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We propose a new drag phenomenon, an interband magnon drag, and report on interaction effects and
multiband effects in magnon transport of ferrimagnetic insulators. We study a spin-Seebeck coefficient Sy, a
magnon conductivity o,, and a magnon thermal conductivity «,, of interacting magnons for a minimal model
of ferrimagnetic insulators using a 1/S expansion of the Holstein-Primakoff method, the linear-response theory,
and a method of Green’s functions. We show that the interband magnon drag enhances oy, and reduces xp,,
whereas its total effects on S, are small. This drag results from the interband momentum transfer induced by the
magnon-magnon interactions. We also show that the higher-energy band magnons contribute to Sy, o, and kp,
even for temperatures smaller than the energy difference between the two bands.
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I. INTRODUCTION

Magnon transport is the key to understanding spintron-
ics and spin-caloritronics phenomena of magnetic insulators
[1-3]. For example, a magnon spin current is vital for the spin
Seebeck effect [2,4—7]. Magnon transport is important also for
other relevant phenomena [8—13].

There are two key issues about magnon transport in ferri-
magnetic insulators. One is about multiband effects. Yttrium
iron garnet (YIG) is a ferrimagnetic insulator used in various
spintronics or spin-caloritronics phenomena [1-3,8—12]. Its
magnons have been often approximated as those of a fer-
romagnet. However, a study using its realistic model [14]
showed that not only the lowest-energy band magnons, which
could be approximated as those of a ferromagnet, but also
the second-lowest-energy band magnons should be considered
except for sufficiently low temperatures. Since the experi-
ments using YIG are performed typically at room temperature
[1-3,8,9,11,12], it is necessary to clarify the effects of the
higher-energy band magnons on the magnon transport. The
other is about interaction effects. The magnon-magnon in-
teractions are usually neglected. However, their effects may
be drastic in a ferrimagnet because they can induce the in-
terband momentum transfer, which is expected to cause an
interband magnon drag by analogy with various drag phe-
nomena [15-40]. Nevertheless, it remains unclear how the
magnon-magnon interactions affect the magnon transport.

In this paper, we provide the first step towards resolving
the above issues and propose a new drag phenomenon, the
interband magnon drag. We derive three transport coefficients
of interacting magnons for a two-sublattice ferrimagnet and
numerically evaluate their temperature dependences. We show
that the interband magnon drag enhances a magnon conduc-
tivity and reduces a magnon thermal conductivity, whereas
its total effects on a spin-Seebeck coefficient are small. We
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also show that the higher-energy band magnons contribute to
these transport coefficients even for temperatures lower than
the energy splitting of the two bands.

II. MODEL

Our ferrimagnetic insulator is described by

N/2 N/2

H=2])8-S;—hY Si—h) S, M
(i.j) i=1 j=1

where the first term is the Heisenberg exchange interaction be-
tween nearest-neighbor spins, and the others are the Zeeman
energy of a weak magnetic field (|4| < J). (The ground-state
magnetization is aligned parallel to the magnetic field.) We
have disregarded the dipolar interaction and the magnetic
anisotropy, which are usually much smaller than J [14,41].
For concreteness, we consider a two-sublattice ferrimagnet on
the body-centered cubic lattice (Fig. 1); i’s and j’s in Eq. (1)
are site indices of the A and B sublattice, respectively. There
are N/2 sites per sublattice. Our model can be regarded as
a minimal model of ferrimagnetic insulators because a fer-
rimagnetic state, the spin alignments of which are given by
Si="'(00S,) for all i’s and S; ="(0 0 — Sp) for all j’s,
is stabilized for J > O with the weak magnetic field. We set
h=1,kg =1, and a = 1, where a is the lattice constant.

To describe magnons of our ferrimagnetic insulator, we
rewrite Eq. (1) by using the Holstein-Primakoff method [42].
By applying the Holstein-Primakoff transformation [43-45]
to Eq. (1) and using a 1/S expansion [43,44,46] and the
Fourier transformation of magnon operators, we can write
Eqg. (1) in the form

H = Hgg + Hin. @)
Here Hgg represents the kinetic energy of magnons,

He =3 (4 bq)(efg‘{‘q) f/;g;‘”) (Z‘%), 3)
q

q
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FIG. 1. Our ferrimagnetic insulator. The up or down arrows rep-
resent the spins on the A or B sublattice, respectively. The x, y, and z
axes are also shown.

where €44 = 2JySp + h, fAB(q) = 2«/SASBJ,1, epg = 2JoS4 —
h, and J;, = 8J cos q—* cos %‘ cos & > Hinc Tepresents the leading
terms of magnon—magnon interactions,

Hy = —— > s 2y g, @ ag, b b
int — N q91192.93144 ‘I]*’Izaqla‘h q," 9>

91:92:92-94
[ Sa | Sp
+ g‘lqla%bzzb‘hb‘h + Sa J‘Ilb‘h 9> dg,Qq, + H.c.

“)

We can also express Hgg as a two-band Hamiltonian by using
the Bogoliubov transformation [43—45]:

Hge =Y [ea(@ejog + €5(q)By B, )

q
where  €,(q) =h+ Jo(Sp — Sa) + Aey,  €p(q) = —h +
Jo(Sa — Sp) + A€, and Ay = \/J(f(SA +Sp)? — 454SpJ2.

For S, > Sp, we have €,(q) < €g(q). Note that the
Bogoliubov transformation is given by a, = (Uy)aa0q +
Ugaph] and b} = (Upsatty + (Up)ssBy. where (Upaa =
(Ug)pp = cosh9 , (Ugap = Uy)pe = —sinhG,, and these
hyperbolic functions satisfy cosh 26, = [Jo(Sa + Sz)l/A¢,
and sinh 260, = (24/SaS8Jg)/A€q. Then, by using the
Bogoliubov transformation, we can decompose H, into
the intraband and the interband components [47]. Because of
these properties, our model is a minimal model to study the
two key issues explained above.

