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Non-Markovian effects for hybrid plasmonic systems in the strong coupling regime
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We study the role of non-Markovian effects in the emission spectrum of a quantum emitter resonantly coupled
to a surface plasmon in a metal-dielectric structure as the system transitions to strong coupling regime. By
using a recent quantum approach to interacting plasmons that incorporates the effects of host material’s optical
dispersion and losses in the coupling parameters, we obtain analytically the emission spectrum for a plasmonic
system of arbitrary shape with characteristic size below the diffraction limit. In the weak coupling regime, the
dispersion-induced non-Markovian effects are weak and do not significantly affect the spectral shape of the
emission peak. In contrast, in the strong coupling regime, the non-Markovian effects lead to dramatic changes in
the emission spectra by causing inversion of spectral asymmetry, as compared with classical and quantum models
based on the Markov approximation, which results in a strong enhancement of the lower frequency polaritonic
band, consistent with the experiment.
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I. INTRODUCTION

The effects of strong coupling between surface plasmons
in metal-dielectric structures and excitons in semiconductors
or dye molecules have recently attracted considerable interest
driven by numerous potential applications including ultra-
fast reversible switching [1–3], quantum computing [4,5], or
light harvesting [6]. In the strong coupling regime, coherent
energy exchange between excitons and plasmons [7,8] leads
to the emergence of mixed polaritonic states with energy
bands separated by the anticrossing gap (Rabi splitting) [9].
While Rabi splittings in the emission spectra of excitons
coupled to cavity modes in semiconductor microcavities are
about several meV [10–12], they can reach hundreds meV in
hybrid plasmonic systems involving excitons in J aggregates
[13–20], in various dye molecules [21–25], or in semicon-
ductor nanostructures [26–29] resonantly coupled to surface
plasmons. For single excitons, however, reaching a strong
coupling regime is a challenging task as it requires extremely
small plasmon mode volumes that can mainly be achieved in
nanogaps [30–32].

At the same time, the shape of emission spectra in the
strong coupling regime remains an actively debated issue as
the relative spectral weight of polaritonic bands is determined
by several competing processes. In general, the emission spec-
trum of a hybrid system, characterized by (effective) dipole
moment ps, is ∝|ps|2ω4 [9], where ω is the emission fre-
quency, implying that, in the strong coupling regime, the
spectral band associated with upper-energy polaritonic state
should be relatively enhanced due to its higher radiation rate.
Such a spectral profile is, in fact, predicted by the widely
used classical model of two coupled oscillators (CO), in which
only one oscillator (plasmon) couples to the electromagnetic
(EM) field while the second (exciton) is treated as dark due
to its much smaller optical dipole moment [33–35]. How-

ever, recent experiments for excitons resonantly coupled to
cavity modes in semiconductor microcavities [36–38] or sur-
face plasmons in metal-dielectric structures [39–42] reveal the
opposite asymmetry pattern characterized by enhanced lower
polaritonic band. For plasmonic systems, a shift of spectral
weight in the absorption and scattering spectra has been ob-
tained by including the Fano interference effects between the
plasmon’s and plasmon-induced exciton’s dipole moments;
however, a significant spectral weight shift would require an
extremely strong field confinement [43–45] or a large number
of excitons coupled to the plasmon [46]. At the same time, for
molecular excitons coupled to a cavity mode, in the absence
of strong field confinement in microcavities, the accurate
spectral weight of polaritonic bands in the emission spectra
is obtained, within quantum master-equation approach, by
incorporating excitations of vibronic modes that accompany
optical transitions [47–49].

At the same time, the effects of optical dispersion
and losses in metal-dielectric structures, characterized by a
frequency-dependent complex dielectric function ε(ω, r) =
ε′(ω, r) + iε′′(ω, r), are far more significant than for semicon-
ductor microcavities. Here we stress that the non-Markovian
effect in plasmonic systems are distinct from those emerging
from the interactions of quantum emitters (QEs) with the
reservoir of photon or phonon states [50–55]. In the latter
cases, the QE interactions with the reservoir states give rise to
memory effects, which lead to nonexponential time evolution
of the emission signal and to its oscillations with characteristic
time depending on the QE-reservoir coupling. In contrast,
surface plasmons at metal-dielectric interfaces interact di-
rectly with the EM field via their own frequency-dependent
optical dipole moment μ(ω) (see below) that is much larger
than the QE dipole moment. Furthermore, in the strong cou-
pling regime, the QE-plasmon coupling is comparable to the
overall plasmon decay rate, which, e.g., for gold structures,
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corresponds to ≈10 fs lifetime [56], implying that, close
to the transition point, observing non-Markovian effects for
plasmonic systems by means of time-resolved spectroscopy
represents a formidable challenge. However, as we show in
this paper, the dispersion-induced non-Markovian effects can
show up prominently in the optical spectra of plasmonic sys-
tems due to a rather nontrivial interplay between the metal
dielectric function’s real part ε′(ω, r) and its imaginary part
ε′′(ω, r), which define, respectively, the plasmon coupling to
the EM field and the broad plasmon optical band. Specifically,
the strong frequency dispersion of ε′(ω, r), which originates
from the free-electron absorption is metals, can lead to a
prominent spectral weight redistribution between the lower-
and higher-frequency parts of the broad emission spectra. In
the strong coupling regime characterized by well-separated
polaritonic bands, such non-Markovian effects result, in fact,
in an inversion of spectral asymmetry as compared with the
Markovian calculations.

Note that the materials’ optical dispersion effects in optical
spectra cannot be described neither within the classical CO
model with phenomenological parameters nor within the mas-
ter equation approaches based on the canonical Hamiltonian
for plasmon modes as the latter is only valid in the Markov
approximation [57]. In principle, the dispersion effects can
be accounted for within the macroscopic quantum elec-
trodynamics approach based on the fluctuation-dissipation
theorem which involves the reservoir states of the entire
metal-dielectric structure [58–60]. However, the excessively
large Hilbert space of reservoir states that are extended over
the entire system volume makes it difficult, except for rela-
tively simple systems [61–69], to model quantum dynamics of
plasmons excited primarily at the metal-dielectric interfaces.
Another numerical approach to modeling of electromagnetic
excitations in metal-dielectric structures involves expansion
over a set of quasinormal modes [70–76].

