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Temperature-sensitive spin-wave nonreciprocity induced by interlayer dipolar coupling in
ferromagnet/paramagnet and ferromagnet/superconductor hybrid systems
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Spin-wave (SW) spectra have theoretically been studied in a thin film of a ferromagnet (FM) on a substrate
from a paramagnet (PM) (an FM above the critical temperature) or from superconductor (SC). A spin-wave
propagating in the FM induces the dynamic magnetization and superconducting current in the underlying PM
and SC, respectively, which affect the SW propagation by their magnetic fields. As a result of this interaction,
the SW spectrum becomes nonreciprocal to depend on the sign of the SW wave-vector q. We show that the
nonreciprocal contribution to the SW spectra in FM/PM and FM/SC systems is given by the frequency shift of
�ω(q) ≡ ω(q) − ω(−q) = a(T )(τ · q) with τ = (n × M) being the toroidal magnetic moment, M the FM
magnetization, n the unit vector normal to the FM/PM(SC) interface, and a(T ) the temperature-dependent
constant of a dipole nature, whose sign depends on the substrate type. As the �ω(T ) dependence is strong
at temperatures T close to the critical temperature Tc for the FM-PM or normal metal-SC transition, one
gets a possibility to control the frequency SW nonreciprocity with temperature variation near Tc. The dipolar
mechanism we propose for SW frequency nonreciprocity is promising for introducing this property of SW
propagation into functional devices.
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I. INTRODUCTION

Spin-wave (SW) nonreciprocity, that is, dependence of the
SW properties on the sign of SW wave-vector q is an in-
teresting feature of SW propagation in ferromagnets (FMs)
[1]. Nonreciprocal devices of this kind are being widely used
in microwave technology [2–7]. The well-known paradigm
for SW nonreciprocity is the surface magnetostatic Damon-
Eshbach mode occurring in a FM film, whose SW amplitude
depends on propagation direction [8–11]. On the other hand,
SW nonreciprocity may manifest in the frequency shift of
spin waves with the same wavelength. Phenomenologically,
the frequency SW nonreciprocity is described by a term that
breaks the time-reversal symmetry of the spectrum,

ω(q) = · · · + a

2
(τ · q) + · · · , (1)

where a is the phenomenological constant, which can gen-
erally depend on q, τ = (n × M) is the toroidal magnetic
moment [12], M is the magnetization vector, and n is a unit
vector normal to the film plane. Note that the term in Eq. (1)
can be constructed uniquely from the vectors n, M, and q,
and its sign depends on the sign of q. This term also exists
only in films with dissimilar boundaries; otherwise, the vector
n cannot be selected. The dissimilarity of the film boundaries
can be achieved, for instance, by covering one of them by
a metal layer with thickness comparable to its skin depth
[9–11]. In such a system, the frequency SW nonreciprocity
results from the interaction of a spin wave with the conduction
current induced in the metal cover by it.
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In our paper we consider another origin of the SW
frequency nonreciprocity. It stems from interlayer dipolar
coupling in a hybrid system that consists of a thin FM film
on a substrate from a paramagnet (PM) [13,14] or from a su-
perconductor (SC) [14–16]. The FM/PM(SC) system breaks
out the chiral symmetry, that is, in the FM/PM [13] and in
the FM/SC [16] systems, the energies of the left and the right
cycloidal magnetic spirals are different. So, in the FM/PM
and the FM/SC, the right and the left spirals have lowest
energy, respectively [13,16]. The case of spin waves is similar
to these static magnetic distributions, that is, the snapshots
of the counter propagating spin waves are the right [Figs.
1(a) and 1(d)] and the left [Figs. 1(b) and 1(c)] magnetic
spirals mentioned above. Thus, the directions for preferable
SW propagation, corresponding to the minimum of the dipolar
energy, are opposite for PM and SC (see panel 1 in Fig. 1),
which reflects the dependence of the sign of the constant a
in Eq. (1) on the type of substrate, PM, or SC. This feature
can be understood, in particular, by considering the system
with an ideal PM (infinitely high susceptibility) or an ideal
SC (the Meissner state), for which the tangential (for PM) or
normal (for SC) component of a magnetic field should vanish.
Using the method of images, we can construct two SW con-
figurations satisfying the boundary conditions in PM [Figs.
1(a) and 1(c)] and SC [Figs. 1(b) and 1(d)]. It can be seen
that the distributions of dipoles and their images are different
for q and −q, which correspond to different SW energies (or
frequencies). For more detailed but greatly simplified expla-
nations, see Appendix B. All of this makes the FM/PM(SC)
system similar to the system with the Dzyaloshinskii-Moriya
interaction (DMI) [17,18] that provides breaking the chiral
symmetry for SW propagation in FM media with bulk (see,
for example, Ref. [19]) and interfacial inversion asymmetry
[20–34]. Moreover, the replacement of the substrate from
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FIG. 1. Schematic for SW propagation along directions indicated by orientation of the SW wave-vector q in FM/PM and FM/SC systems
exposed by a magnetic-field Hext . The solid and dashed arrows indicate the SW chirality in the FM film and the SW image induced in (a) and
(c) PM and (b) and (d) SC substrates, respectively. Here ζ is the angle between the normal to the film plane and the vector which connects
the centers of dipoles 1 and 2′, ξ is the angle between the orientation of the dipole moment 1 and the normal to the film plane. The SW
configurations shown in panel 1 only correspond to the minimal dipolar energy.

