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Bound states in the continuum in multipolar lattices
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We develop a theory of bound states in the continuum (BICs) in multipolar lattices—periodic arrays of
resonant multipoles. We predict that BICs are completely robust to changes in the lattice parameters, remaining
pinned to specific directions in the k space. The lack of radiation for BICs in such structures is protected by the
symmetry of multipoles forming the lattice. We also show that some multipolar lattices can host BICs forming
a continuous line in the k space, and such BICs carry zero topological charge. The developed approach sets a
direct fundamental relation between the topological charge of BICs and the asymptotic behavior of the Q factor
in its vicinity. We believe that our theory is a significant step towards gaining deeper insight into the physics of
BICs and the engineering of high-Q states in all-dielectric metasurfaces.
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Bound states in the continuum (BICs) are nonradiating
solutions of the wave equation with the spectrum embedded
in the continuum of the propagating modes in the surround-
ing space [1]. A general wave phenomenon, BICs were first
predicted in quantum mechanics [2] but today have found a
variety of applications in photonics and acoustics [3–7]. Their
strong spatial localization and high-quality (Q) factor provide
giant amplification of the external electric field [8] and dras-
tically enhance the light-matter interaction [9–12], nonlinear
optical effects [13–16], and the performance of lasers [17–22].
Also, BICs have made it possible to realize a new class of
sensing devices due to their highly selective response [23–29].

One of the most used platforms supporting BICs are peri-
odic photonic structures including gratings [30], chains [31],
corrugated waveguides [32], metasurfaces [33], and photonic
crystal slabs [34]. The periodicity makes radiation possible
only through open diffraction channels of which there is a
finite number as opposed to a single scatterer where there
is an infinite number. To form a BIC one needs to nullify
the coupling constants to all of these channels, which can be
achieved by either exploiting the symmetry of the structures
or by precisely tuning the system’s parameters, referred to
as symmetry protected and parametric, respectively [35]. In
structures with a subwavelength period, there is only one open
diffraction channel that makes the engineering and observa-
tion of BICs substantially easier. Symmetry-protected BICs
appear in the center of the Brillouin zone (� point), while
parametric BICs appear out of the � point, in the general case.
However, due to fine tuning of the geometrical and material
parameters of the system, parametric BICs can be moved to
the � point [36–38].

Dielectric and plasmonic metasurfaces have a strong op-
tical response, usually associated with Mie or plasmonic
resonances of meta-atoms [39,40]. Each meta-atom possesses
a certain multipolar content that depends on the symmetry of
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the unit cell and design of the meta-atom [41–43]. However,
in the vicinity of the resonances, there usually is only one
dominant multipole. Thus, the metasurfaces can be effectively
considered as multipolar lattices, consisting of particular point
multipoles [44–46]. Multipolar lattices extend the concept
of single electromagnetic multipoles which proved to be a
powerful tool for describing the optical properties of single
resonant scatterers and nanoantennas [47–49].

In this Letter, we develop a general theory of BICs in
multipolar lattices and show that off-� (parametric) BICs,
that are usually very sensitive to parameters of the structure,
are pinned in the k space to specific directions and they are
robust with respect to changes in the resonance frequency
of meta-atoms and the lattice period as long as the system
remains subwavelength. This theory predicts the existence of
BICs forming a continuous line in the k space and sets a
direct relation between the topological charge of BIC and the
asymptotic behavior of the Q factor in its vicinity.

The main idea of the developed theory is based on the fact
that multipoles arranged into a periodic structure radiate as
well as a single multipole, but only to the direction of the
open diffraction channel [41,42,50,51]. In other words, the
polarization of the plane wave radiated by the metasurface is
the same as the polarization of the wave radiated by a single
multipole along the same direction. The interaction between
the multipoles in the lattice affects only the amplitudes of the
multipoles but not their radiation pattern. Therefore, the mag-
nitude of the radiated power into the open diffraction channel
is proportional to the directivity of the multipole along this
direction. Formally, the far field of the subwavelength mul-
tipolar lattice can be written as (see Supplemental Material
[52])

