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Controlling the hybridization gap and transport in a thin-film topological insulator:
Effect of strain, and electric and magnetic field
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In a thin-film topological insulator (TI), the edge states on two surfaces may couple by quantum tunneling,
opening a gap known as the hybridization gap. Controlling the hybridization gap and transport has a variety of
potential uses in photodetection and energy-harvesting applications. In this paper, we report the effect of strain,
and electric and magnetic field, on the hybridization gap and transport in a thin Bi2Se3 film, investigated within
the tight-binding theoretical framework. We demonstrate that vertical compression decreases the hybridization
gap, as does tensile in-plane strain. Applying an electric field breaks the inversion symmetry and leads to a
Rashba-like spin splitting proportional to the electric field, hence closing and reopening the gap. The influence
of a magnetic field on thin-film TI is also discussed, starting from the role of an out-of-plane magnetic field on
quantum Hall states. We further demonstrate that the hybridization gap can be controlled by an in-plane magnetic
field, and that by applying a sufficiently strong field a quantum phase transition from an insulator to a semimetal
can be achieved.
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I. INTRODUCTION

Topological insulators (TIs) typically exhibit bulk gaps in
the 20–300 meV range, while maintaining the conduction
edge or surface states protected by time-reversal symmetry
(TRS) [1,2]. In recent years, TIs have been extensively studied
both theoretically and experimentally due to their broad po-
tential for applications. Three-dimensional TIs are typically
classified as either strong or weak, in terms of the number
of Dirac cones on their surfaces [1]. The Bi2Se3 family of
materials, also known as trichalcogenide TIs, possess surface
states protected by time-reversal symmetry. The electrons of
these states resemble massless helical Dirac fermions in which
the spin of electrons is locked to momentum [3]. Bi2Se3 is
a strong TI that has been widely studied as a paradigmatic
TI, exhibiting a single Dirac cone on its surfaces at the �

point, robust against TRS disorders [4,5], as confirmed by
angle-resolved photoemission experiments. The energy states
of TI surfaces were also confirmed by scanning tunneling
spectroscopy [6,7]. Bi2Se3 has a crystal structure with a sym-
metry group of R3̄m [8], with a unit cell consisting of five
atoms: two Bi atoms and three Se atoms in layers arranged
in ABCABC vertical stacking [5]. The bulk gap of Bi2Se3 is
290 meV, which is much larger than the energy scale at room
temperature.

In the thin-film regime, controlling the hybridization gap
can be a tool to optimize and control optical properties for
photodetectors and energy-harvesting applications [9]. Strain
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can change the topological nature of the system for values
above the critical value [10]. By applying an electric field, the
coupling of surface states on the top and bottom surfaces can
be eliminated, leading to the quantum spin Hall effect. Out-
of-plane and in-plane magnetic fields can create fascinating
properties. In thin films with a hybridization gap, out-of-plane
magnetic fields can form quantum anomalous Hall (QAH)
states, whereas an in-plane magnetic field changes the hy-
bridization gap, causing a quantum phase transition [11–14].

In this paper, we assess the effect of strain, and electric
and magnetic field on Bi2Se3 thin films. Using these external
means, by controlling the system gap and Dirac states in thin-
film TI, one expects novel effects such as a pseudomagnetic
field, helical flat bands, amd also topological phase transi-
tions, and the appearance of the quantum Hall effect (QHE)
[15]. Since the Bi2Se3 layers are coupled by weak van der
Waals interactions, it is feasible to fabricate this material in a
thin-film form [16,17]. Therefore, the study and control of its
physical properties under different conditions is timely, and
critical regarding possible applications of thin-film TIs in the
new generation of electronic devices.

The paper is organized as follows. In Sec. II, we employ
the symmetries to construct a real-space Hamiltonian based on
the parameters of the four-band Hamiltonian. Next, we show
how to introduce strain, and electric and magnetic fields based
on the symmetries of the system. In Sec. III, the effects of
biaxial and uniaxial strain are considered. We show how by
applying a compressive uniaxial strain or tensile biaxial strain
the hybridization-induced gap can be reduced and eventually
closed. In Sec. IV, we examine the effect of electric field on
the hybridization gap, followed by a discussion of the effect
of applied magnetic field on three-dimensional TI and QAH
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TABLE I. Hopping parameters for the four-band Hamiltonian,
obtained by fitting to the DFT data [20].

