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Magnetoresistance oscillation study of the spin counterflow half-quantum vortex in doubly
connected mesoscopic superconducting cylinders of Sr2RuO4
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Vortices in an unconventional superconductor are an important subject for the fundamental study of su-
perconductivity. A spin counterflow half-quantum vortex (HQV) was predicted theoretically for odd-parity,
spin-triplet superconductors. Cantilever torque magnetometry measurements revealed previously experimental
evidence for HQVs in doubly connected, single-crystal samples of Sr2RuO4 with a mesoscopic size. However,
important questions on the HQV, such as its stability, have remained largely unexplored. We report in this
paper the detection of distinct features in vortex crossing induced magnetoresistance (MR) oscillations in doubly
connected, mesoscopic cylinders of single-crystal Sr2RuO4, which include a dip and secondary peak in MR, in
the presence of a sufficiently large in-plane magnetic field. We argue that these features are due to the formation
of spin counterflow HQV in a spin-triplet superconductor, which provides additional evidence for the existence
of HQV and insights into the physics of this highly unusual topological object.
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I. INTRODUCTION

The long-range phase coherence of paired electrons in a su-
perconductor gives rise to a superconducting order parameter
(OP), which is also the quantum mechanical wave function of
these paired electrons. As usual, the gradient of the phase of
this wave function is related to the sum of superfluid velocity,
vs, and the vector potential, �A [1]. The single-valued nature
of the wave function requires that the phase winding around
a doubly connected superconducting cylinder (obtained by
integrating the phase gradient) be 2nπ , where n is an integer.
Depending on the wall thickness, vs can be zero or finite
in the interior of the cylinder wall, and the flux or fluxoid,
the latter of which is the magnetic flux plus a line integral
of vs, will be quantized in units of �0, where �0 = h/2e is
the flux quantum with h the Planck constant and e the ele-
mentary charge. Both flux and fluxoid quantizations featuring
full-quantum vortex (FQV) fluxoid states were experimentally
demonstrated long ago [2–4]).

Half-quantum vortex (HQV) states carrying a magnetic
flux of �0/2 = h/4e are also possible. The concept was
proposed originally for spin-triplet superfluid 3He [5,6], for
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which the OP can be represented by a d-vector. The direction
of the d-vector is that against which the Cooper pair spin
projection is zero. Its amplitude is the energy gap. It was
suggested that the total phase winding, 2π , around a vortex
in the condensate can “split” equally between the spin and
orbital parts of OP. Since the phase winding in the spin part
of the OP does not generate a mass flow, a HQV is obtained.
Alternatively, the formation of a HQV can be understood in
the so-called “equal-spin pairing” (ESP) state [7] in which
the number of spin-up and that of spin-down pairs are the
same. When the vorticity is present only in one spin species,
which implies the formation of d-vector texture and that of
spontaneous spin polarization (SSP), a HQV is found [8].

For a solid-state spin-triplet superconductor, it was pro-
posed that an Abrikosov FQV can split into a pair of HQVs
linked by a d-vector soliton [9]. A d-vector texture is created
around the soliton with the d-vector reversing its direction
going around each end of the soliton, which corresponds to
a phase winding of π in the spin part of OP, leading to the
formation of a pair of HQVs. The free energy of this topolog-
ical object was found to depend on the ratio of the ordinary
superfluid to spin fluid density, ρs

ρsp
, where only a large ratio

within a narrow range of the temperature below Tc favors the
stabilization of the HQV pair [10,11]. In a doubly connected
cylinder of a spin-triplet superconductor, a HQV fluxoid state
featuring circulating spin and charge currents associated with
phase windings in the spin and orbital parts of OP were also
predicted [8,10,12]. For a thick-wall cylinder, the Meissner
current will flow near the inner surface of the cylinder oppos-
ing the circulating current of the HQV to prevent the magnetic
field from entering the wall interior. In a thin-wall cylinder,
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the Meissner current flows in the entire sample, making the
HQV a “spin counterflow HQV”—the spin current flows in
the direction opposite to Meissner current [13]. Alternatively,
a HQV fluxoid state can also form by creating a d-soliton in
the cylinder wall and trap (2m+1)�0/2, where m is an integer,
in the cylinder [12]. The presence of a d-soliton in the wall
leads to a d-vector texture and an SSP, with the latter localized
near the soliton (as opposed to the uniform one in the ESP
picture) [12].

Cantilever torque magnetometry measurements revealed
the formation of the HQV fluxoid state in doubly connected,
single-crystal samples of Sr2RuO4 with a mesoscopic size
[14]. Ramping up the c-axis magnetic field was found to
induce a jump in the c-axis magnetization at half-quantum
applied flux values, � = (m + 1

2 )�0. The step height was
shown to correspond to a FQV based on sample dimensions
and the instrumentation calibration. However, in the presence
of a sufficiently large in-plane magnetic field (and only in the
presence of it), the original jump was seen to be replaced
by two half-height jumps near the same applied flux values
[14]. However, the same measurements on a control sample
of s-wave superconductor, NbSe2, prepared in the same way
did not reveal the emergence of two half-height jumps in an
in-plane magnetic field [14].

These striking observations were attributed to the forma-
tion of a spin counterflow HQV fluxoid state in a spin-triplet
superconductor. In this regard, spin-triplet superconductivity
in Sr2RuO4 was proposed [15,16] soon after its super-
conductivity was discovered [17], supported by subsequent
experiments [13,18–22]. The early Knight shift measurement
[23] suggested that the chiral p-wave, E2u, or �−

5 state,
which features a c-axis oriented d-vector and time-reversal-
symmetry breaking (TRSB), is most likely the pairing
symmetry realized in Sr2RuO4, a conclusion supported further
by the early polarized neutron scattering (PNS) measurement
[24]. However, new Knight shift measurements on Sr2RuO4

[25,26] showed that the constant Knight shift seen in the
original measurement [23] was due to the sample being kept
in the normal state due to erroneous sample heating. A distinct
drop in the Knight shift was found instead as the temperature
was lowered [25,26]. A new PNS measurement was also per-
formed, showing now a drop in magnetization that is not as
much as that seen in the Knight shift [27]. These new results
most likely exclude the �−

5 state, but only in the bulk. How-
ever, they do not exclude the symmetry-allowed spin-triplet
helical states �−

1−4 [13]. A recent study [28] revealed that the
field dependence of the Knight shift down to roughly 0.25 T
taken at 25 mK follows closely that of the specific heat, which
seems to suggest that the spin susceptibility is dominated by
quasiparticles with little contribution from the condensate.
This was taken as evidence for even-parity, spin-singlet pair-
ing. However, the condensate should not contribute to the spin
susceptibility measured by an in-plane field if Cooper pair
spins (in one of the helical spin-triplet states with an in-plane
d-vector) are locked to the c axis due to spin-orbital coupling,
a possibility not yet considered [28].

