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We investigate non-Abelian statistics of Majorana-Kramers pairs (MKPs) in a network system of one-
dimensional time-reversal invariant topological superconductors by using numerical simulations of braiding
dynamics and examine the tolerance against various perturbations which may cause decoherence of MKPs.
We, first, consider effects of a magnetic field which breaks time-reversal symmetry. In contrast to a naive
expectation, the non-Abelian braiding of MKPs is robust against applied magnetic fields provided that the
initial and final states of a braiding process are invariant under the combination of a time reversal and a
mirror reflection, even when intermediate states break the combined symmetry. Second, we investigate the
stability of non-Abelian braidings in the case with gate-induced inhomogeneous potentials at junctions between
superconducting nanowires, which generally generate a non-Majorana nearly zero-energy Andreeev bound state
at the junctions. It is found that the non-Majorana nearly zero-energy states interfere with MKPs, resulting in the
failure of non-Abelian braidings, when the length scale of the inhomogeneous potentials is comparable to the
coherence length of the superconductors.

DOI: 10.1103/PhysRevB.106.014522

I. INTRODUCTION

Majorana quasiparticles, which appear in a boundary of
a topological superconductor, have attracted a lot of interest
because of promising applications to fault-tolerant quantum
computation [1–8]. A conventional s-wave superconductor
with broken inversion symmetry and applied magnetic field is
a promising candidate system of a topological superconductor
which hosts Majorana particles [9–15]. A system constructed
by depositing a semiconductor on a superconductor has been
proposed as a typical platform for such systems, and the
experimental search for Majorana states based on this idea
has been extensively attempted [16–24]. Generally, a strong
external magnetic field is required in realizing such topo-
logical superconductors with broken time-reversal symmetry.
The necessity of a strong magnetic field may cause some
difficulty of the stability of Majorana qubits because a mag-
netic field reduces quasiparticle energy gaps. This may lead
to the vulnerability of the quantum states spanned by Majo-
rana particles by quasiparticle poisoning in realistic situations
[25–31]. In contrast to such time-reversal symmetry-broken
topological superconductors, there exist topological supercon-
ductors with time-reversal symmetry, which do not require
an external magnetic field for realizing the topological phase
[32,33]. This type of topological superconductor can keep the
topological gap close to the proximity-induced superconduct-
ing gap, which leads to longer decoherence time of the stored
quantum information [34]. However, research on non-Abelian
braiding dynamics in a realistic setup based on numerical sim-
ulations in which quasiparticle poisoning and external causes
of decoherence are taken into account are still limited [26,35–
48].

In this paper, we investigate the braiding dynamics of Ma-
jorana bound states in a time-reversal invariant topological
superconductor (TRITSC), which belongs to class DIII char-
acterized by the Z2 topological invariant [45–47]. We consider
a topological superconductor nanowire with dx2−y2 paring and
the Rashba spin-orbit interaction [32,48]. In this setup, Ma-
jorana quasiparticles cannot exist alone and must come in
pairs, which are called Majorana-Kramers pairs (MKPs) due
to the Kramers theorem. This point contrasts with the case of
time-reversal symmetry-broken topological superconductors
classified as class D which require a strong magnetic field for
the realization of the topological phase. We particularly focus
on the tolerance of non-Abelian braidings of MKPs against
two types of perturbations which may cause decoherence of
MKP quits. One is an applied magnetic field which breaks
time-reversal symmetry and may generate the energy gap of
MKP states. The other one is a gate-induced inhomogeneous
potential at junctions of superconducting nanowires, which
may give rise to non-Majorana low-energy Andreev bound
states [49–54].