A′
1 (eV Å) A′

2 (eV Å) C′
0 (eV Å) C′

1 (eV Å2)

5.35 4.44 −0.0063 6.65

C′
2 (eV Å2) M ′

0 (eV Å) M ′
1 (eV Å2) M ′

2 (eV Å2)

−1.75 0.29 −10.25 −56.6

states down to the thin-film regime in Sec. V. The latter is
done by assessing the longitudinal and Hall conductance of
the system using the Landauer-Büttiker formalism for differ-
ent thickness of the TI. In Sec. V B we detail the effect of
an in-plane magnetic field on the hybridization gap. Finally,
Sec. VI summarizes our results and we present our conclu-
sions.

II. CRYSTAL STRUCTURE AND HAMILTONIAN

Numerous studies to date have addressed the topological
insulator properties of Bi2Se3, many of which use a four-band
Hamiltonian. Using density functional theory (DFT) data and
considering the states near the Fermi level, there will be four
states |P±

z ,↑ (↓)〉 for different parities and spins [2], so the
Hamiltonian of the four bands in this basis can be expressed
as follows [5,18,19],

H = ε′
k +

⎛
⎜⎜⎜⎝

M ′
k A′

1kz 0 A′
2k−

A′
1kz −M ′

k A′
2k− 0

0 A′
2k+ M ′

k −A′
1kz

A′
2k+ 0 −A′

1kz −M ′
k

⎞
⎟⎟⎟⎠, (1)

where ε′
k = C′

0 + C′
1k2

z + C′
2k2

⊥, M ′
k = M ′

0 + M ′
1k2

z + M ′
2k2

⊥,
and k2

⊥ = k2
x + k2

y . The values of the parameters used are
shown in Table I.

An effective real-space Hamiltonian was employed, in
which hopping parameters were determined by comparing
the results of the four-band Hamiltonian to the DFT results
near the � point. According to Fig. 1, a unit cell was consid-
ered as a set of four states that are connected by �ni vectors
(i = 1, 2, 3). Considering the nearest neighbors, there are six
neighbors for each unit cell in the x-y plane. Hopping between

FIG. 1. (a) The lattice structure of Bi2Se3 in the x-y plane.
(b) Each unit cell has six neighboring unit cells in the x-y plane,
connected by vectors ±�ni (i = 1, 2, 3). Here, n1 = ( 1

2 a,
√

3
2 a, 0),

n2 = ( −1
2 a,

√
3

2 a, 0), n3 = (a, 0, 0).

FIG. 2. Hybridization gap due to coupling of surface states, as a
function of the thickness of the Bi2Se3 film (thickness is expressed
as the number of quintuple layers NQL).

these neighbors is denoted by Tα and T †
α (α = 1, 2, 3). In the

z direction there are two neighbors, with hoppings T4 and T †
4

[21,22]. The real-space Hamiltonian is then defined as [21]

H = �ic
†
i Eci + �i,α (c†

i Tαci+α + H.c.), (2)

where α = 1, 2, 3, 4, the operator c†
i (ci) creates (annihilates)

an electron at site i, and E and Tα are on-site energy and
hopping parameters between unit cells, respectively, defined
as

E = (E0 − 2�αBα )σz ⊗ σ0, (3)

Tα = Cασ0 ⊗ σ0 + Bασz ⊗ σ0 − i

(
Aα

2

)
σx ⊗ �σ · �nα. (4)

Regarding the symmetries of the system, An1,n2,n3 , Bn1,n2,n3 ,
Cn1,n2,n3 , that are related to the x-y plane parameters,
are isotropic. Thus we adopt the following notation
for the in-plane parameters An1,n2,n3 = A2, Bn1,n2,n3 = B2,
Cn1,n2,n3 = C2, and for out-of-plane parameters we use An4 =
A1, Bn4 = B1, and Cn4 = C1. Further, for the values of
the hopping parameters we take (A1, A2, B1, B2,C1,C2) =
(A′

1, A′
2, M ′

1, M ′
2,C′

1,C′
2).

