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Recently, square-net materials have attracted lots of attention for the Dirac semimetal phase with negligible
spin-orbit coupling (SOC) gap, e.g., ZrSiS/LaSbTe and CaMnSb2. In this paper, we demonstrate that the Jahn-
Teller effect enlarges the nontrivial SOC gap in the distorted structure, e.g., LaAsS and SrZnSb2. Its distorted
X square-net layer (X = P, As, Sb, Bi) resembles a quantum spin Hall (QSH) insulator. Since these QSH layers
are simply stacked in the x̂ direction and weakly coupled, three-dimensional QSH effect can be expected in
these distorted materials, such as insulating compounds CeAs1+xSe1−y and EuCdSb2. Our detailed calculations
show that it hosts two twisted nodal wires without SOC [each consists of two noncontractible time-reversal
symmetry- and inversion symmetry-protected nodal lines touching at a fourfold degenerate point], while with
SOC it becomes a topological crystalline insulator with symmetry indicators (000; 2) and mirror Chern numbers
(0, 0). The nontrivial band topology is characterized by a generalized spin Chern number Cs+ = 2 when there
is a gap between two sets of ŝx eigenvalues. The nontrivial topology of these materials can be well reproduced
by our tight-binding model and the calculated spin Hall conductivity is quantized to σ x

yz = ( h̄
e ) Gxe2

πh with Gx a
reciprocal lattice vector.

DOI: 10.1103/PhysRevB.105.224103

I. INTRODUCTION

Over the past decade, topological materials [1–8] have in-
trigued many interests in both theory and experiment. Among
topological insulators (TIs), SOC plays an important role for
the nontrivial energy gap. In topological quantum chemistry
[9–12], when the phase transition is driven by SOC, we label
the transition class by (n, m), where n denotes the number of
elementary band representations (eBRs) near the Fermi level
(EF ) in the absence of SOC, while m denotes the number
of derived eBRs in the presence of SOC. Therefore, without
SOC, in the (1, 1)- or (1, 2)-type material [Fig. 1(a)], its
valence bands (VBs) and conduction bands (CBs) belong to
an eBR (i.e., a semimetal), while in the (2, 2)-type material
[Fig. 1(b)], its VBs and CBs belong to two eBRs (i.e., an
insulator), e.g., HgTe/CdTe quantum wells [13–15] and 3D TI
Bi2Se3 [16–19]. When including SOC and varying its strength
(λso), band inversion occurs in the (2, 2) type (λso > λc);
namely, the topological phase transition is accidental. How-
ever, in the (1, 1) and (1, 2) types, the gapped phases driven by
infinitesimal SOC are topologically nontrivial, corresponding
to a topological metal-insulator transition (TMIT) without
band inversion.

Here are several examples of TMIT. A well-known one
is graphene (or silicene), where the Dirac semimetal phase
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originates from the half filling of the eBR A1@2b (SG 183;
pz orbital) without SOC. Infinitesimal SOC gaps its Dirac
point at K [Fig. 1(c)] and makes it a quantum spin Hall
(QSH) insulator [20–22]. Another is bismuthene on a SiC
substrate [23–25], which was proposed in the original theo-
retical works [23,24]. The pz states are far below EF due to
its strong coupling with the substrate, while the low-energy
bands near EF form the eBR E@2b (SG 183; px,y orbitals)
with half filling. It becomes a QSH insulator with SOC as
well [Fig. 1(d)]. There are more examples hosting arbitrary
SOC induced TMIT without involving band inversion, e.g.
flat-band kagome systems [26–28]. In this paper, we have
investigated the family of square-net materials, which at-
tract lots of attention since the discovery of the anisotropic
Dirac fermions in Ca/SrMnBi2 [29–32]. Recently, a series
of experimental progresses on quantum transport have been
reported [33–36]. In an X square-net compound, the key fea-
ture of its band structure (BS) is the half-filling eBR E@2a
(SG 129; px,y orbitals). The SOC effect leads an square-
net layer into QSH phase [Fig. 1(e)]. Unfortunately, the
SOC-induced topological gap is usually rather small in these
compounds [37].

