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Using an effective Dirac model, we study the orbital Hall effect (OHE) in bilayers of transition metal
dichalcogenides with 2H stacking (2H-TMD). We use first-order perturbation theory in the interlayer coupling
of the bilayer system to obtain analytical expressions for the orbital Hall conductivity in the linear response
regime. We use two distinct descriptions of the orbital angular momentum (OAM) operator. The first one is
the intra-atomic approximation that considers only the intrasite contribution to the OAM [Cysne et al., Phys.
Rev. Lett. 126, 056601 (2021)]. The second one uses the Berry phase formula of the orbital (valley) magnetic
moment to describe the OAM operator [Bhowal and Vignale, Phys. Rev. B 103, 195309 (2021)]. This approach
includes both intersite and intrasite contributions to the OAM. Our results suggest that the two approaches agree
qualitatively in describing the OHE in bilayers of 2H-TMDs, although they present some quantitative differences.
We also show that interlayer coupling plays an essential role in understanding the OHE in the unbiased bilayer
of 2H-TMD. This coupling causes the Bloch states to become bonding (antibonding) combinations of states
of individual layers, demanding the consideration of the non-Abelian structure of the orbital magnetic moment
to the occurrence of OHE. As we discuss throughout the work, the emerging picture of transport of OAM in
the unbiased bilayer of 2H-TMDs based on OHE is very different from the usual picture based on the valley
Hall effect, shedding new light on previous experimental results. We also discuss the effect of the inclusion of
a gate-voltage bias in the bilayer system. Our work gives support to recent theoretical predictions on OHE in

two-dimensional materials.

DOLI: 10.1103/PhysRevB.105.195421

I. INTRODUCTION

The orbital Hall effect (OHE) consists of the transverse
flow of orbital angular momentum (OAM) as a response to the
application of a longitudinal electric field. It is a phenomenon
analogous to the spin Hall effect but, contrary to the latter,
the OHE does not require the existence of strong spin-orbit
coupling in the material. Despite being predicted more than
a decade ago [1], only recently the OHE has gained signif-
icant attention by the condensed-matter community, which
contrasts with the spin Hall effect that has been the focus of
intense research in the last twenty years. The first theoretical
studies on the OHE had focused on three-dimensional metallic
systems [2,3], where a mechanism based on the electrical
response of orbital texture in the materials were introduced
[4-6]. Experiments on orbital-torque had found signatures
of the existence of the OHE [7-11]. In addition, a recent
experiment reported the direct measurement of OHE [12],
opening the way for the development of the field of orbitronics
[13-16].
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The interest in physical phenomena related to OAM, partic-
ularly the OHE, has gained substantial push in the community
of two-dimensional (2D) materials [17-28]. Theoretical cal-
culations predict the existence of the orbital textures that
give origin to the OHE in many 2D multiorbital materi-
als [29-32]. In addition, recent experiments confirmed the
existence of these textures for some of these 2D materials
[33-35]. Among many 2D materials, the family of transition
metal dichalcogenides (TMDs) has attracted prominent inter-
est. When crystallized in the H structural phase, the TMDs are
semiconductors with a large gap. The OAM physics, in these
materials, is well described by the electronic states near val-
leys of the Brillouin zone (BZ). Previous works have shown
that TMDs exhibit a strong OHE [17,36,37], even inside its
insulating gap [30,31], in which it is possible to attribute an
orbital-Chern number [38]. The zigzag nanoribbons of TMDs
have orbitally-polarized edge-states that may transport the
orbital Hall currents [39,40]. Added to this, the OHE allows
the flux of OAM in centrosymmetric bilayers of TMDs with
2H stacking (a bilayer of 2H-TMDs) [38]. Previous studies
often neglected this fact, interpreting the transport of OAM in
terms of the valley Hall effect [41-44].

Most of the literature on OHE uses of the atomic repre-
sentation of the OAM operator, also known as intra-atomic
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approximation. Due to its low computational cost and easy
implementation, this approximation is widely used to de-
scribe the orbital properties of materials. The intra-atomic
approximation to OAM frequently gives satisfactory results
but neglects contributions generated by the movement of elec-
trons in the intersite region of the solid [45-49]. The relevance
of intersite contributions and the validity of the intra-atomic
approximation strongly depend on the specificities of the
material [50-53]. In systems formed by atoms with well-
localized outer shells, the approximation can be conceptually
justified [49]. Recently, Bhowal and Vignale [54] introduced a
scheme to take into account, on equal footing, the intra-atomic
(intrasite) and the correction due to the extended nature of
electronic wave functions (intersite) using a description of the
OAM operator based on the Berry phase formula for orbital
(valley) magnetic moment. They used the method to express
the valley Hall effect on the gapped graphene model [55] in
a more transparent picture of OHE. In this work, we use the
method introduced in Ref. [54] to study the OHE in bilayers
of 2H-TMDs and compare it with results obtained within the
intra-atomic approximation [38]. As we show through the
work, both approaches agree qualitatively, giving robustness
to the recent predictions regarding the transport of OAM in
2D materials. For clarity and transparency, we use an effective
Dirac model to describe the low-energy physics of bilayer of
2H-TMD [56,57], allowing us to obtain analytical expressions
for orbital Hall conductivity in the two schemes.

Our work contains two important physical messages for
the field of the OHE in 2D materials. The first message is the
qualitative agreement between the intra-atomic approximation
and the Bloch states orbital magnetic moment approach in pre-
dicting an orbital Hall insulating plateau in centrosymmetric
bilayers of 2H-TMDs with the height expressed in Egs. (23,
34). Despite the quantitative difference in the results from
the two methods, the orbital Hall conductivity agrees qualita-
tively, as is shown in Figs. 2 and 3. To obtain the finite orbital
Hall plateau in Eq. (34) becomes necessary to consider the
non-Abelian nature of the orbital magnetic moment operator
[see Appendix A]. This necessity comes from finite interlayer
hopping (¢,) in bilayer 2H-TMDs that connects the Hilbert
spaces of each layer. The second important message of the
work is the reinforcement of the OHE as a better description
of the transport of OAM. The conventional view based on the
valley Hall effect presents many conceptual problems which
forbid the possibility of transport of OAM in centrosymmetric
nonmagnetic systems.

We organize the paper as follows. In Sec. II, we describe
the effective Dirac model used in this work to explore the
OHE in the bilayer of 2H-TMDs. We also perform first-order
perturbation theory in the interlayer coupling, obtaining the
eigenvectors and energies of the bilayer with no applied gate
voltage (unbiased bilayer). In Sec. III, we consider these
perturbed eigenvectors and energies to study the OHE for
unbiased bilayer of 2H-TMD in linear-response regime. We
consider both the intra-atomic approximation [38] and the
Bloch state orbital magnetic moment description of OAM
[54] and compare the two results. In Sec. IV, we introduce
an asymmetry between layers of the bilayer 2H-TMD by
adding a gate potential (bias) in the system and performing
a similar analysis of Secs. II and III. In Sec. V, we present the

final remarks and conclusions of the work. We also include
Appendix A where we review the construction of the orbital
magnetic moment matrix associated with Bloch states used in
Ref. [54] to study the OHE in gapped graphene. In addition,
in Appendix B, we show some technical details on the com-
putation of orbital-current in the two approaches.

