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Symmetry fractionalization on topological excitations is one of the most remarkable quantum phenomena in
topological orders with symmetry, i.e., symmetry-enriched topological phases. While much progress has been
theoretically and experimentally made in two dimensions (2D), the understanding on symmetry fractionalization
in 3D is far from complete. A long-standing challenge is to understand symmetry fractionalization on looplike
topological excitations, which are spatially extended objects. In this paper, we construct a powerful topological-
field-theoretical framework approach for 3D topological orders, which leads to a systematic characterization and
classification of symmetry fractionalization. For systems with Abelian gauge groups (G,) and Abelian symmetry
groups (G;), we successfully establish equivalence classes that lead to a finite number of patterns of symmetry
fractionalization, although there are notoriously infinite number of Lagrangian-descriptions of the system. Based
on this, we compute topologically distinct types of fractional symmetry charges carried by particles. Then, for
each type, we compute topologically distinct statistical phases of braiding processes among loop excitations
and external symmetry fluxes. As a result, we are able to unambiguously list all physical observables for
each pattern of symmetry fractionalization. We present detailed calculations on many concrete examples. As
an example, we find that the symmetry fractionalization in an untwisted Z, x Z, topological order with Z,
symmetry is classified by (Z»)° @ (Z2)* ® (Z,)> ® (Z,)>. If the topological order is twisted, the classification
reduces to (Z,)® in which particle excitations always carry integer charge. Inspired by the field-theoretical
analysis, we find that our classification of symmetry fractionalization with twist @ can be formally organized
into an algebraic formalism: @W 7—[4(Gg »y; Gy, U(1))/T,(v;), where anomaly-free symmetry fractionalization
on particles v; € H? (G;, G,). Despite the lack of detailed dependence of I',(v;) on w and v;, the present

non
field-theoretical approach allows us to efficiently calculate and understand I, (v;). Several future directions are

presented at the end of this paper.
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I. INTRODUCTION
A. Research background

Symmetry fractionalization (SF)! is a remarkable quantum
phenomenon arising from the interplay of global symmetry
and topology in strongly correlated systems [1-4]. For ex-
ample, in the superconductivity theory of doped cuprates [3],
electrons are fractionalized into holons and spinons carrying
charge and spin respectively, which behave differently from
electrons. Especially, the fractional quantum Hall systems
[5] as typical topological phases of matter, support fractional
charge excitations called anyons, which has been experimen-
tally observed [6—10]. On the other hand, in quantum spin
liquids [11-13], the spinon excitations carry half-spin quan-
tum numbers, in contrast to spin-integer magnon excitations
in magnetically ordered materials. Such kind of symmetric
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topological orders is often referred to as “symmetry-enriched
topological phases (SET)” [14]. The patterns of symmetry
fractionalization in SET phases, as illustrated in above exam-
ples, are important for both theoretical and experimental sides.
Intuitively, the existence of symmetry fractionalization on
particles can be encoded, indirectly, by the Aharonov-Bohm
(AB) phase €% of braiding a particle carrying fractional
charge around a U (1) symmetry flux. If g takes integer, the
resulting phase is said to be trivial and can be used to establish
equivalence relations for fractional parts of g. This AB phase
counting motivates us to transform the problem of SF into
the problem of braiding statistics of underlying topological
excitations in the presence of external symmetry fluxes. In
fact, we will use this mixed braiding statistics involving both
topological excitations and external symmetry fluxes to effi-
ciently study SF in the present paper.

One of the key tasks in the study of SET phases is to
understand how global symmetry acts on topological exci-
tations in a self-consistent fashion. In an anomaly-free SET,
global symmetry transformations on the whole spectrum are
compatible with full data of topological order. Otherwise,
the constructed SET is said to be anomalous, which might

©2022 American Physical Society
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be realizable on the boundary of some higher dimensional
topological phases including symmetry-protected topological
phases (SPTs) [15,16]. For example, the surface of bosonic
topological insulators [i.e., 3D bosonic SPT with U (1) and
time-reversal symmetry] supports a Z, topological order with
unbroken symmetry, such that both e anyon and m anyon
carry half-quantized electric charge. Such a symmetric 2D
topological order can exist as a surface state [17-24].

Since 1D gapped phases do not admit topological order
[25], SET phases only exist in two or higher dimensions. 2D
SETs and the associated SF have been studied from various
theoretical approaches [1,2,26-36]. From group-theoretical
point of view, one of the key points in 2D SET phases is that
anyonic excitations can catry projective representations of the
symmetry group of the system. The product of two projective
representations may result in a linear representation, which
is consistent with the following two facts (i) anyons must be
created in pairs and (ii) the whole many-body wavefunction
must transform linearly under symmetry transformations. Fur-
thermore, one needs to consider the situations that symmetry
may permute different types of anyons and that some patterns
of symmetry fractionalization may have anomaly. Sometimes,
the permutation invariance among anyons is called “any-
onic/topological symmetry” in the literature. To elaborate,
symmetry enrichment of 2D topological orders involves three
aspects:

(i) permutation of superselection sectors under symmetry
transformations;

(i) symmetry fractionalization of topological excitations;
and

(iii) stacking with nontrivial SPT layers.

In more sophisticated situations, nontrivial permutation
among different topological excitations would make it hard
to define projective representation of symmetry group. A
systematic framework called “G* tensor category” for 2D
bosonic SET is established [31], which is related to the math-
ematical framework in Ref. [37]. The authors in Refs. [35,36]
proposed a general framework for 2D fermionic SETs, which
is the so-called modular extension of unitary fusion category.
It is equivalent to the “G* tensor category” when 2D bosonic
SETs are considered. Very recently, frameworks of physical
characterization and classification for 2D fermionic SETs are
established in Ref. [38—42]. For more about 2D SF, we suggest
the review article [1].

In 3D or higher dimensions, quantum statistics of par-
ticles is less interesting compared to 2D: Anyons do not
exist [43,44] and mutual statistics among particles is trivial.
Nevertheless, topological excitations with spatially extended
shapes emerge in the low-energy physics. As a result, braiding
data become far more fruitful and complicated [45-51]. In
the long-wavelength limit, such spatially extended objects
geometrically form closed manifolds,> such as loops® and

2As a side note, non-manifold-like excitations [52,53] are found
in a class of exactly solvable models that exhibit exotic fracton-
topological order.

3In this paper, we use “loop excitations™ rather than “string ex-
citations” although the latter are also popular in the literature.
Furthermore, “particle excitations” and “loop excitations™ are also

membranes. For example, 3D toric code model is the simplest
toy model exhibiting 3D topological order, where topologi-
cal excitations include a particle carrying Z, gauge charge
and a loop carrying Z, gauge flux. In the literature, some
concrete examples of 3D SETs have been studied [23,54—
61]. For instance, 3D fractional topological insulators in both
bosonic and fermionic systems [55-65] are typical 3D SETs
in which time-reversal symmetry plays a critical role and
the axion angle is quantized at fractional but time-reversal
invariant value. One generalization of the anyonic symmetry
to 3D SET phases was discussed in Ref. [58], which are
dubbed charge-loop excitation symmetry. Anomalous SETs in
3D were considered in Ref. [66,67] and surface theory of 3D
SETs was partially studied in Ref. [23,60]. In Refs. [68,69],
the authors relate symmetric properties of loop excitations
to properties of specific lower-dimensional topological sys-
tems. Reference [70] constructed many local bosonic models
in 3D, which can realize various types of simplest topo-
logical orders with time-reversal symmetry. In Ref. [71],
the authors initiate the field-theoretical line of thinking to
study SET physics, especially emphasizing the critical role of
symmetry-enriched gauge theories. Very recently, two formal
frameworks based on higher-form symmetry and spectral se-
quences in Refs. [72,73] are proposed to classify symmetry
enriched gauge theories and SET phases.

Despite the above progresses, the theoretical study of 3D
SET phases is far from complete and satisfactory, as com-
pared with the aforementioned triumph in 2D SET phases. In
higher-dimensional topological orders, one may ask how to
systematically classify SF on spatially extended topological
excitations. And, what are relevant physical observables re-
sponsible for such kind of SF phenomena? For example, one
may wonder rigorously how many distinct phases are there
when Z, topological order is enriched by Z, symmetry? And,
how can we distinguish them via physical observables of ei-
ther realistic experiments or thought experiments? And more
seriously, what is meaning of SF on Z, gauge fluxes (i.e., Z»
loop excitations)? Motivated by these questions, in the present
paper, based on previous efforts, we attempt to complete the
construction of a systematic field-theoretical description of
3D SET phases for the purpose of physical characterization
and systematic classification of patterns of symmetry frac-
tionalization in 3D topological orders. Specially, attentions
will be paid to loop excitations, which are entirely absent
in lower dimensions. Inspired by the AB phase counting
picture mentioned at the very beginning of this paper, we
expect braiding statistics in the presence of external symmetry
fluxes will be a very important way to characterize SF on
loops.

B. Synopsis and summary of key findings

In this paper, we consider systems with discrete global
symmetry and Abelian topological order described by topo-
logical quantum field theories (TQFTs) [74], where both the
symmetry group G, and the gauge group G, are Abelian.

frequently simplified as “particles” and “loops” unless otherwise
specified.
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TABLE I. Classification of symmetry fractionalization. We use
gauge group G, and “twist” to determine a topological order. n =
1,2,.... Zy topological order is always untwisted, so we denote
the twist as —. We use a pair of integers (coefficients of two lin-
early independent twisted topological terms) to label a twist. If
both integers vanish, the term is untwisted. The classification is
expressed as C; @ C, @ - -+, where i = 1,2, ... of C; label the ith
type of SFP (symmetry fractionalization on particles). Within a given
type i, C; corresponds to the classification of SFL (symmetry frac-
tionalization on loops). @ denotes a summation over topologically
distinct types of SFP. We organize SFP types such that the less
“fractionalized” SFP comes first. That is, C; always denotes the SFL
classification when SFP is trivial. The symbol “(Z,)"” is defined
as (Z,)"=7Z, x Z,---7Z,, where m denotes the number of Z,’s
repeated in the direct product. The symbol “k(Z,)"” is defined as:
k(Z,)" = (Z,)" & (Z,)" & --- & (Z,)", where k denotes the num-
ber of (Z,)"’s repeated in the summation. For example, when gauge
group G, = Z, and symmetry group G, = Z», the classification is
given by Z, x Z, @ Z, i.e., 22 + 1 = 5 distinct patterns of symme-
try fractionalization and thus distinct SET phases. If e particle (i.e.,
the particle with unit Z, gauge charge) carries integer symmetry
charge, the classification of SFL on the unit Z, gauge flux (i.e.,
elementary loop excitation denoted as X) is Z, x Z, = (Z»)?, (i.e.,
four different classes that form a cyclic group); if e particle carries
one-half symmetry charge, the classification result is Z, (i.e., only
the trivial one). For G, = Z, x Z,, there are four different twisted
terms labeled by (0,0), (2,0), (0,2), and (2,2). The corresponding
topological orders are denoted by TO;, TO,, TO3, and TO,. But the
difference between TO, and TO; is trivial as they are changed to
each other upon switching two Z, gauge subgroups. For this reason,
in this table, we only preserve (2,0). Each SET phase is characterized
by a set of physical observables, which are shown in Tables II, III,
and IV.

Gauge Symmetry

group G, Twist group G; Classification

Z Zop+1 Z

Z Loy (Z,) & 7,

Z, Zign X L (2, ®ZLr &L ® Ly

Ly Ly (Z4) ' ® 7,07, D7,y

Loy X I 0,0 Loy (Z2)° ® (Z2) & (Z,)* ® (Z,)?
Ly x 7 2,0 Ly (Zz)6

Zo X I (2,2) Zyn (Z,)°

We develop a step-by-step way to compute SFP (symmetry
fractionalization on particles) and SFL (symmetry fractional-
ization on loops), which eventually renders a classification of
SF patterns. The classification is complete within the present
field-theoretical framework.

The classification is illustrated in Table I via several typical
examples. Each 3D topological order is labeled by two input
data: a gauge group G, and a cocycle w € ’H4(Gg, U(1)).4
Each cocycle, in our field-theoretical formalism, is uniquely

4Some technical description of such bosonic 3D topological order
can be found in the literature see, e.g., Refs. [75,76]. Appendix B also
provides useful information. But if taking Borromean rings braiding
into account, there are more types of 3D topological order [48,49]
which will not be considered in this work.

represented by a twisted topological term (i.e., twist in Ta-
ble I). It should be noted that the trivial element in the
classification means SET with trivial SF or SF-trivial SET.
The SF-trivial SET for a G, topological order with a twist @
and a symmetry G; can be viewed as stacking a G, SPT on
top of a G, topological order with a twist w. In contrast, an
SET with trivial symmetry enrichment is a concept with much
stronger constraints, where the following aspects are required
to be simultaneously trivial: permutation among excitations,
SFP, SFL, and stacked SPTs. Therefore, the classification we
obtain in Table I is the classification of patterns of symmetry
fractionalization, which is an important building block of the
final SET classification.

Patterns of symmetry fractionalization in an SET phase are
composed by the patterns of SFP and SFL. These data, as
classified in Table I, are physically explained in Tables II, III,
and IV for various representative combinations of G, and G,.
To characterize SFP, one can braid particle excitations around
externally inserted symmetry fluxes and collect all inequiv-
alent braiding phases. The resulting braiding phases in turn
reflect how symmetry charge is fractionalized on particle exci-
tations with nontrivial gauge charges. Among all types of SFP,
we also carefully exclude anomalous types. The patterns of
anomaly-free SFP are shown in the first columns in Tables II,
III, and IV. To characterize SFL that is much more complex
than SFP, we compute a set of physical observables, which we
dub “mixed three loop braiding” (M3L) statistical phases. We
study the quantization rules and periods of all M3L statistical
phases, which are utilized to characterize and classify SFL
when SFP is specified. The patterns of SFL for any given SFP
are listed in the main body of Tables II, III, and IV, which are
physical observables of symmetry fractionalization.

In summary, the key findings of the present paper can be
summarized into the following aspects:

(i) A systematic field-theoretical framework is finally es-
tablished for SF patterns of SET phases with Abelian gauge
groups and Abelian symmetry groups. Several technical dif-
ficulties are solved. Especially, among infinite number of
Lagrangians, we figure out equivalence relations, which give
rise to a finite number of equivalence classes;

(ii) The characterization of SFP and especially SFL is pro-
vided. Physical observables are constructed to unambiguously
label SETs with distinct SF patterns;

(iii) We find many exotic SET phases with nontrivial SFP
and SFL. For example, we find an SET phase with Z, sym-
metric Z4 topological order where both SFP and SFL are
nontrivial, i.e., gauge charge carries one half Z, symmetry
charge and nontrivial M3L statistics 6,.x = 7 /8, as shown in
Table II. We also find many exotic SET phases with the Z,
symmetric twisted Z, x Z, topological orders, in which there
are (Z,)® classes with different types of SFL even though
their particle excitations carry integer charges, as shown in
Table III. For Z, x Z, symmetric Z, topological order, there
is an exotic SET phase where gauge charge carries nontrivial
SFP (either eCO, eOC or eCC) and the SFL are characterized
by M3L statistics involving both two symmetry flux defects
and flux loop excitation, as shown in Table I'V;

(iv) Within the present field-theoretical framework, a com-
plete classification of SF is naturally obtained, some of which
are collected in Table I;

205137-3



NING, LIU, AND YE PHYSICAL REVIEW B 105, 205137 (2022)

TABLEII. Z, topological order with Z,4 symmetry. In this case, G, = G; = Zj4. In the column of SFP, e denotes the particle excitation that
carries unit gauge charge of G, gauge group. The symbols “e0”, “eC”, “eQ.” mean that e carries integer, half-integer, :I:% symmetry charge
of Z, symmetry group, respectively. For each given SFP, we can characterize SFL via a set of M3L statistical phases (denoted by 6 ) that
are uniquely determined by linearly independent integers with proper periods (i.e., pi, pa2, ...). £ denotes the elementary loop excitation that
carries unit G, gauge flux. o denotes the unit quantized G, symmetry flux. 6,, denotes an M3L (Mixed 3-Loop) statistical phase of the M3L
braiding process: loop like object a (either loop excitation or symmetry flux) is braided around b both of which are linked to c. If @ and b are
identical, the braiding process, e.g., 6, is the exchanging phase upon exchanging two identical looplike objects denoted as a, both of which
are linked to c. The periods indicate the minimal trivial values of the M3L statistical phases. Two values of a given M3L statistical phase are
said to be equivalent if they differ by a period. The classification is given by (Z4)> ® Z, @ 27Z,, which is also summarized in Table I. The
exposition of technical details of this table is present in Sec. IV.

Characterizing SFL by M3L statistical phases

SFP 02,0;0 00,0;2 90;2 GG,E;): 92_2;0 9);;0 Classification

e0 value: 3 pi/8 wpi /4 Tp1/8 3w p,/8 Ty /4 Tp2/8 D1 € Ly, pr € Ly
periods: /2 /2 /2 /2 /2 /2

eC value: mp3/8 0 T p3/8 0 0 T ps/4 p3s €7,
periods: /4 /4 /4 /4 /2 /2

eQ. oreQ_ value: 0 0 0 0 0 0 7y
periods: /8 /8 /8 /8 /2 /2

(v) Inspired by the present field-theoretical framework,
the underlying algebraic structure of SF patterns is briefly
discussed, which leads to several stimulating questions.

transformations and symmetry transformations are mutually
compatible. In TQFT, to detect symmetry fractionalization,
one can externally insert symmetry fluxes such that braiding

statistical phases among topological excitations (both parti-
cles and loops) and symmetry fluxes can be used to describe
the interplay of symmetry and topological order. Then, by
computing all braiding data via TQFT, one can characterize
and classify SF patterns of SET phases.

In this paper, we first exhaust all types of SFP via field-
theoretical calculation on braiding of particle and symmetry
flux, which can be done as long as gauge group G, and
symmetry group G, are given. This calculation is conducted
in Sec. II. Several technical difficulties, e.g., treatment on

C. Technical aspects and outline

Below we elaborate the key technical steps of our calcu-
lations. The low-energy effective field theory of topological
order is TQFT [74]. Therefore, what we have explored is
essentially the interplay of TQFT and global symmetry. More
specifically, if a topological order is described by TQFT
of some gauge group, the existence of anomaly-free SETs
necessarily enforces stringent conditions such that gauge

TABLE III. Z, x Z, topological orders with Z, symmetry. In this case, G, = Zy, x Zy, and G; = Z, with N; = N, = 2. In the column
of SFP, ¢; denotes the particle excitation that carries unit gauge charge of Zy, gauge subgroup. The symbols “e;0” and “e;C” mean that e,
carries integer and half-integer symmetry charge of Z, symmetry group, respectively. For each given SFP, we can characterize SFL via a set
of M3L statistical phases (denoted by 6. ) that are uniquely determined by linearly independent Z, integers (i.e., pi, pa, - .., p12). &' denotes
an elementary loop excitation that carries unit gauge flux of Zy, gauge subgroup. We note that there are four topological orders with the same
gauge group Z, X Z, (two of them are actually identical; see the caption of Table I). The last column specifies topological orders that can, in
an anomaly-free way, realize the SFP and SFL in the same row. We also note that for the first row, i.e., ;0e;0, the (Z,)® classification for SFL
can be realized by all Z, x Z, topological orders while the other three rows can only be realized by TOy, i.e., untwisted topological order.
Therefore, as shown in Table I, the classification for untwisted TO; is (Z,)° @ 3(Z,)? while for twisted one, it is (Z,)® only. The exposition of
technical details of this table is present in Sec. V. For saving space, this table does not include 051 51.,, 052 52,5, 0, 551 05 452, all of which
are vanishing up to proper periods.

Characterizing SFL by M3L statistical phases

SFP 921‘0;{, 9(,;)31 9{,‘21;):1 9):1;(, 922‘(,;,, 9,,;):2 9{,122;22 9):2;(, Qm):z;):l szyzl;a 9{,‘21;22 Classification TO
. ks pr Ji2ks Ji2ks 3 3z 2% 2% s P67 (Ps+pe)m 6
00  value:  BEBEARBROBR BRSO EE A B B S (pr.pe) € (Z2) allTO,
periods: 7w b4 b/ b/ b/ T b/ b/ T b4 b/
€1C€20 value: 0 0 0 0 % % 0 % 0 % 0 (p7, pg) € (Zz)z T01
iods: z T z z T z T z
periods: 3 3 3 b4 3 3 3 b4 3 b4 3
610€2C value: % % 0 % 0 0 0 0 0 % 0 (pg, plO) € (Zz)z TO]
iods: z T z z T z T z
periods: 3 3 3 b4 3 3 3 b4 3 b4 3
. purw pum P2 pumw pum (p11t+p12)7 purw 2
elCezC value: li lzi 0 122 1‘: lzi 0 1 B 12 0 121 0 (Pll, plZ) € (Zz) T01
iods: z T z z T z b z
periods: 3 5 5 T 3 5 3 T 3 T 5
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TABLE 1V. Z, topological order with Z, x Z, symmetry. In this case, G, = Z, and G, = Zg, x Zg, with K; = K, = 2. The symbols
“e0” and “eC” mean that e carries integer and half-integer symmetry charge of one of the two Z, symmetry groups, respectively. o’ (i = 1, 2)
denotes a unit symmetry flux of Zg, symmetry subgroup. o'? is a composite of o' and o2 as a result of fusion process. For each given SFP,
we can characterize SFL via a set of M3L statistical phases (denoted by 6_) that are uniquely determined by linearly independent Z, integers

@i.e., p1, p2, - - -, P9). The exposition of technical details of this table is present in Sec. VI.
Characterizing SFL by M3L statistical phases

SFP 9,,1’2;2 921,,1 9):’(.,1:“1 9(,1;): 952’):;2 92102 szﬂz;az 902;2 9):'(,2;(,1 90.2’0.1;2 92_51;52 ‘92,012;01 92012;,,2 Classification
periods: w b4 b4 b4 b4 b4 b4 b4 b4 b4 b4 b4 b4

eCO value: 0 0 0 0 0 0 0 0 o 0 0 0 0 p1€Z,
periods: % b4 Z 7 b4 b4 b4 b4 b4 Z 7 Z 7

e0C  value: 0 0 0 0 0 0 0 0 0 0 o 0 0 ps €7,
periods: 7w b4 b4 bid Z b4 Z 7 Z Z b4 Z 7

eCC value: 0 0 0 0 0 0 0 0 0 0 0 =r =z po € 7y
periods: 7 b4 Z 7 Z b4 Z 7 z Z 7 b4 b4

infinite number of possible “charge matrices”, are success-
fully solved. We note that, some of SFP types found in this
section are essentially anomalous when G,-topological order
is twisted.

Then, for a given type of SFP, we exhaust all types of SFL.
via field-theoretical calculation on M3L statistical phases,
as shown in Sec. III. M3L statistical phases are closely re-
lated to the so-called three-loop braiding statistical phases
where “three loops” are really three loop excitations [45].
But, in an M3L process, “three loops” means a mixture of
loop excitations and external symmetry fluxes. The latter are
geometrically looplike too. Even though it might be concep-
tually straightforward to shift from three-loop braiding to the
M3L braiding, it is very challenging to formulate them in a
precise and significant manner. For example, how many M3L
statistical phases should we take into account for a certain
symmetry, given a 3D topological order? What are the equiva-
lence relations among M3L statistical phases affected by both
gauge group and symmetry group? What are the quantization
rules, linear dependence, and periods of these M3L statistical
phases?

To address these questions, we realize that these M3L
statistical phases are closely related to a set of invariants,
which we dub M3L invariants as shown in Table V of Sec. III.
The M3L invariants are expressed in the spacetime manifolds,
from which we can determine the M3L statistical phases,
similar to the fact that the Hopf link invariants in (2 + 1)D
spacetime can determine mutual statistics of anyons in 2D
topological orders. All these M3L invariants can be derived
from TQFTs with certain twisted topological terms, which
provides a platform for systematic study of M3L invariants
and M3L statistical phases. We expect the present framework
we adopt is universal enough to capture the most general M3L
statistical phases for the cases we consider in this paper. We
also believe this framework can be generalized to study more
complicated cases.

The remainder of this paper is organized as follows:

(i) In Sec. II, we discuss symmetry fractionalization on
particles (SFP). In Sec. IT A, we review TQFT description
of 3D topological order with symmetry, where several rel-
evant terminologies are introduced. Appendix B is relevant

to this subsection. In Sec. IIB, we study SFP from the
field-theoretical viewpoint, where we especially discuss the
reduction of charge matrices. Appendix C is relevant to this
subsection. And, several frequently used abbreviations and
concepts are collected in Appendix A.

(i) In Sec. III, we systematically discuss symmetry frac-
tionalization on loops (SFL). In Sec. IIT A, we study the
quantization and periods of coefficients of twisted terms,
which will be useful in the discussion of SFL. Appendix D
is relevant to this subsection. In Sec. III B, we introduce
M3L braiding, M3L invariants, and M3L statistical phases.
Appendix E is relevant to this subsection. In Sec. IIIC,
we present the general steps for computing characterization
and classification of SFL. In Sec. III D, anomalous SETSs
are discussed. In Sec. IIIE, we discuss the classification
from the algebraic viewpoint. Appendix F is relevant to this
subsection.

(iii) Starting from Sec. IV, we present three typical ex-
amples to demonstrate how to classify and characterize SET
phases. In Sec. IV, we study symmetry fractionalization in
untwisted topological orders, by taking Z, topological order
enriched by Z4 symmetry as an example. Appendix G is
relevant to this section. In Sec. V, we study symmetry frac-
tionalization in topological orders that can be either untwisted
or twisted. We take Z, x Z, topological orders enriched by
Z, symmetry as an example. Appendices H and I are relevant
to this section. Section VI is devoted to topological orders
with multi Zg symmetry subgroups where interplay of two
symmetry subgroups play a critical role. We take Z, topo-
logical order enriched by Z, x Z, symmetry as an example.
Appendix J is relevant to this section.

(iv) We conclude the paper in Sec. VII with several future
directions.

II. SYMMETRY FRACTIONALIZATION ON PARTICLES

Here we warm up with some preliminary steps, including
how to implement the global symmetry, and how to classify
SFP. In order to detect SF, we turn on the external probe fields
and minimally couple them to the conserved currents written
in terms of gauge fields. The coupling coefficients are integer-
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TABLE V. List of M3L invariants when gauge group and sym-
metry group are given. Once the quantized values and periods of
M3L invariants (i.e., Z ) are computed, the quantized values of M3L
statistical phases (i.e., 6_) can be fixed from the fourth column.
In addition to the periods of M3L invariants, the periods of M3L
statistical phases are also affected by “particle attachment”. The
final periods are fixed by both factors. More details are available in
Sec. I C.

M3L
G, G, invariants M3L statistical phases
ZN ZK Iaaa 90;}: = _‘92.0;0 = 27TI{£ONJ
90,0;2 =47 Lone
Iotaa 92;0 = _95,2;2 = 27-[Iocaa
92.}:;0 = 47TIocaa
Zy, x Ly,  Ix Towa  Opgt = 51y = 2700
‘9(7,{7;21 = 47TIaOtOt
Zbaa (9):1;0 = —90.):1;:1 = ZJTIMW
Osi 51 = 41T an
Iaaa 0{7;22 = _922,010 = anbO(Ot
90.0;22 = 47 Lpoo
Iozbb 922;0 = —00’):2;22 = 27‘[:[0,1,},
Os2 525 = 4Ly
Loab 95,22;21 =27 (Lave — Lawat)
Iahn 02'{2‘ o 2w (Iotah + IDthﬂ)
Iaboc 9(7,21;22 = _zn(zotba + Iaba)
Zn Zi, x Tk,  Tuww Ot = —0p1 5.3 = 27T
9):‘2;(11 = 47TIaua
Iﬁaa 92;02 = _952,2;2 = ZﬂIﬁau

Os 5,02 = 4 Lgaq
Iaotoz 9(71;2 = _9):,171;2 = ZnIuozoc
901‘0;): = 4711-0,(“1
Lapp Oo2,s = =05 52,5 = 21 Lupp
9,,2’”;): = 47TIa/3/3
Iaaﬁ 92,02;01 =2r (Iaﬁa +Iaaﬁ)
Iﬁaa 902,01;2 = zn(Iaaﬂ - I/Saoz)
Iaﬂa 951,2;02 =2m (Iﬂaa - Iocﬁu)

valued and form a so-called charge matrix. In this paper, we
only consider the Abelian SFP: Particles (gauge charges) carry
one-dimensional irreducible projective representations of the
symmetry group. Higher-dimensional projective representa-
tions carried by gauge charges are beyond the scope of the
present paper and will be left for future study.

A. Topological actions and implementation
of global symmetry

The 3D topological orders we consider here are bosonic
and Abelian, which can be described by topological BF gauge
theories [19,45-49,66,76-86] whose action take the form of?

Niio i dijk i j1 k
S:/Ebda +/maa-’da D

3We neglect the wedge product symbol A for simplifying formulas.
It should also be noted that, if explicitly writing spacetime indices,
there is an additional 1 prefactor for each bida’ since b is of 2-form,
which results in iv—];.

with gauge group G, = []’_, Zy, where repeated indices are
summed implicitly. The first term is a set of BF terms that
describe charge-loop braiding processes. The second term,
which we denote by S, can be regarded as interaction be-
tween gauge fields. S, is a set of twisted terms that describe
three-loop braiding processes [45]. One can also add some
trivial layers corresponding to level-1 gauge fields® [i.e., N; =
1 in action (1)] to the system, which does not affect the
topological order but may potentially induce important effect
on SFL. (One can refer to Appendix B for more detailed
review on topological BF gauge theories.) Then, i can take
1,...,n+n’ as we have taken into account adding »’ trivial
layers (V; = 1 fori=n+1,...,n+n).

The global symmetry group to be considered is Gy =
[Ti; Zk,. Below we encode the information of global sym-
metry into the field theoretical formalism. In the action (1), we
can define a 1-form conserved current J for each i as *J/ =
%d b*, where * denotes the Hodge dual operation. Symmetry
charges are then carried by those conserved currents. As a re-
sult, each conserved current (labeled by /) minimally couples
to the probe field A, where the probe field A’ [23] is used to
probe global symmetry Z,. Generally, one conserved current
can carry different symmetry charges, therefore the general
form of the minimal coupling term is

SC=Q,-,/JJ'*A"= f—j;ffAidbf, )

where the summation over repeated indices is implicit. Since
i can take 1,2,...,m and j can take 1,2,...,n+n, Q is
am x (n+ n') integer matrix, called charge matrix, and its
element Q;; could be any integer now. The probe field A’ takes
values continuously in U (1) group but are in fact “higgsed” to
Z; such that the symmetry flux piercing any one-dimensional
closed path is quantized as 22—” with p € Zkg,, that is,

I(i .
— A el 3)
2 M!

for Zg, symmetry subgroup where M! denotes a closed
worldline. A direct consequence of such a quantized sym-
metry flux (3) is that the symmetry charge Q;; = K; is
topologically equivalent to Q;; = 0.