The motivation of testing the former is related to the issue
of how to read out MKP qubits. Because of the Kramers
degeneracy, the direct measurement of total fermion parity is
not sufficient for reading out MKP qubits. Although the de-
tection scheme utilizing the phase-controlled Josephson effect
is proposed before [34], technically simpler methods are if
possible desirable. A simple way of reading out MKP qubits is
to apply a small magnetic field lifting the Kramers degeneracy,
which enables us the detection of fermion parity of one partner
of a MKP. We examine the efficiency of this approach. With
the use of dynamical simulations, it is found that in contrast
to a naive expectation the non-Abelian braiding of MKPs is
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robust against applied magnetic fields provided that the initial
and final states of a braiding process are invariant under the
combination of a time reversal and a mirror reflection, even
when intermediate states break the combined symmetry.

The effect of a gate-induced inhomogeneous potential,
which is the second target of this paper, is crucially impor-
tant for the detection of Majorana zero-energy bound states
in superconducting nanowire junction systems. Recently, it
has been pointed out that low-energy non-Majorana Andreev
bound states can be induced by the inhomogeneous potentials
at junctions and may give rise to nearly quantized con-
ductance, which is believed to be a signature of Majorana
bound states, even when the system is in a trivial phase
[24,49–54]. Thus, it is necessary to discriminate between
Majorana zero-energy states and trivial low-energy states by
examining dependence of I-V characteristic on controllable
parameters. Also, in a topological phase, trivial low-energy
states may interfere with Majorana zero-energy states and
disturb non-Abelian braidings. We examine the tolerance of
non-Abelian braidings against the interference effect.

The organization of this paper is as follows. In Sec. II,
we demonstrate non-Abelian statistics of MKPs in an ideal
superconductor nanowire junction system via numerical sim-
ulations of braiding dynamics. In Sec. III, we investigate the
tolerance of non-Abelian statistics against applied magnetic
fields and gate-induced inhomogeneous potentials. Conclu-
sion is given in Sec. IV.

II. BRAIDING OF MKPs

A. MKPs in dx2−y2 -wave superconductor

We consider the one-dimensional TRITSC nanowire with
proximity-induced dx2−y2 -wave pairings and the Rashba spin-
orbit interaction, which hosts MKPs in the boundaries of the
system. One of the candidates for a TRITSC is the surface
of dx2−y2 -wave superconductors, such as CeCoIn5 [55–62],
where inversion symmetry is broken [32]. A conducting
nanowire deposited on a noncentrosymmetric superconductor
thin film is also a candidate system [34,47]. The schematics
of these systems are illustrated in Fig. 1(a). In these nanowire
systems, a phase boundary between the topological region and
the trivial region can be moved via tuning chemical poten-
tial, which leads to the transfer of MKPs. Note that a single
nanowire does not enable the exchange of two MKPs because
they collide with each other in the intermediate processes.
We consider a cruciform junction system for simulating the
braiding dynamics of MKPs as shown in Fig. 2(a). This
junction system consists of four gates and four nanowires,
whose chemical potentials are tunable [63]. The Hamiltonian
describing the cruciform junction is given by

H = Ht + HSOC + HSC, (1)

Ht = −th
∑

R,d,i,σ

(ψ†
R+d,σ

ψR,σ + H.c.) −
∑
R,i,σ

μiψ
†
R,σψR,σ , (2)

HSOC =
∑

R,d,α,β

{
− i

2
αRψ

†
R+d,α

ẑ · (σα,β × d )ψR,β + H.c.
}
,

(3)
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FIG. 1. (a) Schematics of heterostructure systems which realize
TRITSCs. Inversion symmetry breaking plays a crucial role for the
TRITSCs. (b) The energy spectra of the single nanowire versus
chemical potential μ. Low-energy Majorana bound states exist for
μ/αR < 1. The parameters are set to be th = 1, αR = 5, �0 = 10,
and Lwire = 40. Here, Lwire denotes the number of the sites of the
single nanowire. (c) The total amplitude of the ground-state wave
functions for topologically nontrivial and trivial cases. We set the
chemical potential as μ = 0.1 and μ = 7 for each case. In the topo-
logically nontrivial case, Majorana particles are located at the ends.
In contrast, there is no low-energy edge state for the trivial case. The
low-energy state in the bulk of the trivial case is due to the smallness
of the bulk energy gap for μ = 7.