In this paper, to elucidate the emergence of non-Markovian
effects in optical spectra of hybrid plasmonic systems, we
restrict ourselves to relatively small plasmonic systems with
characteristic size below the diffraction limit. To this end,
we employ a novel analytical quantum approach developed
in our recent paper [57] that treats localized plasmons as
electronic excitations interacting with QEs and the EM field.
In this approach, starting with macroscopic electrodynamics
quantization scheme [58–60], the system’s reservoir states
are projected upon localized plasmon modes, thereby reduc-
ing the full Hilbert space to a much more limited subspace
spanned by a discrete set of bosonic operators with linear
dispersion. Interactions of these projected reservoir modes
(PRMs) with QEs and the EM field are mediated by clas-
sical plasmons, while the coupling parameters are defined
explicitly by the plasmon local fields, system geometry and
frequency-dependent dielectric function of the host material
[57]. Using this approach, we address the role of dispersion-
induced non-Markovian effects in the emission spectrum of
a QE resonantly coupled to a localized surface plasmon in a
metal-dielectric structure as this system transitions to strong
coupling regime. We show that, in the weak coupling regime,
the non-Markovian effects are weak and do not significantly
affect the emission spectrum shape. However, as the sys-
tem transitions to strong coupling regime characterized by

distinct polaritonic bands, the non-Markovian effects dramat-
ically affect the emission spectrum by shifting the spectral
weight towards the lower polaritonic band, in striking con-
trast with Markov-approximation-based calculations. For a
QE near a plasmonic nanostructure of arbitrary shape but with
the characteristic size below the diffraction limit, we obtain an
explicit expression for the radiated power spectrum in terms
of frequency-dependent coupling parameters and elucidate
the relevant processes contributing to the emission. In the
strong coupling regime, we perform numerical calculations
for a QE situated near the tip of a gold nanorod illustrating
inversion of spectral asymmetry caused by dispersion-induced
non-Markovian effects.

The paper is organized as follows. In Sec. II we outline
our approach to interacting quantum plasmon and collect the
relevant formulas to be used in the following sections. In
Sec. III, we derive the emission power spectrum for a QE
resonantly coupled to a localized plasmon mode in a metal-
dielectric structure. In Sec. IV, we elucidate the processes
contributing to the emission spectrum in the weak coupling
regime. In Sec. V, we present our numerical results for the
emission spectrum of a QE near a Au nanorod as this hybrid
system transitions to the strong coupling regime. Section VI
concludes the paper. In the Appendix, some technical details
of our approach are elucidated.

II. QUANTUM APPROACH TO INTERACTING PLASMONS
IN METAL-DIELECTRIC STRUCTURES

In this section, we outline our recent approach to in-
teracting quantum plasmons in terms of discrete set of
bosonic modes with linear dispersion [57] (see also the Ap-
pendix). We consider N QEs with excitation frequency ωe

and dipole moments μi = μeni (ni is the dipole orienta-
tion of ith QE) situated at positions ri (i = 1, . . . , N) near
a metal-dielectric structure characterized by a complex di-
electric function ε(ω, r) = ε′(ω, r) + iε′′(ω, r). We assume
that the characteristic system size is much smaller than the
radiation wavelength, and so the structure supports localized
plasmon modes described by quasistatic Gauss’s equation
∇ · [ε′(ωm, r)∇�m(r)] = 0, where ωm is the plasmon mode
frequency and �m(r) is the mode potential that defines the
mode electric field as Em(r) = −∇�m(r), chosen to be real
here [56]. Since the classical plasmon mode energy is

Um = 1

16π

∫
dV

∂[ωmε′(ωm, r)]

∂ωm
E2

m(r), (1)

it is convenient to use instead the normalized fields Ẽm(r) =√
h̄ωm/4UmEm(r) to describe eigenmodes of quantum plas-

mons with energy h̄ωm [57]. The Hamiltonian of a hybrid
QE-plasmon system interacting with the EM field is

Ĥ = Ĥb + Ĥb−qe + Ĥb−em + Ĥqe + Ĥqe−em. (2)

Here, the first term,

Ĥb =
∑

m

∫ ∞

0
dωh̄ωb̂†

m(ω)b̂m(ω), (3)

is the Hamiltonian for reservoir states projected upon the
plasmon modes, to be referred to as projected reservoir modes
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(PRMs), which are described by creation and annihilation
operators b̂†

m and b̂m, respectively, obeying commutation re-
lations [b̂m(ω), b̂†

n(ω′)] = δmnδ(ω − ω′).
The second term in the Hamiltonian (2) describes PRM

interactions with QEs and has the form

Ĥb−qe =
∑
im

∫ ∞

0
dω[h̄qim(ω)σ̂ †

i b̂m(ω) + H.c.], (4)

where σ̂
†
i and σ̂i are, respectively, the raising and lowering

operators for the ith QE and qim(ω) = gimλm(ω) is QE-PRM
coupling. Here, gim = −μi · Ẽm(ri )/h̄ is the standard QE-
plasmon coupling, while the function λm(ω) is given by [57]
(see Appendix)

λm(ω) =
√

γm(ω)

2π

i

ω − ωm + i
2γm(ω)

, (5)

where γm(ω) is frequency-dependent nonradiative decay rate
of a plasmon mode; in structures with a single metal-
lic component, it has the standard form [56] γm(ω) =
2ε′′(ω)/[∂ε′(ωm)/∂ωm]. Importantly, the function λm(ω) has
a plasmon pole in the complex-frequency plane, implying that
QE-PRM interactions are mediated by the classical plasmons
[57]. Specifically, the rate of energy transfer (ET) from an
excited QE to a plasmonic mode can be obtained in the first
order as

γi→m(ω) = 2π

h̄

∫ ∞

0
dω′|h̄qim(ω′)|2δ(h̄ω′ − h̄ω), (6)

where the integral runs over PRM’s final states, yielding

γi→m(ω) = g2
imγm(ω)

(ωm − ω)2 + 1
4γ 2

m(ω)
. (7)

At resonance ω = ωm, we recover the relation between QE-
plasmon coupling and QE-plasmon ET rate as [7] g2

im =
γi→mγm/4.

