the conservation equation is compatible with
the definition via the thermodynamics of the entropy flux (see
Appendix A). An important issue in thermally driven current
transport is the magnetization effect. Owing to the orbital
motion of Bloch electrons, the magnetization current should
be subtracted from the local current [1,27,28]

Ty = Ine) =V X My (1), (22)

in which J}{,(E) is the electric (energy) current for transport,
Jn) 1s the local charge (energy) current, and My (r) is
the particle (energy) magnetization density. The transport heat
current is evaluated as

6=JE -y (23)

Alternatively, the heat magnetization can be introduced
through the relation [29-31]

Mo(r) = Mg(r) — uMy(r). (24)
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The transport heat current is given as
b —Jo—V x My(r), (25)
in which the local heat current is given as
Jo=Jg— nIn. (26)

Combining Egs. (22), (24), and (26), one can verify that the
two definitions of transport heat current, Egs. (23) and (25),
are equivalent:

o0=Jo—V xMgy
=Jg— v —V x (Mg — uMy)
=UJg—-VxMg)—pu(ly—V xMg)
=JE — uJy. (27)

Similar derivation can be found in [32]. In the rest of this
paper, the transport heat current is calculated through Eq. (25).
The density matrix is written as

b ~ :(A)leq + )61: (28)

where piq is the local equilibrium density matrix char-
acterized by the local chemical potential w(r) and local
temperature 7 (r),

. 1 h(r) — p(rn(r)
pleq = ZGXPI:—/\drkB+(r)ni|’ (29)

and p; is the linear response correction to the local equilib-
rium density matrix. Therefore, the local current is contributed
by two parts

Ine =JNG + Nloy (30)
where J ]]f,‘(’g; is the direct response current, which is the direct
conjugate variable of magnetic vector potential A (which will
be noted as Ap in the following for clarity) and TVP Ay.
J}S?Q) is the local equilibrium current, which comes from
the inhomogeneous local chemical potential and temperature
field. The local equilibrium current satisfies [29]

I =V x My(r) — My(r) x Er, (31)

T8 =V x Mo(r) — My(r) x E — 2Mo(r) x Er.  (32)

The expressions for the local equilibrium current (31) and (32)
convert to the bulk magnetization current when considering
a finite system [27]. Noting that for transport current, the
magnetization current should be subtracted [see Eq. (22)].
For electric-electric response, the local equilibrium current
exactly cancels the magnetization current, and the transport is
uniquely determined by Kubo formula. However, for electric-
thermal, thermoelectric, and thermal-thermal responses, the
terms proportional to external fields do not cancel the mag-
netization, which leave as the correction to Kubo formula.
Hence, the transport currents become

Jy =" —My@) x Er, (33)

U= JK — My(r) x E —2Mo(r) x Er.  (34)

The expectation values of Kubo response currents J f(‘;};o are

JKubo _ l SZ[AB(T)]

— 35
NO Tz sAgqr) (33)

with the path-integral form

~Kubo 1 N . , ,
(J;é)(t)) = ETI[TJN(Q)(I)E i [dt'Kyp >]

1
:z/d[f, C]JN(Q)(I)GXp[—i/dl/KAB(T)(t/):|,
(36)

where d[c, c] denotes the functional measure with ¢, ¢ the
Grassmann variables constructing the Hamiltonian.

The zero-field expectation values of the particle magneti-
zation and heat magnetization are

8Q2[Bg(1)]

, 37
dBg(r)

M =—
N(Q) Bu)—0

where Q2 = F' — TS is the grand thermodynamic potential, the
Landau free energy can be written as F = —é log(Z). It is

convenient to introduce the auxiliary particle (heat) magneti-
zation

- . S8F[Bpm)]
M =— 1 _— 38
N(©Q) BB(ITI)TL 0 3Bpr) (38)

which can be alternatively written in a TVP form by taking
the long-wavelength limit [29,31,33]

SF[Apr]

(39)
SAp(T).1

My o) = }E}(} Vi x
My and My in path-integral formalism are written as
_ B 1 _
My@)) ==V x < [ d[¢, clKay —1(t)D[Ko ]
2i Z
X exp|:—i / di'Ky, (t/):|, (40)
- B 1 _
(Mp(1)) = ZVI X d[¢, c]lKa,,—1(t)D[Ko,]

X exp[—ifdt’KAT(t/)]. 41

By use of the Maxwell relation 0S/dB = dM/dT, the particle
(heat) magnetization satisfies [29,31,33]

IBMy) -

T =My, 42)
0(BMg — BéMp) -
Gy =M. (43)

With the notation Ji¢2) =Jen), E1 =E, E; = Er, and
M,y = My, we introduce the set of transport equations
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at nth order

Jl(n),ot(w) B Lt]r], (n) Ltlrz,(n) n Eak (wk) "
J(")JX - Ltr,(n) tr (n) l—[ Eot ((1) ) ( )
» (@) 21 k=1 k
with the response functions
L5 = {H/dwk} [LEor (@i @y .. ) — €¥7 CMIT " (001 ... ) |80y 4ty (45)

where Cj; =0, Cjp = Ca; = 1/8, Cyo = 2/ and €*P7 is the Levi-Civita symbol. The Kubo responses LK“b" are given by

ul oo o, 1(1) dtk lCU o
L;j bo,aar... ”(a);a)l...a)k):/ ’l_[/ uk(SET()(Ji (t))

and we define the magnetization response M;;:

dt . —
yaz...a, . _ iwt
Ml.j (wy w1 ...w) = / —2ne ,!_ll /

Based on the form of Eqs. (36) and (40), the Kubo contri-
bution of the charge current is dually expanded in powers of
TVP, given that the velocity operator and the exponent depend
on TVP, while the magnetization is singly expanded. Hence,
the nth-order response is computed by drawing all connected
diagrams. One should pay attention to drawing the diagrams
that the outgoing vertex which corresponds to the expansion
of v and incoming vertex which corresponds to the expansion
of action should be distinguished.

Thus, the nth-order thermoelectric response is calculated
using the following rules:

(1) For the Kubo contribution Lﬁ“b", draw all the con-
nected diagrams including n incoming thermalon lines
connected by incoming vertexes (symbolled as e) and an
outgoing photon line connected by one outgoing vertex (sym-
bolled as o). All the inner lines are composed of electron
propagators.

For the magnetization M, a subtle point is that two types
of incoming vertices should be distinguished. One of which
(symbolled as W) connects a thermalon line with the momen-
tum [, the other is the one identical to that of LK™, The
outgoing vertex (symbolled as ®) connects only one photon
line with the momentum —I.

(2) Integrate over the internal frequencies. The electron
propagator is the free-fermion Green’s function G,(w) =
1/(w — €, + ). The propagation of thermalon is treated clas-
sically, with the propagator being unity. For the Kubo term
LXb0_ the value of incoming vertex connecting n thermalon is
I—[k ( h;A K54, and the value of outgoing vertex connect-

ing n thermalon is [ [;_, (;.%L;)k)D"‘l (15

dry, iont
2K pleoxdi
21" SET(wp)

; (46)
E (@)=0

(M} @ES 1)) (47

Ef* (0)=0

For the magnetization M, the I-dependent incoming

a Oy n i Al ...0
vertex is —[]—[k 1(hwk K"+ ]—[kzl(h—w)leq,kH]. The out-

going vertex is 5 (hg skt hg 1k 41)- Then calculate the curl with
respect to I in the long-wavelength limit I — 0, and integrate
the auxiliary magnetization with respect to B by use of the
relations (42) and (43) to obtain the magnetization.

(3) Multiply the symmetry factor by permuting o and wy.
The values of the vertices for the Kubo contribution are listed

in Table I and that for the magnetization are listed in Table II.

A. Linear thermoelectric response

The linear thermoelectric response is given by
Liubo’“ﬁ (w; 1) — €*PY MY |, —o. Following these rules,
Lﬁ“bo’“ﬂ (w; w) is found to be

Kubo aﬂ(w W) = o Z//dw ﬁqu(a)/_l_a))
P.q
X h%,Gp(@') + D*[KF],,G ()} (48)

The integration is over the first Brillouin zone (FBZ), with
Ji = Jepy d°k/(27)%. The corresponding diagrams are shown
in Fig. 1. This expansion closely resembles that of [18] but
has several differences due to the structure of the minimal
coupling thermally perturbed Hamiltonian (4). The first-order
Hermitian derivative is expanded as

K* = J(Roh* + h*Ky) (49)

TABLE I. Values of vertices for the Kubo contribution of electric-electric, thermal-electric, electric-thermal, and thermal-thermal responses.

Incoming vertex e

Outgoing vertex o

L{(lubo l_[k ) ( htc )hoq oy
L{(zubo l—Ik l(h(i),\ ) oq oy
L;(]ubo l_[k l(hm ) ocl oy
LKubo [TiiC h(i)k C oq an

€Tl i 5

el_[k l(th DIJ-[]C]m oy
Z:l Zaio(hw]() [,Cozl e en ahll«om “Op—, a]
HZ:I ZZ:O(hwk) [Ical g ]Clwta Ol —, a]pq
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TABLE II. Values of the momentum-dependent vertices for the particle and heat magnetization.

Incoming vertex W Outgoing vertex ©
My, 2[1_[k I(hmk hiz]; ka" + n: 1(th h;‘;‘] ko-:—”l] ;(h pa.k + hgq-kﬂ)
M12 3 [l_[k 1(hfuk )HZ; kan + l—Ik l(h;k )K:Z; kinl (817k + 8q k)hpq k (gp k+1 + gq.k-%—l )hgq’k‘*,l]
Mo, iy G g i+ Tl (g i) 20+ i)
My, 1 [l_[k 1(5(:,( )’CZ; ka,, + l_[k l(hwk Z‘li kinl] %[(ép,k + g‘q,k )hpq,k + (ep,k+l + 3q.k+l )hgq,k-#l]
and thermoelectric response is given by
D*[KP] = LD*[KyDP[Ro] + DP[Ky1K
[KF]=3 i [A 0 E ?]+ A[ (i] o]A ) LKeboap () — Z 5,0 Fl o+ = (8p+€q)qu
=1(h*hP + Koh*? + PRy + WP 0. (50)
Noting that the Kj is a diagonal matrix, the Nernst coefficient % % ra__ _ g (Zn ap _ paVap f
becomes [e*? (w; w;) reduces to «*?(w) due to the conserva- P+ ey P Epg Eqp P

tion of energy]

Kuboaﬁ( )_ h_wle://da){ 5[,/1qu (a) +a))

xhy Gp(@') + h ,Go (0 + 0)EhS G ()]

1
+ E( Pq qp + quvgp)fl’}’

where f,, = f, — f; and €,; = €, — &4, and the sum over
band indices is only performed over the indices appearing in
each term. After some simple algebra, we obtain

