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Effective curved space-time geometric theory of generic-twist-angle graphene
with application to a rotating bilayer configuration
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We propose a new kind of geometric effective theory based on curved space-time single valley Dirac theory
with spin connection for twisted bilayer graphene under generic twist angle. This model can reproduce the nearly
flat bands with the particle-hole symmetry around the first magic angle. The bandwidth is near the former results
given by Bistritzer-MacDonald model or density matrix renormalization group. Even more, such geometric
formalism allows one to predict the properties of rotating bilayer graphene which cannot be accessed by former
theories. As an example, we investigate the Bott index of rotating bilayer graphene. We relate this to the two-
dimensional Thouless pump with quantized charge pumping during one driving period which could be verified
by transport measurements.
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I. INTRODUCTION

Twisted bilayer graphene (TBG) has attracted great interest
both from the theoretical [1] and experimental perspective
[2,3]. This system, which is rich in its physical behavior,
provides a platform for studying the strongly correlated elec-
tronic state [2], orbital magnetism [4,5], superconductivity
[3] fragile topological phase [6,7], higher-order topological
insulator phase [8], and higher-order topological supercon-
ductivity [9]. Furthermore, heterostructure based on TBG
may have potential application in superconducting devices
[10] and quantum computation [11]. While several theories
have been proposed to explain the occurrence of electronic
phases in TBG, amongst them, the Bistritzer–MacDonald
(BM) model and its descendants [12–14] have been successful
in explaining electron localization near the magic angle. The
BM model is valid only for small to moderate twist angles. A
real space effective field theory formalism of TBG, limited to
small deformation gradient has also been constructed [15,16].
Furthermore, the curved space quantum field theory (QFT)
formalism has been utilized to explain the magic continuum
within the context of staggered flux twisted bilayer square
lattice [17]. However, a real space field theory formalism for
generic twist angle in a moiré system is still missing. Thus
there is a need for a generic twist angle theory for TBG and
twisted bilayer bravais lattice [18].

The need for the generic twist angle theory becomes even
more apparent if we consider an out of equilibrium system.
In this context, optical Floquet engineering [19,20] and the
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Thouless pump [21] physics of TBG have been studied. Since
a theory based on commensurate approximation [22] is not
enough to capture the incommensurate nature for any twisted
angle, there is a need to develop a geometric theory for generic
twisted angle. Such a formalism can be applied to nonadia-
batic rotation, including a structurally rotating TBG which we
call the rotating bilayer graphene (RBG).

We obtain the deformation field under an arbitrary twist
angle and the energy bands at the first magic angle based
on curved space-time Dirac action for a noninteracting TBG
and RBG model. We utilize a geometric method to study the
physics of TBG. This method is in principle valid for arbitrary
twist angle, which is mainly inspired by considering the twist
as a kind of deformation [15] and attributing the approximate
zero energy flat band to the effective SU(2) gauge field (pseu-
domagnetic vector potential) in TBG [12,17,23–28]. Unlike
the BM model, our geometric model can be non-Hermitian
and break the PT symmetry. Thus the K2 point in the moiré
Brillouin zone will be gapped out. Such a geometric theory
can be naturally generalized to the case of a RBG system,
which cannot be modeled by previous theoretical formula-
tions. By calculating the Bott index, we obtain the quantized
charge pumping in RBG. Within our effective geometric the-
ory, the emergent SU(2) gauge field in RBG will generate a
spin connection which will mix with the Aharonov-Anandan
connection in RBG. The total connection will be the summa-
tion of these two components with the Aharonov-Anandan
connection and may give rise to new topological phases as
well as new type of Floquet engineering in TBG (compared to
Floquet engineering based on optical driving [19]). For sim-
plicity, we consider a noninteracting model as a first attempt to
generalize the TBG geometric formalism. The key point is to
recover the flat bands and generalize to a RBG configuration.
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This paper is organized as follows. In Sec. II, we briefly
review the theoretical development of TBG. In Sec. III, we
show how to obtain the deformation field under arbitrary twist
angle and the corresponding vierbein. In Sec. IV, we solve
the curved space Dirac equation at the first magic angle as a
benchmark. We also compute the band structure for the 30◦
quasicrystal TBG, showing that our model is applicable to
an incommensurate system. In Sec. V, we introduce the RBG
model and compute the Bott index as an indicator of topolog-
ical charge pumping. In Sec. VI, we provide our conclusions
and discussions. In Appendix A, we show the non-Hermiticity
of curved space Dirac equation discretization. While in
Appendix B we provide details on the commutations of mixed
second order derivative of the deformation field in RBG. Fi-
nally, in Appendix C, we discuss the meaning of imaginary
Fermi velocity and interlayer coupling.

II. A BRIEF REVIEW OF TWISTED
BILAYER GRAPHENE

In this section, we provide a brief review of the TBG focus-
ing exclusively on theoretical and numerical developments.
The first tight binding (noninteracting) model was proposed
in Ref. [1]. For small twisted angle, only three dominant
momentum transfers were considered. The interlayer moiré
modulated coupling was projected to momentum space and
considered as a perturbation. Next, Guinea et al. showed
that the moiré coupling in TBG can be regarded as a SU(2)
gauge field which is responsible for band flattening in TBG
[12]. Subsequently, all the magic angles and the analytic
ground state wave function around magic angles were derived
[13]. Furthermore, the magic angle was obtained by com-
bining Wenzel-Kramers-Brillouin approximation (WKB) and
asymptotic Airy function solution with single value condition
[14]. Recently, several phenomenological many body interact-
ing models for magic angle TBG (MATBG) considering long
range Coulomb interaction have also been proposed. Ref [29]
considers TBG as an extended Hubbard model on triangular
superlattice. For MATBG, Jian Kang et al. have established
a U(4) many body model [30]. Bernervig et al. generalized
the Kang-Vafek model with more exotic excitations via quan-
tum geometric method [31]. Furthermore, several numerical
methods have been developed to solve the TBG many body
Hamiltonian including exact diagonalization (ED) [32], deter-
minant quantum Monte Carlo (DQMC) [33–35], dynamical
mean field theory (DMFT) [36], density matrix renormal-
ization group (DMRG) [37–39]. Furthermore, a real space
formalism has been developed regarding the twist as a special
deformation [15]. This theory has the advantage of character-
izing the effect of relaxation. Its descendant has been used in
twisted bilayer staggered flux square lattice [17] (a model of
twisted bilayer spin liquid) and explains the magic continuum.
In addition to the above, Ref. [40] has proposed holographic
duality construction of flat band and revealed the presence
of nematic order. Furthermore, Ref. [41] based on fracton-
elasticity duality has explained TBG quasicrystal elasticity.
Reference [42] implemented a geometric method based on
Fubini-Study metric approach and deduced the Landau zero
energy flat band with interaction in TBG. There has also been
a calculation based on the vierbein formalism which demon-
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FIG. 1. The coordinate notation sketch. The origin is the cross
point of rotation axis and middle plane z = 0. Two layers lay in
z = ±h/2, respectively. The rotation axis goes through the sites
of A sublattice from each layer for untwisted AA stacking bilayer
graphene.

strates that there exists emergent moiré gravity in strained
TBG [43]. Reference [44] connection the BM model with the
data in string theory.

