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Entanglement and precession in two-dimensional dynamical quantum phase transitions
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Nonanalytic points in the return probability of a quantum state as a function of time, known as dynamical
quantum phase transitions (DQPTs), have received great attention in recent years, but the understanding of their
mechanism is still incomplete. In our recent work [Phys. Rev. Lett. 126, 040602 (2021)], we demonstrated
that one-dimensional DQPTs can be produced by two distinct mechanisms, namely semiclassical precession
and entanglement generation, leading to the definition of precession (pDQPTs) and entanglement (eDQPTs)
dynamical quantum phase transitions. In this manuscript, we extend and investigate the notion of p- and eDQPTs
in two-dimensional systems by considering semi-infinite ladders of varying width. For square lattices, we
find that pDQPTs and eDQPTs persist and are characterized by similar phenomenology as in 1D: pDQPTs
are associated with a magnetization sign change and a wide entanglement gap, while eDQPTSs correspond
to suppressed local observables and avoided crossings in the entanglement spectrum. However, DQPTs show
higher sensitivity to the ladder width and other details, challenging the extrapolation to the thermodynamic limit
especially for eDQPTs. Moving to honeycomb lattices, we also demonstrate that lattices with an odd number of

nearest neighbors give rise to phenomenologies beyond the one-dimensional classification.
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I. INTRODUCTION

In recent years, progress in the development of exper-
imental simulation platforms [1], including trapped ions
[2,3] and ultracold atomic gases [4,5], has opened the door
to the study of far-from-equilibrium many-body quantum
dynamics [6]. Theoretical and experimental investigations
have led to the discovery of a wealth of novel nonequi-
librium quantum phenomena, such as the strong [7,8] or
weak [9,10] breaking of ergodicity, generalized hydrodynam-
ics describing integrable systems [11,12], and discrete time
crystals [13].

A prominent nonequilibrium protocol is the so-called
quantum quench [14-17], whereby an initial quantum state
[Yo) is time-evolved with a Hamiltonian H of which [v)
is not an eigenstate. Particular interest has been drawn by
phenomena occurring on the transient timescales following a
quantum quench, which lie within the reach of current exper-
imental and theoretical tools [18]. Among such phenomena,
an analogy between return probabilites of closed quantum
systems and equilibrium partition functions has led to the
definition of dynamical quantum phase transitions (DQPTSs)
[19,20]. DQPTs are defined as nonanalytic points in the time
evolution of the return probability (also known as the fidelity
or Loschmidt echo in this context [19]). Since their early
discovery in the free-fermion solvable transverse-field Ising
chain [19], the existence of DQPTs has been reported in a
wide range of models, see, e.g., Refs. [21-29] or Ref. [20] for
a review. Theoretical findings were soon followed by experi-
mental observations on different quantum simulator platforms
[30-34].
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Since DQPTs have first been reported, substantial theoret-
ical effort has been devoted to understanding the conditions
underlying their occurrence and their relation to the other
physical quantities characterizing a system. Early observa-
tions of DQPTs when quenching across a quantum critical
point led to the conjecture of a general relation between
DQPTs and ground-state quantum phase transitions; however,
while said behavior is frequently observed [19-21,35,36],
several counterexamples are known, including both quenches
within a phase that nonetheless result in DQPTs and quenches
across a quantum critical point that do not [24,37—41]. The
relation of DQPTs to local observables has also been widely
studied. While in free-fermionic models [19] or systems with
broken symmetries [26,42-44] DQPTs were shown to be as-
sociated with zeros of an order parameter, in other scenarios
this relation was found to only hold approximately [45,46] or
to be absent altogether [45]. DQPT were also recently studied
in relation to suitably defined local string observables, which
provide an alternative route to measure their location [47,48].

Similarly, a number of studies sought to identify a connec-
tion between DQPTs and the behavior of the entanglement
entropy. Again, a uniform pattern failed to emerge, with
DQPTs in different models being in turn associated with
rapid entropy growth [30], local maxima in the entanglement
entropy [49], entanglement spectrum crossings [35,50-52] or
transitions in a suitably defined entanglement echo [53]. Other
works have highlighted a relationship between DQPTs and
quasi-particle excitations [40,54]. Furthermore, within a re-
cently developed stochastic formulation of quantum dynamics
[55-57], connections were made between DQPTs and the
distribution of the classical stochastic variables encoding the
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quantum evolution [57,58] or the behavior of the saddle point
trajectory of an effective action [59].

The development of a unified framework is even more
challenging in higher dimensions, where investigations are
hindered by the intrinsic limitations of existing analytical and
numerical methods [60,61]. To this date, studies of DQPTs
in higher-dimensional settings have predominantly focused
on solvable scenarios, such as the Jordan-Wigner- solvable
2D Kitaev honeycomb [24] and extended toric code [62]
models, the integrable 2D topological Haldane model [63], or
quenches in the 2D Ising model for which the rate function can
be mapped to the classical Onsager partition function [64,65].
Mean-field solvable limits have also been considered, includ-
ing the Falicov-Kimball model [22] or the three-dimensional
O(N) model for large N [43]. More generally, in the absence
of exact solutions a number of numerical methods have been
applied. While exact diagonalization can be used to study
small systems [44], an important step in the direction of
addressing the thermodynamic limit was the development of
numerical methods to simulate semi-infinite systems [66,67].
Studies of two-dimensional systems confirmed the complex
picture found in 1D, whereby, e.g., DQPTs are often but not
necessarily associated with ground state phase transitions, but
also showed that additional possibilities are present for D > 1,
such as the presence of discontinuities in higher derivatives of
the rate function [24,65].

