
PHYSICAL REVIEW B 105, 235103 (2022)

Fermi surface and mass enhancement in the topological nodal-line semimetal NaAlSi
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Quantum oscillations in the magnetic torque for the topological nodal-line semimetal NaAlSi with a supercon-
ducting transition at Tc = 7 K have been measured to investigate the Fermi surface. Four oscillation branches, α,
β, γ , and δ are observed, whose frequency ranges from 40 to 380 T in magnetic fields parallel to the c axis. The
results are consistent with the present first-principles band calculations, showing the presence of small Fermi
surfaces elongated in the kz direction. We obtain the large mass enhancement factors 2.0 for α and 3.1 for γ ,
ascribed to many-body effects likely responsible for the superconductivity. A nontrivial Berry phase is obtained
for α, arising from the linear dispersion of the energy band.
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I. INTRODUCTION

New classes of nontrivial three-dimensional topological
semimetals have inspired great interest because of intrigu-
ing electronic states with conic linear energy dispersions. In
a Dirac semimetal, the band-crossing points, called Dirac
points, are formed by fourfold-degenerated linear bands,
where the quasiparticles are described as Dirac fermions.
When time-reversal or space-inversion symmetry is broken in
a Dirac semimetal, the fourfold-degenerated bands are split
into two twofold ones, whose band-crossing points are called
Weyl points. These Weyl semimetals have remarkable sur-
face states, Fermi arcs, which are protected by the crystal
symmetries.

In contrast to the Weyl or Dirac semimetals with the band
crossing at a point, the nodal points extend along curves in
the k space in so-called nodal-line semimetals. This nodal-line
structure is recognized as a significant expansion of the nodal
point, providing new opportunities to explore exotic topolog-
ical nature. One of the most characteristic properties in the
nodal-line semimetals is the formation of a surface state on the
specified crystal surfaces, which are referred to as drumhead
states. Superconductivity in these topological semimetals is
of additional particular interest, which could lead to peculiar
entanglement properties with the topological states [1–4].

The nodal-line semimetal NaAlSi has a tetragonal lattice
with the space group P4/nmm [5,6]. As shown in Fig. 1(a),
each Al atom bonds with four Si atoms, forming a layer of
two-dimensionally aligned Al-Si tetrahedra, that stacks with
a Na bilayer along the c direction. First-principles calcula-
tions clarify that NaAlSi possesses nodal lines near the Fermi
level EF, which are protected from both the time-reversal
and spatial-inversion symmetries [7–9]. Only small Fermi
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surfaces are present although the details remain unclear [7,8].
Several drumhead states on the (001) surface are predicted
[8,9], which have not been observed experimentally. NaAlSi
is a type-II superconductor with a transition temperature
Tc ≈ 7 K at ambient pressure [10]. NaAlSi is isostructural to
the “111” Fe-based superconductors LiFeAs (Tc = 16-18 K)
[11,12] and LiFeP (Tc = 6 K) [13], which are known as un-
conventional superconductors. In this way, NaAlSi provides
us an excellent platform to search for unprecedented super-
conducting properties in nodal-line semimetals.

In hydrostatic pressure, Tc of NaAlSi increases up to
∼8.35 K at 2 GPa and then the superconductivity vanishes at
4.8 GPa [14]. The muon spin rotation experiments [15] show
that the superconductivity in NaAlSi has time-reversal sym-
metry and is fully gapped. The temperature dependence of the
magnetic penetration length is well described by a two-gap
model consisting of two s-wave symmetric gaps with �1 =
0.6 meV and �2 = 1.39 meV. In contrast, anisotropic super-
conducting gap behavior is suggested in the heat capacity data
[6]. The Wilson ratio larger than unity, ∼2.0 suggests strong
electron correlation although the Fermi surfaces are formed
by the wide s and p bands of Al and Si. These results suggest
a certain unconventional aspect in the superconducting state.
For further discussion on the superconductivity mechanism,
the detailed structure of the Fermi surface is indispensable.
In this study, we have performed magnetic torque measure-
ments for single crystals of NaAlSi and observed quantum
oscillations (QOs). We show that the Fermi surface struc-
tures obtained by the first-principles density-functional-theory
(DFT) calculations well explain the QO measurements and
the effective masses of the quasiparticles are significantly
enhanced by many body effects.

