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Quantum paramagnets are strongly correlated phases of matter where competing interactions frustrate mag-
netic order down to zero temperature. In certain cases, quantum fluctuations instead induce topological order,
supporting fractionalized quasiparticles. In this Letter, we investigate paradigmatic spin models and show how
magnetic frustration can also give rise to higher-order topological properties. We first study the frustrated
Heisenberg model in a square lattice, where a plaquette valence bond solid appears through the spontaneous
breaking of translational invariance. Despite the amount of effort that has been devoted to study this phase, its
topological nature has so far been overlooked. By means of tensor network simulations, we establish how such
a state belongs to a higher-order symmetry-protected topological phase, where long-range plaquette order and
nontrivial topology coexist. Through this interplay, we uncover excitations that would be absent otherwise, such
as cornerlike bulk states bound to dynamical topological defects. Finally, we demonstrate how this higher-order
topological quantum paramagnet is also induced by dipolar interactions, indicating the possibility to directly

observe this phase using atomic quantum simulators.
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I. INTRODUCTION

Topology has emerged in the last decades as a central
concept in theoretical physics, acting as a driving force in the
search for novel phases of matter [1]. The growing interest in
topological quantum states experienced in the last years has
been fueled, in particular, by the outstanding experimental
progress in ultracold atomic experiments [2-5], where such
states can be prepared and investigated with an unprecedented
degree of control [6-11], as well as by their applications in
fault-tolerant quantum computation [12—-14].

Although nontrivial topology exists in the absence of
any symmetry [15], both notions are usually intertwined.
For instance, symmetry-protected topological phases, recently
realized in atomic platforms [16,17], are only robust to
symmetry-preserving perturbations. In the last years, there
has been growing interest in topological crystalline insula-
tors [18], which are not protected by global [19] but rather
pointlike symmetries [20]. Within this class, the recently dis-
covered higher-order topological insulators (HOTIs) [21,22]
present unusual properties that generalize the standard bulk-
boundary correspondence [23]: they support gapless states in
boundaries of codimensions larger that one, such as corner
or hinge states [24,25]. Although noninteracting HOTIs have
been extensively investigated and even realized experimen-
tally [26-34], interacting higher-order symmetry-protected
topological (HOSPT) phases are only starting to be explored
[35-46].
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In this Letter, we present an interaction-induced HOSPT
phase driven by magnetic frustration: a higher-order topolog-
ical quantum paramagnet (HOTQP). Quantum paramagnets
(QPs) arise in spin models where competing interactions en-
hance quantum fluctuations, preventing magnetic order [47].
Of particular interest are spin liquids [48,49], which do not
break any symmetry and can present topological order. The
former usually compete with other QPs such as valence-bond
solids (VBSs) that spontaneously break certain spatial sym-
metries. Here we show how the plaquette VBS (PVBS) in
the frustrated Heisenberg model belongs to a HOSPT phase,
representing an example of a quantum phase possessing both
long-range order (LRO) due to spontaneous symmetry break-
ing (SSB) and nontrivial higher-order topology. We show how
the interplay between these two features gives rise to strongly
correlated topological effects. In particular, away from the
zero-magnetization sector, dynamical topological defects ap-
pear in the plaquette order, hosting localized cornerlike states
in the bulk.

The Letter is organized as follows. We first consider the
Heisenberg model in a square lattice with interactions beyond
nearest neighbors (NNs) and study a phase transition between
a magnetically ordered and a PVBS phase. We then show
how the latter belongs to a HOTQP phase by revealing its
entanglement structure, as well as through a many-body topo-
logical invariant. These quantities are also used to characterize
the topological phase transition between the trivial and the
HOTQP phases, and to investigate the mechanism behind
the emergence of topological defects. Finally, we study the
Heisenberg model with dipolar interactions and show that its
ground state is also a HOTQP. The dipolar Heisenberg model
has gained attention in recent years [50-53], since it naturally
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appears as an effective description of ultracold molecules
in optical lattices [54,55] and can also be simulated using
trapped ions [56-59] and Rydberg atoms [60,61]. Ultracold
molecules are particularly interesting for quantum simulation
purposes due to their strong dipole interactions, and different
schemes have been proposed to use them to simulate quantum
magnetism [62—65] as well as topological phases [66—69]. Re-
cent experimental progress has demonstrated how to cool, trap
[70-74], and control interactions between molecules [75-77],
indicating how the observation of a HOTQP could be within
reach using near-term devices.