When the thickness of the TI is reduced to several nanome-
ters (i.e., the thin-film regime), the surface states on the top
and bottom surfaces overlap and couple, leading to hybridiza-
tion and opening of a gap (usually referred to as hybridization
gap) [16,23]. Figure 2 shows the gap as a function of the film
thickness (in units of quintuple layers NQL). For thickness
above 8 QLs, the hybridization gap vanishes (the overlap of
surface states is negligible) [24,25].

Next, we will indicate how to introduce effects of strain,
and electric and magnetic field in our model. Strain is defined
as changes in the displacement vector �U relative to the pristine
position, and can be expressed by the following tensor [9]:

εi j = 1

2

(
∂Ui

∂x j
+ ∂Uj

∂xi

)
. (5)

The strain tensor εi j includes six independent components,
three of which are for uniaxial strain (εxx, εyy, εzz) and the
other three for shear strain (εxy = εyx, εxz = εzx, εyz = εzy).
In the next section, the influence of strain on the hopping
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parameters and the topological behavior of thin-film Bi2Se3

will be assessed. The strain changes the bond length and bond
angles, thereby altering the Hamiltonian parameters. Accord-
ing to the system symmetries, the following terms are added
to the system hopping:

E0 → (E0 + Ẽ1εzz + Ẽ2ε+)σz ⊗ τ0, (6)

Tα → Ãαεασx ⊗ �σ · �nα. (7)

We take the values of these parameters from Ref. [26]. The
application of a perpendicular electric field also adds a term
to the on-site energy hopping according to the symmetries of
the system [9],

HE =
(

IQL − NQL

2

)
c Ez σy ⊗ σz = V σy ⊗ σz, (8)

where IQL ∈ [1, NQL], c is the lattice parameter in the z direc-
tion and Ez is the z component of the electric field. Finally,
when applying the magnetic field to the system, both Zeeman
and orbital effects must be considered. For the applied field Bz,
the orbital effect is introduced through the Peierls substitution.
Concerning the Zeeman effect, the following term is added to
the on-site energy Hamiltonian, using the system symmetries
[18,27],

HZeeman = Mi σ0 ⊗ σi, (9)

for i = x, y, z and with a Zeeman exchange field Mi =
μB

2 (gi Bi ), where μB = eh̄
2m0

.

III. EFFECT OF STRAIN

It is a well known that straining thin films can yield more
pronounced effects compared to straining bulk crystals. Fur-
thermore, when a TI thin film is placed on a substrate, a lattice
mismatch is imposed on the TI at the contact surface, poten-
tially causing strain [10]. Using an atomic force microscope
probe, strain can also be induced by external force loading
[10].

Therefore, in this section, the effect of strain on a few
layers of Bi2Se3 is explored. We start from the effect of the
out-of-plane uniaxial strain, applied by extending or com-
pressing the lattice parameter in the z direction (c) as ε⊥ =
c−c0

c0
, where c0 is the lattice parameter in the z direction in the

strain-free structure [4]. By applying a compressive uniaxial
strain in the z direction to the system, the gap of the system
was first increased; eventually, an indirect gap was formed and
then the gap was closed and the system entered the metallic
phase. The tensile uniaxial strain reduced the gap and eventu-
ally closed the bulk gap. Strain also affected the wave function
of the surface states and the hybridization gap resulting from
these states and the penetration depth of these wave functions.
It should be noted that the surface states’ band gap behaves
opposite to the bulk band gap [9,28].

As shown in Fig. 3, compressive out-of-plane strain re-
duces the gap, because of increasing the Coulomb interaction
between sites and the hopping parameter between them.
The hybridization-induced gap was decreased and subse-
quently closed by applying ε⊥ = −6% compressive strain for
NQL > 3. However, it should be noted that observing the topo-
logical phase transition with a strain of −6% is experimentally

FIG. 3. Hybridization gap under uniaxial strain. Compressive
strain reduces the distance by increasing the Coulomb interaction
and hopping parameter between the sites. The hybridization-induced
gap is decreased and eventually closed around 6% of strain when
compressive strain is applied.

challenging and requires 2 GPa uniaxial stress. Chemical sub-
stitution can be used to apply strain on this scale in some
situations [26].

