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Bogoliubov excitations of a polariton condensate in dynamical equilibrium
with an incoherent reservoir
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Wyb. Wyspiańskiego 27, 50-370 Wrocław, Poland

3ARC Centre of Excellence in Future Low-Energy Electronics Technologies and School of Physics and Astronomy,
Monash University, Victoria 3800, Australia

4Department of Physics and Astronomy, University of Pittsburgh, Pittsburgh, Pennsylvania 15260, USA
5Department of Electrical Engineering, Princeton University, Princeton, New Jersey 08544, USA

6Department of Quantum Science and Technology, Research School of Physics, Australian National University, Canberra,
Australian Capital Territory 2601, Australia

(Received 19 December 2021; revised 27 April 2022; accepted 16 June 2022; published 29 June 2022)

The classic Bogoliubov theory of weakly interacting Bose gases rests upon the assumption that nearly all the
bosons condense into the lowest quantum state at sufficiently low temperatures. Here we develop a generalized
version of Bogoliubov theory for the case of a driven-dissipative exciton-polariton condensate with a large
incoherent uncondensed component, or excitonic reservoir. We argue that such a reservoir can consist of both
excitonic high-momentum polaritons and optically dark superpositions of excitons across different optically
active layers, such as multiple quantum wells in a microcavity. In particular, we predict interconversion between
the dark and bright (light-coupled) excitonic states that can lead to a dynamical equilibrium between the
condensate and reservoir populations. We show that the presence of the reservoir fundamentally modifies both
the energy and the amplitudes of the Bogoliubov quasiparticle excitations due to the non-Galilean-invariant
nature of polaritons. Our theoretical findings are supported by our experiment, where we directly detect the
Bogoliubov excitation branches of an optically trapped polariton condensate in the high-density regime. By
analyzing the measured occupations of the excitation branches, we extract the Bogoliubov amplitudes across a
range of momenta and show that they agree with our generalized theory.
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I. INTRODUCTION

When a dilute gas of bosons achieves quantum degen-
eracy, it forms a Bose-Einstein condensate (BEC), where a
macroscopically large number of bosons occupies the lowest
single-particle state. For an equilibrium system, this novel
phase of matter is governed by the well-established Bogoli-
ubov theory [1], which describes the emergent collective
excitations and the accompanying energy shifts due to boson-
boson interactions. In particular, the Bogoliubov excitations
underpin important hydrodynamic behavior such as super-
fluidity and the speed of sound, as well as determining the
thermodynamic properties of the Bose gas [2]. Following
the first observation of a BEC with ultracold atomic gases
[3–5], conventional Bogoliubov theory was cleanly demon-
strated in pioneering cold-atom experiments which reported
direct measurements of the Bogoliubov excitation spectrum
and quasiparticle amplitudes [6,7].

*These two authors contributed equally to this work.
†Current address: National Renewable Energy Laboratory, Golden,

CO 80401, USA.

However, it is less clear how to apply Bogoliubov the-
ory to highly nonequilibrium Bose systems, where drive and
dissipation can lead to a condensate that coexists with an
incoherent reservoir. This is particularly relevant to bosons
in the solid state such as exciton polaritons, which are hy-
brid quasiparticles arising from the strong coupling between
microcavity photons and semiconductor excitons (bound
electron-hole pairs) [8–10]. The photonic component endows
polaritons with an exceptionally small effective mass—orders
of magnitude smaller than that of the exciton—thus enabling
condensation at elevated temperatures [11–16]. Since pho-
tons can escape from the microcavity, a polariton condensate
requires continuous external pumping, either with a laser
[8,9] or by electric injection [17,18], to sustain its density.
Moreover, in order for a polariton BEC to arise sponta-
neously in this driven-dissipative system, one requires an
off-resonant pump that excites electrons and holes which in
turn relax into high-energy excitons that eventually feed the
condensate. Thus, polariton condensation is necessarily ac-
companied by the formation of an incoherent uncondensed
excitonic reservoir [8]. Such a reservoir can also manifest
itself indirectly in experiments via its repulsive interactions
with polaritons [19–22], allowing the creation of on-demand
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trapping potentials by spatially selective laser excitation
[23–27].

Because of the inherent complexity of the nonequilib-
rium polariton-reservoir system, several simplified models
have been introduced to describe condensation in the pres-
ence of incoherent drive and dissipation [28]. Such models
predict that the collective excitation spectrum for polariton
condensates is qualitatively modified at low momenta such
that it becomes diffusive [29–31], gapped [32], or remains
conservative-like but damped [33]. However, these predic-
tions have yet to be confirmed experimentally, and indeed it
has recently been shown that any such modifications occur
at momenta that are too low to be directly resolved in high-
quality microcavities [34]. Furthermore, while the observed
shape of the Bogoliubov spectrum in experiments has so
far appeared to be consistent with conventional Bogoliubov
theory [34–43], there are notable unexplained observations
such as the recently measured occupations of the excitation
branches [41].

In this work, we devise a generalized Bogoliubov theory
of a polariton BEC that accounts for the presence of an
incoherent excitonic reservoir. We consider the case of a high-
quality microcavity with multiple semiconductor quantum
wells (QWs), which can host a reservoir involving optically
dark superpositions of otherwise optically active excitons in
different QWs [44]. In particular, our theory assumes that
such a reservoir is in dynamical equilibrium with the polariton
condensate due to interconversion between optically dark and
bright exciton superpositions. We show that the reservoir leads
to changes in the Bogoliubov quasiparticles as a consequence
of the intrinsic non-Galilean-invariant nature of polaritons.

Using an optically trapped condensate in the high-density
Thomas-Fermi regime, we experimentally probe the Bogoli-
ubov spectrum directly and analyze it within the framework
of our theory. This allows us to infer both the condensate and
reservoir densities, and remarkably we find that they become
locked to each other at large pump power, which is consis-
tent with interconversion between polaritons and reservoir
excitons. Furthermore, we extract the Bogoliubov amplitudes
from the momentum-resolved occupations of the excitation
branches and find a good agreement with the predictions of
the generalized Bogoliubov theory for a wide range of mo-
menta. To our knowledge, this is the first measurement of the
Bogoliubov amplitudes in a nonequilibrium condensate.

II. THEORETICAL DESCRIPTION

In this section, we introduce a theoretical description of
a polariton condensate in a microcavity with N quantum
wells. Our model accounts for the presence of dark ex-
citon superpositions in the multilayer system, as well as
the non-Galilean-invariant nature of polaritons, which re-
sults in a nonparabolic dispersion for the polaritons and a
momentum-dependent exciton fraction (Hopfield coefficient).
We furthermore consider the presence of an incoherent ex-
citonic reservoir (depicted schematically in Fig. 1) and we
assume that the condensate-reservoir system has achieved a
dynamical equilibrium with spatially uniform and stationary
densities. While photon loss from the cavity is required to
achieve such a steady state, we assume that its energy scale

FIG. 1. Schematic representation of a polariton condensate (yel-
low ellipse) coexisting with an excitonic reservoir (shaded gray
region) in an N -layer microcavity. The solid blue (dashed black)
lines represent the single-particle dispersion relations of polaritons
(excitons). In our description the reservoir corresponds to a popu-
lation of the N − 1 degenerate exciton superpositions uncoupled to
light and excitonic lower polaritons with wave vectors |k| > q0 (see
text).

h̄γC is much smaller than that set by the interactions and thus
we do not include it explicitly in our model. This assumption
is also justified in the present experiment which involves a
high-quality sample with low losses and where only large
k-vectors are probed—see Sec. III A.