III. THE VIERBEIN FORMALISM FOR TBG
AND THE DEFORMATION FIELD

Possible sources of deformation in continuous media in-
clude rigid twist, relaxation, and slide. We consider only the
effects of a rigid twist which is defined by u = φ × r, where
u is the deformation field, φ is the twist angle, and r is the
position. In our model we ignore relaxation and slide. Neglect-
ing these additional forms of deformations amount to ignoring
certain physical features. Since the Wannier centers are lo-
cated in the AA regions of the TBG [29], this implies that the
AA region will have a larger Coulomb repulsion. So the in-
plane relaxation will shrink the AA region and expand the AB
region. Similarly, the out-of-plane relaxation will enlarge the
AA region interlayer distance while decrease the AB region
counterpart. Additionally, the slide is the relative translation
between two layers [21]. To avoid the above complexities, we
construct the vierbein formalism of the deformation field in
TBG in the absence of lattice relaxation and torsion.

The necessity of introducing vierbein and curved space-
time is to faithfully describe the geometric response of Dirac
fermion in real space. Compared to the BM model, the vier-
bein formalism is applicable for generic twisted angle which
may have no translation symmetry. When compared to the
real space model formulation [15], the vierbein formalism
can handle the system even with singular deformation field
|∂iu| � 1. Thus the curved space-time view can characterize
the complicated deformation field in TBG concisely.

To set up the vierbein formalism, we need to choose an
axis of rotation. As shown in Fig. 1, the rotation axis is at the
middle plane z = 0 of TBG. We choose this as the origin. The
two layers are located at z = ±h/2, respectively. The rotation
axis goes through the sites of A sublattice from each layer for
untwisted AA stacking bilayer graphene. The sublattice nota-
tion for untwisted AA stacking bilayer graphene is indicated
by Fig. 1. Then we consider the homogeneous twist (defor-
mation) along the z axis. The interlayer distance is h. Based on
the theory of elasticity, we define the deformation field u at a
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FIG. 2. Bilayer configuration and twist geometries. (a) Untwisted AA-stacking bilayer graphene where the two layers overlap on top of
each other. The orange triangles are the deformation domain wall. The dashed arrows show the deformation vector field. (b) Twisted bilayer
graphene with twist angle φ. The solid blue honeycomb lattice denotes the top layer (twisted one). The dashed green counterpart is the bottom
layer (fixed one). The orange triangles correspond to the twisted deformation domain wall. The deformation vector for a given site can be
obtained by connecting the site in the untwisted lattice to the nearest center of the triangle domain wall in the twisted lattice. The minifigure
in (b) shows the relation between vectors x, u, y, and R−1x at a given point. (c) A 3d sketch of the twist in TBG. The dashed lines represent
the untwisted lattice. The curved space induced by the rigid twist is given by the solid line. The vierbein is induced by its deviation from the
dashed line (the untwisted bilayer) according Eq. (2). The black arrows indicate the deformation field. The bottom layer is always fixed. Only
the nearest four sites from the rotation axis are shown for each layer.

given point as the oriented vector connecting the point before
deformation and the counterpart after deformation. Thus the
transformation of the deformation field under rotation is given
by the following:(

ux(r)

uy(r)

)
= R

(
ux(R−1r)

uy(R−1r)

)
, R =

(
cos φ− sin φ

sin φ cos φ

)
,

(1a)

R−1r =
(

x cos φ + y sin φ

−x sin φ + y cos φ

)
, (1b)

where φ is the twist angle. Note that, Eq. (1b) is just the
transformation rule of a planar vector field. So after the de-
formation, the coordinates shift to yi(r) with r = {x, y, z}, as
shown in Fig. 2. The component of deformation vector is
denoted by i. One can by definition get the vierbein and metric
of the effective curved space. For simplicity, we choose the
gauge for the vierbein and let it equal to the Jacobian trans-
formation between the curved coordinate and flat counterpart
[45–49]. So the curved space coordinate and vierbein can be
expressed as follows

yi(r) = xi + ui(r),

eμ
a = ∂yμ

∂xa
= δμ

a + ∂auμ, ξ a
μ = (

eμ
a

)−1
, (2)

The Greek alphabets μ, ν, . . . = 0, 1, 2, and 3 denote
components of the curved space-time coordinate, while the
Latin alphabets a, b . . . = 0, 1, 2, and 3 denote the flat
space-time counterpart or the internal indices of pseudospin. 0
denotes time component and 1, 2,and 3 denotes x, y, z spatial
components respectively. We assume there is a tight binding
picture and the lattice is a rigid structure. Although previous
formulations have suggested that lattice relaxation helps to
isolate the flat band from other higher bands [23,29,50,51],
for simplicity we do not consider lattice relaxation here. Note,
since lattice relaxation can significantly modulate electron-

phonon interaction and introduce strain in TBG, there may be
nonvanishing torsion under our geometric theory. The layer
may be corrugated and thus no longer form a plane. This
can lead to added complexity. However, one can improve
on this by introducing an out of plane deformation uz [5] to
capture the physics of corrugated TBG. Thus we ignore lattice
relaxation for simplicity.

