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We report high-resolution single-crystal inelastic neutron scattering measurements on the spin-1/2 antifer-
romagnet Ba(TiO)Cu4(PO4)4. This material is formed from layers of four-site “cupola” structures, oriented
alternately upwards and downwards, which constitute a rather special realization of two-dimensional (2D)
square-lattice magnetism. The strong Dzyaloshinskii-Moriya (DM) interaction within each cupola, or plaquette,
unit has a geometry largely unexplored among the numerous studies of magnetic properties in 2D Heisenberg
models with spin and spatial anisotropies. We have measured the magnetic excitations at zero field and in fields
up to 5 T, finding a complex mode structure with multiple characteristic features that allow us to extract all
the relevant magnetic interactions by modeling within the linear spin-wave approximation. We demonstrate that
Ba(TiO)Cu4(PO4)4 is a checkerboard system with almost equal intra- and interplaquette couplings, in which the
intraplaquette DM interaction is instrumental both in enforcing robust magnetic order and in opening a large
gap at the Brillouin-zone center. We place our observations in the perspective of generalized phase diagrams for
spin-1/2 square-lattice models and materials, where exploring anisotropies and frustration as routes to quantum
disorder remains a frontier research problem.

DOI: 10.1103/PhysRevB.105.214406

I. INTRODUCTION

Despite its apparent simplicity, the antiferromagnetic (AF)
spin-1/2 Heisenberg model encapsulates all the rich many-
body physics of noncommuting quantum variables. Even on a
one-dimensional (1D) chain with only nearest-neighbor inter-
actions, its exact solution describes a strongly fluctuating spin
state with fractionalized excitations [1–3]. On the square lat-
tice in 2D, the nearest-neighbor (J1) model shows spontaneous
breaking of the continuous spin symmetry and Néel-type mag-
netic order [4,5], albeit with a quantum renormalization of the
ordered moment to 61% of its maximal value [6]. The idea that
quantum fluctuations could destroy this order in 2D was put
forward originally for the triangular lattice [7], on which AF
interactions are geometrically frustrated. While the concept of
the resonating valence bond (RVB) state was not realized on
this lattice, it returned to prominence in the context of cuprate
superconductivity [8], and it is a leading candidate for the
ground state of the square lattice frustrated by diagonal next-
nearest-neighbor (J2) interactions [9]. In this sense, frustrated
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2D Heisenberg models are the original prototype for quantum
spin-liquid states [10].

The study of more complex square-lattice quantum anti-
ferromagnets has been pursued in a number of directions in
recent years. In the direction of frustration, both analytical and
numerical studies of the J1-J2 model [11–17] have reached a
very high level of sophistication without reaching a consen-
sus on the nature of the quantum disordered phases around
J2 = J1/2. In the direction of spatial anisotropy, numerical
investigation of plaquette-based, or tetramerized, square lat-
tices with no frustration reveals a quantum phase transition
(QPT) to a plaquette-singlet state at an inter- to intraplaque-
tte coupling ratio α = 0.55 [18,19]. A further development
of spatial anisotropy and frustration is the checkerboard,
or “2D pyrochlore” lattice [20,21], which also exhibits a
QPT to quantum disorder as a function of J2/J1. In the
direction of spin anisotropies, Dzyaloshinskii-Moriya (DM)
interactions [22,23] are the leading consequence of bro-
ken bond-inversion symmetry in materials but, despite their
ubiquity, they have seen rather little attention in square-
lattice geometries; available studies concern spin ladders [24],
tetramer systems with pyrochlore geometry [25], and coupled
chains treated by the simplification of staggered magnetic
fields [26]. Recent numerical work has explored some of the
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FIG. 1. Schematic representation of the structure of Ba(TiO)Cu4(PO4)4, showing Cu (blue), Ba (green), Ti (red), P (yellow), and O (gray)
atoms with associated coordination polyhedra. (a) Projection on the bc plane, providing a side view of the buckled layers. (b) Projection on the
ab plane of the layers, highlighting the square cupola structures as four CuO4 squares (blue) connected around a Ti atom. Yellow and green
shading indicate, respectively, upward- and downward-oriented cupolas. (c) Representation of the square-planar (ab) magnetic lattice, meaning
the interactions between Cu atoms defined in Eq. (1). Figure 2 provides perspective views of the cupola structures and the resulting geometry
of the DM vectors, Di j .

parameter space for frustrated square lattices with exchange
anisotropies [27].

Experimentally, the monolayer insulating parent cuprate
La2CuO4 has been used to obtain accurate measurements of
the quantum corrections to the spin-wave description of the
nearest-neighbor square-lattice model [28]. However, the high
energy scales of the cuprate materials mean that nontrivial
additional physics is involved [29], possibly including terms
beyond quantum magnetism. Of the square-lattice compounds
with lower energy scales, the most faithful realization is
probably copper deuteroformate tetradeuterate (CFTD) [30],
in which the dynamical properties have been studied at all
temperatures, while the recent discovery of Sr2CuTeO6 offers
another candidate with a small J2/J1 ratio [31]. Beyond the
nearest-neighbor square lattice, many compounds have been
investigated as possible realizations of the J2/J1 model, and
while the AA′VO(PO4)2 vanadium phosphates offer a rich
variety of (AA′) cation options that affect the coupling ratio
[32], they also suffer from a breaking of 90-degree structural
symmetry. Perhaps the best realization of the tetramerized
square lattice is Na1.5VOPO4F0.5 [33], which opens a route
towards experimental studies of plaquette-based systems on
the frustrated square lattice, while La2O2Fe2O(Se,S)2 offers
a similar possibility for (“double”) checkerboard geometries
[34]. However, most studies to date have focused on the static
properties of these materials, and the dynamics of such ex-
tended models remain somewhat unexplored.

