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Measuring a population of spin waves from the electrical noise of an inductively coupled antenna
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We study how a population of spin waves can be characterized from the analysis of the electrical microwave

noise delivered by an inductive antenna placed in its vicinity. The measurements are conducted on a synthetic
antiferromagnetic thin stripe covered by a micron-sized antenna that feeds a spectrum analyzer after ampli-
fication. The antenna noise contains two contributions. The population of incoherent spin waves generates a
fluctuating field that is sensed by the antenna: this is the “magnon noise.” The antenna noise also contains the

contribution of the electronic fluctuations: the Johnson-Nyquist noise. The latter depends on all impedances
within the measurement circuit, which includes the antenna self-inductance. As a result, the electronic noise
contains information about the magnetic susceptibility of the stripe, though it does not inform on the absolute
amplitude of the magnetic fluctuations. For micrometer-sized systems at thermal equilibrium, the electronic

noise dominates and the pure magnon noise cannot be determined. If in contrast the spin wave bath is not at
thermal equilibrium with the measurement circuit, and if the spin wave population can be changed then one
could measure a mode-resolved effective magnon temperature provided specific precautions are implemented.

DOI: 10.1103/PhysRevB.105.214404

I. INTRODUCTION

Spin waves (SW) possess specific properties that make
them well-suited for microwave applications [1,2]. This in-
cludes anisotropic and nonreciprocal dispersion relations as
well as tunability. Moreover, there is a growing use of the
nonlinear interactions of spin waves for advanced computing
proposals [3-5]; these applications rely on magnetic bodies
where large populations of coherently pumped spin waves
share a common space with their less coherent biproducts
[6,7] and the thermal populations of spin waves [8—10]. It
is thus of interest to develop experimental techniques able
of measuring spin waves in broad frequency intervals with
a large dynamic range, ideally from the floor of the thermal
population of spin waves up to the regime of large amplitudes
of magnetization precession. There is also a fundamental in-
terest in the development of such experimental techniques
since observing the fluctuations of a system is a way [11] to
get direct insight into its intrinsic internal dynamics.

Brillouin light scattering (BLS) [12] and its space-resolved
variant [13,14] are the techniques of choice for SW mea-
surements: they feature the proper sensitivity and dynamic
range, but they involve a somewhat heavy infrastructure for a
lateral resolution that is limited by diffraction. A better lateral
resolution—essentially limited by nanofabrication [15]—is
provided by the electrical methods such as propagating
spin wave spectroscopy (PSWS [16,17]) or cantilever-based
techniques like magnetic resonance force microscopy [18].
Unfortunately most of these techniques rely on the homodyne
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detection of coherent SW that must be pumped in an ad-hoc
manner, with no ability to measure spin waves out-of-sync
from the pump. Finally, broadband magneto-resistive noise
spectroscopy is able to measure SW thermal populations even
in sub-100 nm magnet [19], however it requires to apply
invasive currents and can be implemented only on patterned
systems that display magneto-resistance. A versatile electrical
method capable of measuring SW populations over a large
dynamic range in any material is therefore still missing.

Here we study whether the noise of a lithographically-
defined inductive antenna can be used to measure a population
of incoherent SW placed in its vicinity. We illustrate the
method on a synthetic antiferromagnet (SAF) in which both
the SW frequencies and the SW group velocities can be ad-
justed conveniently over large intervals using external fields.
This method can actually be implemented on any type of
magnet, not just SAFs. We show that the method is versa-
tile, broadband but requires the implementation of impedance
matching precautions.

Our samples are described in Sec. II. Section III depicts
two experimental configurations, their operation, and provides
the results on the electrical power spectra delivered by the
antenna. The results indicate that the magnetization-sensitive
part of the signal delivered by the antenna arises from two
contributions. We conjecture that the two origins are uncor-
related so that their noise powers are additive. Section IV
evaluates how the field- and frequency-dependent impedance
of the antenna modulates the overall electronic noise power
that it delivers, independently from the actual population of
spin waves that would be present in the sample in the absence
of the antenna. Section V accounts for the power collected
by the inductive antenna thanks to the magnetic fluctuations

©2022 American Physical Society
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TABLE I. Main properties of the spin waves of wave vector k propagating in the direction perpendicular to the applied field in in-plane
magnetized isotropic synthetic antiferromagnets. The SAF is assumed to be fully symmetrical and the magnetizations are assumed uniform
across the thickness of each of the two magnetic films. The dc field H, is applied in the {1, 0, 0} direction. The dagger symbol recalls that the
ground state is unstable against an arbitrary in-plane global rotation when at remanence. The group velocities are defined as the derivative of

o

the angular frequency in the direction of wave vector L

i.e.. according to the common practice. The interlayer exchange field is defined as
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underneath, assumed to be related to the population of in-
coherent SW. We then compare the amplitudes of these two
sources of signal. We finally discuss the conditions on the
magnetic material, geometry and circuit impedance that must
be met in order to be able to measure quantitatively a thermal
or nonthermal population of incoherent spin waves from the
total noise delivered by the antenna.

II. SAMPLES

A. Materials, geometry, and uniform resonances

We use in-plane magnetized Synthetic AntiFerromagnetic
(SAF) films of composition Ta (6 nm) / CogoFesByg () /Ru
(7 A) / CogoFeqoBoo (1) / Ru (0.4 nm)/ Ta (6 nm) with
thicknesses t = 17 nm [Fig. 1(a)]. The magnetization and the
damping of the CoFeB material were determined on single
films to be respectively M; = 1.35 MA/m and o =~ 0.004. A

small uniaxial anisotropy field of 3 mT exists within the
sample plane; the spin-flop field of the SAF is thus finite
(0-15 mT) [20,21] except when the field is applied exactly
along the hard axis. In this paper, the hard axis is taken con-
ventionally along x [Fig. 1(a)], although the anisotropy field
will be neglected in the equations.

