
PHYSICAL REVIEW B 106, 014505 (2022)

Locking of magnetization and Josephson oscillations at ferromagnetic resonance
in a ϕ0 junction under external radiation

S. A. Abdelmoneim ,1,2 Yu. M. Shukrinov ,1,3,4 K. V. Kulikov ,1,3 H. ElSamman,2 and M. Nashaat 1,5,*

1BLTP, JINR, Dubna, Moscow Region 141980, Russia
2Physics Department, Menoufia University, Faculty of Science, 32511 Shibı̄n al Kawm, Egypt

3Department of Nanotechnology and New Materials, Dubna State University, Dubna 141980, Russia
4Moscow Institute of Physics and Technology, Dolgoprudny, 141700 Moscow Region, Russia

5Department of Physics, Faculty of Science, Cairo University, 12613 Giza, Egypt

(Received 17 January 2022; revised 13 April 2022; accepted 21 June 2022; published 6 July 2022)

We demonstrate the locking of magnetic precession in the ϕ0 Josephson junction by external electromagnetic
radiation through the locking of the Josephson oscillations in the ferromagnetic resonance region. This leads
to a step in the dependence of the magnetization on the bias current. The step’s position is determined by the
radiation frequency and the shape of the resonance curve. In junctions with a strong spin-orbit coupling, states
with negative differential resistance appear on the IV characteristic, resulting in an additional locking step. We
show that the corresponding oscillations have the same frequency as the oscillations at the first step, but they have
a different amplitude and a different dependence on the radiation frequency. This makes it possible to control not
only the frequency but also the amplitude of the magnetic precession in the locking region. It opens up unique
perspectives for the control and manipulation of magnetic moment in hybrid superconducting systems.
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I. INTRODUCTION

The ϕ0 junction related to a special class of anomalous
Josephson structures with coupled superconducting and mag-
netic characteristics allows the manipulation of magnetic
properties by Josephson current [1–6]. It demonstrates a
number of interesting features important for superconducting
spintronics and modern informational technologies [7–22].
The current-phase relation of the ϕ0 junction is given by
I = Ic sin(ϕ − ϕ0), where the phase-shift ϕ0 is proportional
to the magnetic moment perpendicular to the gradient of
the asymmetric spin-orbit potential [23,24]. Superconductor
spintronics, based on anomalous Josephson junctions, have
evolved into a major field of research that broadly encom-
passes different classes of materials, magnetic systems, and
devices [5,25–40]. Recently, an anomalous phase shift was ex-
perimentally observed in different systems, particularly in the
ϕ0 junction based on a nanowire quantum dot [41] and directly
through CPR measurement in a hybrid SNS JJ fabricated
using Bi2Se3 [which is a topological insulator with strong
spin-orbit coupling (SOC)] in the presence of an in-plane
magnetic field [42]. The observation of a tunable anomalous
Josephson effect in InAs/Al Josephson junctions measured
via a superconducting quantum interference device (SQUID)
was reported in Ref. [43]. The authors were able to tune
the SOC of the Josephson junction by more than one order
of magnitude. This gives the ability to tune ϕ0 and opens
several new opportunities for superconducting spintronics [5]
and new possibilities for realizing and characterizing topolog-
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ical superconductivity [44–46]. In Refs. [47,48], the authors
argued that the ϕ0 Josephson junction is ideally suited for
studying quantum tunneling of the magnetic moment.

Though the static properties of the SFS structures are
well studied both theoretically and experimentally, much less
is known about the magnetic dynamics of these systems
[36,49–60]. Different types of very simple and harmonic
precessions of the magnetic moment were demonstrated in
Ref. [61]. It is expected that external electromagnetic radiation
would lead to a series of novel phenomena. The possibility of
the appearance of half-integer Shapiro steps (SS), in addition
to the conventional integer steps, and the generation of an
additional magnetic precession with frequency of external
radiation was already discussed in Ref. [24].