B. Equivalence relations and reduction of charge matrix

Below, we aim to present how to characterize and classify
SFP. We use the fractionalized symmetry charge to char-
acterize SFP and further consider the equivalence relations
among fractionalized symmetry charges to find out the mini-
mal symmetry charge that is trivial. We assume that there is no
permutation of topological sectors under symmetry transfor-
mations. We will first illustrate the basic idea and then discuss

®Definition of “level-1 gauge field”. In this paper, gauge fields are
specially called “level-1" gauge fields if they appear in level-1 BF
terms. Each BF term is called “a layer”. Those BF terms with level-1
are said to be trivial layers.

205137-6



FRACTIONALIZING GLOBAL SYMMETRY ON LOOPLIKE ...

PHYSICAL REVIEW B 105, 205137 (2022)

the main results for the general cases with detailed derivations
in Appendix C.

To illustrate, we discuss a simple example: Z4 gauge theory
enriched by Z¢ symmetry:

4
5= [baar 2 [aaviq fari @
2 2

where j* is the excitation current formed by particles that
carry ¢, unit gauge charge of the gauge field a. If g, =1,
these particle excitations carry unit gauge charge. In general,
g, can take arbitrary integers. The gauge group we consider
here is Z4, which means g, = 4 and g, = 0 are topologically
equivalent. Therefore, g, can take four inequivalent integers:
0,1,2,3. Keeping the additivity property of Abelian gauge
charge in mind, it is sufficient and necessary to study SFP
in which particle excitations’ carry unit gauge charge, i.e.,
g, =1 (denoted by e). Upon integrating out b, we obtain
a= —%A under a proper gauge, then:

sﬁz—%/k*f 5)

From this effective action, we find that the particle current is
effectively coupled to the external probe field with coefficient
—(Q/4, which indicates that e carries —Q/4 symmetry charge
of symmetry group Z4. We note that here we do not have
any requirement on the integral Q, i.e., it might take arbitrary
integers, so it seems that there are infinite choices of symmetry
charges, either fractional or integral, carried by e.

To figure out equivalence relations among them, by noting
that Q is the coefficient of minimal coupling in S;, Q is
equivalentto Q + K, i.e.,

0~0+K (6)

with K = 16 for the symmetry group Z ¢, as discussed at the
end of Sec. I A. On the other hand, there may be other equiv-
alence relations among symmetry charges. One may perform
the integral-by-part and obtain % [ ObdA, which indicates
that the external Z, symmetry flux is also charged in the gauge
group Z4. Therefore, the coefficient Q should be equivalent to
Q+N,ie.,

O0~Q+N 7

with N = 4 for SFP. Intuitively, we can also understand this
equivalence relation of Q by considering the attachment of
a trivial particle (i.e., particles with gauge charge 0 mod 4 in
Z4 gauge group) to an elementary particle excitation e that
carries unit gauge charge. This attachment process does not
alter topological properties, i.e., braiding data of e particle, so
that after attachment, the composite of e and trivial particles is
topologically equivalent to e. Nevertheless, the attachment of
a trivial particle may shift the symmetry charge Q/N carried
by e to Q/N + 1 as trivial particles carry integer charge. As a
result, we obtain the equivalence relation (7).

"Such particle excitations are called “elementary particle excita-
tions” and denoted by e; for Zy, gauge subgroup. Analogously,
“elementary loop excitations” are loop excitations that carry unit
gauge flux, denoted by ¥; for Zy, gauge subgroup.

By taking the two equivalence relations (6) and (7) into
account, we have®

O~ QO+ gcd(K,N).

Thus, Q/4 is equivalent to Q/4 + 1, which eventually leads
to four types of SFP: 0, 1/4, 1/2, and 3/4. Among these four
types, the first one is trivial, which actually means that the
symmetry charge is not fractionalized and any integral charges
are equivalent to zero.

The above analysis can be easily generalized to more gen-
eral and complicated situations. For a general charge matrix as
(2), it turns out that its element Q;; have the following equiv-
alence relations (see Appendix C for detailed derivations)

Qi ~ Qij + ged(K;, Nj). (8)

Accordingly, if N; = 1, i.e., itis a trivial layer, Q;; ~ 0, which
means there is no nontrivial SFP. We can further define the
so-called reduced charge matrix Q, whose elements are de-
fined as: Q;; = Q;; mod gcd(K;,N;), 1 <i<m, 1< j<n;
Q;;j = 0, otherwise. Therefore, the reduced charge matrix is
one-to-one correspondence to the Abelian SFP. In fact, we can
use the SFP matrix C;; to denote the corresponding Zg, sym-
metry charge carried by Zy,; elementary particle excitations
denoted as ¢; (i.e., particle with only unit Zy,; gauge charge):’

Qij mod ng(KiaNj)'

SFP matrix: Cj; =
N;j Nj

©))
Therefore, it has gcd(K;, N;) inequivalent values, indicating
that there are gcd(K;, N;) types of SFP.! In total, we have N,
different types of SFP labeled by v; whose i =1,2,...,N,
with

Ny =[] ecd(ki. Np). (10)

i=1 j=1

We note that v; denotes the trivial SFP in which symmetry
charge is integral.

We now apply the above results to three examples with
untwisted topological orders (i.e., S2 = 0):

(i) Zy topological order and Zyk symmetry. There are
gcd(N, K) types of SFP in Zy topological order with Zg
symmetry, which can be respectively labeled by symmetry
charges that are carried by e: %, %v* L, BAVE) o EAWVE)
These different choices of symmetry charges exhaust all types
of SFP. Each type corresponds to a projective representation,

8gcd stands for greatest common divisor.

We note that the period of C;; can be fractionalized as long
as ged(K;, N;) < N;. Consequently, when Q;;/N; is fractional, it
doesn’t mean that the elementary particle excitation e; really carries
fractional charge of Zg, symmetry group. It is possible that the
fractional number may be potentially removed by proper periods. In
the following discussion, by “fractional charge”, we really mean that
the fractionalization exists against any periodic shift. In other words,
we wouldd better define fractional charge in its “Ist Brillouin zone”.

'OForj =n+1,...,n+n',wehave trivial BF levels, i.e., N; = 1,
therefore, C;; is always 0 mod 1, i.e., non-fractionalized. As such, for
the purpose of computing SFP, it is sufficient to consider reduced
charge matrices of a reduced size m X n.
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i.e., an element in the second cohomology: H*(Zk, Zy) =
ZLigean.K)-

(1) Zy, x Zy, untwistedtopological order and Zy symme-
try. In such untwisted topological order, there are two kinds
of elementary particle excitations, denoted by e; and e, re-
spectively. Each elementary particle e; can carry ged(V;, K)
different kinds of Zx symmetry charge and in total there
are gcd(Ny, K) x ged(N,, K) types of SFP. Each type cor-
responds to a projective representation, i.e., an element in
the second cohomology H2(Zk, Ly, X Ln,) = Zigeay k) X
chd(Ng,K ).

(iii) Zy topological order and Zgk, x Zk, symme-
try. Denote (s1,s2) as the symmetry charge carried by
the elementary particle excitation, where s; = 1kV and
ki=1,2,...,gcd(N, K;). As a result, there are in total
gcd(N, K1) x ged(N, K3) types of SFP, which exhausts all
one-dimensional projective representations carried by particle
excitations. SFP with non-Abelian representation cannot be
realized by the present field-theoretical framework.

One caveat is: Some types among the N, types may be
potentially anomalous, which must be removed from the final
classification. The key reason why so far we are unable to
identify anomalous SF is that twisted terms in (1) do not enter
the calculation of SFP (see Appendix C). In other words, the
above classification is always valid for untwisted topological
orders but potentially contains anomalous types for twisted
topological orders that are determined by twisted gauge the-
ories in Eq. (1). For twisted gauge theories with nontrivial
twisted terms (i e., all gauge fields are not from trivial layers),
collected as Smt’ the reduced charge matrices Q are not always
simultaneously compatible with gauge invariance and global
symmetry. We will discuss the impact of Sﬂn in Sec. IIID and
also in the concrete example in Sec. V.

III. SYMMETRY FRACTIONALIZATION
ON LOOP EXCITATIONS

In this section, we present how to characterize and clas-
sify SFL, i.e., symmetry-fractionalization on loop excitations.
We use the mixed three loop (M3L) braiding statistics to
characterize SFL. Different from the (intrinsic) three-loop
braidings where all loops are really loop excitations of bulk
topological order, participants of each M3L braiding process
simultaneously consist of loop excitations of bulk topological
order and quantized symmetry fluxes of external gauge (i.e.,
probe) fields. Generally speaking, the M3L braiding statistical
phase is defined to be the phase accumulated in one of the
two types of processes: (1) one loop excitation or symmetry
flux defect is braided fully around another loop excitation
or symmetry flux defect, which are both linked to the third
loop excitation or symmetry flux defect, (2) two identical loop
excitations or symmetry flux defects are exchanged, which
are both linked to the third loop excitation or symmetry flux
defect. The total number A of loop excitations and symmetry
fluxes participating M3L braiding processes is three. More
generally, there are mixed four-loop braiding statistics with
N = 4, which however is of non-Abelian nature. In this paper
we only consider simplest cases: M3L, which is sufficient for
all examples we will compute. We begin with the discussion of

coefficients of twisted topological terms that is closely related
to the M3L braiding statistics.

A. Coefficients of twisted topological terms
affected by global symmetry

Here we discuss the quantization levels and periods of
coefficients of twisted topological terms in the absence or
presence of general charge matrices. We will see that global
symmetry will drastically change the quantization levels and
the periods of the coefficients. We list some useful formulas
here. Detailed derivation can be found in Appendix D. In the
absence of any global symmetry, as mentioned in Appendix B,
the coefficients g;jx of twisted terms are quantized and peri-
odic:

rNiNj
qijk Zvij ’

reZn,, (11)

where the symbol »j;... is introduced to denote the greatest
common divisor of N;, Nj, .. .,i.e., N;j.. = gcd(N;, Nj, .. .).

In the presence of symmetry, additional constraints should
be taken into account, which often changes the quantization
levels and periods of the twisted-term coefficients. Here we
mainly consider two typical cases with general charge matri-
ces. See Appendix D for the detailed derivation of the two
cases and more general cases. We consider a gauge theory
with gauge group [ [}, Zy, and symmetry group [ |-, Zg, in
the presence of a twisted topological term involving the gauge
fields a', a?, @>. The action is given by:

S =50 +S., (12)
n+n'
So = Z/ Ladb + qm '2dd, (13)

m n+n

S, = ZZ/ Q”A idp, (14)

i=1 j=1

where the BF level for trivial layers is unit: N; = 1 for i =
n+1,...,n+ n'. The coefficient g1,3 is quantized and peri-
odically identified as

G123 = kM3, k€ Zr,,, (15)

where the integers M1,3 and I'j,3 are defined as:

N K, N>K,
ged(Q11, NiKy) ged(Q12, NoKy)'
N K> MK,
ged(Q21, NiKy) ged(Qn, NoKy) '
N K, N> K,
26d(Qm1, NiKn)" ged(Qna, Nsz)}’

M =lcm|:N1,N2,

(16)

and
NIN>K;
o3 = ged {lcm|: I J ,
gcd(N\N2Kj, QoM 23)
NN KK
gcd(Ni N KK, 0110 joM123)’

Vi,j=1,...
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NMN:K;
L gcd(NiN>K, Q1M 123)
NMNKK;
ged(NiN>KiKj, 0110 oM 123)’
NiN:K; NaNsK;
| 2cd(N1N3Kj, QjiM123) " ged(NaN3Kj, QjoMin3)

NN:KiK;
gcd(NiN3KiKj, 030 1M 123)

Vi, j= 1m“
17

N N3KiK
gcd(MaN3KiKj, 030 oM123)
Here, the symbol “lem” and “gcd” stand for the least common
multiple and greatest common divisor, respectively.
There is a very important notation Q;; defined as:

0ij=0Qij, ifQ;j #0; 0;; = K;, if Q;; =0.  (18)

Using this definition, the expressions of Mj,3 and I'j»3 can
be conveniently applied to both Q;; = 0 and Q;; # 0, which
largely simplifies the remaining calculation of this paper.
Now we consider another type of twisted term: a'a’da’.
We consider a gauge theory with gauge group []._, Zy, and
symmetry group [ [/~ Zg, and the following action:

Icm

Vi,j:l,...,mi|,

Icm

S =8+ S, (19)
n+n'
So=3" f N iy 12 1202 (20)
— 2 472
m n4n'

Se=>.3 / %A"db/‘. @1

i=1 j=1
The coefficient g5, is quantized and periodically identified as

qio =k'My», kK €Zr,,, (22)

where the two integers M1y, and '}, are defined respectively
by:
MK, MK,
ged(Q11, NiKy)" ged(Q1a, NoKy)'
N K, MK,
gcd(Q21, NiK>)  ged(Qn, NoK>) '
Nle NZKm i|
ng(le 5 Nle) ' ng(QmZ’ NZKm) '

My =lcm|:N1,N2,

L

(23)

and

NiN:K;
gcd(Ni V2K, QjoM12)’

NN KK
gcd(NiN2 KK, 01 QoMin2)

NMN:K;

m[ng(NlNsz, 0iiMin)’

NN, KK
gcd(NiN2 KK, 01 QpMin)

F|22 = ng {lcm|:

Vi,j=1,...

Vi, j=1,...

From the above two actions with different twisted terms
(a'a*da’® and a'a’da®), we reach the following useful con-
clusions:

(i) For the purpose of concreteness, the above formulas
are written by explicitly choosing the first three layers (1st,
2nd, 3rd) that forms a'a’*da® and a'a®da?. Tt is natural to
generalize these formulas to three arbitrarily selected layers
as long as we carefully replace layer indices in order.

(i) The coefficients g3 and g follow the same quan-
tization rule, i.e., M3 = M. So, the general minimal
quantized value is in fact fully determined by information of
Ist and 2nd layers. We introduce a new symbol M ,:

My = M3 = M. (25)

(iii) In contrast to My, and M3, which are equivalent to
each other, the expressions of the two periods, i.e., ['j5; and
I"123 are not the same, so they should be computed separately.

(iv) When the twisted term is a'a>da’, T'1»3 is fully deter-
mined by N], Nz, N3, Qih Q,‘z, and Q,‘3 with i = 1, 2, ce.,m.
When the twisted term is a'a?da?, T'15; is fully determined by
Ni, Ny, Oi,and Qp withi = 1,2, ..., m. Therefore, we reach
a general result that "5, and I'j»3 are fully determined by the
information of gauge fields (i.e., levels and coupling matrix
elements) that appear in the twisted term aada.

(v) If a*a'da’ is considered, it is clear that M>;; = M

and I';; = M. So, it is unnecessary to compute the co-
efficient of a2alda! if the coefficient of a'a?da? has been
computed.

(vi) If symmetry group G, = Zg, then the above formu-
las can be largely simplified by directly setting i = j =1 =
m, Ki = Kj =K.

B. M3L invariants, M3L statistical phases,
and two origins of periods

Here we will show, via an example, how to obtain the
inequivalent quantized values of M3L statistical phases that
are originated from the same M3L invariant. More explicitly,
we first need to determine the quantization rules of M3L
invariants, which can determine the quantization of the corre-
sponding M3L statistical phases. Then, we need to determine
the minimal periods of the corresponding M3L statistical
phases.

To illustrate, we take one Z, symmetric Z4 topological
order as an example, with the following action under proper
gauge choice:

4 151 1 P ! 12,2
S:Z bda—}—E/bda—i-m/aada

+%/Adb2+/a"*j"+/bl*zl, (26)

T

where 2-form %! represents the world-sheet of the loop ex-
citation current and X2 is omitted since it is a trivial loop
excitation. Both b? and a? are level-1 gauge fields (see [foot-
note 6]). In this action, S2, does not exist since Z4 topological
order is always untwisted. But Silm = % f a'a’da® is in-

cluded in the action [see Eq. (C2) for definition of S! ]. For

nt
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simplifying notation, we temporarily use ¢ to replace “q2,” in
this subsection.

Upon integrating out b' and b?, we geta' = —Zd~'(xX")
and a*> = —QpA = —%d’l(*a). Here d~! formally de-
notes the inverse of differential operator d T and the 2-form
tensor o = *%dA represents the world-sheet of the symmetry
flux line. In the expression of o, we choose the coefficient to
be 2/ such that o czounts the number of Z,4 unit flux lines,

T

by noting that dA = < x Z. Formally, A can be resolved as:

A= %d’l(*a). Then we obtain

Sur = — %/(*j‘)d*‘(*zl) - le/A*f

Qhtm
32

The first term in Eq. (27) is a Hopf term and leads to the
particle-loop braiding process. Such a process involves one
particle with unit gauge charge and one loop excitation with
unit gauge flux.

The second term in Eq. (27) indicates the particle (denoted
by e,) with unit gauge charge of the level-1 gauge field a?
carries integral symmetry charge, as expected. As a side, this
term can be rewritten as —% JxHd w0 If Qp =1,
this Hopf term leads to a % phase once e, is braided around 0.

The third term in Eq. (27) describes M3L braiding pro-
cesses, which contributes to three M3L statistical phases (see
Appendix E): 0, ;.51 = Q%fé”, Op.51 = szzm

2
—Qg’# Here, 6, ,.51 is the statistical phase of braiding one

symmetry flux around another symmetry flux, both of which
are linked with a loop excitation X!, and 051 oo 1S the sta-
tistical phase of braiding one symmetry flux around X!, both
of which are linked with another symmetry flux. 6,5 is the
exchange statistical phase of two “identical” symmetry fluxes
both of which are linked to Z!.

Next we investigate all inequivalent values (quantization
and periods) of these M3L statistical phases. We take 6, ;.51
and 0,51 as examples. By applying Eqgs. (23) and (24), we can
obtain the quantization for ¢:'2

t = 4k, (28)

+ /d*‘(*zl)Ad*I(*a)A(*o). 27)

and 051 ,,, =

where k is a periodic integer:

k€ Zygeae.00)- (29)
From Eq. (28), the quantized values of 6, .51 and 6,.51 take

% -k and Q‘Tﬂ - k with integral k, respectively. Therefore,
when Q) = 1, they can take the minimal (i.e., most general)
quantized value, i.e., 0, ;.51 = ”Tk, O3t = %k

Next, we determine the minimal period of the two M3L
statistical phases:

(i) First, we note that Eq. (29) provides a period of 7. If

01, = 1, hence le = 1, the period of ¢ is 16. This period is

""'While the formal notation d~! works well, a more mathematically
rigorous derivation can be achieved by using Seifert surface and §-
function of manifolds, see, e.g., Refs. [23,47,49,50,87].

2Since Q1; = 0 in Eq. (26), weset O;; = K =4.N; =4, N, = 1.
012 =0, 1,2, 3, which corresponds to Q.z =41,2,3.

required by gauge invariance and symmetry invariance. Thus,

2
the statistical phase 6, ;.51 = Q‘fé” is defined modulo 7 and
Oyx1 = QT;Z”T is defined modulo Z.

(i) Second, we consider the periods from attaching par-
ticles to one dimensional objects, as we want to quotient
out the phase ambiguity caused by attaching particles. More
concretely, the trivial particle e, can be attached onto the
symmetry fluxes. As a result, attaching an e, particle to one of
the symmetry flux will shift 6, ;.51 by 5 due to the AB phase
between e, and the Z, symmetry flux o. [See the texts below
Eq. (27).] Therefore, following Bezout’s lemma, the minimal
period of 6, .51 is determined by the greatest common divisor
of the above two periods: 7w and Z, thatis, 7 x ged(1, %) =7.
Likewise, in the “exchange” phase 6,.x:, in order to keep
both ¢’s identical to each other, we attach one e, particle
to each of the o loops. Then, the exchange phase 0, 51 is
shifted by % x5+ % x 7 = 7%. Thus, the minimal period of
the exchange phase is m x gcd(%, %) = 7.

In summary, the inequivalent quantized values of 6.y are
0,%. % 3?” mod 7 and those of 6, .z are 0,  mod 7. In
a similar fashion, we can obtain the inequivalent values of
Osi 50 =0, %, %, %” mod % If Oy, takes other values, these
M3L statistical phases are not beyond those with Qy, = 1.
Also, if n’ > 1, the M3L statistical phases are not beyond
those with ' =1, Q;; = 0 and Q;, = 1. Nevertheless, the
M3L statistical phases may be drastically altered if Q; # O,

which we will discuss in Sec. I'V.

C. General procedure for computing SFL

In the following, we shall discuss, on a general ground,
how to obtain SFL for a given SFP. Several important ter-
minologies will also be introduced. As mentioned, the M3L
statistical phases can be used to characterize SFL, which are
determined by the related M3L invariants. So we first enumer-
ate all different possible M3L invariants. Then we discuss how
to determine classification (i.e., equivalence relations) among
the M3L statistical phases.

1. Enumerating all independent M3L invariants
and M3L statistical phases

In contrast to SFP, twisted terms play a critical role in
SFL. Twisted terms contain two pieces as shown in Eq. (C2)
in Appendix C. If we start with the action (C1) with gauge
group G, and symmetry Gy, by integrating out all dynamical
gauge fields, i.e., all b”’s and a”’s in Eq. (C2), a quantity
7T shown below appears as an effective action that involves
three looplike objects in which loop excitations and symmetry
fluxes must coexist:

7= 2nzijkf (ed ™ Qi) (d Q) (2, (30)
M4

where 27Tk is a real-valued coefficient. We should note
that, the notations £2;, £2;, ... denote either unit symmetry
fluxes o or elementary loop excitations X. Therefore, the
subscripts “i, j, K” are intentionally written in fonts different
from “i, j, k”.
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From now on, we also use the coefficient Zjj to represent
the invariant given by (30). The invariant Zj can be used to
describe the following braiding processes:

(i) A statistical phase “2mZ;” (denoted as QQk,Qj;Qi) is
accumulated once €2 is braided around €2; both of which are
simultaneously linked to €;.

(ii) A statistical phase “—2mZj” (denoted as o 2:e) is
accumulated once 2 is braided around £2; both of which are
simultaneously linked to ;.

(iii) In general, €2;, €2j, and 2 are different from each
other. If €; and Q are identical, the statistical phase
0o, oo = 4 L. If the process only involves the exchange
of two identical 2i’s both of which are simultaneously linked
to €2j, we can have a statistical phase 0g, .o, = 27 Zixk.

Now we discuss how to enumerate all different M3L invari-
ants for a gauge group G, and a symmetry group G,. From the
definition of Zij, the following relation holds:

Tk = —Zjik, (3D

which means that exchanging the positions of the first two
loop objects does not provide a new invariant. Suppose sym-
metry group G, = [[}' Zg, and gauge group G, =[] Zy;.
Thus, there are m topologically distinct unit symmetry fluxes
denoted as o', 02, 03, ... respectively from symmetry sub-
groups Zg,, Zk,, Zk,, . ... There are n topologically distinct
loop excitations denoted as X Is2 53 . respectively from
gauge subgroups Zy, , Zn,, Zns, - - -

Definition of universal notation. For the latter conve-
nience, we introduce the following notation system. We use
Greek letters «, B, y, ... as the subscript of Z... if the corre-
sponding looplike objects are unit quantized symmetry fluxes
ol, 02,03, ... of symmetry subgroups Zg,, Zg,, . . . respec-
tively. We use Latin letters a, b, c, ... as the subscript of
7. if the corresponding looplike objects are elementary loop
excitations 1, £2, 23, ... of gauge subgroups Zy,, Zy,, - . .
respectively. In this notation system, we can distinguish two
sets of “1,2,3,...” and thus unambiguously express M3L
invariants, as shown in Table V.

For the purpose of enumerating all the independent types
of M3L invariants, we follow the two rules:

(i) Enumerate all kinds of mixture of loop excitations and
symmetry fluxes. Among three looplike objects, if two of
them are loop excitations, they can be identical (e.g., both are
¥ 1). Likewise, if there are two symmetry fluxes, they can also
be identical (e.g., both are o'!).

(i) List all M3L invariants for each choice of combina-
tion. Apply Eq. (31) to eliminate redundancy.

To make the above general statements more concrete, we
list three examples in Table V. For instance, G, = Zy and
G; = Zk. In this case, there is only one kind of elemen-
tary loop excitations denoted by ¥ and one kind of unit
symmetry fluxes denoted by o. There are two independent
M3L invariants denoted by Z,, and Z,,,, whose effective
actions are respectively written as 277,44 f d "« X)d " %
o)(x0) and 27Zy., [(d7' x0)(d™ ' % )(xX). From the
M3L invariants, we can obtain the following M3L statistical
phaseS: 9{7;2 = _eE,a;n = 27TIaaa7 0(7.(7;): = 47[10(10(’ 9):;(7 =
0552 = 272440, O v.0 = 47 Lyaq- The formulas in Ta-
ble V will be used in Secs. IV, V, and VI.

2. Quantization rules and periods of M3L statistical phases

Next, we discuss how M3L invariants as shown in Table V,
are quantized. From the derivation in Sec. III B, we see that a
nonvanishing M3L invariant exists only when twisted terms'?
are present. In other words, M3L invariants numerically de-
pend on the coefficients of twisted terms ¢, charge matrix
elements Q;;, {N;}, and {K;}.

In practice, a specific twisted term can contribute to many
different M3L invariants. Meanwhile, multiple twisted terms
can contribute to the same M3L invariant. Therefore, in
general, an M3L invariant is quantitatively determined by co-
efficients of twisted terms. Since the coefficients are quantized
and periodic, M3L invariants are also quantized and periodic.
Once we know how M3L invariants are quantized, we can
straightforwardly deduce M3L statistical phases via the fourth
column of Table V.

Once quantization is obtained, the next step is to determine
the minimal periods of M3L statistical phases. The minimal
period of each M3L statistical phase is the greatest common
divisor of all possible periods. In this paper, we consider
the following two sources of periodic identification for M3L
statistical phases:

(1) First, we note that each M3L statistical phases can be
expressed in terms of M3L invariants. So, the periodicity of
M3L invariants provides a period for each M3L statistical
phase.

(i) Second, in M3L braiding processes, one can always
attach particle excitations onto either €2; or € or both. This
attachment leaves flux contents unaltered but may potentially
shift the final statistical phases by an AB phase. As a result,
we obtain another period.

Finally, we can characterize and classify SFL via M3L
statistical phases for each SFP.

D. Anomalous symmetry fractionalization

In the following we show that some types of SFP labeled
by v; may be inconsistent with the twisted topological terms,
which is said to be anomalous. For this reason, we must
carefully remove the anomalous patterns in our classification
of SF.

Let us go back to the derivation of SFP in Sec. II B and
Appendix C. In the derivation of SFP, we did not include the
twisted terms Si,. Hence, it seems that for a specific (Abelian,
finite) gauge group, no matter whether the topological orders
are twisted or not, they can always admit the same SFP. How-
ever, this is not always the case. The reason lies in the fact
that the minimal coupling with external probe field(s) (i.e.,
the charge matrix) may substantially affect the quantization
and periods of the twisted terms, which in turn determine
whether a topological order is twisted or not. We will see
that some types of SFP cannot consistently coexist with a

13Since twisted terms contain two different pieces Siy = S, + S,
as shown in Eq. (C2), even though the topological order is untwisted,
i.e., S?, = 0, one can still add trivial layers and consider S. . The
coefficients in S} are periodically equivalent to zero if symmetry
is not considered. But when symmetry is considered, they have
nontrivial values that cannot be periodically identified as zero.
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topological order with a specific twist, which means such an
SFP is obstructed in certain twisted topological order.

For example, we consider the simplest twisted topological
order, that is Z, x Z, topological order and Z,x symmetry
with the action:

/Zb’da +—/ add® + 5o /Adbl,
(32)

where g = 2. Following the method above, we can know that
here e; carries half integer symmetry charge while e, carries
integer symmetry charge. Using the results (16) and (24),
the allowed coefficients of ¢ are 0,4K mod 8K, which are
all equivalent to zero if the symmetry is broken. In other
words, the anomaly-free symmetric twisted Z, x Z, topolog-
ical order cannot have such SFP [corresponding to a symmetry
assignment denoted by the charge matrix Q = (Qy1, Q12) =
(1, 0)]. On the other hand, if a twisted Z, x Z, topological or-
der has such a SFP, then it has to be anomalous. The existence
of this kind of anomaly was first pointed out in Ref. [66] in a
very specific example, but a systematic treatment was lacking
there. In the present paper, we are able to characterize and
classify symmetry fractionalization in a systematic and pow-
erful field-theoretical approach, in which the above anomaly
can be safely removed from the final classification.

In Sec. V, we will concretely analyze the symmetry
fractionalization in Z, x Z, topological orders with Z, sym-
metry. When the bulk topological order is twisted, we find in
Sec. V D that nontrivial SFP of Z, symmetry is impossible in
twisted Z, x Z, topological order.

E. Preliminary observations on algebraic structure
and procedure of gauging

In the field of topological phases of matter, it is usually
a hallmark of significant theoretical progress when an al-
gebraic theory (i.e., abstract mathematics) of a given class
of topological phases of matter is established. For example,
group cohomology theory [15,16] is the algebraic theory of
the classification of bosonic SPTs. As mentioned in Sec. [ A,
a systematic framework called “G™ tensor category” for 2D
bosonic SET is established [31], which is related to the mathe-
matical framework in Ref. [37]. While a pure algebraic theory
of symmetry fractionalization in 3D is beyond the scope of the
present field-theoretical approach, it may be still inspiring to
present some interesting observations.

For a given SFP v; and a fixed topological order w, the
classification of SFL can be denoted as C,(v;), where w €
H*(Gg, U(1)) labels the underlying Dijkgraaf-Witten type
topological order with gauge group G,. Then total classi-
fication of SF in 3D SET phases can be enumerated as:
T = @) Colv), where N, = [T, [T, ged(K;, N;) (see
Sec. IIB and Appendix C), and the symbol & denotes a
summation over all SFP types. From Sec. III D, it is possible
that for certain w, SFP v; is anomalous. If this happens, the
corresponding C,,(v;) is replaced by the empty set. In our field
theoretical approach, we have embedded the symmetry group
into a continuous group U(1) ® - - - ® U (1), therefore all the
particles carry one-dimensional irreducible representations of

the symmetry group, which can be either linear or projective.
In other words, all the patterns of SFP we have considered are
Abelian. But more generally, particles can carry higher dimen-
sional irreducible projective representations of the symmetry
group, belonging to a general element v; € H*(G;, Gy).'* In
addition, the types of SFL are characterized by M3L statis-
tical phases, which are Abelian phases. This means we only
consider Abelian symmetry fractionalization on both particles
and loops in the present field-theoretical framework.