II. METHODS

Single crystals of NaAlSi are synthesized by a Na
flux method [6]. The chemical composition of the crystals

2469-9950/2022/105(23)/235103(6) 235103-1 ©2022 American Physical Society

https://orcid.org/0000-0001-9351-6388
https://orcid.org/0000-0002-6037-5782
https://orcid.org/0000-0001-7109-2801
https://orcid.org/0000-0003-0996-0975
https://orcid.org/0000-0003-2883-4376
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.105.235103&domain=pdf&date_stamp=2022-06-03
https://doi.org/10.1103/PhysRevB.105.235103


SHINYA UJI et al. PHYSICAL REVIEW B 105, 235103 (2022)

FIG. 1. (a) Crystal structure of NaAlSi. (b) Photo of microcan-
tilever and single crystal of NaAlSi. The crystal is attached to the
cantilever by silicon grease.

determined by a wavelength-dispersive x-ray spectrometer is
in good agreement with the stoichiometric composition. The
magnetic torque is measured by a piezoresistive microcan-
tilever technique [16] as depicted in Fig. 1(b). As reported
previously [6], the samples are unstable in the ambient atmo-
sphere, probably due to reaction with moisture. The crystals
immersed in a Si grease are attached to the cantilevers so that
the crystals are protected from moisture. As shown later, the
observation of the quantum oscillations is direct evidence of
high quality sample. The torque experiments were performed
by a dilution refrigerator with a 20-T superconducting magnet
and a He4 gas-flow cryostat with a 17-T superconducting
magnet at Tsukuba Magnet Laboratories, NIMS.

Electronic band structure calculations are performed
within the Perdew-Burke-Ernzerhof [17] generalized gradient
approximation to DFT using the all-electron full-potential lin-
earized augmented plane-wave method [18] as implemented
in the HILAPW package [19]. the scalar relativistic scheme
with spin-orbit coupling (SOC) as the second variation
is employed during the self-consistent-field (SCF) calcula-
tions. Muffin-tin sphere radii of 0.9 Å for Na and 1.0 Å
for Al and Si are adopted. Cutoff energies for the wave
function and electron density are assumed to be 20 and
160 Ry, respectively. Uniform k-point meshes with 32 ×
32 × 16 are used for SCF loops and post density of states
(DOS) and Fermi surface computations, respectively. The
Fermi surface is drawn with the FermiSurfer application [20].
Experimental tetragonal crystal structures (P4/nmm) with
lattice constants (a = 4.1217 Å and c = 7.3629 Å) and in-
ternal coordinates [z(Na) = 0.634 61 and z(Si) = 0.207 64]
[6] are used throughout the present study. Our theoretical
structure optimization leads to consistent structure data as
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FIG. 2. Magnetic torque curves for B // a and B // c at 1.6 K.
The hysteresis in a low field region is due to flux pinning in the
superconducting state. The thick arrows indicate the irreversibility
fields Birr .

a = 4.1395 Å, c = 7.3876 Å, z(Na) = 0.6358, and z(Si) =
0.2077. Double-group irreducible representations and their
time-reversal pairing or doubling for the obtained fully rel-
ativistic eigenstates are extracted by using the space-group
analysis tools in the HILAPW package.

III. RESULTS

The magnetic torque is given by τ torque = M × B, where M
and B are the magnetization and magnetic field, respectively.
Typical torque curves in fields parallel to the c and a axes are
shown in Fig. 2. In a low field region, we see large torque sig-
nals due to the superconducting diamagnetism. The hysteretic
behavior is ascribed to the pinning of the flux lines in the crys-
tal. The up and down sweep signals coincide above 1.5 T for
B // c and 6.5 T for B // a, which are defined as the irreversibil-
ity fields Birr . The flux lines move freely above Birr , where the
superconducting order parameter is significantly reduced. As
expected from the definition, the irreversibility fields Birr are
slightly smaller than Bc2 = 1.6 and 6.7 T determined from the
resistance measurements, respectively [6]. At high fields in
the normal phase, we observe quadratic behavior τ torque ∝ B2,
due to the Pauli paramagnetism of the electronic states, M ∝
B.