Vector Network Analyser ferromagnetic resonance (VNA-
FMR [22]) was used to check the properties of the complete
SAF stack on an unpatterned film [Fig. 1(c)]. The parallel
pumping configuration was chosen to allow detecting both the
acoustical and the optical eigenmodes [23], all at zero wave
vector k. At remanence, the uniform (i.e., k = 0) optical mode
is at w"" = 11.3 GHz. The interlayer exchange field uoH; =

(w1th J the interlayer exchange energy) can be estimated
from the two-macrospin approximation [21]. The formulas
are detailed in Table I. A first estimate stems from the opti-
cal frequency woplp,—o = vo/MsH;; it yields J ~ —1 mJ/m?.
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FIG. 1. Properties of synthetic antiferromagnet (SAF) films.
(a) Sketch of the stack. (b) Sketch of the device and main notations.
(c) Field derivative of the imaginary part of the permeability of the
film measured by VNA-FMR prior to patterning using an external
stripline of width 0.05 mm and an rf power of 0 dBm. The opti-
cal and acoustical spin wave resonances at zero wave vector have
frequencies corresponding to the red/blue frontiers. (d) Spin wave
thermal spectra measured by BLS microscopy at the middle of a 5
pm wide SAF stripe, on a film with thinner (hence more transparent)
Ta cap. The red vertical bars illustrate the frequency range in which
thermal spin waves are detected. (Inset) Hysteresis loops along the
easy and hard axes.

An alternative estimate can be deduced from a linear fit of
the frequency of the uniform (i.e. K = 0) acoustical mode
% versus H, at low field (see Appendix I). This alternative
estimation yields a slightly higher value of J ~ —1.2 mJ/m?.
We noticed that this value is very sensitive to the details of
material deposition, thermal treatment and aging.

For this study the SAF films were patterned into stripes
of width wy,e = 20 pwm along (x) and lengths £, = 75 um

along (y) [Fig. 1(b)]. We then deposit a s = 150 nm insu-
lation layer of Si3N4. We finally make single-wire antennas
of composition Ti(10 nm)/Au(150 nm), width A = 1.8 pum.
The antenna dc impedance amounts to Zy, ~ (10 4 0i)S.
Although our present purpose—the inductive measurement
of the spin wave populations—requires only one antenna we
have deposited a second one at a distance r = 5 pum to enable
to check of the SW main properties using propagating spin
wave spectroscopy (not shown).

B. Identification of spin wave branches using microfocused BLS

To characterize the spin waves in our material, we mea-
sured their thermal spectra by BLS with a laser focused at the
diffraction limit (350 nm) at the surface of a SAF [Fig. 1(d)].
We used a dedicated sample in which the thickness of the Ta
cap layer was reduced to 5 nm to allow optical access to the
topmost CoFeB layer. Besides, the stripe width was 5 um. In
this focused optical configuration, the sensitivity is maximal
at k = 0. The similarity between the BLS and the VNA-FMR
spectra [Fig. 1(c) vs 1(d)] confirms the identification of the
modes even if the mode frequencies of the BLS-dedicated
sample and the fully capped samples are slightly different. We
believe that this difference is due to the large sensitivity of the
interlayer exchange coupling to the structural properties of the
material.

Interestingly, this focused BLS measurement is also sen-
sitive to the SW with finite wave numbers, typically up to
kmax = 18 rad/pum. For spin waves with wave vector ori-
entation 6 = {l_é, H,}, the frequency band in which the SW
can be optically detected has a width %vg(Q)kmax, where
v,(0) = % is the (positive or negative) group velocity in the
0 direction. The optical SW of a SAF are always forward
waves such that the thermal population of optical SW is seen
as a halo extending only above the frequency of the k =0
optical mode [Fig. 1(d)]. This contrasts with the acoustical
SW for which the dispersion relation includes both forward
and backward waves as 6 is varied, such that the halo extends
both below and above the frequency of the kK = 0 acoustical
mode.

We emphasize that in the remainder of this study we will
use a linear antenna instead of the circular laser spot. As a
result, we shall be sensitive only to spin waves with either
vanishing wave vectors, or with a wave vector perpendicular
to the antenna (the inductive contributions of other SW aver-
age out over the antenna length). In this kLH, configuration,
both the optical and the acoustical SWs have a forward char-
acter (see Appendix); their frequencies will always be above
the k = O cases. This is a major difference from the BLS case.

III. MEASUREMENT OF THE ELECTRICAL NOISE
POWER DELIVERED BY THE INDUCTIVE ANTENNA

A. Qualitative description of the sample impedance
and fluctuators

Our goal is now to determine the different contributions
to the rf electrical noise power that the antenna can deliver.
For qualitative understanding, it is convenient to view the
{antenna + SAF} system as the noisy electromotive force
(e.m.f) of a Thevenin generator connected in series with a
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FIG. 2. Noise sources within the sample: (a) variance of the Johnson-Nyquist e.m.f due to the Brownian motion of the electrons within the
measurement conductive and dissipative path and (b) inductive e.m.f. arising from the fluctuations within the spin wave bath underneath the

antenna.

noise-free output impedance Zout (Fig. 2). The impedance Zout
comprises a (nonstochastic) resistive part and a (nonstochas-
tic) self-inductance part which increases linearly with the
magnetic susceptibility of the SAF. As a result, the impedance
matching between the sample and the measurement circuit
depends on the applied field and on the frequency.