III. DERIVATIONS OF TRANSPORT COEFFICIENTS

We consider three transport coefficients: a spin-Seebeck
coefficient S, a magnon conductivity o,, and a magnon
thermal conductivity «n,. They are given by Sy, = L2, o =
Ly, and k, = Lyy, where L,,)’s are defined as

. vT
Js :LHES—}_LIZ(_T)’ (6)
, VT
Jo =L21Es+L22(—T>~ (7N

Here j; and j , are magnon spin and heat, respectively, current
densities, Eg is a nonthermal external field, and VT is a

temperature gradient. (Note that one of the possible choices
of Eg is a magnetic-field gradient [48].) L,; = L, holds ow-
ing to the Onsager reciprocal theorem. It should be noted
that although «y, is generally given by ky = Ly, — 22H2,
our definition «,,, = Ly, is sufficient to describe the thermal
magnon transport at low temperatures at which the magnon
picture is valid because the L,, gives the leading temperature
dependence. Since a magnon chemical potential is zero in
equilibrium, j, = jg, where jg is a magnon energy current
density. Hereafter we focus on the magnon transport with Eg
or (—VT/T) applied along the x axis.

We express L,,’s in terms of the correlation functions
using the linear-response theory [23,49-54]. First, Li; is
given by

L, = lim ®]§2(w),_ (D]E(O), 8)
w—0 Lw
where CD () = P1p(i2, — w +i8) (§ = 0+),
7! ] 1
D1,(i2,) = /0 dre’Q"Tﬁ(Trjg‘(r)Jg), 9)

and @, =2xTn (n > 0). Here T; is the time-ordering oper-
ator [51], and J3 and J; are spin and energy, respectively,
current operators. They are obtained from the continuity
equations [55-57] (see Appendix A); the results are

_Z Z U;Cl,(q)x;lqu,, (10)

q [, I'=AB
=Y D @y, (11)

q 1I'=AB
where v (q) = (1= 8,102, xp =ag,  xgp = b},
BB(q) AA(q)-eAB(q)BEAB@, and  €,(g) = ep,(q) =

(EAA - EBB)"G"’q’(q) In deriving Egs. (10) and (11), we have
omltted the corrections due to Hj, because they may be
negligible [23]. Then we can obtain L;; by replacing J; in
®»(i2,) by Jg, and Ly, by replacing J5(7) in ®,(i€2,) by
Ji (t). Thus the derivation of L, is enough in obtaining L,,,’s.
In addition, since we can derive L, in a similar way to the
derivations of electron transport coefficients [23,33,50,54,58],
we explain its main points below. (Note that the Bose-Einstein
condensation of magnons is absent in our situation.)

By substituting Egs. (10) and (11) into Eq. (9) and per-
forming some calculations (for the details see Appendix B),
we obtain

L =LY +L,. (12)
First, LY,, the noninteracting L, 1s given by (see Appendix B)
=23 Y @ @le. a3

q v,v'=a,fp

where V5, (@) = Xy 5 Vi @ U Ui,
21,1/:/‘,,3 e (@)U Uy, and

e (@) =

1,)(q) = / X dza;(Z)ImGR@, DImGR(g.2).  (14)
—0 Z

= (/T -1, GXg.2)=
—[z+ep(g) + iyl

[z — ealq) +iv]",
, and y 1is the magnon

Here n(z)
G(g,2) =
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damping. Next, L{,, the leading correction due to the
first-order perturbation of Hyy, is given by (see Appendix B)

1 X X
Ly= 5 2 D i@, @ Vo (@.4)

q.q" Viv2,V3,v4
x [I0, @™ (@) + I8 @1, (4], (15)

where

1MW) = f dzn(2)Im[GX (g, 2)GR(¢,2)],  (16)

o0

VU] VaV3V4 (qv q/) = 4-quq’ Zl (Uq)lm (Uq)l_vz (Uq’)[_y3 (Uq’ )IU47 and l_
is B or A for [ = A or B, respectively. Then we obtain

Ly = L?I +L/117 Ly = ng +Lé2’ (17)

where LY, L, LY,, and L}, are obtained by replacing ¢* ,(¢)
in Eq. (13) by —v%,(q), €,,,(¢) in Eq. (15) by —vi,, (@),
v}, (q) in Eq. (13) by —e], (), and vf)‘lvz(q) in Eq. (15) by
—e,,,,(q), respectively.

Since we suppose that the magnon lifetime 7 = (2y)~! is
long enough to regard magnons as quasiparticles, we rewrite
Egs. (13) and (15) by taking the limit T — oo. First, Eq. (13)
reduces to

LY, ~ L, + L?Zﬂ’ (18)

where
onle,(q)]

. 19
de,(q) (19

1
Ly, ~ 5 2 v @e, @t
q

(The detailed derivation is described in Appendix C.)
This expression is consistent with that obtained in the
Boltzmann theory with the relaxation-time approximation
[59]. Equation (18) shows that L), ~ LY, at sufficiently low

onleq(q)] > Imles @] Gimi-

temperatures for S4 > Sp owing to pecq) e

larly, we obtain

LYy ~ LYy, + Ly, L3y ~ Ly, + Lo, (20)

where LY, and L, are obtained by replacing € (¢g) in
Eq. (19) by —v;,(¢) and by replacing v;,(q) by —e;,(q),
respectively. Then, as we show in Appendix C, Eq. (15)
reduces to

’ / ’ !