Physically we can gauge the symmetry group G, and obtain
an enlarged gauge group

G: =Gy, Gy (33)

which depends on the choice of v; that is nonanomalous.
Noticing that v; € H2(G, G,) essentially defines a central
extension of G, by G," and that the projective representa-
tions of G are linear representations of the extended group
Gy, the SFP can be physically understood as “gauging” the
symmetry group, which results in a larger gauge group Gy.
For the (nonanomalous) Abelian v;, GZ can be obtained by
the procedures in Appendix F. The algorithm presented in the
Appendix provides an efficient route to G;. The SFL, on the
other hand, are closely related to (but not the same with) the
(twisted) gauge theory after the gauging.
With this observation, we conjecture that

Co () = HH Gy Ny, G, U(1)/To(vr) (34)

for nonanomalous v;, where I',,(v;) stands for an “equivalence
relation” in the sense that both of the topological order and
the SF patterns are equivalent. Therefore, the classification of
symmetry fractionalization in 3D SET for a bosonic topolog-
ical order w with gauge group G, and symmetry G, reads:
= P HUGN, G UM)/Tum),  (35)

vieH2, (Gy,Gy)

non

where we have collected all nonanomalous v; as Hnon(Gs, G,).
The abstract dependence of I',,(v;) on w and v; is comphcated
Despite the lack of abstract formalism, our present down-to-
earth field-theoretical analysis provides some insights in the
form of ', (v;). In the following we analyze the form of ', (v;)
via some examples.

For the Z, topological order labeled by wg enriched by
Zy x Z, symmetry, we consider two cases. (i) SFP is trivial
(i.e., €00, denoted by vy), the classification of SFL is (Z,)°,
while for the trivial SFP, G; = (Za)* and H*((Z»)*, U (1)) =
(Z,)®. Then we can see that T, (vo) = (Z3)?, such that
HA(Z,)?, U(1))/Tw(vo) = (Z,)°. In this case, the Loy (Vo)
has physical meaning that they are the stacking Z, x Z, SPT.
(ii) SFP is eCO (denoted by v;), the group GZ =7y X Ly,
which implies HH(G*,U(1)) = (Z,)?, and the classification
of SFL is Z5, then we can see that I',,,(v1) = Z,. The physical
meaning of this ', (v;) is interesting and from our calculation

14We assume G, to be Abelian.

'SMore formally, for an element v; € H?(G;, G,) with Abelian G,,
we have a short exact sequence: 0 — G, —> G; — G, — 0
which determines an extended group Gy.
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TABLE VI. Four SFP types for G, = Z, and G; = Z4. C denotes
the SFP matrix defined in Eq. (9). O is defined in Eq. (18). Gy is the
gauge group after gauging the symmetry.

SFP on c On G:
e0 0 Omod 1 4 Ly X Ly
eC 2 1/2mod 1 2 Zy x Zg
eQ. 1 1/4 mod 1 1 Zie
eQ_ 3 —1/4 mod 1 3 Zg

in Sec. VIC2, it is related to the trivialization of M3L statis-
tical phases due to the presence of fractionalized symmetry
charge carried by gauge charge.

Another interesting example is untwisted Z, x Z, topo-
logical order (denoted as wy) enriched by Z, symmetry. As
for trivial SFP e;0e,0 (denoted by vyp), the group G; is (Z,)3,
which implies that H*(G*, U(1)) = (Z,)?, and the classifica-
tion of SFL now is (Z,)°, then we can see that ', (vp) =
(Z5)?. The physical meaning of this Iy, (Vo) is that it is related
to the classification of Z, x Z, gauge theory.

IV. SYMMETRY FRACTIONALIZATION IN UNTWISTED
TOPOLOGICAL ORDERS: TAKING Z4 TOPOLOGICAL
ORDER ENRICHED BY Z; SYMMETRY AS AN EXAMPLE

From this section to Sec. VI, we present three typical
examples, i.e., Z4 topological order enriched by Z4 symme-
try, Z, X Z, topological order enriched by Z, symmetry and
Z, topological order enriched by Z, x Z, symmetry. More
examples can be found in appendices.

In the present section, we present how to obtain the classi-
fication for Z, topological order enriched by Z, symmetry.
First, we derive classification of SFP. Then, for each SFP
class, we derive SFL classification.

A. Computation of SFP

According to Eq. (9), there are four different SFP types,
ie.C=0,1 55 :I:}1 fractionalized symmetry charge carried by
the elementary particles, which we denote as €0, eC, eQ+
respectively (see Table VI). Correspondingly, the reduced
charge matrices are only one dimensional and Q = Q| =
0, 2, £1. Therefore, SFP is classified by Z4, which is consis-
tent to H>(Z4, Z4) = Z4. Upon gauging, the resulting gauge
groups are Zg X Ly, Ly x ZLg, Z1¢, and Z ¢ respectively.

B. Minimal model for computing SFL

We note that, in deriving SFP, twisted terms and trivial
layers are not considered. But in deriving SFL, it is crucial to
incorporate twisted terms and trivial layers in order to exhaust
all possible inequivalent types of SFL. Below, we shall show
that, for Zy topological order enriched by Zg symmetry,
among infinite ways of expressing action, it is sufficient to
consider a minimal model given by Eq. (49). For the present
example, N = K = 4.

In general, we can add arbitrarily many but finite trivial lay-
ers with level-1 [see footnote 6], labeled by i =2, ..., 1 4+n/,
which could couple to external Zy probe field A by Q;;.

We can also add arbitrarily many possible twisted terms that
involve one or two gauge fields of level-1, which does not
alter bulk topological order as explained below Eq. (B7). For
the purpose of obtaining M3L invariants, we only need to
consider the twisted terms that at least contain the level-4
gauge field a'. Thus, we can divide twisted terms into two
sets:

(i) For those involving two different gauge fields, i.e., a'
and &', such as tw1sted terms a'a lda' and a'd'dd’, we collect
them as Siln’l = (27[)2 le 2 gmda'da' + qiatdda.

(i) For those involving three different gauge fields,
ie., a', a and a/ with j+#i, such as twisted terms
a a‘da" and a'a/dd’, we collect them as Sh2=
(27r)2 fZKJ quija'ada’ + qi,a'd’da’ + gijia'a’da’.

As a result, we consider the action below (N = K = 4):

S =80+ 8k + Sk + S + S (36)
14+n
/ Nb'da' + Zb’da 37)
l+n
=— / QuAdb' + Z QuAdb, (38)
14+n'
Ssr=/al*j1+2ai*ji+b'*2, (39)

i=2

where X is the elementary loop excitation of Zy gauge field.
Integrating out b' and all &’ gauge fields, we obtain

2700

2
d=—La sy d ' %o, (40)
N NK
. 270
d= 2T (41)
K

where A = %”d ~!x . Upon substituting them into twisted
terms, we can obtain the aforementioned M3L invariants.
More explicitly, from q,-”a’aldal , We obtain

qin iy 2mgin Qi -
2rq; i _
+ TG s B o)

(42)

where we have used the fact that the integration [(d~'x
0)(d~" % 0)(xX) is equal to zero since for any one form f
and two form g we always have [ f A f A g=0.

Similarly, from g;a'a'da’, we obtain

27”11[5Q%,«

qjlr” addd’ = — =@« D) v 0)(r0). (43)
And from qy;;a'a’'da’, we obtain
o1 i 27q1i;Q1Q1;j , ,_ _
%ala’da-’ = _—7”1;\;[?21 Qi d ' %« 2)d" % 0)(x0).

(44)

(For g1 jia'a’dd’, the calculation is very similar to qui ]a lalda/,
just by exchanging i and j.) However, from g;;1a'a’ da', there
is no contribution to M3L invariant since [(d~' x o)(d !
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0)(*X) is vanishing. Therefore, the M3L invariants from all
these twisted terms are collected together as follows:

14+n’ 1+n’ 2 1+n'
01101 01 01:01;
Loga = i - i — =5
;q” (NK)2 ;ql NK2 ;ql} NK2
45)
1+n'
Oii
Toaa = — ;qium—K, (46)

where all i and j take values in [2, 1 + n’]. Furthermore,
each summation corresponds to a special way of selecting
three layers for constituting twisted topological terms. Within
each summation in the above two formulas, all summed terms
share the same periods and quantization rules of the coeffi-

: . R ;
cients. More concretely, in the summation “Y "% % =

(,3,;')2 > am Q1. g Qi is a function of 11, N, K, Q1.
which is fully determined by the 1st and ith layers according
to Sec. IIT A. So, as a minimal model, it is enough to consider
just one typical term in each summation, e.g., nonzero ¢,
while all other g;11’s can be turned off. Likewise, we can
further simplify Z,4,, which results in (N = K =4 in the
present example):

01101 ¢20%, 123012013
Towa = - - , 47
awa =PI NKY T TNK? NK? “7)
Iaaa = - qi\lllzg(lz . (48)

In other words, for characterizing SFL, it is sufficient to con-
sider nontrivial 211, q122, and g123, which also means n’ = 2.

Therefore, without loss of generality, we obtain the follow-
ing minimal model:

S = 8o + Sint + Se + S, (49a)

1
So = 7 f Nb'da' + b*da® + b’dd’, (49b)
T

Sint = m/qmaZa'dal + qina'd®da® + qina'd*dd’,
(49c¢)
1
S, = 7 f 011Adb' + Q1,Adb* + Q13AdD?, (49d)
Ssr:/al*jl+a2*j2+a3*j3+bl*2, (49¢)

where b, a*, b, a® are from trivial layers, and are called

level-1 gauge fields [footnote 6].

To quantitatively determine the quantization of M3L in-
variants, one can apply formulas in Sec. III A. Before
calculation, here is one more subtle thing. According to
Eq. (8), it is enough to restrict all charge matrix elements
Q;j (here i and j are arbitrary layer indices) to the domain
[0,1,..., gcd(K;, N;) — 1] for the purpose of SFP classifica-
tion. However, for SFL, we need to extend the domain to a
larger one, i.e.,

Q,’jE[O,l,...,I(i—l], (50)

as it is potentially possible that Q;; and Q;; + gcd(Kj;, N;) lead
to the same SFP but completely distinct SFL. But it is unnec-

essary to go beyond Eq. (50). By noting that [ A; is quantized
at 27 /K;, shifting Q;; by K; only generates 2 quantized terms
in Eq. (G1), which does not change the partition function of
the system. Back to the present example, there is only one
Ki, i.e., I(, =K =4. Therefore, Q“, le, Q13 (S {0, 1, 2, 3},
which also uniquely determines Qij via the definition in
Eq. (18).

Despite the above fact, we perform all calculations in
Sec. IV and Sec. V by Q;; =1 for all trivial layers for the
sake of simplifying calculation. For concrete examples we
study in these two sections, this special choice gives us correct
classification. We will study the most general choices of Q;; of
trivial layers in Sec. VI and appendices. For this reason, below
we set Q1> = Q13 = 1, which corresponds to le = Q13 =1.
The two M3L invariants reduce to:

On 9122 Q13

Iamx = - - ) 51
PUNKY T NK2 T NK? S
Toga = — ]% (52)

By setting m = 1,N; =4, N, = 1,K; =4 in Eq. (23), we
have the following quantization rules:

g = kM, gy = kM, q123 = kM, (53)

where k, k, and k are three independent and arbitrary integers,
and the minimally quantized value M is given by:

16

M=——F—————-. (54)
ged(Q11, 16)
Then, from Eq. (24), we can obtain the period of k, k:
=4, ie,k€ZykelZs. (55)
And from Eq. (17), we can obtain the period of k:
=4, ie.keZ. (56)

C. Computation of SFL for each SFP

Below we begin to compute SFL. when SFP is given. The
results are summarized in Table II.

1. Computing SFL when SFP is e0

First we consider SFL when SFP is 0. In this SFP, Q;; = 0
(hence Q;; = K = 4), thus the elementary particle excitations
carry integer Z4 symmetry charge. From (54), we have:

M = 4. (57)

Then from from Eq. (53), we can obtain the two M3L invari-
ants Zy,, and Z,,, defined in Eqgs. (52) and (51):
_ k+k ok
aoco — 16 ) oaaa — 16‘
By noting that the three integers, i.e., k, k, and k are
arbitrary and mutually independent, we may conclude that
both M3L invariants are independently quantized at 11—6.
Then, we can obtain quantization rules for all M3L statistical
phases listed in Table V in Sec. IlIC: 6,.5 = 05 516 =

pi — TP — — P2 — P2
e 060z = T 056 = —Up 53 = 2,05 56 = 715

where p; = —(lg—f-%) and p, = —k. In summary, the six

(58)
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M3L statistical phases are fully controlled by two independent
integers and have a very natural period 27 since the actual
physical observables have a form like e-. Nevertheless, this
27 period is not the minimal one. The latter is what we shall
look for below.

The first period origin comes from Egs. (55) and (56),
which state that k, k, and k are periodically identified. Due
to elementary number theory, the integers p; and p, also
have exactly the same periods, i.e., p; € Z4 and p, € Zy.
Therefore, M3L statistical phases have the following periods:

TPl T

Oz = A mod 7 (59)
T T
O5.s = — g+ mod = (60)
Oy i = ”Tpl mod 1, 61)
%) T
Os0 = P2 mod X, 62
s g mod = (62)
T T
Oy 55 = — % mod 7. (63)
b5 50 = % mod 7. (64)

The second period origin comes from particle attachment.
For each M3L braiding process, there are two looplike objects
that are both linked to another “base loop” and are braided
around each other. We may always attach a particle onto
braided looplike objects in the M3L process, then there is a
possible phase ambiguity due to particle-loop braiding. This
phase ambiguity provides a new periodic identification for
each M3L statistical phase. Then, the final minimal period of
each M3L statistical phase is the greatest common divisor of
all aforementioned periods, including all kinds of attachment
and the period due to periodic &, k, k. Below, we examine
them one by one.

For the M3L statistical phases 0y 5.+ and 6, 3.3, the ele-
mentary loop excitation ¥ and the unit symmetry flux o are
braided around each other, both of which are linked to a base
loop. The base loop for Oy, ., is another o and the base loop
for 6, y.x is another X. Therefore, the elementary particle
excitation e can be attached onto ¢ during the M3L braiding
process. Since the elementary particle excitation e carries unit
Z4 gauge charge (i.e., C = 0 mod 1 in Table VI), there is a 7
phase shift due to the AB phase ZT” = 7 from the particle-loop
braiding between the elementary loop excitation X and the
elementary particle excitation e. As a result, the final period
is still % That is to say, the above attachment consideration
does not change anything in the present example. Finally, we
end up with the result listed in Table II:

7T Py T _37[171

5.0 = — o mod 5 = Z% mod % (65)
3
Op. 33 = — % mod g = T;m mod % (66)

where we have removed minus sign by means of the periodic
shift.

For 6, ;.5, an e can be attached onto one of ¢’s in the
M3L braiding process. A 7 phase shift is generated, which
is smaller than the period 7 in Eq. (61). Therefore, the final

period should be ged(%, ) = 7, and we end up with the

result listed in Table II:
TPy T
Os.o:x = 4 mod ok (67)
For 05, 5., an e can be attached onto one of X’s in the M3L
braiding process. A 7 phase shift is generated since there is a
1 x 2 = 2 = Z phase once braiding e around X. This new
period is smaller than the period 7 in Eq. (64). Therefore, the
final period should be gcd(75, ) = 7, and we end up with the
result listed in Table II:
TP i
—— mod —. (68)
4 2
For 6, .5, in the exchanging braiding of two identical o’s, a
%% + %% = 7 phase shift is caused by attaching one e to each
o so that both ¢’s still keep identical. Therefore, the result in
Eq. (59) is unchanged, and we rewrite the same formula:
T P1 T

2 mod R (69)

92,):;(7 -

90;2

which is listed in Table II.

For 05, in the exchanging braiding of two identical X’s, a
%% + %% = 7 phase shift is caused by attaching one e to each
% so that both ¥’s still keep identical. Therefore, the result in

Eq. (62) is unchanged, and we rewrite the result again:

) b4
Os.s = 3 mod > (70)
which is listed in Table II.

Equations (65), (66), (67), (68), (69), and (70) together
form a complete set of physical observables that classify and
characterize SFL. when SFP is e0. The classification of SFL
can be formally written as a cyclic group Z4 x Z4, which
indicates that there are in total 16 kinds of topologically dis-
tinct SFL classes. We can use the above six M3L braiding
statistical phases to distinguish 16 classes, which is exhausted
in Table VII.

2. Computing SFL when SFP is eC

In the SFP denoted as eC, Q;; = 2, ie., QH = 2, thus
the elementary particle excitation e carries half integer Z4
symmetry charge, i.e., C = % in Table VI. From (54), we
have:

M =38. 71

Then from Eq. (53), we can obtain the two M3L invariants
Twaqa and Ly, defined in Egs. (52) and (51):
Iaaa:_ﬁ_ﬂ» Iaaaz_lf' (72)
16 8 8
It is convenient to introduce two integers p3 and p4 via p3 = k
and py = —(k + k). Then, these two integers are mutually
independent and have the same period: p; € Z4 and py € Zy4
according to Egs. (55) and (56). Thus, p3 4+ 2p4 also has
the same period: p3 + 2p4 € Z4 according to the elementary
number theory. The six M3L statistical phases can be ex-
pressed as:

p3 T P4 T
0,5 =23 L TP 0a X 73
=g o mod g (73)
ez,maz—%—%mod%, (74)
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TABLE VII. Six M3L statistical phases [Egs. (65), (66), (67), (68), (69), and (70)] when SFP is €0 in Z4 topological order enriched by
Z4 global symmetry. As all phases have the same period %, we restrict all phases into “the first Brillouin zone™: (0, %) by properly adding or
subtracting multiple of 7. For SFP €0, there are in total 16 topologically distinct SFL classes each of which is uniquely labeled by a pair of

integers (pi, p») with p; € Z4 and p, € Zy4.

D1 0 0 0 0 1 1 1 1 2 2 2 2 3 3 3 3
D2 0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3
bos O O 0 0 ¥ ¥ ¥ ¥ 3z = = =z = = =z
Os.0:5 0 0 0 0 T T T T 0 0 0 0 T T T T
SO T T D T T T S S R
90’,2;2 0 ?ﬂ n % 0 ?n % % 0 ?ﬂ % % 0 3 % %
bize 0 0 F 0 F 0 F 0 F 0 F 0 oz 0 %
O 0 § ] % 0 § ] % 0 § ¥ % 0 § ¥ B
0 TIP3 n T P4 mod 7 (75) For 6y, in the exchanging braiding of two identical X’s, a
ooE Ty 2 ’ 3% + 12 = Z phase shift is caused by attaching one e to each
0o — _ T p3 mod 7 (76) ¥ so that both X’s still keep identical. Therefore, the result in
zo = ’ Eq. (76) is unchanged, and we rewrite the result again:
TP 7 T o7 /4
O35 = == mod , an Os = — —f *mod 5 = —f mod 7. (84)
TPp3
Os.5:0 = — —— mod 27. (78)  which s listed in Table IL.

Next, we will consider the effect of particle attachment.

For both 05, ., and 6, 5.5, one can consider the attachment
of e onto braided X. Since the latter is braided around o, e
carrying % symmetry charge is simultaneously braided around
the unit Z4 symmetry flux o, rendering a % X ZT” = 7 phase
shift. This 7 phase shift changes the periods of the two M3L
statistical phases to 7, leading to the result listed in Table II:

il ) rnodz :ﬁmodz,
8 4 8 4

T
9072;2 =0 mod Z

(79)

9):,(7;0 - -
(80)

In Eq. (79), p4 term is exactly multiple of the minimal period
7 /4, and is removed. Likewise, in Eq. (80), p3 term is exactly
multiple of the minimal period 7 /4, and is removed.

For 6, 5.5, an e can be attached onto one of ¢’s in the
MB3L braiding process. A 7 phase shift is generated, which
is smaller than the period 7 in Eq. (75). Therefore, the final
period should be gcd(7, ) = 7, and we end up with the
result listed in Table II:

T
0s.0:x = 0 mod 1

For 65 5.,, an e can be attached onto one of ¥’s in the
M3L braiding process. A 7 phase shift is generated, which
is smaller than the period 7 in Eq. (78). Therefore, the final
period should be ged(5, ) = 7, and we end up with the
result listed in Table II:

(81)

T
92,2;0 =0 mod E (82)

For 6,5, in the exchanging braiding of two identical ¢’s,
a %% + %% 7 phase shift is caused by attaching one e onto
each o so that both o’s still keep identical. Therefore, we
have:

(83)

which is listed in Table II.

Equations (79), (80), (81), (82), (83), and (84) together
form a complete set of physical observables that classify
and characterize SFL. when SFP is eC. It is apparent that
pa disappears in these formulas. The remaining parameter
p3 is periodically identified as p3 ~ p3 + 4. However, upon
carefully tracking how the six M3L statistical phases change
with respect to p3;, we find that p; has a smaller period:
p3 ~ p3 +2,1.e., p3s € Z,. Thus, the classification of SFL is
given by Z,. We can use the above six M3L braiding statistical
phases to distinguish the two SFL classes, which is exhausted
in Table VIII.

3. Computing SFL when SFP is either eQ or eQ_

For these cases, Q11 = 1 or 3 for eQ4, so e can carry (plus
or minus) one fourth Z4 symmetry charge. From (54), we have
M = 16, and then from Eq. (53) we have

k kQi  k+ k
Toaa = =7+ Tooa = —— — —— 85
aa 4 ac ]6 4 ( )
As such, the quantized values of the statistical phases 6, 5.» =
—Oso =7k/2, Op3 =-k and Op5 =05, =

w(k — 4k — 4k)/8 and 0, ,.x = 7w (k — 4k — 4k)/4.
Next we consider particle attachment. In the present SFP,
e carries :t% symmetry charge, which leads to a % x T =z

7 =3

TABLE VIII. Six M3L statistical phases [Egs. (79), (80), (81),
(82), (83), and (84)] when SFP is eC in Z, topological order enriched
by Z, global symmetry. We restrict all phases into their own “the first
Brillouin zone”. For SFP eC, there are in total 2 topologically distinct
SFL classes each of which is uniquely labeled by an integer p; with
P3 € Z.

P3 92,0’;0‘ 0(7,()‘;2 9(7;): 9(f,2;2 92,2;a 02;()‘
0 0 0 0 0 0 0
1 z 0 z 0 0 z
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TABLE IX. I3L statistical phases [Egs. (90), (91), (92), (93), (94), and (95)] of Z, x Z, topological orders. TO, and TO3 are identical to

each other upon group automorphism.

Topological orders Ox2.51 Ox1 x2.52 052 x2.51 Os1.52 Os2 5151 Ox1 x1.52
TO, 0 mod 0 mod 7 0 mod 7 0 mod 7 0O mod 7 0 mod 7
TO, Z mod 7 Z mod 7 0 mod 7 0 mod 7 0 mod 7 0 mod 7
TO3 0 mod 7 0 mod 7 0 mod 7 7 mod 7 % mod 7 0 mod 7
TO, 5 mod 7 7 mod 7 0 mod 7 7 mod 7 5 mod 7 0 mod 7

phase shift if braiding e around a unit Z, symmetry flux o in
2

a M3L braiding process. Again, there is a 1 x 5+ = 7 phase
shift if braiding e around an elementary loop excitation ¥ in
a M3L braiding process. By carefully taking these two kinds
of phase shift into account, following the similar discussion,
we obtain the result listed in Table II. The result indicates
that if SFP is either eQ or eQ_, there is no nontrivial SFL.
Formally, we use Z; to denote the classification of SFL. when
SFP is either eQ, or eQ_.

In summary, the total classification of Z4 topological order
enriched by Z,4 global symmetry is given by: (Z4 X Z4) ®
Zor ® 7y @ Z,, as also shown in Table II. When SFP is €0,
e carries integer symmetry charge and SFL is classified by
Za4 x Zs4. When SFP is eC, e carries half-integer symmetry
charge and SFL is classified by Z,. When SFP is either eQ
or eQ_, e carries either 1/4 or —1/4 symmetry charge and
SFL is always trivial (denoted as Z;). In Appendix G, we
present details for general Zy topological orders enriched by
Zk symmetry. All results are collected in Table I.

V. SYMMETRY FRACTIONALIZATION IN TWISTED
TOPOLOGICAL ORDERS: TAKING Z; x Z,
TOPOLOGICAL ORDERS ENRICHED
BY Z, SYMMETRY AS AN EXAMPLE

In this section, we study Z, x Z, topological orders
enriched by Z, symmetry. In contrast to the previous sec-
tion where there is only one Z, topological order, Z, X Z,
topological orders include one untwisted topological order
and three twisted topological orders (two of them are iden-
tical to each other upon group automorphism). To distinguish
them, it is necessary to calculate three-loop braiding statistical
phases (called “intrinsic three-loop” or “I3L” in the following
texts) among three elementary loop excitations. After impos-
ing symmetry, we need to collect I3L and M3L statistical
phases together, from which we can read symmetry fraction-
alization and its connection to a specific Z, x Z, topological
order.

This section is organized as follows. In Sec. VA, we
compute I3L statistical phases (Table IX) in order to identify
topological orders with the same gauge group Gy = Zy x Z,.
In Sec. V B, we compute SFP and collect results into Table X.
In Sec. VC, we derive the minimal model [Eq. (103a)] that
is served as the starting point for the computation of SFL. In
Sec. VD, we demonstrate the quantum anomaly in Z, X Z,
topological orders enriched by Z, symmetry. In Sec. VE,
we concretely compute SFL of each SFP, which renders the
final classification of symmetry fractionalization of Z, x Z,
topological orders enriched by Z, symmetry.

A. I3L statistical phases for Z, x Z, topological orders

In contrast to 3D Zy topological order, Zy, x Zy, topo-
logical order can have many phases even in the absence of
symmetry. In terms of twisted gauge theory language, when
the gauge group is Zy, x Zy,, there can be nontrivial twisted
terms in Eq. (1): S = fﬁzizleib"da"+ 124'd*da* +
Dy a’a'da', where g1 = kl\,'\‘,f\zlz,cnn = 151\,’\',?2]2, with k, k €
Zy,, (N1 is the greatest common divisor of Ny and N,).

Physically, three-loop braiding statistics among nontrivial
elementary loop excitations, i.e., >! and X2 can be used
to distinguish different topological orders with the same
gauge group Gy = Zy, x Zy,. More specifically, I3L statisti-
cal phases can be obtained from the following effective action
of X! and £2 (N; = N> = N is assumed):

SrL =/ TR o1y 5@k B8
+— @ E)E T 2D, (86)

The two terms in S7; of Eq. (86) lead to the following I3L
statistical phases (N = 2):

T
922.21 = —921 ¥2.92 — C]122’
’ e 4
T
32 pom1 = o 87)
T
921.22 - —921 »2.yl = q211 5
’ e 4
T
R "22” . (88)

In the absence of symmetry, the coefficients g2, and g5 are
quantized and periodic in the following way:
(39)

G122 =2k, qa11 =2k

TABLE X. Four SFP types for G, = Z, x Z, topological order
and G, = Z, symmetry. C denotes the SFP matrix defined in Eq. (9).
Ci; and C), are the fractionalized symmetry charges carried by the
elementary particle excitation e; and e, respectively. Q is defined in
Eq. (18). Gy is the gauge group after gauging the symmetry.

SFP (Qu, Qn) (€1, Ci2) (On, 0n) G,
e10e,0 (0,0) (Omod 1,0 mod 1) 2,2) Ly X Ly X L
e1Cey0 (1,0) (% mod 1,0 mod 1) (1,2) Ly X 7y
e10e,C 0,1) (0O mod 1, % mod1) (2,1) Lo X Ly
eilCe,C (1,1)  (Amodl,imod1)  (1,1) Z4 X 7
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with k, k € Z, by applying the universal formula (11), which
leads to:
k
021 ¥2.32 = T[_ mOd T,
) ) 2
k
Os1.32 = % mod 7,

wk
9):2.21 = — mod T,
’ 2
022,):2;21 = wk mod 27'[,

wk -
921,22;21 = Tmodn, 921,21;22 =k mod 2.

We should also consider the effect of attaching particles. In
the present topological order, there is a 7w phase shift if we
braid ¢; (i = 1, 2) around /(i = 1, 2). As a result, we obtain
the following new set of phases:

wk

Os2.51 = - mod 7, (90)
wk

921,22;22 = 7 mod T, (91)

922,):2;21 = 0 mod T, (92)

mk

Osiz2 = - mod 7, (93)
k

9):1,22;):1 = % mod T, (94)

92]’21;22 =0mod . (95)

Thus, by using these six braiding statistical phases to char-
acterize the bulk topological order, one can realize that there
are totally four distinct Z, x Z, topological orders denoted
as TOq, TO,, TO3, TO,4.'® We list their physical properties
in Table IX. This table will be useful for identify topological
orders after symmetry is imposed.

B. Computation of SFP

From (9), depending on whether e;(e;) carries integer or
half integer symmetry charge, there are four different SFP,
denoted as ¢;0(C)e,0(C) (see Table X). The corresponding
charge matrices are (Q1;, 012) = (2,2), (2, 1), (1,2), (1, 1).
Upon gauging, the resulting gauge groups are (Z,)*, Z, x Z,
Z4 X Zz, and Z2 X Z4.

C. Minimal model for computing SFL

Here we will derive the minimal model, to be given in
Eq. (103a), which is sufficient for the purpose of classification
of SFL. We start from the most general action and then derive
the most general form of different M3L invariants, through
which we can show the action (103a) is sufficient enough
for classification of SFL. The derivations for the minimal
model apply to Zy x Zy topological order enriched by Zg
symmetry with general N and K. For the present example,
N=K=2.

