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We derive a boundary condition for the Nambu Keldysh Green’s function in diffusive normal metal-
unconventional superconductor junctions applicable for mixed parity pairing. Applying this theory to a 1d
model of s + p-wave superconductor, we calculate LDOS in DN and charge conductance of DN-s + p-wave
superconductor junctions. When the s-wave component of the pair potential is dominant, LDOS has a gap like
structure at zero energy and the dominant pairing in DN is even-frequency spin-singlet s-wave. On the other hand,
when the p-wave component is dominant, the resulting LDOS has a zero energy peak and the dominant pairing
in DN is odd-frequency spin-triplet s-wave. We show the robustness of the quantization of the conductance when
the magnitude of p-wave component of the pair potential is larger than that of s-wave one. These results show
the robustness of the anomalous proximity effect specific to spin-triplet superconductor junctions.
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I. INTRODUCTION

Superconducting proximity effect is one of the most
fundamental problems in the physics of superconductivity,
where a Cooper pair penetrates into normal metal attached
to superconductor [1,2]. In diffusive normal metal (DN)-
superconductor junctions, the total resistance of the junction
is seriously influenced by the penetrating Cooper pair in DN
[3-8]. This problem has been discussed by quasiclassical
Green’s function method with the Usadel equation [9,10]. To
calculate charge conductance, the boundary condition of the
Green’s function becomes a key ingredient. Kupriyanov and
Lukichev (KL) derived a boundary condition (KL boundary
condition) for spin-singlet s-wave superconductor junction
with low transmissivity at the interface [11]. The obtained
bias voltage dependent charge conductance has a distinctive
behavior as compared to that by Blonder-Tinkham-Klapwijk
(BTK) theory [12] in ballistic junctions. Later, KL. boundary
condition was extended by Nazarov by taking account of
the mesoscopic ballistic region near the interface [13]. This
theory can reproduce KL theory and BTK theory as limiting
cases. The correction to KL boundary condition due to finite
transparency has been studied [14,15].

In order to extend charge transport theory available for
unconventional superconductor junctions, Tanaka et al. have
developed a theory for a boundary condition (TN bound-
ary condition) of Nambu Keldysh Green’s function [16,17].
They have calculated the charge conductance between DN-
unconventional superconductor junctions both for spin-singlet
and spin-triplet superconductors. The most remarkable feature
of unconventional superconductor is the generation of zero
energy surface Andreev bound states (ZESABS) due to the
sign change of the pair potential on the Fermi surface [18-24].
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The merit of TN boundary condition is that it can naturally
take into account the effect of ZESABS [16]. It has been
clarified that ZESABS in spin-singlet d-wave superconductor
can not penetrate into DN. This means that proximity effect
and ZESABS are competing each other in spin-singlet d-wave
superconductor junctions [16,17]. On the other hand, in spin-
triplet p-wave case, ZESABS can penetrate into DN and the
resulting density of states in DN has a zero energy peak (ZEP)
[25-27]. This property is by contrast to the conventional prox-
imity effect with spin-singlet s-wave superconductor junction,
where the quasiparticle density of states has a zero energy gap
[28,29]. In the extreme case, if spin-triplet p-wave pairing has
a p,-wave symmetry, where the lobe direction of p-wave pair
potential is perpendicular to the interface, the total resistance
of the junction at zero voltage does not depend on the resis-
tances in DN and that at the interface [25]. In other words,
the zero voltage conductance is quantized [30,31]. These ex-
otic feature specific to spin-triplet superconductor junction is
called the anomalous proximity effect [25,30,32,33].

In order to understand the physical origin of the anomalous
proximity effect, the symmetry of Cooper pair has been elu-
cidated [34]. It has been understood that the symmetry of the
Cooper pair in DN is not a spin-singlet s-wave but spin-triplet
s-wave [34]. The latter symmetry belongs to the so called
odd-frequency pairing where pair amplitude in DN has a sign
change with the exchange of time of two electrons forming a
Cooper pair [32,35-39]. Near the interface, it has been shown
that spin-triplet s-wave pairing is generated due to the break-
down of the translational invariance [40—42]. The induced
pairing symmetry belongs to the so called odd-frequency
pairing where pair amplitude has a sign change with the ex-
change of time of two electrons forming a Cooper pair [32,
35-39,43-48]. This odd-frequency spin-triplet s-wave pairing
can penetrate into diffusive normal metal by the anomalous
proximity effect [34]. Thus the anomalous proximity effect
has a significant importance for the condensed matter physics
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[32]. To detect ZEP of LDOS in DN, T-shaped junction has
been proposed [49]. It is noted that there is a relevant ex-
perimental report detecting a zero bias conductance peak in
CoSi, — TiSi, heterostructures [50].

Although the anomalous proximity effect has originated
from the TN boundary condition (Eq. (2) in Ref. [16]),
this boundary condition shows a general relation of Nambu-
Keldysh Green’s function at the interface rather symbolically.
In the actual process to obtain LDOS and charge conductance,
we must go through rather long and complicated calculations
of retarded and Keldysh part of the Green’s function as shown
in Refs. [17,26]. Only the cases with spin-triplet even-parity or
spin-singlet odd-parity pair potential have been studied where
the parity of the superconductor is a good quantum number.
Recently, Y. Tanaka has found that Eq. (2) of Ref. [16] can
be expressed more compactly [51]. Then, it becomes more
transparent to show the derivation of the LDOS and charge
conductance. Also, we can challenge more complicated sit-
uation where spin-triplet and spin-singlet pair potentials are
mixed.

On the other hand, to clarify the pairing symmetry and
superconducting property of noncentrosymmetric (NCS) su-
perconductor has become a hot topic in this two decades [52].
In NCS superconductors, since the spatial inversion symmetry
is broken, spin-singlet pairing and spin-triplet one can mix
each other and the resulting pair potential can have both spin-
singlet even-parity and spin-triplet odd-parity components
[53-56]. It has been revealed that in ballistic normal metal-s +
p-wave superconductor junction with helical p-wave pairing,
the tunneling conductance has a qualitatively different be-
havior depending on whether p-wave component is dominant
or not. If spin-triplet p-wave component is dominant, the
resulting conductance has a zero bias conductance peak. On
the other hand, when spin-singlet component is dominant gap
like structure appears at zero voltage [57]. The present differ-
ence has been understood by the topological phase transition.
If the p-wave component of the pair potential A, is larger
than the s-wave one Ay, s 4+ p-wave superconductor is in the
topological phase with SABS. On the other hand, if A; > A,
is satisfied, it is in the nontopological phase without SABS
[57]. Topological phase transition occurs at A; = A, where
the bulk energy gap of s + p-wave superconductor closes [57].
Similar feature has been predicted for LDOS in DN of DN-
NCS superconductor junction [58] and charge conductance
in T-shaped junction [59]. Based on these backgrounds, it
is useful to derive the more compact boundary condition of
the retarded and Keldysh part of the Nambu-Keldysh Green’s
function applicable for mixed parity pairing case.

In this paper, we revisit the boundary condition of the
Nambu-Keldysh Green’s function in DN-unconventional su-
perconductor junctions derived in Ref. [16]. We derive the
more compact formula of the boundary condition. We show
that it is consistent with the formal boundary condition of
Green’s function by Zaitsev [60]. We derive both the retarded
part and the Keldysh part of the boundary conditions in a
more compact way applicable for general situation including
mixed parity case. We further show a clearer and shorter way
to derive the charge conductance of the junction as compared
to the previous derivation in Refs. [17,26]. We apply this
new formula to mixed parity s+ p-wave one-dimensional

superconductor model and calculate LDOS, pair amplitude
and charge conductance. When s-wave component of the
pair potential is dominant, the dominant pairing in DN is
even-frequency spin-singlet s-wave and local density of states
(LDOS) of quasiparticle have a gap like structure. On the other
hand, when spin-triplet p-wave component is dominant, the
dominant pairing in DN is odd-frequency spin-triplet s-wave
[32,34]. We show the robustness of the quantization of the
conductance when the magnitude of p-wave component of
the pair potential is larger than that of the s-wave one. These
results show the robustness of the anomalous proximity effect
against the inclusion of spin-singlet s-wave component of the
pair potential when the p-wave component is dominant.

II. BOUNDARY CONDITION OF GREEN’S FUNCTION

In this section, we revisit the outline of the derivation of
the boundary condition of the Nambu-Keldysh Green’s func-
tion in diffusive normal metal-unconventional superconductor
junctions. We show a more compact expression of the bound-
ary condition of retarded and Keldysh part of the Green’s
function.

A. Conventional spin-singlet s-wave superconductor junctions

Nazarov has derived a boundary condition of Nambu-
Keldysh Green’s function at the interface in order to study
charge transport in mesoscopic superconductor junctions [13].
This theory reproduces the BTK theory when the resistance in
the diffusive normal metal can be ignored. First, we explain
the outline of the theory by Nazarov [13]. We consider a dif-
fusive normal metal (DN) (x < 0)-superconductor (S) (x > 0)
junction model in 2D where the length of DN L is much
larger than mean free path £ = vr T;, With impurity scattering
time Timp. In DN, thermal diffusion length & = /D/27T is
chosen much larger than £. Here, vg is the Fermi velocity
and D is the diffusion constant in the normal metal. As a
model of the interface, §-function potential is used at x = 0,
where the transparency at the interface is given by oy =
cos’ 6 /(cos? @ + Z*) with barrier parameter Z and an injec-
tion angle 6. To make a boundary condition of the Green’s
function, we assume that the interface zone —L; < x < L; is
composed of diffusive region —L; < x < —L, and ballistic
one with —L, < x < L;. Here, L, and L, satisfy L, L, < &,
We denote the envelope function of Green’s function of N
side (S side) at the interface by g, (g). Here g; and 2
are Nambu-Keldysh Green’s function with directional space
distinguishing quasiparticle with positive and negative group
velocity. By using the interface matrix M, g, and g, are related

each other
> . (IL.1)

In general, I denotes a 8 x 8 unit matrix in particle-hole,
Keldysh and spin space. Here, M is defined for each injection
channel and ¢ and r express the coefficients of transmission
and reflection with

r
n=MgM, M= < w1

=S
< =K

=i

I
t

t? +1rl> =1, tr* +t*r = 0.
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Nazarov has shown that g, is given by [13]
g = (06, + G)) (20 + (G, — 0Gy)E%),

for a spin-singlet s-wave superconductor junction with

(L.2)

-~ (G 0\ o (T 0\ - (I 0
=5 &) ==G %) =0 1)
(I1.3)
_ G 0 Y Y
G2=( ()2 Gg>’ G, =G(x=0,), (IL4)
Q=M'M, $*=MZM', 7' =5°0%*  (L5)

Here, G(x) is a Nambu-Keldysh Green’s function and G
denotes

G =Gx=—-L)~Gx=0_).

