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We theoretically explore twisted cuprate multilayers, a moiré material family where the individual layers are
themselves strongly correlated. We study the twisted t-J model, using a slave-boson mean field treatment that is
compatible with Mott physics at small doping. Furthermore, we incorporate the interlayer tunneling form-factor
dictated by the symmetry of the Cu dx2−y2 orbital. Including both these features leads to a phase diagram
distinct from earlier weak-coupling treatments that predicted large gap spontaneous topological superconductors.
Instead, we find that spontaneous time reversal (T) breaking occurs around twist angle of θ = 45◦, but only
in a narrow window. Moreover, a nearly gapless superconductor is obtained, whose spectroscopic features
parallels that in monolayer cuprates, despite the broken time reversal and reflection symmetries. At smaller
θ however, driving an interlayer current can lead to a gapped topological phase. The energy-phase relation
of the interlayer Josephson junction displays notable double-Cooper-pair tunneling which dominates around
45◦. The θ dependence of the Josephson critical current and the Shapiro steps are consistent with recent
experiments. Utilizing the moiré structure as a probe of correlation physics, e.g., the pair density wave state, is
discussed.
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I. INTRODUCTION

Twisted heterostructures of graphene and transition metal
dichalcogenides have attracted significant attention for dis-
playing a series of interaction-driven phenomena such as
superconductivity (SC) [1,2], integer and fractional Chern
insulator phases [3–7] and as simulators of the Hubbard
model [8–11]. Although the single layers tend to be weakly
correlated, the twist structure reconstructs the electronic bands
creating a versatile platform to study strongly interacting
physics. A natural next step towards even richer phenomena
are twisted bilayers where each layer itself is strongly corre-
lated, e.g., twisted cuprate bilayers.

The recent fabrication of a high quality monolayer of
Bi2Sr2CaCu2O8 (Bi2212) [11] finds similar critical temper-
ature in monolayer and bulk cuprates, opening up the exper-
imental study of cuprates as an essentially two-dimensional
system. This also enables the experimental study of twisted
cuprate bilayers, which has spurred pioneering theoretical
proposals for two different realizations of topological SC in
twisted cuprate bilayers [12,13]. Especially, Ref. [12] pro-
poses a topological SC with time reversal(T) spontaneously
broken when the twist angle θ ∼ 45◦, while Ref. [13] seeks
to stabilize a similar state by tuning near a magic angle and
establishing a superflow along the c axis. On experimen-
tal side, twisted cuprates have recently been fabricated and
characterized [14,15]. Reference [15] reported a measurable
second harmonic Josephson coupling at θ ≈ 45◦ based on
the Shapiro step. However, so far there is no experimental
signature of gap opening, spontaneous T breaking or topologi-
cal SC.

In this Letter we study the twisted cuprate bilayers theo-
retically, augmenting earlier studies in three significant ways

(I) we introduce a microscopic twisted t-J model and solve
it within the slave-boson mean-field approximation, which
accounts for strong correlations. The d-wave pairing is ob-
tained self-consistently, rather then put in by hand as in the
Bardeen-Cooper-Schrieffer (BCS) framework [12]. (II) We
incorporate the Mott physics in the slave-boson theory, known
to be successful in capturing the d-wave SC in monolayers
[16]. Here the effective interlayer tunneling is suppressed by
a factor x, with 0 < x < 1 the hole doping. Hence the method
can smoothly crossover to the x = 0 limit (undoped Mott insu-
lator) where interlayer tunneling is fully suppressed. (III) The
interlayer tunneling should include a form factor (cos kx,t −
cos ky,t )(cos kx,b − cos ky,b) [17], where the momentum kt and
kb are defined in the top and bottom layer, with the coordinate
system fixed to the Cu-O bond of each layer. Such a form
is important to consider since a uniform tunneling should
vanish at θ = 45◦ due to symmetries of the Cu dx2−y2 orbitals.1

The cosine form-factor suppresses tunneling around the nodal
region. Therefore, the Dirac nodes remain almost gapless even
if T is broken due to the pairing phase difference φ �= 0, π

between layers. Such momentum dependent tunneling and
x factor make the window of θ with T breaking and gap
significantly smaller than a previous study [12].