Nonlinear superconducting structures exhibit a negative
differential resistance (NDR) in the current-voltage char-
acteristics [62,63], which plays an essential role in many
applications, in particular for THz radiation emission [64–73].
Here we demonstrate an important role of the states with NDR
in the locking of magnetization and Josephson oscillations at
ferromagnetic resonance (FMR).

In this paper the IV characteristics (IVC) and magnetiza-
tion dynamics of the ϕ0 Josephson junction under an external
electromagnetic radiation are studied. We solve a system of
Landau-Lifshitz-Gilbert-Josephson equations that take into
account the interaction of Josephson oscillations and the mag-
netic moment of the ferromagnetic layer. The bias current
dependence of maximal magnetization component mmax

y (I )
(taken at each value of bias current) manifests two phenom-
ena, such as FMR and locking of the magnetization precession
to the oscillations of the external field through the locking to
the Josephson oscillations. The locking is manifested as a step
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on mmax
y (I ) dependence and its maximum shows the FMR. We

clarify the role of SOC in the appearance of the nonlinearity in
the IV curve and additional SS at small radiation amplitudes.
We show that in junctions with a strong SOC the states with
NDR result in an additional step with corresponding oscilla-
tions having the same frequency as the oscillations at the first
step, but a different amplitude and different dependence on
the radiation frequency. This opens a unique way to control
not only the frequency but also the amplitude of the magnetic
precession in hybrid superconducting systems.

The rest of the paper is as follows. In Sec. II, we de-
scribe the model and present its parameters. The results of
our simulations are presented in Sec. III. In Sec. III A we
discuss nonlinear features in the IVC due to SOC. Next, in
Sec. III B we demonstrate the locking of the magnetic moment
precession by external radiation. The characteristic features
of the locking phenomenon are described in Sec. III C and
Sec. III D. Finally, we conclude in Sec.V.

II. MODEL AND METHOD

In ϕ0 junction the spin orbit plays the role of coupling be-
tween the Josephson current and magnetization. One example
of SOC is the Rashba SOC [74–76] with a Hamiltonian given
by αsoσ · [p×∇U (r)], where αso is the Rashpa paramter, σ are
the Pauli matrices, U (r) is the lattice potential experienced
by the electrons, and p is the momentum operator. Using
the Ginzburg-Landau (GL) approach, the author in Ref. [23]
shows that the current phase relation in ϕ0 junction reads as

I = Ic(ϕ0) sin(ϕ − ϕ0)

= 4eγ | � |2 e−2L
√

a
γ
−ε̃2

√
a

γ
− ε̃2 sin(ϕ − ε̃L), (1)

where ϕ is the phase difference between the superconducting
electrodes; ϕ0 is characterized by the SOC parameter and
internal exchange field [23,24]; γ , a are the coefficients of
GL equation; � is the gap energy; ε̃ = αsoh/γ , αso is the
SOC strength; and h is the internal exchange field (we have
the negative sign inside the sine function in contrast with
Ref. [23] due to the direction of the y axis, which is reversed
in our case). The condition a/γ > ε̃2 assures that the weak
link is in the normal state [23]. Generally, the critical current
depends on the SOC and the internal exchange field in the
ferromagnetic layer. In this paper, we concentrated on the
locking phenomena and assume a/γ � ε̃2; thus the critical
current does not change significantly with SOC or exchange
field.

The geometry of the considered ϕ0 is shown in Fig. 1(a).
The ferromagnet easy axis and the gradient of the spin-orbit
potential (n) are directed along the z axis. In this case ϕ0 =
rhy, where r = Lαso/γ . In Josephson junctions with a thin
ferromagnetic layer the superconducting phase difference and
magnetization of the F layer are two coupled dynamical vari-
ables. The system of equations describing the dynamics of
these variables is obtained from the Landau-Lifshitz-Gilbert
(LLG) equation and Josephson relations for current and phase
difference.