When the decomposition of the Green’s function into an each
spin sector is possible, G, G, and unit matrix / become 4 x 4
matricies. The boundary condition of the Green’s function is
given by

11.6)

(ewiow)| =g
Rd ox x=0_ - Rb ’

where (I(9)) denotes the angular averaged current given by

/2 .
/ df cos01(0)

do) =22

IL7)

df cosHoy(0)
- /2
Here, R; and R, are resistances in the DN and that at the
interface. Matrix current /(6) is given by

[(0) = Tr[£°8,] = Tr[E%,]. (IL.8)

Here, Tr denotes the summation of channels with various in-
jection angles. In the actual calculation of /(9), it is convenient
to choose the basis where Q becomes a diagonalized matrix.
In this basis, 7 is also transformed. 0, ¥ are given by

el 0N e (01
Q-(o qnlﬁ)’2_<ﬁ o)

Here, we denote the channel index n corresponding to the
injection angle 6. Using the eigenvalue ¢, the transmissivity
at the interface oy is also expressed by

(IL9)

oy =
N = —T5.
1+ g,)?
As aresult, g, becomes [13]
5. — 4.G> + Gy 0 B
2= 0 g, Gy + G
2(]ilﬁ é1 - CIn(v;2
Y Y 9 . 1I.10
% (Gl - q;le 26];1]1 ( )
Finally, /(0) = I, is given by
U 205[Ga, G
I, =) onlG2, Gil (L11)

(@ =201 +oy[Gy, G114

with

G =G =1, [G2, Gily = G2Gy + GGy

B. Boundary condition of unconventional superconductor
junctions

Next, let us consider unconventional superconductor junc-
tions. One of the authors Y.T. has extended Nazarov’s theory
which is available for unconventional superconductor junc-
tions [16,17,26]. In this case, we must take into account the
directional dependence of the Nambu Keldysh Green’s func-

tion in G»,
~ é2+ O
G2 - ( O éz_) .

Here, Gz+ and G,_ are Green’s function for bulk state with
different trajectory and they satisfy normalization condition

@, =1 & =1
Owing to the presence of two kinds of Nambu-Keldysh
Green'’s function G, and G,_, surface Andreev bound states

(SABS) can be naturally taken into account. It has been shown
that g; is given by [16,17]

o (aH G gH )T
827\ ¢ "B ¢ 'Hy+ Gy
QU —-H) G —qH,
v < v . 11.12
) <61 'l gtei-p) TP

with
Hy = (Gor + Gyo)/2, Ho = (Goy — Gp)/2. (IL13)
The relations

4 H2=1, HLH B, =0, T— 0= '/, )

(11.14)
are satisfied. By using this relation, the matrix current (II.8)
has been calculated. The details of the derivation are shown in
Appendix A. I, is given by [16]

I, = Trace[£°g,] = 2[G, B], (I.15)

. . 1o NV v 1y e y—1
B=(H_'H; — oiy[G1, H-"1 — o}yGiH_"H, G))
x (o = ") + ofyGiHZ'Hy), (IL.16)
with
ON
o = .
W 2 —oy+ 241 —oyn

It is noted that Eq. (II.15) can be expressed more com-
pactly. First, we simplify B in Eq. (I.16) [51]. Using

(I1.17)

A -HA'"+ oG H'HO)A + A= — oiyGiHZ'Hy)
=1-H? +owH'GH'H,y + G HZ'H HT")
—oXGH'H,G\H'H,
and

v

I-A?=@H"'H.), HH, =-H.H_, (I1.18)
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we derive
A-H'+onGH'HHYA +H™' —o\wGiH'H,)
= H'H; —oy[G,H "1 - o}yGiH'H, G))H~'H, .
(IL.19)
Then, the denominator of B is transformed into
I -Ad+AHH'H- (11.20)
with
A=H"'—oyGH'H,.
On the other hand, the numerator of B becomes
(I = A). (11.21)
As a result, B is expressed as
B =owld - DA+ HHH 17T - A)
= owH_'H (I +A)™!
= —owlH; ' = H) + oG] (I1.22)
If we define
C=H'd-H) (11.23)

from Eq. (II.13), C satisfies the following normalization con-
dition:

=1.

The generation of SABS is naturally taken into account in C.
In the case of spin-singlet s-wave superconductor,

G =Gy =Gy

is satisfied and C is reduced to be G,. Owing to the normal-
ization condition of C, B can be transformed as

B=—oin(C+owG)™!
= —ow[(1 + oiy)I + owlGi, CV‘]Jr]_I (€ +ovGy).
(I1.24)
By plugging this equation into Eq. (II.15), we obtain
I, =1(6)=2[G\, B]
= —2ow[(1+ o) + owlGr, C11] 7161, €
= 20y[(4 = 2001 + on[C, G11:17'(C, Gi1. (11.25)

Here, the following relation is used

owN ON
1+012N 22 —oy)

This means that G, in Eq. (IL.11) is replaced with C.

As shown in Appendix B, Eq. (IL.25) satisfies Zaitsev’s
boundary condition originally derived for spin-singlet s-
wave superconductor junctions. We can calculate Trace[g:],
Trace[g;], Trace[£°2,] as shown in Egs. (B9), (B11), and
(B11), respectively. From these functions, we can define
the interface Green’s function appearing in Zaitsev’s bound-
ary condition g, &5, &{, and g5, as shown in Egs. (B12),
(B13), (B14), and (B15), respectively. Then, it is shown in

Appendix B that the expressions satisfy Zaitsev’s boundary
condition:

L — o) (@t )* + (3-)7]
= don(1 — on)[C, G11{2(2 — oI + oy[C

= ONgs—&s+

Gil4)?
(I1.26)

It is noted that Eq. (IL.25) is greatly simplified as compared
to the original equation in Ref. [16] and is useful for the
application to more comphcated pair potentials.

In the above, H,, H_, C are expressed as

A4 R+ K+ N _ — Ie_ o CR é[(
a=(y &) m=(5 ©)e=(5 &)
ke k

1,,_<0 fA)' (11.27)

I?Jr, R_, Cg, and Iz are retarded parts, IQ, K_ Cx, and Iy are
Keldysh ones, and A, A_, Cy4, and I, are advanced ones. On
the other hand, the Green’s function in DN G (x) is expressed
by

> _(Rix) K

G = ( 0 Al(x))
with fetarded part I?l(x): Keldysh partAI? 1 ()f), and advancAed
one A;(x). We denote Ri(x =0_)=R;, Ki(x=0_) =K,

and A, x=0_)= Aj. Then, the retarded part Iy is expressed
by

Iz(0) = 20522 — o)1 + on(CrR) + RiCp)I™'[Cr, R1]
(11.29)
with unit matrix . Here, Cy is the retarded part of C and is
expressed by

(IL.28)

(IL.30)

which satisfies C‘,% =1 owing to the relation of R, and R_.

In the following, we consider the situation where the de-
composition of the Green’s function into each spin sector is
possible. Both Cr and R, are linear combinations of %;, %,
and 73 and CrRy + R\ Cr is proportional to i since it is an an-
ticommutator of 2 x 2 matricies. As a result, the denominator
of Iy is proportional to . Then, Jy is given by

A 2U|N
Ig = —[CR, Rl (IL31)
with
drl = (1 + ofy)1 + o (CrR) + R Cp). (I1.32)

First, let us discuss the boundary condition of the retarded
part at x = 0. In general, R (x) can be decomposed into

Ri(x) = 51(x0)%1 + 52008 + s3(x)%3
=cosysin¢t; +sinysin{ i, +cos¢?y, (I1.33)

by using Pauli matrices in electron-hole space. ¢ and ¢ follow
from

ax2

2 2
|: 9 — (81}{) cos{sin{] +2iesin¢ =0, (IL34)
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5 5 side of Eq. (I1.36) is transformed into

—|:sin2§<—w>} —0. am3s) L. 3. Li e

0x x —R(x)—R{(x) =—/[—siny T+ cos Y] |—
Ry ox Ry 0x

x=0_ x=0_
In the case sin’¢ ( );éO supercurrent without dissipa- ) . . ) ) L37)
tion can flow with zero voltage. Since we are considering ~ Itis noted that 73 component of (/z(6)) is absent in Eq. (II.36)

the charge transport in normal electrode-DN-superconductor due to the absence of supercurrent. This means

junction, it is natural to assume % =0. - . (Trace[fz?3]) = 0. (I1.38)
The retarded part of the boundary condition in Eq. (IL.6) is
given by Y is determined from this equation. On the other hand, ¢ (x) =
¢ satisfies Usadel equation