L12 ~ L12—intra + LlZ—interl + LlZ—imerZ’ (21)
where Li,. . is the correction due to the intraband
interactions,

’ 7/ /
LlZ—intra - LlZ—imra—a + LlZ-intra—ﬂ’ (22)

, 2
LlZ—intra—v = _m § :Uiv(q)efzv(q/)rvvwv(qs q/)
9.9

5 onle,(q)] dnle,(q")]
de,(q)  dey(g)

, are the corrections due to the inter-

(23)

and L/

_1 2-inter ¢
band interactions,

, and L]

12-inter’

2
L/12—inter] = _m Z v();a (q)e;;ﬂ (q,)TVaaﬁﬂ (qs q/)
q9.9

dnley(q)] dnlep(q)]
de(q)  Oeglq’)

2
— 27 2 V@ @)Vipaa (g, 4)

q9.9

. dnlep(@)] Bn[ea(q’)]7
dep(q)  deu(q)
Lisinerr = Linintern + Licinternp
= (Lgy + Lso) + (Lgg + Lsp), (25)
Ly, = 1% > vl (@ets (@) TViap(q. 4)
9.9
y onle,(q)] nle,(q)] — nl—ep(q)]
) de,(q) €x(q') +€p(q’)

L,Sv = m Z vgﬂ (‘I)eﬁv (q,)fvaﬂvv(qa q/)
9.9

nleq(q)] — n[—eg(q)] dnle,(g")]
€a(q) + €5(q) den(q)

(24)

(26)

27

Here the V,,,0,1,(¢, ¢')’s are given by

wa(q, q/) = Vaaﬂﬁ(qv q/) = Vﬁﬂaa(qa q/)
= 2J,_ sinh 26, sinh 26, 28)

Vvvaﬁ (qs q/) = szﬁvv(q/v ‘I)
= — 2J,_4 sinh 26, cosh 26, 29)

Equation (24) shows that the interband components of the
magnon-magnon interactions cause the energy-current-drag
correction and the spin-current-drag correction, which are, in
the case for Sy > Sp, the first and the second term, respec-
tively, of Eq. (24). Furthermore, Eqs. (26) and (27) show
that other interband components cause the energy-current-
drag corrections Lg,’s and the spin-current-drag corrections
Lg,’s. Since these interband components cause the interband
momentum transfer, L{,, .., and L|, . - are the corrections
due to the interband magnon drag. The similar corrections are
obtained for L}, and L),:

’ / ’ !
Ly ~ Ly inga + Litinert + Litcinter2s (30)
7 I ’ !
Ly, ~ Ly inga + Lopinert T Lozvinger2s (3D
where L}, . and L), . are the corrections due to the intra-

band interactions,

L/ll-intra = Llll»intra—ot + L/ll—intra—ﬂ’ (32)
2
Llll—intra—v = m Z Uﬁ,,(‘l)vﬁv(q/)Twa(q, q/)
7.9

y dnle,(q)] Inle,(q')]
de,(q) dey(g)
L;Z—intra = Léz-int_ra—a + L/22—intra—ﬁ ’ (34)

(33)
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2 / /
L/22—imra—u = m Z ef)v(q)ef)v(q )tvvvvv(qv q )

9.9
onle, onle,(q
y nle,(q)] dnle (q/ )]’ (35)
den(g)  den(q)
and L/ll—interl’ Lil—interZ’ LéZ—imerl’ and L/22—inter2 are the correc-

tions due to the interband interactions,

4
L;l—interl zm Z vza(q)vzﬁ(q/)fv(laﬁﬁ(q’ q,)
9.9

. 9nlea(q)] Inles(q)]
dea(q)  dep(q)
Liyiner = Litinerza + L iner2-p- (37)

(36)

/ 4 X X /
Lll—interZ—v == N2 § :qu(q)vaﬁ(q/)l'vvuaﬂ(qv q )
7.9

onle,(q)] nle,(q)] — nl—ep(q)]
de,(q) €(q') + €p(q’)
! 4 X X / /
L22-interl ZIW Z eaa(q)ef}ﬂ(q )TVaaﬁﬂ (q’ q )
q9.9
onley(q)] 9nleg(q)]
deq(q)  deg(q’)

/ 7/ /
L22—inler2 - L22—inter2—a + L22—inter2—ﬂ’ (40)

(38)

(39)

4
LéZ—inter}U = ]W Z eiv(q)egzﬂ(q/)rvwaﬂ (q, q/)
9.9
 dnlev(@)] nleq (q')] — n[—eg(q)]
de,(q) € (q') +€p(q)

(41)

/ ’ / / /
As well as LlZ—inter] and L12—imer2’ Lll—interl’ Lll—interZ’ L22—interl’
and L/

%intera ar€ the interband magnon drag corrections.

IV. NUMERICAL RESULTS

We numerically evaluate S, oy, and k. We set J = 1,
h =0.02J, and (S4, Sg) = (%, 1).Sa : Sgp = 3 : 2is consistent
with a ratio of FeT to Fe? sites in the unit cell of YIG [41]. The
reason why (S4, Sp) = (%, 1) is considered is that the tran-
sition temperature derived in a mean-field approximation in
this case withJ = 3meV ath =0 [i.e., T. = (16/3)JS4(Ss +
1) ~ 557 K] is close to the Curie temperature of YIG, T¢.
To perform the momentum summations numerically, we di-
vide the first Brillouin zone into a N,-point mesh and set
N, = 243(= N/2) (for more details, see Appendix D). The
temperature range is chosen to be 0 < 7' < 10J(~ 0.6T) be-
cause a previous study [60] showed that the magnon theory
in which the magnon-magnon interactions are considered in
the first-order perturbation theory can reproduce the perpen-
dicular spin susceptibility of MnF, up to about 0.67y, where
Tx is the Néel temperature. For simplicity, we determine t
by ' =y + yiT + »T?, where yy = 10727, y; = 1074,
and y» = 1073, (The results shown below remain qualitatively
unchanged at 4 = 0.08J and 0.16J, as shown in Appendix E.)

TABLE I. The effects of the drag terms on Li(= Sn), Li1(=
Om), and Ly (= km). |Li2| is enhanced by Li,; .. and reduced
by L; , and L}, .>. Ly is enhanced by L; L 1.inter1, and

12-inter 11-intra®
L\ inern- L2 is enhanced by L), and reduced by L}, .., and
L;Z-intelﬁ .
Transport coefficient Intra term Inter] term Inter2 term
|L12] Enhanced Reduced Reduced
Ly Enhanced Enhanced Enhanced
Ly Enhanced Reduced Reduced