HSC = �0

2

∑
R

{(ψ†
R+dx,↑ψ

†
R,↓ − ψ

†
R+dx,↓ψ

†
R,↑)

−(ψ†
R+dy,↑ψ

†
R,↓ − ψ

†
R+dy,↓ψ

†
R,↑) + H.c.}, (4)

where th, μi, αR, and �0 are the hopping integral, the chem-
ical potential on wire i (i = 1–4), the spin-orbit coupling
strength and the superconducting paring amplitude, respec-
tively, and ẑ = (0, 0, 1). Here, the subscript α and β are
the spin indices ψ

†
R,α (ψR,α ) is a creation (an annihilation)

operator of an electron with spin α at R, i.e., the coordi-
nates on the cruciform junction system. σ = (σx, σy, σz ) is
the Pauli matrix in the spin space. d denotes the two unit
vectors dx and dy, which are along the x and y directions.
The d-wave gap function of this model can be represented
as �(k) = �0(cos kx − cos ky) in the momentum space. In
addition, to simulate dynamics of braiding processes, we in-
troduce time-dependent parameters gi(t ) ∈ [0, 1] (i = 1–4),
which represent the openness/closeness degree of each gate at
the junctions between the central site of the cruciform system
and the neighboring sites. That is, at these junctions, th, αR,
and �0 are multiplied by gi(t ). Each nanowire i is in the
topological phase for |μi| < αR, and in the trivial phase for
|μi| > αR. In Figs. 1(b) and 1(c), we show the energy spectra
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FIG. 2. (a) Braiding process of two MKPs on the cruciform junction system. The red and blue circles represent MKPs which exist in the
initial and final states of the wire 1 and wire 3, respectively. The MKPs that are generated in the intermediate steps of the braiding process
are omitted in these figures. 8T is the period of the single braiding operation. (b) and (c) The instantaneous chemical potential and the gate
potential of each wire. �cp denotes the difference between the chemical potentials of the topological and trivial phases. Here, a wire is in
the topological regime for cp/�cp ∼ 0 whereas it is trivial if cp/�cp ∼ 1. gate(t ) = 1 corresponds to connecting a wire with the central site.
(d) The quasiparticle energy spectra of the cruciform junction system in the braiding process (a). The instantaneous chemical potential and
gate openness are set as shown in (b) and (c): μmin = 0.1; μmax = 7. The other parameters are th = 1, αR = 5, �0 = 10, and Lwire = 40.

of the single nanowire as a function of chemical potential μ

and the total amplitude of the ground-state wave functions
for topologically nontrivial and trivial cases. The low-energy
modes for μ < αR in Fig. 1(b) correspond to the Majorana
quasiparticle. It can be seen from Fig. 1(c) that Majorana
quasiparticles are located at each end of the nanowire in the
topologically nontrivial phase.

To clarify the topology of MKPs, let us summarize the
symmetries the Bogoliubov–de Gennes (BdG) Hamiltonian
for the superconducting wire along the x direction,

HBdG(kx ) =
(

h0(kx ) i�(kx )σy

−i�(kx )σy −htr
0 (−kx )

)
, (5)

where h0(kx ) is the single-particle Hamiltonian den-
sity composed of Eqs. (2) and (3) and we set μi →
μ. The Hamiltonian holds the particle-hole symmetry,
CHBdG(kx )C−1 = −HBdG(−kx ), and the time-reversal symme-
try, THBdG(kx )T−1 = HBdG(−kx ), where C = τxK and T =

−iσyK (K is the complex conjugation operator) is the particle-
hole operator, and (τx, τy, τz ) are the Pauli matrices in the
particle-hole space. Let Mxz = iσy be the mirror reflection
operator with respect to the xz plane which flips the momen-
tum and spin variables as kx → kx, and σ → (−σx, σy,−σz ).
The BdG Hamiltonian is also invariant under mirror reflection
symmetry,