A series of compounds that is known to realize 2D spin-
1/2 antiferromagnetism on the tetramerized square lattice is
the A(BO)Cu4(PO4)4 family, where (A; B) = (Ba, Pb, Sr;
Ti) and (K; Nb). Cu4O12 tetramers form cupola structures,
represented in Figs. 1 and 2(a), which are linked in the
ab plane in such a way that upward- and downward-oriented
cupolas alternate in a checkerboard pattern. It was shown
using polarized-light microscopy and x-ray diffraction that
the cupolas also have an alternating rotation about the c axis,
shown in Figs. 1(b) and 1(c), and that the extent of this struc-

tural chirality depends on the A2+ cation [35]. This tuneable
crystal structure, which reaches a highly symmetrical config-
uration in the (K; Nb) compound [36], was found by a range
of thermodynamic measurements [36–42] to cause significant
changes in the magnetic interactions. In fact, most of these
studies were inspired by the magnetoelectric behavior that
results from ordering of the magnetic quadrupoles formed on
the Cu4O12 tetramers [37,43], and also leads to nonreciprocal
optical properties [44,45]. Efforts to relate these properties
to the structure and geometry of the different compounds
have to date been based primarily on detailed magnetization
measurements [38,39,41,46,47]. Thus the A(BO)Cu4(PO4)4

family offers a wealth of options for exploring how the spin
dynamics evolve throughout the composition series.

In the present study, we begin this investigation by focusing
on Ba(TiO)Cu4(PO4)4. It was reported by previous powder
inelastic neutron studies that the excitation spectrum has a
robust gap [37], despite the presence of magnetic order, pro-
viding an initial hint for the role of DM interactions, which
are allowed by the rather low symmetry of the Cu-Cu bond
pathways in this compound. Efforts to extract the magnetic
exchange parameters have been made on the basis of ab initio
calculations [37,39], also combined with fitting the high-field
magnetization response for different field directions to a clus-
ter mean-field (CMF) approximation [38,41]. These studies
suggest a model with dominant intraplaquette interactions,
including a strong DM term whose vector direction is of key
importance, and they provide a good description of the strong
magnetoelectric effect. However, a quantitative benchmarking
of the proposed interaction parameters by comparison with
the spin excitation spectrum is precluded by the fact that
dynamical measurements have to date been possible only with
a powder sample [37].

We have performed a high-resolution inelastic
neutron scattering (INS) study of single-crystalline
Ba(TiO)Cu4(PO4)4. We observe a complex series of magnetic
excitations with characteristic periodicities, dispersions,
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FIG. 2. Schematic representation of the ordered magnetic struc-
ture of Ba(TiO)Cu4(PO4)4. (a) Ordered moments on each Cu atom
(red) are oriented approximately normal to the CuO4 squares and
form a two-in, two-out configuration on each cupola, with the rela-
tive directions between upward- and downward-oriented cupolas as
shown. (b) The DM vector (yellow) lies in a vertical plane equidistant
from the two Cu atoms and forms an angle θ with the horizontal
(ab) plane.

splittings, and intensities. From these measurements we
determine a definitive set of magnetic interaction parameters
that describe the dynamical structure factor to high accuracy.
In contrast to the results based on static quantities, we find
that the leading interplaquette interaction has a magnitude
almost identical to the leading intraplaquette one. We obtain
five other subsidiary interactions with high fidelity and
stress the sensitivity of our fits to both in- and out-of-plane
components of the DM interaction. These results allow us
to relate Ba(TiO)Cu4(PO4)4to the ongoing investigation of
tetramerized “J1-J ′

1-J2-J ′
2” models in extended square-lattice

systems.
The manuscript is organized as follows. Section II presents

the atomic and magnetic structure of Ba(TiO)Cu4(PO4)4. In
Sec. III we describe the single-crystal growth and the ex-
perimental procedures used for our INS measurements. Our
primary results for the dynamic structure factor at zero field
are reported in Sec. IV A and our measurements in applied
magnetic fields up to 5 T in Sec. IV B. In Sec. IV C we present
a detailed analysis of our data based on the linear spin-wave
approximation to the magnetic excitations, from which we
deduce the optimal set of interaction parameters describing
the physics of Ba(TiO)Cu4(PO4)4. In Sec. V we analyze the
consequences of these parameters for the magnetization and
compare these with high-field measurements covering the
three primary symmetry directions. Section VI contains a brief
discussion connecting the A(BO)Cu4(PO4)4 compounds to the

general phase diagram of square-lattice models with spatial
(tetramerization) and spin (DM) anisotropy. A summary and
conclusion are provided in Sec. VII.

II. CRYSTAL AND MAGNETIC STRUCTURE

Ba(TiO)Cu4(PO4)4 has a fascinating and complex crystal
structure [35], which we show in detail in Fig. 1. As already
noted in Sec. I, groups of four corner-sharing CuO4 squares
form Cu4O12 cupola structures, shown in blue in Figs. 1
and 2. These cupolas are connected by PO4 tetrahedra into
square-lattice layers in the (ab) plane, where both their c-axis
orientation (up- or down-pointing) and a chirality-inducing
rotation about the c axis [Fig. 1(c)] alternate. Together with
the TiO5 pyramids, the PO4 tetrahedra form a nonmagnetic
layer separating the cupola planes [Fig. 1(a)]. This tetragonal
chiral structure is well described by the P4212 space group,
with lattice parameters a = 9.60 Å and c = 7.12 Å. There are
eight equivalent magnetic atoms in the crystallographic unit
cell (Cu, S = 1/2), whose locations can be generated from
original position (0.27, 0.99, 0.40).