L[, d 4 | A

—(R@=R@)|_ =——0)). 136 b

Ry ( 105 l(x)) o, = TR, RO (IL.36) D50 (x) + 2ie sin £ () = 0. (I139)
The angular average bg an injection angle 6 is given in Next, we calculate the Keldysh part of the matrix current

oy _

= 0 into Eq. (IL.36), the left-hand 1) given by
J

Eq. (IL7). By plugging %

16) = 2011\/((1 + o)l +OUIN[CR7 Ril+ (4 G?;l)\/ﬁ(? ;ﬁg’&h) ([CR’éRl] ?CA]‘A_AI?]2> (11.40)
with
Dy = CrKy + CrA1, Dy = R\ Cx + KiCy. I1.41)
The relation between the retarded and the advanced part of the Green’s function is given by
Cr = —1:Chts A = —13R] 13
and
(1+ 02T + oin(Cady + A1Cy) = d3l.
The Keldysh component of I is given by
fi = PR dDy = Dp) = vy (Dr + DI, A, (1L42)
K = (R, — A fon(x) + (R85 — £341) fan (x)
with K, in Eq. (IL41) and Cx given by
Cx = (Cr — CA) f5(x)
with distribution function ngA(x), Jov(x) and fs(x).
By using above relations, /x becomes
e = i‘;‘g [(1+02) A1 + 201w As], (11.43)
Ay = [CrKy + CkAr — R\ Ck — K1 Gy, (1L.44)
Ay = [(CrK1 + CxADAICs — (R Cx + KiCo)CAAL] (IL.45)

The explicit form of A; and A, are given by Eqs. (C4) and (C5) in Appendix C. To obtain the charge current, we focus on the
boundary condition given by Eq. (II.6). From Eq. (IL.6), the 73 component of the boundary condition of the Keldysh component

is given by
L Trace Aal%—i—leaﬁ £ ! (Trace[lx t3]) (11.46)
— Tr. — —A)T =—— 7]). .
Rd 0x dx 3 x=0_ Rb K=
By using Eq. (C6) in Appendix C, following relation is satisfied
L 0 5 50 d
— Trace <R—K+K—A 3 = 4(M cosh®Zim (I1.47)
Ry 0x X =0 ax =0
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with the imaginary part of ¢ denoted by &;r,. Then, the boundary condition is expressed by

L df3(x) 2
4<R_d) <—8x )cosh Cim

()24,

Below, we calculate

x=0_

1 .
= — —(Trace[Ix 13]). (I1.48)
Ry,
! (Trace[[x #3])
= ——(Trace[Ix %
. iR, K73
1
= ——(Ix). 11.49
Rb< k) (IL.49)

From Egs. (11.43), (11.44), (IL.45), (C11), and (C12), Trace[[x 3] becomes

20‘11\/

Trace[[x %3] =
Uk 5] B

AL A

[Trace[{(Ck + C)R: + R (Cr + CYE31(1 + o) fon (%)

+2Trace[{T + CiCr + R (I + CiCr)R1}E3101n fon (x) — Trace[{(Ry + R))Cr + CL(R; + RD)H1(1 + oy ) f5(x)
—2Trace[{ + R[R, + C;(I + R{R))Cr} 3101w f5(x) + Trace[(R + R))(Cr + CDI(1 + ofy) fan (x)

+ 2Trace[(ﬁ + R\II%] )(ﬁ + C‘;CR)]UIN]%N(X)].

Equations (II.31) and (I.50) are available for general cases
of pair potentials. In the following section, we will use these
equations for the specific model of unconventional supercon-
ductor junctions.

III. SUPERCONDUCTOR WITH VARIOUS PARITY

In this section, we revisit the case of superconductors with
spatial inversion symmetry where the pairing symmetry of
superconductor is spin-singlet even-parity or spin-triplet odd-
parity with time reversal symmetry. We consider spin-triplet
paring where z component of the spin momentum of Cooper
pair is S; = 0. In that case, we calculate Nambu Keldysh
Green’s function and derive the charge conductance of the
junctions in a more compact way as compared to previous
papers [17,26]. In the present case, we can choose the gauge
of the pair potential so that R is expressed by

Ri=gits+ fitr, Ro=g 13+ f- 1o, (IIL1)
with g1 = ¢/Qy, fr = iAL/Q4, and
Qp = li i8)* — |Ax|?
+ 51_{1%\/(84-1 ) — A4
Ve ALR &> A4
={i/[AsP—e2  —|AL<e<|ALl. (M2
—Vel —[AL? e < —|Ay]
We denote C‘R as
Cr = c1t1 + 02ty + 383,
where ¢y, ¢;, and c3 are expressed by
¢ — i(fr8— — 8+/-) o= fr+ /-
L+ fif +evg’ L+ fif +gig
o= S+T8 (I11.3)
L+ fif- +8+8-
g+ = g+(0), and fL = f.(0) are given by
g+(0) =g_(=0), f+(0) = f+(-0) (I11.4)

(I1.50)

(

for spin-singlet even-parity superconductors and

8+(0) =g (=0), fr(0) = —f+(—0) (I11.5)

for spin-triplet odd-parity superconductors [26]. Then, ¢; =
c1(0), co = c2(0), and c3 = c3(0) satisfy
ci(0) = —c1(=0), c2(0) = c2(=0), c3(0) = c3(—0)

(111.6)
for spin-singlet even-parity superconductor and

c1(0) = c1(=0), c2(0) = —c2(=0), c3(0) = c3(=0)
(I11.7)
for spin-triplet odd-parity superconductor. From Eq. (I1.38),

we can determine the relation between s; and s, written by
< o (c1(0)sy — c2(8)s1)
2 — oy + oin(c2(0)s2 + c3(0)s3 + c1(8)s1)
with o1y = ox(0) = on(—0).
We decompose the denominator of Eq. (IIL.8) by the sum-
mation of d,(0) and d,(6) with
de(0) = de(—0), dp(0) = —do(—0). (I111.9)

For spin-singlet even-parity case, using Eq. (II.6), d.(6) and
d,(0) are given by

de(0)=(2 — on) + on[c2(0)s2 + c3(0)], do(0)=01nc1(0).
(II.10)

> =0 (IL8)

Then,

<01N(01(9)52 - 62(9)S1)>
d.(0) + d,()s1
_ 1|:<(71N[C1(9)52 - C2(9)S1]>
2 de(0) + d,(0)s1
ow[—c1(0)s2 — c2(6)s1]
d.(0) — d,(0)s;
<(71N[de(0)c2(9) +dy(0)c (9)S2]>
= — Sl
dg(e) — s%df(@)
=0. (III.11)

From this relation, we obtain s; = 0 [26].
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On the other hand, for spin-triplet odd-parity pairing case,
using Eq. (I11.7), d.(0) and d,(0) are given by

d.(0) = 2 — o) +owlc1(0)s1 + c3(0)],
d,(0) = onca2(0)
<01N(61(9)52 - 62(9)51)>
d.(0) + dy(0)s2
_ l|:<011v[€1(9)s2 — 62(9)S1]>
2 d.(0) + dy(0)s2
ovlci(8)s2 + c2(0)s1]
d.(0) — dy(0)s2
_ <01N[de(9)cl(0) + do(9)6‘2(9)s1]>s2
=0

(IIL.12)

d2(0) — s2d2(6)
. (II1.13)

From this relation, we obtain s, = 0 [26].

This means cos ¥ = 0 for spin-singlet even-parity pairing
and sin ¢ = 0 for spin-triplet odd-parity pairing, respectively.
To summarize R, (x) becomes

Ri(x) = 52(x)% + 53(x)%3 (I11.14)
for a spin-singlet superconductor and
Ri(x) = s1(0)%) + s3(x)%3 (I11.15)

for a spin-triplet one consistent with previous results
[17,25,26].

Here, let us discuss about this physical meaning of the
symmetry of a Cooper pair. In the DN, only s-wave pairing
is possible due to the impurity scattering. Since there is no
spin flip scattering at the interface, the symmetry of spin
structure in DN is equivalent to that in the superconductor. It
is noted that for the spin-singlet superconductor case, R;(x) is
expressed by 7, and %3 similar to bulk superconductor. This
means that the symmetry of the Cooper pair in the DN is
equivalent to that of the bulk, where the pairing symmetry is
spin-singlet even-parity. On the other hand, for the spin-triplet
superconductor case, R, is expressed by %, and %3, different
from R, ... This implies that the different symmetry of Cooper
pair, i.e., an odd-frequency spin-triplet s-wave pair, is gener-
ated in the DN [32,34].

The boundary condition of ¢ (x) is given by [16,17,25-27]

L <8§(x)> _ B (IIL.16)
Rd ox x=0_ Rb
F = _ 2onUscosgy — gssiniy) (I1.17)

2 — oy + on(cos {ygs + sin ¢y fs)’

with ¢(x = 0_) = ¢y. If we denote F; = F;(0), the angular
average is expressed by

- /2

ffﬁz dfoy cos

[72 d6 cosOF, (6)

(F(9)) = (IIL.18)

Here gg and fs are

g+ )/(M +gyg— + fof)

{ spin-triplet
87 @y + 80/ +g1g + frf)

spin-singlet’
(I111.19)

spin-triplet
spin-singlet’
(111.20)

fo = {i(f+g —fg)/(0+grg-+ fif)
§ e+ /) A +grg—+ f+f-)

Next, let us calculate Trace(fo3) by using ¢(x =0_), s; =
s1(x =0_), 50 =s,(x =0_),and s3 = s3(x = 0_).