The symmetry of the OP can be probed independently
by Josephson effect based experiments, the phase-sensitive
measurement proposed originally by Geshkenbein, Larkin,
and Barone (GLB) [29]. This experiment relies on using a

hybrid superconducting quantum interference device
(SQUID) consisting of two oppositely faced Josephson
junctions between a spin-singlet s- and spin-triplet p-wave
superconductor to detect the change in the phase of
OP after a 180-degree rotation. The Josephson couplings
of the two junctions will be of opposite signs because of
the phase change of π after 180-degree rotation. Using
the Au0.5In0.5-Sr2RuO4 GLB SQUID, the phase-sensitive
experiment [30] showed a minimum at zero total applied
magnetic flux (� = 0) in the Ic(�) oscillations when the
temperature approaches the Tc of the SQUID. In a control
sample with the two Josephson junctions in the SQUID
prepared on the same surface, a maximum in Ic(�) was
found at � = 0. These observations are consistent only
with an odd-parity, spin-triplet pairing symmetry. Various
questions on the original phase-sensitive experiment have
been addressed since then [13].

Therefore, despite the current controversy on the pairing
symmetry in Sr2RuO4, the original interpretation of the ob-
served HQV fluxoid state in a spin-triplet picture did not
seem to be invalidated. Further experimental work seeking
additional evidence for HQV in mesoscopic Sr2RuO4 will
help settle not only the existence of spin counterflow HQV
but also the spin-triple pairing symmetry. Moreover, important
questions related to HQV itself remain to be addressed. For
example, opposite to the original theoretical prediction [10],
the mesoscopic sample size alone was shown in the magne-
tometry experiment to be insufficient to stabilize the HQV.
The stability of HQV is ensured by the additional free en-
ergy lowering through the coupling between the in-plane field
and the SSP, which lowers the free energy of the HQV by
�F = −μx|μ0H||ab|, where μx is the in-plane spontaneous
magnetization and μ0 is vacuum permeability.

Magnetoresistance (MR) oscillation measurements on a
multiply connected, perforated thin film of Sr2RuO4 were
proposed as an alternative method for the detection of spin
counterflow HQV [31]. Early MR measurements on Sr2RuO4

cylinders of a mesoscopic size in the absence of an in-plane
field yielded no clear evidence for the HQV fluxoid state
[32]. Here we show that MR measurements on mesoscopic
Sr2RuO4 with an in-plane field did yield evidence for the
HQV fluxoid state and, therefore, spin-triplet pairing in this
material.

II. EXPERIMENTAL METHODS

High-quality single crystals of Sr2RuO4 were grown by
the floating-zone method. Thin crystals of Sr2RuO4 were ob-
tained by mechanical exfoliation as reported previously [32].
The typical lateral dimension of our thin crystals, one of
which is shown in Fig. 1(a), is 10–50 μm with a thickness
300–800 nm. Electrical contacts to a thin crystal placed on a
Si/SiO2 substrate were patterned by photolithography. Elec-
tron beam evaporation was used to deposit 10 nm thick Ti
followed by 200 nm thick Au after a brief ion milling of the
crystal surface. Ti/Au contacts were evaporated from an angle
(about 45◦ to the normal of the substrate) to ensure continuous
coating of the metals on the side surfaces of the crystal. A
200 nm thick SiO2 was deposited on the top of crystal plate
as a protective layer before a doubly connected cylinder with
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FIG. 1. Sample preparation and MR oscillations. (a) A scanning
electron microscope (SEM) image of a thin single crystal of Sr2RuO4

obtained by mechanical exfoliation. (b) SEM image of a FIB-cut
doubly connected cylinder of Sr2RuO4 with four measurement leads.
Directions of c-axis and in-plane magnetic fields, H||c and H||ab,
respectively, are indicated. (c) Sample resistance, R, vs H||c, the
MR at T = 0.96, 0.98, 1.00, 1.02, and 1.04 K for sample HL at
H||ab = 0. Here R = [V (I = Im ) − V (I = 0)]/Im, Im = 10 μA, and
�H||c = 15.4 Oe. (d) MR oscillations measured at T = 1 K (open
circles) and those calculated from the Little-Parks (LP) effect (solid
lines) using the sample dimensions and the slope of R(T ) measured
at Im = 10 μA.

four electrical leads was cut by a focused ion beam (FIB)
enabled by 30 keV Ga ions with a beam current of 50 pA.
A typical sample is shown in Fig. 1(b). The cylinder axis is
along the c axis of Sr2RuO4.

In the original magnetometry experiment, the doubly con-
nected samples of Sr2RuO4 featured a large and uneven wall
thickness with only the central hole cut by FIB [14], probably
due to concerns on potentially destroying superconductivity
by the high-energy FIB. For samples used in the present work,
both the inner and outer edges of the cylinder were cut by
FIB to form the cylinder that is appropriate for the electrical
transport measurements. The use of the 200 nm thick protec-
tive layer of SiO2 was important for preventing conducting

material cut off from the crystal from being redeposited
directly on the top of the cylinder that may affect our transport
measurements, minimizing also the damage of the cylinder
from the (nonmagnetic) Ga implantation.

Previous transmission electron microscope (TEM) studies
of FIB-cut Sr2RuO4 cylinders [32] revealed that the cylinder
wall features a gradually decreasing hole diameter from top to
bottom, which is expected because the upper part of the crystal
was exposed to the FIB longer than the lower part. The inner
and the outer walls of the cylinder were found in addition to
feature a FIB-damaged surface layer of about 10 nm thick-
ness, which is most likely to be non-superconducting given
the sensitivity of superconductivity in Sr2RuO4 to disorder.
The damaged surface layers were not removed in the current
experiment by low-energy Ar ion milling as was done in
the preparation of Josephson junctions. The presence of this
non-superconducting layer is unlikely to introduce any com-
plications. The dimensions of the cylindrical samples listed in
Table I, obtained from scanning electron microscope (SEM)
images, are given with two 10 nm surface layers taken out.