II. EFFECTIVE MODEL FOR UNBIASED BILAYER TMDS:
PERTURBATION THEORY

The OAM physics of the TMDs is dominated by the points
K and K’ of BZ. At these points, the wave function at the top
of the valence band and the bottom of the conduction band
is formed by the orbitals d2, d,>_, and d,, of the transition
metal atoms [57-62]. We follow Refs. [56,57] to build a
simplified tight-binding (TB) model Hamiltonian in reciprocal
space, which we expand up to first order in the electronic
momentum around the valleys located at K = (47 /3a)% and
K’ = —K. This procedure leads to the following Hamiltonian:

A Y+ 0 0

. y- —ts;4 0 t
H(q) = 0 0 A o | (1

0 t Y+ TSZ)\,

where y. =at(rq, iqy), T = £1 is the valley quantum
number associated with valleys K and K’, respectively.
The TB basis of the Hamiltonian of Eq. (1) is
Bo = {ldbh), (1d}_) — itld})/~/2,1d3), (dh_p) +

it|dfv))/«/§}, where the superscripts 1 and 2 specify the
two layers of the bilayer, respectively [see Fig. 1(a)]. Here,
k= G+ tK where § represents the wave vector relative to
valleys and s, denotes the usual Pauli matrix associated with
the spin degree of freedom. This model can be easily applied
to describe bilayers of compounds of the TMD family in the
trigonal prismatic phase (H), with 2H stacking, as represented
in Fig. 1(a). In this paper, we will consider the case of
bilayers of MoS,, an archetypical member of the family
of TMDs. The parameters of effective Hamiltonian can be
obtained by adjusting results given by density functional
theory calculations. For 2H-MoS, bilayers, we obtain the
band gap A = 1.766 eV, the lattice constant a = 3.160 A,
the intralayer nearest-neighbor hopping r = 1.137 eV, and
the interlayer hopping ¢, = 0.043 eV [57]. We also obtain
a spin-orbit coupling A =0.073 eV [57]. Here we are
interested in describing the OHE in bilayers of TMDs, that
is not significantly affected by spin-orbit coupling. For this
reason, we set . — 0 and introduced a spin-degeneracy factor
gs = 2 in all results presented in this work.

To perform the perturbation theory expansion, we separate
the Hamiltonian into two terms, Hy(§G), of decoupled layers of
bilayer 2H-TMD,

Ho(q) = 0 0 , @

0 0 y. 0
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FIG. 1. (a) Side view of a bilayer of TMD with 2H stacking.
Each monolayer of TMD in the H structural phase is composed of
an atomic plane of transition metal (black spheres) sandwiched by
two atomic planes of chalcogens (yellow spheres). The top and the
bottom layers have a relative rotation angle of 180 degrees, making
the bilayer system centrosymmetric. Z represents a point of inver-
sion symmetry of the bilayer. (b) Schematic representation of OHE,
i.e., the transverse flux of orbital-current induced by a longitudinal
(% direction) electric field. In the picture, the orbital-current flows in
the —3 direction and has OAM polarized in the Z direction. (c) The
energy spectrum of the bilayer of 2H-TMD near valleys K (left) and
K’ (right) of BZ. The solid black curve shows the spectrum obtained
by numerical diagonalization of the Hamiltonian of Eq. (1) without
considering the spin-orbit coupling (A — 0). The dashed orange
curve shows the energy spectra obtained by first-order perturbation
theory expansion in interlayer hopping ¢, [Egs. (10, 11, 12)].

and the interlayer coupling term (H;), treated as a perturba-
tion:

0 0 O
0 0 0 1
H, = 3
1 0 0 0 3
0 r 0 O

It is straightforward to obtain the eigenvectors and ener-
gies of the unperturbed Hamiltonian Hy. The conduction and
valence bands of Hy are doubly degenerate, having the energy-
dispersion

0 (@) = 5(A F A% +4a’2g?), 4)

where ¢ = . /q2 + q%. The unperturbed eigenvectors of the
valence (v) band are

0 T
Vi) =Nv<q)<e';(q), 1,0, 0) , ©)

V2.e.0) =Nv(q)<0, 0, 61();(:’), 1)T, ©)
while the conduction (c) band eigenvectors are

Ve) =Nc<q>(63y(_") 1,0, O)T, )

Vo) = M(q)(o, 0, 63V(+q), 1)T. @®)

The normalization factors are Nv(c)(q) =[1+
(efj’(c)(q))2 /(atq)*17"/? and the superscript 7 means the
application of transpose operation to obtain column vectors.
Note that the wave function of states on Egs. (5) and (7)
are localized on layer 1 and the wavefunctions of states on
Eqgs. (6) and (8) are localized on layer 2. The factors y.
defined above contain the dependence on valley quantum
number 7. To include the effect of interlayer hopping 7, we
apply standard degenerate perturbation theory by constructing
the matrix (x |H;|¢) with states of valence [Egs. (5) and (6)]
and conduction [Egs. (7) and (8)] bands subspace and
calculating its eigenvectors to obtain a linear combination
of these states. With this procedure, the effect of interlayer
coupling translates into the formation of bonding (+) and
antibonding (—) linear combinations of the eigenstates of
individual layers on valence and conduction bands subspace:

1
|(I> ,r,vc‘):_
+,7,0(c) «/i

With these states, we compute the first-order correc-
tion of interlayer hopping f, to energies Je€y) +(q) =
(Pt 7,0(0) [ H1| P 7,0(c))» Obtaining

(l‘Wl,r,v(c)) + |w2,r,v(c)))- (9)

() +(0) = €0 (@) + 8€0(0).£(q) (10)
where

I

A
1+ —), 1)
2 < VAZ +4a2t2q>

8€v,:l:(Q) ==

Seoi(q) =+ (1 a (12)
€c =t—(1l - —— ).
= 2 VAZ 4+ 4a2t2q>

Note that energies of Eqgs. (10)—(12) are the same for different
valleys due to time-reversal symmetry and the absence of
spin-orbit coupling. In Fig. 1(c), we show the comparison
between the exact energy spectrum obtained by numerical
diagonalization of the Hamiltonian of Eq. (1) with A — 0
and the one obtained via perturbation theory [Eqs. (10)—(12)].
They agree very well within the regime of small wave vectors.
It is interesting to note from Fig. 1 and Eqgs. (11) and (12) that
at the Dirac points (¢ — 0), the energy splitting induced by
interlayer hopping ¢, occurs at the valence band but not on
the conduction band. In realistic bilayers, the finite spin-orbit
coupling causes a small energy splitting in the conduction
band at the Dirac point [56,57]. This energy splitting of the
conduction band does not occur in the spectra obtained with
A — 0 in Fig. 1(c). As we mentioned before, the spin-orbit
interaction is not relevant to the description of the OAM
transport in this system being neglected in this work.
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III. ORBITAL HALL EFFECT OF UNBIASED
BILAYER TMDS