FIG. 1. (a) Manifestation of the FMR in mmax
y (I ), IVC, and Is(I )

for the ϕ0 junction which geometry is shown in the inset with S,
superconductor; F, ferromagnet. Simulation parameters were G =
0.01, r = 0.2, and α = 0.01. (b) Enlarged parts of IV curves in the
resonance region at different r. The numbers indicate the increasing
of SOC from 0.1 to 1 by an increment 0.1. (c) The same for mmax

y (I ).

The total system of LLG-Josephson equations [24] (to be
used in our numerical studies) in normalized units is given by:

ṁx = ωF

1 + α2

{−mymz + Grmz sin(ϕ − rmy)

− α
[
mxm2

z + Grmxmy sin(ϕ − rmy)
]}

,

ṁy = ωF

1 + α2

{
mxmz

− α
[
mym2

z − Gr(m2
z + m2

x ) sin(ϕ − rmy)
]}

,

ṁz = ωF

1 + α2

{−Grmx sin(ϕ − rmy)

− α
[
Grmymz sin(ϕ − rmy) − mz

(
m2

x + m2
y

)]}
,

dV

dt
= 1

βc

[
I + A sin(ωRt ) − V − sin(ϕ − rmy) + r

dmy

dt

]
,

dϕ

dt
= V, (2)

where βc = 2eIcCR2/h̄ is the McCumber parameter (in
our calculations we use βc = 25); ϕ is the phase differ-
ence between the superconductors across the junction; G =
EJ/(KV ); K is an anisotropic constant; V is the volume of fer-
romagnetic F layer; r = lυso/υF is parameter of SOC; υso/υF

characterizes a relative strength of spin-orbit interaction; υF is
Fermi velocity; l = 4hL/h̄υF ; L is the length of the F layer;
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h denotes the exchange field in the ferromagnetic layer; α is
a phenomenological damping constant; mi = Mi/M0 for i =
x, y, z; M0 = ‖M‖; ωF = 
F /ωc with the FMR frequency

F = γ K/M0; γ is the gyromagnetic ratio; characteristic fre-
quency ωc = 2eRIc/h̄; A is the amplitude of external radiation
normalized to Ic; and ωR is the frequency of external radiation
normalized to ωc. Here we normalize time in units of ω−1

c ,
external current I in units of Ic, and voltage V in units of
Vc = IcR. The last term in the current equation shown in
Eq. (2) was derived in the frame of microscopic theory for
anomalous Josephson junction in Ref. [77]. In Ref. [78] the
effect of this term was demonstrated.

This system of equations, solved numerically using the
fourth-order Runge–Kutta method, yields mi(t ), V (t ), and
ϕ(t ) as a function of the external bias current I . After using
the averaging procedure Refs. [79,80] we can find IVC at the
fixed system’s parameters.

III. RESULTS

A. FMR and effect of the SOC

Let us first discuss the effect of SOC on IVC and mag-
netization in our system. FMR in ϕ0 JJ is demonstrated in
Fig. 1(a), where we see an increase of magnetization am-
plitude mmax

y (maximal my calculated at each value of the
bias current) in the resonance region near ωF = 0.5. This
resonance is also manifested in the IVC as the corresponding
resonance branch shown by an arrow in this figure. We note
that due to the nonlinearity in our system, which reflects
the nonlinear nature of the LLG equation, the resonance fre-
quency decreases with an increasing in SOC or damping in
the system, i.e., the resonance realized at ωJ < ωF [81]. So,
the end of the resonance branch does not coincide with ωF . We
see also that the manifestation of two FMR subharmonics cor-
responded to V = ωF /2 and V = ωF /3. The superconducting
current which is demonstrated in this figure reflected the FMR
also [61]. An increase in the SOC at small G and α, when
the nonlinearity in LLG is getting stronger, leads also to the
manifestation of nonlinearity in the IVC. It has a pronounced
effect on the shape of the IV curve in the resonance region,
represented as the deviation of the IV curve from its linear
behavior and in the appearance of the resonance branch as
shown in Fig. 1(b). A clear manifestation of a state with a
NDR appears at r > 0.4.