Our samples were measured in a dilution refrigerator with
a base temperature of 20 mK. Four-point resistance, obtained
via a standard dc technique using a measurement current of
Im, was calculated by R = [V (I = Im) − V (Im = 0)]/Im. The
current was supplied by a Keithley 220. The voltage across
the sample was measured using a Keithley 2182. The voltage
offset at Im = 0, which may come from sources such as con-
tacts between two different materials, Au/Ti and Sr2RuO4,
as well as background signals in the measurement circuitry,
is subtracted to obtain the true response of the sample to
the measurement current flowing through the sample in the
specified direction.

An in-plane magnetic field, H||ab, was applied by a su-
perconducting solenoid magnet. A c-axis magnetic field,
H||c, was applied using a pair of homemade superconducting
Helmholtz coils installed inside the large superconducting
solenoid. The current in the Helmholtz coil was provided by a
Keithely 2400 SourceMeter, generating a magnetic field about
30.8 Oe per 0.1 A of magnet current. The sample planes were
aligned manually with respect to the magnetic field direc-
tions as precisely as possible. A typical misalignment of 1–2
degrees, possibly larger in rare cases, is expected.

The applied magnetic flux enclosed in the cylinder, denoted
by �, is calculated from the c-axis magnetic field, H||c, and
sample dimensions. The period in H||c for the primary MR
oscillations of the period of �0 is calculated using the relation

TABLE I. Summary of sample parameters. Sample sizes including midpoint radius r, wall thicknesses of the cylinder at the top (w1)
and the bottom (w2), and the cylinder height h were estimated from SEM images. Other parameters including the zero-resistance and onset
transition temperature, Tc,R=0 and Tc,onset , and values of the critical current density at a fixed temperature, Jc, were obtained from electrical
transport measurements.

w (nm) Tc (K)

Sample rm (nm) Top Bottom h (nm) R = 0 Onset Jc (103 A/cm2)

HL 601 191 334 780 0.99 � 1.63 8.6 at T = 0.5 K
BL 468 (full: 534) 133 (full: 268) 283 (full: 414) 644 1.18 �1.4 24 at T = 0.3 K
E 565 190 298 482 0.71 �1.35 92 at T = 0.3 K
B 597 183 322 540 1.04 2.1 75 at T = 0.55 K
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�H||c = �0/{πr2[1 + ( w
2r )2]}, where r is the midpoint radius.

A correction term of order ( w
2r )2 will also be included using

an average wall thickness w [33]. Experimentally, �H||c was
determined from the average of peak-to-peak and valley-to-
valley values of the first period at the highest temperature for
which MR oscillation data is available for the sample because
MR oscillations under these conditions were most smooth.

For mesoscopic samples of Sr2RuO4, the onset Tc can
sometimes be higher than the bulk. The enhanced Tc could
be related to the presence of Ru inclusions, uniaxial strains,
and/or dislocations [34], or, as to be discussed below, the
multiple branching in the sample. No Ru inclusions were seen
in our samples in optical or SEM imaging. The absence of
Ru inclusions is consistent with the fact that thin crystals of
Sr2RuO4 can be obtained by mechanical exfoliation only in
crystals with a stoichiometry that is either optimal or slightly
Ru deficient. Ru-rich crystals of Sr2RuO4 cannot be cleaved.

III. RESULTS

A. Vortex crossing induced MR oscillations

We measured sample resistance R as a function of H||c in
zero H||ab and obtained pronounced MR oscillations, shown
in Fig. 1(c). The period of the MR oscillations, �H||c, is in
good agreement with that estimated from �0 using sample
dimensions listed in Table I. It is known that the amplitude of
LP MR oscillations is �R(T ) = �Tc(dR/dT ), where dR/dT
is the slope of the R vs T curve in the transition region and
�Tc is readily found in the literature [32,33]. However, as
shown in Fig. 1(d), the amplitude of the MR oscillations of
our sample is much larger than that expected from the LP
effect [4,33]. The MR oscillations were also found to persist
down to very low temperatures, as seen previously [32]. These
features suggest that MR oscillations seen here are due to
vortex crossing rather than the LP effect, as seen previously
[32]. Vortex crossing induced MR oscillations were studied
extensively in doubly connected samples of type II s-wave
superconductors [35–37].

Abrikosov FQV or HQV should be allowed in a cylinder
wall thicker than twice the zero-temperature superconducting
coherence length, 2ξab(0) ≈ 132 nm, when H||c is larger than
the lower critical field. Driven by the total current, the sum of
circulating and measurement currents, Is + Im, an Abrikosov
FQV or HQV will cross the sample, overcoming a free-energy
barrier. Such crossing leads to a phase slip of π for HQV
or 2π for FQV, which in turn leads to a finite voltage V in
the direction perpendicular to the direction of vortex crossing.
According to the Josephson relation, V is proportional to the
rate of vortex crossing that depends on Im nonlinearly [1].
The sample resistance R is given by V /Im for a specified Im.
Because the free-energy barrier for vortex crossing is a peri-
odic function of applied magnetic flux �, R varies periodically
with � as well, resulting in MR oscillations.

Vakaryuk and Vinokur [31] calculated vortex-crossing in-
duced MR oscillations for a multiply connected film of
Sr2RuO4 treated as an array of heavily damped Josephson
junctions in the Ambegaokar and Halperin (AH) model [38].
The MR is then given by

R/RN = I−2
0 (�E/2kBT ), (1)

where RN is the normal-state resistance, �E the free-energy
barrier, and I0(x) is a zero-order modified Bessel function of
the first kind [31].

The fluxoid state of a doubly connected spin-triplet cylin-
der is denoted by (ns, nsp), where ns and nsp are the phase
winding numbers for the orbital and spin parts of OP, respec-
tively. ns and nsp can be a whole or half integer, but their
sum must be an integer to ensure that the total phase winding
is multiple of 2π . Vortex crossing leads to a fluxoid state
transition from the initial state of (ns, nsp) to (n′

s, n′
sp) after

the FQV or HQV that enters the cylinder wall exits it, turning
into magnetic flux enclosed in the cylinder. More precisely,
the fluxoid state transition occurs when the Abrikosov HQV
or FQV reaches roughly the midpoint in the cylinder wall.
After the enclosed magnetic flux forms a FQV or HQV in the
cylinder wall on the other side and exits it, the fluxoid state
returns to (ns, nsp).