A. Linear response theory for orbital Hall current

To study the OHE, we use the formalism of linear-response
theory where the orbital Hall current, which flow in the y
direction with OAM polarized in the z direction (out-of-
plane), generated by a longitudinal (x-direction) electric field
is proportional to the orbital Hall conductivity (OHC), jyXZ =

ogﬁgx [see Fig. 1(b)], where OHC is given by [1-3,20-23]

O'oH Z/ (271,)2 nk k (13)

where fn’,; = O — n’,;) is the Fermi-Dirac distribution
at zero temperature and Fermi energy E;, and the orbital-
weighted Berry curvature is given by

@ (i, 10 ®lut,, 1), 15 BN, )
n,k — Z Im n,k m,k m,k n,k ) (14)
2h (E,; —E, )
m#n
In the above equations, E, . ; are the energies of the eigen-

states |un(m)’,;) of the electronic Hamiltonian evaluated in
wave-vector space #(k). The velocity operator in the x(y)
direction is defined by Dy (k) = A 9H (K)/dky(y). We follow
Refs. [3,13] and define the OAM current operator JAyXz (l_é) =
(X;d, (I_é) + D, (%)XZ) /2. Here we apply this formalism to study
the OHE in the bilayer TMD. As we mentioned in the intro-

J

LImra

= (2h7)diag(0,

duction, we use two distinct descriptions of the OAM operator
X, in this work. The first description, called intra-atomic
approximation (X; = lﬁ?““‘), treats the OAM of electrons in
a solid as an extension of atomic OAM. This approxima-
tion is widely used, especially in studies of OHE, due to its
simple implementation [49], often giving satisfactory results.
The second description, recently introduced in the context
of the OHE [54], treats the OAM of electrons in the frame-
work of the Berry phase formula of intrinsic orbital magnetic
moment of Bloch states (X, = ﬁZT"‘). While the intra-atomic
approximation takes into account only the intrasite contri-
bution of electronic wave functions, the approach based on
orbital magnetic moment includes both intrasite and intersite
contributions to OAM [63,64]. This justifies the use of su-
perscript “Tot” used here in quantities described in the Bloch
state orbital magnetic moment approach. We briefly mention
that the orbital magnetic moment is also known as valley
magnetic moment in the literature of 2D materials. Here,
we adopt orbital magnetic moment following the nomencla-
ture of Ref. [54]. In the remainder of this section, we compute
the OHC for the bilayer TMD using the two descriptions of
the OAM operator and compare the results.

B. OHE in the intra-atomic approximation

In the tight-binding basis By, of the Hamiltonian of Eq. (1),
defined in Sec. II, the OAM operator in intra-atomic approxi-
mation for bilayer TMDs assumes the form

~1,0, 1). (15)

It is straightforward to compute the velocity operators dy()(§) from Eq. (1). Using v,(g) and Eq. (15) to compute the operator

J;’I“"a, we obtain the orbital-current operator in TB basis By:

~.

J;,Intra — att

0

—i 0
0 0 O
0 0 —i (16)
0 i O

We use this operator together with the corrected energies [Egs. (10)—(12)] and states [Eq. (9)] given by the first-order perturbation
theory to compute the orbital-weighted Berry curvature in the intra-atomic approximation Ql‘zfjf‘ . (@). The analytical expressions
for these curvatures are slightly cumbersome but they assume a simple form after performing the integral over azimuthal angle
6 [where g, = g cos(f) and g, = g sin(6)] and expanding in linear order on ¢z, /A. This procedure leads us to the integral

o d Intra( ),\, _ ¢t
) (2 ) 2, & ~ (Aa’t2q? + A2)2 T

for the valence band and

2a*1* A 20°1P A(4a’ g + A + A4’ g + A?) (17
(4a’12q? 4+ A?)3
2a12 A 28212 A(4a*t q® + A? — AJda2q2 + A?) (18)

/27[ e Inlra( ) ¢
v @m et D Garg e T

(4(12t2q2 + A2)3

for the conduction band. Note that the right-hand side of these equations does not depend on the valley quantum number t.
As a result, these curvatures add up when summed over the valleys, resulting in a finite OHC inside the insulating gap of the
bilayer TMD [30,31,38]. We substitute Eqs. (17) and (18) in Eq. (13) and evaluate the radial integral, assuming the extrapolation
q — oo in the lower limit of integral. This corresponds to extrapolating the model of Eq. (1) to small wavelengths. The highly
peaked profile of the orbital-weighted Berry curvature near the valleys of the BZ gives ground for this assumption. As a result
we obtain the OHC in intra-atomic approximation:

Intra(Ef) _ Z [ Imra(Ef) + aclntra(Ef)]’ (]9)

v=x=%
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where the valence band contribution ah‘““ (Ey) is given by

A(2A +3,/4d%1%q . + A?)

ntr: e A
ol ta(Ef) =g,— 4+t 373 , (20)
| Jaareg? , + A2 6(4a2t2q2 . + A?)
and, the contribution of conduction band oI“‘”(E ) is
Inlra e A (A3 + (Zaztzqg - Az) 4a2t2qg,i + Az)
+ (Ep) = = i 32 . 20
“2m 42027, + A? 3A (40222, + A?)

Note that we reinserted the spin-degeneracy factor gg = 2 in
these equations. g, () + are Fermi moments of the bonding (4)
and antibonding (-) states for valence (conduction) band. To
compute the Fermi moments as a function of Fermi energy,
we invert Eq. (10) and solve &) +(qu)+) = Ef. We then
obtain

\/Oli(Ef) + Bue), £ (Ef)/0+(Ef)
at2\/§ '

where, a4 (Ef) = (4E2 +13 — A2 —4E;A) 41 (A — Ey),
8+(Ef) = (4E7 +17 —4EfA + Az) +1(6A —4E)),

and lsv,:i: = (A:I:l]_ —2Ef) ,Bc,:l: =—(Ax£1, —2Ef).
Figure 2(b) shows the Fermi moments of Eq. (22) as a
function of Fermi energy for the typical parameters of bilayer
MoS, introduced in Sec. II.

