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Parafermions in a multilegged geometry: Towards a scalable parafermionic network
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Parafermionic zero modes are non-Abelian excitations which have been predicted to emerge at the boundary
of topological phases of matter. Contrary to earlier proposals, here we show that such zero modes may also

exist in multilegged star junctions of quantum Hall states. We demonstrate that the quantum states spanning the
degenerate parafermionic Hilbert space may be detected and manipulated through protocols employing quantum
antidots and fractional edge modes. Such star-shaped setups may be the building blocks of two-dimensional

parafermionic networks.

DOLI: 10.1103/PhysRevB.105.L.161101

Introduction. Parafermion (PF) zero modes are fractional-
ized excitations with non-Abelian statistics, which may exist
at the boundary of certain topological phases of matter [1].
PF zero modes are expected to show a number of interesting
phenomena [2-21] such as the fractional Josephson effect,
zero-bias anomaly, and topological Kondo effect, and may be
potentially useful in quantum information applications [5,22—
30]. General classifications of truly one-dimensional (1D)
bosonic and fermionic systems rule out the existence of PFs
beyond Majorana zero modes [31-34]. However, PF zero
modes may be supported at suitably designed line junctions
at the boundary of fractional quantum Hall (QH) states [2—4].
In particular, two counterpropagating chiral edge modes with
opposite spins, at the interface of fractional quantum Hall
(FQH) puddles in the v = 1/m state, may be gapped by
proximity to a bulk superconductor or a ferromagnet. The
domain walls between superconducting and ferromagnetic
segments are expected to host Z,, PF zero modes on the
boundary [2,3]. Similar setups have been proposed for the
v = 2/3 state [5], in hierarchical [35] and bilayer [36-38]
fractional QH phases, in proximitized and fractional topologi-
cal insulators [11,20,39-44], as well as in systems of coupled
1D wires [45-52]. Such PF modes can be detected through
their transport signatures in appropriately designed setups
[7,19,21,38,53,54]. Two-dimensional parafermionic networks
are predicted to host even more exotic Fibonacci anyons,
which may eventually allow fault-tolerant universal quantum
computation [5,6,55,56].

Here we propose a setup hosting PF zero modes, based
on multilegged star junctions of FQH states. Figure 1 shows
the simplest such geometry supporting a parafermionic zero
mode localized at the center of the star junction. Such a
geometry may be based on single-layer FQH states [2,3] em-
ploying superconducting regions [Fig. 1(a)] or double-layer
states [36,37] employing interlayer electron tunneling at the
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interfaces [Fig. 1(b)]. Similar setups have been studied previ-
ously in the context of Majorana zero modes (which are Z,
PFs) localized at the boundaries of 1D nanowires [57-65].
These studies found that a single zero-energy Majorana mode
is supported at the center of odd-legged star junctions, but not
in the case of an even number of legs. The present work is a
concrete extension of the previous studies to the case of m > 1
PF modes, which requires one to consider interacting systems.
Here, one might naively expect a modulo 2m dependence
on the number of wires. In contrast, we interestingly find
the modulo 2 behavior to persist, namely, that parafermionic
junctions with an odd (even) number of legs would (would
not) host a single parafermion at the center of the star which
cannot (can) be gapped out. Below we analyze the low-energy
dynamics of a trijunction geometry, demonstrating the exis-
tence of parafermionic zero mode and the degeneracy of the
zero-energy Hilbert space. Furthermore, we propose specific
setups employing quantum antidots (QADs) and fractional
edge modes, which may be used to measure the degeneracy
of the parafermionic Hilbert space and facilitate manipulation
of such states.