To apply the vierbein formalism, one should define the
deformation field in a discrete lattice. In contrast to continuous
media, we define the deformation for a given site as the vector
connecting the nearest site after deformation and the original
site prior to the deformation. Furthermore, as explained pre-
viously we consider this rotation be rigid. The bottom layer
is always fixed, which implies that the deformation is zero at
each site. However the derivative with z for the deformation in
the bottom layer is not zero in general. For the top layer, the
deformation is given by connecting the nearest twisted sites
and points before the rotation. As illustrated in the Fig. 2(c),
the rotation axis is the center of the AA stacking region. The
dashed line corresponds to the bilayer before the twisting
(AA stacking). The solid line represents the twisted bilayer
lattice. The black arrows show the deformation of each site
in the top layer. For the small radius and the small twisted
angle, the deformation is given by �u = �φ × �r. Notice that for
certain twist angles and positions, there may be more than one
“nearest” site. Under such a scenario there is a deformation
singularity. We call the position (line) with two “nearest” sites
as a domain wall.

To illustrate the deformation singularity [52] at the domain
walls of the twisted bilayer lattice, one can draw the Wigner-
Seitz cell (dual triangular mesh) of the honeycomb lattice.
For the points on the untwisted triangular mesh, the defor-
mation field will be multivalued. Particularly, points on edges
of domain walls have two values while points on vertices of
domain walls have six values, see Fig. 2. Then one can write
the deformation field for a given point by connecting it with
the nearest center of the twisted triangular mesh in Fig. 2 to
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obtain

ux(r′) =
[(

3

2
(p + q) − x1

)
ϑ

(
3

2
(p + q) + 1

2
− x1

)
ϑ ((x1 −

√
3x2) − (3p − 1))ϑ ((x1 +

√
3x2) − (3q − 1))

+
(

3

2
(p + q) + 1 − x1

)
ϑ

(
x1 −

(
3

2
(p + q) + 1

2

))
ϑ ((3p + 2) − (x1 −

√
3x2))ϑ ((3q + 2) − (x1 +

√
3x2))

]

×
(

z

h
+ 1

2

)
ϑ

(
z + h

2

)
ϑ

(
h

2
− z

)
; (3a)

uy(r′) =
[(√

3

2
(q − p) − x2

)
× ϑ ((x1 −

√
3x2) − (3p − 1))ϑ ((x1 +

√
3x2) − (3q − 1))ϑ ((3p + 2) − (x1 −

√
3x2))

×ϑ ((3q + 2) − (x1 +
√

3x2))

](
z

h
+ 1

2

)
ϑ

(
z + h

2

)
ϑ

(
h

2
− z

)
; (3b)

p = floor

(
x1 − √

3x2 + 1

3

)
, q = floor

(
x1 + √

3x2 + 1

3

)
,

x1 = x cos φ + y sin φ, x2 = −x sin φ + y cos φ, (3c)

where ϑ (x) is the Heaviside function which describes the lo-
cation of the triangular mesh (domain walls of the deformation
field) and floor(x) means the least integer function. By exam-
ination one can see that (∂x∂y − ∂y∂x )u �= 0, which implies a
nonvanishing spin connection in the effective curved space.
The coordinates are related by r′ = (x1, x2, z)T = R−1r and
r = (x, y, z)T . The deformation field u(r) in the laboratory
frame can be obtained using Eq. (1b). As a check, we can set
φ = 0 in Eqs. (3a)–(3c). With this substitution one recovers
the deformation field for the untwisted bilayer graphene. In
Fig. 2(a), the deformation vectors in the two neighboring
triangular cells have been drawn only.

A detailed distribution of the deformation field is presented
in Fig. 3. The field for each site is shown by an arrow which
connects the site in an untwisted lattice and the center of the
nearest triangular domain wall with its twisted counterpart.
For the untwisted site located on the triangular domain wall
mesh, it will have a singular deformation. We observe that
the deformation domain wall forms a triangular mesh in the
whole plane. When crossing the domain wall, the deformation
field component which is perpendicular to the domain wall
changes direction while the component parallel to domain
wall remains unchanged.

IV. DIRAC EQUATION WITH SPIN CONNECTION

In this section, we elucidate how to get torsion free spin
connection via vierbein and solve the relevant curved space
Dirac equation with spin connection. First, we start with the
flat metric under Cartesian coordinate:

ds2 = ηabdxadxb = −dt2 + dx2 + dy2 + dz2, (4)

where ηab = diag(−1, 1, 1, 1). Assuming there is no torsion
since we are considering rotation but no dislocation for the
relative displacement between two layers the spin connection
can be expressed using the vierbein. This will introduce a
compact gauge field which characterizes the minimal cou-
pling between effective curved space-time and pseudospin,

that is the SU(2) gauge field or pseudomagnetic vector po-
tential [12,23,25]. This pseudomagnetic field can generate the
strongly correlated flat bands and fractional quantum Hall
effect (FQHE). The torsion free spin connection (expressed
by flat background embedded space-time coordinate) is ex-
pressed as follows [53]:

(ωa)bc = 1
2ηbdξ

d
μ (∂c∂a − ∂a∂c)uμ + 1

2ηcdξ
d
μ (∂a∂b − ∂b∂a)uμ

+ 1
2ηadξ

d
μ (∂c∂b − ∂b∂c)uμ

+ 1
2 (∂aηbc + ∂cηba − ∂bηca). (5)

The vierbein and deformation field in Eq. (5) can be obtained
from Eq. (2). If the reference metric for an untwisted space-
time is a flat one (like Euclidean or Minkowskian in our case),
the spin connection can be reduced to the following form:

(ωa)bc = 1
2ηbdξ

d
μ (∂c∂a − ∂a∂c)uμ + 1

2ηcdξ
d
μ (∂a∂b − ∂b∂a)uμ

+ 1
2ηadξ

d
μ (∂c∂b − ∂b∂c)uμ. (6)

However when the background metric is curved, for example,
cylindrical coordinate metric, the last term in Eq. (5) will not
vanish. One should also notice that only when the deformation
field uμ has a discontinuous second order mixed derivative,
the deformation will produce a nonvanishing spin connection.