B. Free-energy barrier for vortex crossings

The free-energy barrier for vortex crossing through a dou-
bly connected cylinder of a spin-triplet superconductor is yet
to be calculated. However, essential features of this barrier
may be inferred from the analysis of the corresponding prob-
lem in a conventional s-wave superconductor performed in
the London limit [39]. As shown in the Supplemental Ma-
terial (SM) [40], this free-energy barrier as a function of
the vortex position in the cylinder wall, x, for fixed values
of � and Im consists of three segments: Segment 1 is the
free energy for the FQV or HQV in the cylinder wall on
the “entry” side. Its maximal value will be denoted as �Ein.
Segment 2 is the change in the free energy associated with
the fluxoid state transition from (ns, nsp) before to (n′

s, n′
sp)

after the FQV or HQV enters the interior of the cylinder, and
�E f l = F (n′

s, n′
sp) − F (ns, nsp). Segment 3 is the free energy

of the vortex in the cylinder wall on the opposite side, with
�Eout the maximal free energy relative to that of (n′

s, n′
sp). The

system returns to (ns, nsp) at the end.
The free-energy barrier will be tilted by Im because of the

work done by the Lorentz force. Assuming that Im is dis-
tributed symmetrically between two sides of the cylinder wall,
�Ein will be the maximal value of the position-dependent
free-energy barrier in the limit of large Im (see SM [40]),
which suggests that �Ein would dominate the vortex crossing
rate. As � varies, so does �Ein, leading to MR oscil-
lations. Time-dependent Ginzburg-Landau analysis of the
vortex crossing in an s-wave superconductor yielded a similar
result [36]. Interestingly, the � dependence of �Ein follows
that of �E f l , which is reasonable—in the thin-wall limit in
which the vortex formation in the cylinder wall is not allowed,
the free-energy barrier will be determined solely by �E f l . The
MR can be calculated using Eq. (1) where �E f l will be the
free-energy barrier. The dependence of �E f l on � will then
be “mapped” into the MR oscillations in the limit of large
Im. Importantly, different from both �Ein and �Eout, the �

dependence of �E f l is known for a spin-triplet superconduct-
ing cylinder [10]. Taking advantage of this result, we will use
features seen in MR oscillations to infer the � dependence of
�E f l , which will reveal the signature for HQV.
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FIG. 2. Dip feature in MR oscillations. (a) Sample resistance, R, vs temperature, T , for sample BL, measured at Im = 10 μA and zero field.
Inset: SEM image of the sample featuring two constraints. (b)–(d) R vs H||c measured at fixed in-plane magnetic fields, H||ab = 0 (b), 400 (c),
and 1000 Oe (d) with values of Im indicated. The top curve in (d) is shifted vertically by 15 m� for clarity. �H||c = 19.7 Oe for sample BL. (e)
R vs T of sample E at zero magnetic field measured at Im = 1 μA. Inset: SEM image of the sample. (f)–(h) R vs H||c obtained at fixed in-plane
fields of H||ab = 0 (f), 400 (g), and 600 Oe (h) with values of Im indicated in (f). For (g) and (h), the values of Im are, from top to bottom, 130,
120, 110, 100, 90, and 80 μA in (g) and 120, 110, 100, 90, 80, 70 μA in (h). �H||c = 18.8 Oe for sample E. Except for (d), no shift was made
in all other plots. The dip features are indicated by arrows.

C. In-plane magnetic field induced dip feature

The free energy of the HQV fluxoid state in a doubly
connected cylinder depends on the wall thickness. It was
shown that for a cylinder featuring constrictions, sections of
the wall thinner than rest of it, the free-energy barrier for
vortex crossing is determined by the smallest wall thickness
[14]. The use of such a sample could help minimize sam-
ple damage from high-energy FIB. We prepared a cylinder,
sample BL, featuring two constrictions [inset of Fig. 2(a)]. R
vs H||c data at fixed in-plane fields obtained using different
Im revealed pronounced MR oscillations with a period of �0

[Figs. 2(b)–2(d)]. A small but clear dip feature is seen in
MR oscillations at H||ab = 1000 Oe [indicated by the arrows
in Fig. 2(d)], which is not seen at H||ab = 0 [Fig. 2(b)] or
400 Oe [Fig. 2(c)].

Another sample, sample E, which possesses a uniform wall
thickness comparable with that of the constrictions in sample
BL, was prepared and found to show robust superconductivity
with a somewhat lower Tc than sample BL [Fig. 2(e)]. At
H||ab = 0, only smooth MR oscillations with a period of �0

were observed [Fig. 2(f)]. While minimal values of MR at
H||ab = 0 appear to locate near � = m�0, where m is an
integer [Fig. 2(g)], as expected, for H||ab = 400 and 600 Oe,
MR minima were seen to be moving away from � = m�0,
which could be due to a misalignment of H||ab even though
an intrinsic physical origin cannot be excluded. Most impor-
tantly, at H||ab = 400 and 600 Oe, a dip is again seen clearly,
as indicated by arrows in Figs. 2(g) and 2(h).

Systematic behavior of the dip, in particular, the effect of
Im on it, was observed. First, at a fixed Im, the dip is seen to
locate on the same side of the MR peak independent of the
sign of H||c. When the direction of Im is reversed, the dip
switches from one side of the main MR peak to the other
[Figs. 3(b) and 3(c)]. Second, the position at which the dip
was found, referred to as � = �m, which is very close to the
center of the main MR peak at small values of Im, moves away
from the center as Im was increased [Fig. 3(c)]. Finally, the
amplitude of MR oscillations was found to depend not only
on the magnitude but the direction of Im as well [Fig. 3(c)].
All this suggests that Im plays a crucial role in determining the
rate of vortex crossing, as to be discussed below.