In this paper, we find that in distorted square-net com-
pounds of MXZ (LaAsS family) and ABX2 (SrZnSb2 family)
[32,38,39], the Jahn-Teller effect enlarges the nontrivial gap,
which reduces the density of states at EF . We propose these
compounds with distorted X square-net layers resemble three-
dimensional (3D) QSH effect [40]. In the absence of SOC, the
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FIG. 1. Topological phase transition induced by SOC in (a) (1, 1)
type and (b) (2, 2) type. A brown block denotes an eBR, while a
yellow block denotes a non-eBR. In (c)–(e), lattice models, dashed
(solid) lines represent bands without (with) SOC. (c) pz orbitals
on a honeycomb lattice of (1, 1) type. (d) px,y or dxz,yz orbitals on
a honeycomb lattice of (1, 1) type. (e) px,y orbitals on a square
lattice of (1, 2) type. (f) The phase diagram of a distorted square
net indicated by the band gap.

system is a nodal-line semimetal with two twisted nodal wires.
Each nodal wire consists of two noncontractible time-reversal
symmetry (T ) and inversion symmetry (I )-protected nodal
lines touching at a fourfold degenerate point protected by C̃2y

and T C̃2z. Once including SOC, it becomes a topological crys-
talline insulator (TCI) [41–43] with symmetry indicators (SIs)
(z2z2z2; z4) = (000; 2) and My mirror Chern numbers (MCNs)
(m0, mπ ) = (0, 0). With a spectrum gap between two sets of
ŝx eigenvalues, its nontrivial nature is characterized by a gen-
eralized spin Chern number (SCN) Cs± = ±2. The 3D QSH
effect shall be expected in samples of insulating candidates,
such as CeAs1+xSe1−y and EuCdSb2. The nontrivial topology
can be well reproduced by our tight-binding (TB) model and
the calculated spin Hall conductivity (SHC) is quantized, i.e.,
σ x

yz = ( h̄
e ) Gxe2

πh (with Gx a reciprocal lattice vector).

II. CALCULATIONS AND RESULTS

A. Crystal structures

The MXZ and ABX2 compounds host an orthorhombic
lattice (parameters a, b, c along x̂, ŷ, ẑ, respectively), which
is a distorted structure from SG 129 (doubling the unit cell in
x̂ direction). As illustrated in Fig. 2(b), each unit cell contains
two X layers (x = 0 and 0.5a), which are slightly distorted
square nets (yz planes, parametrized by the displacement δ c
in ẑ direction). Thus, the zigzag chains are formed along ŷ in
the plane [Fig. 3(c)], resulting in the X 1− state.

FIG. 2. The Brillouin zone (BZ), crystal structures, and BSs of
the MXZ and ABX2 compounds. (a) The bulk BZ with two twisted
nodal wires colored in red and blue. Each wire consists of two
noncontractible T I-protected nodal lines touching a fourfold de-
generate point P (green point on U–R). (b) Crystal structures of
the corresponding compounds. Each unit cell contains two distorted
X square-net layers. The red arrows illustrate the key distortion.
(c) Orbital-resolved BSs of Pnma PrAsS without SOC. (d) Orbital-
resolved BSs of Pnma EuCdSb2 without SOC. The right panels of
(c) and (d) indicate the band crossings along U–R disappear when
SOC is taken into consideration.

B. Twisted nodal wires in the absence of SOC

From the orbital-resolved BSs of paramagnetic PrAsS
and EuCdSb2 in Figs. 2(c) and 2(d), the key VBs and CBs
are mainly contributed by the X -py,z states of the distorted
square nets. Detailed calculations show that it is a nodal-line
semimetal with two twisted nodal wires. Each nodal wire
consists of two noncontractible nodal lines traversing the bulk
BZ, denoted by the red and blue lines in Fig. 2(a). With T
and I, the twofold degenerate nodal lines are protected by the
combined antiunitary symmetry with (T I )2 = 1. Hereafter,
we focus on the discussion of PrAsS in the main text. More
results of related materials are presented in Sec. B of the
Supplemental Material (SM) [44].