Trijunction model. We consider a single trijunction setup
[Fig. 1(a)] comprising the boundary of three v; =v = 1
(j=1,2,3) QH puddles with same spin polarization. The
low-energy dynamics of each puddle is governed by a chiral
edge mode, described by a bosonic field ¢;(x, 1) [66]. These
bosonic fields are described by the Hamiltonian

3
Hape =2 3 [ st cor M)
=1

where v is the edge mode velocity (assumed to be identical,
for all puddles, for simplicity) and satisfy

[¢(x). 6 ()] = %sgn(x —y), ®)

[¢;(x), ¢ (¥)] = i% forall j > k. 3)
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FIG. 1. Trijunctions hosting parafermionic zero modes (repre-
sented by red circles) may be constructed in (a) single-layer or
(b) double-layer setups. The black lines represent the chiral edge
modes of the three quantum Hall puddles. In (b), the solid (dashed)
lines represent the edge modes of the top (bottom) layer. Counter-
propagating pairs of edge modes may be gapped out by introducing
superconducting or electron-tunneling segments in the single-layer
setup [panel (a)]. In the bilayer setup [panel (b)], edge modes may
be gapped out by introducing segments with direct (intralayer) or
crossed (interlayer) electron tunneling.

Here the coordinate x increases along the direction of prop-
agation for each edge mode. The second commutator above
relies on the assumption that the edge modes are segments
of a single boundary. At the center of the trijunction, each
pair of counterpropagating edge modes is gapped out through
proximity coupling to a p-wave superconductor [67]. The
superconducting regions are described by

=AY [ drcosintes + g0+ 0L @
J

where ¢y has been identified with ¢3, and we assume the
amplitude (A) and phase ($) of all superconducting segments
to be identical. This is possible if all three segments are gen-
erated by proximity to the same bulk superconductor. In order
to fix the boundary conditions and the total charge hosted
by the setup, we also assume that (away from the junction)
each pair of counterpropagating modes is gapped out through
strong interedge electron tunneling [denoted as black dashed
double-headed arrows in Fig. 1(a)]. The tunneling regions are
described by

H=g)_ / dx cos[m(; — ¢;-1)]- (5)
J

Finally, we assume that the superconducting segments (im-
plicitly assumed to be part of the same bulk superconductor)
are floating. Their total charge (Qr) appears in the Hamilto-
nian as a charging term, (Q — Q7)?/2C, where Q = Zj Qj
is the total charge and O ; is the charge hosted in the jth
superconducting segment, and is given by

21

1
Qj= —/ dx(9:pj — 0cpj-1). (6)
SCj

Since the (total) charge and phase of the superconductor are
conjugate variables, they satisfy [@, O] = 2i.

We restrict our analysis to energies below /4rmvA and
J4mrmuvg. In this limit, the fractional chirals may be assumed

to be completely pinned inside the superconducting and tun-
neling segments [3]. It follows that the superconducting and
tunneling regions are described by integer-valued operators
N; and M;, respectively. Therefore at each boundary of the
trijunction, we must have

21
¢+ = ;N]w @)

where Nj — ]V j + @/m. Similarly, at each boundary of the
tunneling regions we have

2 .
b= b1 = M, ®)

Our next task is to analyze the low-lying dynamics of
this trijunction block showing that it exhibits parafermionic
physics. To this end, we perform a standard mode expansion
of the chiral fields,

$j(x, 1) = @; +Ajpy, (vt —x)
+ ) [Bujanje M + Hel, ©)
n>0

where A; and B,; are ¢ numbers and a,,; describe the bosonic
excitations in the chiral modes. Imposing the boundary con-
ditions [Eq. (7)] and commutation relation [Eq. (2)] inside the
trijunction, we find

2 a .
1) = g+ _<>+H}
$i1(x, 1) = ¢ mz[ T

n>0
(10)
Or(x, 1) = —p1(x + Ly, 1) + @1 + @2, (11)
d3(x, 1) = —Pa(x + Lo, 1) + @2 + @3, (12)

where ¢; = Z(N; + N1 — Nj_1) (not to be confused with
®), . = 2n — 1)%, L; is the length of the jth chiral inside
the trijunction, and £ =) ;Lj. A similar expansion can be
performed for the region between the superconductor and the
tunneling segments [2].