Besides, the sample contains two a priori independent
noise sources that contribute to its e.m.f.: the electronic fluc-
tuations within the conductors [the ”Johnson-Nyquist noise,”
Fig. 2(a)] and the magnetic fluctuations inductively collected
by the antenna [the “magnon noise,” Fig. 2(b)].

B. Experimental configuration No. 1: the conventional
apparatus

In a first step, the set-up chosen to spectrally analyze this
e.m.f is inspired from the ones widely used for the character-
ization of spin-torque oscillators [24] or hard-disk read-heads
[25]: the antenna feeds a spectrum analyzer (SA) using an rf
probe and a coaxial cable of characteristic impedance Zy =
50 2, followed by a broadband amplifier [cf. Fig. 3(a)]. The
amplifier gain (Gampii = 52 dB) is chosen large enough to
bring the sample noise above the one internally generated at
the front end of the SA (typically 24 dB above thermal noise).
The amplifier noise figure is chosen as low as possible (here
2 dB).

Note that in broadband amplifier technologies, a com-
promise is done between minimal noise figure and perfect
impedance matching: the amplifier input impedance is
Zin(®) # Zy; this mismatch leads to a partial reflection at
the amplifier’s input (here —17dB < S};" < —10 dB in the
used frequency band). As a result, there are inevitably two
mismatch planes (labeled IT; and II, in Fig. 3) in this
conventional measurement circuit. The voltage/current elec-
tromagnetic waves can travel back and forth in the cavity
formed between these two planes: standing microwaves form
within the coaxial cable. The interferences are constructive
along a frequency comb of spacing v,, /&, where £ is the length
of the cable and v, ~ 2.1 x 10® m/s is the phase velocity of

the electromagnetic waves in the coaxial cable. The voltage
standing wave ratio depends on the reflection parameters at
the two ends of the cavity; in particular, it depends on the
applied field and on the frequency through Z,, as illustrated
in the inset of Fig. 4(a) for two different applied fields.

1. Measurement procedure

Our measurement procedure is illustrated in Fig. 4. We first
use a single port VNA to determine Zou(w, H ) and Zip()
separately. We then mount the measurement chain of Fig. 3(a).
The resolution bandwidth (RBW) of the spectrum analyzer
is set to its largest possible value (here RBW = 50 MHz) to
collect maximal energy and thereby speed up the acquisition.
The magnitude of the noise power spectral density arriving
at the SA is then typically of the order of the Johnson-
Nyquist noise floor: 10 Log(kpT, x RBW) + 30 + Gampii ~
—44 dBm per investigated frequency point, where 7, is the
circuit temperature and the term “30” accounts for the mW to
Watt conversion. This power spectral density [PSD, Fig. 4(b)]
displays a slow frequency dependence essentially set by the
roll-off of Gampii(f), on top of which faster variations can be
seen as a ripple. This ripple is a manifestation of the presence
of standing electrical waves within the measurement circuit.

We then record the variation of the PSD with the applied
field H, and perform the field-to-field subtraction PSD(H,) —
PSD(H,.r) to reveal the tiny (typically a few 0.01 dB) vari-
ations of the PSD with the magnetic field, hereafter referred
to as the “excess noise” [Figs. 4(c) and 4(d)]. Hr is a arbi-
trarily chosen reference field; here we have chosen Hs = 0.
We strongly emphasize that subtracting PSD(H,f) is just a
convenient way to reveal the dependence of the PSD with the
applied field. As we will see later, this “(field-to-field) excess
noise” resulting from this field-to-field subtraction is equiv-
ocal and has generaly no clear physical meaning. A quick
look at Fig. 4(d) indicates however immediately that the field-
to-field excess noise when measured with this conventional
apparatus contains magnetic information.
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FIG. 3. Experimental set-ups for the measurement of the spectral density of the electrical power delivered by the antenna. (a) The first
“conventional” configuration (red color) allows the electrical signal to flow back (red arrows) and forth (blue arrows) between the antenna
and the amplifier which both partially reflect at the planes I1; and I1,, thereby forming a cavity hosting standing microwaves. (b) The second
“modified” configuration (green color) includes an isolator that prevents the back flow (hatched green arrow) of electromagnetic energy from
the amplifier towards the antenna. The standing waves are largely mitigated in the operating range of the isolator.

2. Magnetic information within the field-to-field excess noise
for the conventional experimental configuration

The field-to-field excess noise is found to be flat and fea-
tureless at the frequencies much below the uniform acoustical
mode (10.3 GHz at 100 mT in Fig. 4). However near and
above that frequency, the excess noise becomes markedly
oscillatory [Fig. 4(c)]. Importantly, striking anticrossings are
detected [Fig. 4(d)] between the branch of uniform acoustical
spin waves and the frequency comb of the IT;-IT, microwave
cavity. This is in stark contrast with the BLS result [Fig. 1(d)].
These anticrossings evidence the existence of a significant
coupling occurring at IT, (i.e., Zoy) between the quasiparticles
of the measurement system (the microwave photons confined
in the IT;-T1, cavity) and the magnons within the magnetic
film. We wish to emphasize that these anticrossings were not
present in the BLS measurement.