In Fig. 2(a), we also show the orbital Hall conductivities
given by Egs. (19)—(21) for the unbiased bilayer MoS,. The
most striking feature of this curve is the quantization of the
OHC in intra-atomic approximation when the Fermi-energy
lies in the insulating gap:

o)) e

This quantization occurs in first-order perturbation theory
in interlayer hopping ¢, . If one includes higher orders of
interlayer hopping in the perturbative expansion, the height
of the orbital Hall insulating plateau deviates slightly from
this quantized value [38]. A modification in this quantized
value may also occur by including high-order terms in g, such
as trigonal warping [65,66], in the effective Dirac theory of
Eq.(1). As denoted by the second equality of Eq. (23), we
can write the height of the quantized orbital Hall insulating
plateau obtained here as 2 x Cfl , where factor 2 comes from
the d-shell character of transition metals [Eq. (15)], and C/
is the orbital Chern number introduced in Ref. [38]. We can
define this orbital Chern-number even in nonperturbative cal-
culations [38] using the method formalized in Refs. [67—-69].
For the present case of the bilayer of 2H-TMD, the orbital
Chern number is C¥ = 2. The same calculation presented
above could be performed for the monolayer of TMD in
the H structural phase (monolayer of H-TMD), giving an
orbital Chern number CL” = 1. The result of Eq. (23) unveils
a topological nature in the insulating gap of H-TMDs, despite
being trivial in Z,-invariant. Zigzag nanoribbons of H-TMDs
have orbitally polarized edge states that cross the bulk gap

Guo(e),+(Ef) =Re (22)

[39,40] and may be responsible for the transport of orbital Hall
current.

C. OHE in the Bloch state orbital magnetic moment description

To contrast with the results of the previous section, we
evaluate the OHC with the OAM described by the Berry
phase formula of the Bloch state orbital magnetic moment.
It was first shown by W. Kohn that Bloch electrons possess
an intrinsic magnetic moment [70]. Later, this intrinsic mag-
netic moment was connected with Berry phase theory and

~_
&
~

4 ...........................................
E 3
S,
: 2
bo . — Intra
— Total

E/[eV]

FIG. 2. (a) OHC as a function of the Fermi energy for unbiased
bilayer of 2H-MoS,. The two curves show the orbital conductivities
calculated using intra-atomic approximation [Egs. (19)—(21)] and
Bloch state orbital magnetic moment approach [Egs. (31)—(33)] for
the OAM operator. (b) Fermi-momentum [Eq. (22)], as a function
of Fermi energy, for the valence and conduction band states in the
unbiased bilayer of 2H-MoS,. The vertical continuous black lines
in both panels delimit the insulating gap of the unbiased bilayer
2H-MoS,; [Fig. 1(c)]. The horizontal dashed black line in (a) sig-
nals the quantized orbital Hall conductivity in the intra-atomic
approximation when Fermi-energy lies in the insulating gap [Eg’,‘_{“‘ =
4(e/2m), Eq. (23)]. Inl (b), a = 3.160 A and r = 1.137 eV (see
Sec. II).
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interpreted in a more transparent picture of the self-rotation
of semiclassical wave packet [71]. The description of OAM
operator in terms of the orbital magnetic moment of Bloch
states was extensively explored [18,19,72—77], also appearing
in the context of the modern theory of orbital magnetiza-
tion [45—49]. Recently, it was proposed in Ref. [54] that the
long-debated valley Hall effect [78] could be viewed as an
OHE, using the description of the OAM operator in terms
of the orbital magnetic moment. Here, we use the scheme
introduced in this reference to study the OHE in bilayer
TMDs. In Appendix A, we review the general theory of orbital
magnetic moment of Bloch states based on Refs. [70-74]
and also obtain the operator used in this section. As detailed
in Appendix A 2, the correct description of the orbital mag-
netic moment in the unbiased bilayer system must consider
its non-Abelian (matricial) nature. On a TB basis By, the
orbital magnetic moment operator for the unbiased bilayer of
2H-TMD assumes the form of a diagonal matrix:

p(q) = tmo(g)diag(l, 1, —1, —1), (24)

where
e a’t’A 2atq
mo(q) (h)4a2t2q2+A2 Mgf( X ) (25)

is the orbital magnetic moment of a massive Dirac fermion
[55]. In the second equality of Eq. (25), we defined the
dimensionless function f(x) = (1 +x%)~! and the renormal-
ized Bohr magneton uj = (efi)/(2m;}) with the effective mass
m* = (F*A)/(2a*t?). At the Dirac point K, m reduces to the
renormalized Bohr magneton, so that my(g = 0) = up.

In the case of the orbital magnetic moment description,
to calculate the OAM current operator, we need to multiply
the magnetic moment by a constant to convert the magnetic
moment to units of angular momentum. This constant depends
on the Landé g factor g;, which can give rise to quantitative
ambiguities in the case of materials with strong spin-orbit
coupling. On the other hand, experiments observe magnetic
moment accumulation. So, in principle, g; is not necessary
for the prediction of magnetic moment accumulation or non-
local resistances. To avoid introducing this constant, one could
alternatively describe the OHE in terms of a current of orbital
magnetic moments J3™(g). We can use the definition of the
current operator in Egs. (13) and (14), where X, is the orbital
magnetic moment operator. In this case, the current follows
directly from the orbital magnetic moment matrix X; = iy, (q)
[Eq. (24)],

0 —i 0 0
tatmg(q)| i 0 O
JoNg) = ———— 26
)@ 5 lo o o i (26)
0 0 i 0

In the case of the intra-atomic approximation, there is a trivial
conversion of the OAM operator of Eq. (15) to the units of

J

2a%t* A?

the orbital magnetic moment: "™ = (—p/h)LI"", Never-
theless, both descriptions of the OHE using orbital magnetic
moment current or OAM current have the same physical in-
formation in Eqgs. (15) and (24).

Here, we follow the literature of OHE to connect with
previous results and consider the OAM current. To convert the
orbital magnetic moment operator of equation 24 to units of
angular momentum, we multiply it by the constant [54] Cyy, =
—hig; ' ug' = —2m.g;'e”!, where g, = 1, up = (ehi)/(2m,)
is the atomic Bohr magneton and, m, is the electron rest mass.
In TB basis By, the OAM operator reads

l’:;Fot(q) — (%)diag(—l, —1,1,1), 27
B

that can be used to obtain the OAM current operator flowing
in the y direction

0 —i 0 0
. tatmo(q) [ i 0 0
T g) = ———— 28
M@ =—""1o o o _ (28)
0 0 i 0

At the Dirac point, the OAM operator can be written in func-
tion of the ratio between the two Bohr magnetons: ﬁZTO‘(KT) =
ht(uy/mp)diag(—1, —1,1,1). It is worth mentioning that
the orbital-current operator within the Bloch state orbital
magnetic moment approach [Eq. (28)] has the same matrix
structure as the operator obtained in the intra-atomic approx-
imation [Eq. (16)]. This occurs despite the difference in the
matrix structure of the OAM operators in both approaches
[Egs. (15) and (27)]. It is easy to see how this occurs by repre-
senting the OAM operators in terms of a tensorial product of
Pauli matrices related to orbital () and layer (%) degrees
of freedom [diag(0, —1,0,1) = (1/2)(c* — 0% ® ¢ and,
diag(—1,—-1,1,1) = —09% ® 7] and then using its anticom-
muting ({0, 0/} = 2§, ; and {T', £/} = 26; ;) properties in
the calculation of orbital current (see details in Appendix B).
It is important to notice that, the similarities between orbital-
current operators of Egs. (16) and (28) are an artifact of
the low-energy description of TMD. This similarity is not
expected in calculations that include all Bloch bands of ma-
terial [79].