MxzHBdG(kx )M†
xz = HBdG(kx ), (6)

where Mxz = diag(Mxz, M∗
xz ). Using these discrete symme-

tries, one can construct the chiral operator � = CTMxz = τx

and define the one-dimensional winding number as

w = − 1

4π i

∫ +π/c

−π/c
dkxtr

[
�H−1

BdG(kx )∂kx HBdG(kx )
]
. (7)

The topological invairiant is evaluated as w = −2 for μ < αR,
which counts the number of the zero-energy states at the
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end of the superconducting wire [64–66]. For μ < αR, the
nontrivial value |w| = 2 implies the existence of a pair of
Majorana zero modes. We note that the chiral symmetry can
be preserved unless the magnetic Zeeman field is applied
perpendicular to the mirror plane, i.e., the y axis.

B. Numerical methods

The dynamics of braiding is described by the time-
dependent BdG equation,

ih̄
∂

∂t
ψ (t ) = HBdG(t )ψ (t ), (8)

where ψ is the quasiparticle wave function in the Nambu
representation.

We numerically solve this partial differential equation via
the Chebyshev method [67]. Generally, the time-propagation
operator Û (t + �t ; t ) controlling the time evolution of the
system, which is defined by ψ (t + �t ) = Û (t + �t ; t )ψ (t ),
can be written down as

Û (t + �t ; t ) = T̂ exp

[
−i

∫ t+�t

t
HBdG(τ )dτ

]
. (9)

We note here that Û (t + �t ; t ) can be reduced to Û (t +
�t ; t ) ≈ exp[−iHBdG(t )�t] for sufficiently small �t . Under
these conditions, we can expand the right-hand side with the
Chebyshev polynomials as

Û (t + �t ; t ) =
∞∑

k=0

ck (�τ )Tk[H̃ (t )], (10)

where H̃ (t ) and �τ denotes HBdG(t )/Emax and Emax�t ,
respectively; Emax is the maximum eigenvalue of H (0).
This normalization is indispensable to avoid singularities of
Chebyshev polynomials. The coefficient ck is defined as

ck (�τ ) =
{

J0(�τ ) (k = 0)
(−i)kJk (�τ ) (k > 0),

, (11)

and Tk is obtained from

Tk+1[H̃ (t )] = 2H̃ (t )Tk{H̃ (t ) − Tk−1[H̃ (t )]}, (12)

T1[H̃ (t )] = H̃ (t ), T0[H̃ (t )] = 1̂, (13)

where Jk (x) is a k-degree Bessel function of the first kind. In
numerical simulations, we can take the upper limit of the sum
(10) to be a finite value because of rapid decline in ck (�τ )
with increasing k. This expansion provides the efficient ap-
proximation of the time-propagation operator.

For the simulation of braiding processes, we numerically
demonstrate the twice exchange of MKPs at the inner end of
wire 1 and wire 3, which corresponds to a NOT gate in the
context of quantum computation. Figure 2(a) illustrates the
braiding process we simulate. The time dependence of μi and
gi(t ) to realize this braiding process is shown in Figs. 2(b) and
2(c). The instantaneous eigenenergies in the braiding process
are shown in Fig. 2(d). It can be seen that low-energy Ma-
jorana bound states exist under the specific conditions of the
chemical potential μ.

(a)

x

y

(b)

time

(c)

time

FIG. 3. (a) The energy levels of MKPs in the initial state. E1 (E2)
and E−1 (E−2) are those of the wire 1 (wire 2), and E1′ (E2′ ) and E−1′

(E−2′ ) are their Kramers pair partners. (c) Projections of each initial
eigenstate |ψEn (0)〉 onto the instantaneous states |ψE1′ (t )〉. We set
system parameters as th = 1, μmin = 0.1, μmax = 7, αR = 5, �0 =
10, Lwire = 40, and T = 500.