This leads us to question whether the conventional
electrical experimental configuration actually measures the
magnetic noise and/or whether it does so in a noninvasive
manner. We have thus implemented the following modified
measurement configuration meant to change the interaction
between the spin wave bath and the measurement circuit.

C. Experimental configuration No. 2: for a reduced voltage
standing wave ratio

The connection between the antenna and the amplifier can
be done in a different manner. In the configuration n°1 the mi-
crowaves could travel back and forth between the antenna and
the amplifier’s input. In the modified configuration [green in
Fig. 3(c)], we insert an isolator before the amplifier; this non-
reciprocal element (| |S’S°|| < —20 dB while ||S‘S°|| ~ —1dB)
is meant to ensure that the electromagnetic energy flows only
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FIG. 4. Procedure, results and modeling for the first experimen-
tal configuration. (a) Reflection coefficient of the antenna for two
different applied fields and zoom thereof (inset). (b) Spectral density
of the noise power at 100 mT. (c): Excess noise with respect to the
H,s = O reference. The black vertical lines in (a-c) are at a frequency
fac corresponding to the uniform acoustical mode at 100 mT. The
curly brace with the “wavy” label in (b) is meant for comparison
with Fig. 5(a). (d) Field dependence of the experimental excess noise.
The horizontal feature near 1 GHz is an artefact caused by ambient
wireless devices. (e) Expected excess Johnson-Nyquist noise of the
antenna calculated from Eq. (2) and the measured field dependence
of the antenna impedance. (d) and (e) were decremented with the
H,; = 0 reference data.

forward from the antenna to the remainder of the circuit. The
isolator is way better matched than the amplifier and reflects
only a tiny part of the electromagnetic energy (here ||SI%|| <
—23 dB while the amplifier had —17dB < S} < —10 dB).
The goal is to suppress the standing waves W1th1n the op-
eration range of the isolator (here 8—12 GHz). As a result,

the ripple of the signal in this frequency band is strongly
mitigated [compare Figs. 4(b) and 5(a) in the range of the
“wavy” and “flatter” labels)]. This modified measurement
configuration gives strikingly different results. Inserting the
isolator seems to fully remove any magnetic information from
the field-to-field excess noise, even when the field is chosen
such that the SW acoustical frequency is within the passing
band of the isolator [compare Figs. 4(c) and 5(b)]. Apart from
a nonreproducible drift of the baseline, the spectra of excess
noise become featureless for all applied fields, including in the
passing band of the isolator (8—12 GHz), see Fig. 5(c).

One generally expects the signal arising from the magnetic
fluctuations to flow from the antenna towards the amplifier.
The apparent suppression of magnetic information in the
field-to-field excess noise in the modified experimental con-
figuration may consequently seem counter-intuitive. Let us
thus model the antenna noise.

IV. MAGNETIC MODULATION OF THE
JOHNSON-NYQUIST ELECTRICAL NOISE POWER
DELIVERED BY THE MEASUREMENT CIRCUIT

Let us first evaluate the contribution of the electronic
noise to the spectrum recorded by the spectrum analyzer in
the experimental configuration No. 1. As already noted, the
microwave elements placed between the antenna and the am-
plifier form a microwave cavity bounded by the impedance
mismatch planes I'T; and I, [Fig. 3(c)]. As shown in Fig. 4(a),
the reflection parameter S;; at the antenna boundary of this
cavity is field- and frequency-dependent, likely because of the
antenna self-inductance. This changes the Johnson-Nyquist
noise present in the IT;-I1, cavity.

This change of the electric noise present in the cavity con-
tains magnetic information; however it has nothing to do with
the amplitude of the magnetic fluctuations (here: the thermal
amplitude). It is related only with the magnetic susceptibility
which is included in the inductance of the antenna: this noise
contribution scales with the (electronic) temperature 7, of
the measurement system. As it is a cavity effect, the fast
modulation of the excess noise is present only in the first mea-
surement configuration. Let us estimate the Johnson-Nyquist
noise arriving at the amplifier’s input. A prerequisite is to
evaluate the equivalent impedance presented at the front end
of the amplifier.

A. Impedance shifting within the mismatched cavity

Since the antenna is seen through a £ &~ 20 cm-long coaxial
cable, the equivalent impedance presented at the front end of
the amplifier Z,,(£) is distinct from the antenna impedance
Zou. If the cable has a characteristic impedance Z, and carries
the microwaves with a phase velocity v,, we can shift the
reference plane from IT, to I1; and consider that the amplifier
is fed by the {antenna-cable} system describable as a lumped
element of &-shifted impedance being

oul + iZO tan(sw/l)(p)
ZO + lZout tan(éw/vw)

Zow(§) = ey

This {antenna+-cable} system supplies a Johnson-Nyquist
noise of e.m.f. spectral density 4kpT, Re(Zoy (€)) to the ampli-
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FIG. 5. Results for the second experimental configuration. (a) Spectral density of the noise power. The passing band of the isolator appears
as the grey zone. (b) Excess noise with respect to the H,r = O reference. The black vertical line recall the frequency f,. of the acoustical
mode at k = 0. The curly braces in (a) illustrate the part of the spectrum in which the presence of the isolator strongly attenuates the ripple, in
contrast with Fig. 3(b). (c) Field dependence of the excess noise, with scales comparable to these of Fig. 4(d).

fier of input impedance Zi,(f). Assuming a perfect (noiseless)
amplifier, the spectral density of the active power delivered to
the spectrum analyzer is obtained after passing in the voltage
divider configuration, which yields

PSDeleCtronic (fv Ev H)[lIl W/HZ] = 4kBTeRe(Zoul(%-a Hv f))
I Re(Zu(f)
2 |Zou[(5, Hv f) + Zin(f)|2 ’

where T, is the temperature of the {antenna+-cable} system.
All terms can be obtained from single-port VNA measure-
ments of the circuit elements.