Our work has important implications for the ongoing
experimental studies of twisted cuprate bilayers [15]. The
critical Josephson current obtained demonstrates similar twist
angle dependence as observed in experiment Ref. [15]. We

1Strictly speaking, the oxygen p orbital is also involved in hole-
doped cuprates, forming the Zhang-Rice singlet. However, a Wannier
orbital is constructed with the same symmetry as the dx2−y2 orbital
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obtain the Shapiro steps at twist angle θ = 45.2◦, consistent
with those measured in Ref. [15], that supports the dominance
of cooper pair cotunneling. Near 45◦, we observe spontaneous
T breaking as reported in Ref. [12]. However, due to addi-
tional ingredients in our treatment, we find no significant gap
nor topological chiral modes. We note that there are two dif-
ferent manifestations of dx2−y2 orbital symmetry in cuprates:
one associated with the Cooper pair; the other one associated
with the single electron orbital. It is known that the single
Cooper pair tunneling is forbidden at θ = 45◦ [12], which
leads to T breaking. But it has not been noticed that the
direct single electron tunneling is also forbidden for exactly
the same reason, which interferes with realizing a robust topo-
logical superconductor at θ = 45◦ in contrast to Ref. [12]. We
calculate the polar Kerr effect [18,19] which can diagnose the
T breaking.

Following Ref. [13], we find that topological SC can be
induced by adding an interlayer supercurrent to give φ �= 0,
despite that the magic angle is suppressed due to the x factor in
the interlayer tunneling. This again highlights the importance
of Mott physics in modeling twisted correlated bilayers.

II. MODEL FOR TWISTED DOUBLE-BILAYER Bi2212

We take the t-J model to describe a single cuprate layer on
square lattice:

HtJ =−t
∑
〈i j〉

Pc†
i,sc j,sP+J

(
Si · S j − 1

4
nin j

)
+μ

∑
i

(ni−1),

(1)

where s =↑, ↓; ni = ∑
s c†

i,sci,s, S = 1
2 c†

s σss′cs′ and P projects
out states with double/zero occupancy on any site for
hole/electron doping, respectively. We take t = 2J = 0.2 eV
in the calculation. The results stay qualitatively the same for
0.2t � J � 0.5t (Supplemental Material (SM) Fig. 2 [21]). A
transformation cis → c†

is relates electron to hole doping cases,
with the sign of t, μ changed.

Motivated by experiment [14,15] we consider twisted dou-
ble bilayers, and add an index p = t1, t2, b1, b2 denoting
operators in the top first, top second, bottom first and bottom
second layers, shown in Fig. 1. Layers t2 and b1 are twisted
with a relative angle θ . Each layer is hence defined as top (bot-
tom) bilayers. The full Hamiltonian should include interlayer
tunneling with strength tz as

Htbsc =
∑
i=1,2

HtJ,t i + HtJ,bi − tz
∑

i j

Ftb(ri j )c
†
i,t2c j,b1

−to
∑

i j,p=t,b

Fp(ri j )c
†
i,p1c j,p2 + H.c., (2)

where the second line describes tunneling within unit cell, in
Fourier space as [20] Fp(k) = (cos kx,p − cos ky,p)2/4 + 0.4,
k in the original Brillouin zone.

Interlayer tunneling between d orbitals consists of 2 pro-
cesses, plotted in Fig. 1(a): The first one is mediated by Cu
s orbital through a three-step virtual process. In real space
the step (I) and (III) are from intralayer nearest neighbor
hopping c†