In principle, one can get the analytic form of the expres-
sion (∂x∂y − ∂y∂x )u from Eq. (3a)–(3c) for obtaining spin
connection in Eq. (6). However, obtaining the complete form
of (∂x∂y − ∂y∂x )u analytically is complicated, so in prac-
tice one should determine the expression numerically. The
general term in (∂x∂y − ∂y∂x )u is the product of the Dirac
delta function, Heaviside function, floor function, and the
derivative of the floor function. that is, (∂x∂y − ∂y∂x )u ≈∑

〈1,2,3〉 A123δ(edge1)floor′(edge1)ϑ (edge2)ϑ (edge3), where
δ(x) is the Dirac delta function. To avoid numerical singularity
we introduce a Lorentzian width 
 for the domain wall in the
spin connection [Eq. (6)] and the vierbein [Eq. (2)], instead of
using the Dirac delta function. 
 is a small value with dimen-
sion of length, which implies broadening of the deformation
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FIG. 3. Plot of the top layer deformation field in the whole plane for AA stacking bilayer graphene according to Eqs. (3a)–(3c) for magic
angle φ. The arrows show the local deformation vector u in Eq. (2). One can observe that the domain walls of deformation form a triangular
mesh. Deformation field in (a) zero twisted angle and (b) the first magic angle given by Eqs. (3a)–(3c). Note, x̄ = x/1.24 Å, ȳ = y/1.24 Å are
the dimensionless length in units of the nearest-neighbor distance between carbon atoms in graphene monolayer without relaxation. The inset
figure in (a) shows that the deformation field for the two layers coincide. While the inset in (b), shows that the deformation field difference
between the two layers is only obvious near the domain walls. The blue arrows represent the deformation of the fixed layer and its red
counterpart indicates the deformation of the twisted layer. One can see that there is a kink structure near the domain wall for the red arrows in
the zoomed region of (b).

due to some disorder, phonon or fluctuation (within a phe-
nomenological analysis, this would be a tunable parameter).
More details can be found in Eq. (A3) in Appendix A.

We can obtain the total non-Abelian connection by con-
tracting its components with the pseudospin generators

ωμ = i

2
(ωμ)ab�

ab, �ab = i

4
[γ a, γ b], ωa = eμ

a ωμ,

γ ◦ =
(

0 I
I 0

)
, γ i =

(
0 σ i

−σ i 0

)
, i = 1, 2, and 3,

(7)

where [γ a, γ b] = γ aγ b − γ bγ a. The spin connection will
modulate the hopping (for the tight binding model) and the
covariant derivative (for the continuum model) as

ti j → ti j exp

(
i

4
dxa

i j[(ωa(ri ))bc + (ωa(r j ))bc]�bc

)
, (8a)

∂a → Da = ∂a + ωa. (8b)

For the first expression in Eq. (8b), the model corresponds
to a non-Abelian Hofstadter model with inhomogeneous flux
[24,54–56]. We have omitted the pseudospin indices on the

left-hand side in Eq. (8a). It is a diagonal matrix in the
pseudospin and chirality direct product space. Since we are
considering a continuous Dirac effective model, an alternate
way to introduce the spin connection in Eq. (8b) will be
implemented.

We consider a curved space Dirac action for TBG which
has been studied in strained graphene system [57] and the
Kitaev honeycomb lattice model with Kekulé distortion [58].
Such a geometric theory has been applied to analyze gravi-
tational chiral anomaly in the Weyl system [59,60]. Thus we
consider an effective theory at charge neutrality (half filling).
Intuitively, this implies solving the Dirac fermion in the TBG
curved space.

The spin-1/2 quantum field in Riemannian space-time is
governed by the following action and the Hamiltonian density
(for TBG, for single valley approximation) [58,61,62]

S = i
∫

d3+1x|ξ |(ψ̄γ μDμψ + imψ̄ψ ), (9a)

H = −i|ξ |[v f (ψγ j∂ jψ + ψγ jω jψ ) + imψψ], (9b)

gμν = ∂xa

∂yμ
ηab

∂xb

∂yν
= ξ a

μηabξ
b
ν , (9c)
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FIG. 4. Flat band at magic angle (φ = 1.05◦) based on Dirac equation [Eq. (9b)]. Bands closest to the Fermi surface (ε = 0) have been
plotted. With 
 = 10−5 (a) Twofold degenerate energy bands (four in total) and (b) Twenty-four bands. With 
 = 10−3 (c) Four bands and
(d) 28 bands with size Lx = 15 and Ly = 15. The mesh density is Nx = Ny = 15. The bandwidth is about 5 meV. In subsequent figures, we
show several bands around the Fermi energy unless otherwise specified. That is we assume the system is always at half filling. The origin of
the k space is one of the moiré Dirac points, K1. Due to the non-Hermiticity and PT symmetry breaking nature of our model, the Dirac cone
at the K2 point is gapped out.

where |ξ | = | det(ξ a
μ)| = √| det(gμν )|, Dμψ = ∂μψ + ωμψ ,

μ = 0, 1, 2, 3, and j = 1, 2, 3. The pseudospin spinor is
given by ψ = (ψ↑R, ψ↓R, ψ↑L, ψ↓L )T where the ↑,↓ means
pseudospin. Chirality is indicated by R and L. The R spinor
is a holomorphic function while the L spinor is an anti-
holomorphic function in a plane. The Dirac fermions are
defined as usual by ψ̄ ≡ ψ†γ ◦, γ μ = eμ

a γ a. Unlike former
theories which treat the layer as an internal degree of freedom
and construct a 2 + 1d Dirac Hamiltonian, we use a 3 + 1d
Dirac Hamiltonian. We consider the layer as a spatial coordi-
nate. We assume ballistic scattering in the interlayer coupling
direction so the bare Fermi velocity in z is still v f . If one con-
siders the interlayer coupling as a tunneling or diffusive event,
the Fermi velocity in the z direction will be purely imaginary.
However the nearly zero flat bands will still survive. For more
details on this issue please refer to Appendix C.

The interlayer coupling is controlled by two terms in
Eq. (9a), |ξ |(−iv f )ψ̄γ z∂zψ and −|ξ |ψ̄wψ . The moiré modu-
lation is hidden in the Jacobian |ξ |. In general, |ξ | for AA/BB
and AB/BA stacking region will be different. And the |ξ | in
AA/BB region will not necessarily be zero. So this model is
beyond the chiral limit model [13]. One should also notice
that although we don’t consider both valleys, we start from a
fully real space theory. Our vierbein theory can still capture
the detailed short range information and the fast varied moire
potential occurring in a large twisted angle setup.

The spin connection in Eq. (9b) will be given by Eq. (7). By
introducing ψk(r) = exp(ik · r)uk(r) and diagonalizing the
Hamiltonian one can get the bands for arbitrary twisted angle.
Even though k is not a good quantum number in this case,

one has to choose a k in the background Euclidean space.
The Dirac equation in the moiré scale (with about 1000 atoms
per supercell) is computed using twisted boundary condition
[63–65].

ψk(r + Lr ) = exp

(
−

∫ r+Lr

r
ds ωr

)
ψk(r). r = x and y.

