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Hybrid ferromagnetic transmon qubit: Circuit design, feasibility, and detection protocols
for magnetic fluctuations
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We propose to exploit currently available tunnel ferromagnetic Josephson junctions to realize a hybrid
superconducting qubit. We show that the characteristic hysteretic behavior of the ferromagnetic barrier provides
an alternative and intrinsically digital tuning of the qubit frequency by means of magnetic field pulses. To
illustrate functionalities and limitation of the device, we discuss the coupling to a readout resonator and the
effect of magnetic fluctuations. The possibility to use the qubit as a noise detector and its relevance to investigate
the subtle interplay of magnetism and superconductivity is envisaged.
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I. INTRODUCTION

Superconducting qubits are among the most promising
paradigms in quantum computation. A wealth of success-
ful experiments proved how efficiently these devices can be
manipulated and read out by commercial electronics, how
flexible their Hamiltonian is, and how accurate is the control
over their quantum state [1–5]. More importantly, the steady
progress of nanofabrication techniques and circuit design re-
sulted in a strong enhancement of a qubit’s coherence time,
which made it possible to perform practical quantum algo-
rithms [1–5]. The search for combinations of novel materials
[6–9], circuital designs [4,5,10,11], and new protocols for
qubits encoding [12,13] is a very active field of research. The
key role of the Josephson junctions in superconducting qubits
has also promoted novel efforts for a better understanding of
their microwave properties, their electrodynamic parameters,
and thus their nonlinear behavior for the development of al-
ternative approaches for the control and tunability of their
functions.

Superconducting quantum circuits have almost
exclusively relied on aluminum-aluminum oxide-
aluminum (Al/AlOx/Al) tunnel superconductor/insulator/
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superconductor (SIS) Josephson junctions (JJs) [4,11].
However, many exciting phenomena and functionalities can
be accessed by exploiting unconventional superconducting
systems. This has to be meant not only as a rush for the
best qubit candidate, but also as an advance towards a better
understanding and control of a Josephson-based quantum
circuit. It is indeed of fundamental importance to explore
novel hybrid quantum devices for enhancing both the
capabilities of the superconducting electronics [4,11] and the
understanding of the exotic phenomenology that can arise
in hybrid unconventional superconducting devices. As an
example, in the specific case of tunable transmon qubits [14],
which typically use external flux-fields to change the qubit
frequency, hybrid superconductor-semiconductor structures
[15–23] have been used to enable voltage-tunable transmons
(gatemons) in order to provide an alternative tuning of the
qubit frequency without introducing flux-noise [17].

In this work, we focus on another special class of uncon-
ventional Josephson devices that use ferromagnetic barriers
(SFS JJs). The competition between the superconducting and
the ferromagnetic order parameters in these systems allows
us to build JJs with an intrinsic phase-shift of π [24,25],
providing π -components and quiet qubits [6,26]. SFS JJs in
superconducting circuits have been mostly used as passive el-
ements [6] and they have not been considered up to now in the
realization of quantum circuits, because of their intrinsic high
quasiparticle dissipation [24,27–30]. This dissipation derives
from the metallic nature of standard ferromagnetic barriers,
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which unavoidably compromises the qubit state measurement
and its performances [31,32]. However, advances in coupling
both ferromagnetic layers with insulating barriers inside the
JJ (SIsFS or SIFS JJs) [33–38] and the ability to exploit
intrinsic insulating ferromagnetic materials (SIfS JJs) [39–44]
allow us to engineer ferromagnetic JJs characterized by high
values of the quality factors and low quasiparticle dissipation
[43]. Such tunnel-SFS JJs offer additional functionalities not
only in superconducting classical circuits, but also in quantum
architectures [6,43].

We present here a proof of concept study of an innovative
protocol for qubit frequency tuning relying on state-of-the art
tunnel-SFS JJs. Specifically, we focus on a transmon design
featuring a SIS JJ and a SFS JJ inside a SQUID loop capac-
itively coupled to a superconducting readout resonator [14].
We call this transmon employing ferromagnetic junctions a
ferro-transmon. We discuss the possibility to provide (i) a
digital tuning of the qubit frequency exploiting the hysteretic
nature of the F barrier, and (ii) a novel platform for the
study of magnetization dynamics and fluctuations occurring
in SFS JJs on a quantum-coherent scale. On the one hand,
the realization of digital readout and tunability schemes for
superconducting qubits may have a strong impact on the
scalability of superconducting quantum systems [13]. On the
other hand, the possibility to probe magnetic noise fluctu-
ations [29,43,45] provides an additional spectroscopic tool
for the barrier dynamics, and it may be of crucial relevance
for the understanding of the unconventional superconducting
transport mechanisms that occur at the S/F interface, includ-
ing spin-triplet transport [27,44] and the inverse proximity
effect [30,46].

The paper is organized as follows. In Sec. II, we discuss
the working principle behind the ferro-transmon, highlight-
ing advantages, disadvantages, and open issues. In Sec. III,
we discuss the feasibility of the device: we estimate the
ferro-transmon parameters, including the qubit frequency, the
ferro-transmon tunability, and the readout resonator disper-
sive shift as a function of the critical current of the SFS
JJ. We compare the obtained results with those reported in
the literature for nonmagnetic qubits [4,16]. In Sec. IV, we
present a qualitative analysis of the dissipation mechanisms,
focusing in particular on the impact of SFS JJ magnetiza-
tion fluctuations. Finally, we discuss a protocol for the study
of magnetization noise spectra relying on tunability of the
couplings between the ferro-transmon and different noise
sources.

II. FERRO-TRANSMON: A DIGITALLY TUNABLE
SUPERCONDUCTING QUBIT

We discuss here the main idea of the ferro-transmon cir-
cuit: digital tuning of the qubit frequency, based on the
residual magnetization of a ferromagnet, can be achieved by
integrating a tunnel-SFS JJ in the SQUID loop of a transmon
circuit, schematically reported in Fig. 1(a). The SQUID loop
of the transmon is threaded as usual by an external flux �Z,
which is directed along the z-axis. �Z sets the standard cosi-
nusoidal modulation of the SQUID Josephson energy [47,48].
In addition, in the ferro-transmon circuit a local magnetic flux

�L is applied along x or y, i.e., perpendicular to the Josephson
transport direction.

