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Charge-dipole and dipole-dipole interactions in two-dimensional materials
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We derive the explicit analytical form for the charge-dipole and dipole-dipole interactions in two-dimensional
(2D) configuration space. We demonstrate that the reduction of dimensionality can alter the charge-dipole and
dipole-dipole interactions in the 2D case. The asymptotics of these interactions at long distances coincide to
the charge-dipole and dipole-dipole interactions in three-dimensional configuration space. The obtained charge-
dipole and dipole-dipole interactions will find wide application and contribute to the advancement of research

on novel two-dimensional materials.
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In classical electrodynamics for description of the field
produced by a system of electric charges at long distances the
concepts of dipoles and multipole moments are very impor-
tant and well developed [1,2]. This approach is based on the
potential of a single charge in three-dimensional (3D) con-
figuration space. Ordinary matter is more or less uncharged,
but it is reach in pair of charges called dipoles. Dipoles are
building blocks of bulk dielectric and magnetic materials. Not
surprisingly, it turns out to be efficient mathematically to deal
with the dipole not as just a pair of individual positive and
negative charges.

In the past two decades, discoveries and studies of
two-dimensional (2D) materials have attracted a consider-
able interest. Atomically thin materials, such as graphene
and monolayer transition-metal dichalcogenides (TMDCs),
phosphorene, and Xenes (silicene, germanine, and stanene),
exhibit remarkable physical properties resulting from their
reduced dimensionality and crystal symmetry. The family
of semiconducting transition-metal dichalcogenides is an
especially promising platform for fundamental studies of
two-dimensional systems with potential applications in opto-
electronics and valleytronics due to their direct band gap in the
monolayer. The exciton is the simplest bound complex formed
by an electron in a conduction band and hole in a valence
band. The description of excitons, trions, and biexcitons in
2D material requires knowledge of electrostatic interaction in
reduced dimensionality.

The interaction of two charge particles in two-dimensional
space is studied in detail, and the analytical expression for
two-charged particle interaction is well known [3,4] and
widely used for the description of excitonic complexes in
2D materials (see reviews: Refs. [5-7]). In 3D configura-
tion space when charged particles interact via the Coulomb
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potential the corresponding charge-dipole and dipole-dipole
potentials are well known. In contrast, the influence of the
reduction of dimensionality on the charge-dipole and dipole-
dipole interactions in 2D configuration space has not yet been
investigated. We still lack the analytical expression for the
charge-dipole and dipole-dipole 2D interactions. Below we
derive the explicit analytical form for the charge-dipole and
dipole-dipole interactions in 2D space.

I. CHARGE-CHARGE INTERACTION
IN 2D CONFIGURATION SPACE

An interaction of two charged particles in the context of
thin semiconductor films was derived analytically by Ry-
tova [3] and a decade later by Keldysh [4], and it was shown
that the electron-hole interaction potential in a thin semicon-
ductor layer is not Coulombic. This potential describes the
interaction between two particles in a film of finite thickness
d and dielectric constant € and implies the intrinsic assump-
tion that the screening can be quantified by the dielectric
constant. Three decades later a strict 2D derivation of the
macroscopic screening derived by Keldysh as a limiting case
of a thin film was provided in Ref. [8]. This potential has
the same functional form as Refs. [3,4] but the macroscopic
screening in this case is quantified by the 2D polarizability.
Over the course of a decade the effective 2D potential has
been widely used to describe the electrostatic interaction of
few-body complexes, such as excitons, trions, and biexcitons
in monolayer transition-metal dichalcogenides, phosphorene,
and Xenes [7]. When a monolayer is encapsulated by di-
electrics, the effective electron-hole potential, which takes
into account screening due to the reduction of dimensionality
is given by [8,9]

V(R) — nkezH R Y R !
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In Eq. (1), k =9%x10° Nm?/C?, R = |R| is the magnitude
of the relative electron-hole separation, k = (€] + €;3)/2 de-
scribes the surrounding dielectric environment, where €; and
€, correspond to the dielectric constants of the materials above
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FIG. 1. Schematics for the charge-dipole and dipole-dipole inter-
actions in 2D configuration space.