II. THE FRUSTRATED HEISENBERG MODEL

We start by considering the antiferromagnetic Heisenberg
model on a two-dimensional square lattice,

A=Y"0;8-8, (1)
iJ

with J; ; > 0. Here §; = (57, S}, §5) and S = 1o/* are spin-
1/2 operators and o/ are Pauli matrices. If only NN
interactions are present, the SU(2) symmetry is spontaneously
broken and the ground state develops magnetic LRO [78]. The

latter is characterized by the spin structure factor,
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where L = L, = L, is the size of the lattice in each direc-
tion. In the zero-magnetization sector, M = Zi(gf) = 0, with
magnetization axis z, the ground state corresponds to a Néel
state. This is signaled by a nonzero value of the Néel order
parameter Sf = S.(q = (;r, m)) in the thermodynamic limit,
SN =1lim;_, o SY # 0. Although the SU(2) symmetry is bro-
ken, the ground state is still invariant under U(1) rotations
around the magnetization axis.

Longer-range interactions beyond NNs promote other
types of magnetic LRO. Here we consider the J; —J, — J3
Heisenberg model with interactions up to third-NNs, J; ; =
chs‘,'_j“ + st\ifjl,ﬂ + J3(S|i_j‘yz. For J5 = 0, the ground state
is a collinear state at ¢ = (0, 7) or q = (7, 0) for J,/J; = 0.6
[79]. At intermediate values around the classical transition
point, J,/J; = 0.5, quantum fluctuations melt the magnetic or-
der in a finite region, giving rise to a QP with lim; _, o, S.(q) =
0 Vq. Although the nature of the resulting phase is disputed,
density matrix renormalization group (DMRG) results point
toward a PVBS phase [79,80]. This phase breaks transla-
tional invariance, giving rise to a plaquette structure in the
NN correlators (S; - S,-), as shown in Fig. 1(a). The plaquette
nonmagnetic LRO can be detected using the structure factor
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3
where the sum runs over NN pairs (k, [). The pair (i, j) is
fixed in the middle of the lattice and the form factor €(k, 1) is
defined as in Ref. [81]. The PVBS phase is thus characterized
by b =lim; o ST # 0.

For J; # 0, the PVBS phase appears around the frustration
line (J, + J3)/J; = 0.5 [81], where the classical energies of
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FIG. 1. Plaquette valence bond solid: (a) Real-space bond pattern
(S; - §;) for a lattice with L*> = 36. For J;/J; = 0.6 and J, = 0, the
ground state belongs to a PVBS phase, characterized by a dimerized
bond pattern both in the x and y directions and a four-site unit cell
(marked by dotted squares in the figure). (b) Finite-size scaling for
the Néel (SY) and PVBS (SY) order parameters for J3/J; = 0.5.
While the former vanishes in the thermodynamic limit, indicating
a QP, the latter attains a finite value, associated with plaquette LRO.
(c) Thermodynamic limit extrapolation S};L’P as a function of J3/Ji,
indicating two distinct ordered phases.

the magnetically ordered states become equal. In the follow-
ing, we fix J, = 0, where the value of SOPo is larger [81] and
finite-size effects are reduced. We use a DMRG algorithm [82]
with bond dimension D = 1000 to calculate the ground state
of the model for various lattice sizes. In Fig. 1(b), we show
how the finite-size scaling of S¥ and SY for J5/J; = 0.5 is
consistent with a PVBS phase. In Fig. 1(c), we show the ther-
modynamic limit extrapolation of the two order parameters,
SN and SF., as a function of J3/J;. Although higher values
of L? are required to obtain the precise transition point, our
results, consistent with previous works [81,83,84], indicate
the presence of two distinct phases, a Néel and a plaquette-
ordered phase.

III. HIGHER-ORDER TOPOLOGICAL QUANTUM
PARAMAGNETS

Although considerable effort has been devoted to the study
of the PVBS, its topological properties have so far been over-
looked. Here we claim that this state belongs to a HOSPT
phase, which we call a HOTQP. The latter is protected by a
U(1) x C4 symmetry: conservation of the total magnetization
M and rotational invariance. To see this, we first notice how
the bond pattern spontaneously generated in the PVBS state
resembles the pattern required to create one of the earliest
examples of a HOSPT phase [36]. The latter corresponds
to the ground state of a NN Heisenberg model, where J;
varies in space according to a plaquettelike structure, similar
to Fig. 1(a). In our case, however, such pattern arises in the
bond correlators due to magnetic frustration via a SSB process
starting from a translational invariant model.