The local field �L is related to the magnetization loop of
the ferromagnet 4πM(Hp) as [34–37,49]

�L(Hp) = Hpdma + 4πM(Hp)dFa, (1)

where dF is the thickness of the F barrier, a is the lateral
dimension of the tunnel-SFS JJ, dm is the effective magnetic
length of the ferromagnetic barrier [35], and Hp is the field
applied along x or y [34,35]. While the pulsed �L does not
directly affect the behavior of the SIS junction, the critical
current of the SFS JJ as a function of an external magnetic
field Hp along x (y) follows a hysteretic Fraunhofer-like be-
havior, with a shift of the maximum of the Ic(H ) curve that
depends on the residual magnetization of the F layer [49]. As
an example, in Fig. 1(b) we report the Ic(H ) pattern measured
at 10 mK on a SIfS JJ with a 3.5 nm GdN barrier and an area
of 49 μm2, reported here as a reference. The S electrodes are
made of NbN. Additional information about this device can
be found in Refs. [42–44], while the fabrication procedure is
reported in Refs. [40,41,50]. A pulsed magnetic field such as
that represented in Fig. 1(c) allows us to switch the critical
current of the SFS JJ between two discrete values, from now
on defined as the low-level (LO) and the high-level (HI) states.
As a consequence, also the Josephson energy can be digitally
tuned.

Formally, the dependence of the Josephson energy on �Z

and �L reads

EJ(�Z,�L) = EJ� (�L) cos (π�Z/�0)

×
√

1 + d2(�L) tan2 (π�Z/�0), (2)

where we set EJ� (�L) = EJ
SIS + EJ

SFS(�L) and we denote as
d (�L) the asymmetry parameter,

d (�L) = ESIS
J − ESFS

J (�L)

ESIS
J + ESFS

J (�L)
. (3)

In Fig. 1(d), we report the Josephson energy EJ as a function
of the external flux �Z applied along the axis z of the SQUID
and as a function of the same pulsed magnetic field sequence
in Fig. 1(c) applied along x. In the ferro-transmon SQUID,
we consider a SIfS JJ with GdN barrier as that in Fig. 1(b),
and a Josephson energy for the nonmagnetic JJ of standard
values commonly found in Al/Nb based transmon qubits, i.e.,
of the order of EJ

SIS = 10 GHz [51,52]. As one can observe,
the application of the magnetic field along x allows us to tune
EJ between two discrete values: before the pulse, Ic is in the
HI state; at the end of the pulse, Ic reaches the LO state. By
applying �Z along the z-axis instead, we observe the typical
cosinusoidal modulation of EJ given by the flux-tunability
of the SQUID. In the specific case analyzed, EJ(�Z,�L) at
�0/2 does not vanish. This typically occurs when the asym-
metry of the SQUID reaches d ∼ 1. As a matter of fact, in
the mentioned reference example reported in Fig. 1, the JJs
in the SQUID have critical currents that differ by a factor
10, since Ic

SFS ∼ 350 nA at dilution temperatures [44], while
Ic

SIS ∼ 30 nA. This also implies that far from the sweet spots
(multiple semi-integer of �0), the flux-noise sensitivity of the
transmon qubit is strongly reduced [14,53].
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FIG. 1. In (a), ferro-transmon circuit design: the readout (RO) resonator is capacitively coupled to the qubit through Cg. The qubit is
schematized as a hybrid SQUID in parallel with a bias capacitor Cb. In the SQUID, there are a standard tunnel SIS JJ and a tunnel ferromagnetic
SFS JJ. Blue and red arrows indicate magnetic fields applied along the z-axis and the x-axis, respectively. In (b), Ic(H ) modulation in a tunnel
SIfS JJ with a 3.5 nm GdN barrier and area of 49 μm2, normalized to the maximum IHI

c = 350 nA. Blue and red curves in (b) refer to the
down and up magnetic field pattern, respectively. We highlight in each plot the low- and high-Ic level states (LO and HI) and the working point
(dashed black line). In (c), an example is shown of a magnetic field pulse sequence Hp (black line), and maximum digital tuning of the critical
current Ic/IHI

c (red line) for the JJ is shown in (b). The blue and magenta dashed boxes refer to LO and HI levels, respectively. The time in (c) is
normalized to a magnetic pulse timescale τ (see the text). (d) Calculated total Josephson energy EJ of a hybrid SQUID composed of a SIS JJ
with ESIS

J = 10 GHz, i.e., ISIS
c ∼ 30 nA, and a SIfS JJ with GdN barrier. ISFS

c is the critical current of the SFS JJ in the hybrid SQUID in (a),
which is fixed here to 350 nA. The 3D-plot shows the dependence of EJ on an external flux �Z (in units of the quantum magnetic flux �0) and
the magnetic field pulsed sequence Hp(t ) in (c), with time t normalized to τ .

The possibility to employ a large variety of ferromagnetic
materials gives us the opportunity to identify and engineer
magnetic field pulses without any limitation. For instance, in
the framework of Nb or NbN technology, GdN-based JJs have
shown critical current variations �I = (IHI

c − ILO
c )/IHI

c of the
order of 25% [Fig. 1(b)]. Other ferromagnetic materials em-
ployed in Nb-based JJs, such as permalloy-based JJs [37,46]
or palladium-iron PdFe-based JJs [34–36], can give �I of
the order of 40%. Particularly relevant for PdFe barriers in
SIsFS JJs, �I can also be enhanced with the application of
RF-fields [36], compatibly with standard microwave equip-
ment. Moreover, �I can be adjusted by designing a pulsed
field sequence that exploits minor magnetization loops so to
reduce the hysteresis in the Ic(H ) modulation, and the sepa-
ration between LO and HI critical current levels [36,37]. The
magnitude of Hp does not require reaching the saturation field
of the ferromagnet, which may affect the performances of the
device. The working point in Fig. 1 is chosen so as to have
the largest separation between the LO and the HI state, �I .
It is possible to engineer SFS JJs with finite �I at a working
point corresponding to Hp = 0 [38], thus avoiding the appli-
cation of external magnetic fields that may be detrimental
for qubit coherence, also by employing asymmetric minor
loops.