D. Signature for the HQV fluxoid state

We argue below that the dip feature seen in Fig. 2 is due
to HQV crossings overcoming a free-energy barrier which is
a periodic function of � = πr2H||c. Consider now the free
energy of the fluxoid state of a doubly connected cylinder of
a spin-triplet superconductor featuring a layered structure and
w � r, λab, where λab is the in-plane penetration depth (for a
field applied along the c axis). The kinetic-energy (or phase-
gradient) part of the free energy per cylinder length with Im

set to zero is [10]

F (ns, nsp) =
(

�2
0

8π2r2

)
β

[
1

1 + β

(
ns − �

�0

)2

+ ρsp

ρs
n2

sp

]
,

(2)
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FIG. 3. Effect of Im on the dip. (a) Position of the dip (� = �m)
vs Im for sample E obtained at H||ab = 400 and 600 Oe. The shift
is measured from the maximum of the MR peak. (b), (c) R vs H||c
obtained at a fixed H||ab and Im as indicated for samples BL and
E. The top curve in (b) is shifted vertically by 15 m� for clarity.
Reserving the direction of Im leads to a shift of the dip in the MR
oscillations from one side of the main MR peak to another (indicated
by the arrows) as well as a significant change in the amplitude of MR
oscillations for sample E.

where ρs and ρsp are the superfluid and spin fluid densities,
respectively, and β = rw/(2λ2

ab). It is seen from Eq. (2) that
the free-energy difference between a HQV (ns = half integer)
and FQV (ns = integer) fluxoid state depends on the relative
values of ρsp/ρs and (1 + β )−1, which depend on material-
and/or sample-specific properties as well as the temperature.
As noted above, a thin cylinder wall with a small w will
help lower the free energy of the HQV fluxoid state. The
free-energy formula shown in Eq. (12) of Ref. [10] has an
additional (�/�0)2 term, which will not make any difference
in �Ein, �E f l , or �Eout at a fixed � as only changes in the
free energy between two different fluxoid states are relevant
here.

We now plot the circulating supercurrent Is in the fluxoid
ground state as a function of applied � for three combinations
of ρsp/ρs and (1 + β )−1 [Figs. 4(a)–4(c), upper panels]. It is
seen that Is reverses sign below and above � = (m + 1

2 )�0

as phase winding numbers are changed [Figs. 4(a) and 4(b),
upper panels], resulting in the system entering/exiting the
HQV fluxoid state [Fig. 4(c), upper panel]. The c-axis mag-
netization will change its sign accordingly, which enabled the
detection of HQV fluxoid states in the original magnetometry
experiment [14]. For Fig. 4(a), (ρsp/ρs)/(1 + β )−1 = 3.08,
the FQV fluxoid state is energetically favored over the HQV
one at all values of �. In Fig. 4(b), (ρsp/ρs)/(1 + β )−1 = 1.8,
the free energy of the HQV fluxoid state is seen to be low-
ered in comparison with that shown in Fig. 4(a). The free

energy of the HQV fluxoid state is lowered further if we set
(ρsp/ρs)/(1 + β )−1 = 0.52.

Note that H||ab, whose effect was not considered in Eq. (2),
will help push down the free energy of the HQV fluxoid states
because of the coupling between the SSP accompanying the
HQV fluxoid state and H||ab [8,41]. Indeed, the same amount
of lowering of the free energy seen in Fig. 4(c) can be achieved
alternatively by applying an in-plane field with the same val-
ues of ρsp/ρs and (1 + β )−1 used in Fig. 4(b). As a result, a
sufficiently large H||ab can make the free energy of the HQV
fluxoid state lower than that of FQV near � = (m + 1

2 )�0 as
long as the value of (ρsp/ρs)/(1 + β )−1 is reasonably large,
making either the HQV or the FQV fluxoid state the ground
state as � is varied [Fig. 4(c)].

Crossing of a HQV or FQV causes a transition from
the ground to the first-excited fluxoid state, as indicated in
Figs. 4(a)–4(c). Here blue arrows mark transitions in which
a FQV crosses and ns changes by 1, and red arrows mark
those with ns changing by 1/2 induced by the crossing of a
HQV. Note that transitions from the first-excited back to the
ground fluxoid state are not shown in Figs. 4(a)–4(c) to avoid
overly busy figures. In Figs. 4(d)–4(f) (upper panels), values
of the excitation energy from the ground to the first-excited
fluxoid state, �E f l , are plotted against �. While the free
energy of the fluxoid state itself is a quadratic function of
�, the excitation energy is a linear function of �. Values of
MR, shown in Figs. 4(d)–4(f) (lower panels), were calculated
using Eq. (1) for which �E = �E f l (�). The presence of Im

tilts the free-energy barrier as a function of the vortex position,
making �E f l dominate MR oscillations.

Features in the free-energy barrier lead to corresponding
features in MR oscillations. In Fig. 4(d), the vortex crossing
induced MR oscillations are conventional (lower panel). In
Fig. 4(e) (upper panel), the free-energy barrier for vortex
crossing as a function of � has a kink at the point where
the free-energy parabola of the FQV and that of the HQV
fluxoid states coincide as shown in Fig. 4(b) (lower panel),
which results in a kink in MR oscillation as well [Fig. 4(e),
lower panel]. However, this subtle change of slope in MR
is unlikely to be observed experimentally. Finally, when the
free energy of HQV fluxoid states is substantially lowered by
either a large value of (ρsp/ρs)/(1 + β )−1 or a sufficiently
large H||ab as shown in Fig. 4(c), HQV fluxoid states near
� = (m + 1/2)�0 become the ground states. A peak was
found in �E f l , leading to a dip in MR [Fig. 4(f)], as seen
experimentally (Fig. 2).

The results shown in Fig. 3 can also be accounted for if
the formation of the HQV fluxoid state is due to that of a
d-soliton in the cylinder wall accompanied by the trapping
of half-quantum flux in its interior [12]. In this picture, the
SSP is formed locally near the soliton rather than uniformly
in the entire sample predicted for the ESP-based model [31].
A d-vector texture is expected in both models. A Ginzburg-
Landau theory formulated for the d-soliton HQV includes
only the radial component of SSP, sr , by choosing a specific
gauge. Importantly, the HQV fluxoid state can be stabilized
by H||ab even if the d-vector is not along the c axis away
from the soliton [12]. The presence of an sr leads to a shift in
the free-energy parabolas for the HQV fluxoid state [12]. The
parabolas now reach the minimum at � = (m + 1