(10)
We present a numerical solution [66] for the Dirac equa-

tion in effective curved space (in a finite size x ∈ [0, Lx], y ∈
[0, Ly], with the rotation axis located at (0,0). All length
scales will be in units of a0 = 1.42 Å, the intralayer nearest
distance between carbon atoms unless specified otherwise,
at the first magic angle θ ≈ 1.05◦ as shown in Fig. 4. The
discretization is implemented in the background Euclidean
space with relevant spin connection and metric, which implies
that we embed the curved manifold back to the background
3d Euclidean space [67]. We choose the parameters as follow.
The bare Fermi velocity is v f = 106 m/s. Interlayer distance
is h = 0.5 × 1.42 = 0.71 Å. And the bare reduced interlayer
interaction is w = 0.11 eV (acting as an effective mass) as in
Ref. [1]. The result of the lowest bandwidth in Fig. 4 is near
the flat bandwidth given by the BM model or DMRG (about
5 meV) [37,68]. The nearly flat Dirac cone is located at K1
in moire BZ. Since this is a single valley theory, the lowest
flat bands are gapped at other K points including K2. At the
noninteracting level, MATBG is a narrow band semimetal. So
this geometric theory can reproduce the flat bands given by
former theory [13] qualitatively. Only the real part of bands
has been shown in Fig. 4.
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Our model introduces gaps in the band structure. First,
even in the absence of relaxation, the lowest bands are gapped
from the higher bands. Compared to the BM model and DFT
calculations [50], our real space model can capture the addi-
tional short range (UV) information than the k space theories
whose cutoff is 1/a0, where a0 is the nearest distance between
carbon atoms in the monolayer. As shown in Fig. 3, our model
can resolve the deformation within a length scale of a0. This
short range perturbation can gap out the lowest bands and
higher ones. While in Ref. [50], only when the relaxation is
switched on, the lowest bands can be isolated from higher
bands. We see that in Fig. 3, the deformation for a given point
is pointing to the nearest untwisted site, which means if one
introduces a Dirac fermion on a given lattice point it can feel
the attraction from the nearest site. This is consistent with the
tight-binding picture and the tendency for in-plane relaxation
to occur. Second, due to the non-Hermiticity and PT symmetry
breaking of our model, the Dirac cone at K2 in Fig. 4 is also
gapped out.

Additionally, we note that within a single valley BM model
both K1 and K2 should be gapless. But the geometric theory
presented here predicts that K2 is gapped. The reason may be
as follows. In principle the dual momentum space should also
be curved under our geometric theory. Thus an appropriate
moiré BZ should have been a curved one. However, we use
a flat k space to reduce the complexity of the problem. If
one naively embeds the curved space into a flat one it may
cause the spurious gaping of the high symmetry K2 point.
The PT symmetry (analogous to the role of C2T symmetry
in 2 + 1d TBG models) may also have been broken, causing
the Dirac node to become gapped. Additionally, we have also
computed the vierbein theory with multi Dirac nodes located
at each minivalley (K1 and K2) within a flat space-time theory
in the absence of deformation. However, when we turn on the
deformation the resulting lowest bands show gaps both at the
K1 and K2 points with a gapless point appearing at M. It will
be an useful future exercise to study this feature of our model.

In a curved background, the Hamiltonian [Eq. (9b)]
will generally be non-Hermitian, as explained in detail in
Appendix A. Though the bands are usually complex, one
can numerically verify that eigenvalues a + ib, a − ib,−a +
ib,−a − ib will simultaneously appear as shown in Fig. 6.
Very recently, Refs. [69–71] have argued the duality re-
lationship between non-Hermitian model in flat space and
Hermitian system in curved space. So treating a non-
Hermitian Dirac action is justified. In fact, one can always
construct a Hermitian Hamiltonian by substituting S →
1
2 (S + S†), H → 1

2 (H + H†) as in Ref. [72]. However, in or-
der to ensure the existence of nearly zero energy bands, one
should introduce the covariant derivation operator −iDμ in
the action and not 1

2 (−iDμ + iDμ). The existence of zero
energy band in the deformed bilayer graphene is ensured by
the Atiyah-Singer index theorem [73]. Thus we focus on the
non-Hermitian Dirac Hamiltonian.

In Fig. 5, we observe that there are no energy bands around
the Fermi surface for the Hermitian Hamiltonian. The lowest
bands are no longer as flat as its non-Hermitian counterpart.
Since the magnitude of bandwidth in Figs. 5(a) and 5(b) is
at least 0.1 eV, if one decreases the domain wall width to

 = 10−5 (in the unit of a0) as in Figs. 5(c) and 5(d), the
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FIG. 5. For Hermitian model, we show the result for 8 and 12
bands near ε = 0 with 
 = 10−3, Lx = Ly = 7 in (a) and (b), re-
spectively. In (c) and (d), we show the counterpart for parameter

 = 10−5, Lx = Ly = 7. Mesh density Nx = Ny = 7. (c) shows four
bands and Fig (d) shows eight bands near ε = 0, respectively.

energy scale of the lowest bands will increase by an order of
magnitude. Whereas in Fig. 4, the domain wall width will not
significantly influence the lowest band structure. The crucial
flat bands still survive. Besides, there is an alternative way to
argue that the TBG Hamiltonian should be non-Hermitian.

One can design an adiabatic process for twisting the bi-
layer from AA stacking to one of the magic angles. If the
TBG Hamiltonian is Hermitian for all twisted angle, the wave
function for AA stacking and magic angle can be connected
by a local unitary transformation (adiabatic time evolution).
However, the AA stacking bilayer graphene is topologically
trivial while MATBG hosts a stable topological phase [6]. So
during the adiabatic twisting process, there must be a topo-
logical phase transition. Thus the assumption for adiabatic
unitary evolution is incorrect [74,75]. (For realistic situation
with a hBN substrate, one can expect that there will always
be a gap between the ground state and the excited state for
initial and final wave function.) There should be at least one
instant of a non-Hermitian Hamiltonian during the adiabatic
twisting process. One can observe that for the lowest energy
levels in Fig. 6, the imaginary part has the same magnitude as
the real part. So the non-Hermiticity will not cause apparent
broadening for the lowest band’s density of state. Such a
spectrum is protected by the so-called bichiral symmetry in
certain parameter regime [55]. The discontinuity of ∂Ek

∂k at
�, K2 in Fig. 4 can be interpreted as the anisotropy in the
Fermi velocity at �, K2 [76] in the moiré BZ since at these
k points the k path changes direction.