The magnetic field pulse time in Fig. 1 is normalized to a
general timing of the pulsed field sequence τ , which strongly
depends on both the magnetization dynamics timescale τc

and the switching-speed of the tunnel-SFS JJ. Thus, a careful
choice of the electrodynamics and magnetic properties of the
tunnel-SFS JJ is fundamental to guarantee the largest speed of
the digital tunability protocol. As an example, typical magne-
tization dynamics occurs on a timescale τc < ns [54], which
is far lower than the coherence times in the transmon qubits
range (some microseconds to hundreds of microseconds) and
current state-of-the-art single- and two-qubit gate operations
(tens to hundreds of nanoseconds) [4,5,10,55]. The switch-
ing speed is defined by the IcRN product of the tunnel-SFS
JJ, which has already been demonstrated to be compatible
with high-speed and energy-efficient superconducting dig-
ital circuits [34–37,46], such as single-flux quantum logic
electronics [13,56]. Specifically considering the NbN-GdN-
NbN JJ in Fig. 1(b), the switching speed at 10 mK is about
35 GHz, which corresponds to 28 ps. Particularly relevant for
the purpose of integrating ferromagnetic materials in standard
fabrication of transmon qubits without affecting their qual-
ity, in the case of SIsFS JJs the Josephson switching speed
is only related to the SIs trilayer, provided that the inter-
mediate s thickness ds exceeds the coherence length of the
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superconductor ξs [57]. In this case, the SIsFS JJ works as
a series of a standard tunnel SIs JJ and the sFS JJ [37,46].
This ensures that (i) the SIs JJ can be easily integrated in the
transmon through standard fabrication procedures, while the F
layer can be deposited afterward without affecting the quality
of the SIs trilayer, and (ii) the switching speed and the quality
of the JJ are only related to the tunnel SIs JJ. The S electrode
in the sFS JJ can be designed to work also as a current-line for
the application of in-plane magnetic fields, which meets the
requirement of a scalable device [38].

While on the one hand the simultaneous presence of an
external flux field �Z and a local pulsed flux �L makes this
system a useful playground with multiple knobs able to tune
EJ, on the other hand the proposed design allows to tune EJ

only through �L pulses. This means that instead of a hybrid
SQUID in the qubit, it may be worthwhile to explore also
other circuital designs in which a single tunnel-SFS JJ is used,
thus completely removing the effect of additional flux-noise
fluctuations.

In the next section, we will discuss the role played by the
electrodynamics parameters of the tunnel-SFS JJ and the ca-
pacitive couplings in the circuit design in the value of the qubit
frequency, its tunability, and the readout resonator dispersive
shift. We focus on the estimation of the critical currents for
the SFS JJs to build a reliable and measurable ferro-transmon
device.

III. FEASIBILITY

The tunnel-SFS critical current ISFS
c and its tuning with a

local pulsed magnetic field �L set the values of the ratio EJ/Ec

and the qubit frequency ω01, given by

ω01(�Z,�L) =
√

8Ec�EJ(�Z,�L) − Ec�, (4)

as discussed in Ref. [14] and Appendix A. As expected,
when the ferro-transmon is coupled to a superconducting res-
onator, the pulsed magnetic field tuning significantly affects
the effective qubit-resonator coupling and the electromagnetic
response of the system. In this section, to assess the feasibility
of the ferro-transmon and define the details on its circuital
design, we study its electromagnetic response in the two HI
and LO states of the tunnel-SFS JJ, yielding ISFS

c (HI) and
ISFS
c (LO).

The superconducting readout resonator is designed as
a λ/4-coplanar waveguide with bare-frequency ωbare

RO =
5.9 GHz in a notch-type geometry [58]. The effective capaci-
tance of the resonator in the lumped element approximation
is Cr = 825 fF [59]. This choice has been made in order
to discuss the transmon readout for standard parameters in
the literature [4,53,60,61]. For the same reason, we keep
Ec� ∼ 200 MHz [4,53,60,61], where Ec� = e2/(2C� ) and C�

is the total effective capacitance in Eq. (A7), which depends
on the coupling capacitance with the readout resonator Cg

and the qubit bias capacitor Cb in Fig. 1(a) [14]. Finally,
the qubit-readout coupling g for the first two levels of the
transmon reads [14]

g = g01 = e

h̄

Cg

C�

√
h̄ωbare

RO

Cr

(
EJ

8Ec

)1/4

, (5)

i.e., it depends on the bare-resonator frequency ωbare
RO and

the ratio between the coupling capacitance Cg and the total
transmon capacitance C� [14].

To explore the full range of available parameters, in addi-
tion to the case of a hybrid DC-SQUID dispersively coupled
to a superconducting resonator, we consider here also a ferro-
transmon made of a single tunnel-SFS JJ. In the latter case,
the tuning of the qubit frequency is achieved only through the
magnetic pulsed field tuning.

A first estimation of the charging energy Ec� , the ratio
EJ/Ec, the qubit frequency ω01, and the readout coupling g,
as a function of ISFS

c and standard capacitances in the circuit,
suggests the following ranges of values for the tunnel-SFS
JJ critical current: (i) for ISFS

c ranging from 40 to 65 nA for
the hybrid DC-SQUID configuration, once Ec� = 260 MHz
is set, i.e., Cg = 4 fF and Cb = 70 fF, and ISIS

c from 10 to
30 nA; (ii) for ISFS

c ranging from 25 to 80 nA for the sin-
gle tunnel-SFS JJ, once Ec� = 200 MHz is set, i.e., Cg =
4 fF and Cb = 90 fF. These values guarantee a robust trans-
mon regime, i.e., with EJ/Ec of the order of 50–100 [14].
Furthermore, as occurs in conventional transmon circuits
based on the Al or Nb technology, ω01 < 10 GHz, i.e., eas-
ily detected using standard qubit measurement equipment
[4,62,63]. Charging energies above ∼200 MHz ensure suf-
ficiently large anharmonicity to isolate a quantum two-level
system [4,62,63].

Compared to what is shown in Fig. 1(d), in which the
amplitude of EJ is of the order of some hundreds of giga-
hertz, i.e., one order of magnitude larger than typical values
in standard transmon devices, the reduction of ISFS

c is a fun-
damental step in order to provide a reliable and measurable
ferro-transmon device. While suitable parameters may in prin-
ciple be obtained by using larger ISFS

c , the Ec� must be
decreased far below 100 MHz, thus unavoidably affecting the
anharmonicity of the two-level system. However, compared
to the drawbacks due to a reduction of Ec� , the ISFS

c can be
reduced by keeping the critical current density JSFS

c constant,
and therefore reducing the area of the device, or by reducing
JSFS

c itself.
For GdN-based JJs, for example, the JSFS

c can be decreased
by a factor 10 by increasing the thickness of the GdN inter-
layer from 3.5 to 4.0 nm, where typical values of 10 nA have
already been reported [42,43]. For tunnel SIsFS JJs, JSFS

c can
be regulated changing the area of the tunnel SIs trilayer in the
JJ [37]. By using strong ferromagnets such as the permalloy,
for example, the area of the JJ can be successfully scaled to
dimensions of the order of some μm2 [37], and in principle
could be scaled in the submicrometer regime. The scaling
of the area cannot be accomplished, instead, on most of the
soft ferromagnets used in SIsFS JJs, since they are often
percolative systems or strongly dependent on a multidomain
configuration [64,65]. However, in this case JSFS

c may be
reduced increasing the thickness of the insulating layer.