An increase in the spin-orbit interaction increases also the
peak in mmax

y (I ) dependence and shifts it to the larger values
of bias current as shown in Fig. 1(c). It is interesting to note
that there are no clear indications of the transformation to the
state with NDR in this dependence. But, as we see below, such
manifestations appear under the external radiation.

B. Effect of the external radiation on the S/F/S ϕ0 JJ

Due to Gilbert damping, the FMR frequency is decreased
compared with the case at α = 0; so to observe the effect of
external radiation on IVC in the FMR region, we apply the
radiation with a smaller frequency than ωF = 0.5 [81]. The
results of calculations at ωR = 0.485 and amplitude A = 0.1
are presented in Fig. 2(a). It shows the voltage, the magne-
tization amplitude mmax

y , and the superconducting current Is

FIG. 2. (a) The same as in Fig. 1(a) under radiation with ωR =
0.485 and A = 0.1. (b) An enlarged view of the IV curves at different
r. The curves are shifted down relatively the curve at r = 0.4 by
�V = 0.003.

plotted versus the bias current in its downward direction at a
fixed value of SOC r = 0.2. We use the same parameters as
in the case without radiation presented in Fig. 1(a). We see
that the dependence mmax

y (I ) demonstrates both phenomena,
i.e., as the locking of magnetization precession and the FMR.
The locking of Josephson oscillations to the radiation fre-
quency is manifested as the SS in the IVC. The maximum of
mmax

y (I ) dependence demonstrates the FMR. The step in this
dependence is actually a locking of magnetization precession
to the oscillations of the external field through the locked
Josephson oscillations. The average superconducting current
obtained during the same numerical simulations demonstrates
a specific feature of SS in Fig. 2(a). Thus V (I ), mmax

y (I ), and
Is(I ) show clearly the features related to the FMR and locking
of Josephson and magnetic oscillations to the oscillations of
the external electromagnetic radiation.

The effect of external radiation on the IVC at different val-
ues of the SOC is demonstrated in Fig. 2(b) for fixed radiation
frequency and amplitude. We see that the SS, a hump (dome)
as a manifestation of the FMR, and the second SS appeared
in the part of the resonance branch with NDR. We emphasize
that the NDR state leads to a unique situation when two SS in
the IVC coexist at the same frequency.
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FIG. 3. (a) The bias current dependence of mmax
y in the resonance region at different values of r under radiation with ωR = 0.485 and

A = 0.1. (b) Procedure for locking steps determination (see text); (c) Results of numerical calculations of IVC and mmax
y (I ) dependence under

radiation with the same parameters. (d) Position of the locking steps in mmax
y as a function of ωR at r = 0.53 and A = 0.12. Lines are results of

fitting by quadratic functions.

With an increase in the SOC, the maximum of the reso-
nance curves presented in Fig. 1(b) is going down. Thus the
appearance of the SS within the resonance branch can be
observed for a certain range of the SOC parameter, in our
case at 0 � r � 0.6. For r > 0.6, the Josephson frequency
ωJ is getting smaller than the radiation frequency ωR = 0.485
(due to the nonlinearity) and the maximum of the Josephson
frequency is getting outside of the locking region, i.e., the
Josephson oscillations go out from the locking conditions,
which is why there are no SS at that r. We call this a “geo-
metrical effect.”

C. Magnetization locking

The manifestation of the magnetic precession locking in
the mmax

y (I ) dependence and its variation with r are demon-
strated in Fig. 3(a), where the curves with the specific features
are shown. With an increase in the SOC in the interval 0.4 <

r < 0.7, the state with a NDR plays an essential role. It is
reflected by an appearance of the second step in mmax

y (I )
dependence that corresponds to the locking of magnetization
precession at a higher value of mmax

y . Thus two locking steps
with the different maximal magnetization amplitude appear.