The third term in the Hamiltonian (2) describes PRM in-
teractions with the EM field. For a monochromatic field of
frequency ω and amplitude E uniform on the system scale,
in the rotating wave approximation (RWA), this Hamiltonian
term has the form

Ĥb−em = −
∑

m

∫ ∞

0
dω′[d∗

m(ω,ω′) · Ee−iωt b̂†
m(ω′) + H.c.],

(8)
where dm(ω,ω′) = μm(ω)λm(ω′) is optical transition matrix
element (star denotes complex conjugate). Here, μm(ω) =∫

dV χ ′(ω, r)Ẽm(r) is optical dipole moment of the plas-
mon mode, defined by plasmonic structure’s susceptibility
χ (ω, r) = [ε(ω, r) − 1]/4π , which determines the frequency-
dependent plasmon radiative decay rate as

γ rad
m (ω) = 4μ2

m(ω)ω3

3h̄c3
, (9)

where c is the speed of light [77]. Note that, similar to
QE-PRM coupling, the factor λm(ω′) implies that PRM inter-
actions with the EM field are mediated by classical plasmons,
i.e., for the EM field frequency close to a plasmon mode
frequency, the corresponding optical transition is resonantly
enhanced.

The last two terms in the Hamiltonian (2) are the standard
QE Hamiltonian

Hqe = h̄ωe

∑
i

σ̂
†
i σ̂i, (10)

and the Hamiltonian term describing QEs’ interactions with
the EM field,

Hqe−em = −
∑

i

(μi · Ee−iωt σ̂
†
i + H.c.). (11)

We stress that the coupling parameters, characterizing the
interactions of PRMs with QEs and the EM field, retain
frequency dependence of the material dielectric function in-
cluding both its real part [via μm(ω)] and imaginary part
[via γm(ω)]. In contrast, within the canonical quantization
scheme, these parameters are taken at the plasmon frequency,
i.e., ω = ωm (Markov approximation) [57]. Note that, in
either approach, the QE-plasmon coupling gim is frequency-
independent and can be recast, in terms of the original mode
fields, in a cavity-like form,

g2
im = 2πμ2

eωm

h̄V (i)
m

,
1

V (i)
m

= 2[ni · Em(ri )]2∫
dV [∂ (ωmε′)/∂ωm]E2

m

, (12)

where V (i)
m is the projected plasmon mode volume characteriz-

ing the plasmon field confinement at a point ri in the direction
ni [7,77,78]. In the following sections, we demonstrate that
non-Markovian effects due to dispersion of the above parame-
ters have profound effect on the emission spectra in the strong
coupling regime.

III. SPONTANEOUS EMISSION NEAR
A PLASMONIC NANOSTRUCTURE

In the following, we consider the emission spectrum for a
single QE situated near a plasmonic structure. If the QE emis-
sion frequency ωe is close to a plasmon mode frequency ωm,
we can restrict ourselves to a single resonant plasmon mode.
To highlight the role of dispersion-induced non-Markovian
effects, we consider the case when only a single excitation
is present in the hybrid system and disregard any nonlin-
ear effects. Furthermore, surface plasmons normally interact
with excitons in quantum dots or dye molecules which can
be approximately described, if one ignores exciton’s inter-
nal structure, by simple bosonic operators e and e† obeying
[e, e†] = 1. As we show below, even in this simple case,
non-Markovian effects due to optical dispersion of the metal
dielectric function can dramatically affects the emission spec-
trum as the system transitions to strong coupling regime.

A. The Hamiltonian and Heisenberg equations

Within quantum approach developed in the previous sec-
tion, in the absence of external field, the system is described
by the Hamiltonian

Ĥ =
∫ ∞

0
dωh̄ωb̂†

m(ω)b̂m(ω) + h̄ωeê†ê

+
∫ ∞

0
dω[h̄qem(ω)ê†b̂m(ω) + H.c.], (13)
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where qem(ω) = gemλm(ω) is the QE-PRM coupling. Here,
gem = −μe · Ẽm(re)/h̄ is the QE-plasmon coupling that, in
terms of plasmon mode volume, is given by Eq. (12), while
λm(ω) contains the plasmon pole [see Eq. (5)]. Hereafter, for a
single QE, the subscript i is replaced with e in all expressions.
Using the Hamiltonian (13), the Heisenberg equation for the
PRM operator is obtained as

i ˙̂bm(t, ω) = ωb̂m(t, ω) + q∗
em(ω)ê(t ), (14)

while for QE operator, the Heisenberg equation is

i ˙̂e(t ) = (ωe − iγe/2)ê(t ) +
∫ ∞

0
dωqem(ω)b̂m(t, ω), (15)

where we added the decay rate γe of an isolated QE.
We assume that at t = 0, only the QE is excited. Intro-

ducing the Laplace transforms of QE and PRM operators,
respectively, as ê(ω) = −i

∫ ∞
0 dteiωt ê(t ) and b̂m(ω,ω′) =

−i
∫ ∞

0 dteiωt b̂m(t, ω′), where an infinitesimal positive imag-
inary part of ω is implied, we integrate Eqs. (14) and (15) to
obtain

b̂m(ω,ω′) = q∗
em(ω′)ê(ω)

ω − ω′ (16)

and, correspondingly,

ê(ω) = 1

�e(ω)

[
ê0 +

∫ ∞

0
dω′qem(ω′)b̂m(ω,ω′)

]
, (17)

where ê0 ≡ ê(t = 0). For brevity, we use the notations

�e(ω) = ω − ωe + i

2
γe, �m(ω) = ω − ωm + i

2
γm(ω).

(18)
Eliminating b̂m from Eq. (17) and employing the relation∫ ∞

0
dω′ |λm(ω′)|2

ω − ω′ + i0
= 1

�m(ω)
, (19)

where we used that |λm(ω)|2 = π−1Im�−1
m (ω), we obtain a

closed equation for ê(ω)

ê(ω) = 1

�e(ω)

[
ê0 + g2

em

�m(ω)
ê(ω)

]
. (20)

Note that, strictly speaking, the real part of Eq. (19) (i.e.,
the Kramers-Kronig relation) should include the negative fre-
quency contribution as well; however, within the RWA, this
contribution is neglected. Solving Eq. (20), we obtain the QE
operator as

ê(ω) = �m(ω)ê0

�e(ω)�m(ω) − g2
em

, (21)

which, in turn, defines the PRM operator via Eq. (16).