Finally, let us refer to the analytical approach proposed
by Koch et al. in Ref. [14] to give the readout dispersive
frequency shift χ as a function of the HI and LO level states
of the tunnel-SFS JJ, for both the hybrid DC-SQUID and the
single tunnel-SFS JJ ferro-transmon designs. To work in the
dispersive regime, the coupling between the readout resonator
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FIG. 2. Transmission parameter S21(ω) in arbitrary units for the ferro-transmon readout resonator as a function of ISFS
c , the critical current

in the tunnel-SFS JJ. In (a) and (b), we explore the hybrid DC-SQUID configuration, with SIS JJ critical current ISIS
c = 30 nA, and the

ferro-transmon configuration with a single tunnel-SFS-JJ, respectively. We fix Cb = 70 fF in (a) and Cb = 90 fF in (b), and Cg = 4 fF in both
configurations. The color scale in (a) and (b) refers to the S21 of a notch-type resonator in a log-scale [58], with load and coupling quality
factor Ql = 1.7 × 104 and Qc = 2 × 104, respectively, and no impedance mismatch at input and output ports of the feedline. In (c) and (d), we
show the readout resonator frequency dispersive shift in the high (low) level states (LO in blue and HI in red, respectively) of the SFS JJ for
the configurations in panels (a) and (b), respectively. HI and LO levels in (c) and (d) are highlighted in panels (a) and (b) with the red and blue
vertical dashed lines, respectively, and reported in Table I for completeness.

and the qubit g in the transmon must satisfy the condition
g � �, where � = ωbare

RO − ω01 is the detuning between the
readout resonator frequency and the first-order transition fre-
quency for the qubit [14]. Typical coupling factors range from
g ∼ 10 to 100 MHz [4,14,66]. In Fig. 2, we report the ideal
resonator transmission parameter S21(ω) [58] as a function of
ISFS
c ,

S21
(
ω, ISFS

c

) =
∣∣∣∣∣1 − Ql/Qceiη

1 + 2iQl
(

ω
ωRO(ISFS

c ) − 1
)
∣∣∣∣∣, (6)

where ωRO(ISFS
c ) = ωbare

RO + χ (ISFS
c ), Ql is the resonator total

quality factor, and Qc is the coupling quality factor, fixed
to 1.7 × 104 and 2 × 104, respectively [67–69]. η is the
impedance mismatch at the input and output ports of the
coupled feedline [58], which is fixed here to 0. Also quality

factors have been chosen to comply with standard parameters
in the literature [58,67–69].

We report in Fig. 2(a) simulations for the hybrid DC-
SQUID configuration with ISIS

c = 30 nA, while in 2(b) we
focus on the single tunnel-SFS JJ configuration. There are
specific ISFS

c regions for which the coupling overcomes the
dispersive regime (straddling regime [4]), i.e., around 10 nA
in panel (a) and around 50 nA in panel (b). This limits the
ferro-transmon operation. To fall in the transmon and in the
dispersive regime with feasible qubit frequency values, and to
be far from the straddling regime, for the hybrid DC-SQUID
configuration the best HI and LO achievable values have to
be 65 and 40 nA, respectively. Vertical line-cuts related to
these fixed ISFS

c values are reported in panel (c), and compared
with the transmission of the bare resonator. The same argu-
ments can be given for the single tunnel-SFS ferro-transmon
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TABLE I. Summary of the ferro-transmon parameters analyzed in this work: the charging energy Ec� , the percentage difference between
the qubit frequencies in the HI (high) and LO (low) state �ω01, the ratio EJ/Ec, the qubit frequency ω01, the dispersive shift χ , and the
readout coupling g, obtained following the analytical approach proposed by Koch et al. [14]. All the parameters are calculated for the hybrid
DC-SQUID ferro-transmon configuration with ISIS

c = 30 nA (a), and for a ferro-transmon with a single SFS-JJ (b). Each of the configurations
is characterized by Cg = 4 fF, while Cb is 70 fF for the former, and 90 fF for the latter.

(a) ISIS
c = 30 nA (b) Single tunnel-SFS JJ

HI: ISFS
c = 65 nA LO: ISFS

c = 40 nA HI: ISFS
c = 35 nA LO: ISFS

c = 25 nA

Ec� (MHz) 261 205
�ω01 (%) 15 16
EJ/Ec 179 132 84 61
ω01 (GHz) 9.66 8.25 5.13 4.30
|χ | (MHz) 1.79 4.09 10.72 2.36
g (MHz) 82 98 91 61

configuration in panel (b), in which we find ISFS
c (HI) =

35 nA and ISFS
c (LO) = 25 nA. Vertical line-cuts related to

these values are reported in panel (d). A summary of the
ferro-transmon electrodynamics parameters for the two con-
figurations shown in panels (c) and (d) is reported in Table I,
where we collect the EJ/Ec ratio, ω01, its tunability �ω01 =
[ω01(HI) − ω01(LO)]/ω01(HI), and the qubit-readout cou-
pling g for the HI and LO state.

All the calculated ISFS
c values are compatible with current

technologies, thus making feasible the ferro-transmon. As a
matter of fact, in both of the proposals, the ratio EJ/Ec is
comparable to or larger than in typical transmon circuits. Also
the qubit frequencies fall in the operational qubit frequency
range [53]. Moreover, within the chosen circuital parame-
ters, the resonator shifts χ so as to discriminate between the
HI and LO state through the transmon readout resonator in
both configurations. Most importantly, the qubit frequency
tunability through a pulsed local magnetic field ranges from
�ωQ ∼ 0.8 GHz for the single tunnel-SFS JJ to 1 GHz for the
hybrid DC-SQUID configuration, as in typical flux-tunable
transmons [53]. Such a tunability range corresponds to �I ∼
30%, which can be properly engineered even by exploiting
minor magnetization loops [37,70,71]. We stress that these
parameters can be further adjusted also by changing the res-
onator parameters and the capacitive elements in the circuit.

IV. THE FERRO-TRANSMON AS A MAGNETIC
NOISE DETECTOR

The high tunability of the ferro-transmon Hamiltonian
creates the ideal playground to study noise fluctuations in
ferromagnetic Josephson devices. We show how the com-
bined analysis of relaxation and dephasing processes in the
ferro-transmon allows to characterize both magnetization
fluctuations and standard flux noise. Comparing the effects
of these two kinds of noise may offer important clues to
optimize qubit designs and to understand fundamental aspects
of quantum dissipative models.