and below the monolayer, Hy and Y, are the Struve and
Bessel functions of the second kind, respectively, and py is the
screening length, which has a different physical meaning than
in Ref. [4] even it has the dimension of a length. In the case of
atomically thin 2D materials encapsulated by dielectrics with
€)1 and €; the screening length is given by Refs. [8,9],

2 X
po = =22, ©)
K

where y,p is the 2D polarizability, which can be calculated
via ab initio methods or considered as a phenomenological pa-
rameter. In the strictly 2D limit of a polarizable semiconductor
in vacuum (€; = €, = 1), po = 27 x2p, Which is determined
by the polarizability x,p of the dielectric layer [8]. The in-
clusion of finite thickness effects in a 2D dielectric requires
a microscopic treatment of the screening (see, for example,
Ref. [10]). The screening length typically ranges from roughly
30 to 80 A [6]. The effective interaction potential (1) has
an asymptotic behavior ~1/R only at long distances between
the particles, that follows from Refs. [11,12]. This limit-
ing case corresponds to the Coulomb interaction unaffected
by the dielectric polarization of a 2D layer as most of the
electric-field lines between two distant charges go outside of
the 2D semiconductor. Interestingly enough, in this limiting
case two charges are interacting the same way as in vacuum.
At shorter distances the potential deviates strongly from the
usual 1/R form, and the dependence has a logarithmic behav-
ior ~In(2/r) — y [8,11,12], where y = 0.5772 - - - is Euler’s
constant.

Below we derive the explicit analytical form for the charge-
dipole and dipole-dipole interactions in 2D configuration
space. The starting point is the functional form (1) that does
not depend by the microscopic treatments of screening.

II. CHARGE-DIPOLE INTERACTION
IN 2D CONFIGURATION SPACE

Consider two opposite closely spaced charges in a mono-
layer that form a dipole with the dipole moment d = er and a
single charge placed at a distance R as shown in Fig. 1. The
point charge interacts with the dipole via the potential in the
functional form (1). In this case following notations in Fig. 1
for the charge-dipole interaction we have
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Here we use that Hj(x) = H_;(x) and Yj(x) = =Yi(x) =
Y_i(x) [11-13]. Using (6) and (7) Eq. (5) can be written as
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Consider the asymptotic of Vq(R) interaction when
R — oo. For the difference of H_;(x) — Y_;(x) when x — 00
we have [11,12,14]
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where we use I'(—1/2) = —2./7. Thus, one can conclude
that in 2D configuration space the charge-dipole interaction
has the form (9) that has the asymptotic (11).

Evidently, the charge-dipole potential goes like 1% at large
R and it falls off more rapidly than potential (1). For the
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charge-dipole interaction in 3D configuration space we have
well known expression,

keR-d
VER) = —— o

Here « = ¢ is the dielectric constant of the bulk material. We
can conclude that V4(R) in 2D and V 4(R) in 3D configura-
tion spaces, respectively, vary as R2 at large separation of the

12)

II1. DIPOLE-DIPOLE INTERACTION
IN 2D CONFIGURATION SPACE

Consider two dipole d; = er; and d, = er; interaction in
2D configuration space. One can consider a dipole-dipole
interaction as the interactions of positive and negative charges
of one dipole with the second dipole. Following notations
in Fig. 1 for a dipole-dipole interaction in 2D space we

charge and the dipole. have
|
R IR + rp|
Vaa(R) = Vig <—) + Ved( 2 ) (13)
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Using (9) for the charge-dipole interaction in Eq. (13), we have
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We focus on the second term in Eq. (14), which represents the second term in Eq. (13) For R > r, considering the terms linear

with respect to r», we have |R +r;| = R(1
and the second term in (14) becomes
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consider linear terms with respect to ry,
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When R > r; and R > r, by considering only terms linear with respect to r; and r, and using (16) and (17) finally, Eq. (15) can

be written as
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1(%)]. The latter expression allows to rewrite Eq. (18) as
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Replacing the second term in Eq. (14) by expression (19) we obtain the dipole-dipole interaction in 2D configuration space,

Vaa(R)
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Using Eq. (10) for v = —1 and v = —2 for the first and
second terms in Eq. (20), respectively, one can find the
asymptotic of the Vy4q(R) interaction when R — oo. The
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ﬁrst term in Eq. (20) has the following asymptotic behavior
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FIG. 2. Left panel: The ratios of effective 2D (1) and Coulomb potentials, charge-dipole interaction V.4 in 2D configuration space, and V.
for bulk materials and the second factors of the dipole-dipole interaction in a monolayer and bulk material. Calculations are performed for the
phosphorene and MoS;. Right panel: The universal dependence of the ratio of V.q/V.§ and V (R)/VC(R) on R/ py for any 2D material.