As done before, we use this operator together with the
corrected energies [Eqgs. (10)—(12)] and eigenstates [Eq. (9)]
to compute the orbital-weighted Berry curvatures, QE& ().
After performing the integral over azimuthal angle and do-
ing the expansion in linear order on t, /A, the integrals are
given by

/27{ do QTOt(*),\, € +¢
o @) =Y T T | Garg + a2 Tt

(29)

20 A4 + A + AAa’2g? + AZ)]

(4a22q? + A2)*
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for the valence band and

2a*t*A?

4o Qo N e
/0(2) =@ hu[

(4a2t2q2 + A2)5/2

(30)

2a*t* A? (45121‘2(]2 + A% — AJda’t?q? + Az)
(4a2q? + A2)4

for the conduction band. Again, we evaluate the radial integration assuming ¢ — oo in the lower limit of integral and find the

OHC,

ooH(Ep) =Y [0,NEs) + o S(Ep)]. G1)

v=d+

Tot

The contribution of valence band o, is then

o o2 212 A2 22 (4A + 5, /4’22 1 + A?)
(Ef) = — — : (32)
2 hig 6(4a?r2q? 4 + A?) 40(4a2t2 L+ AZ)
and the contribution of conduction band, given by 6% (E/), is
2 2,2 2,272
Tot e a’t t°A
=(Ef) = gs< ) - —+

27 hjig 6A  6(da’i2q? , + A2)3/2
a2 (AS + (4d'tqt . +2a%%q2 L A — AY) /4a2t2q§,i +A?)

i — : (33)

10A2(4a21%¢% 4 + A?)

The Fermi momenta g, + are given by Eq. (22). Again, we have included the spin-degeneracy g, = 2.

In Fig. 2, we show the orbital Hall conductivities of
Egs. (31)—=(33) as a function of Fermi energy, using the pa-
rameters of the bilayer MoS,. Similar to calculations using
the intra-atomic approximation for the OAM operator here,
we also obtain an OHC plateau when the Fermi energy lies
inside the insulating gap. Nevertheless, in the case of an OAM
operator described by orbital magnetic moments of Bloch
states, the height of the OHC plateau is not quantized and
assumes the value

e 2% (27 N\ Aujooe
Ton = =-——(—). (34)
3A \2mhug 3 up \2m

As obtained in Ref. [54] for the gapped graphene mono-
layer, the height of OHC of 2H-TMDs within this method
scales with 1/A. Generically speaking, we can understand
this behavior of OHE with the inverse of band gap as a
reminiscent effect of the geometry of Bloch bands encoded
in the orbital magnetic moment description of the OAM op-
erator. It is easy to note that, for small band gaps, my(q)
in the Eq. (25) is a representation of the Dirac-delta func-
tion, lim,_,o = €/(x*> + €?) = m8(x). This diverging behavior
propagates after g integration up to the result of the Eq. (34).
It is worth mentioning that limit of vanishing band gap makes
sense only for graphene, which is a gapless material in a
pristine situation. It is possible to induce controllable band
gaps in graphene by proximity to distinct materials [80-82]. In
the case of the bilayer of 2H-TMD, the band gap is intrinsic to
the band structure of the material [Fig. 1(c)]. For this reason,
A cannot be seen as a free parameter in the context of the
present work, assuming a fixed value obtained by fitting den-
sity functional calculations. In the second equality of Eq. (34),
we used the atomic and renormalized Bohr magnetons defined
previously to write the height of the OHC plateau in a more

(

transparent expression. The atomic Bohr magneton (up) de-
pends on fundamental constants while the renormalized Bohr
magneton (u) depends on the specific band structure of a
given material. In the case of massive Dirac fermions, uj
has the dependence with 1/A. Substituting in Eq. (34) the
parameters a = 3.160 10%, t =1.137 eV, and A = 1.766 eV
of the bilayer of 2H-MoS, presented in Sec. II, we obtain the
result a0 & 2.52(e/27).

D. Discussion

Here, we discuss some of the physical consequences of
the results derived in the previous two sections, giving special
attention to Eqgs. (23) and (34). Despite the quantitative differ-
ence in height of the OHC plateaus, both formalisms for OAM
discussed above predict the existence of finite OHE inside
the insulating gap of unbiased bilayers of 2H-TMDs. This
qualitative agreement between the OHC obtained via usual
intra-atomic approximation [Eq. (23)] and the OHC computed
via orbital magnetic moment description of OAM [Eq. (34)]
should be considered one of the main messages of this work.
Previous works interpreted the transport of OAM in TMDs
in terms of the valley Hall effect, assuming that it also gen-
erates transport of magnetic moment, once we can associate
a magnetic moment with inverted signals to the inequivalent
valleys [55]. This picture may explain the experimental results
in noncentrosymmetric systems such as monolayer TMDs and
gapped graphene. On the other hand, this interpretation led
previous works to assume that centrosymmetric systems, such
as unbiased bilayer TMDs, should not exhibit transport of
OAM [41-43]. This assumption follows from the absence of
orbital magnetic moment in Bloch states of materials that pre-
serve both time-reversal and spatial inversion symmetries (see
the discussion in Appendix A). Experimental works attributed
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the observed signal of OAM transport in unbiased bilayer
TMDs to a break of spatial inversion symmetry induced by the
substrate [41—43]. This argument was used even in situations
where the material of substrate (A-BN) should not interact
significantly with the bilayer of 2H-TMD [44]. In addition,
the valley Hall effect has some inherent conceptual problems,
such as the need of an artificial separation of the BZ [54]. The
results of Egs. (23) and (34) above show that the transport
OAM can occur in centrosymmetric bilayers of 2H-TMDs, as
anticipated in Ref. [38] by using intra-atomic approximation.

It is worth mentioning that we cannot understand the trans-
port of OAM in the bilayer of 2H-TMD in terms of the valley
Hall effect of individual layers [83]. For any infinitesimally
small but finite interlayer hopping 7, , the states of individual
layers combine to form the bonding and antibonding superpo-
sitions, as seen in Eq. (9) [84]. These states have no intrinsic
magnetic moment, a consequence of the inversion symmetry
of bilayer 2H-TMD [see Fig. 1(a)]. Nevertheless, the OHE is
possible if one uses the non-Abelian structure of the orbital
magnetic moment to describe the OAM operator, as we detail
in Appendix A, leading to the results presented in Sec. III C.
The non-Abelian structure of the magnetic moment operator
emerges for nearly degenerate bands [72] [Fig. 1(c)] and it is
essential for the understanding of the OHE in unbiased bilayer
TMDs.

IV. EFFECT OF THE POTENTIAL-ASYMMETRY
BETWEEN LAYERS

To go further in the comparison between qualitative pre-
dictions of OHE using intra-atomic approximation and orbital
magnetic moment description of OAM operator, we include a
spatial-inversion symmetry breaking term in the Hamiltonian.
This is achieved by including a term that mimics the effect of
the gate voltage (bias) used in experiments. Nonperturbative
numerical calculations in intra-atomic approximation show
that the inclusion of a gate bias does not affect the height of
the OHC plateau [38]. Here, we use perturbation theory to
test the effect of gate voltage in OHE using both descriptions
of the OAM operator studied in this work. The calculations
are analogous to those described in the previous section, so
we only present the main results.