A. Qubit-noise coupling

The ferro-transmon Hamiltonian depends on the fluxes
�Z and �L. We assume that magnetization fluctuations yield
local flux fluctuations, δ�L, while �Z-fluctuations, δ�Z, are

dominated by external electromagnetic noise, i.e., we neglect
orbital effects of magnetization fluctuations.

The fluctuations of �Z and �L in turn lead to fluctua-
tions of two classical parameters: ϕ0, defined in Appendix A,
and EJ, defined by Eq. (2). To describe their effect on the
qubit Hamiltonian HQ, given by Eq. (A8), we expand HQ

to first order in the fluctuation amplitudes, arriving at the
following expression for the ferro-transmon–noise-coupling
Hamiltonian HV(t ):

HV(t ) = −
∑

m=L,Z

δ�m

[
∂EJ

∂�m
cos(ϕ − ϕ0)

+EJ
∂ϕ0

∂�m
sin(ϕ − ϕ0)

]
. (7)

The effect of the different contributions to HV(t ) can be easily
understood switching to the ferro-transmon eigenstate basis.
In this basis, keeping only the first two levels and assuming
EJ(�Z,�L) � Ec� , we can write HQ � ω01σz, with ω01 =
ωQ(�Z,�L) − Ec� and

HV(t ) � −
∑

m=L,Z

[Am‖σz + Am⊥σy]
πδ�m

�0
, (8)

where Am‖ and Am⊥ are, respectively, given by

Am‖ = �0

2π

√
8EC�

EJ

∂EJ

∂�m
(9)

and

Am⊥ = EJ�0

π

[
2

(
2Ec�

EJ

)1/4

−
(

2Ec�

EJ

)3/4]
∂ϕ0

∂�m
. (10)

Starting from Eqs. (8)–(10) and employing Bloch-Redfield
theory [72], we see that, as expected, fluctuations of EJ yield
qubit dephasing, while fluctuations of the phase ϕ0 lead to
relaxation. Therefore, since both δ�Z and δ�L induce both
ϕ0 and EJ fluctuations, either of them yields both dephasing
and relaxation.

In particular, the fluctuations of the local flux δ�L can be
related to Hp and M fluctuations. Using Eq. (1), δ�L can be
indeed cast as follows:

δ�L = dma δHp + 4πdFa δM. (11)
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Here, δM and δHp are not independent. However, by assuming
an instantaneous response of the ferromagnet to the pulsed
magnetic field fluctuations, we can write

δM(t ) = χ δHp(t ) + δMi(t ), (12)

where χ denotes the ferromagnet’s susceptibility and δMi

indicates the fluctuations of the magnetization at Hp = 0,
i.e., such that 〈δMiδHp〉 = 0. The assumption of instanta-
neous response is justified for the purpose of calculating the
rates if the ferromagnet magnetization dynamics is faster than
the magnetic field pulse sequence timescale and the qubit’s
dynamics.

In the following, starting from the above equations, we
calculate the relaxation rates and the dephasing characteristic,
and we show that it is possible to isolate the effects of the
different noise sources at specific working points.

B. Relaxation

The total decay rate due to relaxation/excitation processes
is given by �1 = �↓ + �↑, where relaxation (excitation) �↓
(�↑) rates in terms of the spectral noise function read

�↓ =
∑

m=L,Z

A2
m⊥S�m (ω01)

π2

�2
0

, (13)

�↑ =
∑

m=L,Z

A2
m⊥S�m (−ω01)

π2

�2
0

, (14)

where SX (ω) denotes the noise spectral function at frequency
ω, SX (ω) = ∫ 〈X (t )X (0)〉eiωt dt . Specifically, using Eq. (12),
S�L (ω) can be written as follows:

S�L (ω) = β2
1 SHp (ω) + (4πβ2)2SMi (ω), (15)

where β1 = dma(1 + dF
dm

χ ) and β2 = dF a. To estimate S�Z ,
we follow Refs. [14,73,74], and we consider both the Ohmic
and the 1/ f contributions, respectively, denoted as S�Z

Ohmic

and S�Z
1/ f . The former is estimated as [14,73]

S�Z
Ohmic = L2

mSIn (ω01), (16)

where Lm indicates the mutual inductance between the SQUID
and the flux-bias loop, and SIn denotes the current noise spec-
trum in the flux bias circuit. The 1/ f contribution is modeled
as suggested in Ref. [74] as

S�Z
1/ f = A2

�Z

(
2π

1 Hz

ω

)0.9

, (17)

with A�Z = 1.4μφ0. As illustrated in Ref. [74], at frequencies
of the order of ω01, the 1/ f contribution dominates over the
Ohmic one due to the smallness of the inductance Lm.

In the low-temperature limit kBT � h̄ω01, the above equa-
tions eventually allow us to recast the decay rate as the sum
of three contributions, i.e., �1 = �1,�Z + �1,Hp + �1,Mi , where
�1,Hp accounts for the fluctuations of the pulsed magnetic
field,

�1,Hp � A2
L⊥β2

1 SHp (ω01)/
(
4�2

0

)
, (18)

�1,Mi accounts for the fluctuations of the magnetization,

�1,Mi � A2
L⊥(4πβ2)2SMi (ω01)/

(
�2

0

)
, (19)

and �1,�Z is associated with the fluctuations of the flux �Z,

�1,�z � Az
2
⊥
(
SOhmic

�Z
+ S1/ f

�Z

)
/�2

0. (20)

Interestingly, at Hp ≡ 0, the contributions of Mi and �Z can
be isolated by appropriately choosing the qubit’s working
point. Indeed, according to Eq. (10), the coupling of Mi and
�Z fluctuations is proportional to the derivatives ∂ϕ0/∂�L

and ∂ϕ0/∂�Z, respectively. The latter have the following
expressions in terms of the Josephson energy EJ

SFS and the
asymmetry parameter d:

∂ϕ0

∂φL
= 1

4

(1 − d2) sin(2φZ)

cos2(φZ) + d2 sin2(φZ)

∂ ln EJ
SFS

∂φL
, (21)

∂ϕ0

∂φZ
= d2

cos2(φZ) + d2 sin2(φZ)
, (22)

with φm = π�m/�0, and m = {L,Z}. We see that for d ∼ 0,
it is possible to suppress ∂ϕ0/∂φZ, and the relaxation rate
can be directly related to the intrinsic magnetization noise
spectrum SMi (ω01). On the contrary, at φZ = 0 and d 
= 0,
the relaxation rate yields indications on S�Z (ω01). Clearly,
other relaxation channels such as the Purcell effect, dielectric
losses, and quasiparticle relaxation may contribute to �1 and
hinder the measurement of magnetic fluctuation noise.