The details of the calculation are shown in Appendix D.
Trace(fx t3) is given by

(Trace[fkfg])
2 R A e
= <|;’71|N2Trace[<1e1 + R (Cr+EDI(1 + afN)>f3N(x)

401N N 5t D N At A
R
(1I1.21)
If we define Ix as

Ix = }Trace[lx %3],

the total resistance of the junction R is given by [17,26]

Rb Rd 0 dx
R=—4+ — _— 111.22
I "L /_L cosh? gim (x)” (22
oN Co
(Ix) =<— - 5 >,
2 [(2 —on) + on(cos Engs + sin &y fs)
(II1.23)
Co = on(1 + | cos zy|? + | sin 2y |?)
x [lgsl® + 1 fsl> + 1+ | fsI*]
+ 4(2 — oy)[Real(gs)Real(cos {y)
+ Real(fs)Real(sin ¢y )]
+ 4oyImag(fsgs)Imag(cos ¢y sin &y ), (I11.24)

see Ref. [26]. Here, fs is given by

fo= {(f+ + o)/ (1 +g+8— + f/f-)
s i(fr8- —8+/-)/(1 +g+8— + f+ /)

spin-triplet
spin-singlet”

(I1.25)
Using I'y. defined by
T (I11.26)
=T &+ Qi ’ ’
gs, fs, and fs are given by
(1 +Tr4r-)/(1 —Tryr_)  spin-triplet
=141, )/(1 =T T_) spin-singlet’ (1.27)
_J(@_-—-T4)/d —T4I'2)  spin-triplet
5= iry +10)/0 = 1410)  spin-singler” 128
= JiMy+T_)/(1—=T,T_) spin-triplet
Fs= 1 Zro/—1ar)  spin-singlet 1129)
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Then, I is given by
=2 ! (I11.30)
K= "5 . . . 2” :
2 |1 — (1 —oy)I'+I'_ 4+ oy sin (%N)[—(l + ' I'_)sin (%N) +i(I'y +T'-)cos (%"’)]|
Ci = 2[1 + onIT4 > + (oy — DITLT_ 1 + o sinh® (Gn)(1 + [T [P)(1 + T %)

+(2 — ay)(1 — [T, T P)[cos &y, cosh {y; — 11— (2 — o) cosh ¢y sin &y, Imag[(T'y + T )(1 — [3T*)]

— oy cosh ¢y; sinh gy;Real (T +T_)(1 4+ T3], (IIL.31)
for a spin-singlet superconductor and
C
I =N ! - (I11.32)

2 |1 = (1 — o) T— + oy sin () [—(1 + T4 To)sin (2) — (My — T-)cos (2]
Ci = 2[1 4+ onIT+1* + (on — DIT4T—*] 4 o sinh? (¢y:)(1 + [T [H)(A + [T—|*)
+ (2 — oy)(1 — [T T [))[cos &y, cosh &y; — 11— (2 — o) cosh &y, sin gy Real (I — T_)(1 — ['*T'*)]

— oy cosh ¢y; sinh ¢y Imag[(T} — T*)(1 +T,.T2) ]

for a spin-triplet superconductor. Here, {y,, {y; denote
the real and imaginary part of ¢y, respectively. We have
used I'y(0) = I'_(—6) for spin-singlet superconductor and
I'y(@)=—-I_(—0) for spin-triplet superconductor with
'y =T'@), ' =T'(xr — 0) and the injection angle 8. In the
case for R; =0, &y =0, ¢y = 0, and ¢y; = 0 are satisfied.
Then, Ix reproduces the formula obtained in ballistic normal
metal / unconventional superconductor junctions [23,61].

IV. CHARGE CONDUCTANCE IN
NONCENTROSYMMETRIC SUPERCONDUCTOR
JUNCTIONS

Since we get a more compact expression of the matrix
current /() as shown in Egs. (I.31) and (II.50) as compared
to the previous one [17,26], it is possible to challenge a more
complicated system. In this section, we apply our boundary
condition to a mixed parity superconductor junction. Mixed
parity state like s 4+ p-wave pairing is possible in noncen-
trosymmetric superconductors. Here, we assume that S, = 0
for the spin-triplet pair potential where the d-vector of spin-
triplet pair potential is along the z direction. In this case, we
can discuss the retarded part of the Green’s function by a
2 x 2 matrix denoting the spin index. To elucidate the charge
conductance and LDOS based on analytical calculation in the
limiting case, we focus on s + p-wave superconductor model
in 1D. It is an interesting issue to clarify whether the anoma-
lous proximity effect predicted in spin-triplet superconductor
junction [17,26] is robust with the inclusion of the additional
s-wave component.

Here, A and A_ are given by

A=A+ A, AL=A— A,
for up-spin sector and these are given by
Ay =—-A;+ A, AL=—-A;— A,

for down-spin one. If we denote quasiclassical Green’s func-
tion for up and down spin sector as

gr i + ferntes

(I11.33)
{
g+1(}) and fiq(y) are given by
8+t = 8- =&+ 8-t =&+ =8~
frr=—f = fe for=—~fry=f- AV
with
Ay c
fe = (IV.2)

, 8+ = .
A3 —&? Jer— AL

We define Cgy(}) for up(down) spin sector as

Crrh = et +eapn e + e3p B3
By using coefficients defined in Eq. (II1.3), we derive

Clp =€y =C1, Cp = —C2 = Cy,

C3p = C3) = C3. (IV3)

In DN side, we write Green’s function of Usadel equation as

Riy)@) = sippti + 210 F2 + 831 B3
with

S14 = €COs Y4 SIN gy, S24 = sinyy singy, $3p = COS &y
aIv.4)
and

s1, =cosy, sing, s, =siny, sing, s33 =cos{,.
av.s)
Due to the absence of a supercurrent, ¥4, is independent of
x. The relation of the £; component of the boundary condition
of Eq. (IIL.8), is greatly simplified in 1d model case with

ClTSian = C2p COSWT, C1¢Sil’1wi = C2) COS llfi.

Then, we obtain
C1p _ C]

2 2 [2 2
\/CIT+C2T \/C1+C2
c c

cosyr = L = !

\/Cﬂ‘*'ca \/C%"'C%

cosyry = =cosVy,

=cosy. (IV.6)
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C C
sinyy = 21 = 2 = siny,
\/C%T"'C%T \/C%"'C%
C C
sin, = X -2 — _§iny. (V)
. C%¢ + C%¢ v C% + C%
If we define a4(y) as follows
CrrpRiry + Rip)Crrqy = 24l av.8)

a4 and « are given by

ay = (c1p coS Yy + ¢4 Sin Yy ) sin &y + ¢34 cOS &y
= (c1cos ¥ + ¢z sin ) sin &y + ¢3 cos &4
|

2Ry

/€3 + €3 cos Eyp — ¢38in Lyy

av.9)

=,/ci +cEsingy + c3cos gy,

a, = (C1¢005w¢+62¢8in1//¢)8in§¢ +C3¢COS§¢
= (c1cosyr + cosiny)sing 4+ c3cos gy

= /el +e3sing 4+ c3co8Ey.

(IV.10)

In the following, we denote Iél?(l)(x =0_)= RlT(l)’
Ky =0-) = Kipy,  Anpy(x =0-) = Aip),  and
try@x = 0_) = &yp)- Then, the boundary condition of
{1¢y)(x) becomes

L<3§¢(x)>
ox

2Ry

= , Iv.11)
=0 Rpp_ on + oy (, [c? + c3sin gy + c3 cos fNT)
‘/c% + c%cos{m —c38ingyy
(Iv.12)

L<3§¢(X)>
ox

and
Hx=-L)=¢ (x=-L)=0. (IV.13)
Both ¢4 and ¢ satisfy
82
D@é‘r(w(x) + 2ie sin £4y(x) = 0. (IV.14)
Then, we obtain
Hx)=¢x)=¢ (IV.15)

and
S =81 = 81, S = —S82) =82, S3p =83, =83, (IV16)
with

sy =cosysing, s, =sinysing,s3 =cos¢.  (IV.17)

Here, s; and s, express the spin-triplet pair amplitude and
the spin-singlet one, respectively. Since only s-wave pairing is
possible in DN, s; and s, correspond to the odd-frequency and
even-frequency pair amplitude, respectively. Here, we show
calculated results of normalized local density of states by its
value in the normal state p(e) and pair amplitudes s; and s»,
where p(¢) is given by

p(e) = Real[cos ¢]. (IV.18)

Here, we focus on s;, s, and p(¢) at DN/S interface x = 0.
We choose Er, = 0.02A¢, R;/R, = 0.5, and Z = 0.75 in the
following calculations. A, and A, are set to be Ay + A, =
Ao and changing their ratio. In Fig. 1, p(¢) is plotted for
A, > A,. The resulting p(¢) always has a ZEP irrespective
of the value of A;. It is noted that p(e = 0) is independent of
the value of Ay for A, > A;. We can show that ¢; and c3 in
Egs. (IV.11) and (IV.12) are proportional to 1/¢ around ¢ = 0

=0 Ry 2—mv+61v( /cf—i—c%sinfm—i-qcos;m)

[
and satisfy ¢; = ic3. Then, ¢ is analytically obtained as

2Ryi I

¢ = oNRbL(x + L),
independent of the magnitude of A;. The peak width of p(¢)
becomes narrower only in the regime where A; becomes the
same order to that of A, [curve (c) in Fig. 1]. In Fig. 2,
the even-frequency pair amplitude s, is plotted for the same
parameters used in Fig. 1. The real (imaginary) part of s; is an
even (odd) function of ¢. This ¢ dependence is consistent with
DN/s-wave or DN/d-wave superconductor junctions [17,34].
For Ay = 0, s, becomes zero [curves (a) in Figs. 2(a) and 2(b)]

(IV.19)

0.05 0.1
E/AO

2005 0

FIG. 1. Normalized local density of states p(g) at x = 0 by its
value in the normal state is plotted as a function of €. E7, = 0.02A,
R;/R, =0.5, and Z=0.75. (a)A, = A¢ and A; =0, (b)A, =
0.7A¢ and Ay = 0.3A, and (c)A, = 0.53A¢ and A; = 0.47A,.
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0.5 T 0.2, 2
=~ @ a 0
2 b s \Cf/ [
= Commmmn 0.1 Commmmn
9 E N I/"\\
Qf( — ‘\ ‘, N
\ Jo—
e O ] \‘
S // \\ 4 \\ /I \
~ 7 SG - ~_/ N
A o -0.1 ]
705 1 1
—0.1 0 0.1 -0.1 0.1
E/AO E/AO