Otﬂ a 1B B 1a /
( h + zhpqhqp+ zhpqhqp> Gp(w )}' KljbO‘w( )= h_a)l Z/ |:5[73 fpv + (Sp +&4)
(51) ’J
J; /i
The & should be read as ¢ — u for simplicity. According to X quvqp<w _: 1 - aﬂ , (53)
Eq. (10), the second-order covariant derivative of Kj is v pd
where the identity vy, = A7, is used. The first term corre-

hﬁf = D" [hﬁ]l’q = 8ﬁhgq - Z[Aﬂ’ h¥lpg- (52) sponds to the intraband contribution with normal derivative,
Together with the relation A%, = v, /ie,(p # ¢) (originat- playing t.he role of the Drude weight in the dynam.ical ther-
ing from the relation v% = 8,8, — i[A%, Hylp). the linear moeljcctrl'c response, and the later terms are the 1nterk?and
contributions and as we demonstrate below, they manifest
themselves as the Berry curvature in the static state limit.
Lgubo’aﬁ (wiwy) = Now we give the derivation of M},. Referring to Eq. (40),
we first derive M/, as

, W
w’+w1,q By w1 / Z// alﬂ [Epk + Eqis)

Xka(a) +CU)( pa.k +hqu+1) q,k+l(w)]' (54)

Performing the frequency integral, it becomes

/67(")1

/
w,p Mi/2=4hz// 3lﬂ|:(€pk+8qk+l)
M’y (ww ) — o « fp,k_fq,kJrl :|

1 1 x (v 4+ v . (55

2 ’ ( pak pq,k-‘rl) w — (8p,k - 8q,k+l)
Wt wi, g k+1 We first consider the interband contribution for p # ¢. In the

long-wavelength limit I — 0, we have
lim 0 (P Ty |

-0 918 MM = Z f —(&p + eq)(w iy fog- (56)

p#t] €pa)Epg

Wp k o
T The intraband contribution M[;™ at I — 0 when p = ¢ is
FIG. 1. Diagrammatic representation of L5""*# and M7,. The ~ 81VEN by

dashed line connects to a current operator, and the wavy lines are ‘ U v —vhu ) af

thermalons describing the couphngs to thermal field. The momentum Mlyz’m"a = Z / &p Wrq%ap ~ Upa¥ap) OJp . (87

of the electron propagators in L}y >*? is suppressed. (0 —&pg)epg  Igp
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Therefore, we have

Upg qp
Z/ |:(8p * Sq) 81%1)8qu !
= (vzqvqﬂp pq qp) 3fp
P (58)
(0 — €p9)Epg 88,,

Integrating Eq. (58) with respect to 8 from Eq. (42), we obtain
(see Appendix C for detail)

e Z/ { quvtfp — Uﬁqvqp)

a (@ — €pg)epg

1
: [z@p = &)fy + gIn(1 + e“”] } o9

In the DC limit, it becomes
M, = Z/ [ml plo ﬁggln(l + e_ﬂg")] (60)

The first term manifests itself as the particle magnetic mo-
ment, which is given as [1,34]

1 .
m! = —ﬁe"‘ﬁylm(aaupl(Ho —ep)|8Pu,). (61)

¥
P
In Refs. [1,34], the derivation of Eq. (61) starts from a
wave-packet hypothesis, however, its final expression does not
depend on the actual shape and size of the wave packet and
only depends on the Bloch functions. Therefore, the orbital
moment is an intrinsic property of the band. Alternatively,
integrating by part, the magnetization (60) can be given as

M= 3 / [myfp

where o) (¢) = & f[dk]@(s — &x)S2) (k) is the p-band con-
tribution to the zero-temperature Hall conductivity with Fermi
energy £. Combining Egs. (53) and (59), we finally obtain the
dynamical linear thermoelectric response

/dsa”(s)f,,:|, (62)

Lo — Z f _ (V544 — UhaVar)
v ”88 (@ — €pg)epg
x[Epfy + ksT In(1 + e“"ﬂ} ' (63)

In the DC limit, (qu o = Ung qp)/sqp
Berry curvature. Hence we have

tr, ﬂ fp
LDélz Zf{ —&,v [‘f za +e°’51’§2;

x[&pfp + kT In(1 + e Por )] } (64)

is recognized as the

The first term corresponds to the Drude weight of energy
current transport, which diverges in the DC limit. This is
because the considered system is a clean one. In real materials
the electrons are scattered and have finite lifetime, where the

electrons are not accelerated everlastingly. The second term is
the topological contribution, which is represented by the Berry
curvature. It is seen that the fictitious divergence is eliminated
in the TVP method.

The thermoelectric conductivity 7 is related to the ther-
moelectric response by @1 = L5441/ T” The linear

anomalous Nernst conductivity is given by n*# t]rzaﬂ /T.
By introducing the entropy density S, = —f,In fp -1 -
fp)In(1 — f,) of p-band electrons and neglecting the Drude
term, the anomalous Nernst conductivity can be written as

k
1 () = %Be“ﬁV 3 /k Qrs,. (65)
P

Referring to Eq. (65), the expression of anomalous Nernst
conductivity is consistent with the formula derived by wave-
packet theory in Ref. [1].

B. Linear thermal-thermal response

The rules of dynamical thermal conductivity are similar
to those of thermoelectric response, but with different vertex
functions. The value of outgoing vertex connecting n photon
is [T G= o) L[her-r, peucr-@-p] . and for incoming vertex

it is Hk_:l(ﬁfm )K:Z‘ll @ Hence, the linear thermal-thermal re-
sponse is given by

Kubo aﬁ( )

/1B / o /
hwl Z / / do' Kb Gy + 0)KS,G (@)

o 1 o /
o Z / / do (/c,,,fj + 5[103, h ],,,,) G, (@),
(66)
where the expansion of the second-order Hermitian derivative

KH is involved (see Appendix B). Integrating the Matsubara
frequencies, it yields

Kuboaﬁ( )__Z/[ aﬂfpv + (8p+8q)

X Uﬂ v¥ qu

pq-qp pPqg qp pq "qp
W — Epq

+; p(H3 bl + o he ) f,

1
+—(§p+zq)(h“ W+ hB he ) £

pa'"qp pq'*qp
he he he KB

— (M _ M ‘”’>qu:|’ (67)
€pq €qp

which can be written in a compact form

Ly (@) = — 2/{~2 507 fy + (e,,+sq)2

1 1
Pq qpqu< — &)y + a)} (68)
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Now we give the derivation of M},. According to Eq. (41),

we have
PN NEE

(ICM Kt Kﬂq,k+l)Gq,k+l (a))]. (69)

Performing the frequency integral, it becomes

Z// — [(epk+sqk+z)

fp,k - fq,k+l ]

— (epk — Eqrs1) |
(70

(Epk + 8q k+l)Gp k(w + )

~ o o ~
X (Ep,k qu,k + qu,k+lgl],k+l) w

Following the same steps as in the previous section by collect-
ing both the intraband and interband contributions, we have

Z/[2(8P+8q) 7 1”1 qp M@ r

- Spq)gpq

— 4z, 8pq)

+( p (vp[/vgp B vgq ‘Ip) afp]. (7])

(w—€p9)epy  0Ep

Integrating Eq. (71) with respect to 8 [via Eq. (43)] from 8 to
00, we obtain (see Appendix C for details)

Y A / bVl —
. Z { ~ €pq)€pq

. 3fp(A)
X[Z(gpJrz-:q)zf,,jt/g duzfg;/\“. (72)

P

I’q vql’)

By use of the identity f da a2 ‘)f”(x)
¢2(f,) and taking DC limit, we have

/0 [ (log 141 )Zdt

1
M= 3> fk [wify+ef2y). (3
p

where the weight function is c(f,) = (f, — 1)ln2(fp’1 —

1)+ In? fp +2Lix(f,), with Lis(x) being the polylogarithm
function. We introduce the notation

1 1
— 7]
w) = ﬁs 14 Ep Elm(

Combining Egs. (72) and (68), we have

3w, (Ho + £,)*19P u,). (74)

traﬁ( )
B _ B

_ i 1oop M

- Z/|: & 25 fovhy + Py 2(fp):|'
(75)

In the DC limit, it yields
Ly () = + Z/[z— e —cz(fp)szy]

(76)

The first term is the Drude-type term in heat transport, the
second term is the Berry curvature contribution.

Now we present a study of correlations between the
thermal conductivity and electric conductivity. Including the
transverse transport, the Lorentz number should be general-
ized into a tensor form

KP
= L*PT, )

oob

where L% is defined as the Lorentz tensor. First, we consider
the longitudinal transport. Note that the Drude term in the
linear response of ¥ and o corresponds to the contribution
of intraband elements. When « = f, the topological term
vanishes and only the Drude term survives. Hence, the lon-
gitudinal response is fully determined by the Drude term. We
write the longitudinal electric conductivity as

62 8xf Tad
ot (@) = Z/ =, (78)
k
P

which is written as

0 0
o (@) = — Z/ / fp(iﬁ) (&p — &pi)-

(79)
The longitudinal thermal conductivity is given by
de,
L@ = Z/ / r (akx)
x8(ep — &p k). (80)
We can make use of the low-temperature expansion
0 02
- a—fp =08(ep — )+ _(kBT) —50(ep — 1)
&p e’
Tt a4
—(ksT)* 5 e (8l
+360(B ) (ep — )+ (81)

Inserting Eq. (81) into (80) and (79), the WF law in longitudi-
nal direction is obtained

=LT, (82)

with L = %(’%)2 =244 x 1078 W SZ/K2 is the well-known
Lorentz number [35].

For transverse transport, according to the expression (76),
the thermal conductivity can be rewritten as

1 0
= [ a0

where o™ (€) = _Tez Zp ka(e — &p k)27 (k) is the intrinsic
anomalous Hall conductivity at zero temperature with Fermi
energy €. Given a similar low-temperature expansion, the WF
law for transverse transport is verified [36], with the off-

o™ (e), (83)

diagonal elements of the Lorentz tensor given by L™ = L. We
conclude that the linear WF law reads as
Kk = LTo%, (84)
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Kubo,aBy ., . o
Ly, (W wi,ws) =
B, w1 8w
y W1
__.4__ __.4__
5 W2
v w2
a,w 7&)
{,
+ ﬁ w1 S 6 Wl “

+
s W2 v, w

M (w;wr, w) =

67('01 /Bawl
9 so,w,—1 a,w, —1
By e A Y
v, wo,l v, wa, 1

FIG. 2. Diagrammatic representation of second-order thermo-
electric response, including the second-order Kubo contribution

Li**P7 and the local equilibrium contribution A7/

which states that the linear thermal conductivity is pro-
portional to the linear electric conductivity both for the

J

longitudinal and transverse transport. In this work, we call
Eq. (84) as the linear WF law or the first-order WF law.