Combining the latter expressions we obtain
R-d)(R-dy)
R2
For comparison the dipole-dipole interaction in 3D configura-

tion space has the following form:

R-d)R-dy)
R2

k1
Vdd(R) R——;Z ;E[dl 'd2 -3 :| (21)

VER) = 1lg a3 (22)

dd = |t e ,
where k = € is the dielectric constant of the bulk material.
Thus, V4q(R) asymptotic coincides with the dipole-dipole in-
teraction in 3D configuration space where charges interact via
the Coulomb potential. In numerical calculations, we focus
only on freestanding phosphorene and monolayer MoS,. We
use for MoS, polarizability y,p = 6.6 A [9] obtained within
density functional theory and subsequent random-phase ap-
proximation calculations for TMDC monolayers. For the
phosphorene polarizabilty the value of x,p = 4.1 A [15] is
used. The right panel in Fig. 2 presents the ratio of charge-
dipole interaction potentials V.4(R) in phosphorene and MoS,
and Vd(R) in the same bulk materials. The values of the
negative order Struve H_ 1( ) and Bessel Y_ 1( ) functions
were evaluated with the in- bllllt codes in Mathematzca There
are five distinguished features: (i) The value of V4(R) is
bigger than the value of Vﬁ(R); (ii) at short distances V.q(R)
falls more slowly than the Coulomb potential induced charge-
dipole interaction in the same bulk material; (iii) at short
distances the slope of the ratio fall demonstrate the sensitivity
of V.q(R) to the 2D polarizability and dependence on the ratio
of dielectric constant of the bulk material and the polarizabil-
ity of monolayer; (v) the asymptotic of the ratio is the value
of the dielectric constant of the bulk material. This means that
when R — oo the charge-dipole interaction in a monolayer is
the same as in vacuum.

Both dipole-dipole interactions (20) and (22) have two
terms: One is proportional to d; - d, and the other one is
proportional to (R-d;)(R-d;). The comparison of factors
in front of d; - d, shows that their ratio has the same de-
pendence as the ratio Vq /Vccd. The ratios of factors in front

of (R-d;)(R-d;) for phosphorene and MoS; are shown in
Fig. 2. These ratios are smaller than V4 /chi and demonstrate
the same features as that are listed above for V.4 /V§. However,
the ratios fall more smoothly than V.4/ Vcﬁ As is seen from
Fig. 2V /VC > Vq/V§ > Via/V and all ratios converging to
the dielectric constant of bulk materials. At short distances
V/VC increases more rapidly than Veq/V§ and Ve/VY in-
creases faster than the second term of Vyq/ Vdd. Interestingly
enough, the ratio,

H_j(x) = Y_;(x)

V/VEe] =
/vl Hy(x) — Yo(x)

where x = —
00
(23)
shows the universality in its dependence on pﬁ that is the same
for any monolayer material. This ratio we named as a scaled
ratio that is the ratio of V,4(R) scaled to the corresponding
ch (R) and V (R) scaled to the Coulomb potential. The depen-
dence of this ratio on R/ py is shown in the right panel in Fig. 2.
Concluding remarks. In this Letter we study the influ-
ence of the reduction of dimensionality on the charge-dipole
and dipole-dipole interactions in 2D configuration space. We
demonstrate that the screened nature of Coulomb interaction
imposes peculiarities in the 2D charge-dipole and dipole-
dipole interactions behavior. The analytical expression for the
charge-dipole and dipole-dipole interactions in 2D configura-
tion space is derived. These charge-dipole and dipole-dipole
interactions will find wide application in studies of 2D mate-
rials and contribute to the advancement of research on novel
two-dimensional materials. Recently, a new potential form
for the electron-hole interaction, which takes into account the
three atomic sheets that compose a monolayer of transition-
metal dichalcogenides was derived [16]. Without losing any
generality our approach can be extended for this form of the
potential.