FIG. 2. Real and imaginary parts of even-frequency pair ampli-
tude s, atx = 0 is plotted as a function of ¢ in (a) and (b) respectively.
Erp =0.02A0, R;/R, = 0.5,and Z = 0.75. (a) A, = Ap and A, =
0,(b) A, =0.7Apand Ay = 0.3A¢,and (c) A, = 0.53Ap and A, =
0.47A,.

and the magnitude of s, is also suppressed for A; = 0.3A¢
[curves (b) in Figs. 2(a) and 2(b)]. Only when the magnitude
of A, becomes the same order with that of A, s, is a little
bit enhanced at nonzero ¢ [curves (c) in Figs. 2(a) and 2(b)].
The corresponding odd-frequency pair amplitude s; is shown
in Fig. 3. The obtained real (imaginary) part of s; is an odd
(even) function of ¢. These features are consistent with that in
DN/p-wave superconductor junctions [25,34]. The real part
of s; is enhanced around ¢ = O for all three cases [Fig. 3(a)].
On the other hand, the magnitude of the imaginary part of s,
has a sharp zero energy peak (ZEP) at ¢ = 0. The value of
s1 at ¢ = 0 is independent of A;. The peak width becomes
narrower with the increase of A [Fig. 3(b)]. These features
are quite similar to p(g). Since the magnitude of s; exceeds
that of s, for all cases, proximity effect in this parameter
region is governed by the odd-frequency pairing even in the
presence of s-wave pair potential.

Next, we look at the case for Ay > A,. In Fig. 4, p(¢)
is plotted for (a) Ay = Ag and A, =0, (b) A; =0.7A¢ and
A, =0.3Ap, and (c) Ay =0.53A¢ and A, = 0.47A¢. p(s)
always has a dip structure around ¢ = 0. The curves (a) and
(b) almost overlap each other within this energy window. The
line shapes of p(¢) is consistent with standard proximity effect
in DN/s-wave superconductor junctions. In Fig. 5, even-
frequency pair amplitude s is plotted for the same parameters

Real(s;)

E/AQ 0.1 —0.1

Oé‘/AQ 0.1

FIG. 3. Real and imaginary parts of odd-frequency pair am-
plitude s; at x =0 is plotted as a function of ¢ in (a) and (b),
respectively. Ep, = 0.02A¢, R;/R, = 0.5, and Z = 0.75. (a) A, =
Ap and A; =0, (b) A, =0.7A¢ and A; =0.3Ay, and (c) A, =
0.53Ap and A; = 0.47A,.

1.5 T T T
a
b ...................
© I
Q.
| SRS =
N y
05005 0 005 01

E/AO

FIG. 4. Normalized local density of states p(¢) by its value in the
normal state is plotted as a function of €. E7, = 0.02A¢, R;/R, =
0.5,and Z =10.75. (a) Ay = Ag and A, =0, (b) A; =0.7A, and
A, =0.3A¢, and (c) A; = 0.53A¢ and A, = 0.47A,.

used in the calculation of p(¢) in Fig. 4. The real (imaginary)
part of s, is an even(odd) function of ¢ similar to the case of
Fig. 2. As compared to the p-wave dominant case (Fig. 2), the
magnitude of s, is enhanced. The real part of s, has a peak
at ¢ = 0. The corresponding odd-frequency pair amplitude s,
is shown in Fig. 6. The obtained real (imaginary) part of s
is an odd (even) function of ¢ similar to the case of Fig. 3.
Without p-wave pair potential, s; vanishes as shown in curve
(c). As compared to p-wave dominant cases [curves (a)—(c) in
Fig. 3], the magnitudes of s; are suppressed. The imaginary
part of s; is always zero at ¢ = 0. Since the magnitude of s,
exceeds that of s; for all cases, proximity effect in this region
is governed by even-frequency pairing even in the presence of
p-wave pair potential.

Next, we discuss the charge conductance. From
Egs. (IV.16) and (IV.3), we can show
Ry (x) = =R 11 ()12, Cry = —12Cry 1. (IV.20)

In the following, using these relations, we calculate the
Keldysh component of the Green’s function. We denote Ik for

Real(s2)

01 0 1

0.
E/AO

FIG. 5. Real and Imaginary parts of even-frequency pair ampli-
tude s, is plotted as a function of ¢ in (a) and (b), respectively.
ETh = 0.0ZA(), Rd/Rb = 05, and Z = 0.75. (a) AX = AO and Ap =
0,(b) Ay =0.7Apand A, = 0.3Ap,and (c) A; = 0.53Apand A, =
0.47A.
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each spin sector as Ixy(}). Trace(fxq(})%3) is expressed as

N R 20'1N
Trace[lk+()) %3] = m(&m) + S211) + S3r) + Sar) + Ssry + Ser))- (Iv.z1)

The details of the calculation of Si4(}), S21¢1)> S31(1)s S41(1)» S51(4)> and Seq(y) in Eq. (IV.21) is shown in Appendix E. Summing
up the contribution from both up and down spin sectors, we obtain the following relation:

4oy fan(x =0-)
|dg|?

The boundary condition of the up spin sector of the Keldysh component at x = 0 becomes

Trace[fyy 5] + Trace[fy 73] = Trace[(R;y + IQIT)(CRT + C‘;T)(l + o2y) + 20y (1 + CRTC;T)]. (IV.22)

L A I 9, 1 R
R—dTrace|:f3 (RT(x)alg(x) + K¢(x)aA¢(x)>i| = —R—bTrace([%Im]). (IV.23)

The left-hand side of this boundary condition becomes

d 0
—21mag(sTTs2T><ﬂ> F2(1 4 [s1y > + lsny | + |s3T|2)< f 3N) (1V.24)
ax x=0_ ax x=0_
The corresponding boundary condition for down spin sector is
L Trace| 2 1%()312()+1€()8A 1<T [%30k, 1) (IV.25)
—Trace| ¢ xX)—K (x X)— = —— (Trace[? . :
Ry A ™ YY) s T R T
The left-hand side of this boundary condition becomes
d 0
—2Imag(sasu><ﬂ) 201+ 1y + sy + |s3¢|2>< J 3N) (IV.26)
ax x=0_ ox x=0_
Since s14 = s1, = §1 and sy = —s, = §7 are satisfied, we obtain using Eqs. (IV.24) and (IV.26)
4L d fan 1 A A 8
—(1 : 2 I == = ——(Trace[#3(Ixy + Ik} )1) = —— (I V.27
Rd( + Is11” + Is21* + Is3]%) ax )|, Rb< race[ %3 (xy + Ik, )]) Rb( [3) ( )
with
onfan(x=0-) 5 5F N A At 2 A A At
Ix = 2ld—|2Trace[(Rm + RIDCry + Co)(1 +0iy) + 20n ([ + CMCRT)]. (IV.28)
R
The resulting boundary condition is given by
0 R
[cosh®¢im + [ sin ¢ |2sinh2¢im]( f*’N) = —— faw(x = 0.)Ix) (IV.29)
ox *=0_ RbL
with &, = Imag¢ and ¥y, = Imagyr. Since we are considering 1d case, (Ix) is simply given by
I
(k) = —=.
ON
From the Keldysh part of the Usadel equation in the present case, we obtain
D Trace| 5 Rucyy Ry + Ragyy i 0 (IV:30)
—Trace| © — — =0. :
ax 3V M) 9x ) ) ax )
From this equation, we obtain
0 =0_ R
[cosh®Zim + | sin §|2sinh2wim]<M> = ——L fiv(x = 0){Ix) = Co. (IV.31)
dx x=0_ R,L
The electric current from both spin up and down components are given by
o= = [ deTrace| a(Ruy - Riy + R Ky + Rig oAy +Riy A
e = eTrace| T — — - 2
4eR; Jo M Hox Max Noax
2L [*° a =0_
=2 [T e (=0 b (IV32)
eR; Jo dx
with
F(z,¥) = cosh®¢im + | sin ¢ |>sinh?Yin,. (IV.33)
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From Eq. (IV.31), the following relation is satisfied:

<3f31v(x = 0—)) __ G ’ (IV34)
dx F(&,¥)
we obtain
Rillx) [° dx
f3N(0)|:1 + R,L f_L P, 1//)} = fan(x = —L). (IV.35)

From Egs. (IV.31), IV.32), (IV.34), and (IV.35), I, is given by

2 [ - L
I = _/ de— TG . ) (IV.36)
ey R R dx
(Ix) L J-L F(.¥)

with
fan(x = —L) = j[tanh[(¢ 4 €V)/(2T)]
—tanh[(e — eV)/(2T)]].
J

Here, we have used units with kg = 1. At sufficiently low
temperatures, total resistance of the junction is given by

I[Rb Rdfo dx ]
R=z|—+—= | —|.
21Uk) L JLF( )

The corresponding resistance becomes

(IV.37)

Ry = 5(Rq + Ry).