E(r) = Sb

2πkkz
eikri−�D̃sYs

(
k
k

)
. (1)

Here, k = ω/c is the wave number in the surrounding space
that is assumed to be air, k is the total wave vector of the
radiated plane wave, and kz = ±

√
k2 − |kb|2, where kb is the
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FIG. 1. (a) Concept of the system. Multipolar lattice with a
square unit cell and period a containing a single multipole in the
unit cell (electric Ztm� or magnetic Xtm�). (b) The far-field radiation
pattern plotted for the magnetic octupole scatterer (X−103) in the
xOz plane. The inset shows the polarization of the incident wave.
(c) The reflection R from the magnetic octupolar lattice with a square
unit cell plotted as a function of dimensionless frequency ωa/2πc
and angle of incidence θ for the ratio a/d = 1.75 in logarithmic
scale. The magnetic octupole X−103 is described by the T matrix of
a high-refractive-index sphere neglecting all its scattering channels
except for the magnetic octupolar. The permittivity of the sphere
is ε = 50 and the diameter is d . (d) Schematic bang diagram for a
multipolar lattice demonstrating the pinning of the off-� BICs in the
k space.

Bloch vector. Sb is the two-dimensional (2D) volume of the
first Brillouin zone. Ys = {Xs, Zs} are the vector spherical
functions which describe the far field of each multipole and
D̃s are the coefficients of the multipolar decomposition. Index
s is a set of indices p, m, �, where l = 0, 1, 2, . . . is the total
angular momentum quantum number, and m = 0, 1, . . . , � is
the absolute value of the projection of the angular momentum
(magnetic quantum number). Index p = ±1 defines the parity
of Ys with respect to reflection from the xz plane (ϕ → −ϕ)
(see Supplemental Material [52]).

The BICs in a multipolar lattice are formed when the
directions of all open diffraction channels coincide with the
nodal lines of multipoles forming the lattice [41,42]. For sub-
wavelength lattices, there is only one open diffraction channel,
therefore, each nodal line corresponds to a BIC. The directions
of the nodal lines and surfaces are completely defined by
the multipole Ys(k/k) and they do not depend on the lattice
parameters as long as the multipolar composition of the unit
cell is assumed to be conserved.

The developed theory is quite general and can be applied to
arbitrary multipolar lattices, but to have an illustrative exam-
ple we consider first a multipolar lattice with a square unit
cell of a period a consisting of single magnetic octupoles
(X−103) [see Figs. 1(a) and 1(b)]. In numerical simulations,
we describe the single multipole by the T matrix of the
high-refractive-index sphere with permittivity ε and diameter
d , neglecting all its scattering channels except for the one

corresponding to the multipole under scrutiny. The numerical
code is based on the MULTEM package [56,58] (see Supple-
mental Material [52]).

Figure 1(c) show the reflection R from the octupolar lattice
as a function of frequency ω and angle of incidence θ . The
incident wave is assumed to be s polarized [see Fig. 1(b)].
One can see that the octupolar resonance forms a narrow
nearly flat band featuring a weak interaction between the
multipoles. The resonance becomes infinitely narrow at angles
θ0 = 0◦ and 63.4◦ corresponding to the nodal lines of the
octupole manifesting the appearance of the at-� and off-�
BICs. At these angles, the incident wave does not interact
with the metasurface and it becomes completely transparent.
Therefore, to find the angular position of BICs in the case of
an arbitrary multipolar lattice, one needs to solve a system
of equations Eθ = Eϕ = 0, where E is the far field of the
multipole defined by Eq. (1). For our particular case of mag-
netic octupoles (� = 3, m = 0), this system is reduced to one
equation P′

3(cos θ ) = 0, where P3 is the Legendre polynomial.
The roots of this equation exactly give θ0 = 0◦ and 63.4◦
predicting the angular position of the BICs.