To illustrate this point, in Fig. 3 we compare the relaxation
induced by magnetization and flux fluctuations, dielectric
losses, and the Purcell effect by plotting the corresponding
relaxation times. To calculate the relaxation rates associated
with magnetization and flux noise in Fig. 3, we use Eqs. (19)
and (20) and we estimate the spectral function S�Z (ω01)
using Eq. (16), i.e., we consider Ohmic and 1/ f -type �Z-
fluctuations [14]. Instead, for the spectral function S�L (ω01)
we assume that (i) the amplitudes of the magnetization fluc-
tuations satisfy the relation δMi � 5 × 10−3Msat, with Msat

the saturation magnetization of the ferromagnet, and (ii) the
magnetization correlation function decays exponentially on a
timescale τc ∼ 1 ps < τ , where τ is the magnetic field pulse
sequence timescale. The corresponding noise spectrum reads

S�L (ω) = δM2
i τc/

(
τ 2

c ω2 + 1
)
. (23)

As reported in Ref. [75], capacitive loss relaxation contri-
butions �1c are defined as

�1c = 2

h̄
|〈0|2eN |1〉|2 1

CQ(ω01)
, (24)

where C is the lossy capacitance of the superconduct-
ing island in the transmon, with quality factor Q(ω) =
ImYcap(ω)/ReYcap(ω), defined in terms of the capacitance ad-
mittance Ycap(ω) [75]. Therefore, a crucial role is played by
the superconducting and dielectric materials involved in the
circuit. In the following, we will refer to standard parameters
reported in the literature [22,32,75].

Finally, to describe Purcell relaxation across different
regimes, we use the expression given, e.g., in Ref. [76],

�1Purcell = κ

2

(
1 − �2

�2 + 4g2

)
, (25)

where κ = ωRO/Qc is the resonator decay rate, � is the qubit-
resonator detuning, and g is the qubit-resonator coupling.
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FIG. 3. Relaxation time T1 due to Purcell (red dashed curve)
and dielectric (orange curve) effects, magnetization (blue dashed-
dotted curve), and flux noise (green dotted curve) fluctuations for the
ferro-transmon in the hybrid DC-SQUID configuration as a function
of the qubit frequency ω01 for g = 80 MHz, ESFS

J (HI) = 32 GHz,
ESIS

J (HI) = 14 GHz, Ec = 260 MHz, κ = 400 kHz, and τc = 1 ps. In
(a), we fix φZ = π/4 and we change φL ∈ [0, π ], while in (b) we fix
�L ∼ π/12 and we change φZ ∈ [0, π/2]. The gray curve represents
the total relaxation time T1, given by the sum of all the relaxation
contributions.

In Figs. 3(a) and 3(b), we show the total relaxation time
T1 = 1/�1 and the relaxation times corresponding to the
magnetization and flux fluctuations, dielectric losses, and Pur-
cell noise, respectively, given by 1/�1,Mi , 1/�1,�Z , �1,c, and
1/�1Purcell, as a function of the ferro-transmon qubit frequency
ω01. In Fig. 3(a), ω01 is varied by tuning the local flux field
�L (red axis in the panel) and setting �Z = �0/4, while in
Fig. 3(b) it is varied by tuning �Z and setting �L = �0/12.

We see that by properly choosing the flux and local field
working point, the ferro-transmon might be used as a mag-
netic noise detector. For example, in Fig. 3(a) magnetization
fluctuations are the dominant relaxation channel in a wide

range of local flux field below �L = 0.4π , with the excep-
tion of a narrow region occurring for resonant qubit-resonator
coupling, where the Purcell effect is the dominant relaxation
channel. Above �L = 0.4π , instead, dielectric losses are the
dominant relaxation processes.

Analogously, dielectric losses are also dominant in
Fig. 3(b) in the whole frequency range. Thus, while mag-
netization fluctuations can be evaluated by measuring the
ferro-transmon relaxation rate, flux-noise fluctuations are ex-
pected to be small compared to other relaxation channels
[14]. However, it has been demonstrated that a careful choice
of the materials can minimize this effect, thus allowing us
to highlight �Z-induced relaxation [9] for specific values of
�Z ∼ 0 as predicted by Eq. (22).

C. Dephasing

To describe the dephasing behavior, we start by expressing
the density-matrix ρ01 in terms of δMi, δHp, and δ�Z by using
Eq. (11). Within the assumption of Gaussian noise [73] and
free-evolution, it reads

ρ01(t ) = ρ01(0)eiω01t exp

[
− A2

Z‖
8�2

0

〈(∫ t

0
δ�Z

)2〉]

× exp

[
− A2

L‖
8�2

0

〈(∫ t

0
β1δHp + 4πβ2δMi

)2〉]
,

(26)

where we assumed 〈δ�Zδ�L〉 = 0. The decay characteristic
of the qubit dictated by this equation depends sensitively on
the noise source spectrum. Specifically, setting 〈δHpδMi〉 = 0

and introducing the functions fλ(t ) = ∫ ∞
−∞ Sλ(ω) sin2(ωt/2)

(ω/2)2 dω

with λ = {Mi, Hp,�Z}, we can write

ρ01(t ) = ρ01(0)eiω01t exp

[
− A2

Z‖
8�2

0

f�Z (t )

]

× exp

[
− A2

L‖
8�2

0

(
β2

1 fHp (t ) + (4πβ2)2 fMi (t )
)]

. (27)

To calculate the functions fλ(t ), we need information on
the typical timescales of the system and of the noise sources.
Low-frequency magnetic flux noise in superconducting qubits
typically has a 1/ων with ν ∈ [0.7, 1.2] and it may be af-
fected by a wide range of factors, including fabrication details,
materials properties, as well as the structure of the junction
and the circuit [73]. Analogously, spontaneous magnetization
fluctuations in a ferromagnet due to domain wall dynamics,
trapped ions, and defects at the ferromagnet surface [77–79]
may display different spectral behaviors, such as a 1/ω fre-
quency dependence as reported in Refs. [80,81] or a 1/ων with
ν = 3/2 as recently demonstrated by Balk et al. in Ref. [82].
We start by deriving a general analytical expression for the
decay of ρ01 considering only the effect of magnetization
fluctuations. We assume here that