Plugging the expansion found above into Eq. (3), we find
that the only nonzero commutation relations are

im

(N3, Np] = g and (13)
P P PN im
[NI,MI]Z[NZ»MI]Z[NS,MI]Z?- (14)

Using (6), the charge on the superconducting segments (at low
energies) is found to be

A 1 . \ “
0;= n_1(Nj+1 —N;_1 — Mj)). (15)

Note that the total charge 0 = — Y j M ; depends only on
the integers describing the electron-tunneling regions at the
boundaries. Since the charge on each superconducting seg-
ment is defined module 2, the physical operators to consider

are ¢/, These satisfy
Qim0 — oimQ0imQ;  anq (16)

¢70im1 6170 — Gi(r/m) pinQ; pin Qi1 for 4] Jj. 17
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Finally, we may write the Hamiltonian of the trijunction (ig-
noring the charging term for now) as

1
H = Hedge + Hv +Hz - Z vqn(a;an + 5) (18)

n>0

Note that H only depends on the bosonic excitations of the
chiral fields and not on N. This allows for the possibility
that the Hamiltonian supports zero-energy solutions. To this
end, we construct operators which commute with the Hamil-
tonian and describe (local) superpositions of quasiholes and
quasiparticles in the chiral edge modes. A quick calculation
confirms that the operator I" defined as

[y = e /dx Z [e_i“’kei‘bk(x) + H.c.] (19)

3
k=1

satisﬁe§ thAeseArequirements [68]. We may define I'y = ¢! =
e/ t/mMNi+N=Ns) a5 the projection of [y onto the ground
state (in the absence of bosonic fluctuations). Similar expres-
sions can be defined for the three zero modes (I';) localized
at the domain wall between the (jth) superconducting seg-
ment and corresponding tunnel junction at the boundary
of the trijunction. Therefore the low-energy physics of the
trijunction is governed by the four localized zero-energy
modes which satisfy parafermionic commutation relations,
[y [g = e ™/™TyT, if o appears to the left of B in the tuple
(1,0, 2,3). We note that there are multiple ways to repre-
sent the PF zero modes, which are localized at the different
boundaries of the junction (for instance, I'y as defined above
is localized at ¢ ). Here we have used the convention that I';
(j=1,2,3)is localized at ¢;.

The low-energy subspace of the trijunction is expected to
be degenerate due to the PF commutation relations of the zero
modes. Since the operators 79 commute with H, the differ-
ent states in the ground state sector may be labeled through
their eigenvalues. The nontrivial commutations among these
operators imply that the Hilbert space is spanned by states
of the form |Qr, Q;) (for a fixed j). Since ¢/ can assume
2m values, the total degeneracy of the ground state of the
trijunction is (2m)?, which is consistent with the presence
of four Z,,, PF modes. Note that the energy of states with
different Q7 is set externally through the charging term in the
Hamiltonian [which was ignored in Eq. (18)]. Therefore the
degeneracy of such states is lifted for finite charging energy.
By contrast, the 2m states with a given Q7 are degenerate up
to exponentially small splittings (arising from the finite length
of the superconductor) [69] which are neglected here.

Our analysis of the trijunction may be extended to star-
shaped setups with a larger number of legs. The results are
qualitatively unaltered for stars with an odd number of legs.
On the other hand, for even-legged junctions, the low-energy
Hamiltonian of the junction [H in Eq. (18)] involves addi-
tional terms which explicitly depend on the integer-valued
operators N ;. Such terms rule out the possibility of a Z,,
PF zero mode at the center of an even-legged junctions. Our
results are also applicable to star-shaped junctions in bilayer
setups. Specifically, a trijunction comprising the edge of the
QH bilayer [Fig. 1(b)] with v = 1/m per layer would host a
Z.,, PF zero mode at its center.