This situation is demonstrated in Fig. 3(a) by curves with
r = 0.53 and r = 0.6.

A question appears regarding the position of the steps in
mmax

y (I ) dependence, i.e., the value of mmax
y for the first and

second steps. In contrast to the case of the Shapiro step,
when its position depends only on the frequency of external
radiation, the case of magnetization locking is more compli-
cated. Of course, mmax

y should also be determined by external
radiation frequency. But in this case, it depends on the form
resonance curve which depends on the parameters G, r, and α.

The procedure to find the position of the locking steps is
demonstrated in Fig. 3(b). It shows the parts of the IV curve
and mmax

y (I ) dependence in the absence of external radiation.
The value of radiation frequency ωR = 0.485 is marked by
blue circles in the IV curve in the states with positive differ-
ential resistance and NDR. The bias current values in the IVC,
which correspond to the voltage values (V = ωr), determine
the position of the locking steps in mmax

y (I ) dependence. The
vertical lines, which pass through these points and cross the
mmax

y (I ) curve, fix the mmax
y step positions at crossing points.

In the discussed case, the first step is determined by value
mmax

y = 0.0987 and the second one (in the state with NDR) by
mmax

y = 0.2104. Figure 3(c) shows results of direct numerical
calculations of IVC and mmax

y (I ) dependence under radiation
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FIG. 4. (a) Enlarged resonance area of IVC together with the
time dependence of voltage V (t ) and magnetization my(t ) at G =
0.01, r = 0.53, α = 0.01, A = 0.12, and ωR = 0.485. The filled
arrow denotes the direction of current change, the hollow arrows
indicate the value of current at which the FFT has been performed.
(b) Dynamics of voltage at current I = 0.5 (indicated as 1) and
I = 0.53 (indicated as 2). The inset demonstrates the results of FFT
analysis. (c) The same as (b) for my.

with ωR = 0.485 and A = 0.1 which demonstrates an agree-
ment with the proposed procedure.

The width of the steps coincides with the width of the SS
steps in both cases. From Fig. 3(b) it is clear that with an
increase in ωR the first step would go up, but the second one
goes down because for the second step, when the blue circle
goes up, the red one goes down. Results of the detailed step’s
position calculation as a function of radiation frequency and
results of their fittings by quadratic function aω2

R + bωR + c
with a = 3623.1, b = –3504.2, and c = 847.37 for the first
step and a = –3455.9, b = 3335.6, and c = –804.65 for the
second step are presented in Fig. 3(d).

D. Temporal dependence of V (t ) and my

An interesting effect can be seen in the time dependence of
the voltage in the resonance branch region, which is shown in
Fig. 4(a).

The amplitude V (t ) of the first SS decreases from the sides
of the step to its middle while on the second SS it increases.
This effect is caused by the state with NDR and appears
because of the overlap of the FMR and locking conditions.
Presented in Fig. 4(a), the time dependence of my in the reso-
nance branch region confirms the locking of the magnetization

precession. The amplitude of oscillations of my rise on the
resonance branch but in the SS region, the frequency and
amplitude are fixed. Thus the magnetization at the second
step oscillates with the ωR but the amplitude of oscillations
is larger than that at the first step.

The enlarged time dependence of voltage in both SS
regions is demonstrated in Fig. 4(b). Due to the nonsynchro-
nized nonlinear region between the steps, the oscillations are
shifted in phase. As we mentioned already, the amplitude of
oscillations is different because the second step is in the part
of the resonance branch with NDR. The fast Fourier transform
(FFT) analysis presented in the inset in Fig. 4(b) demonstrates
the locking of the voltage oscillations. The enlarged time
dependence of my component in the both locking states is
demonstrated in Fig. 4(c). The magnetic moment precesses
with the same frequency but with different amplitudes. The
FFT analysis of my(t ) time dependence in the locking region
is presented in the inset in Fig. 4(c). It clearly shows one
frequency ωR which only confirms the locking of the mag-
netization precession by the external periodic drive.