2 )�0 + �m,
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FIG. 4. Fluxoid-state free energy and MR oscillations. (a)–(c) Circulating supercurrent Is (upper panels) and the kinetic-energy part of
the free energy F (lower panels) of a doubly connected cylinder of a spin-triplet superconductor in a fluxoid state (ns, nsp) as a function of �

calculated using Eq. (2). The dashed line in the upper panels indicates the zero value of Is. Three different combinations of ρsp/ρs and (1 + β )−1

values were used to calculate the free energy (see main text). When the free-energy parabolas for the HQV fluxoid state are lowered sufficiently
by geometrical constraints and/or the application of H||ab, the HQV fluxoid state become the “ground” state near � = ±�0/2 (red solid lines).
A transition from the “ground” to “first excited” fluxoid state at a fixed � is seen, as indicated by arrows (blue for FQV and red for HQV). The
transition is accompanied by the entry of a FQV or HQV into the interior of the cylinder. Returning from the “first excited” to the “ground”
fluxoid state corresponds to the exit of a FQV or HQV on the other side of the cylinder (no arrows are shown). (d)–(f) Upper panels: Values
of the “excitation energy” between the “ground” and the “first excited” fluxoid state, �Ef l (�), computed from the free-energy differences
shown in (a)–(c) (lower panels). Lower panels: The expected MR oscillations, �R(�), calculated using Eq. (1) with �E = �Ef l . In (f), HQV
crossings are seen to lead to a dip in main peaks of MR oscillations.

with the magnitude of �m proportional to the square root of
the strength of the spin-orbit coupling and sr . This shift will in
turn lead to a shift in the dip away from � = (m + 1

2 )�0. As
shown in Figs. 2(g) and 2(h), the dip in the MR oscillations
at a fixed Im in sample E is seen to locate on the same side
of the MR peak, independent of the sign of H||c, consistent
with the d-soliton picture: Since �m is independent of �,
the resulting shift in the dip feature at a fixed Im should also
be independent of the sign of �. Given that the spin-orbital
coupling is unlikely to be affected by Im, the switching of the
dip position from one side of the main MR peak to the other
when the direction of Im was reversed, a trend seen in both
samples BL and E [Fig. 3(b)], providing additional support to
our argument that the shift of the dip as Im is varied is due to
Im affecting sr .

The position of the dip is seen to shift away from the
maximal values of main MR peak at � = (m + 1

2 )�0 as Im

is increased [Fig. 3(a)]. This shift in the dip position is con-
sistent with the d-soliton picture as well. Assuming that Im

is distributed asymmetrically between two sides as well as
along the axis of the cylinder, the z axis, the resulting circu-
lating current, Im,cir , will feature a magnitude depending on
z. In addition, in the London limit, the supercurrents flowing
through a superconductor tend to concentrate near the sample
surface. Because of the uneven thickness of the cylinder wall

(thinner on the top and thicker at the bottom; see SM [40]),
Im,cir will not flow through the cylinder uniformly, leading to
a magnetic field that features a radial component according
to the Biot-Savart law. Indeed, for an infinitely long, uniform
solenoid, the magnetic field will be along the axis of the
cylinder with zero radial component. For an infinitely thin
loop, on the other hand, the current-generated magnetic field
will feature a large radial component. If Im,cir is concentrated
at the bottom surface of the cylinder, it will generate a radial
component of the magnetic field in the rest of the sample. As
a result, when Im reverses its direction, the direction of the
radial component of the field will be reversed as well, which
may also reverse sr ; when Im is increased in magnitude, sr

will increase accordingly. Taking into account of all this, the
dip position seen in Fig. 3(a) appears to be consistent with the
d-soliton picture featuring an sr tuned by Im.

E. Secondary peaks in MR oscillations

The dip feature in MR oscillations that is linked to the
HQV fluxoid state is seen so far to be most prominent in
a sample showing the largest Jc. Sample B, another cylin-
der whose parameters are shown in Table I, was found to
also feature a large Jc. Different from other samples, how-
ever, this sample possesses an enhanced value of onset Tc.
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FIG. 5. Secondary peaks in MR oscillations at integer applied flux quanta. (a) Sample resistance (R) vs temperature (T ) for sample B,
measured in zero magnetic field and at various Im values as indicated. Inset: SEM image of the sample. R vs H||c curves obtained at a fixed
in-plane field of H||ab = 0 (b), 200 (c), and 400 Oe (d) are shown with values of Im indicated. �H = 16.3 Oe (corresponding to �0). Except the
lowest curves, all others in (b)–(d) are shifted vertically by 10 � for clarity. The MR oscillations with a period of �0 are indicated by dashed
lines. The secondary peaks in MR oscillations found near integer applied flux quanta at H||ab = 400 Oe are indicated by arrows in (d).

As shown in Fig. 5(a), curves of R vs T obtained from
this sample in zero magnetic field at various Im values fea-
ture an anomalous resistance peak. The existence of such a
resistance anomaly was seen previously in mesoscopic sam-
ples of conventional s-wave superconductors that feature an
enhanced local Tc near voltage leads [42,43]. As the tem-
perature is lowered, the initial rise in the sample resistance
signals the largest local Tc and superconducting energy gap.
Given that no Ru inclusions that are known to feature an
enhanced local Tc up to 3 K [44] were seen in our samples
as discussed above, the enhancement in the local Tc in sam-
ple B must be due to a combination of the branching and
the existence of dislocations that were found previously to
lead to Tc enhancement [34]. Because of the enhanced gap
value, even though only locally, the overall free-energy barrier
for the vortex crossing should be larger than other samples.
Nevertheless, prominent MR oscillations with a period of
�0 were observed in this sample at H||ab = 0 and 200 Oe.
However, no dip feature was found. At H||ab = 400 Oe,
again no dips were seen. However, secondary MR peaks
between two adjacent main MR peaks were found around
integer applied flux quanta, � = (m + 1

2 )�0 [Fig. 5(d)].
The period for the MR oscillations is seen to change from
�0 = h/2e to 1

2�0 = h/4e.
We argue below that secondary peaks in MR oscillations

are expected near � = m�0 if transitions from the FQV
ground to HQV first-excited fluxoid state and the trapping
of the latter are allowed [Fig. 6(a)], which requires that
free-energy parabolas for HQV fluxoid states be lowered
sufficiently because either (ρsp/ρs)/(1 + β )−1 or H||ab is suffi-
ciently large, or both. In addition, transitions from the ground
to the first-excited fluxoid state near � = (m + 1

2 )�0 will also
be possible. As shown above, for transitions corresponding
to an increase or a drop in ns by 1/2 or 1, a HQV or FQV

will enter or exit the cylinder. The follow-up transitions from
the trapped first-excited to second-excited fluxoid state will
result in a main MR peak near � = (m + 1