The QO measurement is a powerful tool to extract the
Fermi surface structure and the relativistic nature of the Dirac
fermions, Berry phase. The QO in the magnetization, Mosc is
expressed by Lifshitz-Kosevich formula [21]. The QO in the
torque, τosc ∝ −[∂Fi(θ )/∂θ]Mosc is written as

τosc ∝
(

∂Fi

∂θ

)
B 3/2RT RDRSsin

[
2π

(
Fi(θ )

B
− 1

2

)
+ ϕ0 +ϕB

]
,

(1)

where RT, RD, and RS are the temperature, Dingle, and spin-
splitting reduction factors, respectively,

RT = (κμcT/B)/sinh(κμcT/B), RD = exp(−κμcTD/B),
and RS = sin(πg∗μc/2). μc = mc/m0 is the effective mass
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FIG. 3. (a) Oscillatory components of torque signals at various
field angles for T = 30 mK. Dotted curves show simulated results by
Eq. (1), giving ϕB = 0.75π at θ2 = 72◦ and ϕB = 0.8π at θ2 = 66◦.
(b) Fourier spectra of the QOs in the range 12–17.3 T. The Fourier
spectra are interpolated and then numerically smoothed. Four differ-
ent peaks are evident, denoted as α, β, γ , and δ. The error of the
frequency is roughly estimated as ±20 T.

ratio (mc: effective mass; m0: free electron mass), TD is the
Dingle temperature, g∗ is the effective g factor, and κ is a
constant value 14.7 K/T. In the oscillatory term, Fi(θ ) is the
QO frequency of the ith branch at the field angle θ , propor-
tional to the extremal cross sectional area (AFi) of the Fermi
surface, Fi = (h̄/2πe)AFi. The phase ϕ0 is π/4(−π/4) for
the extremal minimum (maximum) cross section of the Fermi
surface. ϕB is the Berry phase on the cyclotron orbit.

Figure 3(a) presents oscillatory components of the torque
curves at high fields, which are obtained by subtracting back-
grounds fitted by polynomial functions. Here we define the
field angles θ1 from [001] to [100] and θ2 from [001] to [110]
as indicated in the insets of Figs. 3 and 4. At θ2 = 16◦-44◦,
we see low-frequency oscillations in the whole field region
and high-frequency oscillations superimposed at high fields.
Only single-frequency oscillations are seen at higher angles.
In the Fourier transform (FT) spectra [Fig. 3(b)], three peaks
denoted as β, γ , and δ are found at θ2 = 16◦, and then an-
other branch α becomes evident at higher angles. The angular
dependence of the frequencies in the two rotational planes are
presented in Fig. 4. For θ2 > 20◦ and θ1 > 30◦, the frequency

800

600

400

200

0

F
re

qu
en

cy
 (

T
)

�2 (degrees)                       �1 (degrees)

[001][110] [100]

F

F

F

F

F cal

F cal

F cal
F cal

90     60      30        0       30      60      90

[110]

[100]

[001]

[110]

[100]

[001]

FIG. 4. Angular dependence of the QO frequencies in two
different rotational planes. Dotted curves indicate the results by first-
principle band calculations.

of α, Fα rapidly increases as the field is tilted toward [110] or
[100]. The behavior suggests that α arises from an elongated
Fermi surface along the kz direction. Similar behavior is evi-
dent for Fγ . Only around θ2 ≈ 15◦ and θ1 ≈ 30◦, Fβ ≈ 100 T
is observed. The largest frequency Fδ is observed in a lim-
ited angle region θ1, θ2 < 30◦. We obtain the frequencies for
B // c, Fα ≈ 36 T, Fβ ≈ 65 T, Fγ ≈ 206 T, and Fδ ≈ 360 T.
These values correspond to only 0.27%, 0.49%, 1.6%, and
2.7% of the Brillouin zone, respectively. Figure 5 presents
the mass plots for α and γ , the FT amplitude divided by
temperature as a function of temperature. The solid curves
fitted with the function sinh(κμcT/B) show that the effective
masses for α and γ are 0.75m0 and 1.1m0, respectively. The
reliable masses for β and δ are not obtained because of the
small oscillation amplitudes.