The normalized conductance of the junction by its value in the
normal state is given by
Ry R, + Ry
A e Y T T
(Ix) L J-L F(.¥)

(IV.38)

By denoting ¢ (x = 0) = ¢y and the imaginary part of ¢y as
Cni» Ix 1s given by

on[2(2 —on) A1 + oy Al

Ix

T 2T T [I2 — on)(1 = ToT) + oy [(1+ T4 T_)cos &y + 2i/To T sin ¢y)2

(IV.39)

Acr =Real[(P_ — Ty )(1 = I3 T*)Imag[y/ Ty T (I} — ') sin” &y]
+ Imag[(I"} + T'*)(1 — I',T'_)JReal[y/ T T (I 4+ ') sin* ¢y]

+ 2Real(cos &y )(1 — [Ty [*[T_*)| T4 [T,

(Iv.40)

Ao = (L+ T + [T P41 + sinh?oy) T4 IT-| + | sin gy [P (104 — [T_[*)]
+ 2Imag[/T", T_(I'} + ') sin* ¢y cos ¢y]Real[(T'y + T_)(1 + 1 T*)]
+2Real[{/T , T_(I'} —T'%)sin* ¢y cos &yJImag[(I'y — I'_)(1 4+ T3T7)]

—2|sin ¢y [P(IT4 [ = [T_|*)Real[(My — T_)(I% + T5)],

using 'y as defined in Eq. (II1.26). In Figs. 7 and 8, we plot
charge conductance per a spin os(eV) and normalized one
or(eV) as a function of eV. ag(eV) is given by

or(eV)
R;+ Ry '
In Fig. 7, we plot o5(eV) and or(eV) for A, > A,. In all

cases, os(eV) has a sharp peak at eV =0 and o(eV = 0) is
always 2¢?/h independent of the magnitude of A;. We can

os(eV) =

(IV.42)

(b)
04
B &
= ?éo 02 /,/\\ II\\\\
& =
C \\ //
~ ‘ 0. :
01 0 o/a, 01 ¥ 0 o/, 01

FIG. 6. Real and imaginary parts of odd-frequency pair ampli-
tude s; is plotted as a function of ¢ in (a) and (b), respectively.
ETh = 0.0ZA(), Rd/Rj, = 05, and Z = 0.75. (a) AS = A() and Ap =
0,(b) Ay =0.7A¢pand A, = 0.3A¢, and (¢c) Ay =0.53Apand A, =
0.47A,.

(IV.41)

(

explain this reason in the following. At eV =& =0, A, in
Eq. (IV.40) becomes zero since 1 = I', I'_ is satisfied. On the
other hand, A, becomes

Ae = 16[cosh?¢y; + Imag(sin L cos )]
= 8[1 + exp (—2¢wi)].

(IV.43)

2005 0 005 0.1 -1 1
eV/Ag eV/Ao
FIG. 7. Charge conductance per a spin os(eV) and normalized
one by its value in the normal state o7 (eV') is plotted as a function of
¢ in (a) and (b), respectively. Er, = 0.02A¢, Ry/R, = 0.5, and Z =
0.75. (@) A, = Ap and A; =0, (b) A, =0.7A¢ and A, = 0.3A,
and (c) A, = 0.53A¢ and Ay = 0.47A,.
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&

| Q

os(eV) =

005 0 005 01 =
CV/A[)

FIG. 8. o5(eV) and o7(eV) are plotted as a function of ¢ in
(a) and (b), respectively. Er;, = 0.02A¢, Rys/R, = 0.5, and Z = 0.75.
(@) Ay=Ap and A, =0, (b) Ay =0.7Ay and A, = 0.3A,, and
(¢) Ay =0.53Ap and A, = 0.47A,.

Then, we get

Ix =1+ exp 2¢ni). (Iv.44)

By using ¢ calculated in Eq.(IV.19) and ¢ = 0, we can show
0 1 R
/ dx 5 = oN btanth,-
L cosh [{N,-(x + L)] 2
in Eq. (IV.38) with

2R,
oNyR,L’

Ini =

Then, we obtain

1 2¢?
O’s(ev = O) = ERbO’N = 7

This perfect resonance at zero voltage has been shown for the
spin-triplet p-wave superconductor junction [25,26] (A; =0
in the present case) and its physical origin has been also inter-
preted by the index theorem [31]. It is noted that the present
perfect resonance remains even in the presence of A;. We
also show the normalized value of charge conductance in its
value in normal state o7 (¢V') in Fig. 7(b) for —1.2A) < eV <
1.2A¢. o7 (eV) has a dip like structure at A, & A,. In Fig. 8,
we plot the os(eV) and or(eV) for Ay > A, where even-
frequency pair amplitude is dominant. Around eV = 0, both
os(eV) and or(eV) are slightly enhanced for (a)A, = 0 and
(b)A, = 0.3A. This is due to the coherent Andreev reflection
in DN by conventional proximity effect by even-frequency
pairing [6,8,62]. For A, = 0.43A,, this peak structure dis-
appears. At the same time, odd-frequency pair amplitude s;
is enhanced shown in curve (c) in Fig. 6. We also show the
normalized value of charge conductance in its value in normal
state or(eV) in Fig. 8(b) for —1.2Ap < eV < 1.2A(. The
derivative of each curve has a sharp change at eV = £A for
A, = 0[curve (c) in Fig. 8 B], eV = £Ap and eV = £0.4A,
for A, = 0.3A¢ [curve (b) in Fig. 8(b)], and eV = +A, and
eV = 30.06A, for A, = 0.47Aq [curve (c) in Fig. 8(b)].

V. CONCLUSION

In this paper, we have revisited the boundary condition of
the Nambu Keldysh Green’s function in DN-unconventional
superconductor junctions. We have derived a more compact

expression of the boundary condition of the Nambu-Keldysh
Green’s function and shown that it is consistent with the
formal boundary condition of Green’s function derived by
Zaitsev [60]. We have shown both retarded part and Keldysh
part of the boundary condition available for general situ-
ation including mixed parity cases. We have demonstrated
a clearer and shorter way to derive the expression for the
charge conductance of the junction both for spin-singlet or
spin-triplet superconductor cases studied before [17,26]. By
applying this formula to a one-dimensional s 4+ p-wave super-
conductor model, we have calculated LDOS, pair amplitude
and charge conductance. When the s-wave component of the
pair potential is dominant, the dominant pairing in DN is
even-frequency spin-singlet s-wave one and the local density
of states (LDOS) of quasiparticle have a minimum at zero en-
ergy. On the other hand, when spin-triplet p-wave component
is dominant, the dominant pairing in DN is odd-frequency
spin-triplet s-wave and LDOS has a zero energy peak. We
have shown the robustness of the quantization of the conduc-
tance when the magnitude of the p-wave component of the
pair potential is larger than that of s-wave one. These results
show that the anomalous proximity effect owing to the odd-
frequency pairing is robust with respect to the inclusion of
s-wave component of the pair potential when the p-wave one
is dominant. In this paper, in order to understand the essence
of the crossover of the proximity effect from anomalous one
due to the odd-frequency pairing to conventional one by
the even-frequency pairing, we have used a one-dimensional
model. Extension to a two-dimensional model of s + p,-wave
superconductor is an important forthcoming work. As a p-
wave pair potential, it is a challenging issue to choose chiral
p-wave and helical p-wave pairing. Up to now, charge trans-
port has been calculated in s + chiral p-wave and s + helical
p-wave superconductor junction in the ballistic limit [57,63].
It is timely to study the proximity effect in these junctions.
Extension of the present work to diffusive ferromagnet (DF) /
s 4+ p-wave junction is also an interesting topic [64] from the
view point of superconducting spintronics [65,66].
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APPENDIX A

Here, we explain the derivation of I, in [16] step by step
[51]. We choose the basis in order to diagonalize Q. Then, G,
can be written as

L (H. O\ (A 0.
Gz—(() ﬁ+>+(6 I-IL)Z'

Using the basis which diagonalizes Q, g, is obtained as shown

in Eq. (II.12) [16,17] with

. 0 I
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The matrix current /,
I, = Tr[£7g,]

is obtained as

v

L=[A — (¢, + G)H @B, +G)] '@l - H)
+ [H- = (g:H: + GDH (' He + G1)] @1 - )

+ [t + 60— H (g B+ G) ] G- g

+ [(¢;" By + G1) — Ho(quHy + G 'H-]7'(G1 — g, 'Hy)

=[A- = (@uH, + GOH™ (g7 Ay + G1)] ' [@F - Ho) = (quHy + GOHT (G1 — ¢ HL)]

+ [Ho = (g, ' He + G)HZ (quHy + GD] ' [@1 — Ho) — (¢ Hy + G)HZN(G) — ¢,H)]. (A1)

By using the following relations between H_ and H.,
B H AV, = B, HOf, = —HL 0
I, is transformed as
L=l —eue - Lo - gniie]

X

x (2l —-A-' -G HT'G,+ —GiH'H, + an_‘lH+G1:|

L Gn

— -1
+ o - e - g6 —ivﬁlé}

_ 16y —q, U d_ O P +11_ U

x (2l —H-' - GHT'G) + ¢,GH! ++—H_—‘H+G1]

L qn
1 1 !