PM to SC or from SC to PM corresponds to a change in
the sign of the DMI constant. Despite the effects of SW
nonreciprocity in FM/SC structures [35–36] and systems of
coupled ferromagnets [34,37–46] were investigated, so far,
there is no theory for SW propagation in FM/PM and FM/SC
systems—with taking into account the finiteness and temper-
ature sensitivity of the SC London penetration depth and PM
susceptibility.

For the FM/PM system, we assume that: (1) the Curie
point (Tc) of its PM component is significantly lower than that
in the FM one, and that (2) temperature T in the system is
higher than Tc but close to it. As for the FM/SC system, it is
assumed that the critical temperature for the normal metal-
SC transition (again, denoted by Tc) in the SC component
is higher than T . As we will show, the dipolar contribution
to the SW nonreciprocity in the FM/PM system significantly
exceeds that contribution due to the skin effect. So, one can
neglect the electrical conductivity of the PM substrate. The
interfacial exchange interaction that occurs between the film
and the substrate can be suppressed by placing a thin dielectric
layer between them. We also find that the effective DMI con-
stant, which is of a dipole nature [42] in our case, is sensitive
to changes in the temperature-dependent PM susceptibility (or
the London penetration depth in SC) of the substrate. Thus, it
becomes possible to control the SW frequency nonreciprocity
by varying T near Tc, which can be useful for applications.
Currently, the possibility of controlling the DMI [47–63],
spin waves [64–67], and SW nonreciprocity [42,68–70] is of
considerable interest. It is also feasible to stabilize skyrmions
[71] in such hybrid systems, using the same way as one does
it in systems with strong enough interfacial DMI [72].

The article is organized as follows. In Sec. II, the exact
geometry is presented for the systems we study and the start-
ing equations have been derived. In Sec. III, we simulate
magnetic fields generated by nonuniform magnetization in the
FM. Section IV presents the calculation of the SW dispersion
relation from which the frequency shifts between counter
propagating spin waves have been obtained in the systems
under study. Section V presents illustrations for the results of
our simulations. In Appendix A we treat the case in which
the nonlocality of magnetization in the PM substrate cannot
be neglected, and in Appendix B we present a qualitative ex-
planation for the SW frequency nonreciprocity in the FM/PM
and FM/SC systems.

II. GEOMETRY OF THE SYSTEM AND STARTING
EQUATIONS

As for the exact geometry of our system, we place the
FM film at 0 < z < h, whereas a PM or SC substrate is at
z < 0 (Fig. 2) and Hext or Bext, which is assumed to act on
the FM only, is directed along the x axis. In Sec. V, we
will discuss the possibility of neglecting the action of Hext

or Bext on the substrate. In our geometry, the normal vector
n coincides with the unit vector of the z axis. Nonuniform
magnetization M, in the FM film induces the magnetization
m and superconducting current js in PM and SC substrates,
respectively, which affect M back by their magnetic fields
produced. We assume that the time needed to establish the
equilibrium between the film and substrate is much shorter
than ω−1 so that the magnetostatic approximation [2] could
be used to calculate the magnetic fields generated.
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FIG. 2. Schematic of (a) FM/PM and (b) FM/SC systems. The FM film and PM (SC) substrate are coupled by interlayer dipolar interaction.
The magnetization M in a spin wave that propagates in the FM film induces the magnetization m in (a) the PM substrate or the superconducting
current with density of js in (b) the SC substrate, which affect back the SW propagation. Hext or Bext is the external magnetic field or magnetic
flux density, respectively.

A. FM/PM

The total free energy of an FM/PM system can be divided into three contributions to it, which are as follows: (1) the free
energy of the FM film (F0), (2) the free energy of the PM substrate (F−), and (3) the free energy of space at z > h above the FM
film (F+):

F = F0 + F− + F+, (2)

F0 =
∫ +∞

−∞

∫ h

0

[
L2

0

2

2∑
i=1

(
∂M
∂xi

)2

− 1

2
KM2

z − [M · (Hext + H0)] − H2
0

8π

]
dρ dz, (3)

F− =
∫ +∞

−∞

∫ 0

−∞

[
l2
0

2

3∑
i=1

(
∂m
∂xi

)2

+ 1

2χ
m2 − (m · H−) − H2

−
8π

]
dρ dz, (4)

F+ = −
∫ +∞

−∞

∫ +∞

h

H2
+

8π
dρ dz, (5)

where K > 0 is the dimensionless constant of magnetic
anisotropy, ρ = (x, y) is the two-dimensional coordinate vec-
tor, χ = C/(T − Tc) is the substrate susceptibility, and C is
the Curie constant. The first terms in F0 and F− describe
the exchange interaction in the film and substrate, which is
given by the constants L0 and l0, respectively. The relationship
between L0 and exchange stiffness A is L0 = (2A/M2

s )1/2,
where Ms is saturation magnetization (similarly for l0). The
quantities of H− (z < 0), H0 (0 < z < h), and H+ (z > h) are
the magnetic fields, induced by magnetizations of the film and
substrate. We consider the film to be thin enough (h � L0)
[23] so that the dependence of the magnetization M on the co-
ordinate z normal to the film plane could be discarded. In what
follows we will have revealed that the condition of qh � 1
should be also valid in order to neglect that dependence.