SMi (ω) = A2
Mi

/ω(ω0/ω)ν−1 for ω ∈ [ωir, ωuv], (28)

where ωir and ωuv are the infrared and ultraviolet cut-
off, respectively. We also assume that the typical evolution
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time t satisfies ω−1
uv < t < ω−1

ir and 1/2 � ν � 3/2 following
Refs. [83,84]. Starting from the spectrum of Eq. (28), the
integral in Eq. (27) can be easily calculated numerically as
shown in Appendix B. Thus, we can derive simple analytic
approximations for ρ01(t ). Specifically, for ν = 1 we obtain

ρ01(t ) ∝ e−(σ 2
Mi

t2 ) ln (π/(ωirt )) with σMi � AL‖
πβ2AMi

�0
,

(29)
while for ν 
= 1 we can write ρ01(t ) ∝ exp−σ 2

Mi
t2αν (t ) with

αν (t ) = 1 − (ωirt/π )ν−1

ν − 1

( ω0

ωir

)ν−1
, (30)

valid for ωirt � 1.
For the other sources of 1/ f noise, we can use similar rea-

soning and obtain analogous results, i.e., taking into account
the different coupling constants, we can write

σHL � AL‖
πβ1AHL

�0
and σ�Z � AZ‖

πA�Z

�0
, (31)

assuming for both noise sources ν = 1. For �Z-noise a more
precise description of the behavior of the spectral function can
be given by Eq. (17) [74].

For ω ∈ [ωir, ωuv], where ωir and ωuv may be different for
the different noise sources, we made the following assump-
tions on the external flux and local magnetic field fluctuations:

SHL (ω) = A2
HL

/ω(ω0/ω)ν−1 (32)

and

S�Z (ω) = A2
�Z

/ω(ω0/ω)ν−1. (33)

Such low-frequency behavior of magnetic spectral func-
tions is encoded in the dephasing characteristic and can be
accessed by Ramsey and echo experiments [14]. Also in this
case, the contributions of magnetization and �Z fluctuations
can be separated. Indeed at the external flux sweet spots
located at φZ = nπ as in standard transmons, the dephasing
is mostly due to intrinsic magnetization fluctuations, while
the effect of external magnetic field fluctuations is negligible.
On the other hand, for φZ 
= nπ and φL tuned at the local
flux sweet spots, �L = �∗

L, the ferro-transmon’s dephasing
probes �Z’s fluctuations. Notice that the local flux sweet

spots, defined by the condition ∂ESFS
J

∂�L
|�L=�∗

L
= 0, depend on the

properties of the SFS JJ.
Also in the case of dephasing rates, we can roughly esti-

mate their order of magnitude. In Fig. 4, we plot the behavior
of the Gaussian decay rate for the intrinsic magnetic fluctu-
ations σMi, as given by Eq. (29), and as a function of the
local magnetic field. σMi has been obtained by fitting with
a Fraunhofer-like pattern the up and down Ic(Hp) curves in
Fig. 1(b), and rescaled in order to achieve the suitable ESFS

J
in Fig. 2(a). The red and blue dots in Fig. 4 indicate two
possible HI and LO working points corresponding to the red
and blue resonance spectra shown in Fig. 2(c), respectively.
As discussed in Sec. II, in principle, we can adapt the pulsed
magnetic field sequence in order to reach the largest decay
time due to magnetization fluctuation dephasing.

FIG. 4. Gaussian decay rate σMi [Eq. (29)] along the up and down
magnetization curves as a function of the local magnetic field. The
red and blue dots correspond to ESFS

J = 32 GHz and ESFS
J = 20 GHz,

and we set Ec = 0.261 GHz, EJ
SIS = 15 GHz, and AMi ∼ 1 μT. The

dependence of ESFS
J on the magnetic field is estimated from the

Fraunhofer-like curves given in Fig. 1(b).

D. Noise detection protocol

The analysis of the effect of different noise sources on the
ferro-transmon design allows us to propose a novel protocol
for the study of the spectral noise functions in hybrid ferro-
magnetic quantum systems. In Fig. 5 we highlight how we can
access �Z and Mi noise spectra. In the first phase, a basic char-
acterization of the qubit is in order to obtain information on
the sweet spots in the presence of �Z, the maximum of the EJ

in the presence of �L, and the points at which the asymmetry
between the SIS and the SFS JJs in the loop is zero. This is a
fundamental step also for extracting the π -pulse for the study
of relaxation and the dephasing processes in the system. In
the second phase, we propose to perform T1 measurements in
two configurations: (i) at d = 0 and �Z 
= 0 to address high-
frequency magnetization-noise spectra, and (ii) for asymmetry
d 
= 0 and �Z = 0 to address high-frequency �Z-noise spec-
tra. The third step involves standard Ramsey and echo
sequences in two other configurations: (i) at the sweet spots
for �Z-noise spectra to address low-frequency Mi-noise spec-
tra, and (ii) in the maximum of the Fraunhofer-like modulation
of the Josephson energy to address low-frequency �Z-noise.
We remark that the simultaneous measurement of relaxation
and dephasing is also extremely relevant to fully characterize
1/ f noise, as demonstrated in various works [84–86].

V. CONCLUSIONS

The natural digital behavior of SFS JJs and the recent ad-
vancements in fabrication of high-quality and low-dissipative
tunnel SFS JJs make it possible to implement hybrid quantum
devices compatible with energy-efficient cryogenic digital
electronics. We have discussed the capabilities and the fea-
sibility of a ferro-transmon that uses a hybrid ferromagnetic
SQUID coupled to a superconducting resonator, thus giving
a first estimation of the electrical and magnetic parameters
needed to fabricate a reliable and measurable device. By con-
sidering capacitive elements in the circuit design in line with
typical values already implemented in nonmagnetic transmon
devices, we demonstrated the feasibility of the proposed cir-
cuit. The insertion of a ferromagnetic barrier in a JJ allows for
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FIG. 5. Measurement protocol for the investigation of low- and high-frequency spectral noise functions of the intrinsic magnetic fluc-
tuations (green boxes) and external magnetic field fluctuations (orange boxes). The protocol is divided into two phases: phase (1) concerns
standard qubit characterization; phase (2) summarizes the study of relaxation phenomena through relaxation time measurements and dephasing
time measurements for noise spectroscopy. In phase (2) we also report standard microwave pulsed sequences for the qubit drive (QD) and the
readout (RO) for the relaxation, Ramsey, and echo sequences, respectively [4].

the investigation of new problems due to the interplay between
the two competing superconducting and ferromagnetic order
parameters [24,27]. In addition to its potential for quantum
computing applications, a hybrid ferromagnetic qubit in turn
offers the possibility to study the dynamics of the tunnel-SFS
JJ itself, yielding novel experimental tools to probe quantum
phenomena at the interface. We demonstrate that by investi-
gating a qubit’s dephasing and relaxation at suitable working
points, it is possible to probe both magnetization fluctuations
and magnetic flux noise.
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APPENDIX A: FERRO-TRANSMON HAMILTONIAN

We highlight here the derivation of the ferro-transmon
charging Hamiltonian. Following the standard approach
discussed, e.g., in Ref. [72], we can easily derive the charg-
ing Hamiltonian of the ferro-transmon starting from its
Lagrangian:

Lc(�̇r, �̇) = Cr�̇r
2

2
+ Cb�̇

2

2
+ Cg

2
(�̇r − �̇)2, (A1)

where �r and � denote, respectively, the resonator and qubit
node fluxes.