To analyze the topological properties of the PVBS, we first
focus on the structure of its entanglement spectrum (ES) [85].
We define a bipartition of the system and write the ground
state as [Ygs) = D, e\ Yr,) A ® |¥,)p, Where A and B are
two subsystems, and {€,} is the ES, that is, the eigenenergies
of the entanglement Hamiltonian Hg, defined through the
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FIG. 2. Higher-order symmetry-protected topology: (a) In the
figure, the dashed lines represent the four bipartitions used to study
the ES. (b) Lower part of the ES for L?> = 16 and J3/J; = 0.6 and for
each bipartition (c) Berry phase y calculated at four different plaque-
ttes in the middle of a lattice with L?> = 100 and for J;/J; = 0.6. A
nontrivial phase of 7 is obtained at the same plaquette where the ES
shows degeneracy when cut through. (d) y and ES degeneracy A€ as
a function of J3 /J; for a L> = 100 lattice. The former is calculated at
the central plaquette, while the latter is obtained through a bipartition
between one corner and the rest of the system.

reduced density matrix pp = Trg(|Wes) (Wes|) = e~He. The ES
is degenerate for 1D topological phases [86], where cutting
the chain into two halves creates a virtual edge, and this
degeneracy is connected to the presence of localized states in
the boundaries. For 2D HOSPT phases, the same occurs when
a virtual corner is created, as shown in Fig. 2(a), associated in
this case to the presence of corner states [§7—-89].

In Fig. 2(b), we show the lower part of the ES for different
bipartitions of a system with L?> = 16 in the PVBS phase [90].
The differences in the spectra stem from the inter- or intraunit
cell nature of the cut. It is important to note that the PVBS has
four degenerate ground states in the thermodynamic limit as a
consequence of the SSB, only distinguished by the definition
of the unit cell. Four different bipartitions in one of them thus
provides the same information as cutting between unit cells
for each ground state. Our results in Fig. 2(b) prove that one
of them (No. 4 in the figure) is topologically nontrivial and is
therefore expected to support localized corner states [21,91].
Due to finite-size effects, the lowest-energy state corresponds
to configuration 2 in Fig. 2 [see also Fig. 1(a)], and thus lacks
corner states [92]. We stress, however, that the HOSPT nature
of the phase is encoded in each state, which, as we will see,
will lead to nontrivial topological phenomena.

To support our claim, we compute a local Berry phase y
at different plaquettes for a system with L?> = 100 [93]. The

FIG. 3. Topological defects and cornerlike states: Real-space
bond pattern (S; - Sj) for a lattice with L? = 81 and M = 1/2. Two
one-dimensional solitons are formed in the plaquette-ordered pattern,
one vertical and one horizontal, crossing at the center of the lattice.
The two defects divide the system into four parts that correspond
to the four degenerate ground states for M = 0, as indicated by the
change in the unit cells (dotted squares) across the defects. One of
them is topologically nontrivial and the defects act as a corner in the
bulk, separating it from trivial regions. We present the net magneti-
zation |(S;)|, which reveals a localized spin at this bulk corner.

latter is a topological invariant that is quantized in the pres-
ence of the U(1) x C; symmetry to values O and 7 for trivial
and HOSPT states, respectively [94], serving as a many-body
generalization of the quadrupole moment [21]. The results
shown in Fig. 2(c) for the different values of y coincide with
those obtained for the ES, where we get y = m for the same
plaquette that leads to degeneracy, and y = 0O for the rest.
Finally, we show for different values of J3/J; both y and
the ES degeneracy Ae = ) (—1)"¢,, which is zero when the
spectrum is degenerate. Although these quantities cannot be
used to locate the transition point due to finite-size effects,
which also prevent perfect quantization of y, their behavior is
consistent with the presence of two distinct phases: a trivial
magnetically ordered phase and a topological PVBS phase.
Finally, we note that the HOTQP phase can be regarded as a
higher-order version of the Majumdar-Ghosh phase [95,96] in
the J; — J, Heseinberg chain, a VBS with a doubly degenerate
ground state, where one of them is topological [97].

IV. TOPOLOGICAL DEFECTS AND CORNERLIKE STATES

The combination of LRO and higher-order topology in the
HOTQP gives rise to unique topological properties. To see
this, we study the ground state for nonzero magnetization,
taking a lattice with L?> = 81 and M = 1/2. Figure 3 shows
the real-space bond pattern for the ground state in the HOTQP
phase, where two topological defects are created in the pla-
quette structure, as compared to the homogeneous M = 0 case
[Fig. 1(a)]. The defects correspond to two 1D solitons that
divide the system into four quadrants. Once the unit cell is
defined, it becomes clear how each quadrant corresponds to
each degenerate configuration of M = 0 [Fig. 29¢)]. Since
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one of them is topologically nontrivial, the point where the
two defects cross corresponds to a corner between the latter
and a trivial bulk. A localized spin is expected precisely at
this point and this is confirmed by the local magnetization
(|$'f [) (Fig. 3). We note that, although topological defects have
been recently considered for HOTISs, in particular, disclina-
tions [91,98-101] and dislocations [102,103], they correspond
to static defects imposed externally. Our results show how
localized cornerlike states emerge in the bulk from a trans-
lationally invariant model. These excitations are higher-order
2D versions of the localized states induced by solitons in the
Su-Schrieffer-Heeger model [104], recently generalized to the
bosonic case [105-108], and the Majumdar-Ghosh phase [97].