As a magnetic field of any kind, the magnetic field pro-
duced by M, i.e.,

H(ρ, z) =
⎧⎨
⎩

H−(ρ, z), z < 0
H0(ρ, z), 0 < z < h
H+(ρ, z), z > h

, (6)

can be described in terms of the scalar potential
ϕ(ρ, z), so that H(ρ, z) = −∇ϕ(ρ, z). Then, Maxwell’s
equations in the magnetostatic limit, that are, div B = 0

and rot H = 0, where B = H + 4πM, M(ρ, z) =
m(ρ, z)θ (−z) + M(ρ)θ (z)θ (h−z), and θ (t ) is the Heaviside
step function can be transformed into Poisson’s equation,

�ϕ(ρ, z) = 4π div M(ρ, z), (7)

which must be supplemented by the conditions that ϕ and
Bz are continuous at z = 0 and z = h. A solution of Eq. (7),
which satisfies the boundary conditions, can be written as

H(ρ, z) = HM (ρ, z) + Hm(ρ, z), (8)

HM (ρ, z) =
∫ +∞

−∞

∫ h

0
div

′
M(ρ′)∇ 1

|r − r′|dρ′dz′

−
∫ +∞

−∞
Mz(ρ′) ∇ 1

|r − r′| |
z′=h
z′=0dρ′, (9)

Hm(ρ, z) =
∫ +∞

−∞

∫ 0

−∞
div

′
m(ρ′, z′) ∇ 1

|r − r′|dρ′dz′

−
∫ +∞

−∞
mz(ρ′, 0) ∇ 1

|r − r′| |z′=0dρ′, (10)

where ∇ and div
′
act on the r and r′ coordinates, respectively.

We see that both volume and surface magnetic charges in the
film and substrate contribute to H(ρ, z). From the condition
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that δF/δm = 0, we obtain the following equation for m
along with the boundary condition for that quantity:

�m − 1

l2
m

m = −H−
l2
0

,
∂m
∂z

(z = 0) = 0, (11)

where lm = l0
√

χ . A solution of Eq. (11) can be repre-
sented as

m(ρ, z) = m0(ρ, z) + 1

4π l2
0

∫ +∞

−∞

∫ 0

−∞

× exp(−|r − r′|/lm)

|r − r′| H−(r′)dρ′dz′, (12)

where m0(ρ, z) is the homogeneous solution of Eq. (11). We
note that taking into account exchange in the substrate gives
a nonlocal dependence of m on H−. Using Eq. (11) and the
conditions that ϕ and Bz are continuous, we reduce the total
free energy of the system to

F =
∫ +∞

−∞

∫ h

0

{
L2

0

2

2∑
i=1

(
∂M
∂xi

)2

− 1

2
KM2

z

−
[

M ·
(

Hext + H0

2

)]}
dρ dz. (13)

We can see that the free energy of the substrate F− and the
energy of the field H(ρ, z) cancel each other. Under this cir-
cumstance, the effective field acting on the spin wave, which
should be known to calculate the SW spectrum and, thus, the
SW frequency nonreciprocity, can be reduced to

Heff = − δF

δM
= Hext + KMzn + L2

0�M + H0. (14)

B. FM/SC

It is convenient to consider the free energy of the FM/SC
system as a function of magnetic flux density B. Except such
a modification, equations for the free energy of the FM/SC
system are identical to those for the FM/PM system given by
Eqs. (3)–(5),

F0 =
∫ +∞

−∞

∫ h

0

[
L2

0

2

2∑
i=1

(
∂M
∂xi

)2

− 1

2
KM2

z

− [M · (Bext + B0)] + B2
0

8π

]
dρ dz, (15)

F− = 1

8π

∫ +∞

−∞

∫ 0

−∞
[B2

− + l2
s

(
rot B−)2

]
dρ dz, (16)

F+ =
∫ +∞

−∞

∫ +∞

h

B2
+

8π
dρ dz, (17)

where Bext is the external magnetic field applied to the FM
and ls is the London penetration depth. The first and second
terms in Eq. (16) represent the energies of the magnetic field
and superconducting current, respectively. To describe the
magnetic induction field induced by M(ρ), i.e.,