C. Second-order thermoelectric response

Now we consider the second-order thermoelectric response
“’3 Y. At second order it is composed of four types diagrams,
as shown in Fig. 2. By using of the Hermitian derivation
operator K% defined in Sec. II, the Kubo contribution to
second-order thermoelectric response is given by

Lroeh y(w' w1, ®)
Z//dw {[D* TP 11,y G p()
w0 P.q.r

+ 2Gp(w/)lequ(a)’ + w)D*[K" 1,
+Gp(@)KL Gy + o),

+Gp(a>/)IC Gy(o + oK), G, (@ + @)k }
+(B <y, 01 < w), (85)

where (8 < y, w; < ;) denotes symmetrization under Si-
multaneous swap of the indices (8, y) and the frequencies
(w1, w). The energy conservation is constrained by w =
w1y = w1 + w,. It can be seen from Fig. 2 that for the Kubo
contribution, the first diagram describes a process where
thermalons interact sequentially. In contrast, the other three
diagrams contain vertices of order greater than one, which
is described by instantaneous processes with two or three
interaction events. Performing the integral over Matsubara
frequencies, we obtain

Kubo afy - _ DY Kﬂy qu ’Cﬂ DY qu /Syhot
(@501, @) = = wm{;[{ SlD IR 1y = 1 [ ]q,,+2w1+w2_€pq Mg,
—|—K:ﬁ v : r (wy — 8rq)qu + (w — qu)frq } (86)
P p(a)l - 8,”,)(&)2 Srq)(wl + w — Eqp)

To keep the shorthand notation, we leave the expansion of the vertices in Appendix B. The magnetization response is given by

M (@ 01, 02) = A% Z//dw alﬂ (@) (K e + Ky 1) Gaer (@ + @1 + 02) (g g + g k1)

After the integral over o', we derive

+G (@) Epx + Eq i) Ggiri (@ + o )(hg,,k + h‘;,,kH) Gri(0 + o + wz)/C,p - (87)
Jra
W)+ w2 — &y

VB . i 9 1 o« a
MIVZ (a)’ wi, wz) = E Z /l«: 918 I:E(K:;q,k + K:;q,k+l)(hqp,k + hqp,k-H)
p.q.r

+(8Pk + 8‘1 k+l)( qr.k + hql k+l)IC/3

Considering that the partial differential in M }/2'3 involves

many terms, an analytical treatment of M}'Z’s is rather te-
dious. Instead, it is more convenient to treat it numerically.

(w1 grq)qu + (o
ark (a)l - 8(”,)((1)2

~ Eap)rg ] (88)

Srq)(wl + wy — qu)

(

The same process applies to the second-order electric-

thermal response Lgl’aﬂ ¥ and thermal-thermal response
Ltr,otﬁy
2
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Different methods are proposed to include finite relaxation
rates into nonlinear responses [37-39], both in length gauge
and velocity gauge. Referring to Eq. (86), which involves
the electron transfer processes between two or more bands
leading to different relaxation times, it is more accurate to
correct the covariant derivative by relaxation rate I',,, for
excited states [40]

Ve, = 0%8,8pg — iepg ALy — Y (A%T, — T, A% ). (89)
r
In order to make a direct connection to the semiclassical
result, the simple replacement @ — w + iI" is adopted. Due
to the finite lifetime of electrons, the propagator is replaced by
1/(w +iI"), where I' is the imaginary part of the self-energy
and t = 1/T is the electron relaxation time.

The expansion of the vertices might appear pretty verbose,
but crucially it allows us a straightforward identification of the
physical processes. By taking @ — 0 the static limit response
can be directly implemented in numerics. However, a direct
conversion to the static-state results is rather laborious. As we
show in the following, it is much easier to do this in length

gauge.

III. STATIC-STATE RESULTS: LENGTH GAUGE

As discussed in Sec. II, the formalism given in velocity
gauge pertains to more apparent physical picture for the res-
onant structure of interband transition induced by the thermal
field. However, in most cases we focus on the analysis of
the steady-state response of temperature gradient and it is
easier to do it in length gauge. Both approaches yield identical
results in the clean limit. The wave functions between the two
gauges are related by a time-dependent unitary transformation
[38,40,41]. After taking many sum rules the results in velocity
gauge are transformed to those of length gauge.

Perturbed by the thermal field, the Hamiltonian in length
gauge is given as

Hg, = Hy + 3 (Hot + #Hp) - E7. (90)

In terms of the relation # = iD) between the covariant deriva-
tive and the position operator, Hg, is rewritten as

Hp, =Hy+iD -Er, (91)

where the definition D[O] = {[Hy, D[O]]; is used. We
adopt the reduced density matrix (RDM) equations-of-motion
approach [38] to calculate the nonlinear thermal response in
length gauge. The RDM in band space is given by the average
of the product of a creation and a destruction operator in Bloch
states

Prpg(1) = (€} ()cge (D). (92)

The standard density-matrix formalism is performed by ex-
panding the RDM in powers of the thermal field in calculating
the nonlinear thermal response.

In analogy with the optical conductivity o (w) which de-
scribes the response of the transient charge current to a
time-dependent electric field E(¢), we can define the dynam-
ical Nernst (or thermal Hall) conductivity, as the response
of the transient charge (heat) current to a time-dependent
temperature gradient field VT (¢).

The expectation values of the Kubo contribution of the
charge (heat) current are given by

Inigy (0 = Trl (0], (93)

where @ = x, y, z, ff‘ = e?d%, and f;j‘ = %[Ho, %], For sim-
plicity we suppose that the system is only perturbed by the
thermal field. According to Egs. (60) and (73), the particle
magnetization which can be expressed in form of the RDM

M%:Tr[/myp—e%/‘dsay(e)p}, (94)
k

where the orbital magnetic moment and zero-temperature Hall
conductivity are generalized to the matrix form mj, = m}8,,,

o}y = 0} 8, and similar for the heat magnetization

iy =] [wo= 5 [aszoren]. 09
k e

with wh, = w} 8, and &,y = £,8 4.
The equation of motion of the RDM is given by

. 0 Pkpq(1) . 0p(1)
zh% = Tr|:z Tc;kch

= ([eh (e (@), He, (D]-). (96)

Substituting the Hamiltonian (90) into (96), and expanding
RDM in powers of the external field p = ), "™, the equa-
tion of motion can be solved recursively

. 0 n 7~ n—
(’EE—8kpq)p£p3,<t>=ET~D[p< DOl OD)

Therefore, the nth-order RDM can be expressed via the
zeroth-order RDM by iterating Eq. (97), and the zeroth-order
RDM is the Fermi-Dirac distribution function times the unit
matrix in band space p[(,g) = fpdpq- To solve the equation, we
need to transform it into frequency space. The time deriva-
tive in the equations of motion is replaced by a frequency
factor that is collected into an energy denominator dy () =
1/(w — &xpq), and the iterative relation is given by

n : dw/ o] Ao n— /
) =1 [ SEER1d(@) 0 D160 - )l

(98)

where o is the Hadamard product (A o B),;, = ApyBp,. The
nth-order RDM is

P (@)pg = ()" []‘[ / dwEY’ (w»} [d(@) o [D*'[d(® = @1)...[D*[d(@ = ay) - - o [D*[pPTNNS (@ — @), (99)
i=1
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where wp,) = Y w,. The nth-order components of the Kubo
particle (heat) current are written as

Ji](ubo.(n),a(a)) _ /‘Tr[ff‘p(”)(w)]- (100)
k

For the nth-order current, the magnetization is expanded up to
the (n — 1)th order of thermal field, which is given by

My (@)
=Tr[ [ e+ / de o (e)p""" ”«»)]
‘ (101)
Mg ()

= Tr[/ w” p" D (w) — e—lzfds(e—/L)a”(s)p(”_l)(a))].
k
(102)

The higher-order derivatives follow from an expansion of the
time evolution of the instantaneous eigenstates beyond linear
approximation. Recently, a quantum kinetic theory that incor-
porates with the disorder and the thermal vector potential has
been developed [42]. Incorporated with covariant derivatives,
the linear thermal transport coefficients are reproduced as
well. There are two differences between our approach and
that in Ref. [42]. First, the thermal vector potential is gen-
eralized to the multiband systems in terms of the Wigner
distribution function in Ref. [42], while in our approach the
generalization is made by introducing the coupling of the
Hermitian derivative and the thermal field in length gauge.
Second, the density matrix is disorder averaged by explic-
itly introducing the disorder potential in the Hamiltonian in
Ref. [42], while in our approach the effect of disorder is intro-
duced through the self-energy of the propagator. Considering
the presence of magnetic field, the quantum kinetic equa-
tion approach in Ref. [42] enables a systematic calculation of
magnetothermoelectric and magnetothermal conductivities of
systems with momentum-space Berry curvatures. Particularly,
in Ref. [42], it is discovered that in Weyl semimetals the Mott
relation is satisfied for the chiral-anomaly-induced magne-
tothermoelectric conductivity, and the WF law is violated for
the chiral-anomaly-induced magnetothermal conductivity. In
addition, it has been successfully applied to the topological
insulators in Ref. [43]. By contrast, as we will show in the
following, we aim to investigate the nonlinear thermal trans-
port in the absence of magnetic field and relations among the
nonlinear transport coefficients.

A. Linear thermoelectric and thermal-thermal response

First, we rederive the first-order thermoelectric response
coefficient, as a pedagogical demonstration of our method.
LEUbO’“ﬁ is related to the first-order RDM, which is expanded

as

'01(011) = lEJI? (w)ld(w) o DF [p(())]_]

=iE£(w)[%aﬂf,,a,,q it e g qu] (103)

2epg + ) M

The linear Kubo current is

J[L(ubo,(l),a(w) _ /kTr[f;p(D(w)], (104)

and the Kubo contribution of transport coefficient is found as
(Appendix D)

. Ep & . &, +E N
:lZ/k[fvpaﬂfp_l#Aﬁq qpqu] (105)

It is equivalent to the expression (53) derived by diagrammatic
approach in velocity gauge. Using Eq. (101), the first-order
particle magnetization density is written as

M7 =3 [Ty + a1 4+ e 7). 106
P

Considering the DC limit by taking @ — 0, we obtain the lin-
ear thermoelectric response for transport current by collecting
the Kubo contribution (105) and the magnetization correction
(106), which is given by

traﬁ( )_

Kubo,aﬂ
Lpcn (@)

_ coBr gy
12,DC My,

(107)

By separating all the terms with the Berry connection, the
transport coefficient can be written as

Ly (@) = Lfy (@) + L (o), (108)
in which the first term is the usual Drude term
9/,
o /3 ZJp
Ly (@) = wa U e (109)

and the second term is the anomalous term contributed by the
Berry curvature

Ly 12(“’)

Z/kQ;[épfp+kBT In(1 + e #%)]. (110)
p

Not surprisingly, Eqs. (109) and (110) recover Eq. (64) ob-
tained in length gauge.
In analogy, the linear thermal-thermal response Ly;* is
derived in a similar process. The linear Kubo heat current is
T (@) = /Tr[fgp“)(w)], (111)
k

and the Kubo contribution to transport coefficient is given by

Kubo aﬂ( )

_12/[—§2vaaﬂfp % t[l)q qpqui| (112)
Pq

The heat magnetization is

My = / Tr{w” p® — Qe[ 0]}
k

= % [ [wps - @easti)
V4

(113)
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Combining Eqgs. (112) and (113) and taking the DC limit, we
obtain the response coefficient for transport thermal current

Ly (@) = — Z/[z— 208 fyus —cz(fp)szy], (114)

which recovers the expression Eq. (76).