We begin with the temperature dependence of Sp,. Fig-
ure 2(a) shows that in the range of 0 < T < 2J L;p ~ L),
holds, whereas for T > 3J the contribution from L(1)2 P is non-

negligible. For example, at T = 6J we have L),/L), ~ 0.7.
This result indicates that the higher-energy band magnons
contribute to Sy, even for T < [eg(g) — €4(q)] = 7.96J. This
may be surprising because their contributions are believed
to be negligible at such temperatures. Then, Fig. 2(a) shows
that the magnitude of Sy, is enhanced by the intraband cor-
rection L), [=L'9 —LY%], whereas it is reduced by the
interband corrections L, ;. ...,[= L%Z) — LW and L}, . [=
L?z +L, — L}? ] (Table I). Among these corrections, L, ;..
gives the largest contribution. (As we will see below, this
contrasts with the result of L;; or Ly, for which the largest
contribution comes from Lj, .., or L}, . .. respectively.)
The reason why the interband magnon drag corrections
L5 inern a0d L, . are small is that the energy-current-drag
contributions and spin-current-drag contributions [e.g., Ly,
and Lg, in Eq. (25)] are opposite in sign and are nearly
canceled out. Figure 2(a) also shows L), + L!, ~ L{,. These
results suggest that the total effects of the interband magnon
drag on Sy, are small.

We turn to oy, and k. Their temperature dependences
are shown in Figs. 2(b) and 2(c). First, we see the B-band
magnons contribute to Li; for T > 4J and to Ly, for T > 3J.
This result is similar to that of L, and indicates that the
multiband effects are significant also for o, and k. The
largest effects on L), are due to the property that e (q)
includes €,(q) [more precisely, e}, (q) = v,,(q)e,(q) and
e/’gﬁ (@) = —vgﬂ(q)eﬂ (¢)]. Then, Figs. 2(b) and 2(c) show that
om is enhanced by L, .. Ll inerns a0d L] o> and that
km is enhanced by L), . and reduced by L), ., and
Ly ive1 (Table I). [Note that Ll’m_imra =L 2,],
L;/u;-interZ = Ll(lbg - Lglﬂ)’ and L;m-interl = qu + Ll/m - L(b)-]
In contrast to L),, the largest contributions to Lj, and L},
come from L}, ...~ and L), . -, respectively. Since L, ;. ..»»
Ll inert> Loinerz» and Ly, ., are the interband magnon
drag corrections, the above results suggest that the interband
magnon drag enhances oy, and reduces k. This implies
that the interband magnon drag could be used to enhance
the spin current and to reduce the energy current. Since
this drag results from the interband momentum transfer
induced by the magnon-magnon interactions, its effects
could be controlled by changing the band splitting energy
considerably via external fields. (Such control is meaningful
if and only if the magnon picture remains valid.) Note
that for ferrimagnetic insulators the effects of the weak
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(a) ‘ ‘ ‘ ‘ ‘ (b)

250

S, (arb. unit)
o, (arb. unit)

200
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100

50

FIG. 2. The temperature dependences of (a) Sp(= L12), (b) om(= Li1), and (¢) k(= Lyy) for (Sa, Sp) = (%, 1) at 1 = 0.02J. ij‘; and

(b) (@ — g0 /
Ii//m are defined as Lj) = L, + L, i o o

‘un-interl

un-intra

un-inter2 *

the LY, p 1s non-negligible for 7' > 4J and the largest term of the drag terms is L

and L® =10 4 [/ +L

un-inter2?
+L For S, the LY, 5 is non-negligible for T > 3J and the largest term of the drag terms is L

respectively. Note that L), = L)  +L) ;and L), =L ;. +

12-intra» Which enhances |Sy,|. For oy,

! which enhances oy,. For «y,, the L‘z’zﬁ is non-negligible

11-inter2>

for T > 3J and the largest term of the drag terms is L}, ;. ..., which reduces r,. The effects of the other drag terms are summarized in Table I.

magnetic field on the band splitting energy are negligible
because this energy for 4 = 0 is of the order of J. (The actual
analysis about the possibility of controlling the interband
magnon drag is a future problem.)

V. DISCUSSIONS

We discuss the validity of our theory. Since Hj,, could be
treated as perturbation except near T, we believe our theory is
appropriate for describing the magnon transport for 7 < T¢.
It may be suitable to treat the magnon-magnon interactions in
the Holstein-Primakoff method because the unphysical pro-
cesses that can appear in a S = 1/2 ferromagnet [61] are
absent in our case. Then the effects of the magnon-phonon
interactions may not change the results qualitatively. First,
since the interaction-induced magnon polaron occurs only at
several values of i [62], its effect can be avoided. Another
effect is to cause the temperature dependence of v [63,64],
and it could be approximately considered as the temperature-
dependent 7. Although the phonon-drag contributions might
change Sy, [21], experimental results [59] suggest that such
contributions are small or negligible.

We make a short comment about the relation between
our theory and the Boltzmann theory. Our theory is based
on a method of Green’s functions, which can describe the
effects of the damping and the vertex corrections appropri-
ately. In principle, these effects can be described also in the
Boltzmann theory if the collision integral is treated appropri-
ately [65]. However, in many analyses using the Boltzmann
theory, the collision integral is evaluated in the relaxation-time
approximation, in which the vertex corrections are completely
omitted. Since our interband magnon drag comes from the
vertex corrections due to the first-order perturbation of the
quartic terms, the similar result might be obtained also in the
Boltzmann theory if the interband components of the collision
integral are treated appropriately.

We remark on the implications of our results. First, our
interband magnon drag is distinct from a magnon drag in
metals. For the latter, magnons drag an electron charge cur-
rent via the second-order perturbation of a sd-type exchange
interaction [25]. Second, the interband magnon drag is pos-
sible in various ferrimagnetic insulators and other magnetic

systems, such as antiferromagnets [47,56,66] and spiral mag-
nets [57,67]. Note that the possible ferrimagnetic insulators
include not only YIG, but also some spinel ferrites, such
as CoFe,;04 and NiFe,04 [68,69]. Third, our theory can be
extended to phonons and photons. Thus it may be useful for
studying transport phenomena of various interacting bosons.
Fourth, our results will stimulate further studies of YIG. For
example, the reduction in |Sp,| due to the multiband effect
could improve the differences between the voltages observed
in the spin-Seebeck effect and obtained in the Boltzmann
theory of the ferromagnet [59] at high temperatures because
the voltage is proportional to Sy,.