B. System dipole moment and emission spectrum

The hybrid plasmonic system interacts with the EM field
via the dipole moment operator p̂s = p̂e + p̂m that includes
both QE and PRM contributions (in the RWA). From Eq. (21),
the QE dipole moment readily follows as p̂e(ω) = μeê(ω) =
pe(ω)ê0, where

pe(ω) = μe�m(ω)

�e(ω)�m(ω) − g2
em

. (22)

Consider now the RPM dipole operator [see Eq. (8)]

p̂m(ω) =
∫ ∞

0
dω′dm(ω,ω′)b̂m(ω,ω′), (23)

where dm(ω,ω′) = μm(ω)λm(ω′). Using Eqs. (16), (19), and
(21), we obtain p̂m(ω) = pm(ω)ê0, where

pm(ω) = gemμm(ω)

�e(ω)�m(ω) − g2
em

. (24)

Combining Eqs. (22) and (24), we obtain the system dipole
moment operator as p̂s(ω) = ps(ω)ê0, where

ps(ω) = μe�m(ω) + gemμm(ω)

�e(ω)�m(ω) − g2
em

. (25)

Turning to the emission spectrum, we note that if the char-
acteristic system size is smaller than the radiation wavelength
then system’s interaction with light can be treated similar to
that of a localized dipole p̂s situated at some point rs, which,
for convenience, we set at the origin. The far field generated
by such a dipole is Ês(ω, r) = D0(ω; r) p̂s(ω), where D0(ω; r)
is the free-space EM Green’s function. The spectral intensity
of emitted light detected at a remote point r is defined as
[63] S(ω, r) = (c/4π2)〈Ês(ω, r) · Ê

†
s (ω, r)〉, which, using the

above relation, takes the form

S(ω, r) = c

4π2
|D0(ω; r)|2〈p̂s(ω) · p̂†

s (ω)〉. (26)

The full radiated energy in unit frequency interval is ob-
tained by integrating S(ω, r) over a remote spherical surface:
S(ω) = r2

∫
d�S(ω; r) at r → ∞ (� is solid angle). Us-

ing far-field asymptotics of the free-space EM Green’s
function D0(ω; r) = (ω2/c2r)(I − r̂r̂)eikr [9] and the relation∫

d�r̂r̂ = (4π/3)I, where r̂ is the unit vector, it is straightfor-
ward to obtain

S(ω) = 2ω4

3πc3
〈p̂s(ω) · p̂†

s (ω)〉 = 2ω4

3πc3
|ps(ω)|2. (27)

Finally, using Eq. (25), we obtain the emission spectrum:

S(ω) = 2ω4

3πc3

∣∣∣∣μe�m(ω) + gemμm(ω)

�e(ω)�m(ω) − g2
em

∣∣∣∣
2

. (28)

The above expression is valid for a plasmonic structure of ar-
bitrary shape and composition provided that its characteristic
size is below the diffraction limit. Importantly, the emission
spectrum (28) accurately accounts for the metal dielectric
function’s dispersion incorporated in the plasmon’s induced
dipole moment μm(ω) and the decay rate γm(ω). Below we
demonstrate that dispersion-induced non-Markovian effects
strongly affect the emission spectrum in the strong coupling
regime.

IV. WEAK COUPLING REGIME: DRESSED EMITTER
VS PLASMONIC ANTENNA

We start with an analysis of the weak coupling regime.
In this regime, there are no distinct polaritonic bands, and
so the emission spectrum (28), which includes the QE and
plasmon contributions, represents a single peak. Consider first
the QE part, Se(ω) = (2ω4/3πc3)|pe(ω)|2, where pe(ω) can
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be presented as

pe(ω) = μe

�e(ω) − g2
em/�m(ω)

= μe

ω − ω′
e(ω) + i

2
e(ω)
.

(29)

Here 
e(ω) = γe + γe→m(ω) is the QE full decay rate that
includes the QE-plasmon ET rate γe→m(ω), given by Eq. (7),
while ω′

e(ω) = ωe + δωe(ω) is the interacting QE’s frequency
that now includes the frequency shift due to near-field cou-
pling between the QE and plasmon,

δωe(ω) = g2
em(ω − ωm)

(ωm − ω)2 + 1
4γ 2

m(ω)
. (30)

Then the QE contribution to the emission spectrum can be
written in the form

Se(ω) = h̄ω

2

ηe(ω)
e(ω)∣∣ω − ω′
e(ω) + i

2
e(ω)
∣∣2 , (31)

where ηe(ω) = γ rad
e (ω)/
e(ω) is QE’s radiation efficiency;

here, γ rad
e (ω) = 4μ2

eω
3/3h̄c3 is its free-space radiative decay

rate. Note that, in dye molecules or quantum dots, optical tran-
sitions are accompanied by phonon or vibron excitation and,
therefore, the emission spectrum (31) should be integrated
with the corresponding distribution function, so that, in the
weak coupling regime, the effective rate γe is typically much
greater than the frequency shift δωe [9]. Finally, the energy We

radiated by the dressed QE is obtained by integrating Se(ω)
over the entire frequency range,

We =
∫

dωSe(ω) = h̄ωeηe(ωe), (32)

implying that, near the plasmonic structure, We is reduced due
to ET from the QE to plasmon.