B. Second-order thermoelectric conductivity and Mott relation

The Kubo contribution to the second-order thermoelectric
response coefficient is related to the second-order RDM

oDPld(w — ) o D*[p P18 (0 — w). (115)

We aim to obtain the expression in the w — 0 limit and then
compare with the semiclassical results. The Kubo contribution
of the second-order particle current is given by

JAljubo,(Z),ot(w) /TI'[ o (2)]

Substituting Eq. (115) into Eq. (116), and using Eq. (46),
the second-order thermoelectric response is expanded as the
summation of four integral kernels

(116)

LﬁUbO s /[1‘[(2),/31S + o®:-# + o®:s + H(Z)], (117)

k
where the superscripts «, 8, and 6 (o, 8,8 =x,y,7) of I1
denote the k%, k?, and k* Hermitian derivatives defined in
Eq. (16) and the superscript (2) denotes the second order. The
expressions for the integral kernels are obtained as (detailed
derivation is sketched in Appendix D)

1 1
R e

—i 1 1
noF=3%"—u 8,0/ | ———
=2 M —eqp w— | — &gp

185

8,07 (8,0°f,),
a)18p (817 fp)

X (8p+ éq)Af,pqu},

—i 1 1
Y B
Z 2 qu ((1) — 86][7) (w — wl)A‘IP

p.q

@ —

X (880° fpq + E30° f, — 820° f,).

1 1 1
n®=-3%" (sq +EDAf

4 ”qa) — W —&p

X(gr + gp)Afp(frp - fqr)-

Here [1®-#3 is the intraband contribution, which is the gener-
alized second-order Drude term. The others are the interband
contributions which contain the Berry connection.

Now we consider the static state. The dominating terms are
distinguished by the w-dependent denominators of the integral
kernels. For 1A it is proportional to 1/(ww,) (consid-
ering wy = w — w;), which diverges at DC limit (as w;, w;
approaching zero). For T1?)9 it is proportional to 1/w,, which
also diverges at DC limit. While for T1®# and 1, there

(118)

is no divergent dominator and can be safely omitted. There-
fore, the dominating terms are from I1**#% and I1®*? in the
DC limit, and the second-order thermoelectric conductivity is
given by

Kubo,a B8
LDC 12

_—Z/[—v 8,07 (8,0° )

(w; w1, @)

B _ B
i vﬂq Yap ~ Upg vqp
+ szsp(sp—i—eq)Ta | A19)
By use of the identity (61), the DC second-order thermoelec-
tric response can be written into the following more suggestive
form:

Kubo,a 88
LDC 12

= —Z/[—v £,07(,0°f,)

+ — d (epm”—i—ezQy)B‘sfp].
()]

(w; w1, @2)

(120)

Now we derive the second-order particle magnetization den-
sity, which is related to the first-order RDM:

[/ oD(@)m” + é/ds oy(e)p(”(w)]-
k

(121)

MY (@) = Tr

Referring to Eq. (103), the second term of p! is omitted be-
cause it is subleading in the DC limit. Hence, the second-order
thermoelectric magnetization response is given as

1
MlvszC(w) = iZ/kgépm;anI;
P
+ilz/dgls o7 (&) (). (122)
e B w”’ e

Combining Eqgs. (120) and (122), we obtain the second ther-
moelectric conductivity in the DC limit

Lﬁ;ﬁfé(w;wl, wy) = L‘fﬁ‘sD(w;w], wy) + L‘fﬁi(w; w1, ).
(123)
For the Drude term,
1
L = — /—v"‘é 3P (2,0°f,), 124
12,0 kaprp(p Ip) (124)
and the anomalous term is given as
2
aps « / ~23 f
Ly, =ie ﬂnydsp—v o (8[,)|:28[,a P g, 38§:|
(125)

Noting that for the system with time-reversal symmetry, the

Drude term vanishes and only the anomalous term survives.
Next, we study how the thermoelectric conductivity is

related to the electric conductivity at the second order. The
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second-order electric-electric response is written as

12w = [ i)

The second- order RDM with an electric field perturbation is
given as

(126)

p? = _/da)l /dszﬂ(wl)Ea(wz)d(w)

oDPld(w — 1) o D’ [pV]18(wpy — w). (127)

Expanding p'", the second-order electric-electric response
becomes [38]

L5 (i o1, @) = L) (@301, ) + LT (i 01, ),
(128)
with
Ly, = - /w—wzaﬁ V23’ f,, (129)
Ly, = —e“ﬁVZ/z—QVa fr- (130)

First, we focus on the anomalous term L11 4 Integrating by
part, it can be rewritten as
s i 1
Ly, = —ﬁe“ﬁy > / dspaTzA5(8p)ay(8p), (131)
p

dfp v® (Ep)

in which we define A‘s(e,,) = 5o, oe, + ” 8(81,) Using
the identity
fodvg | 3fo o 5 p3fodvy  fo o g
- 4 — — , (132
dex Oky | 9el KK T ex e T pez ke (132)
we have
vy Y 9% 1
e A k .~ (133)
&k okg 0ky0kg m;ﬂ
Here m, is the effective mass of the Bloch electrons. When

we consider a limit case that vy is independent of energy,
namely, dvg/de = 0 which indicates a large effective mass.
The second-order anomalous Hall conductivity is approxi-
mated as

afs ~ i
Lifh = X [ asrg;

By inserting the low-temperature expansion formula (81) into
(134) and (125), and considering that the electric conductiv-

f” S(e,,)ay(sp) (134)

ity Ggga and thermoelectric conductivity n%*° satisfy o&*° =
LX:;’I'B‘S and %% = llr’“’%/Tz, we obtain
1 7 ky k
aps ol = Lo, (135)

A 3 e 04

It indicates that when the dispersion is weakly dependent
on the velocity, the second-order thermoelectric conductivity
(the second-order Nernst coefficient) is proportional to the
second-order electric conductivity (the second-order particle
Hall conductivity) at low temperatures, which is different

from the Mott relation for the linear order. The linear Mott
relation tells us that the linear Nernst coefficient is propor-

tional to the derivative of linear Hall conductivity to the Fermi

energy, which is r; ; kzeT C“J/:)M(/L) [1]. This proportionality

between second Nernst and Hall conductivity results from that
the second-order thermoelectric conductivity has a power of
g2 / T2, and the nonzero contribution of the low-temperature
Eq. (81) comes from the second order. Note that a simi-
lar result for the second-order Mott relation is derived in
Refs. [44,45] by use of the semiclassical Boltzmann equation.

Now we demonstrate that the second-order Mott relation
(135) applies to the Drude contribution. Integrating by part,
the Drude contribution of the second thermoelectric conduc-

tivity (124) can be rewritten as
df) 9/,
aﬁ5 = P 29 Jp B
Lop = Z/depwwz[zpés te Pasg /kv;‘vp
(136)

x8(ep — €pk)-

Using Eq. (132) and considering the large effective mass limit,
the Drude contribution of the second electric conductivity is
given as

aﬁé

I
Liyp™ _Z/dgp G 8;AUPU§5(8P_8P'k)'

(137)

By use of the Sommerfeld expansion (81), the second-order
Moott relation (135) for the Drude term is directly testified.

C. Second-order thermal conductivity
and Wiedemann-Franz law

According to Eq. (100), the Kubo contribution to the
second-order heat current is given by

Jgubo,(2),a(a)) — /TI'[ o (2)]

By use of the expansion of the second RDM, the second-order
thermoelectric response is expressed in form of four integral
kernels

LKaboaps _ /k[H(Z)ﬁ5+':(2)ﬂ+ 200 4L 5] (139)

(138)

where E@3 528 228 and E? are given by (see Ap-
pendix D for details)

1, 1
— E Y ~ b
o > Uza)gpa [a)—wl €0 fp]’

5.8

1 1 1
28 N ;L 5 )iz 9b
Z lzqu(gp +8q)w8p |:a) R
X
x (& + gq)Af]pqu:|’

1

- 8qp) (w —wy)

1
=228 — Z —i— (8p + SQ)UP‘I(

Pq
X AP (8,840° fog +E20° f, — 830 f,).
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1 . 1 - <
5(2) = Z —gqu(é‘p + Sq)w — &4 (811 + Er)Agr

p.q.r

1
X—(Sr +8p)Arp(frp fqr)~ (140)

w— W] —

It can be seen that the poles E?)» are identical to that of

1, with the leading term contributed by E?-#% and 8>3,
Hence, the Kubo contribution in DC limit is found as

LKubo,aﬁS

22.DC ((Z);wl, wZ)

1
__Z/[ww Vg0 @9 f) + i zgp(ép+§q)2

o B _ B,

% vqup quvqp aé‘f
g2 Pl
pq

(141)

By use of the quantity w}, introduced in Eq. (74), it can be
rewritten as

Kubo,a B8
L22,DC

=‘;/k[mva

The second-order heat magnetization is written as
1
Tr[/w pP(w) — /ds say(s)p(”(a)):l
k

(143)
Hence, we obtain the second-order thermal-thermal magneti-
zation response

: I
My o) = zZ/kae,,w;an,,
p

(w; 01, w2)
1
£20P(8,0°f,) + iw—épwga‘sfp}.
2

(142)

MG () =

cin Y [ gor@atre. a4
P |

From Egs. (141) and (144), we obtain the second-order
thermal-thermal response

Lo o1, an) = Ly (0, 01, 02) + Lib o (w3 01, w2)
(145)
with
1
L2 = — %2298 (8,0° f,), (146)
22,D ; . o, p? Jp
82
LY, = ie“Pr Z/dsp—v o"(ep)[252 fp +& Bj;pi|'
€p
(147)
By use of the Sommerfeld expansion (81) and the identity
K@ = L5507 /T2 it yields
GBS — _ e P (148)
2L o

We call Eq. (148) as the second-order WF law. We see that the
relation between the second-order thermal conductivity «*#?
and the second-order electric conductivity c®#% (1) does not
obey the linear WF law in Eq. (84), which is k*# = LT o%?.
In the second-order response, the second-order electric con-
ductivity o%# is proportional to the first derivative of the
second-order thermal conductivity «*#°(u) to the chemical
potential, rather than to k%% (1) itself.