VI. CONCLUSION

We have studied Sy,, om, and kp, of interacting magnons
in the minimal model of ferrimagnetic insulators. We derived
them by using the linear-response theory and treating the
magnon-magnon interactions as perturbation. We showed that
some interband components of the magnon-magnon interac-
tions give the corrections to these transport coefficients. These
corrections are due to the interband magnon drag, which is
distinct from the magnon drag in metals. Then we numerically
calculated the temperature dependences of Sy, om, and «p
for (Su, Sp) = (%, 1) and & = 0.02J. We showed that the total
effects of the interband magnon drag on S, become small,
whereas it enhances o, and reduces k. The latter result
may suggest that the interband magnon drag could be used
to enhance the spin current and reduce the energy current. For
Sm, the interband corrections become small because they lead
to the energy-current-drag contributions and spin-current-drag
contributions, which are opposite in sign and are nearly can-
celed out. We also showed that the contributions from the
higher-energy band magnons to S, on, and k, are non-
negligible even for temperatures lower than the band splitting.
This result indicates the importance of the multiband effects.
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APPENDIX A: DERIVATIONS OF EQS. (10) AND (11)

We explain the details of the derivations of J§ and Jg,
Egs. (10) and (11). As described in the main text, they are
obtained from the continuity equations. Such a derivation is
explained, for example, in Ref. [55].

We begin with the derivation of Jg. (Note that the following
derivation, which is applicable to collinear magnets, can be
extended to noncollinear magnets.) We suppose that the z
component of a spin angular momentum, S, satisfies

ds;,
dr

where j%) is a spin current operator at site m. Using this
equation, we have

(TR =

"4V j9 =0, (A1)

ZR V. j®
— ZJ(S) (S).

Here [ is A or B when the sum ), takes over sites on the A
or the B sublattice, respectively. In deriving the second equal
in Eq. (A2), we have omitted the surface contributions. Jg is
given by the x component of J 5, where

Js =10 +J5).
Combining Eq. (A2) with the Heisenberg equation of motion,

we obtain
1 = R

where H is the Hamiltonian of the system considered. Then,
since we focus on the magnon system described by H =
Hgg + Hiy, where Hgg and H;,e are given in the main text,
and treat Hy, as perturbation, we replace H in Eq. (A4) by
Hgg and S7, in Eq. (A4) either by Sy — a/ a,, for [ = A or by
—Sp + b} b, for | = B; as a result, we obtain

(S)—JZZR hlj,SA—a am]
“)—zZZRm Ve =S5+ bhybm].

(i,j) m

(A2)

(A3)

(A4)

(AS5)

(A6)

where Hgg = Z(Lj) h?/- and h?j = (2JSp + Bi,jh)a:fai +
(27Sa — 8; j)b'b; + 27 /SxSp(a] b} + a;b;). Note that the
replacement of H by Hkg may be suitable because the
corrections due to Hj, are next-leading terms; and that
the replacement of S% by S4 — aLam or by —Sp +bj;1bm
corresponds to the Holstein-Primakoff transformation of the
ferrimagnet. After some algebra, we can write Egs. (A5) and
(A6) as follows:

IO = —i2/$iSp Y Riaib; —ajbl), (A7)
(i J)
I = i2J/S:Sp ZRJ (aibj — ajbh). (A8)
Combining these equations with Eq. (A3), we have
Js = —i2J/SSs Z(Ri —R))(aib; — alb). (A9)

(i.J)

Then, by using the Fourier coefficients of the magnon
operators,

=/%Zaqeiq-&-, b_fzb' “ki o (AL0)
q

we can rewrite Eq. (A9) as follows:

aJ
Js = —2J/S\Ss Z a—q"(aqb,, +aibh)

de (q)
=3 ‘;B (X)g%ga + X)p%gB). (A11)
7 q
where Jg=J 35 e ®R) = 8] cos 4 cos & cos &

€ap(q) = 2J/SaSpJg, Xga = aq, and xgp = bjl. Note that
z is the number of nearest-neighbor sites (z = 8). The x
component of Eq. (A11) gives Eq. (10).

In a similar way, we can obtain the expression of J;. (The
following derivation is similar to that for an antiferromagnet
[56].) First, we suppose that the Hamiltonian at site m, h,,,
satisfies

dhy,
——+ V- je =0,
dt
where j£) is an energy current operator at site m. Because of
this relation, the energy current operator J g can be determined
from

(A12)

Je =T + 03", (A13)
where J §E ) is given by
TP =1 Rulhw, ha), (Al14)

m,n

the sum Zm take over sites on the A or the B sublattice,
and the sum Zn take over sites on sublattice /. Then, to
calculate the commutator in Eq. (A14), we consider the con-
tributions only from Hgg and neglect the corrections due to
H,, as in the derivation of J ;S). As aresult, h,, form € A is
given by

hos = (2Spz] + h)ajam + /SaSs Y Jmj(anb; + a},bh),

J
(A15)

and that for m € B is given by
hlp = (2842] — Wb}y bu + /SaSs Y Jin(aiby + a}b},).

(A16)

Here m € A or B means that m is on the A or B sublattice, re-
spectively, and J;; = J;; = J for nearest-neighbor sites i and j.
Note that ZN/ 2 n, + ZIIV/ 21 h?B = Hkg. In our definition, the
energy current operator includes the conribution from the Zee-
man energy [see Eqgs. (A14)—(A16)]. Combining Egs. (A15)
and (A16) with Egs. (A13) and (A14), we have

JE_IZR h?nA’th +lZRn vath]

m,n

YR ]+ Y R K], (A1)
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Then we can calculate the commutators in Eq. (A17) by
using the commutation relations of the magnon operators
and the identities [AB, C] = A[B, C] + [A,C]Band [A, BC] =
[A, B]C 4 B[A, C]; the results are

[hgw nA] SaSs Z‘]’”J‘Inj(a n — yap), (AL8)
J
[10 5. 105] = SaSs ZJime(b by —bub)),  (A19)
(104, h0p] = SaSs ijnjmj (bjb}, — b,b})
J