We first consider different types of twisted terms that could
be related to M3L invariants, which are classified in four

1In fact, TO, and TOj3 are the same topological order since they
just relate each other by relabelling fluxes (mathematically, they are
related by a group automorphism action).

classes (v =1,2;i,j=3,4,...,2+n'; n’ is the total num-
ber of trivial layers):

(i) Twisted terms with gauge fields from two nontrivial
layers. Sﬁn = ﬁ fqlzzalazda2 +q211a2a1da1. These two
terms determine what topological order belongs to;

(i) Twisted terms with gauge fields from one nontrivial
layer and one trivial layer. S\ = o ) Yo quia’dldd +

giwd'a’da’;

(iii)) Twisted terms with gauge fields from one
nontrivial layer and two trivial layers. Siln’t2 =
(2711)2 ij:’% quija’a'da’ + q,ja"a’da’ + g;jya'a’da’;

(iv) Twisted terms with gauge fields from two
nontrivial ~layers and one trivial layers. S} =

1 241’ i ' ~
eE [ 30 quid'a*dd + qipd'a'da® + gpid'a*da’.
Then we consider the most general action

S=S0+8% +Sh! + 852 4+ 853 4+ 5. + S, (96)
1 2+n' ‘ -
So=5 | N D bda’+) bdd, ()
v=1,2 i=3
1 2+n' )
So=5 [ 3 0nads + Y- ouaas. 09)
v=1,2 =3

24n'
Sy = f S @ b T+ Y . (99)

v=1,2 i=3

Integrating out b2 and b, we obtain (v = 1, 2)

2 2701,
a’ = ——nd_' Y — —an d %o,
N NK
2w Qyi
d= 2" (100)
K

where N=K =2 and A = %’d’l *o. Upon substituting
them into the twisted terms, we can obtain the aforementioned
M3L invariants (see Appendix H). The resulting effective ac-
tion is given by: Ser = Sap + St + Sm3r, where Sup collects
the terms describing the braiding between e, and XV (v =
1,2). Sy is given by Eq. (86), which collects two terms in-
volving three-loop braiding statistics among elementary loop
excitations ¥! and 2, which is used to characterize topo-
logical order without symmetry. And Sys3; collects all M3L
braiding processes:

— / Toa(d™ % T % ) (x0)

+ Zoar(d ™ % 0)(d ™" % ) (*Z?)
+ Topa(d ™ % 0)(d ™" % Z?)(xZ)
+ Lo (d ™' T % 0)(x0)
+ Thao (d ™" % Z2)(d ™ 5 0)(x0)
+ Toaa(d™" % 0)(d " % Z)(*Z)
+ Zopp(d ™ o) (d ™" % Z2)(xT?). (101)

The seven coefficients are M3L invariants. For those involving
two elementary loop excitations and one symmetry flux, M3L
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invariants are given by:

i
I @@ i gin Qi
aaa N3K P N2K ’
.
T Q- f: 4i2Qi
abb = N3K a N2K s
ot
7 _ =@ i gin2Qii
aab N3K = N2K P
o
T, - 211011~ 421 Qi
aba — N3K _Z N2K B
7122012 6]211Q11 1201
Iaba = - 3 3 - Z [2 l.
N°K N-°K N*K

For those involving one elementary loop excitation and two
symmetry fluxes, M3L invariants are given by:

T —61122Q%2 4219011012 fIzllQanl
aca N3K?2 N3K?2 Z N2K?2
2
el q1ii Z Cllqule;
NK2  NK?2
2
iy qi1201:012 6]12;Q12Q1l
Z N2K2 Z N2K2 °
¢12011012  ¢1103, f]zzlelez
Lhou = N3K?2 o N3K?2 Z N2K?2
Dt
N i QZiiQ Z th]Qthj
= e  NK2

qllellQll
Z e

61121Q11Q1z
z e

Following the same analysis as Sec. IV B, it is sufficient to
consider n’ = 2 and preserve one typical term in each summa-
tion. Then, we have the following simplified formulas:

Iozaa - =

Lopy = —

Iaab =

Iaba =

Iabut = -

Iaaot -

021012 (I311Q13’ (102a)
N3K N2K
9122011 61322Q13’ (102b)
N3K N2K
12012 61312Q13’ (102¢)
N3K N2K
20 4321Q137 (102d)
N3K N2K
7122012 . @nf@n 123013
_ , 102
MK T NK N2K (102
—q1207, I 211911012 n 710301 11304
N3K?2 N3K2 N2K? NK?
0134013014 | 312013012 9123012013
_ _ , (102
NK2 + N2K2 N2K2 ( f)

7 _ qi»010n @10} 432013012 @307,
o = TR NIRE T NK2 . NKD
234013014 9321013011~ 9123011013
— . (102g)
NK? N2K? N2K?

Therefore, without loss of generality, we obtain the following
minimal model (N = 2):

§ = So + Sint + S¢ + Ssr, (103a)
2
1
So= 5= / > Nb'da’ + bda’ + b*da’, (103b)
2 —

2
1
Se = — / Z 01,Adb" + Q13Adb* + Q14Adb*, (103c)
54
v=1
2
Sg = /Z(a” % j'+ b x T +a x j +at

(103d)

1
Sint = —/6]12261 a*da® + quia*a‘da’
472

2
+ Z Ga’a’da’ + guzaa’da’® + gusata’da’
v=1
+q123a a*da’ +q312a a'dd® + qi1a 3d%da’.
(103e)

By further setting Q;; = 1 for all trivial layers, all M3L invari-
ants reduce to:

11012 g3n
Iotaa = - - s 104
Nk NK (104a)
122011 4322
T = — 122U 104b
bb VK NK ( )
122012 q312
Toab = 104
TNk NK (104)
@l g
Zopa = K NK (104d)
I _ 9122012 | @2uQu g3
aba — T - )
N3K N3K N2K
I o _ 1208, @010 @310 413
s N3K?2 N3K? N2K2  NK?
q13¢ G120 q123012
—_ — , 104e
NK? N2K? N2K? ( )
7 _ 9122011012 104, n 9302012 ¢33
bot N3K?2 N3K2 ' N2K2  NKZ
934 q321011  q123011
— . 104
NK? + N2K?2 + N2K? (1045)

The coefficients are quantized as: ¢33 = kiM13, qi34
kiMis, g311 = kaMis, qoss = ksMos, qoza = ksMas, q3o0 =
kaMos, qz12 = ksM13, g1 = keMa3, qi3 = kiM, qin =
kM q211 = kM where k], k] s k2, k3, k3, k4, k5, k6, k7, k andk
are arbitrary integers. M, M3 and M»3 are given by:

M = lcm|: i‘ , i‘ }, (105)
ged(Qi1,4) ged(Qi2, 4)
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and
4 4
=—— Mpy=—F——
ged(Q1,4) gcd(Qi2, 4)

Furthermore, one can check one by one that the periods of all
integers, i.e., k1, k1, k2, k3, k3, ka, ks, kg, and k7 are given by

M (106)

r=2 (107)

regardless of the choices of 011 and Oy, k and k also have the
same period:
I' =2 for 610620, 61C€20, e10e2C, (108)

I' =4 for 6‘1C62C. (109)

According to Table V, we can write totally 15 M3L statis-
tical phases as (N = 2; K = 2):

90;21 = _6):1,0';0 = 560,0;21

—27TkMQ%2 27T];MQ11Q12
= N3K2 N3K2
2wkoMi3Qn 2mkiMs
N2K? NK?
_ 2rkiMy;  2wksM13012 _ 2mksM Q1 (110)
NK? N2K? N2K?2 °
921;0 = —Us, ;3!
1 27T]€MQ12 271k2M13
= —0Osi y1.,, = — — 111
2 el N3K N2K ) ( )
1
90;):2 = _922,0;0 = 500,0;):2
27TkMQ11Q12 27T];MQ%1
T NkZ T NK?
2mksM3 Q12 2mksMos
N2K? NK?
_ 2nksMays 2mkeMas Q. 2mksMQyy (112)
NK? N2K?2 N2K2 °
1
022;0 = —Us, 2,32 = 5022,22;0
2w kM 2 kaM
_ Qu  2mky =) (113)
N3K N2K
9 _ 4JTkMQ12 ZJTIEMQ“
o EREL T TTONAR N3K
27Tk7M 27Tk5M]3
N2K N2K °
27TkMQ12 27Tk5M13
Oosio = 5k T T NK
2rkMQy,  2mkgMas
— = 114
+ N3K N2K ( )
9 i 4 ];MQH 2]Tk6M23
o.EhEE T N3K N?K
27TkMQ12 27Tk7M
. 115
+ VK + VK (115)

D. Fractional Z, symmetry charge in twisted Z, x Z,
topological orders must be anomalous

From Table III, we see that among all Z, x Z, topological
orders, which are denoted by TO; with i = 1,2, 3,4, only
untwisted one denoted as TO4 can support nontrivial SFP. For
all twisted ones, SFP must be trivial, denoted by e;0e,0. This
is the first concrete example that demonstrates the quantum
anomaly introduced in Sec. III D. In other words, nontrivial
SFP, i.e., fractional charge carried by elementary particle ex-
citations, must be anomalous in twisted Z, x Z, topological
order with Z, symmetry.

To be more specific, in the presence of symmetry, g2,
and gy1; are quantized as i = kM, qa11 = kM where M is
given by Eq. (105). There are four independent combinations
for Q” and le, as shown in Table X, which respectively
correspond to four different types of SFP.

If we consider the trivial SFP denoted as ¢;0e,0, i.e, Q11 =
01> = 2, Eq. (105) gives M = 2. Thus, g2, = 2k, qo11 = 2k,
k € Z,, and k € Z,, which are exactly the same as Eq. (89).
Thus all four topological orders in Table IX are realizable
when SFP is trivial. In other words, all topological orders do
support trivial SFP, as shown in Table III.

But if we consider any kind of nontrivial SFP, either 01y or
le equals to 1. Then, Eq. (105) leads to M =4, i.e., qi»
and g1 must be multiple of 4 in order to respect global
symmetry. As a result, from Eqgs. (87) and (88), we can verify
that the values of these six phases always correspond to TO+
in Table IX.

Therefore, it is impossible to have nontrivial SFP (i.e.,
e1Ce30, e10e,C, and e;Ce,C) in Zy x Z; twisted topological
orders (i.e., TO2, TO3, and TOy4) with Z, symmetry. Alter-
natively speaking, fractional Z, symmetry charge carried by
elementary particle excitations in twisted Z, x Z, topological
orders must be anomalous. As discussed in Sec. III D, such an
anomaly cannot be identified if twisted terms are not taken
into account. In Sec. VE, we will compute SFL for each
SFP in Table VB, and will clearly see that nontrivial SFP
can only be realized when topological order is untwisted for
Gg = Zg X Zz and Gs = Zz.

E. Computing SFL for each SFP
1. Computing SFL when SFP is e,0¢,0

In this SFP, Q11 =Q01n=0, 011 =0n=K=2, M =
My; = M3 =2. We can write totally 15 M3L statistical
phases as:

Ozt = —Og1 gy = %(—k1 — k) mod 7,
O5.5:51 = 7 (—k; — ki) mod 27,
b4
921;(, = —Ug xi;3xt = —Ekz mod T,
01 51, = —1mky mod 27,
T _
90;22 = _922,0;0 = E(_kS — k3) mod 7,
O5.6.52 = w(—k3 — k3) mod 27,
14
922;0 = —Us x2.32 = —5k4 mod T,

922,22;0 = _ﬂk4 mod 27T,
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O, 52,31 = %(—/W + ks) mod 7,
g
9):2’21;0 = E(—kS — k6) mod T,

Op 51,52 = %(kﬁ + k7) mod 7,

where the periods are due to Egs. (107) and (108). All kinds
of particle attachment provide a minimal 7 period:

(1) Braiding e; around o gives a 7 phase shift.

(2) Braiding e; around X! gives a 7 phase shift.

(3) Braiding e; around o gives a 7 phase shift.

(4) Braiding e, around X2 gives a 7 phase shift.

S00, 551,051 51,5, 05 552, and 52 52, vanish up to 7.

In the remaining 11 M3L statistical phases, one can further
simplify the above 11 M3L statistical phases by introducing

six linearly independent integers py, ..., pe € Z»:

bpis1 = 051,017 = 5.p1 mod ., (116)
510 = O 515 = 5p2mod . (117)
Opi52 = O52.51p = 5.p3 mod ., (118)
Os20 = 0, 5252 = 3 pa mod . (119)

e %p5 mod T, (120)

- %p(, mod 1, (121)
6. 51:52 = 7 (ps + po) mod (122)

as shown in Table IIl.. Since g0 = Mk = 2k and g1 =
Mk = 2k, we find that all four topological orders in Table IX
can be exhausted. Therefore, the present SFP can be realized
by all four topological orders. This result is consistent to the
discussion in Sec. VD. In summary, when SFP is e;0e,0,
SFL is classified by (Z,)® for all Z, x Z, topological orders,
regardless of twists.
2. Computing SFL when SFP is either e,Ce»0 or e,0e,C

In the following, we first consider SFL. when SFP is
e1Ce;0, then ¢;0e,C can be obtained by switching indices

properly.

In the SFP €,Ces0, Qi1 =0n=1,01=0,01=2,
M =4, M3 = 4, My; = 2. We can write totally 15 M3L sta-
tistical phases as:

4
90_;21 = —921’0;0 = Ekz mod T,

0y 551 = wky mod 27,
021;0 = —90’21;21 = —TL’kz mod 27‘[,

051 51, = 0mod 27,

Oyisr = —O52 0y = %(kﬁ — %) mod %
T _
Op o132 = E(k() — k) mod 7,

Osry = Oy son = %(—k — ky) mod 7,

92222;0 = N(—k — k4) mod 271,

T
Oy x2.31 = Ek mod 7,

922‘21;0 = %(Ig — k6) mod T,

g
90’21;22 = Eké mod 7,

where the periods are due to Egs. (107) and (108).

The elementary particle excitations e; and e, carry respec-
tively 1/2 and 1 symmetry charges. So, there are following
different kinds of particle attachment, which provides various
kinds of phase shift:

(1) Braiding e; around o gives a 7 phase shift.

(2) Braiding e, around %! gives a 7 phase shift.

(3) Braiding e; around o gives a 7 phase shift.

(4) Braiding e, around X2 gives a 7 phase shift.

By properly attaching these particles into M3L braiding
processes, we reach the following results with new minimal
periods:
b4

0,.5x1 = 0 mod z,
' 2 2

051 oc = 0 mod

8, 551 = 0 mod % fs1, = 0 mod 7,

T
90’,21;21 = 0 mod E, 021,):1“7 =Om0d7‘r,

Oy = O32 oy = %(kﬁ — %) mod %

po52 = 0mod T 2y = =(—k — k) mod .,

g

0y 3232 = 0 mod rx 0x2 2., = 0mod 7,

T o
9(,,22;21 = 0 mod 5, 922’21;0_ = E(k — k6) mod T,

b4
0(, yi.y2 = 0 mOd -
e 2
As a result, there are only four nonvanishing phases param-
eterized by two independent Z, integers, p7 = k¢ — k and
ps = kg + k.

0 il aZ s il dX (23
52 = —p; mod = - = —p7;mod =
0% 4P7 B ’ 2,050 4177 ) s
T T
9):2;0 = Epg mod T, 922,21;0’ = Ep7 mod 7. (124)

In this new parametrization, I3L statistical phases and M3L
statistical phases are uncorrelated. Since gj2p = Mk = 4k and
¢211 = Mk = 4k, we find that only the untwisted topological
order denoted as TOj is possible. Therefore, the present SFP
can be realized only by TO;. This result is consistent to the
discussion in Sec. VD.

In summary, in SFP e,Ce;0, the classification of SFL is
given by Z; x Z,, which can only be realized in TO¢ as
shown in Table III. The case of SFP ¢;0e,C can be analyzed in
the same way, also resulting in Z, x Z, classification labeled
by two Z, integers pg and po in Table III.

3. Computing SFL when SFP is e;Ce,C

In the SFP ¢/Ce,C, 011 = Q1 = 1.0 =0 =1.M =
4, M3 = 4, M3 = 4. We can write totally 15 M3L statistical
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phases as:

90;2‘ = _021,0;6

b3 -om .
= Z(_k+k)+5(k2_kl — ki + ks — k;) mod 7,

90.6'2' = z(—k—}—]})
’ 2
+ 7k, — ky —]El + ks — k7) mod 2,
Os16 = —Op 3131 = —%/E — ko, mod 27,
Os1 515 = —mk mod 2,

Opigs = —Os2 0 = %(k b+ %(lq + ke + k7) mod 7,
Br.oi5 = 5 (k = K) + (ks + ks + ky) mod 21,

g
0525 = =05 52,52 = _Ek — mky mod 27,
052 52, = —mk mod 27,

Oy 52,51 = —mk + %E — ks + ks mod 27,
A %(k 4 &) — (ks + ke) mod 27,
Oy w132 = —mk + %k + ks + wky mod 2w,

where the periods are due to Eqs. (107) and (109).

The elementary particle excitations e; and e, carry respec-
tively 1/2 and 1 symmetry charges. So, there are following
different kinds of particle attachment, which provides various
kinds of phase shift.

(1) Braiding e; around o gives a 5 phase shift.

(2) Braiding e, around X! gives a 7 phase shift.

(3) Braiding e, around o gives a 5 phase shift.

(4) Braiding e, around X2 gives a 7 phase shift.

By properly attaching these particles into M3L braiding
processes, we reach the following results with new minimal
periods:
b4

By = %(k+/€) mod 3

0 %k +%) mod =
l g0 = — mod —,
Yoo 4 2
0, 5.t = 0 mod z, Os1, = 2% mod 7,
- 2 ' 2
b4
05 vzt = 0 mod 7 Os1 51, = 0mod 7,
T - T T - T
Op52 = —(k+k d—, Os2,,=—(k+k d —
;%2 4( + )mo 21 Y200 4( + )mO 27
0y psr = 0mod =,  Ogr, = —k mod 1,
- 2 ’ 2
T
90’22;22 = 0 mod 5, 922’22;0 = 0 mod i,
b4 T _
0y x2.31 = 0 mod 7 Os2. 51, = E(k + k) mod 7,
0 0 mod —
1. = Umod —.
0,21 %2 )
By introducing two new Z, integers via piy = k +k and

p12 = k, we arrive at the results listed in Table III. Following
the same analysis in Sec. V E 2, only TO4 can realize ¢,Ce,C.

In summary, the total classification of the untwisted
Z, X Z, topological order enriched by Z, global symmetry
is given by (Z1)° @ (Z1)* ® (Z,)* ® (Z,)?. For any twisted
topological order, the classification is given by (Z,)® in which
only trivial SFP denoted as e,0e,0 is realizable. Thus, non-
trivial SFP (i.e., fractional Z, symmetry charge) in twisted
Z, x Z, topological orders must be anomalous.

VI. SYMMETRY FRACTIONALIZATION IN
TOPOLOGICAL ORDERS WITH MULTI Zx SYMMETRY
SUBGROUPS: TAKING Z, TOPOLOGICAL ORDER
ENRICHED BY Z; x Z, SYMMETRY AS AN EXAMPLE

In the previous two sections, we have studied SET exam-
ples where symmetry group is simply Zg and the unit external
symmetry flux is denoted as o. In this section, we consider
the Z, topological order enriched by Z, x Z, symmetry, in
which two symmetry subgroups coexist. Consequently, we
must introduce two distinct symmetry fluxes denoted as o
and o2, in order to detect symmetry fractionalization on par-
ticles and loops. Physically, one may expect that the final
classification have two typical parts. The first part includes
SET phases in which Z, symmetry subgroups are indepen-
dently fractionalized or nonfractionalized. The second part
includes SET phases in which both symmetry subgroups are
“intertwined” together such that it is impossible to regard the
fractionalization patterns as independent combinations of data
from two symmetry subgroups. Indeed, our calculation shows
that there are M3L braiding processes in which both ¢! and o2
are involved. Furthermore, we should consider M3L braiding
processes in which external symmetry flux (denoted as o '?) is
a composite of o' and 2. These M3L braiding processes are
used to detect the second part of classification, which unveils
nontrivial interplay of two symmetry subgroups. The results
are summarized in Table IV.

This section is organized as follows. In Sec. VIA, we
compute SFP and collect results into Table XI. In Sec. VIB,
we derive the minimal model [Eq. (126)] that serves as the
starting point for the computation of SFL. In Sec. VIC, we
concretely compute SFL of each SFP, which renders the final
classification of symmetry fractionalization of Z, topological
order enriched by Z, x Z, symmetry.

TABLE XI. The four SFP types for G, = Z, topological order
with G, = Z, x Z, symmetry. C denotes the SFP matrix defined in
Eq. (9). Ciy and Cy; are the fractionalized symmetry charges carried
by e, which are respectively in the first and second Z, subgroups of
G,. 0 is defined in Eq. (18). Gy is the gauge group after gauging the
symmetry.

SFP  (Qu1, On) c Q1. Oa1) G;

€00 (0,0 (1, DT 2.2 Zy X Ly X 7
eCO (1,0) /2, nr (1,2) Ly X 2o
e0C 0,1) (1,1/2)7 2,1 Zy X Ly
eCC (1,1 (1/2,1/2)7 (LD Zy X Ly
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A. Computation of SFP

There are four different types of SFP. From (9), the elemen-
tary gauge charge, denoted as e, can carry one-half or integer
charge of the two Z, symmetry subgroups. We denote these
four types as e00 and e0C, eCO0, and eCC, respectively. Upon
gauging, the four SFP types correspond to gauged groups
Ly X Ly X Ly, iy X Loy, g X Zo and Zy X 74 respectively
(see Table XI).

B. Minimal model for computing SFL.

Here we show that the action (126) we consider in the
example is sufficient for the purpose of classification of SFL.
We start from the most general action and then derive the
most general form of different M3L invariants, through which
we can show the action (126) is sufficient enough for clas-
sification of SFL. Our derivations apply to general Zy and
Zk x Zg symmetry. For the present example, N = K = 2.

We first consider different types of twisted terms that could
be related to M3L invariants, which are classified in two
classes:

(i) Twisted terms with gauge ﬁelds from one nontrivial

layer and one trivial layer. Si1 = (2”)2 f Zl . ql,,alaidai +

qillaialdal.
(i) Twisted terms with gauge fields from one
nontrivial layer and two trivial layers. S1% =

I+ . o o
(2;)2 f Z,>1n>2 qija'alda’ + qi,a'd’da’ + gijaia’da’.
Then we consider the following general action:

S = SO + Sllnt] Sllnt2 + S + Sﬁr’
1+n'
So = /Nb dd' —i—Zb’da
1+n
i o Eova)
1+n'
Ssr=/al>!<j] +bl*2+2a’*j’,
=2
14n'
Sint = ) / Zq,”aa da' + quiia Ydda
14+n'
+ Z qlija'a’da’ —l—quiala-’da’ —l—q,-jlala-’da',
j>iz2

where we have ignored the loop excitations corresponding to
the level-1 gauge fields since they are triVlal Integratlng out

b' and b, we obtain a! = —Z”d_ 20 ZEd ! xo! —
271Q21d—1 soland d = 2JTQ1,d * 0—1 2”Q2'd o2 and
NK

Al = %”d’l xo'. Upon substltutmg them into the twisted

terms, we can obtain the M3L invariants:

4]i11Q1i
aaa - Z N2K 9

1+n

QillQ2‘
Iﬁaa = - E NZKl’
i=2

I o [ ¢i1101:011 _ q1i:07%; Z q1i;01:01;
“ET = (VK NK? NK2
1+n'
T — T 411102001 B ¢1ii03; Z 91ijD2i 02
app | (NK) NK?2 NK?2
1+n
I = 410 q1iQ1i Qi Z 91ij Q102
wap r (NK )2 NK? NKZ
Io = li -_QillQZinl q1ii02i O1i Z q1ij 0201
pax | (NK) NK?2 T NKZ
1+n
qi1(Q2:011 — 01i021)
Iotﬂa - Z (NK)2

n Z qij1(Q1;02i—01:02;)
— NK? '
i#]
Following the same analysis as previous sections, we preserve
one term per summation:

4211012
Toaa = — NK2 (125a)
61211Q22
T aa = — s 125b
p NK2 (125b)
Loy = el 1201201 6]123Q12Q13’ (1250)
(NK)? NK? NK?
Topp = 01000 q120n0n 61123Q22Q23’ (125d)
(NK)? NK? NK?
Typ = @@y | 120120» 412%Q12Q23 . (125¢)
(NK)? NK? NK?
1102011 1202012 = 12302013
Thoa = — , (125
pa (NK)? NK2 T NK2 (1250
T ¢211(022011 — 012021) | q231(01302 — 012023)
wpa = (NK)? NK?2 ‘
(125g)

These M3L invariants are generated by the following minimal
action:

S = So + Sint + S¢ + S (126a)
1

So = 7 Nb'da' + b*da® + b*dd’, (126b)
T
1 2

Se = — / Z OnAdb' + QpAldb* + QA'db®,
T i=1

(126¢)

Ssr:/al*j1+b1*2+a2>kj2+a3*j3, (126d)

Sint = f(I2lla2aldal + qma'd*da* +  (126¢)

o)

qina'd*da® + qryia*a’da’. (126f)
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Note that if Q> = Q2 = Q»3 = 0, the second Z, symmetry
subgroup is not coupled to the system so that the system looks
like only have first Z, symmetry. Similarly, if Q;; = Oy, =
Q13 =0, the first Z, symmetry subgroup is not coupled to
the system so that the system looks like only have second Z,
symmetry.

From (16) and (23), we have

q211 = kM3, (127)
G122 = kM5, (128)
qi3 = kM), (129)
qa31 = k'My3, (130)
where k, k, Z, k' are arbitrary integers and
4 2
M12 :lCl’l’l 2, ~ s — N
ged(4, Q1) ged(2, Q12)
4 2
— — (131)
ged(4, Oo1) ged(2, Ox)
2 2
M23 =lcm = s = s
ged(2, Q1) ged(2, O13)
2 2
— — (132)
ged(2, On) ged(2, On3)

Plugging these results into the above M3L invariants, we can
easily obtain quantization rules of the corresponding M3L

statistical phases. The periods of k, k, k, k¥’ will be discussed
case by case below.

C. Computing SFL for each SFP
Below we discuss the SFL for different SFP respectively.

1. Computing SFL when SFP is 00

We first discuss the case with SFP being €00, namely the
gauge charge e carries integer symmetry charge of both the
two Z, subgroups. In this case, Q;; = 0, Q1 = 0 and then
011 =2, 0y = 2. Then (131) and (132) reduce to

My =2, (133)
2 2
M23 =lcm Y s PN s
[gcd(Z, On) ged(2, O13)
2 2
~—, = . (134)
gcd(2, O22) ged(2, O23)
Therefore, the above invariants become
k
Zoaa = — Q127 (135a)
4
k
Thaa = KO (135b)
4
k k
Ty = — QlinZ _ Q1£21Q13’ (1350)

_EQ22Q22 _ k0002

Tupp = ——= - (135d)
Tyup = EQlinz n leiQB’ (135¢)
Ty = /EinQu n ,kaziQw, (1350)
T = k/Mzs(QmQ;z - Q12Q23). (1350)

We first discuss the invariant Z,,,. If O, is zero, then Z,,, in
(135a) vanishes. So we assume Q;, is nonzero when discuss
the invariant. Under this assumption, ng = Q1». According
to Table V, the M3L statistical phases take

—2rk

g = KO0 (136)
; 4
2wk

b1 px = — 4Q12. (137)

When Q); =1, these two statistical phases take the most
general quantized values, that is, Ox.,1 = —22—" and 6,1 5.z =
2k

! Now we discuss the periods of the two statistical phases.
First of all, we consider those from attaching particles. Since
e carries only integer symmetry charge, then by attaching
particle, the statistical phases 6,1 can shift by 7, and 6y, ;1.5
can also shift by . Secondly, we can also consider the peri-
ods from those of twisted coefficients. However, the periods
from twisted coefficients are always multiple of the ones from
attaching particles, as we show below.

From (24), we setm = 2, Ny = 2, N, = 1 and M|, is given

by (133), the period of k is given by

- =lcm[ (138)

2 2 :|
ged(2, 012)” ged(2, Om) |
Plugging (138) into (136) and (137), then periods of these two
statistical phases 6y.,1 and 0y, ;1.5 due to I' are

27‘[Q12 |: 2 2 :|
cm , )
4 gcd(2, QO12) ged(2, O)

It is easy to verify that, regardless of O, and Oy, this period
is always multiple of m that is the period from particle at-
tachment. Therefore, the statistical phase 0x.,1 and 6,1 .5 can
take two inequivalent values: % with p; € Z,. In summary,
these statistical phases contribute to one Z, classification for
SFL.

Similarly, the invariant Zg,, can also be discussed and the
M3L statistical phases are quantized to be

(139)

—2rk
L (140)
’ 4
2wk
55 = o2z, (141)
= 4
and they can take the most general values
2wk
Os.02 = 4 (142)
2rk
Ozonz = —— (143)

whose periods are both 7.
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We note that even though the two invariants Z,,, and Zgg,
can come from the same twisted term ¢;;, however depend-
ing on different O, and Q,,, they can appear independently
by choosing different values of Q;, and Q, so that they
independently contribute to the classification. Therefore, the
statistical phases 0y.52 = 052 5.5 = % with p3 € Z, can also
contribute to another Z, classification for SFL.

Now we consider the invariant Z,,,. We assume Q;; to be
nonzero, otherwise both parts vanish. According to Table V,
the M3L statistical phases 6,1,z and 6y ,1.,1 from Z,, are
quantized to

[’ Ly = — ( ! 13) ! s (144)
21 k +k
0 ol ( le Q13)Q12. (1 15)

When Q1; = Q3 = 1, the statistical phases 6,1.5 and Oy ;1,51
can take the most general values, i.e.,

2 (k 4k
0,5 = _M, (146)
’ 4
2 (k +k
O o101 = ¥, (147)

with k and k being integral.

The periods of these statistical phases can come from
attaching particles and periods of k and k. From attaching
particles, both 6,1.5; and 05 ;1,1 can shift by 7. On the other
hand, the periods of the two statistical phases from the ones
of k and k are always multiple of that from attaching particles,
i.e., 7, as follows.

The period of k is given by (138). From (17), we set
m =2,N1 =2,N2 =N3 = I,K]EKQ =2 andMlz is given
by (133), we obtain the period of k:

~ 2
T = ged {1 , :
& { Cm[gcd@, 01 ged(2, sz)]

m[ 22 ]} (148)
ged(2, Q13) ged(2, O23)

From (144) and (145), we see that I'Q;, and FQBQIZ must
be even, so the periods of ,1.5 and Oy, ;1,1 from those of k
and k must be multiple of .

Therefore, the statistical phases (0,1.x, 05 +1,,1) can take
two inequivalent values, that is, (%52, —*£2) with p, € Z,,
which contribute to one Z, classification for SFL.

Similarly to Z,4q, two statistical phases (0,2.5, 05 52.52)
determined by the invariant Z,g4 also take two inequivalent
values, that is, (%5*, —™*) with p4 € Z, which contributes
to another Z, classification for SFL.

We also note that even though the two invariants Z,,, and
Z.pp can come from the same twisted term g2 and g3,
however depending on different O}, and Q»,, they can appear
independently so that they independently contribute to the
classification.

Now we discuss the invariant Z,,g, which now becomes
(135e). Then the M3L statistical phases 0y, ,2.,1 and 6,2 1.5
from the invariant Z,g are quantized to

27 (kQ2 + k023)012

Os o201 = 7 , (149)
27 (k k
Or o = — 7( QZZ—Z Q23)Q12. (150)

When Q1 = Qi3 =1 and Q, = Q3 = 1, the statistical
phases 6,1.5 and 0y ;1,1 can take the most general values,
ie.,

27k +k
by o = KR (151)
0% 4
2wk +k
B2 g5 = _¥, (152)

with & and  being integral.

Now we consider the periods of fx. ,2.,1 and 6,2 ,1.5. The
periods of these statistical phases can come from attaching
particles and periods of k and k. From attaching particles, both
Os o201 and 0,2 ;1. can shift by 7. On the other hand, the
periods of the two statistical phases from the ones of k and
k are always multiple of that from attaching particles, i.e., 7.
The periods of k and k are also I' and I', given in (138) and
(148). It is easy to see that I'Q, and I'Q»301> must be even,
so the periods of 6y, ;2,1 and 6,2 ,1.5 from those of k and k
must be multiple of 7.

Therefore, the statistical phases can take two inequivalent
values, i.e., (2, —%£2) with ps € Z,, which contribute to
one Z, classification for SFL.

Similarly, we can also discuss the invariant Zg,,. We note
that one can observe that simply by exchanging the two Z,
symmetry subgroups, the above discussions can be carried
over for the case of Zg,,. Therefore, we can straightfor-
wardly obtain the conclusion: from Zg,q, the statistical phases
Os o102 and 0,2 ;1.5 can take two inequivalent values, that is,
(75, =) with ps € Z, which contributes to one Z; classi-
fication for SFL. We note that the statistical phase 6,2 ;1.5 can
also originate from the invariant Z,,g (the total contribution is
then Z%22) in Table IV).