Let us turn to plasmon’s contribution to the emission spec-
trum Sm(ω) = (2ω4/3πc3)|pm(ω)|2, where pm(ω) is given by
Eq. (24). In a similar way, using Eq. (7), we get

Sm(ω) = h̄ω

2

ηm(ω)ηe→m(ω)
e(ω)∣∣ω − ω′
e(ω) + i

2
e(ω)
∣∣2 , (33)

where ηm(ω) = γ rad
m (ω)/γm(ω) is the plasmon radiation ef-

ficiency and ηe→m(ω) = γe→m(ω)/
e(ω) is the QE-plasmon
ET efficiency. This contribution describes the plasmonic an-
tenna effect as the energy is transferred from the QE to
plasmon with efficiency ηe→m(ω) and then radiated away with
efficiency ηm(ω). Accordingly, the full energy radiated by the
plasmonic antenna is determined by their product,

Wm =
∫

dωSe(ω) = h̄ωeηm(ωe)ηe→m(ωe). (34)

To estimate the relative importance of dressed QE’s and plas-
monic antenna’s contributions, we use Eqs. (32) and (34) to

present the ratio of their radiated energies as

Wm

We
= Fpηm, (35)

where Fp = γe→m/γ rad
e is the Purcell factor that characterizes

ET from QE to plasmonic antenna. For large Purcell factors
indicating a highly efficient QE-plasmon ET, the light mainly
emanates from the antenna due to its much greater dipole
moment.

Note that in the Markov approximation and with phe-
nomenological coupling parameters, a similar expression for
the antenna spectrum (33) can obtained within a classical
coupled-oscillator (CO) model with one of the oscillators
(QE) considered dark due to its much smaller dipole mo-
ment [33]. In addition to the QE and plasmon contributions
discussed above, the emission spectrum (28) also includes
the interference between the plasmon and plasmon-induced
dipole moments. Although the QE dipole moment is typically
much smaller than the plasmon one, for small nanostructures
characterized by small antenna size, such an interference does
affect the spectral weight of polaritonic bands in the scat-
tering spectra [44]. In the following section, we demonstrate
that non-Markovian effects caused by the dielectric function
dispersion can dramatically affect the shape of emission spec-
trum in the strong coupling regime.

V. STRONG COUPLING REGIME
AND NON-MARKOVIAN EFFECTS

To describe the transition to strong coupling regime, we
perform numerical calculations for a QE situated at a distance
d from the tip of a Au nanorod in water with excitation
frequency in resonance with the surface-plasmon frequency,
i.e., ωe = ωm. The nanorod was modeled by a prolate spheroid
with semimajor and semiminor axes a and b, respectively (see
insets in Figs. 1 and 2). Calculations were carried out for
two nanorods of overall length 2a = 20 nm and 2a = 10 nm,
while the aspect ratio was fixed at a/b = 3.0 to ensure the
same longitudinal plasmon frequency ωm for both nanorods.
The orientation of QE’s dipole moment μe was chosen along
the nanorod symmetry axis, and the Au experimental dielec-
tric function ε(ω) = ε′(ω) + iε′′(ω) was used throughout [79]
(the dielectric constant of water is εs = 1.77). For these pa-
rameters, the plasmon resonance wavelength is λm ≈ 675 nm,
at which ε′′(ω) reaches its smallest value; this, in turn, trans-
lates to maximal value of the local density of states (LDOS)
[80] that determines the QE-plasmon coupling strength [7].
We employed the standard spherical harmonics formalism for
calculation of local fields near the tip of a prolate spheroid
which, together with ε(ω), determine the plasmon parameters
μm(ω), γm(ω), ηm(ω) and the QE-plasmon coupling gem. The
QE spectral linewidth γe was chosen as γe/γm = 0.1 relative
to the plasmon decay rate γm, and the QE radiative decay
time was chosen τ rad

e = 10 ns, which are typical values for
excitons in quantum dots [34]. Note that the QE radiative
decay rate γ rad

e is much smaller that its spectral linewidth,
which contains phonon or vibron contributions: for our system
we have γ rad

e /γe ≈ 10−5.
Let us first illustrate the high sensitivity of plasmon pa-

rameters to the medium optical dispersion. In Fig. 1, we
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FIG. 1. (a) Frequency-dependent plasmon’s decay rate is
compared with its Markov approximation value (dashed line).
(b) Frequency-dependent plasmon’s radiation efficiency for nanorod
sizes 2a = 20 nm and 2a = 10 nm is compared with their Markov
approximation counterparts. Inset shows schematics of a Au nanorod
in water.

FIG. 2. Normalized QE-plasmon coupling is plotted against QE
distance d to the Au nanorod tip for nanorod sizes 2a = 20 nm and
2a = 10 nm. Inset shows schematics of a QE situated near a Au
nanorod in water.

plot the frequency-dependent decay rate γm(ω) and the ra-
diation efficiency ηm(ω) calculated for Au nanorod lengths
2a = 20 nm and 2a = 10 nm. For such parameters, the
plasmon radiative decay rate γ rad

m (ω), given by Eq. (9),
is much smaller than its nonradiative decay rate γm(ω) =
2ε′′(ω)/[∂ε′(ωm)/∂ωm], which does not depend on plasmonic
system’s size or shape. In this case, the full plasmon decay
rate, shown in Fig. 1(a), can be approximated by γm(ω) and,
hence, the plasmon radiative efficiency, shown in Fig. 1(b),
is ηm(ω) ≈ γ rad

m (ω)/γm(ω). Note that γm(ω) and γ rad
m (ω)

depend on ε′′(ω) and ε′(ω), respectively, while γ rad
m (ω) ad-

ditionally includes the standard frequency factor ω3 [see
Eq. (9)]. For comparison, we also show the Markov ap-
proximation results obtained by setting ε(ω) → ε(ωm) while
keeping intact the above ω3 dependence in γ rad

m (ω).
It is clearly seen in Figs. 1(a) and 1(b) that both plas-

mon’s decay rate and radiation efficiency deviate from their
corresponding Markov approximation values. The dip in the
frequency dependence of γm(ω), seen in Fig. 1(a), can be
traced to the minimum of ε′′(ω) for Au at the plasmon wave-
length λm ≈ 675 nm [79], as discussed above. However, for
the plasmon decay rate, the difference between γ (ω) and
its Markov approximation value γm = γ (ωm), shown by the
dashed line in Fig. 1(a), is not very significant within the
plasmon bandwidth ≈4.5 × 10−2ωm. In contrast, the radia-
tion efficiency ηm(ω) changes substantially (by ≈30%) in
the same frequency interval [see Fig. 1(b)]. Importantly, here
ηm(ω) exhibits the opposite behavior, as compared with the
Markov approximation result: it decreases as the frequency
ω passes through the plasmon resonance ωm. This change of
behavior is due to frequency dependence of the metal suscep-
tibility in plasmonic frequency range, χ ′(ω) ∝ ω−2, leading
to μ2