Figure 1(d) shows schematically how the BICs in a multi-
polar lattice are formed and pinned to the specific directions
of the k space. The blue curve depicts a dispersion band of
the metasurface formed by the multipolar resonances. The red
dashed curve ω = ckx/ sin θ0 corresponds to the nodal line
of the multipole. The BIC is formed exactly at the crossing
of the dispersion surface with the nodal lines of the multipole.
The dispersion depends on the polarizability of meta-atoms
and lattice parameters while the nodal lines do not depend on
them at all, which makes off-� BICs pinned to the specific
directions in k space and robust to the variation of lattice
parameters. One should mention that the angular robustness
of BICs is ensured by conserving the multipolar composition
of the unit cell. The variation of the multipolar compositions
results in the migration of BICs within the Brillouin zone.

Figure 2 shows the reflection maps R for multipolar lattices
for different a/d ratios. One can see that the variation of the
a/d ratio affects only the frequency of the off-� BIC but not
its angular position. The increase of a/d from 1.5 to 2.25
results in the blueshift of the band due to the enhancement
of the interaction between the multipoles. This can lead to the
destruction of the BIC if its frequency becomes higher than
the diffraction threshold, namely, ωa/2πc > 1/(1 + sin θ0)
(see Fig. 2, panel for a/d = 2.25). It is worth mentioning
that even for frequencies higher than the diffraction threshold
the radiative losses along the direction of the nodal line are
still forbidden and the radiation occurs through other open
diffraction channels. One can say that the lack of radiation
along the particular directions is protected by the symmetry
of the multipole. A similar effect is observed for symmetry-
protected BICs in the dielectric gratings [61].

Higher-order multipoles have a larger number of nodal
lines. This results in the appearance of several off-� BICs
within one band. Figure 3(a) shows the reflection map for the
metasurface formed by resonant magnetic multipoles of the
fifth order (� = 5; m = 0). The directivity pattern for such a
multipole and its nodal lines corresponding to θ1 = 40.0◦ and
θ2 = 73.3◦ are shown in Fig. 3(b). One should mention that as
we consider the lattice consisting of multipoles with rotational
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FIG. 2. The reflection R from the magnetic octupolar (� = 3,
m = 0) lattice with a square unit cell [see Fig. 1(a)] plotted as a
function of dimensionless frequency ωa/2πc and angle of incidence
θ for different ratios a/d in logarithmic scale. The period of the
structure is a. The magnetic octupole X−103 is described by the T
matrix of a high-refractive-index sphere neglecting all its scattering
channels except for the magnetic octupolar. The permittivity of the
sphere is ε = 50 and the diameter is d . The incident wave is s
polarized [see Fig. 1(a)].

symmetry (m = 0), the nodal lines are actually nodal surfaces
(cones). Thus, the off-� BICs form a closed continuous line
[38,42,62,63]. As the band is nearly flat the BICs almost form
circles in the k space. This can be seen from the reflection map
shown in Fig. 3(c).

The BICs in periodic photonic structures can be associated
with polarization vortices in the far field which carry a topo-
logical charge q that can be calculated as [34]

q = 1

2π

∮
C

dk · ∇kφ(k), q ∈ Z. (2)

Here, φ(k) = arg[Ex(k) + iEy(k)], Ex and Ey the complex
amplitudes of the radiated plane waves, and C is a simple
counterclockwise oriented path enclosing the singular point.
A reasonable question is, do the BICs forming a continuous
line in the k space carry some topological charge? Figure 3(d)
shows the polarization map calculated for a multipolar lattice
consisting of magnetic multipoles (� = 5, m = 0). The topo-
logical charge q carried by an off-� BIC forming a closed
line in the k space can be defined as the difference between
the integrals [Eq. (2)] calculated over closed paths inside and
outside the BIC line. Straightforward calculations show that
BICs form a line in the case the space of the topological
charge q = 0. Indeed, as one can see from Fig. 3(d), the
polarization vortex inside and outside the BIC line changes
only the direction of rotation that does not affect the value of