C. Symmetry analysis of fourfold degeneracy

In PrAsS, the two noncontractible nodal lines cross
each other at P ( π

a , ky = 0.0355 2π
b , π

c ) on the U–R line
[Fig. 2(a)], leading to an unprecedented twisted nodal wire.
The computed irreducible representations (irreps) show that
the crossing point P is accidentally fourfold degenerate,
formed by two two-dimensional-irrep bands (P1P2 and P3P4)
with opposite C̃2y eigenvalues [48]. The symmetries C̃2y and
T C̃2z are preserved along the U–R line with

C̃2y ≡ {C2y|0, 1/2, 0}, (1a)

T C̃2z ≡ {T C2z|1/2, 0, 1/2}, (1b)

C̃2yT C̃2z = {E |010}T C̃2zC̃2y. (1c)
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FIG. 3. (a) The ky-directed Wilson-loop spectrum for PrAsS along �̄X̄ŪZ̄�̄ in the (010)-surface BZ. (b) Close-up of the green region in
(a); one can find the hourglass-shaped pattern of the Wilson-loop spectrum along ŪZ̄, the crossings and circles denote different gx ≡ IC̃2x ≡
{IC2x|1/2, 1/2, 1/2} eigenvalues. (c) The illustration of distorted square net. (d) BS with SOC of the minimum TB model, the inset is the
close-up of BS around U. (e) (010)-surface spectrum of the minimum TB model. The hourglass-shaped surface states are presented on �̄X̄.

First, T C̃2z will induce the Kramers-like degeneracy since
[T C̃2z]2 = −1 on the whole U–R line. Second, T C̃2z-related
doublets share the same C̃2y eigenvalue. This can be deduced
as the following. With (C̃2y)2 = {E |010}, the eigenvalues of
C̃2y are ±e−iky/2 at P. Assuming wave function |φP〉 has C̃2y

eigenvalue e−iky/2, then

C̃2y(T C̃2z|φP〉) = {E |010}T C̃2zC̃2y|φP〉
= e−iky (e−iky/2)∗(T C̃2z|φP〉)

= e−iky/2(T C̃2z|φP〉). (2)

Thus, bands along U–R are always doubly degenerate with
the T C̃2z-related doublets sharing the same C̃2y eigenvalue,

{+,+}e−i
ky
2 or {−,−}e−i

ky
2 . Hence, the fourfold degeneracy

at P comes from two T C̃2z enforced doubly degenerate bands
with the opposite C̃2y eigenvalues and is protected by both C̃2y

and T C̃2z symmetries.

D. Nontrivial topology in the presence of SOC

Upon including SOC, the two twisted nodal wires become
fully gapped. The SIs (z2z2z2; z4) [49–53] are then computed
to be (000; 2), indicating a TCI phase [54]. Furthermore,
MCNs (m0, mπ ) can be defined in ky = 0 and ky = π/b planes
with My(≡ IC̃2y) symmetry. Using the Wilson-loop method,
they are calculated to be (m0, mπ ) = (0, 0) (Figs. S5(a) and
S5(b) in Sec. E of SM [44]). In addition, the hourglass in-
variant defined by the glide mirror operation gz(≡ IC̃2z ) is
calculated to be 1 [Figs. 3(a) and 3(b)]. Therefore, we can
expect the existence of the hourglass-shaped surface states
[40,55–57] in (010)-surface BZ.