A. Perturbation theory for biased bilayer of 2H-TMD

We include the gate voltage term in the unperturbed Hamil-
tonian,

_ y-  +U 0 0
D= "0 4 Ay | @
0 0 Y+ -U

The finite gate voltage (U # 0) breaks the inversion symmetry
[Fig. 1(a)] of the bilayer system, generating a bias between
the individual layers. We still consider the interlayer hopping
term [Eq. (3)] as a perturbation. However, contrary to the case
of unbiased bilayer of 2H-TMD where the interlayer hopping
plays an essential role, for the case of the biased bilayer, the
interlayer hopping does not generate corrections in the first

order on ¢, . Diagonalizing the Hamiltonian of Eq. (35), we
obtain the energy dispersions

V(@) = LA £2U — VAT +4a22gY),  (36)
U@ = JA£20 +/A +Adg?).  (3T)

These solutions correspond to a hard shift +U (—U) in the
energy of layer 1(2) of the unbiased bilayer [Eq. (4)]. The
unperturbed eigenstates are not affected by the gate potential
and we obtain the same eigenvectors of Egs. (5)—(8), i.e.,
Wllfz)’w(c)) = |¥12),1,0(c))- The energy spectrum of Egs. (36)
and (37) is nondegenerate for finite U. So, to include the
effects of the interlayer hopping term [Eq. (3)], we can ap-
ply the nondegenerate perturbation theory. Computing the
correction on energy, we found that the interlayer hopping
does not affect the spectra in first-order perturbation theory,

U U —
<101(2),1:,1)(6)”{1 |w1(2),r,v(c)> =0.

B. OHE in biased bilayer TMD

Following the same steps of Sec. III, we can obtain analyt-
ical expressions for the OHC in terms of the Fermi momenta.
The Fermi momenta for biased bilayer are given by

VE,£UJE, £U - A

U _
9v12) = — pr )

(forEy € VB),
(38)

VE,EUJE, £U - A

at

qgl(z) =4 (forE; € CB), (39)
E; € VB(CB) means that the equation holds for E; crossing
the respective state of the valence (conduction) band and is
zero otherwise. Figure 3(c) shows the Fermi momenta of
Egs. (38) and (39) as a function of the Fermi energy for a
finite value of the gate voltage. The OAM operator in the
intra-atomic approximation for biased bilayer of 2H-TMDs
remains the same as the unbiased case [Eq. (15)]. Repeating
the steps of Sec. III B, we obtain the orbital Hall conductivity
given by

UIntra(E )_ Z [ UIntra(E )+O’U Intra(Ef)]’ (40)

=12
where
A
o i (Ep) = - . (4D
\/4(atq£]’](2)) + A2
e A
o i (Ey) = —&5—|1- . (42)

\/4(""1?,1(2))2 + A2

In Fig. 3(a), we show these orbital Hall conductivities as
a function of the Fermi energy for different gate voltages.
For biased bilayers, contrary to the unbiased case, we can
apply the usual formula for nondegenerate bands [Eq. (A1)]
described in Appendix A 1 to compute the orbital magnetic
moment operator We obtain the orbital magnetic moment on
TB basis B, MY (q) = tmo(g)diag(1, 1, —1, —1). The OAM
operator reads, LY (q) = (—h/up)mf (¢), having the same
form as the one obtained in the unbiased case. After following
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FIG. 3. The effect of inversion symmetry-breaking gate potential
in OHC computed using intra-atomic approximation [Egs. (40)—(42)]
(a) and Bloch state orbital magnetic moment description of OAM
[Egs. (43)—(45)] (b). (c) Fermi momentum [Eqgs. (38) and (39)], as a
function of Fermi energy, for the valence and conduction band states
in bilayer of 2H-MoS, with an gate voltage bias U = 0.2 eV. In (c),
a=3.160Aandr = 1.137 eV [see Sec. II].

similar steps described in Sec. III C, we obtain the OHC in the
orbital magnetic moment description,

U, Tot

oS Ep)y =Y [0l EN + 0l TNED]. @3)
1=1,2
where
eZ
onic D = ( 27 fiju )

[ a2 A }
)

2 3/2

6(4(arqy )" + A?)

U, Tot
E
c1(2)( f) <2JTEILB
a’t? A?

a l
X[ ——+ . (45)
|: 6A 6(4(‘”431(2))2 + A2)3/2]

Figure 3(b) shows the orbital Hall conductivities with the
orbital magnetic moment description for three values of gate

voltage. Comparing the plots of panels (a) and (b) of Fig. 3,
we conclude that the effects of a finite gate bias on OHC
predicted by intra-atomic approximation and by Bloch state
orbital magnetic moment description of OAM qualitatively
agree. Particularly the height of the OHC plateau is not af-
fected by the intensity of the gate potential [38].

Generically speaking, the spatial inversion asymmetry
caused by gate bias can induce an orbital-Rashba coupling in
bilayer systems [15,53]. This effect can lead to the appearance
of orbital textures that can be observed with photoemission
spectroscopy techniques [33-35,85,86] and may affect the
transport of OAM [30,31]. The intensity of the orbital-Rashba
effect depends on the inter-orbital hybridization between
nearest neighbors atoms. In the supplementary material of
Ref. [38], the effect of gate bias in the intra-atomic ap-
proximation is considered using a tight-binding model that
includes the complete orbital structure of chalcogen and the
transition metal of the MoS,. The results obtained using this
model agrees with the one obtained using the Mo (d)-orbital
low-energy model used here, suggesting that, for MoS,, the
orbital-Rashba effect induced by gate voltage is weak. For
other compounds of TMD family, the orbital-Rashba effect
may be relevant and modifies the height of the orbital Hall
plateau. Unless the energy scale of the orbital-Rashba effect
reaches the energy scale of the insulating gap of the com-
pound, we would not expect the vanishing of the orbital Hall
plateau discussed here [87]. This point is beyond the scope of
the present paper. Nonetheless, this is an interesting possibil-
ity to be explored in future works.