Figure 6(a) shows the calculated relativistic electronic band
structure of NaAlSi around EF, which is almost consistent
with previous results [7–9,15]. Each band as a function of the
wave vector k is connected according to the double-group ir-
reducible representation of the k group. One two-dimensional
(2D) representation exists on the k lines of �, , U , and S,
where all the bands should be anticrossing. There are two 2D
representations �1 and �2 on �. In particular, �1 and �2

bands close to EF, are slightly split by SOC, being intimately
related to the formation of complicated Fermi surfaces appear-
ing around Z . Note that the �1 and �2 bands are completely
degenerate by symmetry without SOC. On the Y and T lines,
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and μc = 1.1m0 for γ .

two pairs of four 1D representations are degenerate due to
the time-reversal symmetry on the basis of Herring’s criterion
[22], resulting in two kinds of 2D bands; those are further
degenerate without SOC. The size of the SOC splitting seen
in bands on Y and T near the Fermi energy EF seems to be
smaller than that of the �1 and �2 bands mentioned above.
This can be understood by the facts that the �1 and �2 bands
are dominated by the Si p orbitals while the bands on the Y
and T lines near the Fermi energy are largely hybridized with
the s orbitals of Si and Al without SOC splitting. Flat bands
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FIG. 6. (a) Calculated band structure of NaAlSi. The k regions
corresponding to α, β, γ , and δ are indicated by red bars. (b) Total
and partial density of states (DOS). Thick solid curve denotes total
DOS while thin broken and solid (red and blue) curves display partial
DOS projected on s and p orbitals, respectively.
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FIG. 7. Calculated Fermi surfaces of NaAlSi. Blue- and green-
colored surfaces are made from bands A and B, respectively. Closed
orbits corresponding to α, β, γ , and δ branches for B // c are
indicated.

with saddle-point character around Z create very sharp peaks
in DOS near the Fermi energy, as depicted in Fig. 6(b).

Two bands cross EF, forming nearly 2D shaped Fermi
surfaces as shown in Fig. 7. The band A in Fig. 6(a) makes
a rounded square pillar Fermi surface around � (FS1). Four
shell shaped surfaces are formed around � (FS2). Both of
them are hole surfaces, closed just below and above the kz =
±π/c planes. In addition, four radial-bone shaped electron
surfaces are formed around  connecting at the kz = ±π/c
planes (FS3). The FS2 and FS3 are made of the two bands
A and B.

In the Fermi surface structure, we note four extremal cross
sections for B // c axis; β (maximum) of FS1, γ (maximum)
of FS2, α (minimum), and δ (maximum) of FS3. Because of
the elongated shape in the kz direction, it is expected that all
the cross sections increase as the field is tilted from [001] to
[011] or [001]. The calculated frequencies corresponding to
these cross sections, F cal

α , F cal
β , F cal

γ , and F cal
δ are indicated

in Fig. 4 by dotted curves. The k-space range corresponding
to each branch is indicated in Fig. 6(a). F cal

β and F cal
γ are well

defined and smoothly increase with increasing φ or θ in wide
angle ranges. In contrast to FS1 and FS2, FS3 is corrugated
more finely, which makes it difficult to calculate the cross
sections precisely. Among these four branches, F cal

δ is very
sensitive to the carrier number because the closed orbit arises
from the flat band around Z . We should note that NaAlSi is
unstable in the atmosphere, suggesting that a deviation from
the stoichiometry changes the cross sections significantly.