We end this section by demonstrating how our theory is ap-
plicable to an incommensurate system. We compute the bands
for a 30◦ quasicrystal TBG (QCTBG) [77–79]. We reproduce
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FIG. 6. Real and imaginary values of the energy. (a) Illustrates the complex energy with 
 = 10−3, Lx = Ly = 7 at K1. (b) shows the
complex energy with 
 = 10−3, Lx = Ly = 7 at K2. Mesh density Nx = Ny = 7. The spectra are symmetric about the real and imaginary axes.

the mirror Dirac cone in Ref. [78]. The occurrence of a mirror
Dirac cone KR in the Raman signal requires the presence of
phonons. Thus we choose a relatively large domain wall width

 = 0.5 during the simulation. In our coordinate system, the
red hexagon in the minifigure in Fig. 7 is the 0◦ twisted (bot-
tom) layer’s Brillouin zone (BZ). The corresponding Dirac
cone we denote as K0◦ . The blue counterpart is the 30◦ twisted
(top) layer. The M point of the 30◦ layer’s BZ is denoted
by M30◦ . The mirror Dirac cone KR is symmetric with K0◦

about the BZ boundary of the 30◦ layer. The momentum path
is chosen to be the one connecting K0◦ and KR. The Raman
and ARPES experiments in Fig. 3 from Ref. [78] verifies that
there is a gap at M30◦ . Thus the result based on our theory
qualitatively reproduces the mirror Dirac cone. The black

circle in Fig. 7 shows the position of the possible gap. There
are a bunch of bands crossing the black circle. The width of
the bunch is close to the gap size 280 meV as in Ref. [78]
(Fig. 5). However note that our theory is a noninteracting sin-
gle valley theory. So one may introduce interaction, interband
hybridization and inter-valley coupling to get the correct gap
size at M30◦ , which is worthy of future study.

V. THEORY OF ROTATING BILAYER GRAPHENE (RBG)

In this section, we generalize our geometric theory from
TBG to RBG. This is the relative rotating bilayer graphene
configuration with constant angular velocity ω0. The motiva-
tion to investigate RBG is that under the vierbein formalism,
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FIG. 7. The 200 bands for 30◦ QCTBG under ε = 0 with 
 = 0.5. Other parameters are the same as Fig. 4. The band crossing in the black
circle is the possible position for gap. In the minifigure, the red hexagon is the 0◦ twisted (bottom) layer’s BZ. The corresponding Dirac cone
we denote as K0◦ . The blue counterpart is the 30◦ twisted (top) layer. The M point of the 30◦ layer’s BZ is denoted by M30◦ . The mirror Dirac
cone KR is symmetric with K0◦ about the BZ boundary of 30◦ layer. The momentum path is choosed to be the one connecting K0◦ and KR. The
width of the bunch is close to 280 meV.
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a RBG will generate a spin connection with nonvanishing
time component ωt , which can mix with the usual Aharonov-
Anandan phase (generated by periodic evolution) [80]. As a
result new topological phase or phases will arise as evidenced
from the nontrivial Bott index regime in Fig. 9. Another
motivation is that although Floquet engineering of TBG has
been systematically studied [19,20,81,82], most of them have
focused on light frequency driven regime or sliding TBG as
a 2d Thouless pump [21,83]. The nonadiabatic structurally
rotating driving TBG is still in need of investigation [84,85].
The nonadiabatic Thouless pump has only been reported in
waveguide array [86]. Actually, the vierbein formalism can
be naturally generalized to RBG. The only difference is that
one should use a four dimensional metric and let φ = ω0t .
The Hamiltonian for time-dependent curved space-time Dirac
fermion is written as [66]
H = −i|ξ |[−ψγ ◦ωtψ + v f (ψγ j∂ jψ+ψγ jω jψ ) + imψψ].

(11)

When the bilayer graphene starts rotating, another fac-
tor which will cause non-Hermiticity is the boost generator
�0 j = i

4 [γ ◦, γ j], ( j = 1, . . . , 3) in Eq. (7). It is an anti-
Hermitian operator under dynamic vierbein situation in RBG.
As a result, the gauge transformation factor in (dynamic)
twisted boundary condition [Eq. (10)] will be a nonunitary
one, which can be traced back to the noncompact nature of
the Poincaré group [87]. So the system turns out to be a
non-Hermitian Floquet system. One should also be cautious
that for a general twist angle there is no moiré BZ. Since
for a general incommensurate twisted angle, there is no strict
translation symmetry our vierbein formalism in the k space
will also be a curved one for general incommensurate twisted
angle [6,88]. So in the following calculations, we will manip-
ulate in real space instead of k space.

To capture the quasiperiodic or incommensurate nature of
RBG, we consider the Bott index and relate it to the charge
pumping during rotation driving [89–95].

P(t ) =
∑

Re(En(t ))<μ

|ψn(t )〉〈ψ̃n(t )|,

Ur = I − P + P exp
(

i2π
r

Lr

)
P, r = x and y; (12a)

Ir
Bott (t ) = 1

2π

∫ t

0
Im(Tr{ ln [Ur (t ′ + dt ′)U−r (t ′)]})

= 1

2π

∫ t

0
dt ′∂t ′ (Im{ ln [ det (Ur (t ′))]}), r = x, y;

(12b)

IBott = Ix
Bott + Iy

Bott. (12c)

Let V be the eigenstate matrix of the Hamiltonian. Each
column corresponds to the eigenstate {|ψn〉}, while {|ψ̃n〉} in
Eq. (12a) is the counterpart for matrix (V −1)† (biorthogonal
basis [96,97]). IBott (T ) can be considered as the charge pump-
ing per period for a given finite size Lx × Ly rectangle region
[83,89]. The factor Ux(t ′ + dt ′)U−x(t ′) contains the effect of
the Aharonov-Anandan phase since it relates the gauge con-
nection defining on the bundle whose base manifold is a 1d
periodic time parameter in S1.