Ground state manipulation. Here we discuss protocols
(adopted from Ref. [53]) to induce transitions between the
degenerate low-energy states of the trijunction. As described
above, the total charge of the trijunction (Qr) is fixed exter-
nally through the charging energy. However, the degenerate
states within a topological sector (labeled by Qr), may
be manipulated through redistribution of the charge among
the superconducting segments. Suppose |W) is an eigenstate
of ¢ with eigenvalue 79 = 1; Eqgs. (1) and (16) then
imply that (e72 Y W) is also an eigenstate of ¢ with
eigenvalue ¢/*/™ Therefore one may induce transitions be-
tween |Qr, Q1) and |Qr, O + %) through the application of

PLL’Y Similarly, application of ¢9: induces transitions from
107, 01) 10107, Q1 — 1)

Figure 2 depicts several setups involving two QADs cou-
pled to the trijunction, which may be used to apply the
operators ¢/, We assume that each QAD may be empty or
host a single Laughlin quasiparticle depending on the voltage
applied. Thus, effectively each QAD can be modeled by a
two-level system with the Hamiltonian,

1
Hoap =Vp (Nx// — 5)’ (20)
where Vj is proportional to the electrostatic potential on the
QAD and Ny, is the number of quasiparticles in the QAD. The
tunnel coupling of the QADs to the PF modes in the trijunction
may be described by

Hun = Y JeaT| + He., 1)
k=1,2

where Y is the quasiparticle operator for the kth QAD satis-
fying [Ny, , ¥«x] = —¥x, and I'y is the PF operator coupled to
the QAD. Since the PF modes have multiple representations
(which are localized at different edges), here 'y is assumed
to be localized at the boundary of the QH region in which
the QAD is located. We assume that the tunneling amplitudes
(Jx) are much smaller than the charging energy of the trijunc-
tion (E;) so that Hy,, leads to cotunneling of quasiparticles
between the QADs, which may be described by

Heorun = JY1 ¥ T T, + Hee, (22)

Here J ~ JiJ; /E. for E. > J; 5. Let us assume that the QADs
were initially decoupled from the trijunction and prepared
such that one QAD is occupied while the other is empty.
Then by coupling them to the trijunction and slowly vary-
ing the voltage on the dots, we may induce the transition
|W) — T'T,|W). Using Egs. (13)~(15), we find that the terms
of the form FOF]T. are proportional to the operators %/, We

may facilitate the application of any operator (e™9)) through
suitable placement of the two QADs. The setups shown in
Figs. 2(a)-2(c) may be used to realize 9", 792, and ™2,
respectively.

Degeneracy of parafermionic states. For a given total
charge (Qr), the degeneracy of the low-energy Hilbert space
of the trijunction is expected to be 2m. Here we propose a
setup (depicted in Fig. 3), involving QADs and two external
fractional QH edge modes, to directly observe the degenerate
subspace. The external fractional modes act as leads from
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FIG. 2. Schemes for state manipulation in the trijunction (adopted from Ref. [53]). The white circles denote quantum antidots which may
host a single Laughlin quasiparticle and are tunnel coupled to one of the interfaces supporting a parafermionic mode. As described in the text,
the state of the trijunction may be manipulated through the application of operators of the form exim0; (j =1, 2, 3). Varying the gate voltage
on the antidots in an adiabatic fashion allows for the application of (a) ¢!, (b) ¢=722 and (c) ¢7(@1+02) ~ ¢*i7(@~03) Moving the antidots
to the opposite side of the same interface would modify the operator by an overall phase.

which fractional quasiparticles may tunnel into the trijunction.
The Hamiltonian of the two edge modes is given by H, =
(mv/47) [ dx[3:¢4)* — V. [ dx dc¢a, where V, is the voltage
on @, (a = s,d). The quasiparticle tunneling from the edges
to the trijunction is described by

Hyp = Z e T! + H.c. (23)

a=s,d

As pointed out above, the representation of the PF mode
has to be appropriately chosen so that fractional charge only
tunnels across the bulk of a QH state, and not across vacuum.
If the charging energy for the trijunction is large, then only
cotunneling processes are allowed at low energies. These are
described by He = n.I'1Tje ® ¢ + H.c., where Ty is the
PF located inside the trijunction and I'; is the PF located
at a domain wall between a superconductor and tunneling