The van der Waals type of bonding between QLs is weaker
than covalent interactions between atomic layers inside a QL,
therefore out-of-plane strain is not homogeneous along the z
axis. Liu et al. [8], for example, demonstrated that applying
strain in the z direction increased the thickness of a QL much
less than the distance between the QLs. It is also demon-
strated in the same work that the topological phase transition
is mostly influenced by the interlayer interaction.

The in-plane biaxial strain is defined as εbia = a−a0
a0

, by
extending or compressing the lattice parameter in the x-y
plane, where a0 is the lattice parameter in the x-y plane for the
unstrained structure. For compressive biaxial strain (ε‖ < 0),
the parameter c tends to increase while for tensile biaxial
strain (ε‖ > 0) the parameter c exhibits a decreasing trend.
The hybridization gap found in a Bi2Se3 thin film as a function
of biaxial in-plane strain is depicted in Fig. 4. The gap induced
by hybridization was increased by compressive biaxial strain,
while being decreased by tensile biaxial strain. At a strain

FIG. 4. Hybridization gap under biaxial strain. The gap gen-
erated by hybridization is enlarged by compressive biaxial strain,
whereas tensile biaxial strain shrinks the gap, and the gap is finally
closed at a strain level of 8% for NQL > 3.
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FIG. 5. The effect of an external electric field on the surface
states. The surface bands’ degeneracy is removed by applying an
electric field perpendicularly to the surface.

level of 8%, the gap was finally closed for NQL > 3. Biaxial
strain changed the lattice parameter c in the z direction, clos-
ing the band gap at �. As a result, applying a biaxial strain
has an indirect effect on the band gap. The Poisson ratio ν

describes the dependence of uniaxial out-of-plane strain on
biaxial in-plane strain as follows [29]:

ε⊥
ε‖

= − 2ν

1 − ν
. (10)

Bi2Se3 has a Poisson ratio of 0.27, which is consistent with
previous calculations [4,30].

IV. EFFECT OF AN EXTERNAL ELECTRIC FIELD

Due to the increase of coupling of surface states on the
top and bottom surfaces with decreasing TI thickness, the
topological phase of the material can change from a two-
dimensional TI to a trivial insulator [23,31]. Applying an
electric field is one possible approach to manage this connec-
tion, as the coupling of surface states can be removed and the
quantum spin Hall effect can be observed in the presence of an
appropriate electric field [31]. The contribution of the electric
field is added to the Hamiltonian through the following term,

e
ε0

ε0 + εr
Fzz = eEzz, (11)

where ε0 = 1 and εr = 113 are dielectric constants for air and
Bi2Se3, respectively. However, it should be emphasized that a
strong electric field can change the properties of the surface
state. Surface states are spin degenerate in the absence of
electric field. The surface bands’ degeneracy can be removed
by applying an electric field perpendicular to the surface for
a particular energy. As a result, the wave functions for up-
and down-spin states are not the same [31] (see Figs. 5 and
6). The inversion symmetry is broken by applying an electric
field, which causes a Rashba-like spin splitting corresponding
to the electric field.

As shown in Fig. 7, increasing the electric field perpendic-
ular to the film plane causes the hybridization gap to close,
and then reopen and increase. The topological characteristics
of the thin film can thereby be controlled by applying an
appropriate electric field, and a topological phase transition
between topologically trivial and nontrivial states has been
observed [32].

FIG. 6. The density |�↑(k+↑, z)|2 (red line), and |�↓(k+↓, z)|2
(blue line) for a Bi2Se3 film (a) without and (b) with an applied
electric field.