i si±x̂ − c†
i si±ŷ + H.c., where s†

i create electron at
Cu s orbital, which is at higher energy and should be inte-

FIG. 1. (a) A schematic plot of the twisted 4 CuO layers. The
sites within the top, bottom bilayers are perfectly aligned. There is
an hopping within unit cell with strength to and interlayer hopping
with strength tz. Tunneling across the twist consists of two processes:
Ftb,1 is a three step tunneling process mediated by s orbital of Cu and
Ftb,2 describes a direct tunneling between d orbitals of Cu. The single
electron orbital dx2−y2 is rotated relatively between layers, constrain-
ing interlayer tunneling Ftb(r). (b), (c) The schematic phase diagrams
of twisted cuprates with physical reflection-symmetric tunneling ( b)
or artificial reflection-violating ( c) tunneling. The red curve depicts
the optimal pairing difference φ with the onset of spontaneous T
breaking marked by black dots. Blue curves are the uniform tun-
neling strength that breaks Rxy at 45◦ in (c). (b) considers both cos
form and uniform tunneling which vanishes at θ = 45◦ as required
by reflection symmetry. It is clear that the window of T breaking
is much narrower (δθ ∼ 4◦) than (c) (δθ > 30◦). This implies that
one is always in the weak nodal tunneling regime when T breaking
occurs. Chern numbers are shown for different θ . Other Chern num-
bers, e.g., C = 2, 6 can be realized with different tunneling strength.
(c) considers only uniform tunneling (actual data of φ(θ ) in the SM
Fig. 4 [21]), comparable to Ref. [12].

grated. In momentum space these two steps contribute a factor
(cos kx;t − cos ky;t )(cos kx;b − cosy;b). Step II is from tunneling
of the s orbitals.

The second one is a direct, uniform tunneling controlled
by a0 [20]. Both tunnelings involve exponentially decay
amplitude for interlayer hopping encoded by gs(it2, jb1) =
e−(li j−ld )/ρ . Here li j = |it2 − jb1| and ld ≈ 2aCu (aCu ≈ 0.3 nm
the lattice constant of CuO plane) is the distance between
layers, and ρ ≈ 0.5aCu is a tunneling parameter. The two
processes read in real space [21]

Ftb,1(ri j ) = 1

2

∑
h(′ )=x(′ ),y(′ )

ξĥξĥ′gs(ri±ĥ, j±ĥ′ ),

ξ̂x = 1, ξ̂y = −1, Ftb,2(ri j ) = a0gs(it2, jb1). (3)

From reflection Rxy and based on Cu dx2−y2 orbital symme-
tries, one deduces [21]

a0(θ ) = −a0(90◦ − θ ), a0(45◦) = 0. (4)

At 45◦ a reflection that exchanges x, y coordinates in the
top layer will change the sign of its d orbital wave func-
tion, while for the bottom layer the reflection sends x → −x
and its d orbital wave function unchanged. Hence the di-
rect hopping between d orbitals vanishes due to the different
transform under Rxy. This form is not a minor addition to
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FIG. 2. Data at x = 0.2, tz = 0.1t . (a) The mean-field energy E
vs pairing phase difference φ for various θ , at a0 = 0. The in-
set plots |a| − 4b from curve fits E = −a(θ ) cos(φ) + b(θ ) cos(2φ),
which, when negative, indicates energy minima at nontrivial φ �=
0, π . At θ = 43.6, 45.2◦ we have an energy minimum at nontriv-
ial φ ≈ 0.16π, 0.64π , respectively. (b) Critical Josephson current
density normalized by the untwisted value at a0 = 0. Jc(45.2◦) =
2000 kA/cm2, while Jc(0◦) = 8 × 104 kA/cm2. (c) The maximal
gap 	m, obtained by varying φ at fixed θ , for uniform tunneling, re-
alistic mixed tunneling (blue) and only cos form tunneling (a0 = 0),
respectively. (d) The density of states at θ = 43.6◦ for large uniform
tunneling (blue) with a gap ∼4%t , decoupled layers (green) and
cos form tunneling (black) with a vanishing gap <0.001t . Green
and black curves are indistinguishable at low energy. So scanning
tunneling microscopy (STM) would not show a qualitative difference
between twisted and decoupled cuprate bilayers.