=—|H'-GH'G - —GH'H, —q,H.H'G
=5 _ 141_ 1 P M1_ M1y — qplly 1
X |:— (H__l -GH'G - —GH'Hy — q,HH Gl) +2( - GHZ'G, +61nH__1H+G1)}
qn

et g1 Uox iy 7 -

+ E H: - G]H: G] - —GlH: + —an+H G]
ql‘t
y—1 A orr—1 A 1 N —177 Y ry—1 X -1 1 N —177

X _ —G1H7 Gl—q—Gl _ + — qpid 11 G1 +2 I[—H7 +q—G1H7 H+

1 —1
+ §|:H_1 -G H'G — ¢,GiH~"H, — _H+H1Gli|

qn

|: qn qn

1 . L. . L. . L. —1
+ §|:H_1 - GH G — q,G\H-'H, — —H+H1Gl]

qn

X [(H‘l -G H'G — q,G\H-'"H, — q—H+H_lGl> +2I-H'+ qnGlH_lHJr)] (A2)

y VPV (VIR e s T
I, = [H:1 -G HZ'G, — —GH_'Hy + an:1H+G1] ([ - GHZ'Gy + q.H 'H,G)]
n
1 ! 1
+ [ﬁ_‘ -G H'G, — —GH'H, + q,,I-?_IH+G1:| []I ~H '+ —GH! ;}
qn qn
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NARVIENEVERS [NV Il VRV BV
+ |:H__1 -G H-'G — ¢,GiH_"H, + —H__1H+G1} |:H -GH'G + —H__IH+G1}

. e T
+ [H_l - GH'G — ¢,GiH_"H, + —H_1H+Gl} (I -H-'+¢,GiH'H,]
n

~

|G, H- 1= H'H, + @G H B, G [4u(G1 — H'G) + 26 H'HL G|
+ {qulGr ™ = B + 26 H T H G} [gu(Gy — GiH™Y) + B
-1
1w o ey L | R
+ q—[Gl,H_ 1—H- H++;GIH_ H.G q—(Gl ~HZ'G) + 5 GiH'H.Gy

n n

1. . . Tw v 2 17T o o .
+ {—[Gl,H_l] —H'H, + —2G1H_1H+G1} [—(G1 —GlH_1)+H_1H+] (A3)
qu qn CIn

Since g, is expressed by oy,

qn = on/(1 — /1 —on)%,

the relations

1 2 qn ON q, 2
~Vi—oy?, —t =1 —2=—( +v/1—ow)

(g 2! (I+q)° 4 (+q
are satisfied. By using these relations, I, is given by
I ={on[G. H-'1 = (1 = V1 — oy HZ'"H + (1 + /1 — on)?GiH'H Gy} !
x [on2Gy — [HZ', G+ (1 + /1 — oy G H'H Gy + (1 — /1 — oy H'Hy
+ {ow[G1, HZ'1 = (1 + /1 — oy H"Hy + (1 — 1 — oy)*GiHZH, G} !
x [on2Gy — [HY, Gi] )+ (1 = VT —on?GH'H Gy + (1 + /1 — oy VH-'H. .
Here, by using oy = oy /(1 + /T — on)?,

2
0_2 :<1_/\/1_UN>
N 1+ VT —oy

is satisfied and 7, is expressed using o}y as follow:

¥ 1 v N v 1% v v 1% x
I ={owlG,H "1 —o}\H~'H, + G\ H~'H.G\}  {oin(QG\ — [H~', G\1y) + ojyH 'H + G H™'H, G\ }

+ {owlGi, H- 1= H'H, + 023G H ' H, Gy ) {ow (G — [H™', G11) + B 'Hy + 02,GH ' H, Gy
= {owlGi, H-" 1 — o2 H-"H, + G H'H, Gy} {owl[G1, B — o2 H-"H, + G H-"H, G,
+ 20w(Gy — G H™") + 202 H Hy ) + {owl G, H-' 1= H'Hy + 03y GiH T H Gy}
x { = [owlGi, HZ"1 = HZ'Hy + o{yGiHZH G | + 2003(Gy — HZ'G1) + 209y G HZ ' H. Gy |

v NI Vo1 v o y—1 v v NI
=2{owlG\, H-"1 - ojyH_'H, + GiH_'H. G} {ow(Gi — GiH") + o{yH_'H,}

vov ~ 1oy voov_ 1 oy —1 v “_ 1 voov_1v
+ 2{ow[Gi, HZ'| = HZ'Hy + o{yG I HZ'H, Gy} {ow (G — HZ'Gy) + ofy G HZ ' H. Gy ). (A4)

(

v v

If we define A, and A, as —G1A,G, is satisfied. Here, defining

A = —{owlGr, B = o3y + G LG Bl
x{ow(Gr = GIHD + UlNﬁ:lﬁ““}’ I, is expressed by

A, = —{owlG\ H-"1-HZ'H, + o{yGiH_'H. G, }71
x {oin(Gy — HZ'Gy) + o} GiH_'H, G} I, =2[G,. B
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with
= (H'H, — oy[G1, H
X {GIN(H - H: )+ alNGlH: H+}

1~ olyGH'H G))™!
(AS)

APPENDIX B

In this section, we show that our obtained boundary con-
dition is consistent with Zaitsev’s one [60] although we are
considering unconventional superconductor junctions. Zaitsev
disussed the boundary condition of quasiclassical Green’s
function as shown in Fig. 9 assuming a spin-singlet s-wave
pair potential. He defined g3, g{, &5, and g4 as

g =1@ +8), & =1 -&) (B1)
and
B=2E+5) H=1@-%). (B2)

both left-hand and right-hand sides. By using these functions,
g1 and g are defined at the interface as

=@ +&). & =:@ -8 (B3)

The Zaitsev’s boundary condition is given by
=8 =8, (B4
Zal(1 = on) &) + (&)1 = ong & (BS)

by using the transmissivity at the interface oy. In the fol-
lowing, it is shown that our obtained boundary condition of
Nambu-Keldysh Green’s function is consistent with Zaitsev’s
one.

For this purpose, we must start from so called interface
matrix g, defined in Eq. (II.12). It is written as

= an+ + Gl q:,g7 . -
25\ ¢'H. g 'H + G
QI —H) G —q.H,
L B
<61 —g'H, giel-my) B9
Left Right
o -+
91 9o
<+ o
g .
1 interface 92
=0

FIG. 9. Schematic picture showing trajectory of quasiclassical
Green’s function, g7, g7, &1, and g . Left and right corresponds to
normal metal or superconductor.

The matrix current is defined by
I, = Trace[£%g,].
As shown in Eq. (I1.25), I, is expressed by
I, = 20n[(4 = 201 + on[C, G114 17 '[C. Gi). - (BT)

Next, we calculate Trace[g,]. After a straightforward transfor-
mation,

Trace[g:]
= 2{owl[Gi, H-']1 -
x [ — owG H H™!

H'H, —o}yG\H.H G}
_ H_l]

1 H, G HHT Gy
(B3)

+201N{UIN[G11 H-"1-olyH

x oyl — GH H-' — oyH-"]

Following the same procedure used in the calculation of
Trace[g, X*], we obtain Trace[g;]

Trace[g:]
=2{(1 + o)1 + owlC, Gils} [ (1+o0fy) +201nG1]
=422 — o) + oy[C. G114} '[2 — on)C + oGl

(B9)

Then, let us look at g;. It can be calculated similar to g, and
is given by

) qi(zﬁ +H.)

81 = HVJ’» + L(v;l

Hy + qnG‘
X 1
an 1

Hy + 9,6
gL+ H.)

G
B R 3 10))
H+ + qnGI

Trace[g;] and Trace[g; X°] can be calculated in the similar
way.
Trace[g; 7]
= 20y[(4 — 2001 + ox[C, Gi1417'[C, Gl
Trace[g]
=422 — o) + ox[C, G114} 7'[2 — o)y + onCl.
(B11)

Let us discuss about the Zaitsev’s condition. The following
relations are useful:

g = 1@ + &) = iTrace[g ], (B12)
& =3E +&) = ;Trace[z], (B13)
g =3 — &) = ;Trace[8: 7] (B14)
& = 1& — &) = ;Trace[z2 %], (B15)
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Then, we can express &3, &5, &{, and g5 as

g =2{22 — o) + oy[C. G111} [2 — o)1 + o Cl, (B16)
2 =202 = on)l + oy[C. G114} '1Q2 — on)C + on Gl (B17)
g = on{22 — o) + on[C, G114} 7'[C, G, (B18)
8 = on{22 — o) + ow[C, G114} 7'IC, Gl (B19)
Then, g and g are obtained as
g =1E +8) =222 - ol +oyIC. Gi1:}'IC + Gy, (B20)
g =3 - 8) =201 - o222 — oy + on[C. G114} '[-C + Gil. (B21)

Since C? =1 and Cv}% = [ are satisfied, we obtain following relations:

(1 — o) (@ss)* = 41 — o) 21 + [G1, CLe 122 — o) + ow[C. G114} 72, (B22)
(8:-)" =4(1 —on)’[21 =[Gy, CLL 22 — on)I + oy [C. G114} 72, (B23)

(1 — on)(Esy ) + (8:-)" = 41 — on){22 — o) + oy [C, G114} 7", (B24)
Bords— = 41— on)[C. G11{2Q2 — o) + oy [C. G114} (B25)

Based on these results, we can verify Zaitsev’s condition as

FL = on)(E+)* + @- )] = don (1 = ow)IC, G11{22 — on) + ow[C, G4} 7> = ongs-Gis- (B26)
[
APPENDIX C +[=(Cr + G BR & — Ri(Cr + G891 fs(x)
fyand Tracel o). f defined in B, (143 is goen by FICR s + B2) + Rty + B2 BChnlfn .
I = |2;TI|]Z[(1 +oiw)Ar + 20w Ao, €D Ay = [Cr(Ry — ADACy — Ry — ADA ] fon (%)
A, = [CoRy + CxA| — R Cx — R, Gl (C2) +[(Cr — Ca)Cs — Ri(Cr — C1)CAA ] f5(x)

A S . o +[Cr(Ri13 — T3A1)A1CA — (R1T3 — T3A1DA ] fav ()
Ay = [(CrK1 + CxkA1AICs — (RiCk + Ki1Ca)CaA ] (C3) = (I + R1%:3R] %5 + CrtsCphts + CrR 13RI Ci3) fow (%)
After some transformation, A and A, are given by — @+ CA’R%3C’;£%3 + 1?1%1?;%3 +R AR%C‘;I?;%)fs(x)
Ay = [CrRy — A1) — Ry — ADCalfon (x) + (3 + RiR %5 + CrCits + CA'RI%RTCA’}Q%)JCMV(X)-(CS)
- [(AC ) A_ Carh j ki (CRA —G )]fSA(X)A To obtain the charge current, we focus on the boundary condi-
FICr(R1 T3 — T3d1) — (Rifs — BANCal v () tion given by Eq. (IL.6). The’Keldysh part of the left-hand side