The result of the RBG Bott index is shown in Fig. 8
which shows the total contribution along with the individual
contributions in the x and the y direction. The figure suggests
that the Bott index can transition between trivial to nontrivial
topological sectors. We observe from the figures that the Bott
index variation is similar over the time cycle displayed. This
variation guides us to the instantaneous time dependence of
the Bott index. Thus, to obtain information on any potential
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FIG. 8. Bott index in one period when 
 = 0.5 with size Lx = 15, Ly = 15
√

3. The thickness of monolayer graphene is h = 2.36. The
mesh density Nx = Ny = 15. (a), (c), and (e) are the total Bott index, Bott index in the x direction, and the y direction [Eq. (12c)] under
0.943 rad/s of driving frequency, respectively. While (b), (d), and (f) are for 1.414 rad/s of driven frequency. For each diagram, the number of
the time slices is 125, that is, the time step is T/125.
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FIG. 9. Bott index-driving frequency relation I (ω, T ) when 
 = 0.5 with size Lx = 15, Ly = 15
√

3, and h = 2.36. The mesh density is
Nx = Ny = 15. (a), (b), and (c) are IBott, Ix

Bott, and Iy
Bott respectively. The frequency step in simulation is 0.314 rad/s. The Bott indices for 50

different driven frequency are shown.

topological transition, we have to study the behavior of this
index across various frequency cycles.

In Fig. 9, we show the dependence of Bott index I (ω0, T )
on driven frequency ω0. We can see that in certain driven
frequency regime, the finite size Lx = 15, Ly = 15

√
3 RBG

system will hold nontrivial Bott index. Note that here we still
use Cartesian coordinate instead of the hexagonal coordinate
used in Ref. [98]. So the structural rotation periodic driving
may cause new topological phase. During the simulation, one
assumes that the RBG system stays in half filling all the time.
As bilayer graphene starts rotating and achieves steady state it
will act as a nonadiabatic Thouless pump [86]. In one period,
the charge pumping will be quantized and can be recorded
by an ammeter. Numerical result shows that the quantized
charge pumping will generally depend on the size and the
driving frequency. To show the relation between Bott index
and pumping charge consider the expectation of a wave packet
center which can be expressed as [89]

〈r(t )〉 = 〈ψ (t )|r̂|ψ (t )〉 = Lr

2π
Arg(Ur (t )), r = x, y. (13)

In the above, we used the abbreviation Arg = ImTrln. The
corresponding polarized current pumping in an infinitesimal
time interval can be related to the Bott index as

jr (t )�t = Arg(Ur (t + �t )U−r (t )),

Ir
Bott (T ) =

∫ T

0
dt jr (t ), r = x, y. (14)

To some extent, the Bott index can be interpreted as a fi-
nite size version of Hall conductivity or Chern number. As
an analogy, one can consider the voltage caused by rota-
tion as a kind of Faraday voltage from the change of the
pseudomagnetic flux, U = d�

dt ≈ ω0A. And the differential

Hall conductivity is defined as σH = C e2

h = dI
dU ≈ dIBott

dω0
. The

step transition of the Bott index can be interpreted as the

change of the finite size Chern number or Hall conductivity.
This argument is similar to the Streda formula [99]. Thus
the Bott index is directly connected to real space polarized
pump current which can be measured directly. When the RBG
achieves a stable state we have the following relationship
amongst the current. ∂t Q + Ix + Iy + Iz = 0, ∂t Q = 0, Ix +
Iy = IBott = −Iz = −Imeasure. So the total pumping current
(Bott index) can be measured by a vertical current.

VI. DISCUSSION AND CONCLUSION

We have developed a geometric effective theory for TBG
with a generic twist angle. In principle this theoretical for-
mulation can be generalized to other twisted bilayer Bravais
lattice as long as the dual lattice is known and the atoms are
homogeneous. For a TBG, by connecting a given location (the
point where we want to obtain the deformation field) and the
nearest twisted triangle center we can get the deformation
field for an arbitrary twist angle and arbitrary position. This
deformation can induce an effective SU(2) gauge field and
an emergent curved space. The novel properties of the TBG
can be interpreted as a geometric response. The numerical
result of energy bands near the first magic angle for the
non-Hermitian Dirac Hamiltonian reproduces the flat bands.
The discontinuity of ∂Ek/∂k indicates the Fermi velocity
anisotropy at high symmetry k-points � and K2. When one
uses imaginary vertical Fermi velocity model to simulate the
TBG system, it emphasizes the decay in the wave function in
the vertical direction. Numerically, the lowest flat bands still
survive. We also show that our theory is applicable to the 30◦
QCTBG (within limitations).

We also showed that our effective geometric theory is
applicable to the system with a dynamic vierbein such as
a RBG. For a RBG with constant angular velocity ω◦, the
quantized pumping charge is illustrated by the Bott index
which may be examined by transport experiment. A simple
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FIG. 10. A simple sketch for realizing the measurement of RBG
pumping current. In practice, rotating the subsrtate is more conve-
nient. The total transverse pumping current can be measured by the
vertical ammeter when the system achieves a stable state. The atomic
force microscope (AFM) tip is tailored according to the given finite
size Lx × Ly rectangle.

experimental proposal is also discussed to test the validity
of the proposed Bott index theory for RBG. The topological
property of RBG is controlled by the mixture of spin con-
nection and the Aharonov-Anandan phase. Furthermore, note
that the effective theory proposed in this paper is still a single
body theory, which does not take into account many body
interaction. Thus an explanation of the correlated insulating
phase and the superconducting phase is beyond the present
scope of the TBG and the RBG formalism. Finally we suggest
an experimental setup shown in Fig. 10 which can test the
validity of our proposed theoretical formulation. In this setup,
we consider the bilayer system being probed by an atomic
force microscopy (AFM) setup where the tip which is tailored
according to the given finite size of the system. With one of
the layers fixed (say the upper one), the bottom is rotated,
this should generate the transverse currents which can be
measured within a transport setup.
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APPENDIX A: NUMERICAL IMPLEMENTATION
AND NON-HERMITICITY

The discretization of the ordinary partial (momentum) op-
erator in curved space-time is given by

−i|ξ |∂x( j) → −i|ξ j |
[
δ j, j+1 − δ j, j−1

2�x

]
,

−i|ξ |∂x( j + 1) → −i|ξ j+1|
[
δ j+1, j+2 − δ j+1, j

2�x

]
, (A1)

where δ is the Kronecker symbol and j labels mesh site.
�x means the differential step. Apparently, if the vier-
bein has space-time dependence, i.e., |ξ j | �= |ξ j+1| generally,
−i|ξ |∂x will be a non-Hermitian operator, i.e., −i|ξ j | δ j, j+1

2�x �=
(i|ξ j+1| δ j+1, j

2�x )†. If one imposes the hermiticity, one should sub-
stitute −i|ξ |∂xψ → −i|ξ |( 1√|ξ |∂x[

√|ξ |ψ]) [100] or choose
the Hermitian Hamiltonian. The discretization according to
the former strategy takes the form

− i|ξ |
(

1√|ξ |∂x[
√

|ξ |( j)]

)

→ −i

[√|ξ j+1||ξ j |δ j, j+1 − √|ξ j ||ξ j−1|δ j, j−1

2�x

]
,

− i|ξ |
(

1√|ξ |∂x[
√

|ξ |( j + 1)]

)

→ −i

[√|ξ j+2||ξ j+1|δ j+1, j+2 − √|ξ j+1||ξ j |δ j+1, j

2�x

]
.