B(ρ, z) =
⎧⎨
⎩

B−(ρ, z), z < 0,

B0(ρ, z), 0 < z < h,

B+(ρ, z), z > h,

(18)

it is convenient to use the vector potential A(ρ, z),
so that B(ρ, z) = rot A(ρ, z). Combining Maxwell’s
equations, that are, rot B(ρ, z) = 4π rot[M(ρ)θ (z)θ (h−z)] +
4πθ (−z)js(ρ, z)/c and div B(ρ, z) = 0 with the London one,
that is, js(ρ, z) = −cA−(ρ, z)/(4π l2

s ) for z < 0, we obtain
for the vector potential that

�A = −4π

(
θ (z)θ (h − z) rot M + [δ(z) − δ(h − z)]

× (n × M) − 1

4π l2
s

θ (−z)A
)

. (19)

As usual, the tangential components of A(ρ, z) and the
normal component of B(ρ, z) should be continuous at the
interfaces z = 0 and z = h. In addition, the London equation
requires the London gauge of A(ρ, z) so that div A = 0 and
[n · A−(z = 0)] = 0. Eq. (19) can be transformed into the
following integral equation:

A(ρ, z) = A∗(ρ, z) + AM (ρ, z) + As(ρ, z), (20)

AM (ρ, z) =
∫ +∞

−∞

∫ h

0

1

|r − r′| rot M(ρ ′)dρ′dz′

−
∫ +∞

−∞
[n × M(ρ′)]

1

|r − r′| |
z′=h
z′=0dρ′, (21)

As(ρ, z) = − 1

4π l2
s

∫ +∞

−∞

∫ 0

−∞

1

|r − r′|A−(ρ′, z′)dρ′dz′.

(22)

The term A∗ is a solution of Eq. (19) with a zero right-hand
side, whose introducing is necessary to satisfy the London
gauge. It can be shown that rot A∗ = 0, so the potential A∗
is not associated with the flow of currents and does not con-
tribute to B(ρ, z). From the above Maxwell’s equations and
the London one, we can get the equation for A−,

�A− − 1

l2
s

A− = 0. (23)

Using Eq. (23) as well as the conventional boundary condi-
tions, we obtain expressions similar to Eqs. (13) and (14) for
the free energy and for the effective field,

F =
∫ +∞

−∞

∫ h

0

{
L2

0

2

2∑
i=1

(
∂M
∂xi

)2

− 1

2
KM2

z

−
[

M ·
(

Bext + B0

2

)]}
dρ dz. (24)

Beff = − δF

δM
= Bext + KMzn + L2

0�M + B0. (25)

Note here that, similar to that in FM/PM system, the mag-
netic energy and the energy of superconducting current cancel
each other.

III. CALCULATION OF THE GENERATED MAGNETIC
FIELD

In this section, by using the Fourier transform method, we
calculate the generated magnetic-field H in an FM/PM system
or its analog in a FM/SC system B. This quantity has to be
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calculated for determining the effective field that acts on a
spin wave in the FM film. The Fourier transform for the SW
magnetization M(ρ) is the plane-wave expansion, i.e.,

M(ρ) =
∑

q

M(q)ei(q·ρ), (26)

where M(q) has the form

M(q) = 1

S

∫ +∞

−∞
M(ρ)e−i(q·ρ)dρ. (27)

Here qi = 2πNi/Li is the ith (i = x, y) component of the
SW vector q, Ni ∈ Z, S = LxLy, Li is the longitudinal system
dimension.

A. FM/PM

The Fourier transform of magnetization m(ρ, z) in a PM
substrate derived from Eq. (12) is

m(q, z) = S
∫ 0

−∞
X (q, z, z′)H−(q, z′)dz′, (28)

where X (q, z, z′) is the nonlocal substrate susceptibility den-
sity, which has the form

X (q, z, z′) = 1

2l2
0 Sλm

(
eλm (z+z′ ) + e−λm|z−z′ |),

λm =
√

q2 + 1

l2
m

. (29)

The field H−(q, z) in Eq. (28) can be found from the
integral equation,

H−i(q, z) −
∫ 0

−∞
gik (q, z, z′)H−k (q, z′)dz′ = HM

−i(q, z),

(30)

which is obtainable from Eqs. (8)–(10), and (28). HM
− (q, z) on

the right side of Eq. (30) denotes the field (9) in the area z < 0
and has the form

HM
− (q, z) = 2π

(
1 − e−qh

)
eqz

(
i[q · M(q)]

q
+ Mz(q)

)

×
(

iq
q

+ n
)

. (31)

In Eq. (30), the components of the ĝ(q, z, z′) tensor are
given in Appendix A. In these considerations we assume
that ql0/2

√
π � 1 and ql0

√
χ � 1, so that m = χH− and

div m → 0. In this local limit we get that

gik (q, z, z′) =

⎧⎪⎪⎨
⎪⎪⎩

0; i, k = x, y,
− 4πχ iqi

q eqzδ(z′), i = x, y, k = z,
0, i = z, k = x, y,

−4πχeqzδ(z′), i, k = z.