FIG. 3. (a) The reflection R from the magnetic multipolar lattice
(� = 5, m = 0) lattice with a square unit cell [see Fig. 1(a)] plotted
as a function of dimensionless frequency ωa/2πc and angle of in-
cidence θ for the ratio a/d = 2 in logarithmic scale. The period of
the structure is a. The magnetic multipole X−105 is described by the
T matrix of a high-refractive-index sphere (permittivity ε = 220 and
diameter d) neglecting all its scattering channels except the magnetic
octupolar. (b) Far-field radiation pattern for X−105. The inset shows
the polarization of the incident wave. (c) Reflection map for the
same lattice plotted at frequency ωa/2πc = 0.5 as a function of the
in-plane wave vectors kx and ky. (d) Polarization map of the magnetic
multipolar band (X−105) in the far field showing the BICs forming a
close continuous line in the k space.

the integral in Eq. (2). This result is in complete accordance
with the Poincaré-Hopf theorem that reads that only isolated
singularities contribute to the total charge [64].

In theory, BICs can carry an arbitrary high topological
charge [34]. Such BICs are quite prospective as they can be
more robust to imperfections of the structures and demon-
strate higher Q factors [65]. Nevertheless, to date, suggested
designs of the photonic crystals and metasurfaces support
BICs with a maximal topological charge |q| = 2 [12,66]. Qua-
sicrystals due to a high-order rotational symmetry can support
high-Q leaky resonances with polarization singularities of a
large topological charge [67]. However, the observation of
genuine BICs with high topological charges is still a chal-
lenge. Still, the multipolar lattices can naturally support them.
Indeed, one can see from Eq. (1) that the polarization structure
in the vicinity of the � point entirely succeeds the far-field
polarization structure of the multipole including all polariza-
tion singularities [41]. Therefore, to construct a BIC with
high topological charge in a multipolar lattice, one needs to
take a multipole forming a vortex along the vertical direc-
tion with a large topological charge. For example, multipolar
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FIG. 4. (a)–(d) Far-field polarization maps of a multipolar lattice
composed of various multipoles. (e)–(h) Asymptotic behavior of Qrad

in the vicinity of the � point plotted for various multipoles (see
insets) found numerically and analytically.

lattices consisting of electric or magnetic multipoles with � =
m � 2 support symmetry-protected BICs with topological
charge q = 1 − �. Figures 4(a) and 4(b) show the polarization
maps for the multipolar lattices comprising magnetic multi-
poles with � = m = 3 and � = m = 4, respectively. Applying
Eq. (2) to these maps, one can get topological charges q =
−2 and q = −3. Taking higher-order multipoles, one can get
BICs with arbitrary high negative topological charges.

The asymptotic behavior of the Q factor in the vicinity
of BIC is quite important from a practical point of view
as it allows us to predict the robustness of the BIC to the
structural imperfections and the dependence of the radiative

Q factor on the size of the sample [65,68]. For multipolar
lattices, the dependence of the radiative Q factor on the Bloch
wave vector kb = (kx, ky, 0) can be found analytically for the
considered multipolar lattices using the following definition,
Q = ωWst/Prad, where Wst is the energy stored in the unit cell
and Prad is the power radiated by the unit cell. Assuming that
the multipole is described by the T matrix of a high-refractive-
index sphere and all the energy is stored inside the sphere, one
can show that the asymptotics of the Q factor for BIC in the
vicinity of the � point is completely defined by the topological
charge of the BIC:

Q ∼ 1

|Ys(k/k)|2 ∼ 1

|kb|2|q| . (3)

The exact analytical expression is quite cumbersome and we
provide it in the Supplemental Material [52]. Figures 4(e)–
4(h) show the asymptotics of the Q factor in the vicinity of the
� point for different multipolar lattices obtained numerically
and analytically. The corresponding polarization maps are
shown in Figs. 4(a)–4(d).