E. QSH phase in the distorted X square net

The BS of a distorted square net (xy plane) can be sim-
ply simulated by a px,y-based model with Slater-Koster [58]
parameters. There are two sites in a unit cell [A : (0, 0) and
B : (1/2 − δ, 1/2) in Figs. 3(c) and 1(d)] with the param-
eter δ describing the distortion. The nearest-neighbor (NN)
bonds are given in Fig. 3(c), forming zigzag chains, while the
next-nearest-neighbor (NNN) bonds are indicated by dashed
lines. Each site contains px and py orbitals. The hoppings for
NN (NNN) bonds are given by the Slater-Koster parameters,

V −(+)
ppσ,ppπ ,

V ∓
i ≡ l2/2

(l/2)2 + (l/2 ∓ δ l )2 Vi, i ∈ {ppσ, ppπ}. (3)

The on-site SOC term is given in the form of

hso = λso sz ⊗ τ0 ⊗ σy, (4)

with s, τ, and σ Pauli matrices in spin, sublattice, and or-
bital space, respectively. Thus, our distorted px,y model are
simply parametrized by Vppσ,ppπ , displacement δ, and SOC
strength λso. The Vppσ,ppπ parameters are extracted from first-
principles calculations (Table S5 in Sec. F of SM [44]). More
details of the model can be found in Sec. C of the SM [44]. Ac-
cording to the phase diagram (i.e., |Vppπ/Vppσ | ∼ 0.3 for Sb)
in Fig. 1(f), the QSH phase stands within a large area near the
origin. It shows that a small distortion δ (Jahn-Teller effect)
enlarges the nontrivial gap for a given λso (e.g., 0.15|Vppσ |).

F. Minimum tight-binding model of the bulk

The nontrivial band topology of MXZ and ABX2 com-
pounds with and without SOC can be well reproduced by
simply coupling two distorted X square-net layers, although
these hoppings are very weak (see more details in Sec. D
of SM [44]). Its BS with SOC [Fig. 3(d)] is similar to
the py,z-fatted bands [Figs. 2(c) and 2(d)]. According to
Refs. [48,54], the SIs are computed to be (000; 2). The My

MCNs and gz invariant are computed by the Wilson-loop
method [59–64], which are identical with those of PrAsS from
first-principles calculations. As we expected, the hourglass-
shaped surface states are obtained [65] in the (010)-surface
spectrum [Fig. 3(e)].

G. 3D QSH effect in MXZ and ABX2 compounds

Since the interlayer coupling is weak due to the large
distance d between distorted X square-net layers (e.g., ∼9 Å
in PrAsS and 11 Å in EuZnSb2), one can simply consider
the MXZ and ABX2 compounds as a stacking of QSH layers
[66,67]. We notice that in real materials, there could be two
difficulties in observing the 3D QSH effect experimentally.
First, the bulk states could be metallic, when the small QSH
gap is messed out by other trivial bands. However, there are
a large family of these compounds sharing the same band
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FIG. 4. The ky-directed Wilson-loop spectrum in the positive-
eigenvalue set of ŝx for bulk PrAsS at (a) kx = 0 and (b) kx = π/a
planes, suggesting Cs+ = +2. Note that the Wilson-loop bands in the
kx = π/a plane host C̃2xT -protected twofold degeneracy. (c) The dis-
tribution of

∑
n fn(k)	x

yz;n(k) in kx = π/a plane. (d) The calculated
SHC σ x

yz as a function of chemical potential μ.

topology (Fig. S1 and Table S1 in Sec. B of the SM [44]),
which allows us to adopt various chemical dopings. In partic-
ular, crystals of CeAs1+xSe1−y and EuCdSb2 compounds with
an insulating behavior have been synthesized successfully in
Pnma structures [68,69].