Ref. [12]. Single-particle orbitals in cuprates are classified
into irreducible representations of Rxy. The active d orbitals
we consider are odd under Rxy, while Ref. [12] implicitly
assumes s orbitals dominate the tunneling. Vanishing of
a0 close to 45◦ qualitatively modifies the phase diagram
[Fig. 1(b)] for twisted cuprates, compared with Fig. 1(c)
which falsely assumes identical a0 for all θ . Figure 1(b) dis-
plays a much narrower θ window of spontaneous T breaking
with nontrivial φ(red line) and the change of band topology to
trivial close to 45◦, indicated by the Chern number.

III. SLAVE-BOSON MEAN-FIELD THEORY

To decouple the Hamiltonian we adopt a parton decom-
position for electron operators, ci,s = b†

i fi,s, with fermionic
spinons fs and bosonic holons b. There is a gauge constraint∑

s f †
i,s fi,s + b†

i bi = 1 to exclude double occupancy, and the

electron number reads ni = 1 − b†
i bi = 1 − xi.

Upon doping with a fraction x of holes, the condition
becomes

∑
i b†

i bi = Nx with N being the number of sites. The
holons will condense (x > 0) to 〈bi〉 = √

xi. Substituting the
condensed holon operator into the t-J Hamiltonian Eq. (2),
and further decoupling Si · S j [22], one gets (assuming spin

rotation invariance)

HMF =
∑

p=t (b)

{
−

∑
〈i j〉,s

[(
t
√

xipx j p + 3J

8
χ∗

i j,p

)
f †
isp fisp + H.c.

]

−3J

8

∑
〈i j〉ss′

[
	∗

i j,p fis,p f js′,pεss′ + H.c.
] + μp

∑
i

nip

}

−tz
∑
i j,x

Ftb(ri j )e
−(li j−ld )/ρ√xi,t2x j,b1 f †

is,t2 f js,b1

−to
∑

i j,p=t,b

Fp(ri j )
√

xi,p1x j,p2 f †
i,p1 f j,p2 + H.c., (5)

where we mainly consider the mean-field order parameters
for hopping χi j = ∑

s〈 f †
is fis〉, pairing 	i j = ∑

ss′ εss′ 〈 fis f js′ 〉.
The interlayer tunneling Ftb = Ftb,1 + Ftb,2 consists of two
processes in Eq. (3).

The parton construction naturally incorporates the Mott
insulating state at vanishing doping x, since the system will
enter a staggered flux state that describes an antiferromagnet
with vanishing tunneling.

For a mean-field treatment, we start with unbiased random
pairing ansatz, and converge to a d-wave pairing ansatz, i.e.,
	i,i+x̂,t (b) = −	i,i+ŷ,t (b) = δi,t (b)eiφt (b) . In this way we reach a
mean-field minimum of the free energy, with the pairing phase
difference φ = φt − φb. We can also explicitly choose the
ansatz with an arbitrary φ and calculate the energy E (φ). We
fix the doping x in each simulation and the chemical potential
μ is adjusted in each iteration to keep x unchanged [21].
Our slave particle mean-field theory includes a large number
∼102−103 parameters due to the moiré unit cell size. The
calculation nevertheless converges to a d-wave pairing state.
While other work including Ref. [12] heuristically adds an in-
teraction favoring d-wave pairing, here the pairing symmetry
and quantitative aspects naturally emerge from the antiferro-
magnetic J as the only input.

IV. CRITICAL JOSEPHSON CURRENT

From the energy-phase relation in Fig. 2(a),2 one could ex-
tract critical Josephson current density by Jc = 2e

h̄A maxφ ( dE
dφ

)
(A the system area) as Fig. 2(b). The curve agrees qualitatively
with Ref. [15]. The decrease in Jc as θ moves toward 45◦
implies dominant d-wave pairing in cuprates.