V. EFFECT OF MAGNETIC FIELD

A. Out-of-plane field

In this section, we examine the effect of an out-of-plane
magnetic field on a three-dimensional TI in the thin-film
regime. A Zeeman field or exchange field (Mz) arises when
a three-dimensional (3D) TI is exposed to a perpendicular
magnetic field (in the z direction in our case), and the electrons
on each surface obtain different properties. The Dirac cone
is shifted on the lateral surfaces because of an effectively in-
plane magnetic field there, whereas the Dirac cone is gapped
on the top and bottom surfaces by an energy gap � (equal to
2Mz) [21,33] as shown in Fig. 8. The Zeeman or exchange
field, as well as the hybridization gap, have different effects
on the properties of the mass of Dirac fermions and can be
utilized to modify the surface state. The presence of exchange
energy in 3D TI thin films changes the model to a Haldane
one, in which the exchange energy acts as staggered fluxes
and the hybridization gap acts as an alternating on-site en-
ergy [14]. The longitudinal and Hall conductance of the 3D
TI Bi2Se3 system was evaluated using the Landauer-Büttiker
formalism for different numbers of layers (NQL) in the thin-
film regime under a perpendicular magnetic field. For further
reference, we consider a four-lead setup, with leads 1 and
3 along the x direction and leads 2 and 4 in the y direc-
tion [34]. The conductivity between the p and q leads in a
four-terminal setup can be represented in terms of a transmis-
sion coefficient (Tpq) in the Landauer-Büttiker formalism as

FIG. 7. Hybridization gap in the presence of an electric field for
different film thicknesses (expressed as NQL). The gap induced by
hybridization reduces, closes, and then reopens and increases when
increasing the electric field.
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FIG. 8. Effect of an out-of-plane magnetic field on the surface
states in a 3D TI. The Zeeman effect, also known as the exchange
field (Mz), arises when a magnetic field is applied perpendicularly
to the surfaces. The Dirac cones on the top and bottom surfaces are
gapped (� = 2Mz).

Tpq = Tr[�pGr�qGa], where �p is the self-energy in lead p,
Gr is the retarded Green’s function, and Ga is the advanced
Green’s function [21,35].

A biasing voltage is applied between leads 1 and 3 in this
setup, and the current between leads 1 and 3 is measured to
obtain the longitudinal conductance (σxx), whereas the current
observed between leads 2 and 4 yields the Hall conductance
(σxy):

σxx = T13
e2

h
= Gxx

e2

h
,

σxy = (T14 − T12)
e2

h
= Gxy

e2

h
. (12)

The Hall transport calculations in terms of energy for the dif-
ferent numbers of layers are shown in Fig. 9. In the 3D TI thin
film, an external magnetic field induces an integer quantum
Hall (IQH) state. The topological state of quantum matter
known as the integer quantum Hall effect (IQHE) has zero
longitudinal conductivity and a Hall conductance that is an
integer multiple of the quantum conductance. The number of

FIG. 9. Hall conductance Gxy as a function of energy for films
of thicknesses 3 QLs and 4 QLs, determined by Landauer-Büttiker
formalism. When an external magnetic field is applied to a 3D TI
thin film while Gxx = 0, quantum Hall states are formed (L = 15,
Mz = �h).

FIG. 10. (a) Hall conductance for NQL = 3 and NQL = 4. Gxy is
initially zero, before QHE states emerge as the Zeeman exchange
increases. (b) Phase diagrams for different NQL as a function of the
Zeeman exchange.

conducting chiral channels on the surface is determined by an
integer C (i.e., the topology invariant of the quantum phase).
This parameter is robust against impurities and electron in-
teractions. The inverse symmetry is broken in the thin-film
regime, and C will be an integer (σxy = C e2

h ) [33,36,37].
Applying a magnetic field results in a Haldane model

realization for a 3D TI in the thin-film regime, in which
the exchange field (Mz) serves as staggered fluxes and the
hybridization gap (�h) is equivalent to alternating on-site
energy. We only have one shift in Landau levels if Mz = 0
and �h = 0. Landau levels will be odd (C = 0, 1, 3, 5, . . .) if
Mz = 0 and �h = 0. Finally, if Mz = 0 and �h = 0, Landau
plateaus exist for all integer values of C (C = 1, 2, 3, 4, . . .)
[14].

For the 3-QL and 4-QL samples, Fig. 10 shows our Gxy

results. Initially, Gxy = 0 in the presence of a small magnetic
field. A topological phase transition from a normal insulator to
a Chern insulator eventually occurs as the Zeeman exchange
increases. Also displayed are the critical values for samples
with different NQL, which are different for each sample due to
the different hybridization gap.