From our generalized Bogoliubov theory, we obtain ana-
lytical expressions for the condensate Bogoliubov excitation
spectrum and quasiparticle amplitudes, and we relate them to
experimentally accessible interaction-induced energy shifts.
In particular, our theory provides a self-consistent framework
for analyzing the experiments and extracting the behavior of
the polariton condensate and excitonic reservoir.

A. Single-polariton Hamiltonian

In a typical semiconductor multi-QW microcavity, such as
the one used in our experiment, identical QWs are located in
groups in the antinodes of the cavity photon field to maximize
the light-matter coupling [10]. Each group of QWs is grown
with thin layers of material providing energy barriers, whose
height ensures a negligible electronic coupling between neigh-
boring QWs.1 Hence, to model the single-particle physics in
the N -QW microcavity, we use the following exciton-photon
Hamiltonian:

Ĥ0 =
∑

k

EC
k ĉ†

kĉk +
∑

k

N∑
n=1

EX
k x̂†

k,n x̂k,n

+ h̄gR

2

∑
k

N∑
n=1

(
x̂†

k,n ĉk + ĉ†
kx̂k,n

)
, (1)

1A significant tunneling between QWs would result in multiple
polariton branches [82], a feature that is absent in our sample.

224515-2



BOGOLIUBOV EXCITATIONS OF A POLARITON … PHYSICAL REVIEW B 105, 224515 (2022)

where gR is the exciton-photon coupling strength. Here ĉk (ĉ†
k)

and x̂k,n (x̂†
k,n) are bosonic annihilation (creation) operators

of cavity photons and quantum-well excitons, respectively,
with in-plane momentum h̄k and quantum-well index n. The
kinetic energies at low momenta are EC

k = h̄2k2/2mC + δ and
EX

k = h̄2k2/2mX , where k ≡ |k| and mC (mX ) is the photon
(exciton) mass, while δ is the photon-exciton detuning. Here
we measure energies with respect to the exciton energy at zero
momentum, and we use a scalar theory that does not explicitly
include the polarization of polaritons since polarization effects
are negligible in the present experiment (see Sec. III A).

The light-matter coupling terms in the second line of the
Hamiltonian (1) immediately define a bright (symmetric) su-
perposition of the bare QW exciton operators

b̂k = 1√
N

N∑
n=1

x̂k,n. (2)

Indeed, in the literature this is often the only excitonic mode
that is considered. However, there are additionally N − 1
dark superposition states [9], corresponding to superpositions
of the QW excitons that are orthogonal to the bright state.2

These may be conveniently represented by the discrete Fourier
transforms

d̂k,l =
N∑

n=1

uln x̂k,n, (3)

with l = 1, . . . ,N and uln = 1√
N ei2πnl/N [44]. Note that

d̂k,N = b̂k. Importantly, as we now discuss, the existence of
the dark states allow excitons to exist in the low-momentum
region, and (once we include interactions) dark excitons can
be transformed into bright excitons.

Since only the bright state is coupled to light, we can diag-
onalize the exciton-photon Hamiltonian in the usual manner:

Ĥ0 =
∑

k

[
EL

k L̂†
kL̂k + EU

k Û †
k Ûk +

N−1∑
l=1

EX
k d̂†

k,l d̂k,l

]
, (4)

with L̂ (Û ) the lower (upper) polariton annihilation operators
defined as superpositions of the bright exciton and the photon,(

L̂k

Ûk

)
=

(
Xk Ck

−Ck Xk

)(
b̂k
ĉk

)
. (5)

Here EU,L
k are the polariton eigenenergies,

EU,L
k = 1

2

(
EX

k + EC
k ±

√(
EC

k − EX
k

)2 + h̄2�2
)
, (6)

with the enhanced Rabi splitting h̄� = h̄gR

√
N , while Xk,Ck

are the Hopfield coefficients, corresponding to the exciton and
photon fractions of the lower polariton:

X 2
k = 1

2

(
1 + EC

k − EX
k

EU
k − EL

k

)
, C2

k = 1 − X 2
k . (7)

2For convenience, we denote these superpositions as bright or dark
regardless of whether the momentum is within or outside the radia-
tive region.

The single-particle spectrum of the lower and upper polaritons
is shown in Fig. 1, including the energies of the dark exciton
superpositions. This explicitly illustrates the existence of the
bare exciton dispersion in multi-QW microcavities.

Physically, the N − 1 degenerate dark superpositions and
the

√
N -enhancement of the Rabi splitting originate from the

fact that N identical QWs are coupled to a single cavity mode.
This is a known phenomenon which occurs in other models
with N quantum emitters coupled to one photonic mode such
as in the Tavis-Cummings model [45]. Thus, these dark su-
perpositions should not be confused with spin-forbidden dark
excitons which can exist in a single quantum well and which
we do not explicitly consider here.

Note that a strong coupling between QW excitons and
additional nearby photonic modes (such as Bragg modes)
can “brighten” some of the dark superpositions and create
additional polariton lines [46]. However, it is unlikely that all
of the dark superpositions will become optically active, since
this would require the QW excitons to strongly couple with
N − 1 additional photonic modes.

B. Two-body interactions and effective model

Having introduced the single-particle eigenstates of the
model, we now wish to include the effect of interactions
between these. The interactions in the system originate from
pairwise exciton-exciton interactions within a given quantum
well n, described by the following interaction Hamiltonian,

V̂ = g

2A

N∑
n=1

∑
k,k′,q

x̂†
k+q,nx̂†

k′−q,nx̂k′,nx̂k,n, (8)

where g is the bare exciton-exciton coupling constant and A
is the system area. When expressed in the basis of the bright
and dark superpositions (3), it reads [44]

V̂ = g

2NA
∑
{l j }

δM
∑

k,k′,q

d̂†
k+q,l1

d̂†
k′−q,l2

d̂k′,l3 d̂k,l4 , (9)

where {l j} = {l1, l2, l3, l4}. Here the Kronecker delta
encodes a phase selection rule for pairwise scatter-
ing (δM = 1 if M = 0, δM = 0 otherwise, where
M = Mod[l1 + l2 − l3 − l4,N ]), which is a discrete analog
of momentum conservation. It is worth noting that the
bare interaction coupling constant g is reduced by the
factor of 1/N in the new bright-dark-superposition basis.
Furthermore, written in this form, Eq. (9) involves a large
number of terms (N 3), which highlights the complexity of
the scattering processes occurring in multi-QW structures
in the strong-coupling regime. In particular, interconversion
between different states (bright or dark) is allowed by
the phase selection rule, which enables their respective
populations to equilibrate at large momenta where the
single-particle energies become degenerate. Furthermore, it
allows dark excitons to be scattered into and out of a polariton
condensate, which is important for achieving dynamical
equilibrium.