Initial studies by magnetic neutron diffraction [37] showed
the onset of a predominantly antiferromagnetic order be-
low TN = 9.5 K, with propagation vector k = (0, 0, 1

2 ) and a
large ordered moment of approximately 0.8μB. Based on this
structural and magnetic information, we model the magnetic
dynamics of Ba(TiO)Cu4(PO4)4with the Heisenberg Hamilto-
nian

Ĥ =
∑

[i, j]m

Jm Si · S j −
∑

〈i, j〉
Di j · (Si × S j ), (1)

where [i, j]m denotes a sum over relevant Cu-Cu bonds with
Heisenberg interactions of strength Jm. Our measurements
of the dispersion and intensities of the magnetic excitations
(Secs. IV A and IV B) were not previously available, and the
aim of our analysis is to identify the relevant magnetic inter-
actions, as represented in Fig. 1(c), and fit the corresponding
Jm values (Sec. IV C).

In addition, any understanding of Ba(TiO)Cu4(PO4)4 re-
quires DM interactions, and we restrict our considerations
to the single term connecting pairs of neighboring Cu sites,
〈i, j〉, within each cupola. By standard structure and symme-
try considerations, the DM vectors on the four cupola bonds
[Fig. 1(c)] are perpendicular to the vector ri − r j , where ri

is the bond vector connecting a Cu site to an O atom shared
by two CuO4 squares, and they are oriented at an angle θ

to the ab plane, as shown in Fig. 2(b). The presence of a
large DM amplitude, D = |D|, and the importance of the
angle θ to a detailed understanding of the magnetic order, was
suggested in the early studies of Ref. [37]. The DM interac-
tion naturally frustrates the Heisenberg interactions on each
cupola and stabilizes a highly noncollinear spin configuration,
best understood as a two-in, two-out structure (Fig. 2). The
resulting cupola quadrupole moment has been characterized
in detail by spherical neutron polarimetry (SNP) [43] and
nuclear magnetic resonance (NMR) measurements [48].
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III. MATERIAL AND METHODS

Three single crystals of Ba(TiO)Cu4(PO4)4 with a total
mass of 3.3 g were grown by the flux method [35]. They
were coaligned on an Al holder to a precision of less than
1◦ in the (hk0) scattering plane using Laue x-ray diffrac-
tometry. Initial measurements of the spin dynamics at zero
magnetic field were performed on the MACS spectrometer
[49] at NIST and revealed a complex spectrum of modes.
However, the energetic resolution available at the selected
final wave vector of k f = 4.7 Å, obtained with a BeO filter
placed before the analyzer, meant that this spectrum could
not be resolved completely in parts of the Brillouin zone.
To achieve a higher resolution in the required energy ranges,
further experiments were performed at zero field on the direct-
geometry time-of-flight (TOF) neutron spectrometer IN5 [50],
and in a vertical field applied along the sample c axis on the
triple-axis spectrometer (TAS) IN12 [51], both at the Institut
Laue-Langevin (ILL).

On IN5, measurements were made at 1.5 K in the ordered
phase, at 10 K just above TN, and deep in the paramagnetic
phase at 30 K. Inelastic data were collected by rotating the
sample around its c axis by a total of 138◦, in steps of 1◦.
Counting times were 20 min per angular step at 1.5 and
30 K, and 13 min per step at 10 K, for a total measure-
ment time of 46 h. The crystals were oriented in order to
maximize the accessible range in the (hk0) plane, and such
that scattering in the orthogonal direction could be measured
using the opening of the orange cryostat. The incident energy
was set to Ei = 7.08 meV and the chopper rotation speed
to 200 Hz, resulting in resolutions of 0.24 meV (FWHM)
at the elastic line, decreasing to 0.15 meV (FWHM) at the
highest energy transfers. We took advantage of the tetragonal
symmetry of Ba(TiO)Cu4(PO4)4 by summing the intensities
from detection pixels corresponding to momentum transfers,
Q, that are equivalent under crystal symmetry operations of
the point group (422). Due to the nondispersive behavior of
the excitations along [0, 0, l], the data were integrated over
±0.6 in l . The TOF data were processed using the HORACE

software suite [52].
On IN12, measurements were made at a base temperature

of 2 K. The final wave vector was fixed to k f = 1.3 Å−1, giv-
ing a resolution of 0.172(5) meV (FWHM). An 80′ collimator
was placed between the monochromator and the sample; the
monochromator had both horizontal and vertical focusing
while the analyzer was horizontally focused only. The sample
was inserted in a 10 T vertical cryomagnet, in which data
were collected at field values up to 5 T in 1 T steps. The
counting time was 2 min per Q-point. In both experiments,
the intensity I (Q, ω) measured at each Q and energy transfer,
ω, is directly proportional to the dynamical structure factor,
S(Q, ω), convolved with a Gaussian distribution to account
for the finite measurement resolution of each spectrometer.

IV. SPIN DYNAMICS

A. Zero applied field

We begin by reporting the INS spectrum of
Ba(TiO)Cu4(PO4)4 at zero magnetic field, as measured
on IN5. Figure 3 presents I (Q, ω) at 2 K as color maps of

FIG. 3. Scattered intensity, I (Q, ω), measured on IN5 at 2 K,
integrated over different ω ranges throughout the bandwidth of the
excitations, as indicated in each panel, and shown as a function of
Q, in steps of 0.01 Å−1, in the (hk0) scattering plane. (a) Unsym-
metrized data across the full accessible Brillouin zone, highlighting
the fourfold symmetry of the excitations in Q. The dashed red box
marks the second quadrant, to which the remaining panels should be
referred. (b)–(g) Symmetrized data, folded onto the second quadrant,
and shown for six selected energy ranges. Red dashed lines in panel
(g) show the scattering wave vectors presented in Fig. 5.