On the absolute value of Jc, Ref [14] reports Jc ≈
100 A/cm2 at θ = 45◦, doping x = 0.1. Reference [15] re-
ports a smaller Jc(45◦) ≈ 40−120 A/cm2. Numerically we
find Jc(45◦) ≈ 50 kA/cm2 at tz = 0.05t, x = 0.1, 500 times
larger than experiment. This reduction in critical current
is puzzling, and similar discrepancies have been reported
for untwisted cuprates [23]. We conjecture it is the vortex

2The energy variation upon varying φ comes mainly from inter-
layer tunneling terms and we calculate energy only from interlayer
tunneling terms hereafter.
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dynamics or disorder effects, rather than t-J physics, that
determines Jc.

V. θ ∼ 45◦: CHIRAL NONTOPOLOGICAL SC
AND ANOMALOUS HALL EFFECTS

The system energetically favors a nonzero φ and sponta-
neously breaks T symmetry close to 45◦. Figure 2(a) inset
shows the fitting parameters a, b in the energy-phase relation,
E (φ) = −a cos φ + b cos 2φ + const. At θ = 43.6◦, 45.2◦,
we have 4|b| > |a| and an optimal φ ≈ 0.16π, 0.64π , re-
spectively. While for other angles, optimal φ = 0, π for θ <

41.2◦,> 48.8◦, respectively.
Spontaneous T breaking from φ �= 0 has been pointed out

previously [12]. However, the chiral (T breaking) SC here is
qualitatively different. First, due to the x factor appearing in
tunneling from the slave bosons, the window of twist angle
with φ �= 0 is significantly smaller in our calculation, i.e.,
43◦ � θ � 47◦, plotted in Fig. 1(b). Moreover, the chiral SC
shows a very small gap, because the form factor cos kx −
cos ky is suppressed at nodal region (kx = ky). Thus the gap
[red line in Fig. 2(c)] is suppressed even if φ is large. A
significant uniform tunneling, imposed by hand, will open a
larger gap [green line in Fig. 2(c)]. The DoS shows qualitative
differences at small energy between cases with or without uni-
form tunneling in Fig. 2(d): DoS is V shaped (black, vanishing
gap) with only cos form tunneling, similar to that of decoupled
monolayers (green). In contrast, the DoS has a vanishing flat
segment (blue) at low energy corresponding to the gap opened
by large uniform tunneling. We use a four-band continuum
model in the SM [21] to explain why cos form tunneling opens
a much smaller gap than uniform tunneling.

Also, we find that the Chern number is 0, both for twisted
double-bilayer and twisted bilayer Bi2212 (i.e., retaining only
layers t2, b1 shown in SM Fig. [21]). Therefore a topological
SC is absent close to 45◦, in contrast to Ref. [12]. If we ignore
the form factor and take uniform tunneling, we recovered
results in Ref. [12] qualitatively, e.g., the gap, Chern number
etc. [21] Unfortunately such an s-wave interlayer tunneling
vanishes by symmetry at θ = 45◦.

The DoS in the chiral SC is still V shaped [Fig. 2(d)] in
the experimentally relevant energy scale. Therefore it is not
possible to detect the T breaking using electron spectroscopy
such as STM or angle-resolved photoemission spectroscopy.
We note that finite Hall conductivity σh(ω) signals T breaking,
plotted in Fig 3(a,b), measurable in Terahertz spectroscopy
[21,24–27]. From Fig. 3(b) we estimate a Kerr angle θK ∼
1 μrad at ω ∼ 30 meV for the polar Kerr effect [19] at 43.6◦.
The nonzero σh for a range of x, tz in Fig. 3(a) attests to
the stability of T breaking when varying doping (chemical
potential) or tunneling. We also find a nonzero c-axis mag-
netization, plotted in SM 3 [21]. Hence the chiral state at 45◦
is featureless in STM, but T breaking has distinct signatures
in Hall conductivity, etc.