For the total Hamiltonian Ĥ0 + V̂ , we thus have a com-
plicated interacting many-body problem involving lower
polaritons, upper polaritons, and dark exciton superpositions.
To make further progress, we neglect the upper polariton,
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since this is expected to have a negligible population once a
condensate of lower polaritons is formed, and we assume that
any excitonic particles are uncondensed and semiclassical due
to the large exciton mass (mX ∼ 104mC). Thus, populations of
dark superposition states and high-momentum polaritons with
a large excitonic fraction will form an incoherent reservoir
(represented by the gray shading in Fig. 1). Within our model,
the wave vector q0 above which the lower polariton is exci-
tonic can be roughly estimated by the condition EL

q0
= EX

0 ,
which gives q0 = (

√
mCmX �/h̄)1/2 at zero photon-exciton

detuning.
We can describe such a semiclassical reservoir within the

Hartree-Fock approximation, allowing us to replace the oper-
ators by the total reservoir number

NR =
N−1∑
l=1

∑
k

Nk,l +
∑

k|k|>q0

Nk,N , (10)

with Nk,l ≡ 〈d̂†
k,l d̂k,l〉 the states’ momentum occupations.

Here we have assumed that the reservoir is spatially homo-
geneous, which is reasonable away from the pumped region
in our experiment (see Sec. III A). Had we not accounted for
the presence of dark states in the system, the first term on
the right-hand side of Eq. (10) would be absent. We also note
that our model neglects other potential sources of a reservoir
such as originating from spin-forbidden dark excitons with
angular momentum J = 2 or from populations of free carriers
(electrons and holes).

As detailed in the Appendix, the Hartree-Fock approxima-
tion allows us to obtain an effective Hamiltonian for lower
polaritons and the excitonic reservoir of the form

Ĥeff = Eres +
∑

k

[
EL

k + 2
gpd

N X 2
k nR

]
L̂†

kL̂k

+ gpp

2NA
∑

k,k′,q

Xk+qXk′−qXk′XkL̂†
k+qL̂†

k′−qL̂k′ L̂k, (11)

where nR = NR/A is the reservoir density. Here, Eres is the
reservoir energy in the Hartree-Fock approximation; it con-
tributes to the total energy of the system but it does not
affect the lower-polariton spectrum. We have introduced the
polariton-polariton and polariton-reservoir effective interac-
tion strengths gppX 4/N and gpd X 2/N , respectively, which
originate from the repeated two-body scattering processes;
for more details, see the Appendix. These possess a mo-
mentum dependence through the Hopfield coefficients. Both
interactions are repulsive and contribute to the blueshift of
the polariton line. The factor of 2 in the polariton-reservoir
interactions originates from the fact that interconversion be-
tween polaritons and reservoir particles is possible within our
model. The existence of such interconversion processes also
allows the reservoir to achieve a dynamical equilibrium with
the polariton condensate.

We emphasize that despite their two-dimensional nature,
polaritons are able to interact pairwise efficiently at low mo-
menta. This is in stark contrast to the standard low-energy
scattering in two dimensions which vanishes logarithmically
[47]. This difference can be viewed as a consequence of
the strong light-matter coupling, as recently discussed in

Ref. [44]. In the regime where the Rabi splitting exceeds the
exciton binding energy h̄� � εB, as in the sample used in
our experiments, we expect the Born approximation [48,49]
to give a reasonable estimate of the polariton-polariton and
polariton-reservoir interaction strengths [50] as reported in
experiments [51], and thus gpd � gpp.

Finally, we note that an excitonic reservoir as described
in Eq. (11) should not affect phenomena related to polariton-
polariton interactions at the few-body level such as polariton
antibunching [52,53], since it only modifies the single-
polariton energies.

C. Generalized Bogoliubov theory

We now consider the situation where we have a polariton
condensate, corresponding to a macroscopic occupation of the
zero-momentum mode (Fig. 1). To this end, we introduce a
generalized Bogoliubov theory of our model, Eq. (11), that
explicitly accounts for the effect of the incoherent reservoir
on the Bogoliubov spectrum.

We start with the Heisenberg equation for the lower polari-
ton which reads

ih̄∂t L̂k = [L̂k, Ĥeff ]

=
(

EL
k + 2

gpd

N X 2
k nR

)
L̂k

+ gpp

NAXk

∑
k′,q

Xk′+q−kXk′XqL̂†
k′+q−kL̂k′ L̂q. (12)

Considering first the macroscopically occupied state at k = 0,
we use the mean-field approximation which consists of defin-
ing 〈L̂0〉 ≡ √

Aψ0 and using the fact that N0 ≡ A|ψ0|2 	∑
k 
=0〈L̂†

kL̂k〉. This allows us to obtain an equation for the time
evolution of ψ0

ih̄∂tψ0 =
[
EL

0 + 2
gpd

N X 2
0 nR + gpp

N X 4
0 |ψ0|2

]
ψ0. (13)

Its solution is of the form ψ0 = √
n0e−i(EL

0 +μT )t/h̄, where
n0 = N0/A is the condensate density and

μT = 2
gpd

N X 2
0 nR + gpp

N X 4
0 n0 (14)

corresponds to the effective chemical potential of the polariton
condensate, which contains both interactions with the homo-
geneous reservoir and interactions within the condensate.

For the fluctuation part at k 
= 0, we make the replacement
L̂0 → √

Aψ0 in Eq. (12) and keep the leading order terms
in n0. This is equivalent to replacing Ĥeff by the mean-field
Hamiltonian

Ĥmf =
∑
k 
=0

[
EL

k + 2
gpd

N X 2
k nR + 2gpp

N X 2
k X 2

0 |ψ0|2
]

L̂†
kL̂k

+ gpp

2N X 2
0

∑
k 
=0

X 2
k

(
ψ2

0 L̂†
kL̂†

−k + (ψ∗
0 )2L̂kL̂−k

)
, (15)

which is time-dependent through the mean-field ψ0. The time
dependence can be absorbed into the polariton operators via
the transformation L̂k → L̂ke−i(EL

0 +μT )t/h̄, which effectively
means that we measure energy with respect to that of the
condensate. The Heisenberg equation for the transformed
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FIG. 2. Polariton Bogoliubov excitation spectrum. The dark
and light blue solid lines correspond to εk obtained in Eq. (22)
in the presence (μT 
= μC) or absence of the reservoir (μT =
μC), respectively. For comparison, we also display the con-
ventional Bogoliubov result ε

Bg
k with the dashed light blue

line and the single-polariton kinetic energy T L
k with the thin

black line. We have used experimentally relevant parameters:
mC = 3.6 × 10−5m0, mX = 0.57m0 [54], h̄� = 15.9 meV, δ = 0,
μC = 250 μeV; and we have taken μT = 1 meV for the dark blue
line. The healing length is defined as ξ = h̄/

√
mLμC .

operator then gives

ih̄∂t L̂k = AkL̂k + BkL̂†
−k, (16)

and likewise we have

ih̄∂t L̂
†
−k = −BkL̂k − AkL̂†

−k. (17)

In Eqs. (16) and (17) we have introduced the functions

Ak = T L
k + (μT + μC )

X 2
k

X 2
0

− μT , (18a)

Bk = μCX 2
k

X 2
0

, (18b)

where T L
k = EL

k − EL
0 is the polariton kinetic energy and μC

is defined as

μC = gppX 4
0

N n0. (19)

In contrast to μT , μC is the part related to the condensate
self-interaction only. In an experiment, μT is measurable from
the total interaction-induced energy shift of the polaritons at
zero momentum (i.e., the blueshift), while μC can be extracted
from the measured Bogoliubov spectrum εk (see Fig. 2), as
discussed below.