214406-4



SPIN DYNAMICS IN THE SQUARE-LATTICE CUPOLA … PHYSICAL REVIEW B 105, 214406 (2022)

the magnetic excitations integrated over selected constant
energy ranges at Q values spanning several Brillouin zones
(BZs). We remark that no phonon excitations are discernible
anywhere within the ranges of Q and ω that we probe.

The format of Fig. 3(a) confirms that the magnetic spec-
trum has the fourfold symmetry expected from the atomic
structure, as may be observed by reflection through and rota-
tion around the origin, which justifies averaging the measured
intensity and discussing a single quadrant in the remain-
ing panels. As the energy transfer is increased from zero,
Fig. 3(b) shows that gapped spin excitations appear first at the
Bragg-peak positions at an energy of 1.13(3) meV. This
branch shows a strong dispersion for wave vectors across the
BZ [Fig. 3(c)], and at approximately 3 meV they begin to
merge while a different excitation branch also emerges at the
Bragg peaks [Fig. 3(d)]. In the energy range up to 4 meV, scat-
tering contributions from several different branches disperse
and merge, resulting in complicated patterns in Q [Figs. 3(e)
and 3(f)], but ones that always retain the same periodicity. Fi-
nally, above 4.4 meV one finds only weak remnant scattering
[Fig. 3(g)].

To study the evolution of these spin excitations with ω,
Fig. 4 shows representative constant-Q scans taken along a
single high-symmetry direction in reciprocal space. We ob-
serve the presence of multiple sharp peaks, all of which are
well described by a Gaussian line shape. By extracting peak
centers, widths, and intensities in this way, we identify a max-
imum of seven different excitations in some parts of the BZ.
To display this information with maximum clarity, Fig. 5(a)
shows the dynamical structure factor, S(Q, ω), along several
different high-symmetry Q-space directions.

To describe this extremely rich spectrum, we begin by de-
composing the observed excitations into three distinct regimes
of energy, which we define on the basis of the [0, k̄, 0] scat-
tering direction (the third panel in Fig. 5). First, there is a
robust gap, � = 1.13(3) meV, at the BZ center, and in fact
this repeats along all measured directions. Second, a single,
sharp excitation branch with a largely cosinusoidal dispersion
is present at 1–3 meV, to which we refer henceforth as the
low-energy regime. At the BZ boundaries, this mode flattens
in a manner reminiscent of a level repulsion with the higher-
energy excitations. The gradient with which the low-energy
mode disperses around the Bragg-peak positions indicates the
magnitude of the leading interaction. The fact that this mode
seems to have a periodicity of two BZs [Fig. 3(c) and Fig. 5,
third panel] indicates that this interaction spans half of the
magnetic unit cell, as may be confirmed from the symmetry
[53] of the identical cupola subunits in Fig. 1. Third, the
high-energy regime at 3–4.5 meV contains three distinct and
continuous modes, one of which merges into the low-energy
mode at the lower edge of the energy window. We comment
again that there are no magnetic excitations above the upper
edge of the high-energy regime [Fig. 3(g)].

We also report a number of subtle details in Fig. 5(a),
which are important for different aspects of fitting the relevant
interaction parameters. Above the low-energy mode, one may
discern the presence of an additional scattering feature with
very low intensity; denoting the low-energy mode dispersion

FIG. 4. I (Q, ω) (black points) collected on IN5 at 2 K for differ-
ent Q points along the [1̄, k, 0] direction and shown as a function of
ω. The integration range in the orthogonal direction is ±0.05 Å−1.
The red lines are an interpolated multi-Gaussian fit, from which the
peak centers and widths were extracted.

by E1(Q), this feature appears above E2M(Q) = E1(Q) + �.
This information allows us to identify the feature as a two-
magnon scattering continuum, which is sharpest at its lower
boundary, and in Sec. IV B we will obtain further information
to confirm this identification. Another important detail is the
splitting of the second most energetic mode that we observe
around the zone centers, as this is a consequence of the DM
interactions and, together with the gap, provides the most
accurate means of quantifying D; this feature, at 3.2–3.5 meV,
is clearest for the [0, k̄, 0] direction. In general, the scattering
intensity is strongest near the zone centers and in the low-
energy regime, although a clear exception occurs in the second
BZ, where the high-energy branches are equally intense. We
also observe an expected drop in scattering intensity with
increasing Q that arises from the magnetic form factor of Cu.
As expected from the crystallographic structure, the magnetic
excitations are only very weakly dispersive in the direction
orthogonal to the magnetic layers [right panel of Fig. 5(a)],
and thus we have chosen to integrate all of our scattered
intensities over the range −0.6 < l < 0.6.
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FIG. 5. (a) Dynamical structure factor, S(Q, ω), measured on IN5 and shown for the three high-symmetry Q directions indicated in
Fig. 3(g), as well as for the out-of-plane direction. The step size in energy is dE = 0.04 meV and in momentum it is dq = 0.01 Å−1 in
the scattering direction for Q in the (hk0) plane and dq = 0.03 Å−1 for Q in the [0, 0, l] direction. The integration range in the orthogonal
direction is ±0.06 Å−1. No smoothing effects were introduced to present these data. (b) S(Q, ω) modeled using a spin-wave description of the
dispersion convolved with Gaussian functions representing the spectrometer resolution.