(A2)

Here the non-Hermitian discretization has been implemented
to reproduce flat bands. Physically, momentum operators
in curved space or incommensurate system are generally
non-Hermitian. As an example, we consider one dimen-
sion −i

∫ +∞
−∞ dxψ†∂xψ = −i(ψ†ψ |+∞

−∞ − ∫ +∞
−∞ dx(∂xψ

†)ψ ).
When ψ†ψ |+∞

−∞ �= 0, momentum operators will be non-
Hermitian. To do the numerical calculation, one should
substitute the following functions in a nonsingular form when
evaluating the vierbein [Eq. (2)], spin connection [Eq. (6)],
and metric [Eq. (9c)].

δ(x) ≈ 


π

1

x2 + 
2
, ϑ (x) ≈ 1

π
arctan

( x




)
+ 1

2
,

floor′(x) =
∞∑

k=−∞
δ(x − k) ≈

N∑
k=−N




π

1

(x − k)2 + 
2
,

(A3)
where 
 is a small value with the dimension of length, repre-
senting the broadening of the deformation domain wall due to
some disorder, phonon or fluctuation. Even when the system is
very clean there is still an intrinsic quantum fluctuation (like
phonon zero point energy). So, in general the domain wall
broadening is inevitable. Here N is an integer which is large
enough and determined by the twist angle and size.
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APPENDIX B: SECOND ORDER DERIVATIVE
OF ROTATING BILAYER GRAPHENE

For RBG, one should consider more components of spin
connection. However one should be cautious that the partial
operator for twisted angle is not independent of the spatial
partial operator. One has the following expressions

φ = ω0t, ∂t = ω0∂φ,

∂φ = x∂y − y∂x = x2∂x1 − x1∂x2 ,

x1 = x cos φ + y sin φ, x2 = −x sin φ + y cos φ. (B1)

Our target is to get the dynamic spin connection [Eq. (6)] in
Eq. (11). In the basis of x1, x2, we obtain

(∂φ∂x − ∂x∂φ )

(
ux

uy

)
=

[
−AφCφ

(
∂x1∂x2 − ∂x2∂x1

)

− 1

2
Eφ∂x1 − 1

2
Dφ∂x2

](
u′x
u′y

)
, (B2a)

(∂φ∂y − ∂y∂φ )

(
ux

uy

)
=

[
−BφCφ

(
∂x1∂x2 − ∂x2∂x1

)

+ 1

2
Dφ∂x1 − 1

2
Eφ∂x2

](
u′x
u′y

)
, (B2b)

Aφ = x1 cos φ − x2 sin φ, Bφ = x1 sin φ + x2 cos φ,

Cφ =
(

cos φ− sin φ

sin φ cos φ

)
, Dφ =

(
1 + cos 2φ − sin 2φ

sin 2φ 1 + cos 2φ

)
,

Eφ =
(

sin 2φ −(1 − cos 2φ)
1 − cos 2φ sin 2φ

)
. (B3)

Here the abbreviations are ux = ux(r), u′x = ux(R−1r), and so
as u′y. Subsequently, one can get the analytic form of (∂x1∂x2 −
∂x2∂x1 )u′x, and so as u′y.

APPENDIX C: INTERLAYER COUPLING
AND IMAGINARY FERMI VELOCITY

Starting from the tight-binding (microscopic) model and
considering interlayer coupling as a tunneling interaction, the
bare interlayer hopping term can be written as

t⊥(c†
1c2 + c†

2c1) = t⊥(c†
1c1+dz + c†

2c2−dz )

≈ t⊥(c†
1c1 + c†

2c2 + hc†
1∂zc1 − hc†

2∂zc2)

= t⊥(c†
1c1 + c†

2c2) − i[(it⊥h)c†
1∂zc1 + (−it⊥h)c†

2∂zc2],

(C1)

where compared to the mean free path of a Dirac fermion,
we have assumed a small interlayer distance. In the above
expression ∂zψ ≈ 1

h (ψ (2) − ψ (1)) where the labels 1,2 stand
for the bottom and top layer, respectively. The vertical Fermi
velocity for two layers conjugate to each other is given by
v⊥ = ±it⊥h. One can estimate the vertical Fermi velocity by
using the Koster-Slater parametrization [29]. That is, | v⊥

v f
| =

| t⊥h
t//a | = |V ◦

ppσ h

V ◦
ppπ a | = 0.48×3.35

2.7×1.42 ≈ 0.419.

The occurrence of imaginary vertical velocity is not un-
usual (within the context of our calculation) since in the
confined direction, the wave function is always decaying. In
Fig. 11, we illustrate the lowest bands for curved space-time
Dirac model Eq. (9a) with imaginary vertical Fermi veloc-
ity. The parameters are φ = 1.01◦ and 
 = 10−3. The other
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FIG. 11. The band structure for φ = 1.01◦ under imaginary vertical fermi velocity model with 
 = 10−3. The left panel shows 12 bands
near ε = 0 and the right panel shows eight bands. The lowest bands are even flatter than the counterpart in Fig. 4. However the Dirac cone
located at K1 and ε = 0 vanishes. Other characters are qualitatively the same as the bands in Fig. 4.
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parameters are the same as in Fig. 4. In the imaginary vertical
velocity model, the lowest bands are even flatter than their
counterpart in the real velocity model, see Fig. 4. However
the original Dirac cone located at K1 and ε = 0 vanishes.
Other characteristics are qualitatively the same as the bands in

Fig. 4. So we conjecture that using the original real velocity
model is appropriate. The imaginary vertical velocity model
is only used in Fig. 11. We implemented the original real
vertical velocity model in this paper unless explicitly stated
otherwise.
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