To extract the Bogoliubov spectrum, we perform the Bo-
goliubov transformation

L̂k = ukL̂k − vkL̂†
−k, (20a)

L̂†
k = ukL̂†

k − vkL̂−k. (20b)

Here, the coefficients take the form

u2
k = Ak + εk

2εk
, v2

k = Ak − εk

2εk
, (21)

leading to the spectrum

εk =
√

A2
k − B2

k. (22)

Using this transformation, one can rearrange Eqs. (16) and
(17), to obtain the equation of motion for the Bogoliubov
excitations, ih̄∂t L̂k = εkL̂k.

If we neglect the momentum dependence of the Hopfield
coefficients in Eqs. (18) (i.e., if we take Xk = X0), Eq. (22)
reduces to the conventional Bogoliubov result

ε
Bg
k =

√
T L

k (T L
k + 2μC ), (23)

which is shown as a dashed line in Fig. 2. In this approx-
imation, the presence of a uniform excitonic reservoir does
not affect the Bogoliubov excitation spectrum, nor the ampli-
tudes uk and vk in Eq. (21). However, once we include the
full momentum dependence of the Hopfield coefficients, the
pairwise interactions themselves inherit this dependence, and
the Bogoliubov excitations feature the total chemical potential
μT as well as μC . In particular, in the long-wavelength limit
where εk � h̄cs|k|, the speed of sound cs is expressed as

cs =
√

1 + 2μT√
δ2 + h̄2�2

√
μC

mL
≡

√
μC

m∗
L

, (24)

where we have used the fact that mC/mX 
 1 and have
defined the lower-polariton mass as mL = mC/C2

0 . Since√
μC/mL is the conventional (Bogoliubov) speed of sound in

a BEC composed of particles of mass mL [2], we see that
Eq. (24) corresponds to polaritons with a slightly smaller
effective mass m∗

L, which includes many-body effects via μT .
Note that in the absence of the reservoir we have μT = μC in
which case Eq. (24) matches the zero-temperature expression
recently obtained in Ref. [55].

Similarly, the Bogoliubov amplitudes in the low-
momentum limit become

u2
k, v

2
k −−→

k→0

√
m∗

LμC

2h̄k
, (25)

where the polariton mass mL is once again replaced by the
effective mass m∗

L. Hence, while the small Hopfield correction
increases the speed of sound, it reduces the corresponding
Bogoliubov amplitudes compared to those for a conventional
Galilean-invariant BEC [2].

At larger wave vectors, the impact of the reservoir on the
spectrum (22) becomes more pronounced, as illustrated in
Fig. 2, since X 2

k shifts away from X 2
0 and increases toward 1

with increasing k. We emphasize that this is different from
previous theories of polariton condensates coexisting with
a reservoir [30,32], which only find a modified Bogoliubov
spectrum close to zero momentum. By contrast, our theory
predicts a visible effect of the reservoir for the wave vectors
accessible in the experiment, and there is no significant depar-
ture from the shape of the conventional Bogoliubov excitation
branches near k = 0.

D. Photoluminescence of Bogoliubov excitations

To connect the theoretical results with the experiment,
we need to relate these to the observed photoluminescence.
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FIG. 3. Schematics of the processes contributing to the photo-
luminescence spectrum at wave vector k and energy E (indicated
by an empty circle). (a) Annihilation of a Bogoliubov excita-
tion with photon emission from the normal branch. (b) Creation
of a Bogoliubov excitation with photon emission from the ghost
branch. The black solid and dashed lines correspond to the
Bogoliubov excitation spectrum (normal branch) and its mirror im-
age (ghost branch), respectively. The filled blue circle at k = 0
represents the polariton condensate, and the blue shading high-
lights the possible luminescence signal associated with the two
processes.

In practice, the photoluminescence spectrum is measured by
detecting the photon emitted when a polariton is annihilated.
We now calculate the photoluminescence within our model
using Fermi’s golden rule.

It is instructive to first consider the system in the absence
of polariton-polariton interactions. In this case, the initial and
final states for this process can be expressed in term of the
single-polariton Fock states. The photoluminescence spec-
trum can then be defined as C2

kI (h̄ω, k) with C2
k the polariton

photonic fraction and

I (h̄ω, k) ∝
∑

nk

pnk |〈nk − 1, 1| â†
kL̂k |nk, 0〉|2δ(h̄ω − EL

k

)
,

(26)

where â†
k is the emitted photon creation operator (note that for

notational simplicity, we denote this only by its planar mo-
mentum). Here, |nk, 0〉 corresponds to an initial state with nk
polaritons with wave vector k and zero emitted photons, and
pnk is the probability to find this occupation. Equation (26)
can also be written as

I (h̄ω, k) ∝ 〈L̂†
kL̂k〉δ

(
h̄ω − EL

k

)
, (27)

where 〈L̂†
kL̂k〉 = ∑

nk
pnk nk. This shows that, in the absence

of interactions, we only have a single branch in the photolu-
minescence spectrum.

A similar reasoning can be used to interpret the photolu-
minescence in the presence of interactions in the condensate.
In the Bogoliubov approximation, the transformation in
Eq. (20a) shows that the annihilation of a polariton at wave
vector k is associated with two different processes: the an-
nihilation of a collective excitation at k or the creation of
an excitation at −k, as illustrated in Fig. 3. Both processes

contribute to the photoluminescence spectrum as

IB(h̄ω, k) ∝ u2
k

∑
nk

pnk |〈nk − 1, 1| â†
kL̂k |nk, 0〉|2δ(h̄ω − εk )

+ v2
k

∑
n−k

pn−k |〈n−k + 1, 1| â†
kL̂

†
−k |n−k, 0〉|2δ(h̄ω + ε−k ),

(28)

where |nk, 0〉 now denotes an initial Fock state with nk
Bogoliubov excitations and zero photons. Thus, the photolu-
minescence spectrum can be expressed as

IB(h̄ω, k) ∝ u2
k〈L̂†

kL̂k〉δ(h̄ω − εk )

+ v2
k(〈L̂†

−kL̂−k〉 + 1)δ(h̄ω + ε−k ). (29)

We can see that it is composed of two branches symmetric
with respect to the condensate chemical potential (which is
defined as the origin here). We denote the positive one as the
normal branch (NB) and the negative one as the ghost branch
(GB) [37]. Note that the ghost branch is not a real excitation
branch of the system: As depicted in Fig. 3(b), it corresponds
to the emitted photons associated with the creation of real
Bogoliubov excitations in the polariton system, and as such
it is related to the photoluminescence process itself (i.e., to
the photons escaping the cavity). Moreover, it is an intrinsic
feature of an interacting condensate and it does not require the
presence of a reservoir. In the absence of polariton-polariton
interactions (μC = 0), we have v2

k = 0 such that only the
normal branch emits, in agreement with Eq. (27).

The NB and GB occupations can be expressed as

NNB,k = u2
k〈L̂†

kL̂k〉, (30a)

NGB,k = v2
k(〈L̂†

−kL̂−k〉 + 1). (30b)

For large wave vectors with respect to the inverse heal-
ing length 1/ξ = √

mLμC/h̄ we have u2
k → 1, and therefore

NNB,k � 〈L̂†
kL̂k〉 while

NGB,k � v2
k(NNB,−k + 1). (31)

Therefore, the ratio NGB,k/(NNB,−k + 1) allows one to extract
the coefficient v2

k directly from the occupation number of the
two branches which can be measured experimentally [41].