D. Third-order thermal response

The Kubo contribution of the third-order electric current is
written as

JE0.Gret () / e 2], (149)

where the third-order RDM is given by

pO(w) = P / do / de, / oy ES (@01)ES (02)ES (3)(d(@) 0 [DP[d(@ — 1) 0 [D[d(w — o) o [P [o TN, (150)

in which the expansion of the third-order RDM results in eight terms, hence, the third Kubo thermoelectric response can be

rewritten as (for details see Appendix E)

Lﬁubo,aﬂﬁi(w;wl’wz,wﬁ:/[H(S),ﬁ&+1-[(3>,/35+H(3),ﬂ€+H(3),8£+n(3),ﬂ+n(3),8+n(3),4“ + o,
k

(151)

The expressions of the I1s are shown in Appendix E. The derivation of the third-order thermoelectric conductivity in the

DC limit can be done by calculating the poles of the denominator of T3

. The divergent terms are IT1®»#%¢ (with poles of 0,

w1, and @ + ), TI®*A¢ (with poles of w; + w,), and TI3»¥%¢ (with poles of w; and w; + ). Reserving the leading terms of
O(w™3) (IT®F%Y) and O(w=?) (T13)%¢), we obtain the third-order thermoelectric conductivity in the DC limit as

Kubo §
LS (w; 01, w3, w3) = Z/{—l

Ww21Ws3

—88,0° (8,0° f,) + E20°(,0° f,) —

1 v b
Vi, 0P [8,0° (,0° f)] — s——— L5 20[5,8,0°(8,0° £,)
p P p P 20)[210)3 8[2761 [ q“p p p
£,0°(8,0° f)] (152)
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which can be written in a more compact form

Kubotx 8
12DC P {(w w1, W3, w'i) - Z/ {_l

The third-order particle magnetization is given as

viE,0P[8,0°(8,0° f,)] —
wwW3 P P P r w3

|:/ p(Z)(w)mV + é/de Oy(a),o(z)(@)]'
k

Note that only the terms up to O(w~?) are retained. By use of the expansion of p® (see Appendix E for details), the leading
term is proportional to I1®+#%, Hence, we obtain the third-order thermoelectric magnetization response

(8,m} + 8297)85(5[,8{]‘1,)}. (153)

MG (w) =Tr (154)

1 1 1
S, . ~ - ~
M (w01, 0, w3) = Z/kw—w2e;,nwa“(epaff,,)Jr ;/dew—mepog(e)as(spaffp). (155)
Combining Eqgs. (155) and (153), we finally obtain the third-order thermoelectric response
L}Zfﬁfég (0; 01, w2, w3) = leﬂg(w w1, w2, w3) + L12A (w; 01, w2, W3) (156)
with
LYY (w01, 02, 03) = Z / —zwwmm V28,07 [2,0° (8,0 f,)]. (157)
df) % f, Ff
0( S o ~ ~
LYY (@01, 03, 03) = € ﬂyZ/de,, [ ,,88” +682 Vo —L + 38 v’ (£,)0% ()07 (2p). (158)

Following the similar process, the Drude part and the
anomalous part of the third-order electric conductivity is given

as
8
Liff @ionon00 =3 [
21?3

LoP% — 2By Y ¢
(w; 01, w2, w3) =€ / —Q) @ f).
Ly, Z P

V2 9P19°(0° £,

(159)

In the limit of large effective mass, the anomalous part is
approximated as

5
?lﬁf(w i, w2, W3)

12
~ Py de O Tp ot rt
‘ Xp:/ P opjws 9E3 e

By use of the Sommerfeld expansion (81) and considering that
o¥hdt — L]‘;C"‘/?f{ nePst — ngfgt/T3, we obtain

(160)

aBsE
gapss — ¢ T ()
9TL  du

After a similar derivation for the third-order thermal conduc-
tivity (see Appendix F), we obtain

st 62 aZKaﬁSS(M)
S RRTL ud

Interestingly, it is found that at third order the electric conduc-
tivity is proportional to the first derivative of the third-order
thermoelectric conductivity. Analogously, the third-order
electric conductivity is proportional to the second derivative
of the third-order thermal conductivity.

(161)

(162)

According to the expression of the thermally expanded
Hamiltonian (13), it is seen that expanding one more order
of E 1 is accompanied by one more order of the band energy.
Given the fact that the order of band energy in response
functions determines the leading terms in low-temperature
expansion, hence we reach the conclusion that for the non-
linear Mott relation, the nth-order electric conductivity is
proportional to the (n — 2)th-order derivative of the nth-order
thermoelectric conductivity with respect to the chemical po-
tential. For the nonlinear WF law, the nth-order electric
conductivity is proportional to the (n — 1)th derivative of the
nth-order thermal conductivity with respect to the chemical
potential (see Table III). Here, by invoking the semiclassical
Boltzmann equation, the above transport coefficients are fur-
ther testified (see Appendix G).

IV. NONLINEAR THERMAL RESPONSE OF MAGNONS

Based on the analytical formula of nonlinear thermal con-
ductivity, we attempt to find a system in which the nonlinear
response dominates over the linear effect. Note that although
we start from a fermionic Hamiltonian to derive the thermal
response, the formulas are general and can be directly ex-
tended to bosonic or other systems.

We consider the magnon transport driven by temperature
gradient in a collinear antiferromagnet on a honeycomb lat-
tice. The Hamiltonian is

H=1Y S5 +gj,uBZS B—i—I(ZSlZ,

(ij)

(163)

where J > 0 is the nearest-neighbor antiferromagnetic ex-
change interaction. The second term is the Zeeman coupling
to the external magnetic field applied parallel to the magnetic
ordering direction, in which g; is the Lande’s g factor and up
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TABLE III. The high order of thermal to electric conductivity, and thermal to thermal conductivity, i.e.. the higher-order Mott relation and
values of WF law are summarized up to the third order. L = %(1“‘7”)2 = 2.44 x 1078 WQ/K? is the well-known first-order Lorentz number.

Order Thermal-electric (Mott) Thermal-thermal (Wiedemann-Franz)
First of =L M den*(e) o = ﬁx"}i
1 _aps 3 , 9K
Second o = Znail oh = —zi ‘7'( 3}‘3‘::‘)
i apss _ _e () apsc _ & PP
Third o =51 o = nrL T a2

is the Bohr magneton. The third term (K < 0) is the easy-axis
anisotropy which ensures the Néel vector in the z direction.
As the ground state of Eq. (163) is a fully aligned an-
tiferromagnetic order, we describe the underlying magnetic
excitations by the Holstein-Primakoff transformation

SH~N2Sa;, S, ~+2Sal, Sy, =S-—ala, (164)
S~ V2Sb!, S~ 2Sh;, S =bib—S. (165)
Performing a Fourier transformation, the bosonic

Bogoliubov—de Gennes (BdG) Hamiltonian defined in
the 2 x 2 form with a vector W, = (ay, bz)T as

y* (k)

3J — K + g;upB
3 —K — gyupB |’ (166)

y (k)
We define y (k) = ), ¥ 8§, = (0,1, 8, = (*/—3, —%)l, and
& = (—g, —%)l are the vectors connecting the nearest
neighbors. For simplicity, we set [ = %

As the next step, the Bogoliubov transformation c; =

Upay — vkbi and dy = upby — vka,t is used to diagonalize
Hy(k). We need to solve the eigenvalue equation

Hy(k)t+(k) = o e (k) (k),
Hy(k)t +(k)o, = e (k)t (k).

Hy(k) = S|:

(167)

We only keep the particle branch (positive excitation), and
the dispersions of the two branch magnons of the unstrained
Hamiltonian are given by

epet., =SV (BI —K» — Jy (k)| + gupB,

in which 1 ({) denotes z-direction spin angular momentum
carried by the magnons. In the absence of Dzyaloshinskii-
Moriya interaction (DMI), the two branches of magnons are
degenerate. The linear spin Nernst coefficient of magnons is
given by

(168)

ek,
=" 7360”3}/ f S(gp)S2. (169)

p=td k

Distinguished from that of electrons, here g, is the Bose-
Einstein distribution and S(g,) = g,Ing, — (1 + g,)In(1 +
gp) 1s the entropy density of p-band magnons. The thermal
Hall conductivity is given as [46,47]

af klz?T afy Y
W= e [y, 170)
h k
=t
where the bosonic ¢, function is c2(gy) =(1+

gp)(In %)2 — (Ing,)* — 2Lixr(—g,) [46].

In the absence of DMI, it is demonstrated in Ref. [48] the
quadratic order expanded Hamiltonian of Eq. (163) is invari-
ant under combined symmetry of time reversal (7°) and a 180°
rotation around the x axis in the spin space (c,). Under Tc,,
ep(k) = e,(—k) and Q,(k) = —2,(—k), hence, the integrand
in Eq. (169) is odd and indicates a zero linear spin Nernst
coefficient (i.e., ng’é = 0). We shall emphasize that the spin
Nernst effect of magnon does not exist at any order if there is
no DML If the DMI is introduced, it breaks 7 ¢, symmetry
and changes the dispersion, leaving a nonzero linear spin
Nernst coefficient as the leading order [48]. Since we focus
on zero DMI case, we will not discuss the spin Nernst effect
of magnon in the following.

For the magnon thermal Hall effect (MTHE), things are
different. Although the linear MTHE disappears for both zero
and nonzero DMI (the two branches of magnons with opposite
spin angular momentum flow in opposite transverse direc-
tions), the second-order nonlinear MTHE should exist (even
for zero DMI) giving rise to a leading-order contribution to
the MTHE. Assuming that the temperature gradient is applied
along the y direction, according to Eq. (G28) the second-order
magnon thermal Hall conductivity is

O % Z/s;ayg,,sz;(k). (171)
k
p

In deriving Eq. (171), the relaxation-time approximation for
steady state lim,_.o —i/(w + i[") = 7 is indicated and the
negligible external magnetic field is adopted. It should be
noted that k3 becomes zero when T approaches zero [49].

It has been shown that the largest symmetry of a two-
dimensional (2D) crystal that allows for nonvanishing Berry
curvature dipole is a mirror symmetry [7]. The mirror sym-
metry M, is perpendicular to the mirror line, and the mirror
symmetry M, requires sz(kx, ky) = —Q;(kx, —ky). Together
with T¢,, we get Qg(kx, ky) = Q;(—kx, ky). The mirror sym-
metry M, leads to &,(ky, ky) = &,(k,, —k,), When combining
Tc, and M,, it requires &,(ky, ky) = &,(—k,, k). Therefore,
the partial derivative of Bose function distribution g, and
07 g is both an odd function.