IV. EFFECT OF NOISE ON THE LOCKING STEP

To simulate the experimental conditions, it is essential to
check the effect of noise which might play an important role
in different physical systems. Particularly, the random fluc-
tuations are ubiquitous in the systems described by Josephson
equations. In some cases the thermal noise has a crucial role in
the dynamics of the Josephson phase. For example, in sensor
applications it may alter the signal-to-noise resolution of the
detector. It can act as a major source of decoherence for
Josephson qubits [82] and the creation of vortex-antivortex
pairs in the array of JJs [83]. The influence of thermal fluc-
tuations as well as the role of Gaussian and nonGaussian
noise sources on JJ systems are analyzed in Refs. [84–86]. In
Refs. [38,87] the authors emphasize the thermal fluctuations
of the current on the magnetization reversal phenomenon,
where they have added the noise term in the current and
effective field. An interesting effect of “softening” of the SS
with an increase in noise amplitude was found in the rf-biased
JJ [88].

In our case, to investigate the effect of noise on the ap-
pearance and stability of the locking steps, we have added
a white noise to the bias current and effective field in the
system of Eq. (2). We have tested the effect of noise with
amplitude 10−5 which is normalized to the critical current Ic.
We found that the locking phenomena discussed in this paper
do not depend on the noise at chosen amplitude. Results are
presented in Fig. 5. It shows the parts of IV characteristics and
bias current dependence of mmax

y in two cases: Without noise
and with noise with amplitude 10−5. As we see, the width of
the locking steps and their positions do not change. Thus we
expect that thermal noise would not make a strong effect on
the locking steps in the ϕ0 junction under external radiation in
a real experiment.

V. CONCLUSION

To conclude, a method for controlling the dynamics of
magnetization in the Josephson ϕ0 junction is proposed. The
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FIG. 5. (a) Demonstrates the enlarged SS in the IV-characteristic
with noise 10−5 (blue line) and without noise (red line) at G =
0.01, α = 0.01, r = 0.53, ωR = 0.485, A = 0.1. For clarity the blue
curve is shifted up with value 0.05; (b) mmax

y dependence at the same
parameters as (a); for clarity, the blue curve is shifted to the right by
value of 0.04.

possibility of locking the precession of magnetization by
Josephson oscillations under external electromagnetic radia-
tion is demonstrated. An additional locking step appears in a
state with a NDR. The locking steps are determined by the
frequency of external radiation and by the form of the FMR
curve, which depends on the ratio of Josephson to magnetic
energy, SOC, and Gilbert damping. The width of the locking
steps is determined by amplitude of radiation and coincides
with the width of SS in the IV characteristic. We have shown
that external electromagnetic radiation can control not only
the frequency of the magnetic precession but also its ampli-
tude.

The experimental testing of our results would involve
SFS structures with ferromagnetic material having enough
strong SOC. Using superconductor-ferromagnetic insulator-
superconductor on a 3D topological insulator might be a way
to have the SOC needed for ϕ0 JJ [89]. The interaction be-
tween the Josephson current and magnetization is determined
by the ratio of the Josephson to the magnetic anisotropy
energy G = EJ/(KV ) and spin-orbit interaction r. The value
of the Rashba-type parameter r in a permalloy doped with
Pt [90] and in the ferromagnets without inversion symme-
try, like MnSi or FeGe, is usually estimated to be in the
range 0.1 − 1. The value of the product Gr in the material
with weak magnetic anisotropy K ∼ 4×10−5 KA−3 [91] and
a junction with a relatively high critical current density of
(3×105 − 5×106)A/cm2 [92] is in the range 1 − 100. It gives
the set of ferromagnetic layer parameters that make it possible
to reach the values used in our numerical calculations for the
possible experimental observation of the predicted effects.
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