Thus, while a large number of studies have revealed
that DQPTs are associated with complex, multifaceted phe-
nomenology, a general understanding of these phenomena has
not been attained. In our recent work [68], we demonstrated
that a perspective route to understanding one-dimensional
DQPTs is given by considering the physical mechanisms
leading to their appearance. These mechanisms can be re-
vealed by working within the matrix product state (MPS)
formalism, which allows one to single out the contributions
of semiclassical precession and entanglement generation to
the return probability. This led to the definition of precession-
and entanglement-driven DQPT (pDQPTs and eDQPTs, re-
spectively) to characterize the cases where one of these
mechanisms is prevalent. The relative importance of the
different mechanisms leading to a DQPT is signaled by a
number of experimental probes, such as local magnetization
and mutual information [68]. When the two mechanisms are
simultaneously significant, the resulting DQPT phenomenol-
ogy is complex and eludes a simple characterization.

In this manuscript, we generalize the above picture to two-
dimensional lattices and make a first step towards a taxonomy
of DQPTs in higher-dimensional systems. In addition, our
state-of-the art results will serve as benchmarks for future
studies of DQPTs in two-dimensional systems. We employ
lattices folded as semi-infinite cylinders [66,67], which can be
straightforwardly encoded in MPS algorithms. This geometry
also provides a suitable framework to explore the dimensional
crossover of DQPTs as the second dimension is gradually
introduced by increasing the radius of the cylinder. Our results
are mostly based on accurate MPS simulations, with addi-
tional insights provided by phenomenological approximations
and analytical calculations.

We show that the physics following specific quenches gen-
erally follows the paradigm of p- and eDQPTs introduced in

1D. However, there are some distinct features. Overall, as a
second dimension is introduced we observe greater sensitivity
to system’s details (even when local observables have con-
verged). Regarding pDQPTs, we find that their presence can
depend on the width of the system, even though local ob-
servables have converged to their thermodynamic limit value.
When this is the case, we find that a small perturbation can
restore a DQPT at the time when it would be expected based
on the pDQPT paradigm. On the other hand, eDQPTs display
a more complex behavior. We find that the number of eDQPTSs
fluctuates widely with respect to the width of the system.
This phenomenon can be understood as originating from the
near-degeneracy of the bipartite entanglement spectrum near
the DQPT. In addition, we observe eDQPTs which occur
due to a degeneracy between the leading and the subleading
eigenvalues of the transfer matrix, a phenomenon that was
not observed in one-dimensional systems. Furthermore, go-
ing beyond square lattices, we demonstrate how connectivity
effects can give rise to new possibilities compared to 1D.
In honeycomb lattices, we find that strong interactions can
induce both eDQPTs, similarly to what is observed in square
lattices and in 1D, and pDQPTs. We provide analytical argu-
ments about the dynamics of the magnetization as a function
of connectivity, which explain our numerical observations for
honeycomb lattices.

The manuscript is structured as follows. In the next sec-
tion, we introduce the general framework of DQPTs, outline
our MPS-based approach and motivate the notions of p- and
eDQPTs. Sections III and IV are respectively devoted to the
strong-field and strong-interaction regimes, while in Sec. V,
we investigate the new possibilities opened up by changing
the ladder connectivity. We conclude in Sec. VI by sum-
marizing our findings and discussing directions for further
developments.

II. MPS FORMALISM FOR DQPTS
A. DQPTs in the two-dimensional Ising model

Consider a time-evolved state |y (¢)) = e "' |y), where
the initial state |1y) is chosen not to be an eigenstate of the
Hamiltonian H. In particular, here we shall focus on the two-
dimensional quantum Ising model

H = Z (hxo-;m + hzarftn + JHo'rfmo-nzhtln + Jiaénatin+l)’ (1)
mn

where the subscriptsm € {1,..., L, },n € {1,..., L)} respec-
tively denote the longitudinal and transverse dimensions of
a two-dimensional lattice with total number of spins N =
Ly x L, . We consider periodic boundary conditions along the
transverse dimension.