C. Braiding MKPs in superconducting wires

In the braiding protocol considered here, we switch be-
tween a topological phase and a trivial phase in the nanowires
by tuning chemical potentials, which results in the transfer of
Majorana quasiparticles [68]. This transfer method is based
on the fact that Majorana quasiparticles exist at the open
boundaries of a topological superconductor. The gate potential
around the central site is tuned to connect and disconnect
superconducting nanowires with the central site.

For the simulations of the non-Abelian braiding corre-
sponding to a NOT gate, we tune the chemical potentials
of each wire μi and the gate parameters gi(t ) as shown in
Figs. 2(b) and 2(c). Wire i is in a topological phase for
μi/�μ ∼ 0 whereas the wire is in a nontopological phase for
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FIG. 4. Time evolution of the profile of the wave function of low-energy bound states for a successful non-Abelian braiding. The braiding
process of the state belonging to one side of the time-reversal partners of MKPs in wire 1 is shown. The vertical axis of each graph denotes the
amplitude of the wave function. The graphs capture the moments of 0T , 2T , 4T , 6T , and 8T . We take system parameters as th = 1, μmin = 0.1,
μmax = 7, αR = 5, and �0 = 10. The spatial width of the Majorana end state is ξ ∼ 1, which is nearly equal to the superconducting coherence
length.

μi/�μ ∼ 1. gi(t ) = 0 corresponds to turning off the connec-
tion between the wire i and the central site. Here, 8T is the
period of the single braiding operation. Generally, the twice
exchange of two of four Majorana particles results in a NOT

gate. In our setup, this is realized by the twice exchange of
Majorana quasiparticles in the center side on wire 1 and wire
3 in the initial states. The single exchange is performed as
follows. Initially, wire 1 and wire 3 are in the topological
phase, whereas wire 2 and wire 4 are in a trivial phase. Then,
the Majorana quasiparticle located at the right end of wire
1 is transported to the top end of wire 2 by making wire 2
topological via the chemical potential tuning and gradually
opening gate 1 and gate 2 (t = 0 ∼ T ). After this operation is
completed, the gates are gradually shut down (t = T ∼ 2T ).
Next, the Majorana quasiparticle on wire 3 is moved to the
bottom end of wire 4 in the same way (t = 2T ∼ 4T ). In the
next step, connecting wire 2 and wire 3 via opening gate 2 and
gate 3 gradually (t = 4T ∼ 5T ), the Majorana quasiparticle

is moved to wire 3 by changing wire 2 into a trivial phase
via chemical potential tuning (t = 5T ∼ 6T ). In a similar
manner, the Majorana quasiparticle on wire 4 is transported to
wire 1 (t = 6T ∼ 7T ). Finally, the system returns to the same
situation as the initial state with gate 1 and gate 4 gradually
being close (t = 7T ∼ 8T ). These steps constitute the single
braiding of Majorana quasiparticles.

D. Results for an ideal case

The numerical results for the braiding process of a NOT gate
are shown in Fig. 3. The projections of each initial eigenstate
|ψEn (0)〉 onto the instantaneous states |ψE1 (t )〉, which is given
by time evolution of the initial eigenstate |ψE1 (0)〉 are plotted
in Fig. 3(b). It can be seen that |ψE1 (0)〉 ends up not in
the same state |ψE1 (0)〉 as the initial one, but changes into
|ψE−1 (0)〉 after the braiding is completed (t = 16T ). A similar
behavior is seen for the wave-function |ψE1′ (t )〉 belonging to
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FIG. 5. (a) Instantaneous fidelity |〈ψE1 (0)|ψE1 (t )〉|2 for Vq/�0 =
0.01. Whereas the final fidelity |〈ψE1 (0)|ψE1 (16T )〉|2 should reduce
to 0 for the successful braiding, the final state in the case with
a magnetic field along the y direction results in a nonzero value,
which implies the failure of the non-Abelian braidings. (b) Transition
probabilities plotted as a function of the strength of a magnetic field
for magnetic fields parallel to the x, y, and z directions. For the
magnetic field along the x and z directions, the non-Abelian braiding
is successful, whereas for the magnetic field along the y direction,
it is failed. We also note that the magnitude of the fidelity depends
on the details of the system parameters when a magnetic field is
applied along the y direction. We set system parameters as th = 1,
μmin = 0.1, μmax = 7, αR = 5, �0 = 10, Lwire = 40, and T = 500
for these calculations.