In conclusion, we analyzed at-� and off-� BICs in
subwavelength multipolar lattices—metasurfaces whose unit
cell contains only one resonant multipole. Technically, we
describe a single multipole by the T matrix of a high-
refractive-index sphere neglecting all its scattering channels
except for the one corresponding to the multipole under
scrutiny. We predict that the off-� BICs in such lattices are
pinned to the specific directions in the k space and com-
pletely robust against changes of the resonant frequency of
the multipole and lattice parameters as long as the structure
remains subwavelength. The analyzed BICs are protected by
the symmetry of the multipoles. We show that if the multipole
has a rotational symmetry with respect the direction normal
to the metasurface, the BIC forms a continuous closed line
in the k space. The topological charge for such BICs is zero.
We reveal that the multipolar lattice can host at-� BICs with
a high topological charge |q| > 2 and set a direct analytical
relation between the asymptotics of the Q factor in the vicinity
of the BICs and their topological charge. One should nec-
essarily mention that the multipolar lattices containing only
one multipole in the unit cell is the only approximation that
works well only in the vicinity of the resonance when one
multipole dominates over others. A more accurate description
requires accounting for other multipoles. We believe that the
developed theory and predicted effects are an important step
in understanding the physics of bound states in the continuum
and their engineering in periodic photonic structures.
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Peng, Topologically enabled ultrahigh-Q guided resonances

L241301-6

https://doi.org/10.1103/PhysRevApplied.15.034041
https://doi.org/10.1002/adom.201900754
https://doi.org/10.1002/adom.201900383
https://doi.org/10.1103/PhysRevLett.113.257401
https://doi.org/10.1038/nature12289
https://doi.org/10.1103/PhysRevA.96.063833
https://doi.org/10.1103/PhysRevB.105.195440
https://doi.org/10.1103/PhysRevB.105.075404
https://doi.org/10.1021/acs.accounts.9b00312
https://doi.org/10.1134/S0021364020220038
https://doi.org/10.1103/PhysRevLett.122.153907
https://doi.org/10.1103/PhysRevB.100.115303
https://doi.org/10.1103/PhysRevB.102.075103
https://doi.org/10.1103/PhysRevB.102.125411
https://doi.org/10.1002/adom.202200301
https://doi.org/10.1002/adom.201800783
https://doi.org/10.1103/PhysRevB.99.045406
https://doi.org/10.1364/OE.20.020599
https://doi.org/10.1038/ncomms10362
https://doi.org/10.1103/PhysRevB.19.5057
http://link.aps.org/supplemental/10.1103/PhysRevB.105.L241301
https://doi.org/10.1016/S0010-4655(98)00060-5
http://cpc.cs.qub.ac.uk/summaries/ADIM_v2_0.html
http://ab-initio.mit.edu/wiki/index.php/Faddeeva_Package
https://github.com/wave-scattering/amos-try
https://doi.org/10.1117/1.AP.1.1.016001
https://physics.itmo.ru/en/mie#/spectrum
https://doi.org/10.1021/acsphotonics.6b00860
https://doi.org/10.1364/JOSAB.36.002221
https://doi.org/10.1103/PhysRevLett.123.023902


BOUND STATES IN THE CONTINUUM IN MULTIPOLAR … PHYSICAL REVIEW B 105, L241301 (2022)

robust to out-of-plane scattering, Nature (London) 574, 501
(2019).

[66] T. Yoda and M. Notomi, Generation and Annihilation of
Topologically Protected Bound States in the Continuum and
Circularly Polarized States by Symmetry Breaking, Phys. Rev.
Lett. 125, 053902 (2020).

[67] Z. Che, Y. Zhang, W. Liu, M. Zhao, J. Wang, W. Zhang, F. Guan,
X. Liu, W. Liu, L. Shi, and J. Zi, Polarization Singularities of

Photonic Quasicrystals in Momentum Space, Phys. Rev. Lett.
127, 043901 (2021).

[68] Z. F. Sadrieva, M. A. Belyakov, M. A. Balezin,
P. V. Kapitanova, E. A. Nenasheva, A. F. Sadreev,
and A. A. Bogdanov, Experimental observation of a
symmetry-protected bound state in the continuum in
a chain of dielectric disks, Phys. Rev. A 99, 053804
(2019).

L241301-7

https://doi.org/10.1038/s41586-019-1664-7
https://doi.org/10.1103/PhysRevLett.125.053902
https://doi.org/10.1103/PhysRevLett.127.043901
https://doi.org/10.1103/PhysRevA.99.053804