m(ω) ∝ ω−4 and, hence, γ rad
m (ω) ∝ μ2

m(ω)ω3 ∝ ω−1. In
fact, the precise behavior of ηm(ω) is more complicated due
to nonmonotonic frequency dependence of γm(ω). Note that
radiation efficiency for the longer nanorod (2a = 20 nm) is
significantly higher than for the shorter one (2a = 10 nm) due
to larger plasmon dipole moment in the former. As we show
below, the effect of metal’s optical dispersion on plasmon
radiation efficiency leads to dramatic changes in the shape of
emission spectra for hybrid plasmonic systems in the strong
coupling regime.

In Fig. 2, we include a QE situated at a distance d from
the nanorod tip with its dipole moment oriented along the
nanorod symmetry axis and plot the distance dependence of
normalized coupling parameter gem calculated using Eq. (12).
The overall magnitude of QE-plasmon coupling is signif-
icantly larger for shorter (2a = 10 nm) nanorod due to a
much stronger field confinement near smaller nanostructures
[77]. With decreasing d , as QE approaches hot spot near the
tip, the coupling gem reaches values ≈γm/4, implying that
the hybrid system transitions to strong coupling regime [7].
Note that although, for the smaller nanorod, the coupling
gem is considerably stronger, its radiation efficiency is signif-
icantly lower [see Fig. 1(a)]; together, these effects give rise
to the interference between QE and plasmon optical dipoles
which affects the shape of emission spectra, as we discuss
below.

In Figs. 3 and 4, we show the emission spectra for a
QE near the Au nanorod of overall length 2a = 20 nm. In
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FIG. 3. Normalized emission spectra for nanorod size 2a =
20 nm obtained in the Markov approximation are shown at several
values of d for (a) plasmonic system with both plasmon and QE
dipoles coupled to the radiation field and (b) CO model with only
plasmon dipole coupled to the radiation field.

Fig. 3(a), we present the results obtained in the Markov ap-
proximation, i.e., by setting ε(ω) → ε(ωm) and, accordingly,
γm = γm(ωm) and μm = μm(ωm) in Eq. (28). For comparison,
in Fig. 3(b), we show same emission spectra but for QE
uncoupled from the radiation field (i.e., for μe = 0), which
is equivalent to the CO model [33,34] albeit with micro-
scopic coupling parameters. As the QE approaches hot spot
near the tip, the system undergoes transition to strong cou-
pling regime signaled by the emergence of Rabi splitting
between polaritonic bands. In both cases, the emission spectra
show a distinct asymmetry pattern as the upper (higher fre-
quency) polaritonic band is enhanced relative to the lower
one. Such an asymmetry is caused by the standard prefac-
tor ω4 in the emission spectrum (28) which reflects a faster
emission rate for higher-energy transitions. The asymmetry is
strongest in the CO model approximation [see Fig. 3(b)], i.e.,
if only the plasmon’s dipole radiates; since, in the Markov

FIG. 4. Normalized emission spectra for nanorod size 2a =
10 nm are shown at several values of d for (a) plasmonic system with
both plasmon and QE coupled to the radiation field and (b) plasmonic
antenna contribution only. Inset shows schematics of a QE near the
Au nanorod tip.

approximation, the plasmon’s dipole moment stays un-
changed across its bandwidth, the mixed state with higher
energy radiates with a faster rate. In Fig. 3(a), the asymmetry
is somewhat reduced due to the interference effects between
QE’s and plasmon’s optical dipoles. However, for a not very
small nanorod, the plasmon-induced QE dipole moment is
still much smaller than the plasmon dipole moment, so that, in
the Markov approximation, the upper polaritonic band carries
a larger spectral weight.

In Fig. 4(a), we show the results of full calculations
incorporating frequency-dependent metal dielectric function
carried for the same sets of parameters as in Fig. 3. For
comparison, in Fig. 4(b), we show only the plasmonic an-
tenna contribution obtained by setting μe = 0 in Eq. (28).
The striking difference between the emission spectra shown
in Fig. 4 and in Fig. 3 is the inversion of asymmetry pattern as
the main spectral weight now rests with the lower polaritonic
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FIG. 5. Normalized emission spectra for nanorod size 2a =
10 nm obtained in the Markov approximation are shown at several
values of d for (a) plasmonic system with both plasmon and QE
coupled to the radiation field and (b) CO model with only plasmon
dipole coupled to the radiation field.

band. Such a shift of spectral weight can be traced to the
effect of metal dispersion on plasmon’s optical dipole moment
μm(ω) which results in the suppression of plasmon radiation
efficiency for higher frequencies, in contrast with the Markov
approximation result [see Fig. 1(b)]. While the asymmetry
inversion is clearly visible in the plasmonic antenna spectra
[see Fig. 4(b)], it is even more pronounced in the full spectra
[see Fig. 4(a)] because the interference effects between the QE
and plasmon optical dipoles further shift the spectral weight
towards lower polaritonic band.

In Figs. 5 and 6, we show the results of our calcula-
tions for smaller nanorod (2a = 10 nm) characterized by a
stronger field confinement near the tip and, accordingly, a
stronger QE-plasmon coupling [see Fig. 2]. Apart from a
considerably larger Rabi splitting, the main distinction of
these emission spectra from those for a larger nanorod is a
noticeably weaker asymmetry for spectra calculated in the

FIG. 6. Normalized emission spectra for nanorod size 2a =
10 nm are shown at several values of d for (a) plasmonic system with
both plasmon and QE coupled to the radiation field and (b) plasmonic
antenna contribution only. Inset shows schematics of a QE near the
Au nanorod tip.