@

X Gampli (f )

B. Comparison of the expected electronic noise
and the experimental field-to-field excess noise

The electronic noise according to Eq. (2) in excess to the
H.t = 0 case is evaluated in Fig. 4(e). The electronic noise
depends on the frequency in an inherently oscillatory manner
because of the tan(§w/v,) terms in Eq. (1). The plotting of
PSDelectronic(Hx) - PSDeleclronic(Href) never succeeds in sup-
pressing this oscillatory contribution, whatever the choice of
H,¢. Indeed the output impedances of the antenna at reflection
coefficient at H, and at H.s are unequal, especially near the
SW resonances. The circuit-dependent oscillation within the
electronic noise must persist near SW resonances whatever
field-to-field subtraction is attempted.

The comparison between Figs. 4(d) and 4(e) shows that the
main features of the experimental field-to-field excess noise in
the conventional measurement configuration are reproduced
by the calculated excess electronic noise. The red (positive
noise) halo at low fields and low frequencies is reproduced.
Also, since the coupling between the microwave photons of
the circuit and the magnons below the antenna is included
in the experimental value of Zout, the anticrossings between
the branches of the microwave photon cavity modes and the
branches of the acoustical SWs that were evidenced in the
direct noise measurement [Fig. 4(d)] are well reproduced in
the modeled electronic noise [Fig. 4(e)].

From this similarity between the predicted electronic noise
and the experimental excess noise, we can infer that the contri-
bution of the magnon noise to the total noise is at most a minor

part of it. The next section is dedicated to the evaluation of the
magnon noise.

V. SPECTRAL DENSITY OF THE INDUCTIVE E.M.F.
GENERATED AT THE ANTENNA BY A GIVEN
POPULATION OF INCOHERENT SPIN WAVES

Let’s estimate the variance of the e.m.f. present at the
antenna because of the fluctuations of the magnetization in
the SAF underneath. The corresponding signal should reach
the amplifiers in both experimental configurations. We assume
that the population of SWs can be described by an effective
temperature 7,,. 7,, can be equal to 7, if the spin wave pop-
ulation is at equilibrium like in our present experiments, or
it can be larger than 7, if an overpopulation of spin wave is
intentionally generated by a way that keeps 7, unchanged. The
calculation of the spectral density of this e.m.f. requires to first
identify how each SW contributes to the flux picked by the
antenna and then to sum over them using the SW density of
states.

We will make simplifying assumptions meant to keep an
analytical formalism for the description of the spin waves
properties, as detailed in Appendix. We for instance disregard
the lateral confinement of the spin waves and assume that they
are identical to their counterparts in unbounded SAF films,
and that the magnetizations are uniform across the thicknesses
of each magnetic film.

A. Relevant inductive signal

The inductive e.m.f. is the time derivative of the flux in-
tersecting any surface encompassed by the contour defined
by the measurement circuit. The relevant parameters are de-
scribed in Fig. 6(a). We can choose the surface S, defined to
extend vertically from the antenna to z = +o0o. We define §
as the symmetric of S, and Sy as the cross section of the SAF
stripe. Since the stray field emanating from the magnetic sam-
ple decays fast in space, we can assume with marginal error
that the antennas are infinitely extended in the x direction. We
also assume that the film thickness and film to antenna spacing
can be considered as vanishingly small quantities.
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FIG. 6. Principle of the derivation of the power spectral density
of the inductive e.m.f. generated by a population of incoherent spin
waves (i.e., the magnon noise). (a) Inductive geometry: the antenna
collects the flux of the magnetic field lines (green) intercepting the
surface S above the magnetic film (blue) of cross section Sy, in the
presence of a spin wave (green arrows) of wave vector Ev perpen-
dicular to the antenna. (b) Sketch of the density of states of the spin
waves propagating perpendicularly to the antenna at 50 mT for the
acoustic branch. The grey part is when the linear Taylor expansion
of the dispersion relation breaks down. (c) Corresponding positive
and negative wave vectors. (d) Corresponding antenna efficiency
functions h(k)?.

Within our assumptions the magnetization precession asso-
ciated with the spin waves occurs essentially in the xy plane,
with a large ellipticity (Table 1); the inductive contribution of
the out-of-plane components of the precessing magnetizations
is of secondary importance compared to the contribution of
the in-plane components, and it shall be neglected. The fluxes
®g and $5 are then equal. Applying Gauss’s law (V.B=0)
on the closed surface So U S U S [see Fig. 6(a)], we get that
@5 = —1dgo. Applying Lenz’s law, the e.m.f. is thus

1. 1 .
em.f., = —Pgy = — // By(x, z)dxdz, 3)
2 2 JJso

i.e., it is the time derivative (expressed as the dot symbol) of
the half flux of the B, field in the cross section of the magnet
right below the antenna.