VI. TOPOLOGICAL SC AND FLAT BAND AT SMALL θ

At small θ , we take tza0 = 0.16t as the uniform tunneling
and find T is preserved. If one adds by hand an interlayer su-
percurrent (to model a uniform current state along the c axis)

FIG. 3. Data for tz = 0.1t, x = 0.2. (a)–(c) take θ = 43.6◦, a0 =
0. (a) The real part of Hall conductivity Re[σh(ω → 0)] (indicated
by the red disk size) as x and tz vary, signaling T breaking. The blue
diamonds denote absence of T breaking, i.e., σh(ω) = 0. (b) Real and
Imaginary parts of σh(ω) at one particular parameter set φ = 3π/16
(circled in (a)). The edge above which σh tends to 0 at ω/t ≈ 0.2 cor-
responds to the maximal gap around Fermi surface (SM Fig. 6 [21])
in untwisted cuprates. (c) The Shapiro step measured in resistively
shunted Josephson junction with DC current Id and an AC current
Ir f with frequency ω. The time-averaged voltage displays steps as Id

is increased, in particular the half steps indicate a second harmonic
term in energy-phase relation. Parameters θ = 45.2◦, b = −1.3a,
with Ir f = 1.25Ic, ω = 0.5Ic/e (Ic the critical Josephson current).
(d) The Chern number (black) and gap (orange) upon varying φ for
two relatively small twist angles with mixed tunneling and tza0 =
0.16t, 0.12t for θ = 19◦, 28◦, respectively.

by fixing φ �= 0, π , topological SC emerges, indicated by
Chern numbers plotted in Fig. 3(d).3 This confirmed predic-
tions about topological SC at small θ in Ref. [13], and goes
beyond small angle approximation to show that topological
SC occurs for larger θ as well. The gap for the topological SC
is shown in Fig. 3(d).

To locate the flat band, since the x factor suppresses tun-
neling, we expect the magic angle is suppressed from θMA ≈

Tz

2vF Q , where Tz is effective tunneling strength and Q the node
momentum. Indeed in Fig. 2(c), the maximal possible gap
	m (blue curve for mixed tunneling) upon varying φ keeps
increasing as twist angle θ is reduced to 9.7◦, indicating flat
band may exist for θ < 9.7◦, if at all. For uniform tunneling
only, 	m reaches the maximum at θ ≈ 13◦. In Ref. [13], a
magic angle around 13.8◦ is predicted for Bi2212 from a BCS
model analysis.

For θ ∼ 45◦, a relatively flat portion near top of the lowest
conduction band is found (SM 7 [21]). This could result in an
enhanced signal in optical measurements.

3Chern number for θ = 19◦, 28◦ reaches the maximal value of
7.7, 3.8, the non-quantization is due to numerical precision and is
assigned to have C = 8, 4 respectively.
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VII. MOIRÉ AS A PROBE OF CORRELATION PHYSICS

We propose to detect the pair-density-wave (PDW) [28–35]
SC in twisted cuprate bilayers using the interlayer pair tun-
neling. A bias is applied to give different doping in the two
layers, making it possible to have T > T t

c , T < T b
c , where

T t
c , T b

c are the critical temperature for the d-wave SC of the
two layers. The bottom layer is in the SC phase, while the top
layer is in the pseudogap (PG) phase. We have a PG-SC junc-
tion instead of the SC-SC junction. At θ ≈ 7.18◦,the moiré
superlattice naturally provides a momentum GM ≈ ( 2π

8a , 0),
close to the momentum of the PDW expected in the PG regime
[34,35]. Then it is possible to detect the PDW fluctuation
susceptibility Imχ (ω, q) using interlayer pair tunneling fol-
lowing Refs. [21,36,37].

VIII. CONCLUSIONS

Through a self-consistent mean-field study of a t-J model
for twisted double-bilayer cuprates, we find a T breaking

but nontopological SC at a twist angle around 45◦. Our
conclusions rely on incorporating Mott physics and a form
factor in the tunneling, crucial in the modeling of twisted
cuprates. With microscopic calculations, we provide twist an-
gle dependence of the critical Josephson current, in qualitative
agreement with the recent experiment [15]. Finite temperature
extensions and the interplay of correlation phenomena with
the moiré structure will be interesting to explore further.

Note added. During the finalization of the manuscript, we
became aware of two preprints [38,39] which also study the
twisted cuprate bilayer and discusses the critical Josephson
current.
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