To reduce the c3, space-group symmetry of Hamiltonian
(163) to the single mirror symmetry M,, we apply a uniaxial
tensile strain along the y direction. Hence, only the interaction
along the y axis changes, without lattice deformation. Hence,
antiferromagnetic coupling on the d; bonds is changed to
J(1 + 8), and the correction to the Hamiltonian is

8J 8J exp(ik - 8;)

Hy (k) = [8] exp(—ik - 81) 57 ] (172)
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FIG. 3. (a), (b) Berry curvature QZT (k) of the spin-up magnon
mode without strain 6J = 0 (a) and with uniform uniaxial strain
8J = 0.5 (b). The gray circles denote the locations of maximum
value for the unstrained QZT(k), which correspond to K and K'.
The yellow circle denotes locations of maximum value for strained
QZT (k). (), (d) g4 /dk, without strain 6/ = 0 in (c) and with strain
8J = 0.5 in (d). The gray (yellow) circles denote the locations of
maximum value for the unstrained (strained) dg,/dk,. Parameters
are J =2, K = —0.2, kgT = 0.5, and g;upB = 0.01. Numbers are
in units of meV.

The total Hamiltonian is H = Hy + Hy, and the magnon dis-
persion is given by

epety = Sy/BI+ 8] — K)? — [Jy (k) + 8] 2

+g;uupB. (173)

Figure 3 shows the unstrained (strained) Berry curvature
of spin-up magnon and the associated dg4/dk, distribution.
Considering that the integral in Eq. (171) is mostly contributed
from the region around K and K’. In the absence of strain
[see Fig. 3(a)], the maximum values of Berry curvature QZT k)
locate at K and K’. Meanwhile, the zero points of dg4 /dk, also
locate at K and K’ [see Fig. 3(c)], resulting in the cancellation
of the integral around each K and K’ and zero «*?. However,
when applying the uniaxial strain along the y direction, the
maximum values of Berry curvature QZT (k) are shifted from
the original K (K') towards —k, (k,) direction [see Fig. 3(b)].
The zero points of g4 /dk, are also shifted from the original K
(K’) towards k, (—k,) direction [see Fig. 3(d)]. Therefore, the
integral around each K and K’ can not be canceled, leading to
a finite second-order magnon thermal Hall conductivity «™”.

To further illustrate the above picture, we show the de-
pendence of «™” on the temperature and the strain-induced
coupling &§J, which is plotted in Fig. 4(a). Notice that «™”
approaches zero as T approaches zero. For fixed T, «*”
increases monotonically with increasing &§J, suggesting the
appearance of the nonlinear MTHE induced by the strain. It
should be noted that our analysis based on the linear spin-
wave theory is only valid in the temperature range much lower
than the Néel temperature, which is estimated to be around
200 K in MnPS;3 [50]. However, «*” is not monotonic in

0
LS}

10°(meV)? (b)

(@ x1077 [I(meV)’]

00 02 04 06 08
&J (meV)

FIG. 4. (a) The magnon thermal Hall conductivity up to the
second order (i.e., k™Y, and first order disappears) as a function of
strain-induced coupling 6J and temperature of a collinear antiferro-
magnets.J = 2,K = —0.2,and g, usB = 0.01. (b) The T-dependent
factor F for different §J. ¢, is taken to be —0.2. Numbers are in units
of meV.

T. For fixed §J, «*” increases at first and then decreases
with a maximum around 22 K. To understand this nonmono-
tonicity, we extract the temperature dependence of Eq. (171).
The T-dependent factor of Eq. (171) is expressed as F =

m%. In Fig. 4(b) we depict the T-dependent
factor F as a function of T'. For different §J, F is maxi-
mized around 22 K, hence, we conclude that the temperature
nonmonotonicity of «*” is determined by F. As shown in
Fig. 4(b), the temperature position Tp,x of the maximum of
F decreases from 25 to 18 K as §J increases from 0.5 to
0.7 meV. In Fig. 4(a) we indicate the position Tj,x of the
maximum of «*Y by the dashed-dotted line. As a contrast,
Thax increases slightly with the increment §J. This is because
the T dependent F indicates that all momentum k is weighted
equally for fixed T'. However, according to Eq. (171), the final
temperature dependence of ™Y should be weighted by S;Q;
additionally.

V. CONCLUDING REMARKS AND DISCUSSIONS

In summary, a nonlinear thermal response theory is de-
veloped through perturbed expansion approach in favor of
thermal vector potential. Based on the diagram rules and
values of vertices connecting the propagator of temper-
ature gradient, the general expressions of the dynamical
thermoelectric and thermal conductivity are obtained. The
central results for the linear-order [the thermoelectric response
(64) and the thermal-thermal response (76)], the second-
order [the thermoelectric responses (124) and (125) and the
thermal-thermal response (146) and (147)], and the third-
order responses [(157) and (158)] are explicitly derived.

The choice of the gauge depends on convenience. It is easy
to give a cleaner resonance structure and is easier to imple-
ment numerically in velocity gauge. For the DC limit and
semiclassical limits, it is better to apply the length gauge. By
providing the DC limit formula in length gauge, we demon-
strate the relations among the thermal response coefficients
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beyond the linear order (cf. Table III). For linear transport, the
Mott relation and WF law tell us that the thermoelectric (ther-
mal) conductivity is proportional to the first (zero) derivative
of the linear electric conductivity to the Fermi energy. Beyond
the linear order, it is found that there exist higher-order Mott
relation and WF law. The second-order Mott relation and
WF law say that the second-order electric conductivity is
proportional to zero (the first) derivative of the thermoelectric
(thermal) conductivity with respect to the chemical potential.
And the third-order Mott relation and WF law show that the
third-order electric conductivity is proportional to the first
(second) derivative of the thermoelectric (thermal) conductiv-
ity with respect to the chemical potential. It is found that the
derivative on the thermoelectric and the thermal conductivity
increases linearly with the nonlinear order. The derivative in
the WF law is one order higher than that of the Mott relation.
We call this structure as a “hierarchy rule.” Although we
only explicitly calculate the nonlinear response up to the third
order, we speculate that this “hierarchy rule” between Mott
relation and the WF law exists to higher order, revealing a
deeper relationship between them. Moreover, it is discovered
that the Lorentz number characterizing the relation of linear
thermoelectric and thermal-thermal response applies to the
nonlinear order.

An interesting and important fact is that for the second-
order response, the Mott relation is only proportional to the
second-order electric conductivity by the linear Lorentz num-
ber. Since the off-diagonal element of the second electric
conductivity is just the nonlinear Hall conductivity which
has been measured in experiments, the off-diagonal element
of the second thermoelectric conductivity (i.e., the second-
order Nernst coefficient) can be obtained immediately by
using the experimental data of the nonlinear Hall conduc-
tivity. We estimate that the transverse charge current density

J

can be the order of 107® A/(cm)? for a temperature gra-
dient of 0.01 K/cm based on few layers WTe, [51]. This
charge-current density induced by a temperature gradient can
be explored in experiments. For the second-order WF law,
the electric conductivity is proportional to the first derivative
of the second-order thermal conductivity with respect to the
chemical potential. The proportional factor is related to the
Lorentz number, and the second thermal conductivity can
be sizable. Therefore, the quantities from the second-order
response can be measured in experiments without introducing
more difficulties. We expect that our predictions can be tested
in the near future experiments.

Although the derived quantum theory of nonlinear thermal
response is based on a formalism for fermions, it can be
utilized to boson systems. As an application, we specifically
calculate the magnon thermal Hall conductivity in a strained
collinear antiferromagnet model. We predict that with the
combined 7 ¢, symmetry and broken inversion symmetry, the
linear magnon thermal Hall conductivity vanishes and the
second-order thermal Hall effect dominates.
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APPENDIX A: DETAILS OF DERIVATION FOR EQ. (21), DEFINITION OF HEAT CURRENT,
AND THE RELATION TO ENTROPY FLUX

The definition of heat current in the presence of the “gravitational” potential, has been presented previously [33]. However,
since it is important to the rest of our discussion, we shall review it here. Considering a noninteracting electron system, the

energy density is written as

m

Yy =11+ w(r)]{ 5 Do) - [p(r)d] + @*(r)[vm]@(r)},

(AD)

where @(r) [¢"(r)] is the electron annihilation (creation) field operator. The energy current operator is defined by the conservation

equation

oh*(r) 1
ot ik

WY (r), HY 1= =V - JE (),

(A2)

where HY = FO[1 + W(r)]d + [1 + W(r)]V (r). Substituting the energy density operator into the conservation equation, it yields

ohY 1 . .
8;") —_v. {5[1 NPT A P + [H%(r)ﬂ[ﬁ@(rn)}. (A3)
Therefore, the energy current operator is identified as
JEr) = {30+ wO([9e@ HY 9] + [HY )] [991)]) }
= 11+ YOO Hop ()] + [Hop M1 [ r)D} + V1 + ¥()]* x A, (A4)
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where A = —%[f)@(r)]T X [0¢(r)]. Noting that the current operator is only defined up to a curl by the equation of continuity.
The form of the energy current can be determined by the scaling law
JE () = [1+ Y@ P @), (AS)
therefore the energy current operator becomes
JE@) = JE @) = V1 + 9P x A, (A6)
Je) —> Je() +V x A. (A7)

The heat current is defined as Jo(r) = Je(r) — uJn(r). In the absence of temperature gradient field, the zero-field heat current
operator is given by

Jor) = (5o Kop ()] + [Kop (M1 [50(r)]) — V x A, (A8)

where Ky = Hy — j1oN. Noting that apart from the first term which is recognized as the usual anticommutator representation of
the heat current, the second term appears is essential for satisfying the scaling law. It has been proved that in calculating the Kubo
formula, the second term cancels out [27,33]; this could be the reason why the anticommutator representation usually leads to
the right results.