Equations (30) and (31) are general expressions that apply
to any uniform system in dynamical equilibrium. For the
case of thermal equilibrium with a well-defined temperature
T , one would have 〈L̂†

kL̂k〉 = 〈L̂†
−kL̂−k〉 = [exp(εk/kBT ) −

1]−1 in Eq. (30). At T = 0, this would give N th
NB,k = 0 while

N th
GB,k = v2

k because of quantum depletion [2], and only the
ghost branch would be observable.

III. EXPERIMENTAL RESULTS

We now present our experimental results which are ob-
tained from an analysis of the measured photoluminescence
based on the theory introduced above. We begin with an in-
troduction of the experimental setup and method in Sec. III A.
Then, we present the measurement of the polariton conden-
sate and dark reservoir densities in Sec. III B, and finally we
present the extraction of the Bogoliubov amplitude from the
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FIG. 4. (a) Real-space image of the polariton emission at very
low excitation power. In this regime, the emission is concentrated
around the circular laser excitation profile. The mean polariton den-
sity inside the trap is 0.04 μm−2. (b) Real-space image of the spatial
distribution of the high-density polariton condensate in the Thomas-
Fermi regime (n0 = 1390 μm−2), showing a flat density distribution
with sharp edges of the trap. The condensate density is spatially
modulated due to the local disorder of the sample, as seen in cross
sections at y = 0 (top panel) and x = 0 (right panel). The large
dashed circle indicates the position of the laser excitation and the
small dashed circle depicts the position of the spatial filter used to
probe the flat part of the density.

measured momentum-resolved occupations of the excitation
branches in Sec. III C.

A. Sample and methods

Our sample is an ultra-high-quality GaAs-based microcav-
ity, ensuring a long cavity photon lifetime of at least 100 ps
[56,57]. The active region of the 3λ/2 cavity consists of
N = 12 GaAs/AlAs quantum wells (7 nm thick), placed at
the antinodes of the confined optical field. The high-reflective
mirrors are composed of multilayer AlAs/AlGaAs distributed
Bragg reflectors. QW excitons strongly couple to the cavity
photons with a Rabi splitting h̄� = 15.9 meV. The data pre-
sented in this paper are taken for a photon-exciton detuning
δ = EC

0 − EX
0 ≈ 1.39 meV, corresponding to an exciton frac-

tion X 2
0 ≈ 0.543. Further details on this sample can be found

elsewhere [41,58].
We investigate polaritons in the regime of bosonic conden-

sation in an optically induced potential trap [23,26,27,56,59];
see Fig. 4. This is done by focusing the pump laser (a
single-mode continuous-wave Ti:sapphire laser) into a ring
shape on the sample via an axicon lens in between a pair
of lenses in a confocal configuration [59]. The nonresonant
laser, tuned to the second reflectivity minimum of the mi-
crocavity around 1.715 eV, creates high-energy electron-hole
pairs, which relax into excitons and polaritons under the pump
spot. Simultaneously, the accumulated carriers and excitons in
the pump region interact repulsively with polaritons, forming
an effective circular trap within which polariton condensation
occurs. The use of an optical trap geometry ensures a mini-
mal overlap between the condensate and the pumping region,
reducing potential decoherence effects [23,27]. In the config-
uration used here, the trap diameter is approximately 34 μm.

The photoluminescence of the polariton condensate is col-
lected via a high numerical aperture objective (NA = 0.5)

and the real-space (near-field) or momentum-space (far-field)
photon emission is focused via a set of four lenses onto the slit
of the imaging monochromator. The condensate is prepared
in a high-density Thomas-Fermi (TF) regime [41,51], where
effects of polariton interactions and spatial hole-burning lead
to a nearly homogeneous condensate with sharp edges, as seen
in Fig. 4(b). Since the TF condensate wave function directly
reflects the actual shape of the effective trapping potential,
one observes a small modulation of the condensate density
due to local sample disorder. To ensure that the local density
approximation applies to our measurements, we only probe
the central part of the condensate, away from the trap edges.
This is achieved with a circular spatial filter of diameter about
18 μm in the real-space plane, as depicted in Fig. 4. We follow
the signal integration method in momentum space employed
in our previous works [41,59] to measure the mean condensate
density n0 in this homogeneous region. Throughout this paper,
the quoted densities are those for a single spin component
(↑ or ↓) associated with the photon circular polarization.
As the condensates in our samples are nearly 100% linearly
polarized, we have n↑ � n↓ ≡ n0 such that the total polariton
density is ntot = n↑ + n↓ � 2n0. We can use this notation
because of the negligible contribution of the singlet (↑↓)
interactions in our multi-QW GaAs cavity [42].

According to the arguments in Sec. II D and previous theo-
retical works [29,31,32,60], the collective excitation spectrum
of a polariton condensate is visible in the photoluminescence
from the cavity. Indeed, signatures of collective excitations
have been reported in experiments with nonresonant pumping
[34,35,37,41], and in the different regime of coherent exci-
tation [36,38,40]. In practice, however, the strong signal of
the k = 0 state dominates the luminescence and saturates the
detection system, making it challenging to detect the weak
signal from the excitation branches. In our experimental setup,
we solve this problem by using an edge filter in momentum
space to block the luminescence below a given wave vector
kfilter [41,42], allowing us to resolve the weak signal originat-
ing from the excitation branches at k > kfilter. We also probe
higher condensate densities than the recent experiments of
Refs. [34,40,41].

The polariton photoluminescence spectra are collected
with the momentum-edge filter placed at different places in
k space. Additionally, we adjust the acquisition time in each
configuration, enabling us to increase the total dynamical
range of the detection; see the data in Fig. 5. Because the
remaining diffracted signal from the condensate can oversat-
urate the CCD, the minimal wave vector for the detection is
kmin ≈ 0.65 μm−1. In comparison to our previous work [41],
here we are able to measure the spectrum at larger wave
vectors as well as access both positive and negative wave vec-
tors along a given direction. The latter capability is essential
for the experimental extraction of the Bogoliubov amplitude
presented in Sec. III C. All measurements in this work are
performed along the x axis (oriented as in Fig. 4), collinear
with the monochromator slit.

B. Polariton condensate with large reservoir

A typical photoluminescence image is presented in Fig. 5.
The strong bright signal at ∼1.6005 eV corresponds to the
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FIG. 5. Momentum-space photoluminescence spectrum of a
high-density polariton condensate recorded at n0 = 907 μm−2. This
image is obtained by stitching together spectra along the x direction
recorded with different positions of a momentum edge filter (indi-
cated with the thin dotted vertical lines). Red thick lines represent
the extracted intensity maxima of the branches. The white dashed
lines represent the collective excitation dispersion obtained from the
fit to Eq. (22) and its mirror image. The white solid lines correspond
to the single-polariton dispersion and its mirror image, both shifted
by μT . A strong Airy pattern originating from the diffracted conden-
sate emission at k = 0 is visible at ∼1.6005 eV. The color scale is
logarithmic.

condensate emission diffracted at the edges of the spatial
filter [41]. The spectral position of the condensate with re-
spect to the original single-polariton energy allows us to
measure the total blueshift, which corresponds to the effective
chemical potential μT in Eq. (14). To obtain the condensate
self-interaction energy μC , we first extract the peak positions
of the two excitation branches by fitting the spectra at each
kx with Lorentzian functions. The resulting peak dispersions
are shown with red thick lines in Fig. 5. We then fit these
dispersions with Eq. (22), inserting the value of μT previ-
ously obtained from the blueshift and using the condensate
self-interaction energy μC as a fitting parameter. In the fitting
procedure, we use the smooth part of the measured excitation
spectrum below kx ≈ 2 μm−1. The result of the fit is presented
with the dashed white lines in Fig. 5. The single-particle limit
of the dispersion is also shown with the solid white lines for
comparison.