+[2J2(Sa — SB) — 2h]/SaSeImn

X (amby — aj,b})

+ SA SB Z Jmn-]ni(az‘am a;al) (AZO)

[ss Hoal = SaSe Y Jundnj (b
J
+[—2Jz2(Sq — S) + 2h]/SaSeum
X (ayby — a'b’)

n m

+ 8488 Y Jummi(aja; — ajay).

i

—bjb})

(A21)

By substituting these equations into Eq. (A17) and performing
some calculations, we obtain

Je=2i ) Ry — Ru)SaSsJnjd im}im
m,n,j
—2i Y Ry — Ru)SaSpSuidinbub),
+i Z(Rn — R,)[2J2(Ss — Sp) — 2h1v/S4Ss
X Jyn(amby — @) (A22)

As in the derivation of Js, we can rewrite Eq. (A22) by using
the Fourier coefficients of the magnon operators [Eq. (A10)];
as a result, we have

g - )
-3 2«/_SASBJq2«/SASBa—;(a,'Iaq — bgb})
q

aJ,
—[Jo(Sa — Sg) — h124/SaSp—" (agbg + azh}).
aq 1’

(A23)
Since e€q4 =2JoSp+h, €pp = 2JpoSa —h, and e€up(q) =

24/848pJy, we can write Eq. (A23) as follows:

0€45(q)
Je ==Y e AB"( ¢~ bab})
q
o€ ( )
+ Z ~(ean — esp) 24 (4,by + alb})
=> > 6’11/(4))6;116‘11', (A24)
q LI'=AB

where esx(q) = —eps(q) = —€an(@) ™AL and ex5(q) =

epa(q) = %(GAA — eBB)aGA;I(q). Equation (A24) for the x com-
ponent is Eq. (11).

APPENDIX B: DERIVATIONS OF EQS. (13) AND (15)

We derive Egs. (13) and (15). As described in the main
text, their derivations can be done in a similar way to the
derivations of electron transport coefficients [23,50,54,58]:
the transport coefficients can be derived by using a method of
Green'’s functions [51]. We first derive L?,, the noninteracting
Ly, and then derive L,, the leading correction to L;, due to
the first-order perturbation of Hiy.

First, we derive L?z, Eq. (13). Substituting Egs. (10) and
(11) into Eq. (9), we have

Dp(i2,) = _Il\/ Z Z

q.9' 11,b.13,l4=A.B

Ufl b (Q)e’gh (CI/)

T 1
a,
x /0 dte™” (sz;ll (T)xqs, (T)x;/13xq’l4)

=YY

9.9 I1,b.13,l4=A.B
(ID) /s
S Glllzlzl4 (q.9:i82,),

where 2, = 27 Tn with n > 0. (Note that the n and m used
in this section are different from those used in Appendix A.)
Equation (B1) provides a starting point to derive L?z and
L},. To derive L(l)z, we calculate G;HZ)I3 I (g,q';i2,) in the ab-
sence of Hj, by using Wick’s theorem [51]; the result is

U;Cllz (q)e}‘sh (q/)

B

G§1121314 (q’ ql; IQ”) = (Sq,qu Z Glzlz (q’ ZQH + lQm)

X Gi,1,(q, i82m), (B2)

where Gy (q,i€2,) is the magnon Green’s function in the
sublattice basis with €2, = 27 Tm and an integer m,

-1

Gur(q. iQm) = — / AT (Toxg()xl,).  (B3)
0

Then the magnon operators in the sublattice basis, x,; and

x;'l, are connected with those in the band basis, x,, and x;v,
through the Bogoliubov transformation,

Xql = Z (Uq)lvxqw
v=a,f

(B4)

where Xgq = 0, Xgp = ,B;, (Upae = (Uy)pp = cosh6,, and

(Ug)ap = (Uy)pe = —sinh; as described in the main text,

these hyperbolic functions satisfy cosh26, = w and
q

sinh 26, = 2—&‘%’. Thus Gy (q, i€2,) is related to the
q
magnon Green’s function in the band basis, G, (q, i€2,,):

Gu(q. i) = Z Ui (UG (g, i82m), (B5)

v=a,f
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(a) z (o z  © = @ 2
€a(q) cs(q) / €a(q) —es(q)
™ N
\_ ____________ E\/__‘__./ _____________Z'SI_)_‘__/ __j_fij]i___f_’;./ _:_:QT;

FIG. 3. The contours used for the integrations in (a) G{V(q, i2,), (b) G

dashed lines correspond to Imz = —€2,,.
where
1
Go(q, i2m) = ———, Gg(q, i) = ———.
@)= e e P T g

(B6)
Combining Eq. (B5) with Egs. (B2) and (B1), we have

<1>12<i9,,)=—}vz > v(@e, (@

q vv'=a,p

xT Z Gy (q, i2,4m)Gy (g, 12)

vh, (@€t (@GN (g, i),

(B7)
|

o0
G (g, i) = f
—0Q

where G},f (g, z) is the retarded magnon Green’s function,

1

GRg2)= ——
a(q Z) Z—Ga(4)+i)/

’

dz .
o n(2){GR(g, 2+ i2,)[GR (¢, 2) —
Tl

5. i2,), (©) G (q. i), and (d) G}jy (g, i2,). The horizontal

where
V@)= Y 0, @Uy Uy, (B8)
I1,h=A,B
@)= > e, @U)Ups.  (BY
Is.14=A,B
Then we can rewrite Gf}li,)(q, i©2,) in Eq. (B7) as follows:
(1) . dz .
G, (q, i) = | ——n(2)G,(q, 2, +2)Gv (g, 2)
C 2
+T[G\(q, i£2,)G,(q, 0)
+Gy(q,0)Gy (g, —if2,)], (B10)

where n(z) is the Bose distribution function, n(z) =
(T —1)7!, and C is one of the contours shown in
Fig. 3. Using Eqgs. (B10) and (B6), we obtain