B. Amplitude of the fluctuation of the total moment for a single
spin wave mode

The standard deviation of ®gy stems from the standard
deviation of the y component of the total dynamic moment
of the two eigenmodes, which is calculated in Annex I. We
write the ground state of the two films (labelled 1 and 2) as
Mg = {M%¥, M} and the eigenvectors of their k = 0 spin
waves as May, = {M®", M5*"}, with the acoustical and optical
mode frequencies being w,./(2m) and wyp/(27) (details in
Table I). We also assume that the population of spin waves
can be described by an effective temperature 7,,,.

As a representative example, the k = 0 acoustical mode in
the scissors state has a fluctuation amplitude for its in-plane
component that amounts to

[ 2kpT,
dyn dyn Bim
\/(M + M, )RMS M, /JLOMsHjV’ )

where V = £ Wmae 1S the volume of one of the layers.
Eq. (4) follows from the ellipticities of the modes which do
not depend much on k£ when kt < 1; We shall thus consider
that Eq. (4) also applies to all the spin waves considered in our
system.

Summing the inductive contributions over all SWs requires
the knowledge of the SW density of states (DOS). Since only
the SWs with wave vectors perpendicular to the antenna [red
waves in Fig. 3(b)] have a net contribution to the induction
flux picked by the antenna, we shall restrict the analysis to the
sole longitudinal wave vectors.

C. Density of states within the spin wave manifold

In a 1D stripe of length £, the longitudinal wave vec-

tors k =k, are quantized at values f” n with n € N, and

. The SW DOS per unit frequency
nag

[Fig. 6(b)] is the classwal result for a 1D system with linear
dispersion:

frequency spacings of =

ema
DOS(f) =2 . SH(f — fizo), 5)

8

where H is the Heaviside function, v, = % is the group
velocity (positive here, see Table 1) of the SW branch under
study. The factor of 2 recalls the two possible signs of k,.

Note that since the optical branch has a vanishing group
velocity for k L H within our approximations (see Table I),
the corresponding DOS is simply a Dirac peak at fip. This
cannot be perceived with the RBW settings of the spectrum
analyzer. We thus restrict the remainder of this section to the
sole acoustical branch.

D. Power spectral density of the e.m.f. due to
magnetic fluctuations

To finally get the power spectrum of the e.m.f.,,, we still
need to account for the variable part of the flux picked-up by
the antenna. This is done by writing

dB
d—ty = ioB)", (6)
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To first order in k, the difference between the flux density
and the dynamic magnetization within the magnetic sample is
simply BY" = oM™ (1 — & 5). This flux is partly transduced
to an antenna voltage with the dimensionless antenna effi-
ciency function [26] that only depends on the antenna width
A and spacing between the mid-plane of the antenna and the
mid-plane of the magnetic film se &~ 250 nm:

sin(k.A/2) T
kA/2
Using Eq. (3), (5), and (6), this yields the spectral density of

the inductive “noise” delivered by the population of incoher-
ent magnons for a given branch:

h(k) = (N

d
—e.m.f.2 .. [in units of V2/HZ]
df

2w? . . kt\?
= U_twmagM%[V(M?yy +Mdy )RMS]h(k)2<l - 3) :

8
®)

Note that the term enclosed between square brackets is in
fact independent from the sample geometry and volume V,
as can be seen from Eq. (4). Note also that k is implicitly
defined from the frequency by the dispersion relation, i.e. to
first order: k = %(a) — wy—o) [Fig. 6(c)].

This e.m.f. is delivered in the IT, plane where the amplifier
is seen as a lumped element of £-shifted input impedance
Zin(&, ) which is

Zln +iZptan(Ew/vy)
ZO +iZin tan(§w/v, )

such that the active power delivered to the spectrum analyzer
by the acoustical branch of the spin waves when in the scissors
state is

PSDmag.ﬂuct.(fv &, H)[in W/Hz]

Zin(E, f) = €))

= 4kpTn2 o WmagWac
X H(f = fac) X [h(“z(l N kzt> }MAJ; -
1 R Zin
X Gamph(f) 6( (s f)) (]0)

21Zin(&, )+ Zow(f, H)P?

E. Color and amplitude of the inductive magnon noise

Several point are worth noticing in Eq. (10).

(i) The inductive magnetic noise is colored and narrow-
band, essentially thanks to the finite k-vector efficiency of the
antenna: the noise should suddenly shoot up at the acoustical
frequency and then extend up to the first zero of the i(k) func-
tion occurring at f,. + " . This contrasts with the focused BLS
configuration for Wthh the group velocity in all directions has
to be taken into account and the antenna width A has to be
replaced by the laser spot size.

(i1) Neither M, nor ¢ appear explicitly in the inductive
magnetic noise [Eq. (10)]. This could seem in contradiction
with the intuition that an inductive signal should scale with
the total magnetic moment, as it does for each value of k.
Lifting this apparent contradiction requires to notice that we

have also v, oc ¢: the signal for each k value is spread over
a proportionally large frequency interval, yielding a plateau
of PSDpyag fiuct. that is independent from the magnetic thick-
ness ¢t for f ~ f,.. However the frequency interval in which

U’“'

the magnon noise is substantial is typically fiax — fac = —
which scales proportionally to YoMt (see Table I): in bnef
the plateau of the magnon noise is independent from ¢ but
its integral is proportional to M,t, in line with the qualitative
expectation.