B. Vertical magnetic field

We turn now to the evolution of the spin excitation spec-
trum of Ba(TiO)Cu4(PO4)4 in the presence of an applied
magnetic field. The field adds a term

Ĥm = −gμB

∑

i

B · Si (2)

to the Hamiltonian of Eq. (1), where the g-factor is assumed
to be isotropic, and μB is the Bohr magneton. The sample
was aligned on IN12 such that the field was applied along
the c axis, i.e., B = (0, 0, Bz ). The vertical magnetic field
provides significant insight not only into the degeneracy of
the B = 0 magnetic excitations, which in general should split
in the presence of Bz, but also into the effects of the DM inter-
action, because [Ĥm, ĤD] �= 0, where ĤD is the second term
of Eq. (1), in any situation other than Di j = Dz (θ = 90◦).

Although one may anticipate from the size of the gap and
band center (Sec. IV A) that small fields have little effect
on the excitation spectrum, the instrumental resolution of
IN12 allowed us to distinguish the split modes even at 1 T.
Figure 6 shows the measured scattering intensities, repre-
sented as energy scans at a constant Q = (1 1 0), for fields
of 0, 1, 2, 3, and 5 T. The three sharp modes of the zero-
field spectrum shift and split progressively, until at 5 T we
observe six well-resolved peaks, all of which are well de-
scribed by Gaussian profiles. The lowest mode splits clearly
into two branches, of equal scattering intensity, which move
symmetrically down and up in energy with increasing field.
By contrast, the energies and intensities of the two modes in

the high-energy regime show a more complex evolution, on
which we comment below.

The spectra of Fig. 6 contain two additional features. One
is a broad hump of scattering intensity above 4 meV, which
appears to move upwards with field until at 5 T it is centered
at 4.5 meV. The other is a broad and weak excitation around
2.1 meV, which we identified previously as a continuum of
two-magnon scattering processes. This feature does not move
as the field is increased, which is consistent with processes
creating two spin waves of �Sz = 1 and −1, such that the
composite �Sz

tot = 0 excitation does not respond to an exter-
nal magnetic field.

The field-induced evolution of the spin-wave branches fit-
ted by Gaussians in Fig. 6 is represented as a color map in
Fig. 7(a). The low-energy mode and particularly the broad
peak above 4 meV show a near-ideal linear splitting from
very low fields, whereas the peaks in the 3–3.6 meV regime at
B = 0 remain rather flat for B � 0.5 T before recovering the
same gradient beyond 1.5 T. This indicates differing degrees
of sensitivity to the in-plane (noncommuting) component of
the DM interaction, although we note that the complex geom-
etry of these interactions on each plaquette [Fig. 1(c)] makes
it difficult to equate the field scale with D. The gradients of
the linear (Zeeman) evolution beyond 2 T match for all of the
split branches observed, with the peak centers of the lowest
mode, moving by −0.09(3) and 0.10(3) meV/T. These slopes
are consistent with the value gμB = 0.12 meV/T expected
for a spin-1 excitation. The field-induced behavior shown in
Fig. 7(a) allows us to deduce the origin of the peaks in the
intermediate-energy regime. Of the two peaks apparent at
B = 0, the one around 3 meV in fact contains three branches,

214406-6



SPIN DYNAMICS IN THE SQUARE-LATTICE CUPOLA … PHYSICAL REVIEW B 105, 214406 (2022)

FIG. 6. I (Q, ω) measured on IN12 at Q = (1 1 0) in vertical
magnetic fields of 0, 1, 2, 3, and 5 T. Black points denote measured
intensities, normalized by monitor counts, and red lines are obtained
from a fit to multiple Gaussian functions.

while the one at 3.5 meV is a single branch. These modes
are not degenerate at B = 0 because of the DM interaction,
which generates the 0.5 meV separation of the �Sz = ±1
branches.

We have extracted the dynamical structure factor at 5 T
from several ω-scans, of the type shown in Fig. 6, measured
at multiple Q points, and in Fig. 7(b) we show the excitation
spectrum over half of the BZ in the [1, k, 0] direction. These
results verify that each set of split modes disperses in the same
way with Q, i.e., that the effects of the field are the same on
each branch at each Q. No additional splittings are observed
with Q, indicating that Q = (1 1 0) has no special symmetries.
The different branches disperse differently and we comment
that at 5 T they simply cross, showing no evidence of the
avoided crossings associated with level mixing.

C. Magnetic Hamiltonian

We now propose a set of parameters that, when inserted
in the spin Hamiltonian of Eq. (1), describes the dynamical
structure factor of the system both in dispersion and in in-
tensity. In a material with the structure of Ba(TiO)Cu4(PO4)4

[Fig. 1(c)], there are a priori two separate possibilities for
opening the observed gap: the tetramerization and the DM

interaction. Motivated by the relatively large bandwidth of
the low-energy excitation [Fig. 5(a)] and the interaction pa-
rameters estimated from static measurements [38], we adopt
the hypothesis that the system is not strongly tetramerized
and the gap arises primarily from the DM term. In addition,
the robust ordered moment of Ba(TiO)Cu4(PO4)4 suggests
that a linear spin-wave (LSW) theory should provide a good
approximation in which to describe the magnetic order and
excitations, and thus we employ the SPINW package [54].