V. FINAL REMARKS AND CONCLUSIONS

To summarize, we presented a detailed study of the orbital
Hall effect in bilayer TMDs with 2H stacking. We took into
account the effect of interlayer hopping ¢, using first-order
perturbation theory. This allowed us to obtain analytical ex-
pressions for the orbital Hall conductivity as a function of
Fermi energy, corrected up to linear order in 7, /A. We then
compared the results of the orbital Hall conductivity given by
two different descriptions of the orbital angular momentum
operator. The first one is the well known intra-atomic approx-
imation that takes into account only the intrasite contribution
of the wave function. The second approach describes the
orbital angular momentum operator in terms of the intrinsic
orbital magnetic moment of the Bloch states. This approach
includes the contributions coming from intersite and intrasite
parts of the electronic wave function [63,64]. We found that,
despite a natural quantitative discrepancy, both methods agree
on their qualitative predictions. Particularly, they agree in
predicting a plateau of orbital Hall conductivity inside the
insulating gap of the bilayer TMD that is robust against a gate
voltage that breaks inversion symmetry. As we detailed in the
main text, taking into account the interlayer hopping ¢, on
the bilayer Hamiltonian is essential to understand the orbital
Hall effect in the unbiased bilayer TMD. If one makes t; = 0
in Eq. (1), the Hilbert spaces of the individual layers become
decoupled and the orbital Hall conductivity of the bilayer is
exactly twice of monolayers. When ¢, # 0, no matter how
small it is, the wave functions of bilayer change dramatically,
becoming superpositions of wave functions in the two lay-
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ers. The form of the orbital magnetic moment also changes
dramatically, going from diagonal to the off-diagonal matrix
elements in the non-Abelian description (see Appendix A 2).
Numerically, the corrections of terms proportional to 7, in the
final expressions of orbital Hall conductivity [Egs. (19)-(21)
and (31)—(33)] are indeed small. The importance of interlayer
hopping in the description of the orbital Hall effect in bilayers
of 2H-TMD:s is from the conceptual perspective. Once it is
finite and cannot be turned off in the bilayer, the Hilbert space
of the layers becomes connected (see Ref. [41]). In this situa-
tion, due to the spatial-inversion symmetry of the bilayer, the
non-Abelian nature of the orbital magnetic moment operator
turns out to be essential to the appearance of finite orbital
Hall conductivity. If one does not consider the non-Abelian
structure of the orbital magnetic moment operator, the orbital
Hall effect [for t; # 0 in Eq. (1)] within this approach is
enforced to vanish by symmetry constraints in its diagonal
elements [Eq. (A3)]. The non-Abelian description of orbital
angular momentum in bilayers of 2H-TMDs was neglected
in previous experimental works that assumed the absence of
orbital angular moment transport in unbiased system [41—44].
In intra-atomic approximation, this issue does not occur and
a finite orbital Hall effect naturally appears, as shown in
Ref. [38].

The orbital magnetic moment of Bloch states we used
to define the orbital angular momentum current can be re-
lated with self-rotation of electronic wave-packet or Wannier
function [46,47,64]. The accumulation of this self-rotation
contribution generated by the orbital Hall effect could, in
principle, be measured by magnetic circular dichroism [64].
Once the approach based on Bloch states orbital magnetic
moment contains contributions coming from both intrasite
and intersite parts of wave functions, it should be directly
compared with intra-atomic approximation. It is well known
that the accuracy of the intra-atomic approximation is highly
dependent on the specificities of the material [S0-52]. In our
work, we use the low-energy model for bilayers of 2H-TMDs
elaborated in Refs. [57,59]. These references construct this
low-energy Hamiltonian from a tight-binding model with pa-
rameters adjusted to fit density functional calculations. One
can construct this low-energy Hamiltonian of TMDs from cal-
culations using maximally localized Wannier functions which
present an accurate description of the orbital angular momen-
tum of material [62]. With this construction, the information
on orbital angular momentum is encoded in the band struc-
ture and the wave function and reflected in the low-energy
Hamiltonian when expanded near valleys of the Brillouin
zone. Without this, the compatibility between methods is not
guaranteed.

The key results of our work are the Eqs. (23) and (34)
and the insulating orbital Hall conductivity plateaus of the
Figs. 2 and 3. The analytical expressions derived here for or-
bital conductivity in metallic regimes (Fermi energy crossing
electronic bands) may help to understand some experimental
results in clean samples but are, in general, subject to the
effects of the disorder [88-90]. On the other hand, the effect
of disorder should not affect the transport of orbital angular
momentum when the Fermi energy lies inside the insulating
gap [30]. Finally, we mention that the theoretical analysis
exposed in this work suggests the orbital Hall effect as a more

appropriate description of the transport of orbital angular mo-
mentum in bilayers TMDs [38,54], in contrast to previous
literature based on the valley Hall effect. Our results also show
that the orbital Hall effect cannot be seen as a hidden valley
Hall effect, as done in Ref. [83], due to the finite interlayer
hopping in the bilayer system [84]. Our results may also give
new insights on previous experimental results on valley Hall
effect on TMDs and motivate new experiments focused on the
characterization of the orbital Hall effect in these systems.
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APPENDIX A: THE ORBITAL MAGNETIC MOMENT
OF BLOCH STATES

1. General theory

As we mentioned in the main text, Bloch electrons may
carry an intrinsic orbital magnetic moment. It is also known
as valley magnetic moment in the literature of 2D materi-
als. Here, we review the theory of intrinsic orbital magnetic
moment of Bloch bands developed on Refs. [70-74]. More
recently, this theory found connection with the so-called mod-
ern theory of orbital magnetization based on the framework
of the Berry phase formalism [45-49]. Here we focus on
2D systems but, the extension to higher dimensions follows
straightforwardly. We treat the cases of nondegenerate [70,71]
and nearly-degenerate [72—74] Bloch bands separately.

a. Nondegenerate band

First, we consider the case of a nondegenerate band n with
dispersion relation E, ; and, periodic part of Bloch function

lu, ;). The intrinsic orbital magnetic moment of this Bloch
band is given by
e

mi (k) = —i Vit 7] X (H(k) — E, ;D) Vi, 7). (A1)

where, Vi = 0%+ 99 This orbital magnetic moment
transforms under time-reversal symmetry like, 7 : mé(k) —
—m*(—k). The transformation over spatial-inversion sym-
metry is, Z : mz(l;) — +m1(—/2). Therefore, in systems that
preserve, simultaneously, the time-reversal and the spatial in-
version symmetries, Eq. (A1) gives mZ(I;) — 0. To obtain a
finite orbital magnetic moment from Eq. (A1) is necessary to
break spatial inversion or time-reversal symmetry. This oc-
curs in monolayers of H-TMDs in which the spatial-inversion
symmetry is absent, and Eq. (A1) result in tmg(q), where
mo(g) was defined in Sec. IIIC. In the case of the bilayer
of 2H-TMD, the spatial-inversion symmetry is restored [see
Fig. 1(a)] and, Eq. (A1) gives mz(%) — 0 for any finite value
of interlayer hopping 7, . In this case, due to the nearly degen-
erate band structure of the bilayer, the use of the matrix form
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of orbital magnetic moment operator discussed below become
necessary.

b. Nearly degenerate bands

Now, we follow Refs. [72-74] and consider the case of
a set of N Bloch states |u, ;) with very close energies E, ,
where n = 1,2, ..., N. The matrix-element of the magnetic-
moment operator between two states lu, z) and |u_z) in this

m,k
nearly-degenerate subspace is

s, (k)

E 2\ .
n k)]l:| |V,—<*um]-€*)

. € T n,E s
=~ (Vo gl x | HE) — (=5
(A2)