(iii) If the amplifier was hypothetically perfectly matched
with Z;, = Z, (or equivalently if a perfectly matched isolator
is placed at the front end of the amplifier), then the antenna
would simply see the lumped impedance Z,(£) = Z,. The
PSDmag fiuct. Would not oscillate with the frequency; the color
of this noise would reflect the product of the SW DOS and
the antenna efficiency function. In the realistic case when the
amplifier is not perfectly impedance matched (i.e., configu-
ration No.1), PSDpg fiuct. €xhibits a ripple along a frequency
comb of spacing v, /£, i.e., in a manner very similar to the
electronic noise so that they can’t be easily distinguished.
The most important question is thus the respective amplitudes
of the magnetic noise [Eq. (10)] and the formerly modeled
electronic noise [Eq. (2)].

VI. DISCUSSION ON THE INDUCTIVE MEASUREMENT
OF SPIN WAVE POPULATIONS

A. Respective contributions of the spin wave population-induced
noise and the electronic noise at thermal equilibrium

It is primordial to notice that the term 2uowmag in Eq. (10)
has the dimension of an inductance, so the term 2o Wmag@ac
has the dimension of an impedance. For a stripe width wp,e =
20 pum, this so-called “magnon” impedance amounts typi-
cally to 0.6 — 6 2 in the 2-20 GHz interval considered here.
This impedance should be compared with the much larger
impedance of the other noise sources present in the measure-
ment chain [Eq. (2)] with our initially chosen geometry.

This comparison of impedances evidences that if the cir-
cuit temperature 7, and that of the spin wave bath T,, are
equal (like in our experiments) the noise power inductively
supplied by the spin waves in a wma, = 20 wm stripe cannot
be expected to be more than a tiny fraction of the total noise
supplied by the circuit. This explains the finding that the mod-
ified experimental configuration collects much less magnetic
signal than the conventional experimental configuration.

Rendering the magnon noise perceivable within the total
noise would require Eq. (10) to exceed Eq. (2), which occurs
when the magnon impedance of the antenna exceeds the input
impedance of the amplifier, i.e., typically when:

50Q
Lyp>To5—. (1)
Zﬂowmagwac

If the spin wave bath is at equilibrium with the circuit (i.e.,
if T,, = T,) then the previous condition is not met in our
system. One could obviously increase the width wp, of the
magnetic stripe to collect magnon noise from a longer region;
meanwhile, it would be beneficial to adjust the length and
thickness of the antennas to get a better matching between
Zou and Zy and thereby to minimize the frequency ripple of
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the electronic noise that is difficult to correct. However the
rigorous subtraction of the electronic noise to get the sole
magnon noise would still be impossible from the sole field
dependence of the noise delivered by the antenna.

B. Quantifying spin wave populations using
a two-magnetic-temperature measurement

There is fortunately another possibility/situation to quan-
tify inductively the population of spin waves, notably when
the latter is not in equilibrium with the circuit. Such a situation
is for instance encountered in a spin-torque oscillator, and
one could think of coupling the latter to an inductive antenna.
When a spin-torque current /syt is applied in a sub-threshold
(nonoscillating) regime, overpopulations of incoherent spin
waves build up far beyond the thermal expectation values [27]
within the free layer of the oscillator. The metric PSD(Istr #
0) — PSD(Istr = 0) can be used to estimate the spin wave
population 7, although the common practice is to express this
metric as a precession angle after having assumed that a single
spin wave mode exists in the system. Another equally rele-
vant situation relies in various nonlinear FMR experiments,
when the pumped coherent populations of spin waves coex-
ist with incoherent populations resulting from multimagnon
processes. This happens, for instance, in the transient route
towards equilibrium when cascades of four-magnon scattering
events have partitioned the excess energy initially injected by
parametric pumping to a single pair of modes [28].

The method to count a spin wave overpopulation can be
directly inspired from the two-temperature methods imple-
mented to measure the noise figures of rf receivers: Instead
of performing a field-to-field subtraction of some reference
noise spectrum, one can perform a hot-to-cold comparison of
the noise spectra. Indeed, since the electronic noise [Eq. (2)] is
independent from the magnon noise [Eq. (10)], it can be sub-
tracted if two measurements are performed at the same circuit
temperature 7, and the same matching conditions (hence same
applied field) but with two different levels of spin populations
that we shall describe with their effective temperatures 7,
and ];112~

One of the temperatures must be known (for instance
the reference measurement is 7;,; = T, = 300 K). One needs
also to assume that the spin wave populations do not affect
their resonance frequencies (i.e. neither blue nor red shift).
In this case one can use Eq. (10) to deduce the spin wave
overpopulation (7;,,, — T,1) in a rigorous manner. Once again,
adjusting the electrical parameters of the antenna to get the
best achievable matching between Zouts Zo, and Z;, and thereby
minimizing the frequency ripple can only help to minimize the
errors when evaluating the electrical terms within Eq. (10).

VII. SUMMARY AND CONCLUDING REMARKS

We have studied the noise present in the microwave signal
collected by an inductive antenna on top of a thin mag-
netic stripe and its spin wave bath. The spin waves are—by
definition—(inductively) coupled to the microwave photons
of the antenna, such that one may question whether it is possi-
ble to measure the populations of spin waves in a noninvasive
manner while collecting the microwave photons of the circuit.

We have found that the experimental noise power deliv-
ered by the antenna to the measurement circuit is clearly
correlated with the spin wave frequencies. Our modeling in-
dicates that this noise power contains two contributions: the
magnon noise, i.e., the contribution of the population of spin
waves coupled to a noise-free measurement circuit [Eq. (10)],
and that of the electronic thermal fluctuations coupled to a
noise-free (but with a finite susceptibility) magnetic body
[Eq. (2)]. This Johnson-Nyquist noise is modulated by the an-
tenna reflection coefficient in a way that depends on the mag-
netic susceptibility and on the electrical parameters of the
microwave cavity formed by the measurement circuit if not
perfectly impedance-matched.