= [Cr(Ry + B3R %3) + Ry + B3R} £3)8:Ch 251 fow (x) of this equation is proportional to

Ié(x)ik(x) + Ieifi(x)
0x

aR 3 RICP A
= 00" foo + f W ke / R
aR
= R(x) (X) [fon (x) + 23 fav ()] — [fon () + 23 fin ()] 5K (x) (x) 73
o Oali (x) [T+ R)EHR (08] + o 331; ) [T+ RORT (0)]#3. (C6)
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In order to obtain the charge conductance, the following calculation is needed. From Eq. (I1.6), the T3 component of the boundary

condition of the Keldysh component is given by

L A0 5 40 A\
— Trace| | R— K + K—A |13
R, 0x 0x

1 ~
= —— (Trace[lx 3]). (ChH
x=0_ Rb

By using Eq. (C6), the left-hand side of the boundary condition is proportional to

"0 . .0 A
Trace| | R—K + K—A |73
ox ax —o_

with the imaginary part of ¢ denoted by ¢;ir,. Then, the boundary condition is expressed by

L df3(x) 2
4<R_d) (T>cosh Lim

Below, we calculate

(s,

x=0_
From Egs. (C1)—-(C3),

x=0_

Trace(A#3) = Trace[(CxR + R{C}) %5 + (CrtsR] + R153C)] fon (x)

— Trace[(C}R] + R\ Cr)%s + (Crt3R] + Ri£3C)1fs(x) + Trace[(R; + R))(Cr + C1fav (),

AL A

_ 4<af3N(x))cosh2§im (C8)
x=0 ax x=0_

1 .

= ——(Trace[Ix 13]). (C9)
R,

! Trace[lx%3]) = ! I C10
—m< race[lx3]) —_R_b<K>- (C10)
(C11)

Trace(A,%3) = Trace[(T + CiCr + RIR; + RICHCrR1 )23 fon (x) — Trace[(T + CiCr + RIRy + CLRIR, Cr) 231 f5(x)

+ Trace[(ﬁ + CIJQCR + Ié-lrl,él + R\ICECRkl ) fan (x).

Then, Trace[x 73] becomes Eq. (I.50).

APPENDIX D

In this Appendix, we show how Eq. (III.21) is obtained. We
decompose matrices in Eq. (I1.50) as

CrRi = c11(0)%1 + c12(0)82 + c13(0) %5 + c(0), (D1)
RiC = i)t + e (001 + 3 (0)E + ¢5(0), (D)
ﬁ{éR = 21(0)%1 + ¢22(0)T2 + ¢c23(0)T3 + ¢ (0), (D3)
ChRy = 3,011 + 5 (0)1r + ¢35 (0) T3 + E5(0), (D4)
RiCr = —[c11(0)%1 + c12(0)F2 + c13(0)23] + c(0), (DS)

CiRl = —[c},(0)%1 + [ (0)% + ¢}5(0) 3] + f(0).  (D6)
These coefficients satisfy following relations:

co(0) = co(=0), co(0) = co(—0)
for both spin-singlet and spin-triplet superconductors,

c11(0) = c11(=0), c12(8) = —c12(—0),
c13(0) = —c13(=0), c21(0) = c21(—0),
€2(0) = —c2(—0), c23(8) = —c23(—0) D7)

(C12)

[
for a spin-singlet superconductor, and

c11(0) = —ci(=0), c12(60) = c12(—0),

c13(0) = —c13(=0), cu(f) = —ca(-0),

€22(0) = c(=0), c23(0)=—c23(—0) (D8)
for a spin-triplet one. In addition, dg becomes

dr = 14 oy + 201xn[5202(6) + 53¢3(6)]
for a spin-singlet superconductor and

dr = 1 + 0}y + 201nls101(0) + 53¢3(0)]

for a spin-triplet one. From Eqgs. (II.6) and (II1.7), dr = dr(0)
satisfies dr(6) = dgr(—8) for both two cases. Then, we can
show that

20 N SN A N
<|d ‘l’;Trace[{(CR +CDR, + R (Cr + EDIB1(1 + afN)>
R

=0 (DY)

and

20 5 1 POV - TR 4 PN
<|d pTracel((Ry + RDCe + Cp(R + RDYB1(1 + “fN)>
R

=0. (D10)
From Egs. (I11.14) and (I11.15), R, R} and RR; satisfy
Trace[R R %3] = 0, . (D11)
Using Eqgs. (I11.6) and (II1.7),
c1(0)c5(0) — c2(0)ci(0)

= —(c1(=0)c5 (=) — c2(=0)ci(—0))

Trace[l?Tl?l 73] =
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is satisfied both for spin-singlet and spin-triplet cases. Here
the relation

Trace[C}Crt3] = 2i(cics — cac)) (D12)
is satisfied. Since it is an odd function of 6, we obtain
dod i
d |2Trace[CRCRt3] =0. (D13)
R

Using Egs. (D5) and (D6), we obtain
Trace[(CRRIR\Cr) T3] = 2ilc},(0)ci2(8) — ¢y (0)c11(0)]
—2[c5(0)co(8) + ¢ (0)c13(0)].
(D14)

It becomes an odd function of 8 both for spin-singlet and spin-
triplet cases from Eqgs. (D9) and (D12). Then, we obtain

4o oAb A A
< UlNTrace[(c;R;RlcR)r3]>=o. (D15)

|dr|?

Similarly, since
Trace[(IéIC’;C‘RROTﬂ = 2i[c};(0)c12(0) — ¢, (0)e11(0)]
+2[c}3(0)co(0) + ci(0)cr3(0)],

we obtain

(D17)

ﬁTrace[(IéTC’TCA' R)13]1) =0
|dg|? R

From Egs. (D11), (D13), (D15), and (D17), we obtain

4o ~ ~t A R A
< ¥ 1|’§ Trace[{T + CiCr + R} (T + C;cR)Rl}f3]>f0N(x) =0
R

(D18)

and

4oty B BTR L AT L BT AGA _
d |2Trace[{]l + R{Ry + Cp(I + R{R)CR}3] ) fs(x) = 0.
R

(D19)
Using these relations in Eq. (II.50) immediately results in

Eq. (IIL.21).

APPENDIX E

In this Appendix, we calculate SlT(i)’ SZT@)s S3T(~L)’ S4¢(¢),

(D16) Ss4(})> and Sg4(y) which appear in Eq. (IV.21):
|

Siray = fovrp@ = 00)(1+ oy ) Tracel[{(Criqy) + Ciy  DR11cwy) + Rl 1)) Cri) + Cly )31, (E1)
Sarpy = 20w fonrx = 0)Tracel[{l + Cf, | \Crycyy + Ry (A + Chy ) Crra)R11) )} B3], (E2)
Ssrcp = = (1 +oiy) forn (r = 0 Tracel{ Ry + Ry )Cricoy + Cipy Riray + Ry )], (E3)
Sary = =20 fsrp @ = 0)Tracel[{l + R{, |\ Riycp) + Cry (T + R, Rira)Crecp) ], (E4)
Ssr = (1+0iy) fivy (r = 0-)Trace[ Ripy) + Ry () )(Crichy + Gy )] (ES)
Setty = 20w favr) (& = 0_)Trace[([ + R{, |\ Rir) )A + Chy ) Crr))- (E6)

Since ¢4 (x) = ¢ (x) is satisfied, it is plausible to assume

Jony (x) = fovy (x) = fon (x),
fanve (@) = fan () = fav(x),
Jsr(0) = fs (x) = fs(x) (E7)
in the following calculations. By using Egs. (E1) to (E6) and (E7), we can derive the following relations:

Sty = fon(x = 0-)(1+ oty)Trace[{(Cr; + C’;l)ﬁu +R}L¢(CR¢ + %)}fa]
= fov(x = 0_)(1 + ofy) Trace[{£:(Cry + Ci)Ri1 22 + 2R, (Cry + Cty B2} 3]

= _SlTa

= _SZT )

(E3)
S2¢ = 2(71Nf0N(x = O_)Trace[{ﬁ + C;léR¢ +R\h(ﬁ + CIZ¢CR¢)R1¢}‘?3]
= 20‘1NfQN(x =0_ )Trace[{ﬁ + fZCA';TCRT fz + fzﬁIsz(ﬁ + szA;TCRT fz)fzfém ‘lAfz}‘lAf3]
(E9)
Sy =—(1+ ofy) fs(x = 0;)Trace[{(Ry, +IéT¢)CR¢ + C’;L(Iéu +Iéi)}f3]
= —(1 + ofy) fs(x = 0)Trace[{#2(R11 + R} )Crit2 + ©2C5, (Riy + R}, )2} 83]
(E10)

= —S34,
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Say = =201y fs(x = 0 )Trace[{l + R} Ry, + Cf, (I + R{ Ry} )Cr, }13]

= =201y fs(x = 0 )Trace[{l + £2R] Ri1 2 + 2:Ch, (I + R} R11)Cri 12}3]

= —S4,

(E11)

Ssy = (1 +ofy) faw(x = 0_)Trace[ (R, + Rh)(ém + C;w)]
— (14 0%y) fan(x = 0)Trace[£(R1y + R} ) (Cry + Cy )]

= Ss¢,

(E12)

Sey = 201y fav (x = 0_)Trace[(1 + R}, Ry )([ + CF, Cr))]

= 201y fan(x = 0_)Trace[(T + 2R}, R4 22)([ + 2,C, Cry£2)]

(E13)

o (Cr Ry + Ry Cry)

( +
=(1+ afN)]T + ointa(CryRiy + R Cr))a
+

oin(CriRiy + R4 Cry) = dRTﬁ

(E14)

Substituting the above equations into Eq. (IV.21), one obtains Eq. (IV.22).
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