We note that the four invariants (135¢)—(135f) can come
from the same twisted terms g2, and g;»3, however the corre-
sponding statistical phases can take different values indepen-
dently by choosing different k, k and also Q12, 02, Q13, O23.
For example, for Z,,, one can choose k = 0 and Q1 = 1 and
other elements of charge matrix are zero and k take different
values in Z,; for Z,g4, one can choose k = 0 and 0> = 1 and
other elements of charge matrix are zero and k take different
values in Z5; for Zy,g, one can choose k=0, U= Q;g =1
and other elements of charge matrix are zero with k take
different values in Z,; for Zg,,, one can choose k=0,0 =
Q13 = 1 and other elements of charge matrix are zero with k
take different values in Z,. Therefore these four invariants can
contribute independently to the classification.
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Finally, we come to discuss the invariant Z,g,. For conve-
nience, we can divide the expression in (135g) into two parts,
i.e.,

k'M
Igs)a _ 23Q13Q22’ (153)
8
—k'M23012023
AP — (154)
For convenience, we define p»3 and p,3 through
Q12Mp3 = 2p»3, (155)
02 Mp3 = 23 (156)

We first discuss Ié%)a. If Q> = 0 or Q13 = 0, it vanishes. So
we focus on the case with nonzero Q,, and nonzero Q3. Then

it can be simplified to I;:S)u = ’<’Q14ﬂ’ which determines the
statistical phases
2nk'Qi3p
1 13P23
0y == (157)
0 4
27k'Q13p
1 13P23
o), = (158)
o 4
When O, = 1, then po3 = 1. Further if Q13 = 1, the 9(21)61_02
and 9(21;2171 can take the most general quantized values, that
Tk g) ok
18, 92,01 o2 —  2°Yse2e! T T2

Similarly, we discuss the second part of the invariant I;?u.
If Q1 =0 or Q,3 = 0, it vanishes. So we focus on the case
with nonzero Q;, and nonzero Q3. Then it can be simplified

to I&)a = X025 which determines the statistical phases
27k O
2 2323
0, =T (159)
10 4
27k’ Q
2 2323
Bt = (160)
When Qy, = 1, then py3 = 1. Further if Q»; = 1, the eg}g,,az
and 9(22)[,2,(], can take the most general quantized values, that
0@ T gk g ak
18, 02,0';02 = 2 9):, 251 = T T2t

From the above discussion, we see the most general quan-
tized values of the two statistical phases from Z,g, are

k'

92,(71;02 = 77 (161)
k'

92,02;01 = _Ta (162)

with &’ being integral.

We recall that these two statistical phases Oy ;1,2 and
0x.52.51 can also determined by the invariants Zg,, and Z,.g,
respectively. As compared to (159) and (151), the values of
these two statistical phases from Z,g, are not beyond those
in (159) and (151). And any pattern of the two statistical
phases in (161) and (162) are not independent since they can
be viewed as combination of those from invariants Zg,, and
Zoap- While they do not contribute to new pattern of SFL,
Zypa might contribute to smaller periods of these statistical
phases. However as we will show below it does not contribute
any smaller period of these statistical phases, that is, they are
always multiple of 7.

As we have discussed the periods of 6x, ;1.2 and Oy, ;2.1
from attaching particles above, here we only need to focus on
the ones from twisted coefficients.

We first discuss the period of k’. From (17), we set m = 2,
Ny =N, =1and N3 =2 and K| = K, = 2, and M3 is given
by (134), and we obtain the period of k’:

2 2
ged(2, p3013) " ged(2, pr3023)’

I = ged {1cm|:

2 2 ]
ged(2, p3013) " ged(2, p2303) |

2 2
lcrn|: , —,
gcd(2, px3) ged(2, pa3)

2 2
ged(2, px)’ ged(2, 1332)} } (169
It is easy to see that I''Q3py3 is even. So from (157), (158),
(159), and (160), we see that the periods of Oy ;1,2 and
%5251 are both multiple of 7.

In fact, we can also consider other M3L statistical phases,
such as 0y ;1. with i =1, 2, involving o2, which can be
viewed as fusion of o! and o2, having the unit symmetry
fluxes of both the two Z, symmetries. However, in this case,
they are not independent. For example, the quantization of
05 o12,5i are determined by 6x. ;1.,i and Oy 52,51, i.€.,

92’0-12;0-1' = 92,0‘;0’ + 92’02;(,:'. (164)

We note that even though the quantization of them are not
independent, the periods of them, in particular those from
attachment of particle, may be different as we can see below.

To summarize, for the SFP pattern €00, the classification
of SFL is (Z,)®. The corresponding characterization of these
SFL are given by the M3L statistical phases above (see Ta-
ble IV).

2. Computing SFL when SFP is either eC0 or e0C

Now we discuss the case with SFP being eC0, namely the
gauge charge e carries half integer symmetry charge of the
first Z, and integer charge of the second Z, subgroup. In
this case, Q11 = 1, Q> = 0 and then Oy, = 1, O»; = 2. Then
(131) reduce to

M, =4, (165)

while (132) remains in the same form. Then the M3L invari-
ants above reduce to

Toaa = —%, (166a)
Thoa = —]%, (166b)
T = k%lz _ EQ1§Q12 _ EQ1;Q13’ (166¢)
Ty = _EQzész _ ;Q2;Q23’ (166d)
Toup = 72Q1;Q22 n %Q1;Q23’ (166¢)
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kOn  k0»nQn  k0nOs
Thoa = — , 166
P 2 T2 T2 (166f)
k K'M —
Type = %22 + 23(Q13Q§2 Q12Q23). (1662)

As below we will show that all the first six invariants (166a)—
(166f) result in only trivial M3L statistical phases while the
last one (166g) can give rise to nontrivial M3L statistical
phase.

First of all, we discuss the invariant Z,g, that can contribute
to nontrivial classification and now becomes

Tope = kQ2» 4 k' (P23 Q13 — P23Q23)’ (167)
4 4

where we have used (155) and (156) and assumed that Q,; and
Q) are nonzero. [Otherwise the corresponding term(s) would
be vanishing.] We divide it into two parts for convenience

K (p —
Iéis)a _ (P23013 P23Q23), (168)
4
k
1% = %. (169)

Then the two statistical phases 05 ,2,,1 and 6y ;1,2 can be
divided into two parts. We first discuss the part one determined
by I;l )a, that is,

k'(p23013 — p23023)

9;';2;”, =2 7 , (170)
K (P Q13 —
9;:1‘)6]'02 _ o (P23Q134 P23Q23). (171

When Oy = Q13 = 1 (with Q3 = 0), p3 = 1 according to
(156) and (134), which means 6,  and 6, . can take

the most general quantized values, that is, oV o = 2K and
X, 020 4
1 27k 2 2 k
6(2.271;02 = —Z~. From I(fzﬁ)a’ we have 9)(:’)(72;01 = 271% and
9(222]1,62 = 27 %, which are always multiple of %, the most
general value from I;is)a-

We then consider the periods of the two statistical phases
that can come from two aspects. First, 0y ;2.1 and Oy 51,52
can shift by 7 and 7 respectively from attaching e particle
to X since e particle carries integer charge of the second Z,
and half charge of the first Z,. Secondly, the periods of these
statistical phases can also come from twisted coefficients,
which, however, are always multiple of those from attaching
particle, as follows. From (16) and (24), the period of k and &’
are given by

F:lcm|: 22 } (172)
ged(2, Q12) ged(2, O22)

and
2 2
ged(2, p3013) " ged(2, pr3023)°

I = ged {1cm|:

2 2 ]
ged(2, p3013) " ged(2, p23023) |’

4 4
lcm|: , —,
gcd(4, px3) ged(4, pa3)

4 4 i| } (173)
ged(4, p3)’ ged(4, p3) |’

respectively. As 'Oy, is even, then % is always multiple

of . Meanwhile, we can see that both I'' 53013 and I p23 023

o2l
are also even, then = ﬁ”Q”

of .

We note that the statistical phases 0y ,2,,1 can also de-
termined by invariant Z,.g, as given by (180) below, which
however are always multiple of the trivial value 7.

Therefore, 6y ,1.,2 are always equivalent to being triv-
ial while 05, ,2,,1 can take two inequivalent values, that is,
% with p; € Z,. Therefore, the Z, inequivalent statistical
phases 05 ,2.,1 contributes to one Z, classification of SFL (see
Table IV).

Below we discuss the other invariants in (166) can only
result in trivial values. We first discuss the invariant Z,,,. If
01 is zero, then Z,,, vanishes. So we assume Q;, is nonzero
when discussing the invariant. Then the M3L statistical phases
take

27T 23 0a; .
and =~ Z”Qz’ are also multiple

_2k

o = 22 (174)
2wkQ12

Oo1. 5.5 = 5 (175)

when Q1 = 1, they can take the most general quantized val-
ues, that is, 0y.,1 = —mk and 6,1 5. = wk. However, these
quantized values of the two statistical phases are equivalent to
being trivial since by attaching e particle to ¥ or o', 65,1 and
051,5;x can shift by 7 and 7.

Similarly, we discuss the invariant Zg,,, which now be-
comes (166b). Then the two correspondingly statistical phases
Ox.s2 and 6,2 5.5 are also multiple of 7, which however are
also equivalent to being trivial since attaching particle e to X
can shift the phases by 7.

We now discuss the invariant Z,,,, which now becomes
(166¢). Then the two statistical phases can take the quantized
values as

k k k
015 = 27r|: Qi kQiQin Q12Q13} (176)
’ 4 2 2
k k k
Og o1 = —2n|: 312 _ Q1;Q12 _ Q1;Q13:|' 177

When O, = Q13 = 1, they can take the most general quan-

tized values, i.e., ;1.5 = 2! and 05 ;1.5 = — 2 with [ being
integral. However, these quantized values of the statistical
phases are trivial due to the following reason: As e carries
half-integer charge of the first Z, symmetry, attaching e to o'
for 6,15 and to X for 05, ;1.,1 can both shift them by 7 phase
shift.

We turn to discuss the invariant Z,gg, which now becomes
(166d). Then the two statistical phases can take the quantized

values as

k k
Bap = 2n|: k000 Q22Q23]’ (178)
’ 2 2
k 2
O oo = —27r|: _ Q2;Q22 B Q2;Q23]. (179)
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These quantized values of the statistical phases are always
multiple of 7 and then trivial due to the following reason: As
e carries integer charge of the second Zg symmetry, attaching
e to o for 6,2x(i.e., one e to each o2 in the exchanging
braiding) or to X for 0, ,2.,2 can both shift them by 7 phase
shift.

Now we discuss the invariant Z,,g, which now becomes
(166e). Then the two statistical phases now can take the quan-
tized values

k k
Os oo :271[ 01202 + Q12Q23:|’ (180)
o 2 2
k k
Oyr o1 = —2n|: Q1;Q22 n lest]. (181)

These quantized values of the statistical phases are always
multiple of 7, and then trivial due to the following reason:
As e carries half integer charge of the first Z, symmetry and
integer charge of the second Z, symmetry, attaching e to X
for 05, 5251 and to o for 0,2 51,5 can shift them by 7 and %
respectively.

We turn to consider the invariant Zg,,, which now becomes
(166f). Then the two statistical phases now can take the quan-
tized values as

k k k
Os 1n = 20| — 0 02012 02013 L a82)
o 4 2 2
k k k
By ooy = 2”[ Qizz B Q2§Q12 _ Q2;Q13]. (183)

The quantized values of the statistical phases are always mul-
tiple of % and then trivial due to the following reason: as the e
particle carries half charge of the first Zx symmetry, attaching
e particle to X for 0y, ;1.,2 and to o2 for 051 52,5 can shift them
by 7 phase factor.

Now we discuss the M3L statistical phases 0y, ,12.,. From
the relation (164) and the above discussions, we can see that
the quantization values of 0y ,1., are always multiple of Z,
which however is trivial as attaching e particle to X can result
in phases shift of 7.

To summarize, for SFP eCO0, the classification for SFL is
Z5, which is characterized by 6y, ;2.,1 = % with p; € Z».

Similarly to the SFP eC0, the discussion for SFP with e0OC
for the classification for SFL can be easily obtained by just
exchanging the two Z, symmetries. Therefore, we can obtain
the conclusion: for SFP e0C, the classification for SFL is Z,,
giving by the two inequivalent values of the statistical phases
05 51,52 = 5 where pg € Z, (see Table IV).

3. Computing SFL when SFP is eCC

This case can also be connected to by rearranging the sym-
metry group Z, X Z, generated by g, h to another isomorphic
one Z, x Z, whose generators are g, gh. In this case, e parti-
cle still carries half charge of the first Z, symmetry, but integer
charge of the second Z; symmetry now. In other words, the
SFP eCC now_becomes eCO where the superscript reminds
of the second Z, is generated by gh. Then we can apply the
above discussion to this case and we can draw the conclusion:
For SFP eCC (or equivalently eCO0), the classification for
SFL is Z,, characterizing by the two inequivalent statistical

phases 05, ;12,1 = ™2 with py € Z, where o' is the fusion

of 0! and o%(see Table IV). Similarly argument also show that
O 51252 = % Therefore, for eCC, the classification of SFL
is Z; characterized by Oy ;12,51 = 05 512,52 = 0, 5 mod 7.

VII. SUMMARY AND OUTLOOK

In summary, we have systematically developed a field-
theoretical framework to completely characterize and classify
symmetry fractionalization of topological excitations (espe-
cially loop excitations) in 3D symmetry enriched topological
phases. The procedure is illustrated via concrete examples,
as listed in Tables I, II, III, and IV. Especially, the three
examples studied in the main text respectively stand for three
typical combinations of gauge fields and symmetries, namely,
untwisted gauge theory with cyclic symmetry group, twisted
gauge theory with cyclic symmetry group, and untwisted
gauge theory with product symmetry group. In addition,
anomalous symmetry fractionalization and the underlying al-
gebraic structure of the classification in our field-theoretical
framework have been discussed.

Some interesting questions remain open, which are left for
future study:

(i) In this paper, SFP is characterized by fractional-
ized symmetry charges, corresponding to one-dimensional
projective representations of the symmetry group, which in-
dicates that the gauged group Gy is always Abelian; SFL
is characterized by the M3L statistical phases that are also
Abelian. We have not yet considered “non-Abelian frac-
tionalization of Abelian symmetry”. The SETs that involve
non-Abelian properties may come from two aspects: (a)
the particles carry two- or higher-dimensional irreducible
projective representations of symmetry group, which upon
gauging results in a non-Abelian gauge theory; (b) the non-
Abelian MML invariants (related to M4L or non-Abelian
M3L).

(ii)) We have not yet considered permutation of topological
superselection sectors under symmetry transformations. It is
interesting to add this layer of complexity into 3D SET classi-
fication. Several initial attempts to treat untwisted topological
orders were made in Ref. [58].

(iii)) Another interesting issue is to introduce extra topo-
logical terms in the BF field theory, which is beyond
the Dijkgraaf-Witten twisted gauge fields, such as bb type
[19,83,85] or aab type [48,49]. With these topological terms,
it is very interesting to discuss the symmetry fractionalization.

(iv) Generalizing our theory to fermionic SETSs via spin-
TQFT is interesting and challenging, where the periods and
quantization rules are in general substantially modified when
transparent particles are fermionic. And it is also possible to
implement spatial symmetry into topological orders and study
generalized Wen-Zee terms [86].

(v) The underlying algebraic structure of our specific
field-theoretical data of symmetry fractionalization is not
completely understood. Some aspects of algebraic structure
are preliminarily analyzed in Sec. III E, inspired by the present
field-theoretical framework. It is fundamentally important but
definitely challenging to find a more coherent and more com-
plete algebraic description.
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(vi) Recently, field theories with exotic higher-rank sym-
metry and higher-moment conservation, e.g., dipole conser-
vation were motivated in part from the rapid development
of fracton topological order, have gained intensive attentions
from both condensed matter physics and high energy physics
[88—109]. It will be exciting to further implement global
symmetry in these unconventional field theories and see how
symmetry is fractionalized.
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APPENDIX A: FREQUENTLY USED
ABBREVIATIONS AND CONCEPTS

AB: Aharonov-Bohm

I3L: intrinsic 3-loop

MML: mixed multi-loop

M3L: mixed 3-loop

MA4L: mixed 4-loop

SPT: symmetry-protected topological phases

SET: symmetry-enriched topological phases

SF: symmetry fractionalization

SFP: symmetry fractionalization on particles

SFL: symmetry fractionalization on loops

TQFT: topological quantum field theory

Charge matrix Q;; is defined in Sec. I A

Reduced charge matrix Q;; is defined in Sec. II B

SFP matrix C;; is defined in Sec. II B

M3L statistical phases 6 . and 6. are defined in Sec. III B

M3L invariant Z _ is defined in Sec. III C

APPENDIX B: REVIEW ON 3D BOSONIC TOPOLOGICAL
ORDER: PARTICLE EXCITATIONS, LOOP EXCITATIONS,
AND TWISTED GAUGE THEORIES

3D Abelian topological orders we consider here are de-
scribed by TQFT of Dijkgraaf-Witten type, i.e., twisted
BF gauge theories with gauge group G, =[], Zy, [19.,45-
48,51,66,76,77,79-83]. In such topological orders, particle
excitations are Abelian and bosonic. Since they carry gauge

charge (representation of gauge group), we can define n
species of elementary particle excitations denoted by e; (i =
1,2, ..., n denote n different Zy, gauge groups) while other
excitations can be realized by fusing these elementary ones.
One of basic fusion rules is the fact that N; e'’s fuse to the
trivial particle (i.e., vacuum), e¢; X ¢; X ... X ¢; = 1, or sym-
bolically

(e =1. (B1)
It is convenient to introduce integer-valued vectors to de-
note particle excitations. For example, ¢; = (0, ..., 1,...,0)
where only the ith component is nonzero. All other particles
can be geometrically denoted by lattice sites of n-dimensional
hypercubic lattice. But there is an explicit redundancy in this
labeling system: The fusion rules in Eq. (B1) indicate that the
ith component of vectors is defined modulo N;.

As for loop excitations carrying gauge fluxes, there are also
elementary loop excitations %/ whose gauge fluxes, denoted
as ¢; (i=1,2,...,n), satisfy fusion rules that N; different
copies of m; gauge flux fuse to the trivial flux (i.e., 27), ¢; X
@i X ... X ¢; = 1, or symbolically

o = 1. (B2)
Likewise, we may denote all loop excitations by using n-
dimensional vectors. For example, ¢; = (0, ..., %, ..., 0
where only the ith component is nonzero. All other loops
can be denoted by superposition of all these basis vectors
with integer-valued coefficients. The gauge flux of a generic
loop denoted as ]_[,-(Ei)kf can be labeled by ¢ = (¢1, @2, ...¢n)
where ¢; = % with £, =0, 1,...,N; — 1 being the gauge
fluxes corresponding to Zy, gauge subgroup.

One of defining properties of the [ [; Zy, twisted gauge the-
ory is that the AB phase accumulated in the process that braids
a particle with gauge charge ¢ = (q1, g2, ..., g,) around a
loop excitation with gauge flux ¢ = (¢1, ¢2, ...¢,) is given by

046 = Z qidi.

We also call such braiding process as charge-loop braiding.

Another interesting braiding statistics of the Abelian topo-
logical order is three-loop braiding statistics. In the process
of three-loop braiding, one loop excitation is adiabatically
braided around another while both are linked to the third one.
While the fusion rules (B1), (B2), and the AB phases (B3)
are defined the same for all the bosonic topological orders
with the same gauge group []; Zy,, the three-loop braiding
statistics can be different in different topological orders. The
three-loop braiding statistics are related to topological invari-
ant in four dimensional manifold, and in principle can be
detected numerically and experimentally.

The effective action of the 3D Abelian topological order
we consider here is

: ]Vl i i 0
S:/ZEbda + S0,

(B3)

(B4)
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where S includes twisted terms:'’

SO — / @aiajdak.

o (B)

ij.k

{a'} and {b'} are respectively one- and two-form gauge fields.
All wedge products are implicit. g;;x = O for untwisted the-
ories. The first term is a set of BF terms that describe
charge-loop braiding processes while the second term is a
set of twisted terms that describe the three-loop braiding pro-
cesses. N; is the level of the ith BF term, corresponding to
the Zy, gauge subgroup while g, is the coefficient (alter-
native names are coupling constant, level and so on) of the
twisted term a’a’da*. In the absence of twisted terms (i.e.,
gijx = 0), the gauge transformation is just a’ — a' +dx/,
b — b +dV' where {x'} and {V'} are O-form and 1-form
gauge parameters, respectively. Nevertheless, in the presence
of twisted terms, the gauge transformation of b’ should be
modified properly by adding an additional term with g, j; de-
pendence [79]. In fact, several consistency conditions induced
by twisted terms make g; i to be quantized and compact (i.e.,
periodically identified), as shown in (11), i.e.,

NiN;
g =1 - s
qijk ]Vij

re Ly, (B6)

As aresult, all topologically inequivalent values of g; j; deter-
mine inequivalent three-loop braiding statistical phases. All
these different gauge theories are classified'® by

Ig, = 1_[ (ZNij)z x H (Zijk)z’

i<j i<j<k

(B7)

From (B7), it is apparent that in the action (B4) we are allowed
to arbitrarily add BF terms (i.e., “trivial layers”) of level-1 and
add twisted terms containing level-1 o' gauge fields. One can
prove that addition and deletion of level-1 BF terms does not
affect braiding data at all; in other words, I'g, is unchanged.
More intuitively, adding n “trivial layers” is equivalent to
adding n species of bosons that are in trivial gapped phases.
The coefficients of those twisted terms containing at least one
level-1 a' gauge fields are all equivalent to zero in the sense of
bulk topological order, i.e., braiding data. Nevertheless, once
global symmetry is imposed, these auxiliary gauge fields will
be useful and necessary in approaching complete classifica-
tion of SET orders.

17The terminology “twisted term” in this paper is always like aada.
All symmetry-fractionalization types and topological order we con-
sider in this paper are Abelian, so the twisted terms aaaa that induce
non-Abelian four-loop braiding are not considered throughout this
paper.

"The full expression of Iy should contain [],_;_;_, Zx,,, which
comes from twisted terms aaaa. But in this paper, we do not consider
this type of twisted terms.

It is obvious that greatest common divisor of 1 and any other
integer is always 1.

APPENDIX C: GENERAL PROPERTIES
OF CHARGE MATRICES

Here we discuss the SFP for general charge matrices
for system with gauge group []._; Zy, and symmetry group
[T~ Zg,. We begin with the following action:

1 n+n' ‘ ' 1 m n+n ' '
S=— Nb'da' + — A'Q;;db’ + i,
271/‘121: a+2n/;; Qy o
(CDhH

where the first term is a set of BF terms. N; > 1 for 1 <
i<nand N;=1 for n+1 < i <n+n'. The Q-matrix de-
pendent term is a minimal coupling term that defines how
global symmetry is implemented. The coefficients Q;; form
the m x (n+ n’) charge matrix Q. S, includes all possible
twisted terms (see [footnote 17]) of 1-form gauge fields a’
with index i = 1, ..., n’. One may further split Sj,; into two
terms:

Sine = Sine + Sine-

nt

(C2)

The two terms are defined as follows. Each twisted term
in Sgn is composed by 1-form gauge gauge fields a’ with
i=1,...,n only. In other words, BF terms together with
S9 completely determine bulk topological order, as shown in
Eq. (BS). But Sﬁn, as a nonquadratic term, does not participate
the determination of SFP at all. On the other hand, each
twisted term in S} at least contains a gauge field @' from
i=n+1,...,n+n. These gauge fields are called “level-1
gauge fields”, see [footnote 6]. Inclusion of Silnt does not
introduce new twisted gauge theories outside I', defined in
Eq. (B7), just like the inclusion of BF terms with N; = 1.
But S! is expected to introduce nontrivial SFL, which is
discussed in Sec. III B. For all above reasons, in the follow-
ing discussions on SFP, we will temporarily ignore both Sgn
and S...

Now we insert a set of particle currents {j’} and a set of
loop currents { %/} with proper gauge,”® which minimally cou-
ple to the one-form and two-form gauge fields, respectively:

n+n' m n+n

s =% f Y Nbldd + % f DO AQdb
i=1 i

i=1 j=1

n+n' n+n'
+ Zq,-a’ * jL Zq;b’ % 2
i1 i=1

Integrating out all the two-form gauge fields b, we obtain a
constraint

(C3)

. 2nq; i " Qji
o i gyt N 2L C4
a v > (C4)

4 l

j=1
Substituting these constraints back into Eq. (C3), we end up
with the following effective functional that is fully determined

2Loop currents are usually denoted by an antisymmetric tensor
%/, which, in Euclidean spacetime, form a two-dimensional closed
world-sheet. A recent calculation related to this loop current in con-
densed matter can be found in Ref. [19,48].
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by the configurations of external gauge fields A, particle cur-
rents, and loop currents:

S[A, j, X]

27Tq,ql ) i AN qull i
= —Z/ jld7's ZZ/ L= Aty i,
i=1 1
" (C5)

The first term in Eq. (C5) describes the braiding process in
which a particle excitation carrying g; unit gauge charge in
Zy, gauge subgroup (i.e., ¢!') braids around a loop excitation
carrying ¢} unit gauge flux in Zy, gauge subgroup generates a
statistical phase 27 ¢;q;/N;. The second term indicates that the
particle excitation carrying g; gauge charge in Z N; gauge sub-
group (i.e., e(]’.j ) carries g;Q;;/N; symmetry charge of global
symmetry subgroup Zg,. Since this symmetry charge is al-
ways integer valued (i.e., “nonfractionalized”) once N; =1
forthe labels j =n + 1, ..., n + #/, itis sufficient to consider
j =1,..., nduring the following calculation of SFP. Again,
it is also sufficient to consider particles with unit gauge charge
g; = 1! Since if ¢;Q;;/N; is fractional, Q;;/N; is also frac-
tional. The inverse is not always true. We conclude that, the
complete answer to SFP has been encoded in those particles
carrying unit gauge charge. For gauge group Gy, there are n
such elementary particles, denoted as e;, each of which carries
unit gauge charge of a specific gauge subgroup.

Next, we demonstrate that there exist equivalence relations
such that infinite choices of symmetry charges Q;;/N; can be
reduced to a finite set (here Q;; may take arbitrary integer.).
For this purpose, let us examine the property of the min-
imal coupling term “3- [ 37" IZ'H'" A'Q;;db’”. Since the

external gauge field A’ probes symmetry charge in symme-
try subgroup Zg,, the coefficient Q;; should be equivalent to
Q;; + K;. Furthermore, one may perform the integral-by-part
and obtain “5- [ > Z;’:T b/ Q;;dA™, which indicates that
the external symmetry flux is also charged in the gauge sub-
group Zy,. Therefore, the coefficient Q;; should be equivalent
to Q;; + N;.** Combining two facts together, we see that for
characterizing SFP, Q;; is equivalent to Q;; + a;;N; + B;;Ki,
ie.,

Qij ~ Qij + aijN; + BijK; (Co)

where «;; and B;; are arbitrary integers. From the Bézout’s
lemma, Q can be decomposed in terms of

Qij = aijN; + BijKi + Qij, (C7)

2In order to simplify descriptive words, here we have already
implicitly assumed that all other ¢’s vanish. By “a particle with unit
gauge charge in a certain gauge subgroup”, we have already assumed
that the particle doesn’t carry nontrivial gauge charges in all other
gauge subgroups, unless otherwise specified. These particles are
also called “elementary particles or elementary particle excitations”,
denoted as e;, in this paper. Likewise, we have similar definitions for
“elementary gauge fluxes/loop excitations”.

22Such equivalence relation of Q; ; can also be understood as by
attaching trivial particles to elementary particle excitation e;.

where the integer |Q;;| is less than the greatest common
divisor of K; and N; denoted by gcd(K;, N;). Alternatively,
one can generally express Q;; as: Q;; = n;;jgcd(K;, Nj) + Qjj,
where the integer n;; is determined by «;; and g;;. Q is re-
ferred to as “reduced charge matrix” whose element Q;; takes

values in a finite set:3

Q;;€10,1,2,...,gcd(K;, Nj) — 1}. (C8)
We use the SFP matrix C;; to denote the corresponding Zg,
symmetry charges carried by particles e; with unit Zy, gauge
charge: C;j = Q” mod =00 ng(K M) 1t has ged(K;, N;) inequiv-
alent values, 1ndlcat1ng that there are gcd(K;, N;) types of
SFP of ¢;. 24 Considering all different subsymmetries for i =
1,...,m, there are in total []!" ged(K;, N;) types of SFP of
ej. Furthermore considering all elementary particles e; with
j=1,...,n, we obtain the total types of SFP should be:
[T H?:l ged(Ki, Nj).

In summary, we have successfully reduced infinite number
of charge matrices Q to finite number of “reduced charge ma-
trices” Q whose elements are given by Eq. (C8). As a result,
we end up with [T, [])_, ged(K;, N;) different Os. Given a
Q, the Zg, symmetry charge (i = 1,2, ..., m) carried by e;
(i.e., particles with unit Zy, gauge charge) G=12,...,n)
is uniquely fixed and exactly provided by C;; in Eq (9) If
we use v; to label SF type withi=1,2,...,N, and N, =
[T [T}, ged(K;, N;) , each type of SFP is one-to-one corre-
spondence to Q but there is a caveat about the anomalous SFP
of twisted topological order, as mentioned in Sec. IIB. We
finally note that v; denotes the trivial SFP in which symmetry
charge is integral.

APPENDIX D: QUANTIZATION AND PERIODS OF
COEFFICIENTS OF TWISTED TOPOLOGICAL TERMS

In this Appendix, we provide detailed calculations on
quantization rules (i.e., levels and periods) of coefficients of
twisted topological terms, with and without global symmetry.

We consider a gauge theory with gauge group ]_[7:1" Zn,
and symmetry group [[/-, Z, that is twisted by one twisted
term g, i.e., with general action

S =S80+,

(DD

230ne can always redefine the setas {1, ...
equivalent to gcd(Kj;, N;).

24Forj =n+1,...,n+n',wehave trivial BF levels, i.e., N; = 1,
therefore, C;; is always 0 mod 1, i.e., non-fractionalized. As such, for
the purpose of computing SFP, it is sufficient to consider reduced
charge matrices Q of a reduced size m x n.

, ged(K;, N;)} since 0 is
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In (D1), besides the level-N; » 3 gauge fields that is included
in the twisted term ¢, there are also additional n different
untwisted gauge fields, which might be level-1 or not and can

J

We first claim that the quantization levels and period of g are

also be coupled to external probe fields. As it is shown below,
these untwisted gauge fields do not affect the quantization and
period of the twisted coefficient q.

g=kM, k€ Iy (D2)
with
NiK NoK NiK,, MKy,
M:lcm|:N1,N2, - ! e } (D3)
ged(Q11, MiKy)  ged(Qr2, M2K1) 2cd(Qm1, NiKy)  2¢d(Qna, oK)
NIN>K; NiNK,K;
F:gcd{lcm[ UACh NE— Al E— Vi,j:l,...,m:|,
gcd(N\N2Kj, QjpM)  gcd(N1N2 KK, Qi1 QjoM)
[ NIMK; NIMKK; . :|
m = , T , Yi,j=1,....,m|,
gcd(N1V2Kj, QM) ged(NIN KK, 010 joM)
[ NiN:K; NoNsK; NiINsKiK;
m ~ N ~ ) A A )
gcd(NiN3K;, QM) ged(NaN3K;, QpM) - ged(NIN KK, Qi3 Q1 M)
NoNsKiK
o e’ B \ﬁ,j:l,...,m“, (D4)
gcd(MaN3KiKj, Q30 joM)

where lcm and gcd mean the least common multiple and great-
est common divisor, respectively. Q;; can take 0, 1, ..., K; —
1 and we define Q;; = Q;; if Q;; is nonzero; Q;; = K; if Q;; is
Zero.