Markov approximation [compare Figs. 3(a) and 5(a)]. In fact,
for intermediate coupling (dashed line), the lower polari-
tonic band is slightly enhanced [see Fig. 5(a)]. This can be
traced to a combined effect of enhanced plasmon-induced
QE dipole moment and reduced plasmon dipole moment,
both taking place due to small nanorod size, which gives rise
to the interference between plasmon’s and plasmon-induced
QE’s optical dipoles. A similar interference-induced spec-
tral weight shift was recently reported in the weak coupling
regime for exciton-induced transparency in scattering spectra
[44].

In Figs. 6(a) and 6(b), we show the emission spectra for full
system and plasmonic antenna, respectively, calculated with
frequency-dependent metal dielectric function. The asymme-
try is more pronounced in Fig. 6(a), where the spectral weight
shift is also facilitated by interference effects. In all cases,
the main spectral weight in the emission spectra of a hybrid
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system firmly rests with the lower polaritonic band, indicating
the dominant role of non-Markovian effects in the strong
coupling regime.

VI. CONCLUSIONS

We have studied non-Markovian effects in hybrid plas-
monic systems which emerge from optical dispersion of the
host material’s complex dielectric function. We have found
that the emission spectrum of a quantum emitter resonantly
coupled to a surface plasmon in a metal-dielectric structure
develops a distinct asymmetry pattern as the system transi-
tions to strong coupling regime. By using a novel quantum
approach to interacting plasmons that retains the effects of
optical dispersion in the coupling parameters [57], we derived
an analytical expression for the system emission spectrum
for a plasmonic system of arbitrary shape with characteristic
size below the diffraction limit. We analyzed both weak cou-
pling and strong coupling regimes to elucidate the processes
involved in the emission of a photon by an excited emitter
placed near a plasmonic structure. We found that, in the weak
coupling regime, the non-Markovian effects are weak and do
not significantly affect spectral shape of the emission peak. In
contrast, in the strong coupling regime, non-Markovian effects
dramatically affect the shape of emission spectra by causing
an inversion of spectral asymmetry, as compared with that pre-
dicted in classical and quantum models based on the Markov
approximation, by shifting main spectral weight toward the
lower polaritonic band.
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APPENDIX: QUANTUM APPROACH TO INTERACTING
PLASMONS IN METAL-DIELECTRIC STRUCTURE

1. Classical plasmon modes

We consider QEs situated near a plasmonic metal-
dielectric structure characterized by a complex dielectric
function ε(ω, r) = ε′(ω, r) + iε′′(ω, r). We assume that the
characteristic system size is much smaller than the radi-
ation wavelength, and so the structure supports localized
plasmon modes described by quasistatic Gauss’s equation
∇ · [ε′(ωm, r)∇�m(r)] = 0, where �m(r) is the mode poten-
tial, chosen to be real here, which defines the mode electric
fields as Em(r) = −∇�m(r), and ωm is the plasmon mode
frequency. In such structures, the plasmon lifetime is mainly
determined by the Ohmic losses in metal incorporated in the
classical plasmon Green’s function tensor [77,80]

Dpl(ω; r, r′) =
∑

m

ωm

4Um

Em(r)Em(r′)
ωm − ω − i

2γm(ω)
, (A1)

where Um is the plasmon mode energy [81],

Um = 1

16π

∫
dV

∂[ωmε′(ωm, r)]

∂ωm
E2

m(r), (A2)

and γm(ω) is the frequency-dependent decay rate,

γm(ω) = 2
∫

dV ε′′(ω, r)E2
m(r)∫

dV [∂ε′(ωm, r)/∂ωm]E2
m(r)

. (A3)

In structures with single-metal components, the decay rate is
[56] γm(ω) = 2ε′′(ω)/[∂ε′(ωm)/∂ωm].

2. Describing quantum plasmons by projected reservoir modes

To transition from the classical to quantum description of
plasmons, we recall that in the macroscopic electrodynamics
approach [58–60], the electric-field operator is defined as

Ê(r) =
∫ ∞

0
dω

∫
dV ′D(ω; r, r′)P̂N (ω, r′) + H.c., (A4)

where P̂N (ω, r) = (i/2π )
√

h̄ε′′(ω, r) f̂ (ω, r) is the reser-
voir noise polarization vector operator and D(ω; r, r′) is
the classical electromagnetic Green’s function. The noise
operators f̂ (ω, r) are driven by the Hamiltonian ĤN =∫ ∞

0 dω
∫

dV h̄ω f̂
†
(ω, r) · f̂ (ω, r) and obey the commutation

relations [ f̂ (ω, r), f̂
†
(ω′, r′)] = Iδ(ω − ω′)δ(r − r′), where I

is the unit tensor. Then, the plasmon mode expansion of the
electric field operator is obtained by inserting the plasmon
Green’s function (A1) into Eq. (A4). The result can be pre-
sented in the form [57]

Êpl(r) =
∑

m

∫ ∞

0
dωλm(ω)b̂m(ω)Ẽm(r) + H.c., (A5)

where Ẽm(r) = √
h̄ωm/4UmEm(r) is normalized mode field,

λm(ω) is a complex function of the form

λm(ω) =
√

γm(ω)

2π

i

ω − ωm + i
2γm(ω)

, (A6)

which has a plasmon pole in the complex-frequency plane,
and the operator b̂m(ω) is defined by projecting the reservoir
noise operator f̂ (ω, r) on a plasmon mode as

b̂m(ω) = −
∫

dV
√

ε′′(ω, r)Em(r) · f̂ (ω, r)[ ∫
dV ε′′(ω, r)E2

m(r)
]1/2 . (A7)

Commutation relations for projected reservoir mode (PRM)
operators b̂m(ω) follow from those for f̂ (ω, r),

[b̂m(ω), b̂†
n(ω′)] = δmnδ(ω − ω′), (A8)

while their time-evolution is driven by the Hamiltonian

Ĥb =
∑

m

∫ ∞

0
dωh̄ωb̂†

m(ω)b̂m(ω), (A9)

where we used the relation
∫

dV ε′′(ω, r)Em(r) · En(r) = 0
for m �= n, which reflects the absence of dissipation-induced
coupling between the plasmon modes [57]. In this way, the
excessive degrees of freedom of full reservoir Hilbert space
are eliminated and the plasmon dynamics is driven by the
Hamiltonian (A9) in the reduced Hilbert space spanned by the
PRM operators b̂m(ω).