Gi(g.2)] + [GR(q.2) — G)(q.2)]Gh(g. z — i)}, (BID)
K=t (B12)
N R

G”(q, 7) is the advanced one, and y is the magnon damping. By combining Eq. (B11) with Eq. (B7) and performing the analytic

continuation i2,, — w + i§ with § = 0+, we have

1 ® d
W) = 0l > 0t = -3 Y Y ul@e @ [ o

q vyv'=a,p
x{Gl(g. 2+ »)[Gl(g.2) - G} (q.2)] + [G} (4. 2) = G}(g. )]G (g. 2 — )} (B13)
By using G(z + w) = G(z) + w%f) + O(w?) and performing the partial integration, we obtain
19 — lim O (w) — 1(0)
12 w—0 la)
1 . . ® dz n(z)
=-w X 2 U@ @ / — . 107@ 96} (@.9) ~2G](g. )G (¢. 2) + G (g )G (@ )]
q vyv'=ap -0
1 . . * dz n(z)
=N Z Z vv,v(q)ew/(q)/ — ——ImG}(q, 2)ImG} (q. 2). (B14)
oo T 0Z

q vv=ap

In deriving this equation, we have used the symmetry relations vy, (¢) = v;,(¢g) and e} (q) = e}, (q). Equation (B14) is

Eq. (13).
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Next, we derive L|,, Eq. (15). By using Eq. (B1), we can write the correction due to the first-order perturbation of Hy as
follows:

. 1 . T . 7! i )
APRliSn) =4y X2 Ue@d. )_/0 dT@lQ”r/O i (Texb, (0)xg, (T)x), Xg1, Hin (1)) (B15)
4.9 l,b,l3,14=A,B

[Note that Hi,, has been defined in Eq. (4).] By using Wick’s theorem [51], we can calculate (fo;] (t)xqzz(r)x;/ ,3x4/14Him(rl));
the result is

1
(Tex)y (001, (D0 Xg1, Hin (7)) = — I Y Vi@, 4)Gi (g, 11 — T)Gig(g, T — )G, (g, TGl (g, — 1),
Is.lo. Iy, ls=A,B
(B16)

where Giy(q, ) =T Y., e "G (q, iQn),

4Jo (15=16=l,l7=18=l__),

Yy Us=k=11l=15=1I),

214/\/% (Is=lg=Bl1=113=1),

Visioris (@, 4) = 2Jq\/% (Is=1,ls=1,1; =g = B), (B17)
2141\/% Us=1lg=A1=11g=1),

2T Us=11l=11=1I=A),

and [ = B or A for | = A or B, respectively. Then, by substituting Eq. (B16) into Eq. (B15) and carrying out the integrations, we
obtain

. 1 /7 . .
AR == 5> D U @el @ Wi @ )T Y G (@ 190Gty @, iQu4m)

4.4' L.b,....ls=A,B m,m’
X Gl713 (q/’ iQn+m’)Gl4ls (q/v ZQM’) (B18)
Furthermore, we can rewrite this equation by using the Bogoliubov transformation [i.e., Eq. (B4)]; the result is
, 1 . N .
AL == 15 D V@6 @ W@ IAGE,,, (4. 42 (B19)
q.9' vi,v2,v3, 1=,
where
Voo @ @)= ) Vit @ @)Y Upisr, Ui, Uy Vs Uy i, (B20)
Is.lo.l7,ls=A.B
AGI) (€. 4512 =T Gy, (q. iQm)Go, (g, 19 1m)Gry (q - 19w )G, (g 1Qr). (B21)

Since v} ,,(¢g) and ¢}, (¢') are odd functions in term of g, and g, respectively, and G, (g, i2,,)’s are even functions, the finite
terms of V,,, 1,1, (¢, ¢') in Eq. (B19), i.e., the terms which are finite even after carrying out come only from Vappa(q, ¢') =
Vass(q, q4') = 4J4—4 [Eq. (B17)]; because of this property, we can replace Eq. (B20) by

VV1v2V3U4(q1 q/) = Z 4Jq—q’(Uq)lv1 (Uq)[_uz(Uq’)l'v3 (Uq’)lm' (B22)
[=A,B

q.9"°

Then, as in foj,) (g, i2,) [Eq. (B10)], we can replace the sums in Eq. (B21) by the corresponding integrals:

/o dZ . dZ, / / / . / / 4
MG, 0,451 = [ [ S Zn6, @ 6.2+ 90 a][ [ 5506, + 1906 A ]

C
=G\ (q,i92,)G) (¢, i), (B23)

V1 V34

where A = T[G,,(q, 0)G,,(q, i) + G,,(q, —i2,)G,,(q, 0)], A" = T[G,,(q’, i2,)G,, (¢, 0) + G,,(¢', 0)G,, (¢, —i2,)], and C
or C' is one of the contours shown in Fig. 3. By substituting Eq. (B11) into Eq. (B23) and performing the analytic continuation
iQ, = w+i8 (8§ = 0+), we have

AR (w) = AD (iR, — © + i)

1 / /
=— 2 2 U@, @V @ )

q.9' vi,v2,v3,v4=0a,f
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* d
x f gz.n(w{[GE (q.2) — G}, (q,2)]Gr (g, 2+ w) + G (q. 2 — 0)[GY (g, 2) — G (q. )]}

*© dz / / / / / / / / / /
x / "G Z + )]Gl ) - Gl D] +[GlE. ) - G )|Gh(g. 7 —w)). (B24)
—oo
Then, by performing the calculations similar to the derivation of Eq. (B14), we obtain
_ li ADR () — ADR(0)
w—> iw

/ i) an /. (1) M
~ 2 ,NzZ 3 U @€ @ Warn @ O[FOL@FY (@) + FR @FD, (@), (B25)

q.9' vi,v2,v3,14=0a,f

where

FO(q) = —% f dz 8'ff”[G“(qr,z)GR@, 2) + GNg. 2)G (g 2) — 26 (g, 2)GR(q. )]

_) / 4= G (g, 2G4, ), (B26)
F)(q) = / dZn()[GR(¢', 2)GR (¢, 7) — GA (g, 2)GA (g )]

=2i / dz'n(Z)[ReGy (g, Z)ImGy (g, 2') + ImGL (g, 7 )ReGY.(q', 2)]. (B27)

o0

A combination of Egs. (B26), (B27), and (B25) gives Eq. (15).