. (32)

Then Eq. (30) becomes linear and its solution reads

H−(q, z) = (1 − κ )HM
− (q, z), (33)

where κ = 2πχ/(1 + 2πχ ). Thus, if the substrate is an ideal
PM (χ → ∞), the magnetic field in its region is completely
suppressed by the induced surface charges, whereas the

magnetization remains finite, m(q, z) = HM
− (q, z)/2π . With

taking into account H−(q, z) found, one gets the rest of the
fields from Eqs. (8)–(10),

H+(q, z) = HM
+ (q, z) + Hm

z>0(q, z), (34)

H0(q, z) = HM
0 (q, z) + Hm

z>0(q, z), (35)

where the contributions from the film charges are as follows:

HM
+ (q, z) = 2π (eqh − 1)e−qz

(
i[q · M(q)]

q
− Mz(q)

)

×
(

iq
q

− n
)

, (36)

HM
0 (q, z) = 2π iq

q

(
i[q · M(q)]

q
(2 − eqze−qh − e−qz )

− Mz(q)(eqze−qh − e−qz )

)

+ 2πn
(

− i[q · M(q)]

q
(eqze−qh − e−qz )

− Mz(q)(eqze−qh + e−qz )

)
, (37)

whereas the contributions from the substrate charges are
Hm

+(q, z) = Hm
0 (q, z) ≡ Hm

z>0(q, z), where

Hm
z>0(q, z) = −4πJme−qz

(
i[q · M(q)]

q
+Mz(q)

)(
iq
q

−n
)

,

(38)

and

Jm = κ

2
(1 − e−qh). (39)

We see that the field H0 depends on z and, thus, M depends
on z as well, despite our initial requirement. To avoid this
problem, the field H0(q, z) has to be averaged over the FM
thickness,

H0(q) ≡ 1

h

∫ h

0
H0(q, z)dz = HM

0 (q) + Hm
z>0(q), (40)

HM
0 (q) = −4π

qh

(
[q · M(q)]

q2
(qh − 1 + e−qh)q

+ Mz(q)
(
1 − e−qh

)
n
)

, (41)

Hm
z>0(q) = −4πJm

qh

(
1 − e−qh

)( i[q · M(q)]

q
+ Mz(q)

)

×
(

iq
q

− n
)

. (42)

The condition that qh � 1, along with h � L0, makes it
possible to neglect the dependence of M on z. As expected,
HM

0 (q) after expansion in qh reduces to the demagnetizing
field, −4πMz(q)n. Note also that Eqs. (33)–(38) can be ob-
tained using the method of images even if the substrate is not
an ideal PM [15].
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FIG. 3. Dispersion curves (a) ω′(q) and (b) ω′′(q) for the FM/PM system, FM = Ni80Fe20. The solid blue curves correspond to χ = 0. The
orange curves correspond to T = Tc (χ → ∞) at l0 = 0 (dashed lines) and l0 = 30 nm (solid lines).

B. FM/SC

According to Eq. (23), the Fourier transform of A−
is A−(q, z) = A−(q, 0)eλsz, where λs = (q2 + 1/l2

s )1/2.
Moreover, according to the London gauge, there should
be [q · A−(q, z)] = [n · A−(q, z)] = 0. Therefore, from
Eqs. (20)–(22), one gets A−(q, z) as well as this quantity
in other regions of space, which enables us to retrieve the
Fourier transform of the field B(q, z) in different regions of
the system,

B−(q, z) = 2π (1 − e−qh)

(
1 − λs − q

λs + q

)
eλsz

×
(

i[q · M(q)]

q
+ Mz(q)

)(
iλsq
q2

+ n
)

, (43)

B+(q, z) = BM
+ (q, z) + Bs

z>0(q, z), (44)

B0(q, z) = BM
0 (q, z) + Bs

z>0(q, z), (45)

Bs
z>0(q, z) = −4πJse

−qz

(
i[q · M(q)]

q
+ Mz(q)

)(
iq
q

− n
)

.

(46)

Note that, of course, BM
+ (q, z) = HM

+ (q, z) [see Eq. (36)]
and BM

0 (q, z) = HM
0 (q, z) + 4πM(q) [see Eq. (37)], and so

Eq. (46) is equivalent to Eq. (38) except replacing Jm by Js,
where

Js = −1

2

λs − q

λs + q
(1 − e−qh). (47)

In the case of an ideal SC (ls → 0) there will be
B−(q, z) → 0 and [n · B0(q, 0)] → 0, which can also be ob-
tained by using the method of images.