Since the electronic noise also contains magnetic informa-
tion, the two sources of noise cannot be separated by solely
field-dependent measurements. Measurements performed at
different levels of spin wave populations, i.e., at different spin
wave effective temperatures, can circumvent this difficulty.
This opens the way for the inductive quantitative measure-
ment of spin wave populations that are out-of-equilibrium in
nanoscale systems. This could be applied to a great advantage
to the situations when the spin wave overpopulations result
from nonlinear processes like for instance parametric pump-
ing [9].
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APPENDIX: ANALYTICS OF THE SPIN WAVES IN
SYNTHETIC ANTIFERROMAGNETICS

This Appendix gives further details on analytical descrip-
tion of the SW properties in SAFs. The algebra is done for a
SAF but the results listed in Table I can be easily transposed to
a single layer film magnetized along the in-plane applied field.
One should simply consider that the interlayer exchange cou-
pling field H; vanishes while not forgetting that for a correct
accounting of the dipole-dipole interaction, the single-layer
film must be described with a thickness equal to 2¢.

1. Simplifying assumptions and methods

We assume that the SAF can be described by two films (la-
belled 1 and 2) that are both uniformly magnetized across their
thickness. Keeping the same notations as in the main part of
this paper, we write the ground state as My, = {M ¥, M°}. For
an applied field 0 < H, < Hj, the SAF is in the scissors state
[20,21,29]. The dynamical matrix of the system can be cal-
culated following the standard methodology [23,30-34]. The
real and imaginary parts of its eigenvalues are the frequencies
of the SWs and their half linewidths. The complex-valued
eigenvectors Mdyn are the dynamic magnetization components
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Mggn = (M, M}, with the dephasing of the components
being coded in their complex argument.

The results of the eigenvalues and eigenvectors calcula-
tions are summarized in Table I and illustrated in Fig. 6(b).
The first mode is “acoustical” [29]: the two magnetizations
precess while keeping constant the angle between their in-
plane projections [when seen in top view, this is a rigid
rocking of the scissor state at a frequency w,./(2m)]. The
second mode is “optical”: the scissoring angle breathes at a
frequency wep/(27).

The group velocity of the acoustical and the optical
branches are gathered in Table 1. The corresponding DOS and
dispersion relations are illustrated in Figs. 6(b) and 6(c). The
group velocities were found with the procedure of Ref. [31]
while augmenting the dynamical matrix with the contribution
of finite wave vectors to the self- and mutual demagnetizing
effects of the two magnetic layers according to Egs. (25)
and (26) of Ref. [34]. The eigenvalues of the augmented
dynamical matrix were Taylor-expanded to first order in kt
at k =0 to get the v,’s of the acoustical and optical spin
wave branches in the small k£ limit. In our specific case of
Ey L H,, the dispersion relations of the acoustical and optical
spin waves are both reciprocal.

2. Amplitude of the magnetization fluctuations

The eigenvectors M.*" and My"" at k = 0 can be used to
evaluate the amplitude of the magnetic fluctuations in the
uniform modes. For both acoustical and optical modes, the
dynamical component Mzdy " is in quadrature with the in-plane
component M;“y ": the magnetizations recover an in-plane ori-
entation in a synchronous manner twice per period. Noticing
that kgT,, > hw,c, fiwgp, we can use the equipartition theo-
rem to link the amplitude of magnetic fluctuations with the
effective temperature 7;, of the magnon bath. The standard
deviations of the in-plane magnetization fluctuations related
to a given eigenmode follow from the average energy of that

degree of freedom, i.e.,

E (M + bl

dyn) - E(Mdc) = %kBY;ny

(AD)

where € is a dimensionless number whose square is pro-
portional to the number of magnons of the considered type.
Solving for € < 1 to second order in € yields the in-plane
amplitude of the fluctuations. The derivation of the e.m.f.
[Eq. (3)] requires to vector-sum over the two layers. Table
1 gathers the M%(Mfyn —i—MSyn)RMs, i.e., the standard devi-
ations of the y component of this vector sum for the two
eigenmodes.

3. Validity of the expressions listed in Table I

The results listed in the last column of Table I would
strictly hold only in the ultrathin limit at # = 0. At finite ap-
plied fields, vertical gradients of the magnetization orientation
develop within the magnetic layers unless their thickness ¢
is much smaller than the two characteristic lengths A/J and
24/ (MOMYZ), where A is the exchange stiffness. In our
samples, we estimate these two lengths to be respectively 12
and 4 nm, i.e., thinner than the t = 17 nm of our two CoFeB
layers. In this situation, the magnetizations of the magnetic
regions directly touching the Ru spacer stay more antiparallel
that the other regions, such the two-macrospin description
of the ground state gets inaccurate at finite applied fields.
Micromagnetic calculations (not shown) lead us to conclude
that the acoustical mode, which involves less the interlayer ex-
change interaction than the optical mode, is still reasonnably
quantitatively described by the expressions listed Table I. This
is not the case of the optical mode, especially when H, is
comparable to H;. A collateral consequence is that the char-
acteristic field H; does not correspond to the saturation of
the magnetization in any part the stack, the saturation being
gradual within the thickness of the films. For our specific film
thickness, the expressions for the optical mode listed in Table I
should thus be considered as qualitative only.
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