Alternatively, the heat current can be defined through the thermodynamics of entropy flux [52], and it is equivalent to the
definition via conservation equation. To see this we start form the Luttinger’s Hamiltonian. The particle-number conservation
equation is given as

anY(r) 1 "
= ﬁ[n‘p(r),H\p] =-V.Jy@). (A9)
Combining Egs. (A2) and (A9), the conservation equation of heat is written as
kY 1, .
= kO B ==V T ), (A10)

in which &Y (r) = A¥ (r) — ui¥ (r) is the grand-canonical ensemble energy density. The Luttinger’s Hamiltonian can be rewritten
as

Hi(t) = /d3r/ dt'Jot") - V(r,1). (A11)

By converting the “gravitational” potential in form of thermal vector potential A7 (r,t)/0t = VW(r,t) = VT /T, the perturba-
tion Hamiltonian is written as

) = [ drlot) - Arir), (A12)
The rate of the change of the entropy S due to a heat current is [53]
ds 1 vT
e BV Ty =— | &Br—.T,. Al3
dr / rpYode / rqr e AL

The change of entropy modifies the thermodynamic potential E — TS — uN (E is the internal energy). The perturbation
Hamiltonian induced by the temperature gradient field becomes

t
Hg = %/d%/ dt'Jo(t') - VT. (A14)

It recovers the Luttinger’s Hamiltonian after the replacement VW (r,r) = VT /T. Similar definition of the heat current can be
found in [54].
APPENDIX B: EXPANSION OF THE HERMITIAN DERIVATIVES
The second-order Hermitian derivative on the unperturbed Hamiltonian is expanded as
K*# = D*DP[Ry] = 1 (Roh®hP + RGh* + 2Roh*P Ky + RohPh* + h*hP Ry + P RS + WP h*Ky). (B1)
Its normal derivative is given by
DMIK“P) = L (h"h*hP + Roh"hP + Roh® P + W Roh*P + Kol h*® + Rh**P + 20*h*P Ry + 2Roh**P Ky
F2R PR 4 W PR 4 Roh"P i + KohP ™ 4 W hP Ky + h* WP Ry + hehP R 4 WP R
+h*P "Ry + h*P Roh* + P h® Ry + WP Ry + WP R h*). (B2)
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APPENDIX C: DERIVATION OF EQS. (59) AND (72)
Using the relations (42) and (43), and the following identities

/oof(s)dk = §1n(1 +e7)/B, (C1)

B

| 5w = Lre+ £ [ roa, )
B de g &% J,

the first-order particle magnetization response (59) and heat magnetization response (72) are obtained by integrating the auxiliary
particle magnetization with respect to B.

APPENDIX D: EXPANSION OF THE INTEGRAL KERNELS USED IN LENGTH GAUGE

For the Kubo contribution of the linear thermoelectric response, the integrand is calculated as

1
Te{v*(d(w) o D[P VD) = Y v dgp(@)Ho, D [p 1)1 g

p.q

1
22 o ,,<w>{ [Ho, 9 pt.qp — i [Ho, [Aﬁ,p<°>]_]+.qp}

=Y sza,,aﬂf,, - Ziz(
p Pq

The integrand in the second-order thermoelectric response is calculated as

— oy Al (1)
qp

1
Tr{v*(d(w) o D [d(w — 1) o D [p 1)} = Y 2 Vadap(@)[Ho, D"[d(@ — @) © [Ho, D" [P 111 11,4

p.q
=@y L @ L @y 1-[(2)7 (D2)
where
1 1 1
3 (S ;j 2 Vradap(@)[Ho, 3°1d(@ = @1) o [Ho, 8" [p V114 T1y.qp = ; L 87 (£,07 f,), (D3)
1
nor=%" szqdqp(w)[Ho, 3’ [d(w — o) o [Ho. [A”, p V1 1:114gp
Pq
—Z—l4 pq (8p+8q)aﬁ{w_a)l_8qp X(8P+Sq)Agilpfp4}’ (D4)
n®r =3%" Zv;qdq,,(w)[Ho, [AP, [d(& — w1) o [Ho, 3 [pN41]-14.qp
p.q
1 2 2
- Z _12 i (a) —&gp) (0 — W )‘A (81’8(18 Jrg +€,0"fp, — € ayfq) (D5)

1
n® = Z S Vsdap(@)[Ho, [AP, [d(@ — @) o [Hy, [A”, p@1-1411-14.gp

1
= Z 1V (8q + Ep)[T_%AﬁrAfpep(er +&p) — AL AL e (e + eq)}. (D6)

w— w; — &
p-q,r 1 qr

The integrand in the second-order thermal-thermal response is calculated as

Tr{ l[Ho, V] x (d(w) o DPld(® — wy) o Dy[p@)u)}

[\

24 % dyp(@)[Ho, DP[d(w — w1) o [Ho, DY [p VN 114.qp = E@F7 + E@F 4 D7 4 5D, (D7)
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where

1
B = Y S Ho, v pdgp(@)lHo, 97 1d(@ — 1) o [Ho, 87 [0 V114 11sgp
p.q

= Z Up ;ézaﬁ[

@ = Z ngo, V14 pgdyp(@)[Ho, 3 [d(@ — 1) o [Ho, [A”, p1-14114.4p
Pq

8,07 fp}, (D8)

w — W]

1 1
= Z L ©(Ep+ aq) P Ep +EDAY foq |, (D9)
g ra —&pg Lo—wi—égg a

E®7 =3 g[Hm V14 pgdgp(@)[Ho, [AP, [d(@ — @1) o [Ho, 8" [0 V1 11-14.4p
p.q

= Z—z (e;,,+8q)2 Vg !
(0 — g

1
@ = Z ~[Ho, v* 14 pgdyp(@)[Ho, [AP, [d(@ — @) o [Ho, [A”, pP1-1411- 14 4p

_Z 8pq (8q+5p)|:

p.q,r

1

oo A B o E Sy = E50 ), D10)
ap

1
AB AL ep(e, +6p) — —————— AV AP e (e, + eq)} (D11)

W —w —&p W — W) — Egr

APPENDIX E: EXPANSION OF THE INTEGRAL KERNELS AT THE THIRD ORDER
The integrand in the third-order thermoelectric response is calculated as

Tr{v“(d(w) o DPld(w — 1) o D' [d(w — wp)) o D’ [p 1]}
Z < Upgdap(@)[Ho, DP[d(@ = 1) o [Ho, D [d(@ — wpy) o [Ho, D' Lo 11411411

— 1—[(3),/3)/8 IS (ONZN s OV S (OSTINS s OV IS ORI (LI (O (E1)

where

1
OO = 7 v dap(@)Ho, 8 1d(@ — w1) o [Ho, 87 [d(w — wpa)) © [Ho, [9° 101 114 11+
p.q

—Z”
P

nosr = %" gvquq,,(w)[Ho, 3’ [d(w — 1) o [Hy, 3" [d(w — wp)) o [Ho, [A°, 0111114 114.qp

1

W — W] W — W]

£8P [£,07 (€,0° )], (E2)

P.q
! s
_ Igr 8 P‘I (817 + 84)8 [m(é‘p + 8q)|:3y pr— (é‘p + 8q).ququj|j|’ (E3)
H(3)q135 — Z gvquq[)(a))[l—[()y 8ﬂ[d(a) — a)l) o [HO’ [AV, [d(w _ w[Z]) o [HO, 88[,0(0)]]4_]]_]_'_]]4_"][)
X
1 1
- s 8 208 248
Z _’8 pq (sp + 8q) = om a [w — 8qp,4§p(spsq8 frg+€50° fr — €70 fq)i|, (E4)

e = Zg ¢ dap(@)[Ho. [AP [d(o — 1) o [Ho, [87 1d(@ — @) o [Ho, 9[0T 1= -1 g

1 1
=) —i- AP 37 (£p0° f) — £48,9 (840° 297 (8,0° f,) — €297 (8,0” £,)],
Z iz mw_g,,w—wlw—wm oleqend (e,0° f3) — 4,07 (90" f;) + €307 (£,0° ) — £30” (640" f,)]

(E5)
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1
n =3%" 3 Vpadap(@)Ho, [A”, [d(@ — 1) o [Ho, [A”, [d(@ — wpp) o [Ho, 8°[p V11114114 )1.0p
p.q

1 1
=y - e, te AP AY (£,6,0° f, + 20 f, — 20° f,
8 pqw— (p+ q)[ ®— W — &g ®— W] —E&p ’P( perd” for +€,0°fp — &, f)

p.q.r

1 1
_ AL AL (£46,0° frg + £70° f, — £70° fp)}, (E6)

W— W —EpW— W] — Ep

1
n®r =3 gv;';qdq,xw)[Ho, [A?, [d(w — w1) o [Hy, 3" [d(w — ) o [Ho, [A°, 0 V1111011 T4gp
p.q

— B Y
Z 8 qu — Egp W — W] — &g (817 + 84)|:‘Aqr(8P + 8")8 [ A (Sr + 8p)fpr]

p.q,r

w — wp) —

1
/4 e | B
+(e, + Sq)a |: S Aqr(é‘q Sr)frqArp:H s (E7)

1
NP =37 v dap(@)Ho, 0°1d(@ — 1) o [Ho, A, [d(w — wpy) o [Ho, [A, 01141114 T ap
p.q
1 1 1 1
= Z —i—¥ —(ep+ s,,)af‘ |:—.AV .Arpsp(s, +&p,) —
Eqp

l
8 Py — w— o —&p w— ) — &g

A‘S Arpsp(e, +eq)i| (E8)
p.q.r

1
n®=>3" gvzqdqp(w)[Ho, [A?, [d(w — @) o [Ho, [A”, [d(0 — wpy) o [Ho, LA, [0 N-1:11- 14114 14.gp
Pq

1 1
— p;S 3 pq (Sq + 8p)|:|:w - 8SPAZYA§[)SP(8X + &) — mAS A7 ep(es + 1) i| o
1 1
+Aﬂr —‘Ayr‘AfseS(gr +e&5)— —AsrAfsgs(gr +e) |- (E9)
g W — W] — &g 1 w—a)l—gqr g

The integrand in the third-order thermal-thermal response is calculated as
1
Tr{—[Ho, v*]4 X (d(@) o DP[d(@ — w1) o D’ [d(w — wp)) © D‘S[p“”]]])}
= Z [Ho, v* 1+ pgdgp(@)[Ho, D’ [d(w — w1) o [Ho, D? [d(@ — wpay) o [Ho, D°[p 114114114 45

5(3) Brs 4 gGrpy 4 gO1ps 4 gGLys L 518 4 gy 4 g®s 4 g0, (E10)

where

1
B =y S lHo, v pgdgp(@)Ho, 8 1d (@ — 1) o [Ho, 8 [d(@ = o)) o [Ho, [8°[p V114 11411 .gp

pP-q

_ 2 B 1% 8
vaww or o —ary 0010 (€3 )] (E11)
1
g = 3 16[H0,v 14.pgdap(@)[Ho, 3P [d(w — w1) o [Hy, 87 [d(e — wyz)) o [Ho, [A°, p V111114 140
pP.q
= 9P ! 37 ! Al EI2
D e A LG S ]

ORUAES Z 1—6[Ho, V14 pgdgp(@)[Ho, 3°[d (@ — @) o [Ho, [A”, [d(@ — @) © [Ho, 3[04 11-141144p

1 a 1 2 1 B 1 8 296 28
- Z_lﬁv”qw——&,p(% e —wma [w w1 — equgp(spgqa oot &Sy =847 J0) | 1
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1
g7 = Z —[Ho, v*14 pgdyp(@)[Ho, [A?, [d(w — @) o [Ho, [07 [d (@ — wp)) © [Ho, 3° [0 T4 11-14 11144

1 1 1
= Z —i— T pq(ep + Sq) Af]’p[sqepay(epaafp) — £46p07 (8,0° f,) + 812,8V(8p85fp)