The application of a vertical magnetic field leads electrons
on the lateral surfaces to experience an in-plane magnetic
field, shifting the Dirac fermions on these surface states,
as previously mentioned. The transmission coefficients for

FIG. 11. Hall conductance for NQL=3 for different L (=Nx=Ny).
The effect of lateral surfaces decreases as L increases, and the trans-
mission coefficient approaches one (Mz = �h).
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different lateral sizes L (L = Nx = Ny, where Nx and Ny are
the number of unit cells in the x and y directions, respectively),
for 3-QL and 4-QL samples are depicted in Fig. 11. As can
be seen, the value of the transmission coefficients approaches
one as the number of unit cells in the x and y directions is
increased, resulting in quantum Hall states.

B. In-plane magnetic field

Low-energy excitations in TIs behave similarly to massless
Dirac particles, which have gained a lot of attention in recent
years [6,38–40]. Dirac points can be gapped or merging and
annihilating by breaking symmetries that preserve them, such
as TRS [41,42]. At low temperatures, the behavior of thick-
and thin-film systems differs in the presence of an in-plane
magnetic field. Dirac cones will have no gaps on the top and
bottom surfaces and will contain opposing spin helicity when
the TI is thick enough [11].

The application of the in-plane magnetic field appears as a
vector potential in the Dirac Hamiltonian surface states when
dealing with a 3D TI, and its effect may be eliminated by
using the gauge transformation to the surface electron wave
functions. A diamagnetic response emerges in the thin-film
regime if the Fermi energy is inside the hybridization gap, and
a quantum phase transition from an insulator to a semimetal
occurs for a critical value of the in-plane magnetic field. For
concreteness, assume the in-plane magnetic field is along the
x-axis direction, while the z axis is perpendicular to the film
plane. The effect of the in-plane magnetic field on the helical
surface electrons could be removed by a gauge transformation
of the electron field operator as �(r) → �(r) exp(ikByτz ),
which shifts Dirac cones by ±kB along the y axis. The phase
factor is complex conjugated at the top and bottom surfaces,
which breaks the gauge symmetry [11,12].

In a semiclassical regime, considering spin-helical surface-
state electrons whose spin direction is in the direction of the
magnetic field B, the spin magnetic moment and the orbital
magnetic moment are

μspin = −gμB/2,

μorb = e

2(w + t )/vF
wt = etvF /2, (13)

where μB represents the Bohr magneton, g is the in-plane spin
g factor, and w and t indicate the sample width and thickness,
respectively (for a thin film w � t) [43]. The effective Zee-
man energy is defined as follows, considering the spin and
orbital magnetic moment:

EB = geffμBB = (gμB − etvF )B. (14)

The hybridization gap �h in the absence of an in-plane
magnetic field will decrease if an in-plane magnetic field is
applied. The hybridization gap will finally reach zero for a
critical value of the magnetic field, as shown in Fig. 12.

FIG. 12. The effect of an in-plane magnetic field on the hy-
bridization gap. The hybridization gap decreases and eventually
disappears when an in-plane magnetic field is applied, leading to a
quantum phase transition from an insulator to a semimetal.

The Dirac points on the top and bottom surfaces are re-
stored when the magnetic field is increased further, and one
has separate 2D topological semimetal behaviors as long as
the translational symmetry is maintained [11,12].

VI. CONCLUSIONS

In summary, we analyzed the behavior of thin-film
topological insulators using a real-space tight-binding Hamil-
tonian for Bi2Se3. We show that strain, and electric and
magnetic fields can be used to control the hybridization gap
and transport in such films, which has an impact on a broad
range of ongoing experiments as well as potential device
applications. We showed that uniaxial strain increases the
hybridization gap, while biaxial strain has the opposite effect.
We further revealed that a perpendicular electric field (gat-
ing) results in a Rashba-like spin splitting proportional to the
electric field, closing and reopening the gap with increasing
field. The presence of a hybridization gap in the thin-film
regime results in integer quantum Hall effect (IQHE) states
only for Zeeman exchange values larger than the critical value
(≈�h/2), as we determined by detailing the effect of the ap-
plied out-of-plane magnetic field. Beyond this critical value,
the exchange field effect takes precedence over the finite-size
gap (�h), and the QHE state emerges. Finally, we show that
the hybridization gap decreases and eventually vanishes with
increasing in-plane magnetic field, resulting in a quantum
phase transition from an insulator to a semimetal.
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