Below we are going to prove (D3) and (D4). First of all, we
consider the gauge transformations, under which the action Sy
is invariant,

b b av — —L 244, D5

—>b + tha (D5)

P ravi+ -1 ylad, (D6)
27TN2

V- b +dVia — o +dy’, (D7)

where i > 3 and j > 1. The gauge transformations of two-
form gauge fields b1 2 are twisted due to the additional terms
on right-hand side. V!, V2, ... are 1-form gauge parameters;
x', x2, ... are O-form gauge parameters.

The twisted gauge transformations should be consistent
with Dirac quantization conditions, namely 5= [y, db' € Z
where X3 is a 3D compact manifold. Thus, ¢ is quantized as:

4 ¢ Z, 4 ¢ Z,
Ny N,
by noting that 5 [, dx' =€ Z and 5- [,.dd' € Z where X'
and X2 are respectlvely 1D and 2D compact manifolds.
In addition, S, is invariant up to multiple of 27 under the
gauge transformations, which leads to another quantization
constraints:

q0n cZ. q0n cz.

NiK; N:K;
Combining all these constraints together, we have the quanti-
zation of ¢ as

(D8)

i=1,...,m.

DY)

q=kM,
where M takes (D3).

ke, (D10)

(

Secondly, we consider the following shift operation to re-
move the redundancy of k

KM

db' — —/ : a*da’

© 4n2N

1 KM
— | av? — | av? / lda®
2 - Zn/ t oy, | 4
1 KM

ar — —/ i d(a'a®)
271

k —>k+K1+K2+K3 (D11)

(while other 2-form gauge fields &’ remain unshifted), which
keeps the action Sy invariant but shifts the coefficient k. If
two k can be related to under this shift operation, they are
equivalent.

This shift operation will lead to two constraints on the K
(and hence on the period of k). The first one comes from
consistency with the Dirac quantization conditions such that
K; must satisfy

KMO; KMO;
KMOp o KMOH (D12)
NiN:K; NiN:K;
KMO; KMO;
MOy, KMOp (D13)
NiN3K; NoN3K

for all j=1,...,m. To derive the above constraints,
we have con51dered the equation of motion: [, d’

-2 ?VJ, A= ]ijz %(77 x integer with i = 1, 2. In ad-
dition, the coupling action S, should be invariant (up to
multiple of 27) under this_shift operation, which leads to

anther set of constraints on K;:

QilezlaM QiZQjIEZM

€z, (D14)
NiN,KiK; NN, KK

’
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Qi3Qj1E3M
NNsKK;

0Oi szl?sM

€z, (D15)
NoN; KK

foralli,j=1,...,m
The above two set of constraints require that

KT\ €Z, KT eZ, K3)T3€Z (D16)
where
NNoK;
r = lcm|: 12 ] ,
gcd(NiV2K;, Qo M)
NN, KK ;
e h E— WJ:Luwﬂ,
gcd(NiN2 KK, Qi1 O jpM)
D17)
NNoK;
= lcm|: 172 ] ,
ged(NiN2 K, QM)
NN>KiK;
i E— WJ:Luqﬂ,
gcd(NiNL KK, Qi1 QjpM)
NIN;K; MNK; (D18)
I'; =lcm — , ~
ged(NiN3K;, QM) ged(N2N3K, QjoM)
NiN;KiK;
ged(N\N3KiKj, 030 M)’
MN;KK;
CAE b WJ:Luwﬂ
gcd(MoN3KiKj, Q30 joM)
(D19)

By choosing different multiple of I';, the minimal value
I' of K| + K, + K3 is equal to ged[I'y, I'», I'3], which is just
given by (D4). Therefore, the minimal period of k is given by
r.

APPENDIX E: M3L STATISTICAL PHASES
FROM M3L INVARIANTS

In this Appendix, we present more details of Eq. (27). In
a more rigorous treatment of braiding statistical phases, one
should split o into two spatially separate world-sheets: o =
ol + o121 where o' and ¢! are two symmetry fluxes that
respectively form two different world-sheets in the (3 4 1)d
spacetime. As a result, the M3L invariant is split into four
terms:

qu '/}d + 2@ (@ + o)) (0! + x012)

_ Q12q7f

- /hr**zbm”*oﬂb*am

Q”wrfuil SO % 6 % o
an /ai * D oy % 612

+9%§3fud*25@d”am)*&”. (E1)

If we want to calculate 6, ,.x1, i.e., the statistical phase of
braiding one symmetry flux around another symmetry flux by

letting > ! be the base loop, then, the third and fourth terms
simultaneously contribute to the phase, resulting in 6, ;.51 =

2 g 2 g 2 am .
Q‘;f + Q‘;g = Q‘lzg . If we want to calculate 6, 51, i€,

the statistical phase of braiding one symmetry flux around
%! by letting another symmetry flux be the base loop, then,
either the third term (if the base loop is o!)or the fourth
term (if the base loop is o!?!) contributes to the phase, re-
sulting in 6, 51., = Q%’% The first term directly gives the
exchange statistical (half braiding or 27 self-rotation of a sin-
Q12‘17T

gle symmetry flux denoted by o!!'') phase 6,.51 = after
a proper point-splitting regularization. One can also perform
this self-rotation with o/?! by using the second term, resulting
in the same answer. In the current calculation scheme, one can
always have the relation: 6, ;.51 = 20,.51.

APPENDIX F: PROCEDURE OF GAUGING

Below, we mainly discuss generally how to gauge the
symmetry with a certain charge matrix, specially show how
to obtain the gauged group denoted as Gy,.

Again, we consider the gauge and symmetry group to be
G, =[], Zy, and G, = []'_, Zk,, and the minimal coupling
constant as Q;;. We start with the action (C1), rewritten as

n+n'

{/E:Nﬁda+S-+&m (F1)
m n4n'
.:_/S:ZMQMb (F2)

i=1 j=1

where N; is the corresponding level of gauge fields b’ and o'
Ni=1forn+n >i>n+1. A denotes the external probe
field related to the symmetry subgroup Zg, and S, denotes
the collection of all twisted terms. Note that the external probe
fields here can only introduce static (i.e., nondynamical) sym-
metry fluxes. To gauge the symmetry G, is nothing but to give
the dynamics to those static symmetry fluxes by technically
adding new BF terms 5 Y ;" K;B'dA".* The latter enforces
the charge-loop braldmg statistics onto the corresponding new
gauge charges and flux loops. Besides we also need to add
the corresponding functional integration over A’ and B’ in the
partition function. As a result, we obtain the following gauged
theory:

1
Sy = / BTWdA + S, (F3)

where VWV is an integer matrix given by

K 0
W = (QT NG H). (F4)

The entries of K are given by: K;§;; for i,j=1,2,...m
The entries of Q7 are determined by the charge matrix: Q;
fori=1,2,...,n+n" and j=1,2,...,m. N is diagonal:

% Actually, we should also add Maxwell terms which gives the
dynamics to the loop and particle excitations. Nevertheless, these
terms is less relevant than the BF terms, and hence we ignore them
when we focus on topological aspects of gapped phases.
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Nij =N;6;; for i,j=1,...,n. I is an n'-dimensional
identity. 0 denotes an m x (n+ n')-dimensional null
matrix.

All 2-form and 1-form gauge fields are collected in B and
A, respectively:

B = (Bl,Bz . ,Bm,bl, B .,bn,bn-H, o ’bn-‘rn')T’

_ 1 2 m 1 n _n+l n+n'\T
A=A A" A" a',....d"  d",...,d"")".

(F5)
(Fo6)

Note that two gauge theories with W and W' respectively
are in fact topologically equivalent if they can be connected

J

by a general linear transformation: W' = UWYV with U,V €
GLm+n+n',7Z).

Next, we attempt to diagonalize the matrix ¥V in Eq. (F4).
Q;; can be any integer in principle. Through some elementary
column or (and) row transformation (s), we can shift Q;; to
be less than the greatest common divisor of K; and N;. More
precisely, from the Bézout’s identity, O can be decomposed
in terms of Eq. (C7). Under this constraint, we recall the
charge matrix Q as reduced charge matrix. Technically, we
can always perform the following transformation to simplify
W to be

K 0 0 0 0 0
0 K 0 0 0 0
0 0 K, 0 0 0 0
mi N 0 0 0
Wi = U WV = .Q.1.1 .Q'2.1 Qu N o )
an QZn an 0 Nn 0 0
0 0 0 0 1 0
0 0 0 0 0 1
Note that V) depends on «;; while Uy depends on f;;. Their explicit forms are given by:
1 0 0 0O --- 0 0O --- 0
0 1 0 o .- 0 0O --- 0
0 0 1 o --- 0 o .- 0
— — —a, 1
w=| T SR | )
—dn —02n —Um,n 0 ce 1 0 s 0
=011 —Q2nqi —Omns1 0 0 1 0
_Ql,n+11’ _Q2,n+n’ —Qk,;1+n’ 0 s 0 0 s 1
and
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 e 1 0 0 0 0
- - —Pm 1 0 0 0
w= | T (79
_/Bl,n _ﬂZ,n e _,Bm,n 0 1 0 0
0 0 e 0 0 0 1 0
0 0 0 0 0 0 1

We can further use the Smith normal form to diagonal-
ize W, via W; = UW),V although the specific procedures
usually depend on the values of Q;;. Finally, from nonunit
diagonal elements in the diagonalized matrix, one can directly
obtain G;, that is formally denoted as GZ =G, x, Gg in
Sec. IITE.

We note that after diagonalizing VV we can further perform
the transformation on those 2-form and 1-form gauge fields:
B = (UUy)"B and A = V)V A and substitute them back to
the action, especially back to the twisted terms, so that we
obtain a new (twisted) gauged theory. Those new twisted
terms, which involve level-one new gauge fields can be aban-
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doned since their coefficients are topologically equivalent to
zero.

APPENDIX G: Zy TOPOLOGICAL ORDER
ENRICHED BY Zx SYMMETRY

In this Appendix, we calculate the classification through
some examples (see Table II) for Zy topological order en-
riched by Zg symmetry. These examples are illustrating,
which can be generalized to general N and K.

From (9), we see that there are gcd(N, K) different patterns
of symmetry fractionalization on particles.

Now we discuss the SFL. From Table V, there are two M3L
invariants Z,,, and Z,,, for Zy topological order enriched
by Zg symmetry. As shown in Sec.IV B, without loss of
generality, we study the following actions (49), rewritten as
follows:

S =80 + Sint + S¢ + Sy,

1
So = 7 / Nb'da' + b*da* + bdd’,
T

Sine = 2 / @puda'da' + qina'a*da® + qiza'dda’,
1
S, = - / 011Adb" + Q1,Adb + Q13AdD,

Ssr:/al*j1+a2*j2+a3*j3+hl*2. (G1)

After integrating out b', b?, b>, we can obtain the effective
action

2

—”Zfz‘;(Q‘z /(*d"a)(*d‘lE)(*Z)

n 21011012 2mQ12(q122Q12 + q123Q13)
N2K? NK?

Seff = —

X / (xd ') (xd 0 )(x0) + Spp. (G2)
where Sp collects the terms describing the braiding between
charges(particles) and fluxes(defects). Therefore, the coeffi-
cients Z,,, and 7,4, take

i1 Q12
Zoga = — N2K (G3a)
T — 210101 QlZ(QI22Q12+Q123Q13)‘ (G3b)
N2K? NK?

If Oy, and Q15 are set to be one, then the two invariants reduce
to the form (51) and (52). Here we keep O}, and Q3 generally
and show below that the final classification of SFL for case
with general Oy, and Q3 is the same as that by setting O, =
Q13 =1 at first. In fact, that is also why we can safely set
Q12 = Q13 = 1 in the main text in order to simply the notation
there.

From these expression of M3L invariants, we assume that
01, is nonzero, otherwise the invariants vanish, while Q;3
can be zero or nonzero. The quantization rules of the twisted
coefficients are given by:

Q211 = kM, (G4a)

G122 = kM, (G4b)
g3 = kM, (G4c)
where k, k, k are integral and from (16) and (23)
K NK
M= lcm|:N, — = i| (GS)
ged(K, Q1) ged(NK, Q1)

gnd according to (17) and (24), the periods I' of k, kand I of
k are given by

r— NK?
ged(NK2, 01101.M)’
NK?
ged(NK2, 01101.M)’

(Go)

f’:gcd{

]
ged(NK2, 011013M) " ged(K2, 01,01:M) |}
(G7)

As by assumption Q;, nonzero, le = (Q13. Then the two
M3L invariants can be simplified to be

lem[K, NQy,, — K%y
Iaaa = —K- [ NngCd(NK’Q“)] s (GS)
Lawa = Loy + L (G9)
where
lem[KQ11, NQ12Q11, NKQ12]|sgn(Q11)
T = k- e £ . (G10)
_ ~ lcm[K, NQ12, LQI%]
I3, = —(kQi> +kQ13) o (G

where the sgn function encodes that when Q;; =0, i.e.,
sgn(Q11) = 0, T, = 0.

aco

I.N=2,K=2n+1
a. SFP

Since gcd(2, 2n + 1) = 1, there is only trivial SFP. There-
fore, there is also only trivial SFP, no matter what values of
01 take.

b. SFL

Below we are going to show that the M3L statistical phases
(see Table V) determined by the two M3L invariants Z,,, and
Taae are always equivalent to trivial values, namely, there is
only trivial SFL.

First, we discuss Z,,, in (G8), which now can be simplified
to be

2KQ1»

Lo = 2200 gaiy) )
aaa 4K .
Then the two M3L statistical phases are given by
lem[K, 2015, 2 25—]

8 o — _2 k ng(ZKsQll) , GIS
.02 T 4K ( )

lcm[K9 2Q125 ZK—QIE]
O, = 27k gd@REW_ Gl4
% e (G14)
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Ilem[K,2Q1,, —2212
Since K is odd, o 122 LR ¢ 7, and then we set
2KQ12
Iem| K, 201, ——————— | = 2Kp, (G15)
ged(2K, O11)

where p is integral and depends on Q;; and Qp,. Then the
above two M3L statistical phases can be simplified to
Os .z = —mkp, 6Oy, = mwkp. (G16)
It is easy to see that these two statistical values are trivial by
checking the period from attaching particles with unit gauge
charge to o or X.
Next, we discuss the M3L invariant Z,,,. Since Z}) and

aco

Z{2) have independent origins, we will discuss them sepa-
rately and show that both of them determine trivial values of

M3L statistical phases. The two parts Z{!), and Z{2), now take

lem[KQ11, 2012011, 2KQ12]Isgn(Q11)|

Tige = k- e , (G17)
) _ lem[K, 20y, —58u ]

I3, = —(kQi2 + kQ13) S (G18)
Also due to odd K, lem[K, 20, %]/2{( € Z, and
then we set

2K Q12
Icm K, 2Q12, — -~ _ | = 2Kp1. (G19)
gcd(2K, Q11)

Further, since lem[KQq1, 2Q12Q11, 2K Q1,]lsgn(Q11)| is equal
to Qy1lem[K, 20,, 2K ], then we have

dCK.O)
k
I, = 22, (G20)
f0i+F
I,gi)a _ _( On +K O13)p1 . (G21)

Therefore, the correspondingly two M3L statistical phases are

2k 27 (k k
Oy 0 = — wkp1Qn n 7 (kQ12 + Q13)P1’ (G22)
o 2K K
2k 2 (k k
Ox = ﬂzpléQn _2n( lel-(l— Q13)P1_ (G23)

The trivialness of these M3L statistical phases can be seen
by considering the attachment of particles to o or X. For
0x 0., ONe can attach particle with #; unit gauge charge to
o and particle with Q| + 303 symmetry charge and #4
unit gauge charge to X, which can cause a phase shift by

2”("KH’ZQ‘;;Z”Q‘””Q“). By choosing proper ¢;, the minimal

value of this phase shift is w. So we can see
that the values of 6y 5, in (G22) are all multiple of this
minimal value of the phase shift, and then are trivial. As for
055, one can attach one particle with £,Q > + 303 symmetry
charge and f, unit gauge charge to each o in the exchanging
process, which results in a phase shift by 2222Cut260uttuCu)

%{?QIZZQB) Then

The minimal value of the this shift is
we can see that the values of 6,.x in (G23) are all multiple of
this minimal value, and then are trivial.

2.N=2,K=2"
a. SFP

Since gcd(2, 2") = 2, there are two different patterns of
SFP. Accordingly, from (9), the elementary gauge charge can
carry one-half or integer symmetry charge, corresponding to
two reduced charge matrices: Q;; = 0, 1. We denote these
two patterns as €0 and eC.

b. SFL

Below we discuss the SFL for ¢0 and eC case by case.

Case one: €0

We now discuss the case €0. Then Q;; = 0 and Q;; = 2m,
then O, =2/ (if m =0, i = 2", if m # 0, i = m). We
assume Q15 # O(then Q1 = Q1»), otherwise all Zyq, and Ty
are automatically zero. The two M3L invariants Z,,, and Z,q
become

lcm(K, 2Q12, KQ]ZA )

Iotaa = - 4K godKo) s (G24)
Icem(KQqq, 2 ,2K
0 —k cm(KQyy Q11Q41;(2 le)lsgn(Q11)|7 (G25)
i} _ lem[K, 201, 525
T2 = —(kQ12 + kQ13) 2K2g0d(2K’Q”) . (G26)
Then the M3L statistical phases are given by
lem(K, 2015, =82
O o5 = 27k ( god®, >), (G27)
Icm K 2Q12, KO1
Os.0 = —21k ( K g°d(’<’”)), (G28)
lem(K Q11, 2011012, 2K Q12)[sgn(Q11)|
a1
o) = —omk e ,
(G29)
1 K 2 2K
921)2 — ok cm(K Oy, Q11Q41;<az le)lsgn(Q11)|’ (G30)
lem(K, 20y, —521z__]
2 _ 7 7 gcd(2K,011)
05 oo = 27 (kQ12 + kQ13) K2 ,
(G31)
lem[K, 20y, —2212 ]
2 _ 7 7 gcd(2K,011)
Oy.x = =21 (kQ12 + kQ13) e .
(G32)

We first discuss the 6y ;.5 and 0x.,. When O, = 1, they can
take the most general quantized values, i.e.,

2k
92,0;2 - (G33)
4
2k
O = __Z , (G34)

The periods of them can be discussed from two aspects.
First, from attachment of particles to o or X, 05 ,.x has a
period to be 27” while 05, has 7. Second, the periods of them
can come from that of twisted coefficient. However, we can
show that they are some multiple of those from attachment of
particles. For this purpose, we note that from (G6), the period
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of k is given by
r_ 2K?
ged[2K2, lem(011K, 2011012, 2K 012)]
where we have used the relation (G5) and Q;01.M =

lem(O11K, 2011012, 2K012). For convenience, we can set
lem[K, 2015, gCTK],ZIﬁ)] = pK with p being integral and then

we have lcm(Q”K, 2Q11Q|2, ZKQIZ) = Q]][)K, which sim-
plifies I to be

(G35)

K
= —.
ged[K, mp]

The periods of 05 ;.5 and Ox., from twisted coefficient are
both given by

(G36)

27 pK
e (G37)
4 gcd[K, mip]
which must be some multiple of ¢ and hence 27” since K =

2" and m < 2", Therefore, the minimal periods of 0x ;.n
and Oy, are 27” and 7 respectively.

Therefore, from (G33) and (G34), k = 0, 1 mod 2 are two
inequivalent quantized M3L statistical phases, which con-
tributes to a Z, classification. When K = 2, both statistical
phases are nontrivial when k = 1. However, when K = 2"
with n > 2, 0y ,.» are trivial no matter what values of k£ and
0x., are still nontrivial with k = 1.

Next we discuss 0x 5., and 6,.5. We first focus on 92

Y, 050
and 052)2 since they originate from different twisted terms
and are independent of the other two statistical phases. When
Q1> = Q13 = 1, they can take the most general quantized val-
ues, i.e.,

g0 k4 k)

T (G38)
27 (k + k)
2
Qé;;: - —T (G39)

From the attachment of particles, both 65, 5., and 6,.5 have
a period given by 27” The periods of twisted coefficients
would also given rise to periods of these statistical phases,
which however, as we can show, must be some multiple of
27”. To show it, we note that the periods of k and k are given
by I' in (G35) and

- K K K
F:gcd|: — ,lcm<g —, — )}
ged(K, prit) cd(K, pQi13) ged(K, pQi3)

(G40)
from (G7) where p is defined through setting
Iem(2K, 2Q11, KO\, ) =2pK. Since le, Q13 < K, then

2od(K,01) .
p < K. Then the periods of 05 ., and 6,5 from the periods

of k and k are given by

2

_2mpQi (G41)

2 ged(K, prir)
and
2 [ KpQh» ( KpQi» pOi3K )i|
— ged —, lecm —, — .
2K ged(K, pri) ged(K, pQi3) ged(K, pO13)

(G42)

If p is even, it is easy to see both the above two periods
are multiple of 2?” Now we focus on odd p. We then have
ged(K, piv) = ged(K, ). Since m < K/2, —X

ged(K,m)
pQuK  _ _ pOusK
Further, ko0 = FdK.D is also even. Then both the

above two periods are multiple of 27” Therefore, the minimal
periods of y ., and 6,.5 are both 27”

Now we turn to 9(21!)0;0 and 951)2 As Q11 = 2m, the quan-
tized values of them must be some multiple of %—1’2 so they do
not contribute to any new values of 0x ., and 6,.x. Further-
more, one can show that they also do not contribute smaller
periods of these two statistical phases. Therefore, there is a
Z, classification for 0y ., and 6,.5 and the nontrivial values
of them are given by 0y 5.0 = b5z = 5—2 mod 27”

To summarize, for €0, the classification for SFL is given by
Zz X Zz.

Case two: eC

NowAwe turn to discuss the case with eC. FoAr this case,
O11 = Q1 =2m+ 1. We assume Qp; # O(then Q1> = QO12),
otherwise both Z,,, and Z,,, are zero. In the case, the Z,,,
and 7,,, become

is even.

Iaua =—k- %7 (G43)
T, =k- %, (G44)
70, = —(Q1y + F01) 22 (G45)

K’
where we have set Ilem[KQ1, 2012011, 2KQ12] = 2pK. Cor-
respondingly, the M3L statistical phases are given by

O

05,0z = 2ﬂk7, (G46)

Os = —2nk%, (G47)
0 = —2mk, (G48)

oy = an%, (G49)

05, =21 (kQi + %le)%, (G50)
9((;2)2 = —27(kQu2 + /;le)Q12 (G51)

K
We can argue that all the values of the above M3L statistical
phases are trivial simply by checking the periods from the
attachment of particles: (1) for 0y ».x, 05 5., and 6,.5, by
attaching particle with unit gauge charge, which now carries
half symmetry charge, they can shift by %—”; (2) for b5,
similar to the case, €0, by attaching one particle with unit
gauge charge to each of X in the exchanging process, it shifts
by 7.

Therefore, there is only trivial SFL for eC.

3. N=4,K=4"
a. SFP

Since gcd(4, 4") = 4, there are four different patterns of
SFP. Accordingly, from (9), the elementary gauge charge can
carry integer, one half, plus and minus one fourth symmetry
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charge, corresponding to four reduced charge matrices: Q;; =
0, 2, 1, 3 respectively. We denote these four patterns as €0, eC,
and eQ..

b. SFL

Below we will discuss the SFL for different SFP case by
case.

Case one: €0

We first discuss the case with SFP being 0. In this case,
Q11 = 4m, and then Q11 =4mwithm=4"if m = 0; Qll =
4m if m #£ 0. Then (G8) and (G9) reduce to

lcm[4" 401, 8]

cd (4",
Taaa = — e (G
lem[4"m, 4012m, 4" 012][s n(Q11)|
0 — k. i g (G53)
_ _ lem[4", 40y, —nm]
IO, = —(kQi» + kQ13) L (GSY)
Then the M3L statistical phases can take
lem[4", 40,5, 42
O,y = —2k - [ e geddt >], (G55)
lem([4", 4015, 522
O5 o5 = 27k - [ e )], (G56)
9;1; P lem[4"m, 4Q12m, 4"Q12]|SgH(Q11)|, (G57)
oM _ ok lem[4"m, ﬁlem 47 Q12]|Sgn(Q11)|
o0 T 42n+1
(GSS)
o lem[4", 400, i8]
00y, = —27(kQ12 +kQ13) T, (G59)
o lem[47 400, 855 ]
0%, = 2m(kQpz + kQ13) S (G60)

We first discuss 0y, and 0x ,.x. When Q1> = 1, they can
take the most general quantized values, i.e.,

2k

2] - =——, G61
PR 16 ( )

9 _ 27k (G62)
X, 0% 16 .

The periods of them can be discussed from two aspects. First,
frorn attachment of particles to o or X, 6y . has a period to
be 2 F while Oy, has Z. Second, the periods of them can come
from that of twisted coefﬁ01ents However, we will show that
they are some multiple of those from attachment of particles.
For this purpose, we note that from (G6) the period of k is

given by
— 4"
~ ged[4n, mp)

where we have set lem[4", 405, gci(gl”m)] = 4" p with p being

integral. The periods of 05 .y and 5., from twisted coeffi-
cient are both given by

(G63)

2m4n2p

_—, Go64
ged[4”, fp] (@oh

and hence 27” since K = 4"

and M < 4” !, Therefore, the minimal periods of 05 ,.x and
Os., are =- 1< - and 7 respectively.

Therefore, from (G61) and (G62), k =0,1,2,3 mod 4
are four inequivalent quantized M3L statistical phases, which
contributes to a Z4 classification. When K = 4, both statis-
tical phases are nontrivial when k& = 1, 2, 3. However, when
K = 4" withn > 2, 0y ,.» are trivial no matter what values of
k and Oy, are still nontrivial with k = 1, 2, 3.

Next we discuss 6y ., and 6,.5. We first focus on 9(2 )U -
and 9(2) since they are independent of k, while the other

two depend on. When Q1, = Q13 = 1, they can take the most
general quantized values, i.e.,

which must be some multiple of 7

27 (k + k)
2 _
o0 =~"gurt (G65)
27 (k + k)
0 = T (G66)

From the attachment of particles, both 6y ., and 6,5 have a
period given by 2% %+ The periods of twisted coefficients would
also give rise to periods of these statistical phases, which
however as we can show below, must be some multiple of
4,, To show it, we note that the periods of k and k are given
by I' in (G63) and

. 4"
I'=ged| ———0r,
ged(4”, pr)

m( LA, S )] (G67)
ged(4”, pQi3) ged(4”, pOi3)

defined setting  lem(4"+!,
n+1 =
4Q1], gcd(4”Q )) =4""'p. Then the periods of 6y ,,, and

where [) is through

6.5 from the periods of k and k are given by

27 pQ1n

—_— (G68)
4 gcd(4, pm)
and
203 "p
gc <
4+l ged(4”, prin)
4n 4n
lcm< — o )} (G69)
ged(@4”, pQi3) ged(4”, pQi3)
Since /i < 4!, both m d(ﬁ;”pm) and — dﬂ‘pr‘é ; must be multi-

ple of 4, so that both the above two periods are multiple of & -

Therefore, the minimal periods of 5, .., and 8,5 are both i’,f .

and 9(51; As Q11 = 4m, the quan-
tized values of them must be some multiple of 42%, so they do
not contribute to any new values of 05 ., and 6,.5. Further,
one can show that they do not contribute to smaller periods
of Ox +.» and 6,.x. Therefore, there is a Z4 classification for
Ox s+ and 6,5 and the nontrivial values of them are given by
0 = o = 2m mod 2
X, 050 ;X — yrza) an
To summarize, for €0, the classiﬁcation for SFL is given by
Z4 X Z4.

Now we turn to 9(21)0 -
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Case two: eC
In this case, Q11 =4m +2 so Qi1 =4m + 2. The two
Ma3L invariants become

T = —k%, (G70)
2m+ 1)Q12
1) _ (
Iaaot =k 4n+1 ) (G71)
@) - > O12
Iaota = _(le2 + le3) . (G72)
2 x 4n
Then the M3L statistical phases quantize to
Os0 = —2nk%, (G73)
O5 05 = ZNk%, (G74)
2m+ 1
0%, = 2nk(m:;#, (G75)
1 @2m+1)Q12
0\, = —2mk (G76)
6% = —2m(kQn + k022 (GTY)
oz 300 % 4n
- - 012
0. =2m(k k . G78
.50 = 27 (kQ12 + Q13)2 YT (G78)

When Q; = Q13 = 1 and m = 0, the above phases can take
the most general values, i.e.,

N L L

e 2 x 4

The period of these statistical phases can come from two
aspects. One the one hand, considering attachment of par-
ticles, 0., are ambiguous up to %T” while 6y ;.x, 6,5 and
05,56 UP tO %. On the other hand, the periods of these
statistical phases from those of twisted coefficients are always

multiple of the ones from attachment particles, as we can

(G84)

2 2 .

show below. So 6x, 5.5, 9(5)): and 9((7 )2.{7 are equivalent to zero
2k () 2k (1) 2k

and s, = 57, 60,5 = g57,and 6, 5. = — 757 can take two

inequivalent values depending on k = 0, 1, mod 2.

Now we return to prove that the periods of these statistical
phases from those of twisted coefficients are always multiple
of the ones from attachment of particles. From (G6) and (G7),
the period of k and k is

qn

r=—m (G85)
ged(4, O12)

and the one of k is
qr
ged(@, Q)

o LA A . (G86)
ged(@4”, Q13) ged(4" 2, 012013)

f‘:gcd{

k . . . . .
O, = —2m s (G79) Then the corresponding period of 0y, and 0x ;.5 is
lem(4", Q12)
k 20—, G87
Op.ois = 27, (G80) TR (@57
(1) which is apparently multiple of 7 and also %. And the
0.5 =21 1’ (G81) corresponding period of 6,.x and 6, x., due to k is
k 2m+1)0
o = —2r——0, (G82) T R G88
o 4rt n4ng(4", 0n)’ (G88)
k+k .
902.)2 = — > +4 , (G83) which is multiple of ﬁ; those due to k and k are
> e n X
J
4" n 2 4n—l
og 212912 eod { ’ lcm|: . X _ :| } (G89)
2x 4 ged(4", O12) ged(4", Q13) ged(2 x 471, 012013)
n n 2 4n—1
o 212913 o { ’ lcm|: . X _ :| } (G90)
2x 4 ged(4", O12) ged(4", O13) ged(2 x 471, 01,013)
[
respectively, which is also apparently multiple of 522 Then the M3L statistical phases quantize to
Therefore, the classification for SFL for eC is Zj. O
Case three: eQ . Os:0 = _ZWkTv (G9%4)
In this case, Q11 = 4m £ 1, then Q11 = Qy;. The two M3L 0
invariants are simplified to Os 6z = an%, (G95)
On 1) (4m £ 1012
Ictaa = —kT, (Ggl) 90;2 = 27TkT, (G96)
a _ ,Qn@m=E1) o (4m £ 1)012
Lo = kT’ (G92) Oy 50 = —anT, (G97)
10, = —(f01z + kO 22 (G93) 60} = 27 (kQ1> + k1) 22 (G93)

4

4
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e Q12

a,E;a

(G99)

As for Oy, it is ambiguous only up to ZT” due to attaching par-
ticles, while as for 05 .5, 6,.x and 6, x.,, they are ambiguous
up to 4%,%. So we see that all these values of statistical phases
are equivalent to trivial values.