IV. DYNAMIC PROBLEM: SW DISPERSION CURVES

As usual, in order to clarify the magnetization dynamics
in the systems under study with calculation of the SW dis-
persion curves, we use the linearized Landau-Lifshitz-Gilbert
equation that contains the effective field given by Eq. (14)

an (24). Under the condition that H0
ext > K−4π , where H0

ext is
the absolute value of Hext or Bext, the SW dispersion relation

found is ω(q) = ω′(q) + iω′′(q), where ω′(q) and ω′′(q) are
real and imaginary parts of the spectrum, respectively,

ω′(q) = − �ω′(q)

2
+ γ Ms

×
√(

H0
ext

Ms
+ L2

0q2 + I1

)(
H0

ext

Ms
+ L2

0q2 + I2 − K

)
,

(48)

ω′′(q) = −αγω′(q)
[
2H0

ext + Ms(2L2
0q2 − K + I1 + I2)

]
2ω′(q) + �ω′(q)

,

(49)

where γ > 0 is the gyromagnetic ratio, α is the damping
parameter, and

�ω′(q) = ω′(−q) − ω′(q) = 8πJγ Ms

q2h
(1 − e−qh)

×
[

q ·
(

n × Ms

Ms

)]
, (50)

I1 = 4πq2
y

q3h
[qh − 1 + e−qh − J (1 − e−qh)], (51)

I2 = 4π

qh
(1 − e−qh)(1 − J ). (52)

where the constant J is equal to Jm and Js in FM/PM and
FM/SC systems, respectively. We see that the SW spectrum
depends on SW propagation direction along the y axis. This
nonreciprocity is determined by the substrate PM susceptibil-
ity (or the London penetration depth in SC) and disappears
in the limit χ → 0 (ls → ∞). The presence of nonreciproc-
ity in the imaginary part of the spectrum indicates different
life times for the counter propagating spin waves. For q = 0
from Eqs. (48) and (49) as expected, we obtain the formulas
corresponding to the uniform precession of magnetization in
a longitudinally magnetized FM film [2] since I1 → 0, I2 →
4π, and �ω′ → 0. Also, for χ → 0 (ls → ∞), L0 = 0, K =
0, qx = 0, and qh � 1, we get the Damon-Eshbach mode,
i.e., ω′ = γ [H0

ext (H
0
ext + 4πH0

extMs + 8π2M2
s |qy|h)]1/2 [8].

The applicability of the above magnetostatic approach is
provided by the small penetration depth of the H− compared
to the skin depth in the PM. The skin depth δ of highly

214401-6



TEMPERATURE-SENSITIVE SPIN-WAVE … PHYSICAL REVIEW B 105, 214401 (2022)

FIG. 4. Dispersion curves (a) ω′(q) and (b) ω′′(q) for the FM/SC system, FM = Ni80Fe20. The blue curves correspond to T = Tc (ls → ∞).
The orange curves are for ideal SC (ls = 0).

conductive metals (copper and aluminum) for ω ∼ 1010 s−1

is on the order of 10−4 cm. Then the condition qδ � 1 pro-
vides the smallness of the penetration depth of the H− and is
satisfied for q � 105 cm−1. If h ∼ 10−7 cm (note that h � L0

and L0 ∼ 10−7–10−6 cm), then the condition qδ � 1 is com-
patible with qh � 1 for q ∼ 105–106cm−1. Thus, there is a
range of SW wavelengths within of which the magnetostatic
approach is applicable.

V. RESULTS AND DISCUSSIONS

Figures 3 and 4 show dispersion curves calculated
according to Eqs. (48) and (49) at h = 3 nm, Ms =
800 erg G−1 cm−3, L0 = 20 nm, H0

ext = 800 Oe, K = 0, qx =
0, and α = 0.01 (FM = Ni80Fe20). The dashed orange lines
in Fig. 3 correspond to the local limit (see Sec. III A), and the
solid orange and blue ones correspond to the exact solution
(see Appendix A). We can see that for χ = 0 (ls → ∞) the
spin waves are reciprocal, i.e., ω(q) = ω(−q). In this case,
ω does not depend on l0 in the FM/PM system, and the exact
solution coincides with the local limit. When χ 
= 0 (ls 
= ∞),
the spectrum becomes nonreciprocal, and the SW frequencies
depend on the direction of SW propagation along the y axis.
We see that l0 
= 0 gives a decrease in nonreciprocity, |�ω′|,
which can be explained by lowering the nonlocal suscep-

tibility of the substrate [see Eq. (29)]. The nonreciprocity
disappears completely in the l0 → ∞ limit. As can be also
seen from Fig. 3, the difference between the exact and ap-
proximate solution increases with qy.

Comparing our results with the frequency shift due to DMI
[23], we obtain the effective DMI constant [42],

Deff = −2πJ

q2h
(1 − e−qh)M2

s . (53)

Then, for qx = 0 the frequency shift � f (q) = �ω′(q)/2π

due to dipolar coupling is

� f (q) = −2γ Deffqy

πMs
. (54)

The quantity given by Eq. (54) can be measured experi-
mentally by Brillouin spectroscopy [73]. Figures 5 and 6 show
the dependences of � f (q) and Deff on qy for different types
of substrates and temperatures (FM = Ni80Fe20, PM = Gd,
and SC = Pb). We used the following temperature dependence
of the London penetration depth: ls(T ) = ls(0)(1−T/Tc)−1/2.

It can be seen that � f and Deff increase with decreasing
temperature, which corresponds to the increase in the suscep-
tibility and to the decrease in London penetration depth. A
noticeable difference in � f for the two types of substrates can
be explained by rather a large value of ls(0) = 39 nm for Pb.