We repeated the above procedure for several condensate
densities, n0, and the resulting measured total blueshift μT

and condensate self-interaction energy μC are presented in
Fig. 6(a). The blueshift μT shows an interesting behavior
in which we can distinguish three stages: For very low
polariton densities, below the condensation threshold, μT

rises quickly and is dominated by the energy shift due to
the reservoir [59]. Above the threshold, when n0 is not too
large, this rise slows down, which is correlated with the
condensate growth. More surprisingly, for large densities
n0 � 750 μm−2, the slope for μT changes again and becomes
approximately constant in our power range. By contrast,
μC always grows linearly with a given slope μC = gexpn0.

FIG. 6. (a) Measured total blueshift μT and condensate self-
interaction energy μC as a function of the polariton density.
The dotted and dashed-dotted lines highlight the linear behaviors.
(b) Condensate and reservoir densities (n0, nR), deduced from the
data in (a) (see text), as a function of the pumping power P.
The threshold Pth is indicated with an arrow. (c) Condensed frac-
tion as a function of n0. The red solid line is obtained from the
model of Eqs. (32) using experimentally relevant parameters γR =
1/5000 ps−1, γC = 1/135 ps−1, γ = γRX 2

0 + γC (1 − X 2
0 ), and using

the fitted values R = W = 2 × 10−8 μm4 ps−1.

This slope corresponds to the effective polariton-polariton
interaction strength gexp = gppX 4

0 /N = 0.239 ±
0.008 μeV μm2, which agrees very well with previous
measurements in our sample [41,51].

Since gpd � gpp for our sample (see Sec. II B), we can
estimate the reservoir densities nR using the expression for
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= + · · ·

(a)

(b)

FIG. 7. Diagrams contributing to (a) stimulated scattering into
the condensate and (b) the upconversion of two polaritons to reser-
voir particles due to scattering with a third particle from the reservoir.
Solid and dashed lines represent reservoir particles and condensed
polaritons, respectively, while the gray squares correspond to re-
peated two-particle scattering processes. In (b), the diagram on the
left is the sum of all possible contributions, while the diagram on
the right is the simplest contribution in terms of two consecutive
polariton-exciton scattering processes. The lines on the left and right
correspond to the initial and final states, respectively, while the cen-
tral part of the diagram corresponds to the interaction matrix element
that would enter Fermi’s golden rule.

the total blueshift, Eq. (14), with the calibrated values of
n0 and the measured gexp. The result of this calculation is
shown in Fig. 6(b), where both n0 and nR are presented as
a function of the pump power. We also plot the condensate
fraction ρ = n0/(n0 + nR) as a function of n0 in Fig. 6(c). It
grows rapidly from zero at low values of n0, as the condensate
forms above the threshold [Pth ≈ 76 mW in Fig. 6(b)], and
increases with density until it saturates at around 50% when
n0 � 750 μm−2. The saturation of ρ is correlated with the
change of slope of μT in Fig. 6(a) and is also visible in
Fig. 6(b) at pump powers P � 170 mW. Remarkably, this
means that at large densities, the proportions of reservoir and
condensed polaritons are approximately equal, nR � n0.

To our knowledge, the behavior we observe at large
densities has not been reported in previous experiments. Fur-
thermore, it differs from the predictions of commonly used
phenomenological models for polariton condensation under
continuous and incoherent pumping in which the reservoir
density is locked to its value at the condensation threshold
while the condensate density grows with the pump power
[30,61,62]. This suggests that there is a higher order process
involving the scattering between two condensed polaritons
and a reservoir particle that transfers population from the
condensate to the reservoir (Fig. 7). Similar three-body pro-
cesses are commonly considered in cold atomic gases, where
they play a dominant role in the loss of particles from an
atomic condensate [63–65]. The high-density behavior can
be captured by the following set of phenomenological rate
equations:

∂n0

∂t
= −γ n0 + Rn2

Rn0 − W n2
0nR, (32a)

∂nR

∂t
= P − γRnR − Rn2

Rn0 + W n2
0nR. (32b)

Here, P is an effective reservoir pump rate at the center of
the trap, originating in our experiment from a nonresonant
pump that injects uncorrelated electron-hole pairs, while γ

and γR are the decay rates of the polariton condensate and
excitonic reservoir, respectively. The terms with coefficient
R correspond to the usual gain terms that populate the con-
densate via stimulated scattering of two particles from the
reservoir. The additional W terms encode the higher order
scattering processes described above. In the steady state, the
threshold pump power for condensation is Pth = γR

√
γ /R,

below which we have n0 = 0 and nR = P/γR. For P > Pth,
the condensate density grows and at large densities we eventu-
ally obtain n0/nR � R/W , which agrees with the dependence
in Figs. 6(b) and 6(c) if we take R ∼ W . The steady-state solu-
tions above threshold capture the saturation of the condensate
fraction ρ observed in the experiment, as shown in Fig. 6(c)
with the solid line. Here we calculated ρ using experimentally
relevant decay rates γ , γR and assuming R = W in Eq. (32).

Figure 7 illustrates the two- and three-body scattering pro-
cesses contributing to R and W . These in general depend
on the momentum distribution of the reservoir, which we
cannot measure, and furthermore a full calculation of the
three-body diagram shown in panel (b) is a complicated multi-
body scattering problem which takes us beyond the scope of
this work. However, since the Rabi splitting and the exciton
binding energy scales are comparable in our sample, we can
estimate the expected size of the parameters W and R from
simple dimensional analysis in terms of the exciton parame-
ters. This is reasonable if we assume that they are determined
by polariton-polariton and polariton-exciton scattering events.
This estimate leads to h̄R ∼ h̄W ∼ εBa4

0, in terms of the ex-
citon binding energy, εB, and the Bohr radius a0. Using the
experimental values εB � 10 meV and a0 � 10 nm, we find
R ∼ W ∼ 1.5 × 10−7 μm4 ps−1 which is within an order of
magnitude of the value extracted from the data in Fig. 6
(2 × 10−8 μm4 ps−1). This suggests that these terms are con-
sistent with those derived from excitonic scattering processes.

The large reservoir density within the trap contrasts with
the expectation that separating the pump region from the con-
densate in an optical trap geometry should result in a reservoir
density negligible with respect to that of the condensate. On
the contrary, our observation indicates that excitonic particles
forming the reservoir are able to move away from the pumped
area, as measured in Ref. [66], and that the threshold for
condensation is reached once a substantial reservoir is present
within the trap. While our multi-QW cavity is more complex,
we note that the formation of an exciton gas at the center of a
trap induced by laser excitation has previously been reported
in experiments with coupled GaAs quantum wells [67].