Therefore, for eQ., there is only trivial SFL.

APPENDIX H: DETAILS OF SUBSTITUTING EQ. (100)
INTO THE TWISTED TERMS

For a'a?da® and aa'dad’,

q122 A\ ddd xd 12! O11 ly
2da® = -2 wd
- T4 7761122( N +NK
—152
X = X +@*d_la
N ' NK
On

X( N TNk * a)

2
- 7;;“22( +d £ )(xd 1 BH)(+E2)

2

- —”I‘Cj;{Q” (+d ™' £ (xd "' £)(x0)
2

- —”ZCC;;(Q‘Z (+d ™' BN (xd o )(x22)
2 0?
%( +d ™' =V (xd o) (x0)
2

= —”]’i[‘j;{Q“ (+d o) (xd ' 22)(x22)
2r 122011012, 1< -

+W(*d YY) (xd ™ o) (x0)

and

472 N NK

! Q11
o
N NK
27761211

= 22 a2 (#d T 22

xd 1 X?
mazaldal = —27‘[6]211( + %d_10'>

d—lzl
X * + &d_
N NK

_27”]211Q11
N3K

_ 2mqnQn
N3K

#d7'E)(xd 7' 2 (x0)
(xd7 ') (xd o) (xZh)

27 qr11 Q3
%( #d ™' 22)(xd " o) (x0)
27 Qn
N3K
21211011012

+ W(*dﬂxl)(*d*o)(*o).

(xd"'o)(xd 7' =Y ()

For more examples, we have

Cth _ le
47t ddd = 2nqw,NK2(*d 'SV d o) (x0),
s aldal = 2y LI (x5 ) 0),
sza dda' = —2mq,j; Q”Ql’( d7'2")(xd 7o) (x0),
T
Qi—j;aiajda” =0,
Vi
vy 2 vy i — —
I dada’ = ~ A 10 ! 2 ")
27 g Q101 , 1wy -1
TS (xd T 2 0 ) (),
i : 2 i i — —
12 dat = ~ A2 (g Vs e 5 0)
27q12i01201 , 11 1
_W(*d X)(xd o) (x0)
27q12i01010 , ,_1w2v, -1
+W(*d E7)(xd™ o) (x0),
1 g0y .
2 dalda? = - TP (ol a5 x5
27qi201201 , 11 -
+W(*d E)(xd” o) (x0),
qi21 1 2 1 _ 277611'21Q1i -1 12 1
rddda = —IEE a0 ) (ka7 B
21qmOQuQi, -
+%(*d 52y (xd " o) (x0).

APPENDIX I: Zy x Zy TOPOLOGICAL ORDER
ENRICHED BY Zx SYMMETRY

From (9), we see that there are (gcd(N, K ))? different
patterns of symmetry fractionalization on particles.

Now we discuss the SFL. Generally, from the discussion
in Sec. III C, we need to consider seven M3L invariants for
this case Zuoa» Zoaas Loaa> Labbs Laabs Laba, and Ly, Where we
have used a, b to represent the two elementary loop excitations
%! and X respectively and « to represent the symmetry flux
o. Correspondingly, statistical phases determined by these
invariants can be seen in Table V. In fact, there are in total 15
different M3L statistical phases. Furthermore, in the following
we ignore the statistical phases 6, ,.xi and 05 xi,, since they
are determined by 6,5 and fx.i,,.

From Sec. (V C), we can start with considering the action
(103), rewritten as follows:

S = SO + Sint + Sc + Ssr, (Il)

2
1 v g v 3773 4 4 4
SFE/;Nbdaerdaerda, (12)

2
1
Se=5— / ZleAdbv + Qi3Adb’ + QusAdbt,  (13)
2 -
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2
St :fZ(a”*j“+b”*2”)+a3*j3+a4*j4, (14)
v=1
1

Sin =5
" 4n2

/qmalazd(z2 + q211a2a1da1
2
+ Z Gwa’a’da’ + qyzata’da’ + qysa‘a’da’

v=1
+ qlzgalazda3 + q312a3a1da2 + q321a3a2da1. I5)

After integrating out b', b%, b', b/, we can obtain the effective
action

S =8ap + Srr + Smse I6)

where Sys3;, is given by (101), Sap collects the terms describ-
ing the braiding between charge(particle) flux(defect) and Sy,
collects two terms that characterize three-loop braiding statis-
tics, given by

2
SrL :/%(*d*zl)(*d*ﬁ)(*zz)

—2mwqon

3 (xd7'EH(xdT'THEZH.  17)

The coefficients of the M3L invariants in (I6) are given by
(102), which are rewritten as follows:

@@ 931013

Iozaa = s I8
Nk NK (I82)
122011 4322013
Loy = — — , 18b
bb VK N2K (I8b)
122012 ¢312013
Loay = N3K - N2K (I8¢)
@nln 9321013
Topa = — , 18d
b N3K N2K (18d)
122012 . @101 123013
Lobe = — — , I8e
b N3K N3K N2K (I8e)
7 _ —q1203, n 211011012 n ¢31913011 @1330%
we T N3K? N3K? N2K?2 NK?
~q3Q1i301s | 3201301 123012013 asf)
NK? N2K? N2K2
I 12011012 ¢2110} n 9302Q13012 423301
bor N3K? N3K? N2K? NK2
9234013014 321913011 | 12301013 (18g)
NK? N2K? Nek2 OB

We first discuss the terms in (I7) that determine
the three-loop braiding statistics. The two terms deter-
mine that the three-loop braiding statistics (fx1 x2.52,
Os2.51, O51 52,51, Ox1.52) take (27;\?3'22, _2]7\;?'22, 2];732”, _2;?2” )
respectively.

In the absence of symmetry, g0 = kN, q211 = kN with
k,k € Zy. Therefore (951 52.52, Os2.51, 051 x2.51, Ox1.52) are
further quantized to (2]3—2", —%(,’—f, 2;}2" s —2,;7—2’{). The periods
of these statistical phases should also consider two aspects
as M3L invariants, that is the periods of twisted terms and
attachment of particles. For the present cases, combined these
two aspects, the periods of these statistical phases are all 27”

Therefore, for pure Zy x Zy topological order, their four
statistical phases are given by

P 9 2k d 2 19)
. = — . = ——— mod —,
DI DI N2 N
2k 2
921722;21 = —922;21 = % mod Wn, (Il())

with k, k € Zy. Correspondingly, the N? patterns of these
three-loop braiding statistics can characterize the Zy X Zy
topological orders. In particular, if both k, k ~ 0, then all
the three-loop braiding statistics are trivial. Topological order
with trivial three-loop braiding statistics is untwisted; other-
wise twisted. In these topological orders, no matter whether
there is symmetry or not, these three-loop braiding statistics
are always there. However, the presence of symmetry may
affect the quantization levels of gj27, ¢21; so that some of
three-loop braiding statistics are not compatible with certain
symmetry realization, as we discuss more details below.

In the presence of symmetry, i.e., Q;;, Q1> are not both
zero, the twisted coefficients g2, g211 are quantized to g2, =
kM, g211 = kM with

NK NK
gcd(Q11, NK)™ ged(Q1, NK)

When any of Q;; and O, take 1, then M = NK, so g122, g211
are both multiple of NK, and then the four-loop braiding
statistics Ox1 y2.52, Ox1.52 and Oy y2.51, Ox2.51 both take mul-
tiple of %, which are equivalent to be trivial. As Q;; and
Q) also determine the SFP, we see that only the untwisted
Zn x Zy topological order is compatible with these symme-
try realizations with Qi = 1 or Q1, =1 (i.e., certain SFP),
while the twisted ones are not compatible with these SFP,
hence are anomalous. The phenomenon might also happen for
other charge matrix (i.e., the values of Q;; and Q;,), which
depends on both N and K.

From (16) and (23), the quantization levels of various
twisted coefficients take the form as qi33 = ki\M13, g311 =
koMi3, ga33 = ksMo3, q322 = kaMps and q134 = kiM13, goza =
ksMa3, q312 = ksM13, q31 = keMas, and qi23 = kzM where
ki, k; are all integral where

M:lcm|:N, :| 111

NK K
M13=10m|:N, . i ] 112)
ged(NK, Q1) ged(K, O13)
NK K
M23=1cm|:N, . . } a13)
ged(NK, Q1) ged(K, O13)

Then the above invariants can be simplified to be

—kM Q1> n —koM 13013

Icma - s
N3K N2K
—kMQ11  —ksM»30i3
Iot = s
=Nk T NK
T kMQy> = —ksMi3013
aab — s
N3K N2K
I, kMQy  —keM» Q13
aba — )
N3K N2K
7 —kMQ1»  kMQu  —kiMQ3
aba — s
N3K N3K N2K
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kMQ11Q1,  —kMQ?,  ksM2301301

—kMQ3,  kMQu Q1 koM1301301
Iaaa_ s Ibaa:

N3K2 N3K2 N3K NK2 VK2 VK
+ —Q|3(k1M|3Q13 + E1M|3Q14) + _QIS(k3M23Q132+ k3M23Q14)
NK? NK
keM koM
ksM3013012  —ksM Q12013 L 232Q123Q11 Kk g“leg]'
e N2K? ’ N2K N2K

From (17) and (24), the periods of k, k are given by

N’K N’K? N’K N’K?
gcd(N2K, 0sM) ged(N2K?, QHQIZM)}’ Cm[gcd(NZK, 01M)" ged(N2K, QquzM)} };
those of &, k, are given by

I' = gcd {lcm|: I114)

NK NK? | NK NK? }
= s A , Icm ~ s ~ & 5
| gcd(NK, Q13M3) ged(NK2, 011 013M13) | gcd(NK, Q11M3) ged(NK?, 011013M3) |

those of k3, k4 are given by

' = ged {lcm I115)

NK NK? NK NK? i
'y = ged {lem = , A A , lem = , A A ;
Lgcd(NK, Q13M23) gcd(NK=, Q12013M>3) | Lgcd(NK, Q12Mp3) gcd(NK=, Q12013M>3) |
those of k;, ks are given by
_ NK NK? NK NK?
'y = ged {lem ~ , —— , lem ~ , — ,
gcd(NK, Q13M13) ged(NK?, 011013M13) gcd(NK, Q11M13) ged(NK?, 011013M13)
[ NK K NK? K? “
m = , = s A~ A , ~ A N
gcd(NK, Q1 1M13) ged(K, Q13M3) ged(NK?, 011014) ged(K?, Q13014M13)

_ NK NK? NK NK?
I'y = ged {lem = , A A , lem = , A A ,
gcd(NK, Q13Ma3) ged(NK=, Q12013M»3) gcd(NK, Q1nMa3) ged(NK=, Q12013M»3)

[ NK K NK? K? ]}
m A 2 A 9 A A b A A ;
gcd(NK, Q1oM»3) ged(K, Q13Ma3) ged(NK?, Q12014) ged(K?, Q13014M>3)
those of ks, k¢ are given by

{I16)

117)

and

(118)

NK NK? NK NK?
['s = ged {lem ~ , A A , lem = , A A ,
gcd(NK, QuiMi3) ged(NK=, Q11013M13) gcd(NK, Qi3M13) gcd(NK=, Q11013M13)
|: NK N2K NK? N2K? ]}
m A b A 9 A A 9 A A ;
ged(NK, Q13M13) ged(N2K, Q11M13) ged(NK?, 01,013M13) ged(N?K2, Q11012M13)

I19)

and

NK NK? NK NK?
I'¢ =gcd{lem = , — ,lem = , = ,
gcd(NK, Q1oM33) ged(NK2, Q12013M)3) gcd(NK, Q13M33) ged(NK?, Q1,013M»3)
[ NK N’K NK? N?K? }}
m = , ~ s ~ A , ~ A 5
gcd(NK, Q13My3) ged(N2K, Q12M)p3) ged(NK?, Q11Q13M23) ged(N2K?, Q11012M»3)
and that of k7 is given by

(120)

N’K N?K? NK N’K?
I'; = ged {lem = , o A A ,Iem o A , o A A )
gcd(N=K, Q1oM12) ged(N*K=, Q11Q012M12) gcd(N=K, Q11M12) ged(N*K=, O11Q12M12)
[ NK NK NK? NK? ]}
m A ) A ) A~ A 5 ~ ~ .
ged(NK, Q11M12) ged(NK, Q1oMyp) ged(NK?, Q11013M12) ged(NK?, Q12013M12)
Below we discuss a concrete example Z, x Z, topological order enriched by Z,. symmetry. The case of n =1 is also

discussed in Sec. V where to obtain the classification we have taken Q,; = 1 for i > 3 for simplicity. Here we prove that the
specific choice with Q;; = 1 can result in the same results as that the general Q;; which is discussed here.

121)

205137-42



FRACTIONALIZING GLOBAL SYMMETRY ON LOOPLIKE ... PHYSICAL REVIEW B 105, 205137 (2022)

A

Due to the specific value N = 2, K = 2" and the fact 1 < Q;; < K, the above periods I's can be further simplified as follows:

N2K? r NK? r NK?
= A 5 1= A 5 2 = ~ A 5
ged(N2K2, Q11012M) ged(NK?, 011013M13) gcd(NK2, 012013M23)
_ NK? i NK? K?
I' = ged —— , lem —— , —— ;
ged(NK?, Q11Q13M13) | gcd(NK?, Q11Q14M13) ged(K?, 013014M13)
_ NK? i NK? K?
'y = ged A A , lem A A , A A ;
gcd(NK?, Q12Q013M>3) | gcd(NK?, Q12014M>3)  ged(K?, Q13014M>3)
i NK? i NK? N?K?
I's = ged A A , lem A A , o7 A A ;
| gcd(NK=, 011013M13) Lged(NK?, Q12013M13)  gcd(N=K*=, Q11012M13)
i NK? NK? N?K?
I'e = ged ——= , lem — , = ;
| 2cd(NK?, 01,013M23) gcd(NK?2, 011013M33)  ged(N2K2, 011012M>3)
i N2K? NK? NK?
' = ged — , lem — , — . (122)
| gcd(N2K2, 011012M) ged(NK?, 011013M)  ged(NK?, Q1,013M)
To further simplify the expressions, we introduce integers p;;(5;;) by
OuM = p;NK, (I23a)
01nM = pioNK, (123b)
Oi3My3 = pi3K, (I123c)
O0uMi; = pi3NK, (123d)
O13M>; = pxK, (123e)
Q12My3 = pr3NK. (123f)

From the expressions of M, M3, M»3 above, one can see that p;; and p;; are indeed integers. Using these relations, the periods
I's can be further simplified as

NK NK I K NK
= = = = , 1 = - —= = = ,
gcd(NK, p11012)  ged(NK, p12011) ged(K, p13Q3)  ged(NK, p13Q11)
K NK

ged(K, p3013)  ged(NK, pr3 Qi)

1:‘1 = ng [%, |: K :|i|
ged(K P13Q13) ged(K, p13014) " ged(K, P13Q14)

K
ng(K P13Q11) |:ng([( p13014) " ged(K, P13Q14)H

'1|
I
()}
(@}
[=N

K
{gcd<K P22Q13) M| Scd(K, pmOre) ed(K, P23Q14)
gcd {

K K
I's = ged ———, lcm
| ged(K, p13013) | ged(K, p23013) ng(NK P13Q12)

K K
= gecd —, lcm ]
| gcd(K, p13011) | ged(K, p3013) ng(NK P13Q12)

i K NK
' = ged ﬁ],lcm[ ~ s ]
| ged(K, p23013) gcd(NK, O11p23) ng(NK,PBQn)
i K NK NK
[ Tl __w
| gcd(K, p23012) gcd(NK, Q11p»3) ged(NK, prQi1)

K
gcd(K. pz3Q12) M| Scd(K, pmOre) 2ed(K, pz3Q14)H
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NK

K

K
F7=gcd|: ~ i|,lcm|: —, ~ :|
gcd(NK, p11Q12) gcd(K, p11Q13) ged(K, p12013)

NK K K
= gcd — ,lem —, — . (124)
gcd(NK, p120Q11) ged(K, p11Qi3) ged(K, p12Q13)
[
With these expression of the quantization rules M;; and peri- The seven M3L invariants now become
ods I's, now we move to discuss the SFP and SFL of Z, x Z, . kot
topological order enriched by Z,:» symmetry. Toga = N022 P 2N123 P , (I31)
. —kto1p1 | —kato3pas
I.N=2,K=2 Lovp = N2 N2 s (I32)
a. SFP k r
T —kst
Since ged(2, 2") x ged(2, 2") = 4, there are four different Toah = ](ilzzpz SNl; dE , (133)
SFP. From (9), the two elementary particle e; and e, can carry
half and integer charge of Zg symmetry. Accordingly, their kol )2 —keTo3p23
reduced charge matrices are Q = (0, 0), (0, 1), (1,0), (1, 1), Laba = N2 N2 ’ (134)
respectively, where O = (Qj;, Q12). We denote these B 0Lk 0K
four patterns as e;0e;0, e;0e;C, e;Cey0, and e;Ce,C T _ ktopr  ktoep: k71cm[gcd(;7”311,K)’ gcd(:PSLz,K)]
respectively. abe =T T TNz N2K ’
135)
b. SFL I —ktoopamy | ktoipimy | kaTispism
Here we discuss the SFL for different SFP case by e NK NK N?
case. -
Case one: ¢,0e30 n —(Qukitizp1z + kit13p13014)
In this case, Q;; = 2m and Q,, = 2m,. We first discuss NK
the two invariants in (I7). If m; or m, are zero, then the three- n ksTi3p13m; I —k7T23 2013 (136)
loop braiding statistics can take the values as those in (I9) NK NK ’
gnd (I.IO), which means that all .ZZ X 7 topological orFler, kto pims  — ko1 pimi katazpazma
including both untwisted and twisted ones, are compatible Tpoa = +
. . NK NK N2
with this SFP. B
Now we discuss the M3L statistical phases for all the —(Quzkst3p2z + k3123 p23014)
Zy x Z, topological orders with this SFP. Now M in (I11) + NK
becomes keTozpasmi k701 p1013
+ — . 137)
K K NK NK

M= lcmw|: (125)

ged(imy, K)' ged(iy, K):|’

where we have denoted Q” = 2/ and ng =2, (If Oy, =
0, m, = K/2, otherwise 1, = m, with v =1, 2.). Now (I12)
and (I12) now take

K K
M13=10m|: kK } (126)
ged(iy, K)* ged(Qy3, K)
K
M23zlcm[ Kk } 127
ged(r, K) ged(Q13, K)

To further simplify the expression of M3L statistical phases,
we introduce t function such that that

m,M = 1o, p, K, (I128)
O13M3 = ti3p13K, (129)
013M»; = t3p23K, (I30)

with v = 1,2 where 7;; are defined as: 79, = 0 if m, =0,
otherwise 1y, = 1; 7,3 = 0if Q13 = 0, otherwise 7,3 = 1.

When Qi3 = 1 and m; = my = 0, then p13 = py3 = 1 and
also 713 = 13 = 1. Then all the M3L statistical phases can
take the most general quantized values, that is,

27 (k7 + ky —/El) =27 (k7 + ky —l;l))

(QZI.U;Ga 90;2‘) = (

NK NK
(I38)
27Tk2 27Tk2
(9(7,):1;217921;0) = (W’ —W), (139)
2 (k7 + k3 — k3) =27 (ks + ks — k3)
(922 00 90'22) = s y
o ’ NK NK
(140)
27Tk4 —27Tk4
Oo.x2:22. O0x20) = | 7 37 | (141)
(9 9 ) N 27 k5 —27‘[](5 (142)
0,222, Un2 nlig) = NK s NK s
27Tk6 _27Tk6
05, 51:32, 052 515) = ~NE' Nk ) (I143)
27Tk7 —27Tk7
(90,):';22’ 90,):2;):1) = ( NK s NK ) (144)
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Now we discuss the periods of these M3L statistical
phases. For this purpose, we need to consider two origins of
the periods of the M3L statistical phases. On the one hand,
the periods of these M3L statistical phases can come from
attaching particles. For Ox1 5.5, 052 5155 O5:515 O5.32, 05 1:321,
0y 52:32, 05 x1.32, and O, x2.51, the periods from attaching e;
or e, or even trivial particle to >t ¥2 or o are all 27” since
e; or trivial particle can carry unit charge of Zx symmetry,
which can induce particle-loop braiding statistics, and result
in an amount of 27” phase factor. For 05,15, 052, and 051 x2.,,
their periods due to attaching particles are all 27”

On the other hand, the periods of these M3L statistical
phases can also come from those of twisted coefficients.
However, as we can show below, the periods from twisted
coefficients are always multiple of those from attaching parti-
cles. From (I124), the periods of k and k are

K K

= — = — ; (I145)
ged(K, myprp)  ged(K, mppir)
those of k; and k&, are
K
MN=————; (146)
ged(K, 7y p13)
those of k3 and k4 are
I, = K : 147
27 ged(K. ihapss)’
those of k; and ks are
_ K K
Fl = ng {—A, 1CH1|:—A~,
ged(K, iy p13) ged(K, Q14p13)
K
—} } (148)
ged(K, Quap13)
_ K
Fz = ng {—A, 1CH1|:—A~,
ged(K, i pa3) ged(K, Qrapas3)
K
—A:| }, (149)
ged(K, Q1ap23)
respectively; those of ks, kg, k7 are
Iy = god { | [ K
= OCi , 1Icm N .
7 BN ged K, pnpra) T Lecd (K, iaprs)
K
f} } (I50)
ged(K, iy pi3)
K
F6=g0d{ — ,lcm|: — )
ged(K, Q13p23) gcd(K, ity pp3)
K
f} } (I51)
ged(K, iy pr3)
K
'y = ged {—A lcm|:—A,
ged(K, iy pi2) gcd(K, p11013)
K
—} } (152)
ged(K, p12Qi3)

We then can evaluate the periods of the M3L statistical phases
due to twisted coefficients. For 6, yv.5» and Oxv., (v =1, 2),
which come from invariants Zy,, Or Zypp, since i o < n — 1,

P2, pil0, p1alTy, and py3', must be multiple of N = 2, the
periods of these statistical phases from the periods of k, k, k;,
and k4 are all multiple of 27” For Osv ¢.» and 65,5 (v = 1, 2),
which come from invariants 7,4, Or Zpyq, Six types of different
twisted terms are related for each case (i.e., v =1 or 2). As
for v = 1, the six types of twisted terms are represented by
k,k, ky, ki, ki, ks, and k7, which appear in the expression of
Towe in (I36). As poI', p1I” must be even, then periods of
051 o» and O,.51 from k and k must be 27”; as p;3m ') must
be multiple of K, then the periods of 051 ., and 6,.x: from
ko must be multiple of 7; as pi3I'y and p13Q4"; must be
even, then the periods of 0y ., and 6,.x1 from k; and ki

must be 2?”; as pismyI's and p,T"7 must be even, the periods
of 0y 5., and 6,.5x1 from ks and k7 must be 27” and 27” re-
spectively. Therefore, for 051 ,., and 6,51, their periods from
twisted coefficients are always multiple of 27” Similarly and
straightforwardly, we also can see that the periods of 052 .,
and 6,.x> from twisted coefficients are always multiple of
27”. For 0x: x2.,, which can come from Zy,, and Zg4,, four
types of twisted terms are related, which become k, k5 in (I33)
and k, kg in (I134). As poT, piT0, p13Ts, and py3l'¢ must be
even, then the periods of fx1 52., from twisted coefficients are
always multiple of 27” As for 6, x1.52, which can come from
Topa and L, four types of twisted terms are related, which
become k, ke, k, and k7 in (I34) and (I35). As the period of
0y x1.x2 from attaching particles can be 2?”, those period (even
the quantized values) of its due to k, k, k¢ are trivially (i.e.,
always be multiple of 27”). ‘We then only need to consider that
from k7. As I';M is always multiple of N> = 4, the period
of 0, 5152 from k; are always multiple of 27” Therefore,
the periods of 0, y1.52 from twisted coefficients are always
multiple of 27” Similarly, the periods of 6, x2.5:1 from twisted

coefficients are always multiple of 27”

Therefore, the M3L statistical phases in (I38)-(I41) can
be generated independently by different twisted terms and
charge matrices. In other words, they can give to four different
types of patterns of M3L statistical phases. More explicitly,
these M3L statistical phases can take: (1) (fx! 5.5, O5ix1) =

(L, 2y with 1] € Zy; (2) By 5151, 051,,) = (0, Z2)

with b € Zy; (3) (B2, 0pix1) = (B2, —22lt) with 1) €
Zy; () 0y 5252, 052,,) = (0, Z8) with Iy € Zy. As patterns
of M3L statistical phases in (I142)—(144) are not independent,
they in fact can give two independent patterns of M3L sta-
tistical phases, that is (5) (6, 5251, 052 51,,) = (2, —20s
with Is € Zy; (6) (0y 152, 052 51,) = (3he, =2ls) with
le € Zny. We note that the above discussion of patterns
of M3L statistical phases are compatible with all Zy x
Zy topological order. Therefore, the classification of SFL
for the SFP ¢;0e,0 is (Zy)® all Zy x Zy topological
order.

Case two: e1Cer0

In this case, Q11 = 2m; + 1 and Q1, = 2m,. We first dis-

cuss the two invariants in (I7). Now M in (I11) becomes

NK K
gcd(2m; + 1, NK)' ged (i, K)

M= lcm|: } = NK. (I53)

Then the statistical phases 61 x2.52, 052,51, 051 5251, and
Ox1.52 are all quantized to ZW” Therefore, only the untwisted
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Zy x Zy topological order are compatible with this SFP,
while the twisted ones are not compatible with, namely they
are anomalous.

Now we discuss the classification of SFL for the untwisted
Zy x Zy topological order with SFP being e;Ce;0. Now
(I12) and (I13) become

My; = NK, (154)
M I |:N K K ] (I55)
= lcm| N, — , ~ .
» ged(itn, K) " ged(Qy3, K)

With definition of py; and 1; in (I123) and (129), the seven
invariants now can be simplified to

—kmy  —k2 Q13
Tooa = _—,
aaa N + N
T —kQu | —kat3p
Othb - N2 N2 )
k —k
Icmb - 2 5Q13 )
N N
kO —keTa3pas
Iaba - N2 + N2 P
I, — —kmy | kQu | —k:Q13
aba — N NZ N s
—km3  kQumy  kaQ13011
IaOtOl = 2 -
[ K T NK T W
—Q013(k1 Q13 + k1 Q14)
+
K
n ksQuzmy  —kymy Qi3
K K ’
kQumy — —kQ%  kaTy3pasmo
Ibcta == ) )
NK N*K N

n —Q13k3T3p2i — kato3p2301
NK
n ket23p2iQui k7Q11Q13i|
N2K NK )

(156)

To simplify the discussion, we first discuss the periods of
the correspondingly M3L statistical phases (see Table V)
from attachment of particles. Now the e; particle carries
one-half charge of the Zx symmetry, therefore, in certain
MB3L statistics, attaching particles to X/ or o may lead to
an extra process that e; braiding around o, which causes a
2—’,’( phase shift. Specifically, for 051 5.5, 051 5.5, 05515 0552,
05 x1:315 05 32.32, 05 w1.32, and 6, 52,51, the periods from at-
taching ¢; to X!, ©2 or o can all be 2%. For 051, 052,

and Oy 52,4, thelr periods from attaching particles are all
27”. Then the invariants Zyuq, Zaaps Labe> and Zyee in (156)
can be ignored since they only contribute to trivial values of
(O, 51:31, 0515), (O524:51, 052 5155), (05, 52:51, 05 51.52), and
(O5. 315, 05.x1) that they determine, respectively. For Zpy, in
(I56), we can only need to consider the two parts with k and
ke since its other parts only contribute to trivial values of

(922,0;0 s 90;):2)~

Therefore, among the above invariants, only Z,pp,
Tova, and T, can give rise to nontrivial values of
M3L statistical phases, i.e.,
Os1 052, Ox244, and O,.x.
(i.e., My =K, and 13 =pyp;=1), they can take
the most general quantized values of M3L statisti-
cal phases, that is, (Ox24,051 524,05 52,05250) =
(*27T(k+k4), Zn(jlsl_ ka)’ 727[1\’(kKk6)’ 2ﬂ(k ks)) while the other
two 927 .x2 and 021 032 can only take trivial values as they
have a period of 2% N T s discussed above.

Below we discuss the periods of (052,05 v2,,
0y.52, 052 +») from those of twisted coefficients (as the
periods from attachment of particles have already been
discussed above). From (I124), the periods of k, k, k4, and ke
are given by

Os25:52, U525, O31 32,
When Q13=1, Q=1

K
=———, (I57)
ged(K, i)
I, = K (I58)
27 ged(K, ipys)
NK
['e = ged {—A , lcm|:—,
ged(K, i pa3) gcd(NK, p»3)
NK
—~] } (I159)
gcd(NK, pa3)
As my <n—1, ', pssl’y, and py3['¢ must be even, and

then the periods of 052, and 051 52,
twisted coefficients are always multiple o
05.52, 052 +, are always multiple of 1%,—’}(
Combined with the periods from attaching parti-
cles(discussed above), the minimal periods of 052, and
Oy 52, are both 27” and those of 6,52, 652 ., are both 1%,—’12
Therefore, there are two independent types of patterns

from the periods of

f 2 and those of

of M3L statistical phases, that is, (1) 052, = 2;\17—2“ with [, €
rl, —2ml, 27l
ZN and (2) (921,22;07 90;225 922,0;0) = (Njgféi NZT!KZ 5 NJ;I?)

I, € Zy. Therefore, the classification of SFL for ¢;Ce;0 is
(Zy)? for the untwisted Zy x Zy topological order while the
twisted ones are anomalous with e;Ce0.

Case three: e10e,C

This case can be obtained similarly to the above case
by just exchanging the two Zy gauge group in the discus-
sion. Therefore, there are two independent types of patterns
of M3L statistical phases, that is, (1) 051, = 2;—211 with [} €
Zy and (2) B51 530 0051, O51.0:0) = (F5¢+ T o) With
I, € Zy. Therefore, the classification of SFL for e¢;0e,C is
(Zx)? for the untwisted Zy x Zy topological order while the
twisted ones are anomalous with e;Ce,0.