FIG. 5. Frequency shift vs qy for (a) the FM/PM (Ni80Fe20/Gd) and (b) FM/SC (Ni80Fe20/Pb) systems. The following parameters were used
in these calculations: h = 3 nm, Ms = 800 erg G−1cm−3, qx = 0, l0 = 5 nm, ls(0) = 39 nm, Tc for Gd, and Pb is 293 and 7.26 K, respectively.
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FIG. 6. Effective DMI constant vs qy for (a) the FM/PM (Ni80Fe20/Gd) and (b) FM/SC (Ni80Fe20/Pb) systems. The following parameters
were used in these calculations: h = 3 nm, Ms = 800 erg G−1cm−3, qx = 0, l0 = 5 nm, ls(0) = 39 nm, Tc for Gd, and Pb is 293 and 7.26 K,
respectively.

If 4πχ � 1, ql0/2
√

π � 1, and ql0
√

χ � 1, qh � 1
(FM/PM system) and if qls � 1, qh � 1 (FM/SC system)
then the quantities Deff and � f reach their maxima to be

|Deff | ≈ πM2
s h. (55)

|� f (q)| ≈ 2γ Msh|qy|. (56)

For a Ni80Fe20 film, Deff in these approximations reaches
the value of 0.6 erg/cm2. To increase the effective DMI as
can be seen, it is necessary to use materials with a high
saturation magnetization Ms and with film thickness as large
as possible. Note that the frequency shift given by Eq. (56)
is equal to that quantity in an FM/nonmagnetic metal system
and can be associated with the skin effect [9–11]. How-
ever, this coincidence takes place only in the limit of infinite
conductivity of the metal when the skin-depth thickness is
equal to zero. For metals with finite conductivity as we have
shown earlier, the skin effect in the problem under consider-
ation can be neglected, and so, the contribution of interlayer
dipolar coupling is dominating in the nonreciprocity.

Previously (see Sec. II), we neglected the action of the Hext

(Bext) on the substrate. Let us show that the action of this
field on the substrate does not affect the SW nonreciprocity.
The Hext(Bext) will cause an additional contribution to the PM
magnetization and to the superconducting current in the SC. In
our model, this contribution to the PM magnetization will be
uniform and not lead to the creation of additional dipole fields.
In the case of the SC substrate, additional superconducting

currents caused by an external field will create an approx-
imately uniform additional dipole field in the region of the
ferromagnetic film. Then in Eqs. (48) and (49) it is necessary
to add this additional field to H0

ext. But this will not affect the
SW nonreciprocity.

Thus, in the present paper, we have determined the SW
spectra in FM/PM and FM/SC systems. The spectra are non-
reciprocal due to the dipolar interaction between the FM film
and PM or SC substrates. The temperature sensitivity of the
substrate susceptibility (London penetration depth) allows for
controlling the frequency shift by varying T near Tc, which
can be useful for applications.
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APPENDIX A: THE CASE OF NONLOCAL PM

Here we will consider a situation in which one cannot
neglect the nonlocal dependence of m on H− in the PM
substrate. Let us return to the analysis of Eq. (30). In general,
the components of the tensor ĝ(q, z, z′) have the form

gik (q, z, z′) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

4πqiqk

λm
eλmz′

(
χ

1+4πχ
e�z − 1

2ql2
0 (�−q) e

qz
)
, i, k = x, y,

− 2π iqi

qλml2
0
eλmz′

eqz, i = x, y, k = z,

− 4π iqk

λm
eλmz′

(
χ

1+4πχ
�e�z − 1

2l2
0 (�−q) e

qz
)
, i = z, k = x, y,

− 2π

λml2
0
eλmz′

eqz, i, k = z,

(A1)

where � = (q2 + 1/l2
m + 4π/l2

0 )1/2. It is possible to seek for a solution to Eq. (30) by expanding H− and M into a series in χ .
A similar approach was used earlier in Ref. [13] where the response of the PM substrate was found in the linear approximation.
However, Eq. (30) also admits an exact solution. Since the z coordinate in Eqs. (30), (31), and (A1) is contained only in the
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exponential functions e�z and eqz, we will seek the exact solution in the form

H−(q, z) =
(

i[q · M(q)]

q
+ Mz(q)

)
[(c1 + d1n)eqz + (c2 + d2n)e�z], (A2)

where d1 and d2 are constants depending only on q; c1 and c2 are two-dimensional vectors (have only x and y components) also
depending only on q. After substituting Eq. (A2) into Eq. (30), we obtain

H−(q, z) =
(

i[q · M(q)]

q
+ Mz(q)

)[
d1eqz

(
iq
q

+ n
)

+ d2e�z
( iq

�
+ n

)]
, (A3)

where the constants d1 and d2 have the form

d1 = 2πb1(1 − e−qh)

a2b1 + a1b2
, d2 = 2πa1(1 − e−qh)

a2b1 + a1b2
, (A4)

a1 = 4πχq�

(1 + 4πχ )(λm + q)λm
, a2 = 1 + 2π�

λml2
0 (λm + q)(� − q)