The diagonal elements (m = n) reduce to Eq. (Al), obey-
ing the same constraints imposed by spatial inversion and
time-reversal symmetries. For nearly degenerate bands, the or-
bital magnetic moment acquires a non-Abelian structure [72],
being described by a N-dimensional matrix,

mi (k) m L (k) mi (k)
) = m;?(%) m3 (k) méylf,(l_c') e
miy (&) myy (%) i, (k)

where the matrix is written on the basis of Bloch eigen-
states B, = {u1;uz;...;un}. In contrast to the diagonal matrix
elements, the nondiagonal elements of Eq. (A3) are not con-
strained by symmetries discussed earlier. They can be nonzero
even in systems that preserve both spatial-inversion and time-
reversal symmetry. The condition of validity of the formalism
used to derive Eq. (A3) is the absence of transitions, induced
by perturbing fields, out of the N-dimensional manifold un-
der consideration [72]. This translates into the necessity for
the nearly-degenerate manifold [u;  z) to be energetically
isolated from other bands. In what follows, we apply this
formalism to the specific case of bilayer of 2H-TMD. The
huge band gap of the bilayer (see Fig. 1) forbids the tran-
sitions between conduction and valence bands. This allows
the application of the Eq. (A3) separately to the valence and
conduction subspaces.

2. Application to unbiased bilayer of 2H-TMD

We now apply the theory of orbital magnetic moment of
Bloch states for nearly degenerate bands [Eqs. (A2) and (A3)]
to the unbiased bilayer of 2H-TMD discussed in Sec. III C
of the main text. For this purpose, we use the states of Eq. (9)
and corrected energies of Egs. (10)-(12) given by perturbation
theory and the Hamiltonian of Eq. (1) with A — 0. Due to
the large band-gap separating the valence and conduction
bands in the unbiased bilayers of 2H-TMDs, we can apply
Eqgs. (A2) and (A3) for these subspaces independently. on
the basis Bo = {P_ ,; Py s P_; Py} Of states given by
perturbation theory [Eq. (9)], the magnetic moment matrix

assumes a block-diagonal form

R mi(g)  Oaxa ]
=1 . , A4
"o (@) [ Dre  BE(0) A

where ®2X2 is a 2 x 2 null matrix and i (g), f(g) are the
matrices computed in the subspace of valence and conduction
states, respectively. Applying Eq. (A2), we obtain

0 mo(q ):|

A5
mo(q) 0 (A3

My (q) = fc(q) = r[
where mg(q) is given by Eq. (25). Contrary to the monolayer
case, the bilayer of 2H-TMD possesses an inversion symmetry
point 7 in interlayer space [see Fig. 1(a)]. It also preserves the
time-reversal symmetry 7. Therefore, for any small amount of
interlayer hopping ¢, , the states of individual layers combine
in the bonding and antibonding superpositions of Eq. (9),
making the diagonal elements of the magnetic-moment matrix
go to zero. It is possible to use a pictorial view, making use
of projection operators, to interpret the vanishing of diago-
nal elements of the matrix of Eqgs. (A4) and (AS5) in terms
of the magnetic moment of monolayers with inverted signs.
However, we cannot attribute a finite magnetic moment to
eigenstates of the unbiased bilayer of 2H-TMD. The zero di-
agonal matrix elements of Eqs. (A4) and (A5) made previous
works conclude that no magnetic moment flows in unbiased
bilayers of 2H-TMDs [41-44]. As is discussed in the main
text, one of the conclusions of this work is that the flow of
magnetic moments is possible [38] and, in this formalism, has
its origins in off-diagonal matrix elements in Eqs. (A4) and
(AS). In addition, as anticipated in Ref. [84], the transport
of magnetic moment in unbiased bilayer 2H-TMD cannot
be understood in terms of the individual layers [83], being
necessary to employ the scheme based on OHE introduced
in Ref. [54] together with the non-Abelian structure of the
magnetic moment matrix [Egs. (A3) and (A4) and (AS)].
Finally, to use this operator in the formula of Eqgs. (13) and
(14) for OHC, it is necessary to perform a unitary transfor-
mation to change the magnetic moment matrix from basis
Bo [Eq. (A4)] to tight-binding basis By,. After this, we ob-
tain equation (24) of the main text. Introducing a constant to
convert the magnetic-moment to the unity of OAM, we obtain
the OAM operator in the orbital magnetic moment description
Eq. (27). To close this Appendix, we make a brief technical
comment. If one insists on calculating the matrix elements that
connect valence and conduction bands, substituting them on
off-diagonal blocks 054> of the matrix of Eq. (A4), the results
for OHC [Eqgs. (31)—(33)] would not change. All the terms
that emerge from these contributions vanish after integral
over azimuthal angle [Eqgs. (29) and (30)]. Nevertheless, we
reinforce that the non-Abelian structure of the magnetic mo-
ment should consider only states inside the nearly degenerate
subspace [72].

APPENDIX B: DETAILS ON THE CALCULATION
OF ORBITAL CURRENTS

As we mentioned in the main text, one striking feature of
our work is the similarity of the matrix form of orbital currents
[Egs. (16) and (28)] within the two approaches, despite the
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difference in its OAM operators [Egs. (15) and (27)]. To
clarify this point, we derive here the orbital current operators
of Egs. (16) and (28). To this end, we define the Pauli-matrices
o*¥* associated with the d-orbital character of the wave func-
tion and the corresponding identity matrix o°. We also define
the Pauli matrices ¥*% related to the layer degree of freedom
and its corresponding identity X°. With this, we write the
OAM operators as

z _ ~0
flors 2m<%) ® 5 (B1)
|

approach is

L'

vy X

and

L= (—m;(:)>m(—ao) ® T (B2)

We obtain the velocity operator in the y direction directly
from the Hamiltonian of Eq. (1): §, = —(at)/(h)o” ® X~
The Pauli matrices have anticommuting properties {0, 0/} =
2857, and {X/, X/} = 28"7, where 8"/ is the Kronecker delta.
The orbital current in Bloch state orbital magnetic moment

vy &

T
Jz,Tot _ a_t(mo(q)> LZOt X
y 2 I'LB T(—UO) ® Nz ‘(_O—Y) QR X° +(_O-Y) ® EZ.T(—UO) ® DK

= at(mO(q)>r20 ® o,
uB

and, in the intra-atomic approximation

(B3)
Intra Intra
J{,Intra — at LZ X Uy X Uy X LZ X
! (6" —0%)/2®@ =% (—0”)® X° - ® T 1(0% —0%)/2 ® TF
=art3’ @ [-0%0"/2 — 0’0 /2 + o]
(B4)

=att2’ ®o”,

where, in the second line, we used {o%, 67} = 0. In matrix
representation, Eq. (B3) correspond to Eq. (28) and, Eq. (B4)
correspond to Eq. (16). The matrix structure of orbital cur-
rents within the two approaches is proportional to TX° ® o”.

(

The difference between the two expressions for the OAM
[Egs. (B1) and (B2)] is proportional to £* ® o<, which does
not contribute to the orbital current operator because it anti-
commutes with the y component of velocity.
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