Starting from the above equation, we can obtain an ex-
pression for the charging Hamiltonian written in term of the
charges Qr and Q, conjugate to the fluxes �r and �, and
defined as usual as Qi = ∂�̇i

Lc(�̇i). By doing so, we obtain
Q = M̂−1�̇, with M̂−1 denoting the capacitance matrix

M̂−1 =
(

Cr + Cg −Cg

−Cg Cb + Cg

)
(A2)

and

Hc = 1
2 QM̂Q. (A3)

By inverting the capacitance matrix, we can thus directly
obtain information on the interplay between the capacitive
elements in the circuit and their effect on the total energy of
the system [14]. Let us now discuss in more detail the different
contributions to the ferro-transmon Hamiltonian.

Given the small dimensions of standard transmon devices
(∼100 μm2) [51,52], the transmission line resonator in the
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circuit can be described by a harmonic LC oscillator in the
lumped element limit. Hence, the resonator Hamiltonian Hr

reads

Hr = Q2
r

2C� r
+ �2

r

2Lr
, (A4)

where C� r is the effective total capacitance of the resonator
circuit net, which depends on all the capacitance of the cir-
cuits, and reduces to Cr in the limit Cr � Cb,Cg [14]. The
coupling between the qubit and the resonator, Hcoupl, can be
cast as

HQ-r = QQr

2C�Coupl
, (A5)

where Q is the excess charge in the SQUID circuit, and
C�Coupl is the total effective coupling capacitance. These two
terms are the same as occurs in standard transmon devices,
and derivation of their explicit expressions can be found in
Ref. [14].

The qubit Hamiltonian HQ can be written as

HQ = Q2

2C�

− ESIS
J cos ϕ1 − ESFS

J (�L) cos ϕ2, (A6)

where ϕ1 and ϕ2 are the phase differences across the SIS
and SFS junctions, respectively, ESIS

J and ESFS
J are the cor-

responding Josephson couplings, and C� is the total effective
capacitance obtained from Eq. (A3),

C� = (Cg + Cb)Cr + CgCb

Cr + Cg
. (A7)

Assuming negligible inductance of the SQUID loop, we can
set ϕ1 − ϕ2 = 2π�Z/�0, where �0 denotes the elementary
flux, and we can recast the Hamiltonian HQ as

HQ = Q2

2C�

− EJ(�Z,�L) cos(ϕ − ϕ0), (A8)

where ϕ = ϕ1 + ϕ2, and EJ(�Z,�L) is defined in Eq. (2) in
terms of the local pulsed flux �L and the external flux �Z.
The phase-shift ϕ0 also depends on �L and the external flux
�Z through the asymmetry parameter in Eq. (3), and it reads

tan ϕ0(�Z,�L) = −d (�L) tan �Z. (A9)

In the transmonic regime, EJ(�Z,�L) � Ec� , HQ reduces to
the following Duffing harmonic oscillator Hamiltonian [72]:

HQ � h̄ωQ(�Z,�L)

(
b†b + 1

2

)
− Ec�

12
(b + b†)4, (A10)

where b (b†) are the annihilation (creation) operators,
whose definition follows the standard notation introduced in
Ref. [14], ωQ(�Z,�L) is the qubit frequency in the harmonic
approximation, defined as

ωQ(�Z,�L) =
√

8EJ(�Z,�L)Ec, (A11)

and the quartic term in Eq. (A10), yielding the anharmonicity,
depends only on the circuit’s charging energy [14],

Ec� = e2

2C�

. (A12)

For tunnel SFS JJs, the capacitance is the same order of
magnitude of that in nonmagnetic tunnel JJs [41,43,87]. As a

FIG. 6. Behavior of the decaying exponent of ρ01(t ) for differ-
ent 1/ f noise’s exponents ν = 1.5, 1.25, 1, 0.75, 0.5 and infrared
ωir = 0.01 ω0. The gray dashed lines represent the corresponding
analytic approximations defined by Eqs. (29)–(30).

consequence, the charging energy of the circuit is mostly un-
affected by the presence of the SFS JJ, and the main difference
between the ferro-transmon and a standard transmon circuit is
related to the Josephson energy, as discussed in Sec. II.

APPENDIX B: ANALYTIC APPROXIMATIONS FOR THE
FERRO-TRANSMON-NOISE COUPLINGS AND THE

DECAY CHARACTERISTICS

We outline here the derivation of Eqs. (9) and (10). Start-
ing from the Hamiltonian (7) one easily realizes that in the
truncated basis, the ferro-transmon noise couplings will be
determined by the following matrices:

Âmn = 〈ψm| cos(ϕ − ϕ0)|ψn〉,
B̂mn = 〈ψm| sin(ϕ − ϕ0)|ψn〉, (B1)

with |ψn〉, with n = 0, 1 representing the lowest transmon
eigenfunctions. The matrices Â and B̂ can be calculated em-
ploying the harmonic approximation as follows:

Âmn � ÂH
mn = 〈

ψH
m

∣∣ (ϕ − ϕ0)2

2

∣∣ψH
n

〉
and

B̂mn � B̂H
mn = 〈

ψH
m

∣∣[(ϕ − ϕ0) + (ϕ − ϕ0)3

6

]∣∣ψH
n

〉
.

Using these approximated expressions in Eq. (7) and using
Eq. (8), we can then write

Am⊥ = Tr[B̂Hσx] and Am‖ = Tr[ÂHσz],

and we can recover Eqs. (9) and (10) by a simple calculation.
To conclude this Appendix, we report in Fig. 6 the decay-

ing exponent fMi of ρ01(t ),

ρ01(t ) = ρ01(0)eiω01t e− fMi (t ), (B2)

as a function of t2 for different values of the 1/ f noise sources
exponent ν. The gray dashed lines in Fig. 6 represent the
analytic approximations that are in good agreement with the
numerical results. As explained in Sec. IV, the determination
of the exponent ν for different noise sources can be done by
combined relaxation and dephasing measurements at suitable
working points.
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