We obtain a near-optimal set of the parameters specified
in Eq. (1) by fitting the measured dispersions throughout the
BZ at zero field [Fig. 5(a)], with additional information taken
from the available finite-field dispersions (Fig. 7). The geom-
etry of these interactions is shown in Fig. 1(c) and their values
are given in Table I. We stress that we have not performed
a global minimization in the entire parameter space, and that
the parameters we identify therefore constitute an informed
and highly accurate local minimum. A quantitative estimate
of the uncertainties on the strongly interdependent Heisenberg
parameters is difficult to extract from SPINW, and instead we
alter each parameter individually to establish the limits of the
local minimum; these are a direct reflection of the physics
of the system, as discussed below, and one clear example is
that the uncertainty in D = 1.07(3) meV is established quite
directly by the measured spin gap. The ordered ground state
corresponding to these parameters is qualitatively similar to
that deduced from SNP measurements [43] and shown in
Fig. 2, with the Cu spins forming a canted two-in, two-out
arrangement on each cupola. However, the spin direction in
the zero-field ground state estimated in the SNP analysis is
almost normal to the CuO4 squares, making an angle of 45◦
with the (ab) plane, whereas for the ground state deduced from
the LSW description this angle is 63◦. We return to this issue
after discussing the relative values of D and the Heisenberg
parameters {Jm}.

The zero-field excitation spectrum produced with the
model parameters of Table I is shown in Fig. 5(b). It is
clear that all the primary features of the measured bands are
captured with quantitative accuracy. Crucial confirmation of
this parameter set is provided by the fact that the scattered
intensities are very well reproduced with no further fitting.
The level of the remaining discrepancies is extremely small,
and concerns mostly details of apparent (anti)crossing events
between rather flat modes in the high-energy regime, although
some of these may be a consequence only of low intensities.
We note that the feature E2M(Q) with onset around 2.1 meV is
not present in the fitted spectrum, consistent with our conclu-
sion that it is not an elementary spin wave but a two-magnon
scattering state. Concerning the field-induced evolution of
these modes, again the fits (dotted lines) in Fig. 7(a) show

TABLE I. Interaction parameters, in meV, used in the LSW
description of the magnetic spectrum of Figs. 5(a) and 7(b). The
geometry of these interactions is shown in Fig. 1(c), and the meaning
of the angle θ is given in Fig. 2(b).

J1 J2 J ′
2 J ′

11 J ′
12 D θ

2.03(6) 0.52(5) 2.22(6) 0.17(3) 0.17(3) 1.07(3) 10(3)◦
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FIG. 7. (a) Intensity data of Fig. 6 presented as a color map for the five measured magnetic field values. Black points show the energies of
the magnetic excitations at Q = (1 1 0) obtained from LSW calculations based on the Hamiltonian of Eq. (2) with the parameters of Table I.
(b) Excitation spectrum measured on IN12 at 5 T along the [1, k, 0] direction. For a better representation of these data, a linear interpolation
was applied to measurements at discrete Q points of the type shown in Fig. 6. (c) Excitation spectrum in a field of 5 T, modeled in the LSW
approximation for this half-BZ Q-scan.

only very minor deviations from the measured data for only
one of the multiplets at intermediate energies.

The Heisenberg interactions of Table I define a mag-
netic lattice of square antiferromagnetic plaquettes, J1, with
a small diagonal intraplaquette coupling, J2, generating rather
weak frustration. While J1 is determined rather accurately by
the measured band center, J2 has little direct influence on
the spectrum and hence a relatively larger uncertainty (Ta-
ble I). The dominant interaction linking the plaquettes in the
ab plane is not J ′

1, the bond that would form a conventional
square lattice, but the diagonal coupling, J ′

2. This result is
consistent with the geometry of the Cu–O–P–O–Cu bonds
connecting the plaquettes, which, as represented in Fig. 1(b),
almost form a single curve for J ′

2 but include an additional
90◦ kink for J ′

1. The magnitude of J ′
2 can be fitted to high

accuracy from the dispersion of the lowest mode, and one of
our most striking results is that the optimal J ′

2 is slightly (10%)
larger than J1 (whose Cu–O–Cu bond angle is only 108◦). This
implies that the degree of tetramerization contained within the
Heisenberg parameters alone is rather small. It also indicates
that the interplaquette coupling is twice as strong as the value
proposed in Ref. [38], and in Sec. V we investigate this dis-
crepancy. Finally, the structure of Ba(TiO)Cu4(PO4)4 requires
two different J ′

1 bonds, which we label J ′
11 and J ′

12, and we
find these to be similar in value but weak by comparison
with J ′

2 (Table I). In the spin-wave spectrum of Fig. 5, these
interactions are necessary for an accurate description of the
separation between closely spaced modes in the high-energy
regime, particularly around 3 meV, and our fitting quality
deteriorates when they are not equal and antiferromagnetic.

By contrast, these two parameters were given opposite signs
in fitting the magnetization data, suggesting that smaller pa-
rameters in the global fit can be subject to large relative
uncertainties.

The other strong interaction in Table I is the DM term,
whose vector nature results in two unknown parameters,
equivalently (D, θ ) or the projections D‖ = D cos θ = 1.05(3)
meV in the ab plane (orthogonal to the J1 bond) and Dz =
D sin θ = 0.18 meV along the c axis. By symmetry, the vector
D lies in the plane orthogonal to the Cu–Cu bond of J1 and its
direction alternates between all-in or all-out [Fig. 1(c)] with
the upward or downward cupola orientation. The strong J ′

2
interaction means that the origin of the gap must lie in the
DM term, and thus it is no surprise to find a large magnitude,
D. In more detail, the fitted gap is extremely sensitive to the
value of D‖, fixing its value within a narrow window, whereas
any value of Dz below 0.8 meV has rather little effect.