The frequencies and masses are summarized in Table I. The
effective mass mc determined by QOs is generally given by
mc = (1 + λ)mb, where λ and mb are the mass enhancement
factor due to many body effects and band mass obtained from
the band calculations, respectively. We have the large factors,
λ = 2.0 for α and 3.1 for γ . The mass enhancement will be
responsible for the rather high Tc ≈ 7 K in spite of the very
small Fermi surfaces in NaAlSi.
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TABLE I. Frequencies and masses for four branches.

Branch
F (T)

expt./calc.
mass(m0)

mc(expt.)/mb(calc.)

α(θ2 = 72◦) 117/- 0.75/25
β(θ2 = 12◦) 83/118 -/0.08
γ (θ2 = 26◦) 214/240 1.1/0.27
δ(θ2 = 10◦) 367/540 -/1.59

IV. DISCUSSION

The topological nature of the electronic state can be di-
rectly evidenced by the nontrivial Berry phase ϕB which the
electrons obtain on the cyclotron orbits in magnetic field.
So far, the Berry phases have been determined by the QO
measurements in various topological materials. The energy
bands of NaAlSi have nodal lines in the kz direction protected
by the symmetries, which are interconnected with other nodal
lines in the kz planes [15]. In such complicated band struc-
tures, the nontrivial ϕB is not simply given [23], depending
on the closed orbits: ϕB is sensitive to the magnetic field
direction. In general, Landau fan diagrams produce rather
large errors in the determination of ϕB when the wave shape is
deformed by other frequencies or higher harmonic contents.
In addition, a general scheme for describing ϕB in band dis-
persions including parabolic nature in addition to a Dirac cone
shows that special attention should be paid in the Landau fan
analyses [24]. The simulations by Eq. (1) will provide more
reliable ϕB.

The α branch arises from the cyclotron orbit in the electron
band near the � point as indicated in Fig. 6(a). We see a
band crossing right below EF, leading to a nontrivial ϕB. The
QOs of the α branch for θ2 = 66◦ and 72◦ in Fig. 3(a) are
simulated by Eq. (1), as presented by dotted curves. From the
band characters, the wide s and p bands, we expect a small
SOC, suggesting g ≈ 2. From the relation g∗μc = gmb/m0

[21], the spin-splitting reduction factor of the α branch will be

positive, RS > 0. At θ2 = 72◦, we obtain Fα = 108 T, TD =
3 K, μc = 0.75, and ϕB = 0.75π . Similarly, we have Fα =
89 T, TD = 3.5 K, μc = 0.56, and ϕB = 0.8π at θ2 = 66◦.
For both cases, we obtain the nontrivial ϕB close to π . The
result shows the small gap at the Dirac point due to the SOC
and almost linear band dispersion at EF for the α branch. For
the other branches, we cannot obtain reliable ϕB because of
too many fitting parameters.

An Fe based superconductor, FeSe has Tc = 9 K and small
cylindrical Fermi surfaces with the QOs of F = 100-700 T
[25], similarly to NaAlSi. Since the superconducting energy
gap � ≈ 3 meV is comparable to the Fermi energy EF =
3-10 meV [26], a crossover from a BCS to Bose-Einstein
condensation (BEC) scheme has been discussed. For NaAlSi,
we obtain EF ≈ 200 meV from the relation EF = h̄2k2

F /2mc

and AF = πk2
F = 2πeF/h̄ = 200 nm−2 for F = 200 T, or

EF = 100-300 meV from the band calculations. The energy
gap from the heat capacity measurements � ≈ 2 meV, which
is much smaller than EF , shows that the superconductivity in
NaAlSi is far from the BCS-BEC crossover region.

V. CONCLUSION

The Fermi surface structures of the nodal-line semimetal
NaAlSi are determined by magnetic QO measurements and
the first-principles band calculations. The Fermi surfaces are
composed of two small parts, electron- and holelike ones.
The rather heavy effective mass of the Fermi surface around
� shows the mass enhancement by many body effects, likely
related to the superconducting mechanism. The nontrivial
Berry phase is obtained for the α branch, consistent with the
linear dispersion of the energy bands.
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