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In the original paper, we introduced the canonical momentum and angular momentum (AM) densities of monochromatic
sound waves in fluids or gases using quadratic forms involving the vector velocity field v(r) and the scalar pressure field P(r).
This approach is based on the analogy with electromagnetic dual-symmetric canonical quantities, involving the electric- and
magnetic-fields E(r) and H(r), treated on equal footing [1–4]. It is also supported by the quadratic energy-density form for
sound waves including the kinetic (velocity) and potential (pressure) terms,

W = 1

4
(ρ|v|2 + β|P|2) ≡ T + U . (1)

However, recent studies [5–7] revealed that the proper definition of the canonical momentum and angular momentum densities
in acoustic waves should involve only the velocity field v, in agreement with the original proposition in Ref. [8]. This follows
from the mechanical origin of the acoustic canonical momentum and spin, which are associated with the motion of the medium
particles: the Stokes drift [6,7,9] and microscopic elliptical motion of the particles [8,10], respectively.

With these definitions, Eq. (6) in our paper should read

p = ρ

2ω
Im[v∗ · (∇)v]. (2)

This restores the correct form of the Belinfante-Rosenfeld relation between the canonical momentum, spin, and kinetic
momentum (energy flux divided by c2) densities [1,3,4,6,11] so that Eq. (7) becomes

�

c2
= p + 1

2
∇ × S, S = ρ

2ω
Im(v∗ × v), (3)

as in Eq. (12). The general relations (8) for the orbital and total angular momentum densities remain unchanged.
The corrected definitions affect calculations of the momentum and angular momenta of acoustic Bessel beams in Sec. III.

Since the new definitions involve only the velocity field, it is convenient to normalize all the quantities by the kinetic-energy
density T rather than the total energy density W . In doing so, the modified first Eq. (18) and Eqs. (19)–(21) can be written as

pz = kz
2T

ω
, (4)

Lz = pϕr = �
2T

ω
− ρ|A′|2

4ω
κ2

[
J2
�−1(κr) − J2

�+1(κr)
]
, (5)

Sz = ρ|A′|2
4ω

κ2
[
J2
�−1(κr) − J2

�+1(κr)
]
, (6)

Sϕ = −ρ|A′|2
4ω

kzr

�
κ2[J2

�−1(κr) − J2
�+1(κr)

]
, (7)

where

T = ρ|A′|2
4

[
k2

z J2
� (κr) + κ2

2

[
J2
�−1(κr) − J2

�+1(κr)
]]

.

These expressions immediately improve Eq. (22) for the total angular momentum density, which now acquires a more natural
form similar to that for optical cylindrical modes [12–14],

Jz = Lz + Sz = �
2T

ω
. (8)
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TABLE I. Comparison of acoustic and electromagnetic quantities and properties.

Acoustics Electromagnetism

Fields Velocity v, pressure P Electric E, magnetic H

Constraints ∇ × v = 0 ∇ · E = ∇ · H = 0

Energy density
1

4
(ρ|v|2 + β|P|2)

1

4
(ε|E|2 + μ|H|2 )

Canonical momentum density
ρ

2ω
Im[v∗ · (∇)v]

1

4ω
Im[εE∗ · (∇)E + μH∗ · (∇)H]

Kinetic momentum density
1

2c2
Re(P∗v) = p + 1

2
∇ × S

1

2c2
Re(E∗ × H) = p + 1

2
∇ × S

Spin AM density
ρ

2ω
Im(v∗ × v)

1

4ω
Im(εE∗ × E + μH∗ × H)

Orbital AM density L = r × p L = r × p

Integral AM values 〈M〉 = 〈L〉, 〈S〉 = 0 〈M〉 = 〈L〉 + 〈S〉, 〈S〉 �= 0

Helicity S ≡ 0 S �≡ 0

Notably, for propagating acoustic modes, the integral values of the kinetic and potential energies are equal to each other:
〈T 〉 = 〈U 〉 = 〈W 〉/2 (see Ref. [15], Secs. 5 and 10-O). Therefore, the second Eq. (18) and Eq. (23) for the integral values remain
valid: The normalizations by 2〈T 〉 and 〈W 〉 are equivalent.

Finally, Table I in the original, paper, summarizing the main properties of acoustic and electromagnetic waves, should have
the form shown below. The above corrections do not affect the conclusions of our paper.
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