Case four: e;Ce,C

In this case, Q11 = 2my + 1 and Q1 = 2m, + 1. We first
discuss the two invariants in (I7). Now M in (I11) becomes

M = NK. (160)

Then the statistical phases Os1 2,32, 052,31, 051 x2.31, and
Ox1.52 are all quantized to 5+ N Therefore, only the untwisted
Zn x Zy topological order are compatible with this SFP,
while the twisted ones are not compatible with, namely they
are anomalous.
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Now we discuss the classification of SFL for the untwisted
Zn x Zy topological order with SFP being e;Ce;C. Now
(I12) and (I13) become

M3 = NK, Ie1)
My = NK. (162)
The seven invariants now can be simplified to
—kQ1n  —ka Qi3
Iotaa = s
N2 + N
—kQu  —kiQ13
IO! = 9
bb N2 + N
k —k
Tony = On 5Q13’
N2 N
k _
Iotbaz Q” k6Q13,
N2 N
—kQin  kQu  —ki013
Ia o — s
b N2 + N2 + N
I o —kQ7, n k011012 | k201301
“we | N2K N2K N2
—013(k1Q13 + k1014)
+
K
ksQ13012  —k7012013
+ NK + NK ’
I _ kQ1 Qi | —kQ}, n ksQ13012
e = | TN2K N2K N2
—013(k3013 + k3014)
_l’_
K
n keQu3011 k701013
NK NK ’

To simplify the discussion, we first discuss the periods of the
correspondingly M3L statistical phases (see Table V) from
attachment of particles. Now the e; and e, particles both carry
one-half charge of the Zg symmetry, therefore, in certain
MB3L statistics, attaching particles to % or o may lead to an
extra process that e; or e, braiding around o, which causes a
2—’}( phase shift. Specifically, for 1 5.5, 051 5155 O5:51, 0552,
O 51:315 05 32:32, O 51:32, and 0, 5. 21 the periods from at-
taching e to ', £2, or o can all be 2% For 051, 922 and

051 %2, their periods from attaching partlcles are all 2% ¥

Therefore, these invariants can determine the
following possible nontrivial M3L statistical ~phases:
921;0 _ —27]1\]1;le’ 922;0 — —27;]1;le’ 921’22;0 — Zn(kQ}\;;-lez)’
0 _ 2n(kQ%—k011012) 0 =27 (kQ},—kQ11012)

>loo — B ZNZK 5 ;2! = NZK s
922,0;0 = ZN(kQI}V;]I((Q”Qu)’ 0(7;22 = —2ﬂ(kQ” ko) while

N?
others can only take trivial values due to the aforementioned
periods. When Q1; = Qj, = 1, they can take the most general

values as Oxi, = 1%]’2”‘, 52, = 1%/2](’ Osi 52y = 27T(k+k)’
= — b
9):100—— QUEI__Q):ZGU—QUZ

Now we discuss another aspect of the perlods of these M3L
statistical phases that is from those of twisted coefficients
(as the ones from attachment of particles have already been

discussed above). From (I24), the periods of k, k are both
I' = NK. Therefore, it is easy to see that the periods from
those of twisted coefficients are always multiple of those from
attachment of particles.

Therefore, there are (Zy)*> different patterns of
M3L statistical phases, that are given by (Oxi,,
022 0 9):1 20 021 0,0 0(7 »l, 922,(7;(77 0{7;22) = (7]%/7;](» 7]%/7;]{’

2n5\1]€+k)’ 2715\1/{2 k)’ 72;11\(,12{ k)’ 727%12«71«)’ 2715\1;;@) with k. k € Zy.
Therefore, the classification of SFL with e;Ce,C is (Zy)? for
the untwisted Zy x Zy topological order while the twisted

ones are anomalous with e;Ce,C.

APPENDIX J: Z, TOPOLOGICAL ORDER ENRICHED
BY Zy x Z» SYMMETRY

In this Appendix, we discuss the symmetry fractionaliza-
tion of Z, topological order enriched by Zy: X Zy» symmetry.
In Sec. VI, we have discussed the case with n = 1 and ob-
tain the quick classification using some trick by setting the
trivial layers coupling constants to be one. Here we provide
a more general discussion that involve general charge matrix
and justify that setting is sufficient to obtain the classification
of SFL.

From (9), we see that there are (gcd(NV, K))?> different
patterns of symmetry fractionalization on particles.

Now we discuss the SFL. Generally, from the discussion
in Sec. III C, we need to consider seven M3L invariants 7y,
Zapps Laaa> Lpaa> Laaps Lapas and Lyp, and the corresponding
statistical phases (see Table V) where «, 8 are the defects with
unit symmetry flux of the two Zx symmetry respectively, and
a is the loop excitation with unit gauge flux of Zy where N =
2and K = 2".

From Sec. VIB, it is sufficient to consider the action (126),
which is rewritten as

S=S0+Sim+Sc+Ssra (Jl)
1
So = o / Nb'da' + b*da* + b dad’, J2)
g
1 2
— / > 0uA'db' + QpAldb + QA'db,  (J3)
T
i=1

Ssr:/a'*jl+b'>kE+a2*j2+a3*j3, J4)

1

Sint = —2 / qzllazaldal —+ qlzzalazdaz (JS)
4

+ q123ala2da3 + qQ31a2a3da'. J6)

After integrating out b', b2, b*, we can obtain the effective
action

S = Sap + SuaL darn

where Ssp collects the terms describing the braiding between
charges(particles) and fluxes(defects) and Sy3; contain the
seven M3L invariants whose the coefficient of the invariants
are given by (1295), i.e.,

4211012

Iotaa = -
NK?

: (J8a)
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21102
Zgoa = — NEZ (J8b)
Ty = @1l 12010 4123Q12Q13, (U80)
(NK)? NK2 NK>
Iaﬂﬁ _ 4211022021 _ 412202202 _ 4123Q22Q23, (J8d)
(NK)? NK? NK?
211012021 | 12201202 123012023
Toap = — , J8
aap (NK)? NK2 T NK2 (I8e)
321102011 1202012 q12302013
7 ax = T s I8
P WK2 T NkZ T Ak (18D
T - @211(00011 — 012021) | q231(Q1302 — 012023)
apa = (NK)? NK?2 '
(J8g)

We remark that if 0y = Q2 = Q23 = 0, the Zg, symmetry
subgroup is not coupled to the system so that the system
looks like only have Zg, symmetry. Then many of the above
invariants become zero and only the two Z,,,, and Z,,, remain,
which is the same as those in (G3). If Q;; = Q1» = 013 =0,
the Zg, symmetry subgroup is not coupled to the system so
that the system looks like only have Zg, symmetry and only
the two invariants Zg,, and Z,gp remain.
From (16) and (23), we have

11 = kM, (J9a)
q122 = kM3, (J9b)
q123 = kM3, J9¢)
g1 = k'Mys, (J9d)
where k, k, k are integral and
NK K
M]2 =lcm|:N, A s A s
gcd(NK, Q1) ged(K, Q12)
NK K
—, ~ :|, J10)
gcd(NK, 021) ged(K, O»)
K
M23 = lcm|: —= s = s
ged(K, Q12) ged(K, O13)
K K
—, — i| din
ged(K, O) ged(K, O23)

Plugging these results into the above M3L invariants, we can
easily obtain quantization level of the corresponding M3L
statistical phases. We can also further discuss the periods of
these statistical phases from the periods of twisted coefficients
and the symmetry fractionalization of ambient particles. In
particular, we discuss them in details in the following exam-
ple:N =2,K =2".

1. SFP

Since gcd(2,2") =2, there are four different patterns
of SFP. From (9), the elementary gauge charge, denoted
as e, can carry one-half or integer charge of the two Zg
subgroup. Correspondingly, their reduced charge matrices
are Q = (0,0)7, (0, DT, (1,0)7, (1, 1)T, respectively where
Q = (911, 9217 and T denotes the matrix transposition. We

denote these four patterns as ¢00 and e0C, eCO, and eCC,
respectively.

2. SFL

Here we discuss the SFL for different SFP case by case.

Case one: e00

We first discuss the case with SFP being €00, namely the
gauge charge carries both integer symmetry charge of the two
ZK subgroups In this case, Q1 = 2m;, Q1 = 2my and then
QH =2y, Q21 = 2if1, with the conditions that /&; = 2"~ if
the corresponding m; = 0. Then (J10) and (J11) reduce to

K K
ng(K’ fhl) ' ng(K, Q]z)’
K K :|

ged(K, )" ged(K, 02) ]’
K
M23 = lcm|: ~ s —= s
ged(K, Q12) ged(K, Q13)
K K i|
ged(K, 0n) " ged(K, 0n3) |

We first discuss the invariant Z,,,. Using (J12) and (J13),
the invariant becomes

M12 = lcm[

J12)

(J13)

kQ12 K K
Iaaa = — lem NN A~ s
KN? ged(K, i) ged(K, O12)
K K
—, = J14)
ged(K, in) ged(K, Q)

If Qy, is zero, then Z,,, vanishes. So we assume Qp, is
nonzero when discuss the invariant. Under this assumption,
Q12 = Q17. Then the invariant can simplified to

—k KQ1» KQ1» KQ1»
Tosa = ——Icm|K, —, —, — .
KN? ged(K, i) ged(K, i) ged(K, On)
J15)

We note that KQ»/ gcd(K, 711 ) must be multiple of Q1,. Then
the M3L statistical phases take

-2k K
Os.51 =—nlcm K, #,
’ KN? gcd(K, )
KQ1» KQ» i| J16)
ged(K, 1iy)” ged(K, 0n) |’
2wk K
Os otz = 2 jem K, #{,
o KN? gcd(K, i)
KQ1» KQ1» :| a1
ged(K, i) ged(K, 0r)

When Q> =1 and Oy = 1, these four statistical phases

take the most general quantized values, that is, Ox.,1 = 2;,’2"

and 62’01;2 = 2]</T—2k

Now we discuss the periods of the two statistical phases.
First of all, we consider those from attaching particles. Since e
carries only integer symmetry charge, then by attaching parti-
cle, the statistical phases 05,1 can shift by %, and Oy, ;1.5 can
shift by 2?” (since K/N € Z). Secondly, we can also consider
the periods from those of twisted coefficients. However, the
periods from twisted coefficients are always multiple of the
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ones from attaching particles, as we show below. From (24),
the period of k is given by

K K
I' =Icm — , — )
ged(K, i p1a) ged(K, iz pr2)
K K
p ) - J18)
gcd(K, i pr) ged(K, iz prn)
where we have defined p;; through setting
OnuMip = pioK, J19)
OnM, = pnK, J20)
Q1M = piiK, J21n
021M1, = paK. J22)

From (J12), we can easily see that all p;; are integral. Plugging
(J18) into (J16) and (J17), the periods of these two statistical
phases 0x.,1 and Oy, ;1.5 are

271p121 |: K K
N? ged(K, imypra)” ged(K, inpin)’
K K
N , — i| J23)
ged(K, i py)  ged(K, i pa)

If pi» is even, then this period of 6y, and Oy 1.5 is
obviously multiple of 7, the periods from attaching par-
ticles. If pjp is odd, since 7, < 2" lem][

K K

ged(K i pr2)* ged(K, i pa2)’ ng(K,Ii?lzpzz)
period is also multiple of 7.

Therefore, the statistical phase 0y,,1 can take N inequiv-
alent values: zlilf—f with k € Zy while for the other statistical
phase 0y ,1.5, when n > 2, they can only take trivial value
and when n = 1 (i.e., K = N), it can also take N inequivalent
values: zli,’—zk with k € Zy. In summary, these statistical phases
contribute to one Zy classification for SFL.

Similarly, the invariant Zg,, can also be discussed and the

M3L statistical phases are quantized to be

__kK
ged(K, iy pr2)’
] must also be even, so this

—2mk KQ» KQO»
Os..2 = ——-lem| K, > >
’ KN? gcd(K, i) ged(K, rtp)
K
——%Lﬂ, (J24)
ged(K, Q12)
wk KO» K0
Os, o2y = ——lem| K, O ~
o KN2 ng(K5 ml) ng(Kv m2)
K
ééfi, (125)
ng(Kv Ql2)
and they take the most general values
2k
05,02 = N (J26)
2rk
92,62;2 = F’ J27)
whose periods are 3 and < respectively. We note that as

these statistical phases originate from a;a;da;-like twisted
terms, they can contribute to the classification independently
by choosing different charge matrices. Therefore, the statisti-

cal phases 05,2 and 65, ;2.5 can also contribute to another Zy
classification for SFL.

Now we consider the invariant Z,,,. For convenience, we
divide this invariant in (J8c) into two parts, i.e.,

70 _ ¢211012011

=g

70 _ 12010
aoa K2N

: (J28)

4123012013
— . J29
XN J29)

We assume (), nonzero, otherwise both parts vanish. Then
the two parts can be simplified to

70 _ kpi20ii
aca KN2 )
7O _ kpinQn  kpiOis
aca — KN - KN s

J30)

J31)

where we have used (J19). Then the M3L statistical phases
051.5 and 0,1 5.1 from the two parts of Z,,, are quantized to

2wkpram
I _
Oy = —xN J32)
2mkpiam
9(1), = J33
Y,o0l0 KN ( )
2 (k k
9((,21)-2 _ 7 ( QIZI:‘ Q13)P12’ J34)
; N
2 (k k
922)61.(,1 _ 7w (kQ1o + Q13)P12. 135)
s KN

When Q1; = Q13 = 1, from (J12) and (J19), we have p, = 1.
Then the statistical phases 9{521)_2 and 9;2)61 1 can take the most
general values as

2k +k)
ﬁgz__?ﬁ_, (J36)
2wk +%)
(2) —
92’01;01 - KN ’ (J37)

with k and %being integral. We observe that 6V and o

ol;® ¥,0l;0!
are always multiple of ]2(—’;,, hence they do not contribute
any new quantized values. The periods of these statistical
phases can come from attaching particles and periods of k
and k. From attaching particles, both 6,1.5 and 05 ;1,1 are
ambiguous up to 27” On the other hand, the periods of the

two statistical phases from the ones of k, k and k are always

multiple of that from attaching particles, i.e., 27” To see this
point, using the period of k given in (J18), we can easily see
that %F is multiple of 2%, hence also multiple of 2Z.

Below we show that the periods of the statistical phases

9(52132 and 9(;271;01 from those of k and k are always multiple

of 27” The period of k is also given by (J18). From (17), the
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period of kis given by
~ K
I' =gcd {lcm|: —~ , — )
ged(K, iy pra)  ged(K, iy pro)
K K i|
ged(K, ippi2)” ged(K, mypn) |’
|: NK NK
m A bl A k)
gcd(NK, p110Q13) ged(NK, p11023)
NK NK
gcd(NK, p21013) gcd(NK, p21023)’
K K
ged(K, p12013)” ged(K, p120a3)’

— S J38)
gcd(K, pnQ13) ged(K, prnQa3)

From (J34) and (J35), since i1y < 2"=1 then I'p;, and
I'Q13p12 must be even, so the periods of 1.5 and Oy ;1.4
from those of k and k must be multiple of 27”

Therefore, the statistical phases (6,15, 05 ;1,,1) can take N
inequivalent values, that is, (32%, —22%) with k € Zy, which
contributes to one Zy classification for SFL.

Similarly to Z,4q, two statistical phases (0,2.5, 05 52.52)
determined by the invariant Z,gg also take N inequivalent
values, that is, (%, —%) with k € Zy, which contributes
to another Zy classification for SFL.

Now we discuss the invariant Z,,g. For convenience, we

also divide this invariant in (J8e) into two parts, i.e.,

o Qi
Toap =~ ganz (J39)
@ _ 91201202 | 912301202
I(mﬂ = XIN KN J40)

We assume Qp, nonzero, otherwise both parts vanish. Then
the two parts can be simplified to

70 _ _kp1nQa

- : 141

wap KNZ ( )
kp1202 %P12Q23

7% = , J42

aap KN KN (142)

where we have used (J19). Then the M3L statistical phases
03 .02.51 and 0,2 ;1.5 from the two parts of 7,4 are quantized
to

_ 2nkp12m2

(1)
052 501 = XN (J43)
2mkpiamy
(1) _
802,01 T KN ) (J44)
2 (k ki
6(5%)2‘01 _ 2 (kQn + Q23)1712’ 145)
» & KN
27 (k ki
9(522)01_E __2n( Qn; Q23)P12' (146)
ol N

When Q; = Q13 = 1, from (J12) and (J19), we have pj, =
1. Together with the condition that Oy = Q3 = 1, the sta-

tistical phases 6 2,) and 9(21) _, can take the most general
o2 ol X0

values as
27 (k + k)
2) _
0 e = e (147)
2k +k)
2) _
O s = — e (148)

with & and being integral. We observe that 9)(:]272.61 and

9;12)01.): are always multiple of =X,

tribute any new quantized values.

Now we consider the periods of 6y, ,2.,1 and 6,2 ,1.5. The
periods of these statistical phases can come from attaching
particles and periods of k and k. From attaching particles,
both 0y ;2.,1 and 6,2 ,1.5 are ambiguous up to 27” On the
other hand, the periods of the two statistical phases from the
ones of k, k, and k are always multiple of that from attaching

particles, i.e., 2%. First we consider k. Using the period of k

hence they do not con-

given in (J18), we can easily see that 2”1’;—‘1\2,”‘21" is multiple of
27”, hence also multiple of 27” as % € Z. The periods of k and
k are also I and F, given in (J18) and (J38). From (J45) and
(J46), since iy < 2"~!, then ['p12 and I'Q23 p1> must be even,
so the periods of 05 ,2.,1 and 6,2 1.5 from those of k and k
must be multiple of 27”

Therefore, the statistical phases can take N inequivalent
values, i.e., (%, —%) with k € Zy, which contributes to
one Zy classification for SFL.

Similarly, we can also discuss the invariant Zg,,. We note
that one can observe that simply by exchanging the two
Zg subgroups, the above discussion can be carried over to
the case of Zg,,. Therefore, we can straightforwardly obtain
the conclusion: from Zg,,, the statistical phases 6y ,1.,2 and
052.51.x can take N inequivalent values that is, %, —%
with k € Zy, which contributes to one Zy classification for
SFL. We note that the statistical phase 6,2 1.5 can also orig-
inate from the invariant Z,,g, however its inequivalent values
are compatible from these two different invariants.

Finally, we come to discuss the invariant Z,g,. We also
divide the expression in (J8g) into four parts, i.e.,

I(i};a _ 61231KQ21;,Q22, (149)
Igga _ —42311(2Q]<,3Q237 150)
78 = _qu;{sz;ml , as1)
7y, = ~Lugem, 052)

where we have substituted Q;; = 2m; and Q, = 2m,. For
convenience, we define p,3 and p,3 through

Q12My3 = prK, 53)
0nMa3 = pxK, (J54)
013M>3 = pxK, 355
023My; = pK. J56)

We first discuss Igga. If Q> =0 or Q13 = 0, it vanishes. So
we focus on the case with nonzero Q,, and nonzero Q3. Then
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. . . 1) __ KQip . .
it C%ln.be simplified to 7, fa = —5F2, which determines the
statistical phases

27k'Q13p
1) _ 13P23
01 = — T (I157)
2k’ Q13 p
1) _ 13P23
92,(72;01 - KN . (J58)
When Qp, = 1, then py; = 1. Further if Qi3 = 1, the 6, ,
and O(EU” 2.1 Can take the most general quantized values, that
i, o0 2k g omk
> VY. olio? KN’ 7% 020! KN

Similarly, we discuss the second part of the invariant I(%)a.
If Q1 =0 or Q,3 = 0, it vanishes. So we focus on the case
with nonzero Q> and nonzero Q3. Then it can be simplified

@ K O3 pa: . . ..
to Z, ﬂ)a = —%, which determines the statistical phases
0® 27k’ Q23 p23 159)
Y, oli02 T KN ’
9@ _ 27k’ Q23 p23 J60)
Y,0%0! T KN .
When Qj; = 1, then py3 = 1. Further if 03 = 1, the 6, ,
and 9(222;%' can take the most general quantized values, that
N ¢ N ) SN ) _ ok
1s, 9):,01;02 — KN 92,02;01 — T KN *
Next we consider I(Ss)a. If Oy, is zero, it vanishes. So we

focus on the case with nonzero Q. Then it can be simplified
to Z) = k2m which determines the statistical phases

«Ba KN
2mkm
3) _ 1P22
Os 5102 = TN dJel)
2mkm
3) _ 1P22
9):,(72;(71 - KN . (J62)

When Q5 = 1, then py; = 1. Further when m; = 1, they can

3 = _21kgB) — 2zk
take the most general values Os o102 = “ENO5 0201 = KN -

Now we discuss Ifga. If Qy, is zero, it vanishes. So we
focus on the case with nonzero Q1,. Then it can be simplified

(4) k . . .-
to Z,;, = — 5=, which determines the statistical phases
2wkm
@) _ 2P12
05 o102 = &N (J63)
2mkm
B gt = — P2 (J6d)
020 KN
When Q), = 1, then p, = 1. Further when m, = 1, they can
take the most general values 9(24)0 g2 = %, 9;:4)(72-01 = —%.

From the above discussion, we see the most general quan-
tized values of the two statistical phases from Z,g, are

2rl
92,(71;02 = ﬁs J65)
2rl
Oy 2.1 = ——. J66
¥,02;0! KN ( )

with / being integral.

We recall that these two statistical phases 6y ;1,2 and
0s 5251 can also be determined by the invariants Zg,, and
Zoap, respectively. As compared to (J59) and (J47), the values
of these two statistical phases from Z,g, are not beyond those
in (J59) and (J47). And any pattern of the two statistical
phases in (J65) and (J66) are not independent since they can

be viewed as combination of those from invariants Zg,, and
Zoap- While they do not contribute to new pattern of SFL,
Zopq might contribute to smaller periods of these statistical
phases. However as we will show below it does not contribute
any smaller period of these statistical phases, that is, they are
always multiple of 27”

As we have discussed the periods of 6y, ,1.,2 and by ;2.1
from attaching particles above, here we only need to focus on
the ones from twisted coefficients. We first discuss the period
of k', which from (17) takes

K K
[ = ged {lcm[ —, —,
ged(K, p3Q13) ged(K, pr3Qas)
K K 1
ged(K, p3013) " ged(K, pr3023)"
|: K K
m A s - A 9
gcd(K, paariny) ged(K, pasiing)
K K
ged(K, prsiin)” ged(K, prsiin)’
K K

ged(K, paoriny) ged(K, psorn)’

K K :| } Je7)
ged(K, pxiin)” ged(K, paorin) | )

Then IVQ13 /23 and ' Qa3 3 are even since iy, iy < 2L
So from (J57), (J58), (J59), and (J60), we see that the periods
of Oy, ;1.2 and Oy, ;2.1 are both multiple of 27”

As the period of k in (J61) and (J62) and also (J63) and
(J64) is given by I' in (J18), we easily see that both I'm; pi,
and I'mjp,, are multiple of K. Therefore, the periods of
05 51,02 and Oy 52,1 from (J61) and (J62) and also (J63) and
(J64) are always multiple of 27” and then also multiple of 2?”

To summarize, for the SFP pattern 00, the classification of
SFL is (Zy)°.

Case two: eC0O

Now we discuss the case with SFP being eCO0, namely
the gauge charge carries half integer symmetry charge of the
first Zk and integer charge of the second Zg subgroup. In
this case, Q1 = 2m; + 1, Oy, = 2my, and then Oy, = 2m; +
1, Qzl = 271, with the conditions that A, = 2"~ if the corre-
sponding m, = 0. Then (J10) reduce to

My, =NK, (J68)

while (J11) remains in the same form.
We first discuss the invariant Z,,,. Using (J68), the invari-
ant becomes

kQ12

Iutaa - _T
If Qi is zero, then Z,,, vanishes. So we assume Qi, is
nonzero when discuss the invariant. Then the M3L statistical
phases take

(J69)

—2mkQ12

Oso1 = N (J70)
27kQ12

92,(71;2 = N s J71)
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when Q) = 1, they can take the most general quantized val-
ues, that is, Oy.,1 = = Tk oly = 21’\’,—1‘ However, these
quantized values of the two statistical phases are equivalent to
being trivial since attaching e particle to ¥ or ¢! can shift by
at least a phase factor 27”

Similarly, we discuss the invariant Zg,,, which now be-

comes

szz
Iﬁaa i ——

N

Then the two correspondingly statistical phases 0y.,2 and
s 42, are also multiple of 2 which however are also equiv-
alent to being trivial since attaching particle e to ¥ or o> can
shift the phases by at least 27”

We now discuss the invariant Z,,,, which now becomes
kQuQu k01201, _ k@013

KN K K

Then the two statistical phases can take the quantized values
as

J72)

Iaowz =

(73)

S |:kQ12Q11 _ kQ12012 _ ZQ12Q13]’ 174)
KN K K
O 11 = _Zn[kQIg\?n B le;(le B lelngla]‘ a75)

When Q, = Q1) = 1, they can take the most general quan-
tized values, i.e., 1.5 = 2”1 and Oy ,1.x = 2”’ & with [ being
integral. However, these quantlzed values of the statistical
phases are trivial due to the following reason: as e carries half
integer charge of the first Zx symmetry, attaching e to o' for
0515 or to X for Oy ,1.,1 can both shift them by 1%,—7( phase
shift.

We turn to discuss the invariant Z,g, which now becomes

kQxnmy k0202 _ k0200
K K K

Then the two statistical phases can take the quantized values
as

Tupp = (J76)

k k k
Bp = 27[[ Onmy — kOn0On Q22Q23], a7
’ K K K
k k k
Oy 21 = 2 Onmy  kQ0nQn  kOn0Ox a78)
o K K K

These quantized values of the statistical phases are trivial due
to the following reason: as e carries integer charge of the
second Zg symmetry, attaching e to o for 0y2.5 or to X for
0x.52.52 can both shift them by phase shift.

Now we discuss the invariant I(mﬂ, which now becomes

kQuumy  kQ1nQn k010
Toag = — .
p kK Tk Tk

Then the two statistical phases now can take the quantized
values

179)

k k k
Os 21 = 21 Qumy  kQ1n0n  kQ10»3 Us0)
e K K K
k k k
0,0 1.5 = 27 O1omy _ 01202 _ 012023 .38l
o K K K

These quantized values of the statistical phases are trivial due
to the following reason: As e carries half integer charge of
the first Zx symmetry and integer charge of the second Zg
symmetry, attaching e to X for 62 02! OF 1O o! for 02,515
can both shift them by at least 2~ = Phase shift.

We turn to consider the the invariant Zg,, which now
becomes

kQ2»(2m; + 1) n k0001 n k0n 03
KN K K ’

Then the two statistical phases now can take the quantized
values as

Tgoa = — (J82)

kQ2 (2 ) & e
Ot 502 = =27 020(2m +1) n 02012 " 020013 ’
o KN K K
J83)
kQ2 (2 ) ki e
Ot gy = 2| — 00 (2m; + )+ 022012 + 02013 .
o KN K K
J84)

The quantized values of the statistical phases are trivial due to
the following reason: As the e particle carries half charge of
the first Z g symmetry, attaching e particle to X for 6,1 5,2 or
to 0? for 901‘02;; can shift‘therr} by %—1’2 phase. factor.

Finally, we discuss the invariant Z,g,, which now becomes

kQn@mi +1)  kQiomy n K (P23013 — p23023)
KN K KN

Iotﬁa =

J85)

where we have used (J53) and (J54) and assumed that O, and
01, are nonzero [otherwise the corresponding term(s) would
vanish]. We can divide it into two parts

_ K(p23013 — p23023)

(1)
Iotﬁa KN (J86)
k 2 1 k
I;?a _ QZZ(K’:/] +D Q;mz_ a87)

Then the two statistical phases 0y, ,2,,1 and 6y ;1,2 can be
divided into two parts. We first discuss the part one determined
by Z'.) that is,

aBa’

kK'(p —
PR (P23013 P23Q23)’ 88)

Y, 0%0 KN

kK'(p —
FCI— (P23 013 P23Q23). (189)

X, ol0 KN
When Q2 = Q13 =1 (with Q3 =0), po3 =1 and 63, ,
and 9(1), ,2 can take the most general quantized values,
that is, 9)(:1)0261 = % and 9(21)0 Lo = 2”" . From Iézﬁ)a,

kQx (2m+1) lezmz 2) _
(=2 ] and 0 Solio? =

kQ12m2] which are always multiple of

we have 9( )2
2n[kQ22(2m1+1)

l_271

KN =X the most general value from Z ¢ 1‘3)0'
The periods of the two statistical phases can come from
two aspects. First, 05 ;2,51 and 05 ;1,2 can shift by =2 2% and
K Z respectively from attaching e particle to X since e partlcle
carries integer charge of the second Zg and half charge of
the first Zg. Secondly, the periods of these statistical phases
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can also come from twisted coefficients, which, however, are
always multiple of those from attaching particle, as follow.
From (17) and (24)), the period of k and k' are given by

I' =Icm

[ K K
i| J90)

L gcd(K, Q12) ged(K, 02)

and

K K
| ged(K, p23013)" ged(K, p230n3)’
K K
ged(K, pr3013)” ged(K, 1523Q23):|’
lcm|: NK , K —,
ged(NK, p23) ged(K, paariny)
NK K
ged(NK, pr3)” ged(K, prziiny)’
NK K
ged(NK, p3y)’ ged(K, paoriny)’

I = ged {lcm

NK K
— > — i“, J91)
gcd(NK, p32) ged(K, p3arin)

respectively. As both I'Qj, and I'Qy, are both multiple

of K, then ZHC2@m+D) apg 20QLE™) are hoth multiple
2w

of 27” and hence =£. Meanwhile, we can see that both

K
F/ﬁ23Q13 and F/p23Q23 are also multiple of K, then %

and W—KBQ” are also multiple of Zﬁ” and hence multiple
of 2.

K

Therefore, 6y ,1.,2 are always equivalent to being triv-
ial while 0y ;2,1 can take N inequivalent values, that is,
% with [ € Zy. Therefore, the Zy inequivalent statisti-
cal phases 6y ;2,1 contributes to one Zy classification of
SFL.

To summarize, for SFP eCO0, the classification for SFL is
Zy.
Case three: e0C
Similarly to the Case-2 with SFP eC0, the discussion for
the classification for SFL can be easily obtained by just ex-
changing the two Zg symmetry. Therefore, we can obtain the
conclusion: for SFP eCO, the classification for SFL is Zy,
giving by the N inequivalent values of the statistical phases
Os o102 = 12\/_7}1 where [ € Zy.

Case four: eCC

This case can also be connected to by rearranging the
symmetry group Zg x Zg generated by g, h to become an-
other isomorphic one Zg x Zx whose generators are g, gh.
In this case, e particle still carries half charge of the first
Z symmetry, but integer charge of the second Zk symmetry
now. In other words, the SFP eCC now becomes eC0O where
the superscript reminds of the second Zg is generated by
gh. Then we can apply the above discussion to this case and
we _can draw the conclusion: for SFP eCC (or equivalently
eC0), the classification for SFL is Zy, characterizing by the
N inequivalent statistical phases Oy, ;12.,1 = Il with [ € Zy

NK
where o2 is the fusion of o'! and o2.
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