FIG. 3. Scheme for measuring the degeneracy of the trijunction
(adopted from Ref. [53]). The white circles denote quantum antidots
which facilitate the application of im0 upon the trijunction state.
¢s/p are additional fractional edge modes tunnel coupled to the tri-
junction and to each other. Quasiparticles emanated from the source
(S) may end up at the drain (D), by directly tunneling from ¢y to ¢p,
or by tunneling across the trijunction. The interference between these
two processes, and therefore the current (/;) from S to D, is sensitive
to the state of the trijunction. Therefore repeatedly applying €02
through the antidots and monitoring I;, allows one to measure the
number of degenerate states in the parafermionic Hilbert space of
the trijunction (for a fixed total charge).

segment (cf. Fig. 3). We assume that quasiparticles may
also tunnel between the two modes directly (without involv-
ing the trijunction). Such processes are described by Hgj =
nge~"%e'? 4+ H.c. Then the total tunneling Hamiltonian is
Hgi + Hy = (14 + 1.1 T )e =4 + H.c., which induces a
finite current from the source S to the drain D in Fig. 3.
The tunneling current may be evaluated in the limit of weak
tunneling, following the analysis of Wen [70], as

 Inel 27y
T2 TQu)

Vi =, (24)

where 7 is the eigenvalue of n; + 1) F(I) As shown earlier,
the operator T';T"} depends on ¢/ (¢Q' for the setup in
Fig. 3). This implies that the current I, between the edge
modes is sensitive to the state of the trijunction, which may be
labeled using €9, In fact, the state of the trijunction would
be projected to an eigenstate of e upon measurement of
the tunneling current (Z;).

The QADs in the setup shown in Fig. 3 may be used to
apply the operator ¢ to the state of the trijunction, which
induces a transtion between the degenerate states labeled by
et As discussed above, the tunneling current ; is expected
to change after the application of ¢™%2, as it depends on
the state of the trijunction. Therefore, the degeneracy of the
trijunction (for a given charge Q7) may be measured by re-
peatedly monitoring /; and applying " through the QADs.
The number of steps required before I, returns to its initial
value is the number of degenerate states in the PF Hilbert
space.

Prospects of parafermionic networks. The PF zero modes,
hosted at the center of star junctions, are identical to those
realized in line junction setups [2,3]. However, a crucial ad-
vantage of our proposal is that such junctions may be used
as building blocks for constructing complex parafermionic
networks. We first note that the connectivity of a single tri-
junction, depicted in Fig. 1, is higher than the case of a four
PF line junction. Such a configuration could be useful for im-
plementing complex operations (such as, braiding [24]) on the
PF modes. Going on to a small number of star junctions may
be combined in a myriad of configurations, each of which may
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FIG. 4. Multiple trijunctions may be connected to form com-
plex parafermionic networks. The figure depicts a combination of
three trijunctions, with a quantum Hall island enclosed only by
parafermionic zero modes.

be useful for easily implementing a different set of operations.
Figure 4 depicts one such configuration involving three tri-
junctions, which involves a QH island surrounded only by PF
zero modes. Repeating the mode expansion analysis for such
loop geometries, we find that the PF states are sensitive to the
fractional charge in the bulk of the enclosed QH puddle, which
in turn may be manipulated through additional QADs. Con-
figurations involving several such loops could be useful for
quantum information applications. Finally, several such junc-
tions may be employed for constructing large PF networks
with different topologies, such as a cycle-free Bethe lattice or
a two-dimensional honeycomb structure. The braiding prop-
erties of PFs moving on such networks depend sensitively on

their connectivity [71-73]. Additionally at low energies, such
networks may be described in terms of emergent phases that
support even more exotic non-Abelian excitations [5].
Conclusions. We have demonstrated that setups involv-
ing multilegged star junctions of fractional quantum Hall
states, may serve as a platform which hosts parafermionic
zero modes. Specifically, employing a low-energy mode ex-
pansion, we showed that a star with odd (even) number of
legs supports (does not support) a parafermionic mode at its
center. We also proposed setups involving additional quan-
tum antidots and fractional edge modes, which facilitate the
detection and manipulation of the parafermionic states. The
star-shaped junction proposed here, could be used as building
blocks for constructing complex parafermionic networks, in-
cluding two-dimensional lattices, which may be quite difficult
to realize using just line junctions. A detailed investigation of
the emergent physics of such networks is left for the future.
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