The large reservoir density observed here might be in-
dicative of the dark exciton superpositions present in our
multilayer cavity, as highlighted in Sec. II. Indeed, as the
single-particle states are degenerate at large momenta, they
must all be populated, and hence the reservoir within the
trap consists of both bright and dark superpositions. Since
our measurements of μT and μC do not allow us to distin-
guish between the contribution to nR arising from the N −
1 dark superpositions and the contribution from the com-
monly assumed bright ones occupying large momentum states
with k � q0, future investigations in this direction would be
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beneficial for a better understanding of the role of the dark
superpositions. Interestingly, our extracted value for the con-
densate fraction ρ ∼ 0.5 at large densities is comparable to
the ones reported recently in different experiments performed
in multi-QW cavities, such as under off-resonant pulsed exci-
tation in our sample [56] and under resonant continuous-wave
excitation in another experiment [40].

We emphasize that the use of the generalized Bogoliubov
spectrum, Eq. (22), with different μT and μC was crucial in
the present analysis. Neither the observed Bogoliubov disper-
sions nor the amplitudes presented in the next section could
have been reproduced if we had set μC equal to the observed
blueshift μT as in the usual Bogoliubov theory.

C. Momentum-space occupation and extraction
of Bogoliubov amplitudes

In addition to the reservoir and condensate densities, our
experiment allows us to measure the occupation of the normal
and ghost branches NNB,k and NGB,k following the method
used in Ref. [41]. In contrast to Ref. [41], in the present exper-
iment, we are able to analyze the signal from both positive and
negative values of k which gives us access to the Bogoliubov
amplitudes via Eq. (30).

The momentum occupation of the normal branch is pre-
sented in Fig. 8(a) for both positive and negative directions
along the x axis. We observe a general decrease of these
occupations as k increases and a hump at around 2 μm−1. The
latter is related to the gain associated with the high-energy
states in the ring pump region. This phenomenon can already
be spotted in the raw data, such as that shown in Fig. 5, and
was observed in a previous experiment performed at similar
detuning [41].

In general, we observe a significant nonequilibrium oc-
cupation of the excitation branches, as shown in Figs. 8(a)
and 8(b). This could be favored by the circular ring pump
geometry, which allows additional parametric pair scattering
processes to participate in the polariton relaxation within the
trap compared to a Gaussian pump spot [26]. Moreover, the
momentum occupations are not symmetric with respect to
k = 0 and one has NNB(GB),k 
= NNB(GB),−k [see Fig. 8(a)]
which reflects the trap asymmetry arising from the cavity
gradient (a linear slope of the effective potential in the sample)
and the imbalanced pump intensity across the ring excitation
[56,59,66].

Nevertheless, we are able to extract the Bogoliubov ampli-
tude v2

k by correlating the signals of NB and GB from opposite
sides of k space. To do so, we use the fact that the wave
vectors probed are large with respect to the inverse healing
length [1/ξ � 0.56 μm−1 for the data presented in Figs. 8(a)
and 8(b)], which allows us to use Eq. (31) since u2

k � 1
when kξ > 1. As an example of the procedure, in Fig. 8(b),
we have plotted v2

k(NNB,−k + 1) and v2
k(NNB,k + 1) where we

have used the data from panel (a) for NNB,k, and where v2
k

is calculated using the measured values of μC and μT in
Eq. (21). We see that v2

k(NNB,−k + 1) matches remarkably
well with the measured values of NGB,k. However, this is not
the case for v2

k(NNB,k + 1) because of the above-mentioned
asymmetry related to the optical trap.

FIG. 8. (a), (b) Momentum-space occupations measured along
the x axis for n0 = 1519 μm−2 (1/ξ � 0.56 μm−1). In panel (a) the
light solid (dark dashed) line represents NNB,k (NNB,−k). In panel
(b) the dark solid line shows NGB,k while the light solid and red
dashed lines correspond to v2

k(NNB,k + 1) and v2
k(NNB,−k + 1), re-

spectively. (c) Bogoliubov amplitude v2
k for different condensate

densities n0 = 485 μm−2, n0 = 804 μm−2, n0 = 1519 μm−2. The
solid lines correspond to the experimental measurement obtained
from the ratio NGB,k/(NNB,−k + 1). The dashed lines show the theory
predictions of Eq. (21) with no free parameters. Here, the horizontal
axis is rescaled using ξ . Shaded areas in all panels indicate the
experimental error bars within the 95% confidence interval.

A direct comparison between the v2
k extracted from the

ratio of the measured occupations, Eq. (31), and the theo-
retical prediction of Eq. (21) is presented in Fig. 8(c) for
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different condensate densities n0. We have used the measured
values of μT and μC shown in Fig. 6(a) to plot the theoretical
lines. One observes that the three experimental curves super-
impose in the region where they overlap when plotted with
the rescaled momentum axis. None of these curves follow a
(kξ )−4 power law as would be predicted in a conventional
(Galilean-invariant) Bogoliubov theory. However, in the ab-
sence of any free parameters, one observes a good agreement
between the predictions of our generalized theory and the
experimental measurement. The small discrepancy between
theory and experiment could be due to the spatial modulations
in the condensate density arising from local disorder, as ob-
served in Fig. 4. In this case, the observed occupations of the
different branches correspond to spatial averages over these
modulations. Taking the average of Eq. (31) over position r,
we obtain

〈NGB,k〉r = 〈
v2

k(NNB,−k + 1)
〉
r >

〈
v2

k

〉
r〈NNB,−k + 1〉r,

where the inequality is based on the reasonable assump-
tion that the Bogoliubov amplitude and the NB occupation
both vary in the same way with condensate density in the
driven-dissipative polariton system. Thus, we find that the
experimentally extracted Bogoliubov amplitude satisfies

v2
k,exp = 〈NGB,k〉r

〈NNB,−k + 1〉r
>

〈
v2

k

〉
r, (33)

which provides an explanation for why the experimental
curves in Fig. 8(c) lie above the theoretical predictions.

Our measurement of the Bogoliubov amplitudes in a solid-
state system complements previous fundamental experimental
results obtained with ultracold atomic gases. In contrast to
the pioneering work of Ref. [7], we probe larger momenta
where the Bogoliubov spectrum is no longer sound-like. Fur-
thermore, unlike recent investigations of depletion in atomic
condensates [68,69], our system is not in thermal equilibrium
with a well-defined temperature, as evident from the highly
nonequilibrium occupations.

IV. CONCLUSIONS

In conclusion, we have presented a generalized Bogoliubov
theory for a polariton condensate in a microcavity embedding
N quantum wells. The key differences from the conventional
equilibrium Bogoliubov theory are (i) the presence of a large
incoherent reservoir, a consequence of the polariton system’s
driven-dissipative nature; (ii) the nonparabolic polariton ki-
netic energy and the momentum dependence of the Hopfield
coefficients (related to the lack of Galilean invariance); and
(iii) the possibility of a highly nonthermal distribution of
Bogoliubov excitations. In particular, we assume that the po-
lariton condensate has achieved dynamical equilibrium with
the incoherent reservoir, which could be facilitated by inter-
conversion between bright and dark excitonic superposition
states.

We have used our theoretical framework to analyze the
experimental photoluminescence spectrum of a polariton con-
densate formed in an optically induced trap. This allowed
us to estimate the reservoir density and to highlight that it
is not negligible within the trap, in agreement with previous
observations [41,59]. In addition, we have demonstrated that

the condensate and reservoir densities become comparable at
pump powers of ∼2Pth and find that their ratio is locked at
higher pump powers leading to a saturation of the condensate
fraction ρ. This saturation implies that an effective upconver-
sion from the condensate to the reservoir is taking place at
large densities, as is well captured by our phenomenological
rate equations.