the other time-revered sector [Fig. 3(c)]. These numerical re-
sults verify that MKPs in our model indeed obey non-Abelian
statistics. If we take the hopping integral as t ∼ 0.1 eV, the
braiding operation period can be estimated as T = 100 ∼
10−12 (ps).

In addition, the phase shift predicted by the non-Abelian
braiding rule of Majorana particles is confirmed as follows
[40]:

arg[〈ψE−1 (0)|ψE1 (16T )〉] = −2.2 × 10−11, (14)

arg[〈ψE−2 (0)|ψE2 (16T )〉] = π − 6.9 × 10−13. (15)

Similarly,

arg[〈ψE−1′ (0)|ψE1′ (16T )〉] = π − 2.2 × 10−11, (16)

arg[〈ψE−2′ (0)|ψE2′ (16T )〉] = −6.9 × 10−13. (17)

FIG. 6. Schematic of the gate-induced potentials in our initial
setup. We put the potentials in a radial direction from the central
site. Non-Majorana Andreev bound states exist in wire 2 and wire 4
in the initial states.

The twice exchange of MKPs gives the wave function the
phase shift π .

We also show in Fig. 4 the time evolution of the profile
of the wave function of MZMs in the case of the successful
braiding process corresponding to a NOT gate.

III. TOLERANCE OF MAJORANA QUANTUM GATES
AGAINST PERTURBATIONS

In this section, we investigate the tolerance of the quantum
gates constructed from the braidings of MKPs. We, particu-
larly, focus on effects of applied magnetic fields which breaks
time-reversal symmetry, and inhomogeneous gate potentials
which lead to non-Majorana low-energy bound states. These
perturbations may cause decoherence of MKPs.

A. Effect of magnetic fields

In order to investigate effects of magnetic fields on the
braiding dynamics of MKPs, we introduce the Zeeman term
Hq into our Hamiltonian, which is given by

Hq =
∑

R,α,β

Vq(σq)α,βψ
†
R,αψR,β , q = x, y, z, ∀ t (18)

where Vq is the strength of the Zeeman magnetic field, with q
as the direction of the magnetic field and α and β represent
spin indices.

As seen below, our results demonstrate that the direction of
magnetic field is crucial for the braiding dynamics of MKPs.
In Fig. 5(a), we show the projection of the initial eigenstate
|ψE1 (0)〉 onto the instantaneous state |ψE1 (t )〉, where |ψE1 (t )〉
is given by time evolution of |ψE1 (0)〉. We find nonzero values
of projection |〈ψE1 (0)|ψE1 (16T )〉|2 �= 0 after the manipula-
tion is completed when the magnetic field is applied along the
y direction. This implies that non-Abelian statistics of MKPs
is failed because of breaking time-reversal symmetry. In con-
trast, magnetic fields applied along the x and z directions do
not have a significant influence on the braiding dynamics as
shown in Fig. 5(b). A key for understanding the origin of this
unexpected result is the fact that the initial and final states of
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FIG. 7. (a) The amplitude |ψ |2 of non-Majorana Andreev bound
state and the confinement potential V/μ in a single wire of our setup
versus the spatial coordinate x. Note that this non-Majorana Andreev
bound state exists in wire 2 and wire 4, even when they are in trivial
phases. The parameters of this calculation are th = 1, μ = 7, αR =
5, �0 = 10, Lwire = 40, σ = 3, and V0 = 5μ. (b) The Andreev end-
state energy and Majorana end-state energy as a function of chemical
potential μ, for σ � 0 and σ = 3. The parameters except μ and σ are
the same as (a). It is seen that even in the nontopological regime αR <