For a more accurate determination of the direction, θ ,
of the DM vector, we exploit the fact that its in- and
out-of-plane components have quite different effects on the
SU(2)-symmetric eigenstates of the Heisenberg terms in Ĥ
[Eq. (1)] and on the Zeeman-split eigenstates in the presence
of Ĥm [Eq. (2)]. In zero field it is easy to demonstrate that
the parameters of Table I provide a consistent description of
certain mode separations in the high-energy regime, which
cannot be achieved using the interplaquette Jm parameters
alone, but it is difficult to demonstrate uniqueness. By con-
trast, the finite-field data we show in Fig. 7(a) provide detailed
information about field gradients and anticrossings that are
reproduced accurately (black dotted lines). The 5 T dispersion
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and intensity data of Fig. 7(b) are also fitted with quantitative
accuracy by the LSW description with these D parameters, as
shown in Fig. 7(c). These LSW calculations also indicate that
Dz values in excess of 0.18 meV cause a visible splitting of
the 2.5 meV mode in Fig. 7(c), which sets an upper limit on
this quantity.

The resulting value, θ = 10◦, is in complete agreement
with the conclusions drawn from static measurements [38].
On structural grounds, one might expect this angle to take the
value θp = 14◦ obtained for a single cupola bond from Di j ∝
ri × r j [Fig. 2(b)]. Thus both static and dynamic measure-
ments indicate only minimal corrections to this expectation,
despite the potentially complex spin-density distribution in the
full cupola wave function. Returning to the spin orientation in
the ground state, the LSW result that the ordered moments
on the square are canted at 27◦ from the c axis translates to
an angle of 37◦ between the two antialigned spins on a bond.
Given the relative strengths of the leading J terms, which favor
collinear order, and the DM term, which favors a 90◦ angle,
the value of 37◦ is fully consistent.

As noted in Sec. I, the greater data volume provided
by the dynamical excitations and their higher sensitivity to
the coupling parameters of the system allows us to obtain
a more accurate account of the magnetic interactions than
was possible using static measurements. The primary point
of difference with the previous results [37,38] is the much
larger interplaquette coupling provided by J ′

2. Next we provide
(Sec. V) a more detailed discussion of the implications of
this result for fitting the high-field magnetization data and for
understanding the further properties of the system, including
magnetoelectricity.

Before turning to this issue, we close our discussion of
parameters by noting that a weak interlayer interaction, J⊥,
is required to ensure the observed antiferromagnetic order. In
principle, this parameter could be fitted from the very weakly
dispersive behavior of the low-energy mode for wave vectors
Q in the [0, 0, l] direction (Fig. 5). In the present experiment,
geometrical and resolution factors were such that our data for
the out-of-plane direction are of qualitative value only, and
thus we did not attempt to include J⊥ in our fitting procedure.
All of our observations are consistent with the order-of-
magnitude estimate J⊥ ≈ J1/100 proposed in previous studies
[38]. The resulting strongly 2D nature of the A(BO)Cu4(PO4)4

family of compounds, combined with the clearly resolvable
effects of all the different parameters in Table I, makes
them valuable candidates for investigating quantum phases
in spatially and spin-anisotropic square-lattice models, as we
discuss further in Sec. VI.

V. HIGH-FIELD MAGNETIZATION

The INS interaction parameters we obtain have direct
implications for all of the magnetic, and by extension
magnetoelectric, properties of Ba(TiO)Cu4(PO4)4. The most
detailed thermodynamic data available take the form of high-
field magnetization measurements, which were performed in
Ref. [38] up to full saturation at fields in excess of 60 T.
We repeat the CMF analysis of these data [38] using the
parameters deduced from INS, and the results are shown in
Figs. 8(a) and 8(b).

The magnetization measurements of Ref. [38], reproduced
in Figs. 8(c) and 8(d), are described to semiquantitative ac-
curacy by CMF modeling with the parameters of Table I.
This degree of consistency is eminently reassuring, and it
establishes the relative values of the INS parameters as the
updated benchmark for Ba(TiO)Cu4(PO4)4. However, given
that the magnetization data were modeled previously with
a much smaller J ′

2, the question remains as to whether any
given set of proposed parameters can be established uniquely.
Here it is important to note that the two methods of analysis
are quite different, as the CMF approach is based around the
limit of weakly coupled plaquettes, whereas LSW theory is
based on the assumption of robust magnetic order throughout
the system (meaning strongly coupled plaquettes). While a
direct comparison is therefore not necessarily meaningful, our
results provide an example in which their predictions agree
rather well; LSW theory is justified by the strong J ′

2, and
the CMF method remains within its range of applicability
because the net intraplaquette interactions, J1 + D per bond,
still exceed the interplaquette J ′

2.
Qualitatively, this degree of consistency between the LSW

and CMF descriptions of the magnetization suggests that there
are no major discrepancies over issues such as the moment
direction and the orientation or magnitude of the DM vector.
The CMF results show two magnetic phases below saturation,
as deduced from the strongly anisotropic response to fields
applied in different crystallographic directions (Fig. 8). In
addition to these phases I and II, it was suggested [38] that
the system may be close to a predicted phase III. However, no
evidence for this possibility appears in purely magnetic mea-
surements, and thus more sensitive dielectric measurements
are required for a deeper analysis. One may also consider dif-
ferent materials in the family of A(BO)Cu4(PO4)4 compounds
for a broader investigation of possible magnetic phases in this
complex geometry.

Quantitatively, the INS parameters appear to overestimate
the experimental saturation fields (57–63 T for different field
directions) by approximately 20% (Fig. 8). The saturation
field is in general a coordination-weighted sum of all the
Jm parameters in Table I. We note that in a pure Heisenberg
model on the 2D square lattice, the LSW approximation has
been shown theoretically [55] to overestimate the values of
Jm by a factor Zc = 1.18, as a consequence of the fact that
it does not include quantum fluctuation corrections. The ap-
plicability of Zc has been verified in experiment [30], and
in Figs. 8(c) and 8(d) we show a revised fit in which the
Jm values have been renormalized downwards by a factor of
Zc, demonstrating that this correction alone is sufficient to
achieve a quantitative match between our static and dynamic
measurements.