Going further, we have measured the momentum-resolved
occupations, which allowed us to extract the Bogoliubov
amplitudes directly from the experimental data. To our knowl-
edge, this is the first measurement of Bogoliubov amplitudes
in a nonequilibrium condensate. We found a good agreement
with the analytical expression obtained within our Bogoliubov
theory. This suggests that, in contrast to the nonequilibrium
occupations, the Bogoliubov spectrum and amplitudes are not
strongly affected by the complicated kinetics of the optically
trapped polariton condensate.

Nontrivial questions remain open concerning the nature of
the reservoir and whether or not its role should be reduced in
single-layer microcavities where the dark superpositions are
absent. Future experiments involving fewer quantum wells are
required to address these remaining questions. Furthermore,
while the excitation geometry of the present experiment en-
abled us to unveil the upconversion from the condensate to
the reservoir, there is no reason that forbids this process from
occurring under homogeneous excitation. Thus, it would be
interesting to see if this mechanism, not captured in the com-
monly used phenomenological model introduced in Ref. [30],
can play a role in the stability of polariton condensates re-
cently studied theoretically [61,62,70,71] and experimentally
[72–74]. Our experimental results also clearly show that the
interactions between polaritons and reservoir particles are not
negligible and contribute to the blueshift. In particular, these
interactions are at the origin of the modulational instability in
the above-mentioned phenomenological model [61] and have
been neglected in the recent theoretical studies investigating
its mapping to a Kardar-Parisi-Zhang equation [75–77]. Fi-
nally, a better understanding of the role of the reservoir is also
needed in the coherent excitation regime for which signatures
of reservoir generation have been reported in several experi-
ments [40,78–80].
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APPENDIX: DERIVATION OF THE EFFECTIVE
HAMILTONIAN

Here, we derive the effective Hamiltonian (11), that forms
the basis of our calculation of the excitation spectrum for a

polariton condensate in the presence of an incoherent ex-
citonic reservoir in an N -QW microcavity. If we neglect
the upper polariton and rewrite Eq. (9) in terms of the
lower-polariton operator and the N − 1 degenerate dark state
operators, we arrive at

V̂ = g

2NA
∑

k1k2k3k4

δk1+k2−k3−k4

{
Xk1 Xk2 Xk3 Xk4 L̂†

k1
L̂†

k2
L̂k3 L̂k4 + 4

N−1∑
{la,lb}

δM2 Xk1 Xk4 L̂†
k1

d̂†
k2,la

d̂k3,lb L̂k4

+
N−1∑
{la,lb}

δM′
2

(
Xk1 Xk2 L̂†

k1
L̂†

k2
d̂k3,la d̂k4,lb + Xk3 Xk4 d̂†

k1,la
d̂†

k2,lb
L̂k3 L̂k4

)

+ 2
N−1∑

{la,lb,lc}
δM′

3
Xk1 L̂†

k1
d̂†

k2,la
d̂k3,lb d̂k4,lc + 2

N−1∑
{la,lb,lc}

δM3 Xk4 d̂†
k1,la

d̂†
k2,lb

d̂k3,lc L̂k4

+
N−1∑
{l j }

δM d̂†
k1,l1

d̂†
k2,l2

d̂k3,l3 d̂k4,l4

}
, (A1)

where M = Mod[l1 + l2 − l3 − l4,N ], M2 =
Mod[la − lb,N ], M′

2 = Mod[la + lb,N ], M3 =
Mod[la − lb − lc,N ], M′

3 = Mod[la + lb − lc,N ]. We
see that the Hamiltonian in this basis has terms involving
zero, one, two, or four polariton states (or, equivalently, bright
exciton states).

Our goal is to arrive at an effective low-energy model
that describes the system in dynamical equilibrium. To this
end, we note that the experiment probes momenta at which
the single-particle energies of lower polaritons and the dark
excitons are split. In the low-energy model, we will fo-
cus on the approximately elastic scattering processes that
can take place in the system, namely polariton-polariton
scattering [first term of Eq. (A1)], polariton–dark exciton
scattering (second term), and dark exciton–dark exciton scat-
tering (last term). However, if we simply ignore all other
terms—corresponding to off-resonant processes—then we do
not obtain the correct interaction strengths since, e.g., the
polariton-polariton interaction can proceed via intermediate
dark states according to the terms in the second line of
Eq. (A1). Taking this properly into account leads to modified
polariton-polariton, polariton-exciton, and exciton-exciton in-
teraction constants gpp, gpd , and gdd , respectively [44]. In our
system where the Rabi splitting is large compared to the ex-
citon binding energy, these effective interaction constants are
expected to be dominated by the contribution from the Born
approximation [50].

To proceed, we furthermore treat the polaritons with
|k| > q0 and all the dark exciton states as an incoherent semi-
classical gas within the Hartree-Fock approximation. This
consists of replacing the products of d̂l operators by their
average value using

〈d̂†
k,l d̂k′,l ′ 〉 = Nk,lδkk′δll ′ , (A2)

and

〈d̂†
k1,l1

d̂†
k2,l2

d̂k3,l3 d̂k4,l4〉 = (1 − δk1k2δl1l2 )

× (δk1k4δl1l4δk2k3δl2l3 + δk1k3δl1l3δk2k4δl2l4 )Nk1,l1 Nk2,l2

+ δk1k2δl1l2δk1k4δl1l4δk2k3δl2l3 Nk1,l1 (Nk1,l1 − 1), (A3)

with Nk,l ≡ 〈d̂†
k,l d̂k,l〉 the momentum occupations.

The effective low-energy Hamiltonian then takes the form
given in the main text,

Ĥeff = Eres +
∑

k

EL
k L̂†

kL̂k +
∑

k

4
gpd

2NAX 2
k NRL̂†

kL̂k

+
∑

k,k′,q

gpp

2NAXk+qXk′−qXk′XkL̂†
k+qL̂†

k′−qL̂k′ L̂k, (A4)

where the sum over a given momentum k implicitly assumes
that all polariton operators act at momenta |k| < q0. Eres is
the reservoir energy in the Hartree-Fock approximation which
reads

Eres =
∑

k|k|>q0

EX
k Nk,N+

∑
k

N−1∑
l=1

EX
k Nk,l + gdd

NAN2
R, (A5)

and NR is the total number of reservoir particles defined in
Eq. (10).

We conclude this section by noting that by introducing an
effective low-energy Hamiltonian, we have removed the terms
enabling parametric processes of the form dk,l1 + dk,l2 →
L0 + d2k,l3 with |k| > q0. Such processes can contribute to
the population of the lower polariton branch and play a role
in the condensate formation as noticed in Ref. [81] but do not
affect the spectrum once the system has achieved dynamical
equilibrium. This phenomenon is effectively introduced in
the phenomenological rate equations (32) with the stimulated
scattering term ∝ Rn2

Rn0. Similarly, the higher order W term in
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Eq. (32) involves the terms in Eq. (A1) that convert a conden-
sate polariton into a reservoir exciton, although in this case the

scattering processes can proceed through virtual intermediate
states.
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