[Vea/VS]

ACKNOWLEDGMENT

This work is supported by the U.S. Department of Defense
under Grant No. WO11NF1810433.

205416-4



CHARGE-DIPOLE AND DIPOLE-DIPOLE INTERACTIONS ...

PHYSICAL REVIEW B 105, 205416 (2022)

[1] L. D. Landau and I. M. Lifshitz, The Classical Theory of Fields,
4th revised English ed. (Butterworth-Heiemann, New York,
1994).

[2] J. D. Jackson, Classical Electrodynamics, 3rd ed. (Wiley,
New York, 1998).

[3] N. S. Rytova, Screened potential of a point charge in a
thin film., Proc. MSU Phys., Astron. 3, 30 (1967). See also
arXiv:1806.00976 for its recent translation into English.

[4] L. V. Keldysh, Coulomb interaction in thin semiconductor and
semimetal films, JETP Lett. 29, 658 (1979).

[5] A. Kormanyos, G. Burkard, M. Gmitra, J. Fabian, V. Z
Slyomi, N. D. Drummond, and V. Fal’ko, k - p theory for two-
dimensional transition metal dichalcogenide semiconductors,
2D Mater. 2, 022001 (2015).

[6] G. Wang, A. Chernikov, M. M. Glazov, T. F. Heinz, X. Marie,
T. Amand, and B. Urbaszek, Excitons in atomically thin tran-
sition metal dichalcogenides, Rev. Mod. Phys. 90, 021001
(2018).

[71 R. Y. Kezerashvili, Few-body systems in condensed matter
physics, Few Body Syst. 60, 52 (2019).

[8] P. Cudazzo, 1. V. Tokatly, and A. Rubio, Dielectric screening
in two-dimensional insulators: Implications for excitonic and
impurity states in graphene, Phys. Rev. B 84, 085406 (2011).

[9] T. C. Berkelbach, M. S. Hybertsen, and D. R. Reichman, Theory
of neutral and charged excitons in monolayer transition metal
dichalcogenides, Phys. Rev. B 88, 045318 (2013).

[10] S. Latini, T. Olsen, and K. S. Thygesen, Excitons in van
derWaals heterostructures: The important role of dielectric
screening, Phys. Rev. B 92, 245123 (2015).

[11] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series,
and Products, 7th ed. (Elsevier, Amsterdam, 2007).

[12] Handbook of Mathematical Functions With Formulas, Graphs,
and Mathematical Tables, edited by M. Abramowitz and 1. A.
Stegun, NBS Applied Mathematics Series 55 (National Bureau
of Standards, Washington, D.C., 1964).

[13] NIST Handbook of Mathematical Functions, edited by F. W. J.
Olver, D. W. Lozier, R. F. Boisvert, and C. W. Clark (Cambridge
University Press, Cambridge, UK 2010).

[14] R. B. Paris, The asymptotics of the Struve function H (z) for
large complex order and argument, arXiv:1510.05110.

[15] A. S. Rodin, A. Carvalho, and A. H. Castro Neto, Excitons in
anisotropic two-dimetional semiconducting crystals, Phys. Rev.
B 90, 075429 (2014).

[16] D. V. Tuan, M. Yang, and H. Dery, The Coulomb interaction in
monolayer transition-metal dichalcogenides, Phys. Rev. B 98,
125308 (2018).

205416-5


http://arxiv.org/abs/arXiv:1806.00976
https://doi.org/10.1088/2053-1583/2/2/022001
https://doi.org/10.1103/RevModPhys.90.021001
https://doi.org/10.1007/s00601-019-1520-1
https://doi.org/10.1103/PhysRevB.84.085406
https://doi.org/10.1103/PhysRevB.88.045318
https://doi.org/10.1103/PhysRevB.92.245123
http://arxiv.org/abs/arXiv:1510.05110
https://doi.org/10.1103/PhysRevB.90.075429
https://doi.org/10.1103/PhysRevB.98.125308