, (A5)

b1 = 1 − 4πχq2

λm(1 + 4πχ )(λm + �)
, b2 = 2π

λml2
0 (λm + �)

(
1 + q2

�(� − q)

)
. (A6)

From the equation for H−, we can find H+ and H0. The equations for these quantities coincide with Eqs. (34) and (35), but
now the constant Jm takes the form

Jm = 1

2λml2
0

[
d1

q + λm

(
1 + q

q + �

)
+ d2

λm + �

(
1 + q2

�

1

q + �

)]
. (A7)

We also present the expression for the magnetization m(q, z), obtained from Eq. (28),

m(q, z) =
(

i[q · M(q)]

q
+ Mz(q)

){
χd1eqz

(
iq
q

+ n
)

− d2

4π
e�z

( iq
�

+ n
)

+ q

λm
eλmz

[
iq
q

(
d2

4π
− χd1

)
+ n

(
d2�

4πq
− χd1

)]}
.

(A8)

Now the field H− consists of two terms with different
transverse scales: 1/q and 1/�. The second scale appears only
in the nonlocal limit. Its appearance is associated with vol-
ume charges in the PM, which arise at an arbitrarily small l0
(div m 
= 0). The term with scale 1/� in Eq. (A3) disappears
in the local limit (l0 → 0). The local term (with a scale of
1/q) refers to the corresponding magnetization term (A8) as
1/χ . Since l0 ∼ 10−7–10−6 cm, then �δ � 1. In the nonlocal
limit, this provides the smallness of the H− penetration depth
into the substrate compared to the skin depth. All previously
obtained results for the local case remain valid but with the
replacement of Eq. (39) by Eq. (A7) for the constant Jm.
For ql0/2

√
π � 1 and ql0

√
χ � 1, we get the local limit

discussed in Sec. III.
Note the importance of taking into account the nonlocality

in the substrate. When T is close enough to the Tc, the con-
dition of ql0

√
χ � 1 is not satisfied any longer, and so, the

nonlocality is essential. Moreover, the factor of ql0 can be on
the order of unity.

APPENDIX B: QUALITATIVE EXPLANATION FOR THE
SW FREQUENCY NONRECIPROCITY IN THE FM/PM

AND FM/SC SYSTEMS

To explain the mechanism behind the SW frequency non-
reciprocity in the FM/PM(SC) system, we present a simplified
illustration of SW propagation in an FM film on PM and
SC substrates. As mentioned earlier, the rigorous treatments
can be found in Refs. [13,16]. It is assumed that the PM

and SC are ideal, that is, the tangential (for PM) or normal
(for SC) component of a magnetic field should vanish at
the boundary between the FM and the PM (SC). Figure 1
shows snapshots of spin waves that propagate along opposite
directions in FM/PM (a) and (c) and FM/SC (b) and (d). Such
spin waves, which we consider as magnetic dipoles whose
orientation is variable in space (shown by the solid arrows),
induce, respectively, different image dipole configurations in
PM (SC) (shown by the dashed arrows).

Let us compare the dipole energies in a spin-wave
propagating in FM/PM [Figs. 1(a) and 1(c)] and FM/SC
[Figs. 1(b) and 1(d)] for the cases +q and −q by considering
the pairwise interaction energies Eik between dipoles in FM
and their images in PM (SC), i.e.,

Eik = 2

r3
ik

(
μiμk − 3(rik · μi )(rik · μk )

r2
ik

)
, (B1)

where μi(k) is the i(k)th dipole moment (|μi(k)| = μ), rik is the
vector which connects the dipoles i and k. As seen from the
system symmetry, the interaction energies of dipoles 1, 2, …
and their own images, 1′, 2′, … as well as of dipoles inside
the film or their images inside the substrate (for example, 1
and 2, 1′, and 2′) are equal each to other in the cases +q and
−q. We see, however, that the interaction energies of dipoles
in FM and images in PM (SC) from other dipoles in FM (for
example, 1 and 2′, 2, and 1′) are different for +q and –q
directions. Indeed, this energy for dipoles 1 and 2′ (or 2 and
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1′) is the form

E±
12′ = 2μ2σ

r3
12′

[3 cos2(ζ ± ξ ) − 1], (B2)

where σ = 1 for FM/PM and σ = −1 for FM/SC, ζ is the
angle between the normal to the film plane, and r12′ , and ξ is
the angle between the moment orientation and the normal to

the film plane. In Eq. (B2), the indices + and − correspond to
+q and −q directions. Then the difference E+

12′ − E−
12′ is pro-

portional to −σ sin(2ξ )sin(2ζ ). Since 0 < ζ < π/2 and 0 <

ξ < π/2, we have that E+
12′ < E−

12′ for FM/PM and E+
12′ > E−

12′
for FM/SC. Similar results can be obtained by comparing the
energies of the remaining dipoles and images. Thus, panel 1
in Fig. 1 corresponds to preferable SW propagation, and these
directions are different for FM/PM and FM/SC.
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