VI. DISCUSSION

The two key features of the parameter set we iden-
tify that defines the magnetic lattice in Ba(TiO)Cu4(PO4)4

(Table I) are the strength of the diagonal interplaquette cou-
pling (J ′

2 ≈ J1) and the strong intraplaquette DM interaction
(D ≈ J1/2). As noted in Sec. I, the isotropic (Heisenberg)
tetramerized J1-J ′

1 model has a quantum phase transition from
a gapless magnetically ordered phase to a gapped plaquette-
singlet phase at αc = J ′

1/J1 ≈ 0.55 [18,19]. At lowest order,
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FIG. 8. (a) Magnetization, m(B), calculated using the magnetic interaction parameters of Table I, for fields applied in the three primary
crystallographic directions of the tetragonal structure (Fig. 1). msat denotes the saturation magnetization and is used for normalization.
(b) Calculated magnetization derivative, dm(B)/dB, which highlights the discontinuous features in m(B). (c) Normalized magnetization
measurements of Ref. [38]. (d) Measured magnetization derivative. The features at the different fields Bc, where the gap is closed, and Bsat ,
where saturation is achieved, demarcate two distinct magnetic phases. The solid lines in panels (c) and (d) show that quantitative agreement
with experiment is obtained if the interaction parameters are scaled downwards by the factor Zc = 1.18 arising from the corrections to LSW
theory [55].

the J1-J ′
2 model defined by the leading Heisenberg terms in

Ba(TiO)Cu4(PO4)4 would have the same behavior, with an in-
verted ordering pattern between plaquettes, in which case the
J ′

2/J1 ratio would place the system well in the ordered phase.
While further efforts have been applied to understanding the
disordered phases arising in tetramerized square-lattice mod-
els [13,56,57], no anisotropy has yet been considered.

In systems with DM interactions only on the interplaquette
bonds, a gap is always present but a critical point remains,
with αc being determined from the onset of an ordered mo-
ment, and this type of physics has been discussed for the
square-lattice dimer system Sr3Ir2O7 [58]. However, intrapla-
quette DM interactions cause an admixture of triplets and
quintuplets into the ground state at any finite D, as has been
shown for coupled tetrahedra in the pyrochlore geometry [25].
The generic situation in a square-lattice model is then the
immediate onset of long-range order in addition to the opening
of a magnon gap, and as a result the A(BO)Cu4(PO4)4 family
of compounds is pushed away from the phase space of gapped
tetramerized S = 1/2 systems.

For the geometry of Ba(TiO)Cu4(PO4)4, the intraplaquette
spin configuration is that shown in Fig. 2(a), which is con-
trolled by D‖ rather than by Dz (Table I). The interplaquette
alignment of cupola units presents no frustration problem
when comparing J ′

1 with J ′
2 interactions, because the DM

terms remain satisfied for either relative alignment of the
Sz spin components [Fig. 1(c)]. Even in a system with very
weak interplaquette coupling, the action of the intraplaquette
DM terms remains that of inducing a weak ordered moment,
whose fluctuations are gapped magnon excitations, and these

features are superposed upon the quantum fluctuation effects
favoring isolated plaquette states. A heuristic measure of the
influence of the strong DM interactions in Ba(TiO)Cu4(PO4)4

on suppressing these quantum fluctuation effects can be ob-
tained from the ordered moment, which was estimated from
a detailed analysis of the magnetic structure at 80% of the
maximal value [43], as opposed to 61% in an isotropic square
lattice [6].

Although the strong interplaquette interactions in
Ba(TiO)Cu4(PO4)4 place it rather far from the parameter
regime for investigating weak magnetic order coexisting with
strong quantum fluctuations, they do make this material an
excellent candidate for the study of topological magnon states
[59–61]. It has been shown for both topological magnon
[61,62] and triplon systems [63] that the combination of
multiple DM terms with an external magnetic field [62,63]
leads to symmetry-preserved topological modes that exhibit
Dirac-cone level crossing rather than level repulsion and
anticrossing. We observe from Fig. 6 that a field-driven
gap closure, which is a candidate topological quantum
phase transition, can be expected in Ba(TiO)Cu4(PO4)4 at
approximately 12 T (Fig. 8) [38].

VII. SUMMARY

We have measured the spin dynamics of the compound
Ba(TiO)Cu4(PO4)4, which is composed of Cu4O12 “cupola”
units coupled into 2D square-lattice planes. Our high-quality
data reveal a complex spectrum of well-resolved magnetic
excitations, whose evolution and systematic splitting we have
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followed to an applied magnetic field of 5 T. Despite the
presence of robust magnetic order, the lowest-lying spin ex-
citation has a large gap, of half its bandwidth, indicating
the presence of significant DM interactions. We obtain a
quantitatively accurate description of every aspect of the mea-
sured spectrum by using a linear spin-wave theory, which
indicates the primacy of the ordered moment in determining
the appropriate description of the magnetic properties. Our
fitted spectra indicate that the four-site plaquette units have
strong intraplaquette DM interactions (D) and strong inter-
plaquette Heisenberg coupling (J ′

2). The values we obtain,
D � 0.53J1 and J ′

2 � 1.09J1, give results fully consistent with
static measurements up to very high applied fields and thus set
the benchmark for Ba(TiO)Cu4(PO4)4. Although the minimal
tetramerization and strong intraplaquette DM interactions in
the A(BO)Cu4(PO4)4 compounds suppress quantum fluctua-
tion effects in favor of noncoplanar magnetic order, they also
give this family of materials high potential for the systematic
study of topological magnetic states and topological magnon
excitations.
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