Second, the f electrons from M or A atoms can introduce
bothersome magnetism to the systems. However, the tran-
sition from a (T -broken) QSH phase to a trivial insulating
state cannot happen without closing the band gap. Since the
f electrons are quite localized and far below EF (i.e., weakly
coupled with the X -p electrons), we believe that the T -broken
QSH effect can be realized in the magnetism-weak-coupling
limit [70]. Here, we generalize the SCN defined in Ref. [70]
to multiple-band systems. As long as a spectrum gap exists
between two sets of eigenvalues of ŝx matrix presentation, the
SCN (Cs+/−) is well defined for the positive/negative set. The
nontrivial topology can then be described by the generalized
SCNs. We further confirm Cs± = ±2 for each kx-fixed plane
using the Wilson-loop method. The results of kx = 0 and
kx = π/a planes are presented in Figs. 4(a) and 4(b).

We propose that such a 3D QSH effect can be realized in
insulating crystals of these two families. The TB Hamiltonian
fully respects the symmetry and topology of corresponding
materials, which is crucial to compute the intrinsic SHC.
Based on this TB model, we employed the Kubo formula
approach at the clean limit to calculate the SHC [71–75] of
the TB model,

σ
γ

αβ = e

h̄

∑
n

∫
BZ

dk

(2π )3 fn(k)	γ

αβ;n(k),

	
γ

αβ;n(k) = 2ih̄2
∑
m 	=n

〈
un

k

∣∣Ĵγ
α

∣∣um
k

〉〈
um

k

∣∣v̂β

∣∣un
k

〉
,(

εn
k − εm

k

)2 (5)

where Ĵγ
α = 1

2 {v̂α, ŝγ } is the spin current operator, with ŝ the
spin operator, v̂α = ∂H

h̄∂kα
the velocity operator, and α, β, γ =

{x, y, z}. fn(k) is the Fermi-Dirac distribution. |un
k〉 and εn

k are
the eigenvectors and eigenvalues of Hamiltonian h(k), respec-
tively. The distribution

∑
n fn(k)	x

yz;n(k) in kx = π/a plane is
presented in Fig. 4(c). The SHC, exhibiting quantization, is
calculated to be σ x

yz = ( h̄
e ) 2e2

h
Gx
2π

with the chemical potential μ

in the bulk gap [Fig. 4(d)]. Here, Gx is the x̂ component of a
reciprocal lattice vector. As we know, the SHC is quantized
only if the ŝx is conserved. First, in an X layer, mirror-x
symmetry is slightly broken due to the weak buckled structure
in the materials. This symmetry can prohibit the intralayer
hybridization between different spin channels in the basis of
py,z orbitals. Second, the interlayer hoppings are very weak
due to the large distance. Hence, we obtain a system nearly
conserving ŝx, which yields the quantized SHC.

III. DISCUSSION

Similarly, the distorted X square nets can be also found
in I2mm structures (deviated from the I4/mmm tetragonal
structure), for instance, BaMnSb2, where a 3D quantum Hall
effect has been observed under magnetic fields [31,32,34,36].
On the other hand, the nontrivial distorted X square net can be
widely found in the materials database, including supercon-
ductors, e.g., the 112 family of iron pnictides Ca1−xLaxFeAs2

[66,76] and CaSb2 [77,78]. The combination of nontrivial
band topology and superconductivity may serve a platform
for the search of intrinsic topological superconductivity and
Majorana zero modes [79–82].

In summary, we find that the distorted X square-net lay-
ers in MXZ and ABX2 compounds are QSH layers and the
nontrivial topology relies on the py,z orbitals of X atoms.
These compounds can be simply considered as a stacking of
QSH layers along the x̂ direction. Without SOC, the system
hosts two twisted nodal wires, each of which contains two
noncontractible nodal lines, crossing each other at a fourfold
degenerate point. Once SOC is taken into consideration, it
becomes a TCI with SIs (000; 2) and MCNs (0,0). In the
magnetism-weak-coupling limit, the nontrivial topology is
characterized by the generalized SCNs Cs± = ±2. The 3D
QSH effect in these layered materials has been suggested by
the calculated SHC, which is promising in insulating com-
pounds like CeAs1+xSe1−y and EuCdSb2.
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