μ, nearly zero-energy bound states which mimic Majorana bound
states appear for σ = 3, whereas they are pushed to higher-energy
states for σ ∼ 0.

the braiding process are invariant under the combination of a
time reversal and a mirror reflection when the magnetic field is
applied along the x and z directions [46,69–71]. As mentioned
in Sec. II, the nontrivial topology of wires 1 and 3 is protected
by the combined symmetry, which can be preserved unless the
magnetic field is applied perpendicular to the mirror reflection
(xz) plane. The nontrivial value of the winding number in
Eq. (7), w = −2, ensures the existence of MKPs even in
the case with a magnetic field which breaks time-reversal
symmetry. Note that in the intermediate states of the braiding
protocol, the combined symmetry is not preserved.

Interestingly, our numerical results shown in Fig. 5(b) in-
dicate that, despite the absence of symmetry protection in
the intermediate states, the non-Abelian braiding is robust
and successful. This is because the MKPs are not destroyed
provided that the braiding period 8T is sufficiently smaller
than the inverse of the Zeeman energy splitting of the MKPs.
This remarkable tolerance against magnetic fields may be
utilized for reading out a Majorana qubit composed of only

(a)

(b)

M
in
im

u
m

 T

FIG. 8. (a) Transition probability between the E1 state and the
E−1 state, which measures the probability of achieving the Majorana
NOT gate, plotted as a function of σ . (b) Minimum T required for the
transition probability ∼1, corresponding to the non-Abelian braiding.
We take system parameters for (a) and (b) as th = 1, μmin = 0.1,
μmax = 7, αR = 5, �0 = 10, Lwire = 40, and V0 = 5μmax.

one Kramers pair partner by applying a magnetic field which
preserves the combined symmetry.

B. Gate-induced potential

The smooth confinement potentials at junctions of su-
perconducting nanowire systems can generally induce non-
Majorana low-energy Andreev bound states [49–54]. It is
expected that non-Majorana low-energy states interfere with
MKPs, and prevent MKPs from properly moving in braiding
processes, which leads to failure of the non-Abelian statistics.
To examine this possibility, we introduce the following gate-
induced inhomogeneous potentials to our Hamiltonian (1),

V (xi ) = V0 exp

(
− x2

i

2σ 2

)
ψ†

xi
ψxi . (19)

Here, the parameter σ controls the characteristic length scale
of spatial variation of the gate potentials and xi is the spatial
coordinate of the ith site with x0 = 0 corresponding to the cen-
tral site connecting the four nanowires. We put this potential in
a radial direction from the central site as illustrated in Fig. 6.

In Fig. 7, we show the profile of the wave function of
the low-energy bound state caused by the gate-induced po-
tential and the energy level of the bound state. It is verified
that the low-energy states exist in the vicinity of the gate in
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~wire1

wire2
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wire4y

x

x-site y-site

FIG. 9. Time evolution of the profile of the wave function of low-energy bound states for the failed braiding process in the case with
gate-induced inhomogeneous potentials. We set the width of the potential as σ = 1.25. In this case, non-Majorana low-energy Andreev bound
states exist near the gates. The braiding process of the state belonging to one Kramers pair partner in wire 1 is shown. The other parameters
are the same as (a). A MKP ”sticks” in the vicinity of one end of wire 2 for the intermediate steps from t ∼ 0 to t = 8T .

one-dimensional TRITSC nanowire even in the trivial phase
with μ/αR > 1.