V. QUANTUM SIMULATION WITH
ULTRACOLD MOLECULES

Although the frustrated Heisenberg model describes a va-
riety of materials, observing a HOTQP can be challenging in
solid-state devices. We now discuss the possibility of prepar-
ing this phase using quantum simulators based on ultracold
molecules. Consider a 2D array of polar molecules in an opti-
cal lattice with frozen motional degrees of freedom, described
as quantum rotors interacting via dipolar interactions [62—65].
One can choose two rotational states |J, M) to build spin oper-
ators, where J and M are the total and third components of the
angular momentum operator J. Fora strong enough external
electric field aligned perpendicular to the lattice plane, and by
taking |1) = |1,0) and [{) = |0, 0), the system is described
by the effective Hamiltonian [52],

A=Y ﬁ[zdgo (5585 + 8187) + (no — do)5:57],
L]
. R “)
with ¢ = 1/(4m€), doo = (1 |dz|{), do = (}|d:|{), and o =
(1 |d;| 1), where d, is the third component of the dipole
operator d. The Heisenberg point can be reached at 2d3, =
(140 — do)? [52] by tuning the electric field, corresponding to
Hamiltonian Eq. (1) with J; ; = 2¢g dgo/|i — j|3. The largest in-
teraction terms are related by (J, + J3)/J; = 1/232 +1/23 ~
0.479, which is close to the frustration point 0.5. It is therefore
natural to ask whether the ground state of the dipolar Heisen-
berg model in a square lattice is a HOTQP.

Previous works have studied the model using various ap-
proximations, founding a Néel ground state [50,51]. Using
DMRG, which allows us to capture more correlations, we
show that the Néel order parameter actually vanishes. Fig-
ure 4(a) shows the finite-size scaling of SIL\I for different
truncations of the dipolar interactions, that is, keeping only
the K largest terms. The results are consistent with a QP and
for K > 5 the values do not change noticeably. Moreover,
the scaling of ST is consistent with a PVBS for every value
of K [Fig. 4(b)]. Finally, we calculated the Berry phase and
obtained a value of y = 0.97% for the same plaquette as in
Fig. 2(c).

Our results therefore indicate that a HOTQP could be
prepared using ultracold molecules in an optical lattice. The
real-space plaquette structure, as well as the presence of
topological defects and cornerlike states, could be revealed
using a quantum gas microscope with single-site resolution

N . K=3
0.03 /// K=5
o K=7
.0 0.00
0.00 0.04 0.08 0.00 0.04 0.08

1/L? 1/L?

FIG. 4. Dipolar Heisenberg model: Finite-size scaling of the
order parameters SY and St in the ground state of the dipolar Heisen-
berg model for different truncations K of the dipolar interactions (see
main text). The results are consistent with a PVBS.

[109-111]. The nontrivial topological properties could be ac-
cessed by measuring the ES, which can be efficiently achieved
using near-term quantum simulators [112,113]. Here we focus
on ultracold molecules, but similar physics could be simulated
using trapped ions [56—59], magnetic [114], or Rydberg atoms
[115], where spin models with dipolar interactions have al-
ready been realized [60,61,116,117].

VI. CONCLUSIONS AND OUTLOOK

In this Letter, we investigated how magnetic frustration
can induce nontrivial higher-order topological properties. In
particular, we studied the well-known PVBS in the frus-
trated Heisenberg model and we showed that it belongs to
a HOTQP phase. Although we focus on the J; — J; model,
our results could be generalized to any PVBS, in particular,
to the ground state of the J; — J, model, since they are adia-
batically connected. Moreover, we revealed how the interplay
between LRO and higher-order topology gives rise to topolog-
ical excitations, such as cornerlike states in the bulk bound to
dynamical topological defects.

Our results show that spin liquids are not the only QPs
with interesting topological properties and that a HOSPT
phase was hiding in plain sight in paradigmatic spin models.
Moreover, we show how this phase is stabilized by dipolar
interactions, indicating how the corresponding physics could
be further explored in quantum simulators, offering higher
control compared to natural materials. Experiments with ul-
tracold molecules or Rydberg atoms could achieve larger sizes
than those accessible with classical simulations, facilitating,
for instance, the study of the topological phase transition
that gives rise to the HOTQP, as well as possible hidden
topological properties in other VBS states. Finally, the role
of vortex defects in the deconditioned nature [80,118] of the
Néel to PVBS phase transition was recently studied [119].
It would thus be interesting to analyze the role of the soli-
tons considered here to further elucidate the nature of the
corresponding topological critical point, as well as to find
other mechanisms that give rise to HOSPT phases induced
by SSB.
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