2 )�0 or a sec-
ondary one near � = m�0 in MR oscillations, overcoming
their respective free-energy barriers. Importantly, as seen in
Fig. 6(b), the free-energy barrier for fluxoid state transitions
near � = (m + 1

2 )�0 features no peak as seen in Fig. 4(f)

FIG. 6. Fluxoid-state trapping and consequence in MR oscilla-
tions. (a) Free-energy parabolas for fluxoid states of (ns, nsp) in a
large in-plane field as shown in Fig. 4(c) with the trapping of a
HQV/FQV fluxoid state also considered. A HQV “first excited”
fluxoid state near � = m�0 and a FQV one near � = (m + 1

2 )�0

resulting from a FQV or HQV crossing may be trapped, with the tran-
sition indicated by the light red or blue arrows. Follow-up transitions
from the “first excited” to “second excited” fluxoid state are indicated
by red/blue arrows that are again accompanied by a FQV/HQV
crossing. (b) Upper panel: The “excitation energy” as function of
� for fluxoid state transitions shown in (a), taking into account the
trapping of fluxoid state. Lower panel: Expected MR oscillations.
Phase slip rate from the crossing of HQV and that from the FQV are
not distinguished. MR was calculated using Eq. (1).
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(upper panel), which will lead to no dip features in the main
MR peaks [Fig. 6(b)], as seen experimentally.

A small and/or asymmetrically distributed Im will help
make �Ein not the maximum of the position-dependent free-
energy barrier (see SM [40]) and trapping a fluxoid state
relatively easy, especially when �Eout is comparable to or
larger than �Ein. For a doubly connected cylinder of a conven-
tional, layered s-wave superconductor, both �Ein and �Eout

at Im = 0 depend on λ2
ab (∼ρs), where λab is the in-plane

penetration depth and ρs is the superfluid density. The degree
of free energy barrier tilting depends on how large Im is in
comparison with the intrinsic circulating current, Is, which
depends on ρs (not known for Sr2RuO4). A large jc should
be a good indication of a large ρs (true for an s-wave super-
conductor [1]). Both samples B and E were found to possess
a very large Jc (Table I), making trapping of HQV likely.
Indeed, secondary peaks in MR oscillations which are not
as prominent as those in sample B were observed in sample
E, but only in a narrow range of small Im, which we believe
are also due to fluxoid state trapping (see SM [40] for more
details).

IV. DISCUSSION

A. Experimental detection of HQV fluxoid states

The idea of detecting the HQV fluxoid state by mapping
HQV features in the free energy of the system to MR oscil-
lations is similar to that used in the original magnetometry
experiment, in which the c-axis magnetization, which is pro-
portional to the derivative of the free energy with respect to
�, was measured [14]. The transition from the FQV to the
HQV fluxoid state corresponds to a jump in the magneti-
zation [or Is; see Fig. 4(c), upper panel], which is a sharp
feature so long that the tiny magnetization can be detected
to begin with. On the other hand, the mapping from a small
peak seen in Fig. 4(f) (upper panel) using Eq. (1) does not
produce a comparably sharp feature in MR oscillations. In
addition, local variations of the free energy in our samples
such as those from dislocations as discussed above, struc-
tural defects, and/or impurities are superimposed on global
features in the �-dependent free energy. An in-plane field
larger than those used in magnetometry measurements will
then be needed to ensure the global features are more promi-
nent than those from local sources for them to be properly
mapped into MR oscillations and observed experimentally.
On the other hand, the control offered by Im, which was not
available in the original magnetometry experiment, provides
us with additional insights into the HQV physics not available
previously.

The presence of both in-plane and c-axis magnetic fields
makes the total magnetic field at an angle with the in-plane di-
rection, which opens the possibility that the magnetic flux can
enter from one end of the cylinder, be enclosed in its interior,
and then exit through the cylinder wall (as an Abrikosov FQV)
instead of the other end. Such sidewall conventional FQVs
will in principle also give rise to the half-height jumps seen
in the original magnetometry experiment. However, in this
scenario, the FQV must exit from the sidewall exactly halfway
of the cylinder to account for data seen in every sample that

was studied, which is unlikely. Indeed, the measurements on
control samples of a conventional superconductor of NbSe2

did not reveal such half-height jumps seen in Sr2RuO4 sam-
ples. Numerical modeling showed that the in-plane field used
in the magnetometry experiment was below the lower critical
field for samples used in that study and a sidewall FQV forced
into the sample is never stable [41]. As a result, the sidewall
scenario seems to be unlikely to be responsible for the ex-
perimental signatures that were attributed to the HQV fluxoid
state.

As illustrated in Fig. 4, lowering the HQV free-energy
parabolas from geometrical constraints and the in-pane mag-
netic field will make both the FQV and HQV fluxoid state
the ground state at various � values. In the LP experiment,
the free-energy landscape is mapped into Tc oscillations [4],
which are measured typically by tracking the temperature at
which a fixed value of sample resistance is obtained in the
superconducting transition regime. It was reported in Ref. [45]
that MR oscillations observed in two square loops of single-
crystal Sr2RuO4 of mesoscopic size in the presence of an
in-plane field were due to the LP effect. However, we believe
that MR oscillations observed in that work are actually due to
vortex crossings as well (see more discussion in the SM [40]).

In-plane Abrikosov FQVs and perhaps HQVs as well can
also form in our samples when the in-plane field is sufficiently
large. These in-plane vortices are expected to stay away from
the two singly connected parts of the sample (between the
cylinder and a voltage lead) because they are near multiple
branching of a mesoscopic sample where the local energy
gap tends to be enhanced [42,43]. The crossing of in-plane
FQV/HQV vortices through the doubly connected part of the
sample will be subject to the same free-energy barrier for
the c-axis vortex crossing, which should not lead to any new
features in MR oscillations.

B. Stability of HQV

Experimental observations presented above appear to sug-
gests that a large Jc value favors the stability of the HQV
fluxoid state. In the absence of H||ab, the free-energy dif-
ference between a HQV fluxoid state and that of FQV
at � = (m + 1

2 )�0 is proportional to (ρsp/ρs) − (1 + β )−1.
Only when β < ρs/ρsp − 1 is the HQV stable. Given that
β itself is proportional to ρs, whether a large ρs in similarly
sized samples will help the stability of the HQV depends on
how ρsp and ρs are related to one another. Their relationship
was analyzed for bulk superfluid 3He [7]. Unfortunately, for
a spin-triplet superconductor, how ρs and ρsp are related to
one another is not known. Experimentally, it is difficult to
perform measurements on ρs even in the bulk, let alone for
a mesoscopic sample. In any case, if ρsp and ρs are relatively
independent, a large ρs may indeed be connected to a large
Jc, which will in turn favor the formation of spin counterflow
HQV fluxoid state.