From the simulations of the braiding dynamics in the case
with the gate-induced inhomogeneous potential, it is found
that the existence of gate-induced potential can disturb the
transfer of Majorana quasiparticles and that the characteristic
length controlling whether the braiding process is successful
or not is the Majorana coherence length ξ , which is nearly
equal to the coherence length of the superconductor. We plot
the transition probabilities |〈ψE1 (0)|ψE−1 (16T )〉|2 for the NOT

gate as a function of σ in Fig. 8(a). The data show that
the probabilities start to deviate from the ideal value corre-
sponding to the successful braiding |〈ψE1 (0)|ψE−1 (16T )〉|2 ∼
1, when σ exceeds the Majorana coherence length ξ ∼ 1,
which is estimated from the profile of the wave function of
Majorana quasiparticle shown in Fig. 4.

In Fig. 9, we show the time evolution of the profile of the
wave function of low-energy states for the failed braiding pro-
cess. In the case with gate-induced potentials, non-Majorana

low-energy Andreev bound states exist near the gates of wire
2 and wire 4, which are in the trivial phase in the initial
state, whereas wire 1 and wire 3 are in the topological phase,
hosting MKPs. The non-Majorana low-energy states can have
nontrivial influence on the transfer of MKPs from wire 1 to
wire 2. In fact, it can be seen through our simulations that a
MKP sticks near an end of wire 2, where non-Majorana low-
energy Andreev bound states exist, in the intermediate steps
from t ∼ 2T to t ∼ 8T , which leads to the disturbance of
the braiding process. This behavior indiates that quasiparticle
poisoning due to the existence of low-energy non-Majorana
states cannot be ignored in this case. This is contrasted with
successful braiding process in the absence of low-energy
bound states as shown in Fig. 4. In addition, we calculate the
dependence of required T for sustain transition probability
on σ , which is shown in Fig. 8(b). The result implies that
required T nonlinearly increases as σ does. However, the
influence can be ignored when the width of the gate-induced
potential σ is sufficiently small compared to the Majorana
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coherence length ξ ∼ 1 as shown in Fig. 8(a). Thus, for the
realization of the successful braiding, it is crucially important
to control the length scale of the gate-induced potentials of
junction systems. We would like to note that our results are
not qualitatively changed even if we use other forms of an
inhomogeneous potential, provided that the potential has only
one characteristic length scale, which determines the localiza-
tion length of the non-Majorana Andreev bound states.

IV. CONCLUSION

By performing numerical dynamical simulations of braid-
ing processes, we have investigated the tolerance of the
non-Abelian statistics and the Majorana quantum gates
against two types of perturbations which may give rise to de-
coherece of MKP qubits in time-reversal invariant topological
superconductor systems. One perturbation is a magnetic field
which breaks time-reversal symmetry, and the other one is
a gate-induced inhomogeneous potential which induces non-
Majorana low-energy Andreev bound states at junctions of the
superconducting nanowire system. We have revealed the fol-
lowing three points. (i) MKPs obey non-Abelian statistics in
ideal situations. (ii) Even in the case with an applied magnetic
field, when the field direction preserves the combination of
time-reversal symmetry and mirror symmetry in the initial and
final states of a braiding process, the non-Abelian braiding
is successful. Remarkably, this tolerance is preserved even
when the combined symmetry is broken in the intermediate
states of the braiding process. (iii) Non-Majorana low-energy

Andreev bound states generated by gate-induced inhomoge-
neous potentials interfere with MKPs and prevent MKPs from
moving properly in the braiding process, which makes Majo-
rana qubits vulnerable to quasiparticle poisoning and disturbs
the braiding protocol. However, the influence can be ignored
when the width of the gate-induced potential is sufficiently
smaller than the Majorana coherence length, which is roughly
given by the coherence length of the superconductor.

Although we concentrated on Majorana particles in a
TRITSC in this paper, it is expected that effects of non-
Majorana low-energy states generated by inhomogeneous gate
potentials on the non-Abelian braiding is ubiquitous for any
topological superconductors including nanowire systems un-
der applied magnetic fields [16–23]. Thus, it is important for
the construction of Majorana quantum gates to control prop-
erly the length scale of gate-induced potentials at junctions of
nanowire systems.
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