—Egp W — W] W — W[

—828”(8(,8’3 )l (E14)

1
g =3%" 6 Ho V11 pgdgp(@)Ho, [A, [d(@ — 1) o [Ho, [A”, [d(@ = wpp) o [Ho, 8°[p V11 11-141- T4 11.p

p.q
—Z—z ! (s +£,)° ! ! AP AY (e,6,0° for + £20° f, — £20° 1)
p.q.r 16 pq e 0= —Eqo—op =&y P A A

1 1
— AP AL (e46:0° frg + €70° fr — eﬁa‘sfp)], (E15)

W— W) —EpW— W] — &p

1
gD = Z 76 Hos V"1 pydyp(@)lHo, A, [d(@ = 1) o [Ho, 8" [d(@ = wpy) o [Ho, A%, V11111 T T gp

1 1 1
=D —itet (e,,+aq)2[,45,(gp +e,)aV[

p
16 Mw— g0 — i — &y

A (er + 8p)fpr}

W — W2~ &rp

+(e + z-:q)ay[ oA e A ,,H (E16)

w — wpR) —
1
=3 E[Ho, 0 Lt gl (@) Ho, aﬂ[d(w — 1) 0 [Ho, [A”, [d(@ = @) © [Ho, [A, p V114111 M
p-q

1 1 1
- Z 16 pqa) — (8p + 8q) %" [—AgrAprP(er + 8P) -

w— W) — &p w— w1 — &y

ADLAY ep(e, + eq)] (E17)

Psq.r
1
80 =) 1 Ho, v Lt pdap(@)lHo, LA, [d(@ — 1) o [Ho, LA”, [d(@ — wpy) © [Ho, LA, (011141114114 T gp
p.q
:Z ! v ! (e +&,)? ;AVA55(8~+8)— ! A‘S.A”e(e +&,)P | A,
D-q-1>S 6pq q p 0 — o) — &, rsY tspCP\CS 14 w—w —¢ p\cs r Sp
1 1
+A5r[m"4;r"4i385(8r + 85) — mAgrArsé‘s(&« + é‘q):|i|. (Elg)
rs qr

APPENDIX F: THIRD-ORDER THERMAL-THERMAL RESPONSE

The third-order thermal-thermal response is calculated in an similar way. The Kubo contribution in this case to the heat current
is
Kubo, (3),
T Ghe () = /Tr[ “p™]. (F1)
Following the same steps in calculating Li(;bo’“’g % the third-order Kubo thermal-thermal response is rewritten as

LX00BE (4 o1 a0y, 3) = /[~<3) Bor L gOps | g®r 4 g®ic L g®8 4 IO 4 5Ot 4 g, (F2)

The poles of )+ are identical to those of TI®», with the leading term contributed by E3)#% and £1)-% Hence, the Kubo
contribution in DC limit is found as

Kuboaﬂﬁf(a) w1, Wy, @3) = Z/{

—8,8,0°(8,0° f,) + E20°(8,0° f,,) — g;aa(éqaffq)]}, (F3)

1
v2&20P[,0° (8,0° f,)] + prw (&p + DAL [8,8,0°(6,0° f,)

wwpRW3 Y
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which can be written as

1
Kuboaﬂ&{ 012/3 Sz a¢ = 7 3%(x 3¢
, W, = 8 £,0°(8,0 — g 20°(¢,0 . F4
LSO (0 01 0, 3) = Z/{ o I E @ f) — e fp>} (F4)
The third-order heat magnetization is given as
1
MSW(w) = Tr[ / pP(w)yw” — = / de 50”(8),0(2)(0))], (F5)
k
and we obtain the third-order thermal-thermal magnetization response
L8 (0301, 02, 03) = L2503 01, 0, 03) + L350 (03 01, 02, w3) (F6)
with
B 229817 9% (3. 9°
, W2, = d"[&,0°(&,0 ,
22D (0) w1, Wy CUS) waw[z]w3 P p [p (p fp)]
« 29 Pfy | a¥f
L (001, 02, 03) = Z/ds,, 2[ L +6 Ve Jms;‘,F v’ (e,)0° (8,)07 (&) (F7)
P

APPENDIX G: SEMICLASSICAL APPROACH

In this Appendix we carefully give the derivation of the
nonlinear thermal response through the semiclassical ap-
proach. We start with the semiclassical Boltzmann equation,
then show that it matches the results from the quantum
approach in previous sections. In the last we discuss the sym-
metries of the nonlinear currents.

The local particle or heat current is contributed by two
parts: one is from the motion of the wave-packet center, the
other is from the self-rotation of the wave packet, which can
be written as

Jy = /k Fleb+ Y, x /k Flem@),

Jo= [~ wisei+ < [ feomeo. @

in which we introduce the energy and thermal magnetic mo-
ment

m® (k) = egm(k), mPk) = m" (k) — um(k).  (G2)
We write the formula of the transport currents again
Inio =JIne — V x M. (G3)

The total particle magnetization can be derived based on the
wave-packet theory using a confining potential [28]

1
My = /k flemk) — — / de f(e)o(e), (G4

in which o(¢) = % fk O(e — &)R(k) is the zero-temperature
Hall conductivity with Fermi energy ¢. The thermal magneti-
zation is written as [30]

1
MC = /f(Sk)mQ(k) - z/de?(s —w)f(e)a(e). (G5)
k
Note that the first term is from the self-rotation of the wave

packet, while the second term is contributed by the edge, as
it vanishes in the bulk for a uniform system. Using Eqs. (G4)

(

and (GY), the transport current is found as

T =T +vor (G6)
where the first term is the Drude contribution
JN = /f(ek)vk, (G
k
J5 = / (ex — 1) f (ex vk, (G8)
k

The second term is from the anomalous term, manifesting
itself as the anomalous Nernst (thermal Hall) effect:

Jy = —e—le x /ds fe)a(e), (G9)
Ty =5V x [dse - wreoe. (10
e
and the anomalous Hall effect
Ty =3E x / Flen) Q). G11)
X

It is worth noting that the contribution from the particle mag-
netic moment m(k) cancels out since it is localized and does
not contribute to transport.

The Boltzmann equation is given as

(at+rvr+kvk)f(rvk9t) ZIcoll[f(rvkvt)L

where the collision integral Z ;[ f (r, k, t)] captures the effect
of scattering. In the absence of the magnetic field, the equa-
tions of motion are given by

(G12)

L
= — —kxQk
" ok ©.
fik = —eE (G13)

By expanding the distribution function f =Y~ f, by or-
der of temperature gradient VT or electric field E, the Hall
current at each order is obtained by replacing the distribution
function by f,. Since we are interested in the steady-state
solution, the ¢ dependence of f(r, k, t) is dropped.
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Perturbed by homogeneous electric field, the Boltzmann
equations is

(G14)

—%E S Viflk) = fo_—f(k)’
T

where 7 is the relaxation time. The iteration relation is found
as

e
fr= ETE CVifE,

The first two order distribution functions are directly obtained
as

(G15)

0
lE et f() O[Ea
Fl 38k

8f0 dv¥
E __ "k
f2 - I‘z2 (38k Bkﬁ +

8fooz/s

R k)E“E’S (G16)

Following the same procedure, the Boltzmann equation in the
presence of temperature gradient is

_ k
PV fr k) = foz S k) (G17)
T
and the iteration relation is found as
fl=—toe - Vofl | = (—toe - V) fo. (G18)

The first two order distribution functions are written as
T
T ay7o
= —Fi1(ep)vy VT,
fi 5T 1(&x)vy

2

= ﬁsz((»:k)u VTV, (G19)
where we define
Fi (er) = (&x — ,u)ﬁ
F (ex) = [2ﬂ<ek> PRCL 0} (G20)
€k
By use of the relation
Vifo= _%(Sk - )%VT (G21)

and substituting the formula of fnT of Eq. (G19) into Egs. (G9)
and (G10), one obtains the second-order anomalous Nernst
(thermal Hall) conductivity

etr
KT

yas _
n - _

e“ﬁ”/defg(s)va(e)aﬁ(e),

K7 = hZTT2 Py / de(e — WF @’ (e)oP(e), (G22)
in which we assume the temperature is slowly varying in
space, and omit the terms that are of nonlinear temperature
gradient. Equation (G22) reproduces the formulas derived
from the quantum approach in Sec. III.

Now we investigate how the large effective mass limit
changes the thermal transport coefficient. According to

Eq. (G9), the nth-order anomalous currents are given as

Jho = %V x /dsF(”’”(s)[Ms — &)Se(k),
k

Ty =1y / de G (e) f 5(e — er)R),
k
(G23)

where F ™ and G™ are the primitive functions of f] and (e —

wfl:

F® = / FOEde, G = / (& — W f (e
-0 —00
(G24)

Under the large effective mass limit, /" and G'" are found
as

T
FOx =S(foyon - VT,

G ~ %afo)vk-w, (G25)
where we define
S(fo) = foln fo + (1 — fo)In(1 — fp),
C(fo) = (fo— DIn*(fy' = D +1n’ fy+2Lixfy. (G26)
Therefore, we have
afd ~ ot/S 2 f()
n hsz V/ds(a W) —— 2%
x f 8(e — en)vp k), (G27)
k
afBd . T o 38f0
K‘ﬁ NWE ﬁy/d&‘(é‘—ﬂ)g
X /8(8 — e Qk), (G28)
k

which recovers the results in Ref. [9].

As it is shown above, a group velocity term and a topolog-
ical term together constitute the conductivity in the DC limit.
Let us consider the transformation of these two terms under
time-reversal symmetry 7 and inversion symmetry Z. For the
group velocity term, it is composed of the group velocity or
its higher-order derivatives. With the definition [ k) =
(TT-, 9k*1e,(k), the time reversal 7 or the inversion / give

vy (k) = (=)' (k). (G29)

Therefore, the group velocity term in odd-order conductivity
is even, leaving the momentum integral vanishes. For ex-
ample, the group velocity term in the second thermoelectric
conductivity is TI®#% given by Eq. (118), which is expanded
as

11 af
H(Z),ﬂB — a /3 s-Jp
Xp: Yp ww— o Ervp ¥ de)
92 d
renpn e g;vgsa_ﬁ). (G30)
P €p
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Referring to Eq. (G30), it is easy to see that [T?-#? is odd. The
topological terms are functions of &, m,, and w,. The time
reversal T gives

Q,(k) = —,(—k), (G31)
m(k) = —m,(—k), (G32)
w, (k) = —w,(—k), (G33)

and the inversion Z gives

Q,(k) = Q,(—k), (G34)
my(k) = m,(=k), (G35)
w,k) = w,(=k). (G36)

Therefore, the topological term in odd-order conductivities
is odd (even) under 7 (Z), while this term in even-order
conductivities is even (odd) under T (7).
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