The above assessment on the role played by Jc in the stabil-
ity of HQV appears to be supported by MR oscillation results
obtained from not only samples featuring a large Jc value
(discussed above) but also ones with a small Jc. As discussed
in more detail in the SM [40], MR oscillation measurements
on a cylinder, sample HL, featuring small Jc, support this
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picture. This sample possesses a cylinder radius and a wall
thickness similar to other samples but a height larger than
them (Table I). Because the free-energy barrier is proportional
to the cylinder length, the large height would imply that vortex
crossings in this sample are more difficult than other samples.
Nevertheless, MR oscillations with a period of �0 were read-
ily observed. However, the dip feature was often found to be
missing even under a large H||ab (see SM [40]).

C. Implications of the observation of HQV

The observation of the HQV fluxoid state in single-crystal,
mesoscopic Sr2RuO4 in the original magnetometry and the
present experiment is explained most naturally in the spin-
triplet pairing picture. However, a spin-singlet single-crystal
structure can also host a HQV fluxoid state (but not a spin
counterflow one) if it possesses a two-component OP, which
can emerge from accidental degeneracy of two pairing states,
which will lead to TRSB as mentioned above. On the other
hand, fractional quantum vortices should also form, perhaps
more frequently than HQV [13]. Experimentally, no signs of
a fractional quantum vortex were detected in the original mag-
netometry [14] and present MR oscillation measurements,
making it unlikely that the observed HQV is due to a two-
component OP.

Spontaneous half-quantum flux can also emerge in vari-
ous GLB structures of either a spin-singlet or a spin-triplet
superconductor. Because of the π -phase jump over one of the
two Josephson junctions in the GLB SQUID [29], the phase
winding accumulated by the phase gradient away from the
junctions will be π , leading to the trapping of magnetic flux
of 1

2�0, which we refer to as GLB HQV. Experimentally, in
addition to the Au0.5In0.5-Sr2RuO4 GLB SQUID discussed
above [30], GLB structures of spin-singlet, d-wave supercon-
ductor of high-Tc cuprates [46–48], hybrid Nb-granular iron
pnictide loops [49], and granular rings of β-Bi2Pd [50] were
found to show the presence of GLB HQV. Importantly, none
of these structures is a single-crystal one, making the GLB
HQV fundamentally different from the spin counterflow HQV
fluxoid state.

The formation of the spin counterflow HQV fluxoid state
due to a spin-triplet pairing symmetry in mesoscopic Sr2RuO4

under a sufficiently large H||ab suggests that the SSP is along
the in-plane direction. However, whether this has implica-
tions on the orientation of the d-vector in the bulk or even
a mesoscopic sample of Sr2RuO4 depends on how the HQV
is formed microscopically. In the Vakaryuk-Leggett picture
based on an ESP state, in which a uniform SSP is formed,
the d-vector must be along the c axis at least in a mesoscopic
sample in which the influence of the sample surface is im-
portant. In this picture, the SSP will be along the ab plane
perpendicular to the d-vector [8], allowing an H||ab to help
stabilize HQV. As stated above, the new Knight shift and PNS
results seem to suggest that the bulk Sr2RuO4 cannot be in the
chiral p-wave (�−

5 ) state with the d-vector along the c axis.
However, even if the bulk Sr2RuO4 is in one of the helical
spin-triplet states (�−

1−4) with the d-vector along the ab plane,
a substantial c-axis component of the d-vector can still be
obtained by rotating the in-plane d-vector in a helical state

near the surface, allowed by the loss of the bulk crystalline
symmetry near the boundary as well as a dipole-dipole inter-
action [13]. This will also explain the apparent c-axis oriented
d-vector seen in the Josephson effect experiments (including
the phase-sensitive experiment) suggesting a d-vector that has
a substantial c-axis component. Alternatively, an in-plane SSP
can come from the d-soliton which can form even if the
d-vector away from the soliton is not along the c axis, as
mentioned above. Combining the Josephson effect and HQV
measurements, most likely the d-vector is along the c axis
near the surface of bulk Sr2RuO4 and in mesoscopic samples
of this superconductor.

The spin counterflow HQV is expected to possess a single
Majorana zero-energy mode (MZEM) [51], useful for fault-
tolerant topological quantum computation (TQC) [52]. In the
�−

5 state featuring TRSB, MZEM can emerge as a core state
of Abrikosov HQV. For any one of the helical states (�−

1−4),
even though the time-reversal symmetry is not broken for the
whole system, each spin species of the condensate does break
it. Since the HQV forms only in one of the two spin species
at least within the ESP picture, MZEM should still exist in
the HQV [13]. To implement TQC, braiding operations of
MZEMs are necessary. Given that MZEMs are charge neutral,
moving MZEMs around one another for braiding operations
is difficult to implement. An Abrikosov HQV may be moved
around in the sample by a current-induced Lorentz force as
well as by a scanning SQUID [53] or point-contact probe [54],
making MZEMs bound to an Abrikosov HQV potentially
advantageous over other MZEMs for implementing TQC.

V. CONCLUSIONS

To conclude, we performed MR oscillation measurements
on doubly connected, single-crystal cylinders of Sr2RuO4 of
a mesoscopic size in the presence of a large in-plane mag-
netic field. These measurements revealed distinct features,
including a dip and secondary peak in MR oscillations, which
support the formation of spin counterflow HQV fluxoid states
in these samples as well as an odd-parity, spin-triplet pairing
symmetry in Sr2RuO4. The establishment of spin counterflow
HQV revealed an additional analog between superconducting
Sr2RuO4 and superfluid 3He given the recent observation of
HQV in the latter, in which geometrical constraints also play
an important role in stabilizing HQV [55]. Finally, this work
provides insights into the stability of HQV and the d-soliton
picture of HQV. Important issues to be investigated in the
future include the quantitative determination of SSP and ρsp,
direct imaging of HQV, and the potential use of HQV for
fault-tolerant TQC.
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