APPENDIX C: DERIVATIONS OF EQS. (18), (19), AND (21)-(27)

We explain the details of the derivations of Eqs. (18), (19), and (21)—-(27). These equations are obtained by deriving the
expressions of L), and L, in the limit T — oo, where T = (2y)~! is the magnon lifetime.
First, we derive Eqgs. (18) and (19). Using Eq. (B12), we have

14
ImGR(g,2) = ——————, (CD)
[z — e (@) + ¥
14
ImGR(¢q,z) = —————. (C2)
A P B
Since T — oo corresponds to y — 0, we can express Ilft) (¢) [i.e., Eq. (14)] in this limit as follows:
9 . 00 2 9 o
T R LC /LY [ —— 8L OV} )
0ea(q) J oo {lz—€@F +y} 2y deiq)
(1)( )~ m dnlep(q)] (4
2y dep(q)
I)(q) = I (g) ~ 0. (C5)
Combining these equations with Eq. (13), we have
LY, ~ Ly, + Ly, (C6)
1 N dnle,(q)]
L= Z U@ @)= T (C7)

These are Eqs. (18) and (19).
Next, we derive Egs. (21)-(27). Since L}, is given by Eq. (15), the remaining task is to derive the expression of I]SIUI/) (g) in the
limit T — oo. By performing the similar calculations to the derivations of Egs. (C3)—(C5), we obtain

/ dzn(z)ReGR(q, )ImGR(q. 2) = —y / dzn(z)—— =@

00 00 {[Z - ea(q)]z + 7/2}2
SO O 0 S W D 00 |
B y/_oodzn(Z)az{ 2[z—6a(q)]2+7/2} 2 Oeu(q) .
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FIG. 4. The temperature dependences of S,,(= Li2), om(= L11), and k(= Lyy) at h = 0.08J and 0.16J. & is 0.08J in (a), (c), and (e)

and 0.16J in (b), (d), and (f). L) and L) are defined as L) = L) + L}, iy, and LE) = L) 4L}, 0 4 L), e Tespectively. Note that
L/(ir/ = Lgrja + Lﬂnﬂ and L;Lr] = LLu]-intra + LLu]-inter] + L;’u]-inter2‘
o0 o0
— €x(q) n[—ep(q)]
dzn(z)ReGR (g, )ImGR (g, ) = / dzn fe ~—7 . (09
/_oo WDRC @, DmG @ D =y | e k@l 17 @ g
0 00 2+ €p(q) nleq(q)]
dzn(z)ReGR(q, 2)ImGR(q, z) = / dzn(z) ~ T , (C10)
/_oo p DMTLE =Y | e @P + vz — € @P 72 ca@) + 5@
foo dzn(z)ReGR(q, 2)ImGR(q, z2) = —y /oo dzn(z) I
o P P o {[z+ep(@ + v
- 3zl 2[z+es(@P + p2 2 dep(q)
[
By combining these equations with Eq. (16), we can express Mgy ~ — dnlep(q)] (C13)
167 (g) in the limit T — oo as follows: P deplq)
onley(q)] nleq(q)] — n[—eg(q)]
L (@) ~ = —— =, (C12) 1@ =15 (@) ~7— P «4
deu(@) wt @ = e @O T @) 9
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Substituting these equations and Egs. (C3)—(C5) into Eq. (15),
we obtain

L/12 ~ /12»intra + L/12—interl + Li2—inter2’ (CIS)
where
12 intra — Z L12 intra-v’ (C16)
v=a,f
/ 2 X X / /
LlZ—intra-v = m Z vvv(q)evv(q )TVvvvv(qa q )
9.9
a vV v !
y nle,(q)] 9nle,(q')] C17)
den(g)  en(q)
2 /
LQZ inter] — Z {_m Z Uiv(CI)eév(‘I/)Twa(q, q )
v=a,p 9.9
anle,(q)] dnles(g)] } (C18)
de,(q) der(g) I
and
L;Z inter2 — Z (LI/E\) + L/Sv) (C19)
v=a,f
2 X X / !
= 7 2 V@€ Wonap(g. 40
9.9
8 v o / _ _ /
o nle, ()] nleqa(q')] — nl—ep(q')] (©20)
d€v(q) €a(q') +€p(q’)
2
Ly, = 15 D Vap @5, (@ Wap (@, 4)7
7.9
nleq(q)] — nl—ep(q)] Inle,(q')] 1)
ea(q)+€/3(q) 361)(4’) '

In Eq. (C18), =8 or o for v=o« or B, respectively.
Equations (C15)-(C21) are Eqgs. (21)-(27).

APPENDIX D: REMARK ON THE NUMERICAL
CALCULATION

To calculate Lg and L/’“7 numerically, we perform the
momentum summations using a N,-point mesh of the first
Brillouin zone. Since the sublattice of our ferrimagnetic insu-
lator is described by a set of primitive vectors, a; = (1 0 0),

='010), and a3 ="(0 0 1), the primitive vectors for
the recnprocal lattice are by ='(2mw 00), b, ='(0 27 0), and

=7(0 0 2m). Thus, in the periodic boundary condition,

momentum q is written in the form

m m, m
g=—b+ b+ b,

D1
NN TN, ®L

where 0 <m, < N,, 0 <my, <N,, and 0 < m; < N, with
N;N,N, = N, = N/2. As a result, the first Br1110u1n zone is
d1V1ded into the (N:NyN.)-point mesh. In the numerical calcu-
lation, we set N, = Ny =N, =24 (ie, N, = 24°).

APPENDIX E: NUMERICAL RESULTS AT k =
0.087 AND 0.16J

We present the additional results of the numerical cal-
culations, the temperature dependences of Sy, oy, and kp
at h = 0.08J and 0.16J. They are shown in Figs. 4(a)—4(f).
Comparing these figures with Fig. 2, we see the results ob-
tained at & = 0.08J and 0.16J are similar to those obtained
at h = 0.02J. Namely, the properties obtained at 7 = 0.02J
remain qualitatively unchanged for other values of 4.
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