The above approach can be further related to the canoni-
cal quantization scheme by defining the plasmon annihilation
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operators as [57] âm = ∫ ∞
0 dωλm(ω)b̂m(ω), so that the field

operator (A5) has the normal-mode expansion of the form
Êpl(r) = ∑

m[âmẼm(r) + H.c.]. Furthermore, with help of
Eq. (A8), the canonical commutation relations [âm, â†

n] = δmn

can be proven in the Markov approximation by ignoring
the dielectric function dispersion, i.e., by setting ω = ωm

in ε(ω, r). Using the normal-mode expansion, the canonical
plasmon Hamiltonian Hpl = ∑

m h̄ωmâ†
mâm can be derived as

well together with the plasmon coupling to QEs and the elec-
tromagnetic field [57]. However, the canonical quantization
scheme is valid only in the Markov approximation and, hence,
is not suitable for describing any effects sensitive to strong
optical dispersion and losses in metals.

3. Interactions with quantum emitters

The interactions between plasmons and QEs, which are
described by two-level systems with the excitation fre-
quency ωe positioned at ri, are defined by the Hamiltonian
term Ĥpl−qe = −∑

i p̂i · Êpl(ri ), where p̂i = μi(σ̂
†
i + σ̂i ) is

the QE dipole moment. Here, and μi = μeni is the transition
matrix element (ni is dipole orientation). Using the mode
expansion for plasmon field operator (A5), the coupling
Hamiltonian in the rotating wave approximation (RWA) takes
the form

Ĥb−qe =
∑
im

∫ ∞

0
dω[h̄qim(ω)σ̂ †

i b̂m(ω) + H.c.], (A10)

where qim(ω) = gimλm(ω) is the QE-PRM coupling. Here,
λm(ω) is given by Eq. (A6) and gim = −μi · Ẽm(ri )/h̄ is the
standard QE-plasmon coupling. Note that in terms of the
original mode fields, the QE-plasmon coupling can be recast
in a cavity-like form

g2
im = 2πμ2

eωm

h̄V (i)
m

,
1

V (i)
m

= 2[ni · Em(ri )]2∫
dV [∂ (ωmε′)/∂ωm]E2

m

, (A11)

where V (i)
m is the projected plasmon mode volume [77,78],

which characterizes the plasmon field confinement at a point
ri in the direction ni. To establish a connection to classical
enhancement effects, we note that the rate of energy trans-
fer (ET) from an excited emitter to the plasmonic system is
given by the first-order probability rate 
i(ω) = ∑

m γi→m(ω),
where

γi→m(ω) = 2π

h̄

∫ ∞

0
dω′|h̄qim(ω′)|2δ(h̄ω′ − h̄ω), (A12)

and the integral runs over the PRM’s final states. Evaluating
the integral, we obtain

γi→m(ω) = 2πg2
im|λm(ω)|2 = g2

imγm(ω)

(ωm − ω)2 + 1
4γ 2

m(ω)
, (A13)

where we used Eq. (A6). In fact, the above expression rep-
resents the ET rate from a QE to plasmons evaluated, in
a standard way, using the classical plasmon Green’s func-
tion (A1) as 
i(ω) = (2/h̄)Im[μiDpl(ω; ri, ri )μi], implying
that QE-PRM interactions are mediated by classical plasmons
absorbing the QE energy. At resonance ω = ωm, we recover

the relation between the QE-plasmon ET rate and the QE-
plasmon coupling as [7] γi→m = 4g2

im/γm.

4. Interactions with the electromagnetic field

The coupling to the EM field E(t ) is described by
the Hamiltonian term Hint = −Re

∫
dV Êpl(r) · P(t, r), where

P = χ̂E is the induced polarization vector and χ (t, r) is the
plasmonic system susceptibility. For a monochromatic field of
frequency ω which is uniform on the system scale, using the
mode expansion for the electric-field operator (A5), we obtain
in the RWA

Ĥb−em = −
∑

m

∫ ∞

0
dω′[d∗

m(ω,ω′) · Ee−iωt b̂†
m(ω′) + H.c.],

(A14)
where dm(ω,ω′) = μm(ω)λm(ω′) is PRM-EM transition ma-
trix element and μm(ω) = ∫

dV χ ′(ω, r)Ẽm(r) is the plas-
mon optical dipole moment that determines its frequency-
dependent radiative decay rate as [77]

γ rad
m (ω) = 4μ2

m(ω)ω3

3h̄c3
, (A15)

where c is the speed of light. The rate of EM field energy
absorption has the form


m(ω) = 2π

h̄

∫ ∞

0
dω′|dm(ω,ω′) · E|2δ(h̄ω′ − h̄ω), (A16)

which, after evaluating the integral, can be presented as


m(ω) = 2

h̄
Im[E∗αm(ω)E]. (A17)

Here, αm(ω) is the optical polarizability tensor of a plasmon
mode that defines its response to an external field,

αm(ω) = 1

h̄

μm(ω)μm(ω)

ωm − ω − i
2γm(ω)

, (A18)

and the full absorption rate is obtained by summing over
all PRM modes as 
pl(ω) = (2/h̄)Im[E∗αpl(ω)E], where
αpl(ω) = ∑

m αm(ω) is full optical polarizability of the plas-
monic structure [77]. Thus, within this approach, the classical
effect of resonant light absorption by surface plasmons is
recovered from the Hamiltonian (A14) in the first order. We
stress that, in contrast to canonical quantization scheme, here
the optical dispersion of dielectric function is controlled by
the incident light.

Finally, the system Hamiltonian should be supplemented
by the QE Hamiltonian

Hqe = h̄ωe

∑
i

σ̂
†
i σ̂i (A19)

and the Hamiltonian term describing QEs’ interactions with
the EM field,

Hqe−em = −
∑

i

(μi · Ee−iωt σ̂
†
i + H.c.). (A20)

The full Hamiltonian Ĥ = Ĥb + Ĥb−qe + Ĥb−em + Ĥqe +
Ĥqe−em provides a starting point for studying non-Markovian
effects in hybrid plasmonic systems.
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