Nonanalytic points in the fidelity (return probability)
P(t) = |{(¥o| (1))|* following a quantum quench have been
termed DQPTs [19]. While P(¢) is exponentially suppressed
as a function of the number of spins N, the fidelity density

1
f) = —N1H|(1//0|1/f(f))|2 @

has a well-defined thermodynamic limit and is therefore the
central object of study in this context. The appearance of
DQPTs in f(¢) requires the thermodynamic limit N — oo
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FIG. 1. (a) MPS representation of a state for a 2D system with
a semi-infinite (oo x L, ) cylinder geometry and periodic boundary
condition along the finite dimension (here we show L, = 3). The
local state is initially given by a PEPS; in the case of a product
state, this is a trivial PEPS with unit bond dimension. By contracting
the PEPS along the finite dimension, one obtains an MPS. The
thick lines represent physical and virtual indices corresponding to
an entire column of the system. (b) The MPS can be evolved using
the standard iTEBD algorithm retaining the Vidal canonical form, so
that the elements of A encode the entanglement spectrum relative to
a transverse bipartition of the system. (c) As in 1D, the fidelity is
given by the leading eigenvalue of the relevant transfer matrix T/,
which is obtained by contracting the time-evolved local state with its
conjugate att = 0; see Eq. (5).

[19]. Experimentally, this limit can be gradually approached
by considering suitably defined local projectors, as discussed
in Appendix A. In this manuscript, we consider a semi-infinite
cylindrical geometry by coupling L, one-dimensional chains
of length Ly and setting L; to infinity explicitly. The total
number of spins N is thus infinite, so that bona fide DQPTs
can occur even for finite transverse dimension L. Below,
we shall both investigate the DQPTSs observed for finite L
and discuss their stability as L is increased and the isotropic
two-dimensional thermodynamic limit is approached.

B. Transfer matrix and Vidal canonical form

The main computational tool used in this work is an infinite
MPS (iMPS) representation of the two-dimensional quan-
tum state, similar to that used in Ref. [67]. The benefits of
this formulation are threefold. First, the availability of the
canonical gauge (discussed below) allows one to extract the
contributions of precession and entanglement generation to
the return probability. Second, the MPS formulation allows
a direct connection to the one-dimensional case, making it
easier to identify analogies and differences. Third, the inher-
ently one-dimensional iMPS encoding [as longas L, = O(1)]
does not suffer from the complications of simulating higher
dimensional tensor networks.

The iMPS representation used in this manuscript is shown
in Fig. 1. This construction is inspired by a projected-
entangled pair state (PEPS) with initial bond dimensions X(‘,‘,
Xi» respectively along and across the chains, and physical
dimension d. The simplest case of this is given by an ini-
tial product state, x(ﬂ = )(0l =1, which we focus on in our
numerical analysis. The MPS representation of the state at
t = 0 is obtained by contracting along the finite perpendic-
ular dimension. This yields an MPS written in terms of a
x x d" x x local tensor AY; (where we denote ( XOH = %),
represented by a square in the bottom part of Fig. 1(a). The

local tensor elements A?j are labeled by two virtual indices,
i,jef{l,..., x}, and a physical index, o. The index o runs
over all possible local spin configurations, e.g. for spin-1/2
the one-dimensional case L; = 1 corresponds to o € {1, |},
while for general L, the index o runs over all possible tensor
products featuring L, copies of either {1, | }.

This MPS can then be time-evolved using infinite time-
evolving block decimation (iTEBD) [69]. In practice, this
amounts to the repeated application of pair-entangling gates,
as shown in Fig. 1(b). Further details on the practical im-
plementation of iTEBD used in this manuscript are given in
Appendix B. The state thus evolved retains the canonical form
[69,70]

A%(0) = Aa(OTE (1), 3)

where the diagonal matrix A;;(t) = §;; \/X,- features the singu-
lar values A; of the Schmidt decomposition with respect to a
horizontal bond. The ordered singular values, A; > A;_, con-
stitute the entanglement spectrum for a transverse bipartition
of the system, i.e perpendicular to the chains, and therefore
the normalization of the state corresponds to Y ; A7 = 1. The
corresponding bipartite entanglement entropy is then given by
S = — >, A;InA;. The remaining tensor I' ;j carries a physical
index, so that its elements I';; = (Fl.TjT'"T, Fij'--ﬂ e Fiijl“'l)
can be viewed as (not necessarily normalized) quantum
states. The tensors A and I' satisfy the canonical conditions
Yo AFTGTG" = Yy AFTETR = 84 (701

The MPS representation of the state makes it straightfor-
ward to compute the fidelity for a translationally invariant
semi-infinite system. Namely, the fidelity is obtained from the
leading eigenvalue of the fidelity transfer matrix T/, computed
by contracting the local tensors corresponding to the initial
and time-evolved states [37,68,71]. Given the spectrum {e;}
of T/, one has

f= —i In max(|e;|). 4)
LJ_ i

At t = 0, normalization imposes e; = 1, ¢;, = 0 Vi # 1. Fol-
lowing a quantum quench, the spectrum {e;} smoothly evolves
in the complex plane, with DQPTs occurring whenever the
subleading eigenvalue e, overtakes e; in magnitude. For ini-
tial product states |Y9) = Q |v),,, one has I'7;(0) = v?, so

that Tl.f(t) = ZU[U"]*Aj-’j(t) = (v]A;;(¢)). This is pictorially
shown in Fig. 1(c). By construction, the transfer matrix 7/ is
made up of two contributions,

TJ = 0;jAj;. ()
Here o0;; = (v|I';;) is a matrix of overlaps, which we shall
discuss further below, and A encodes the contribution of the

entanglement spectrum.

C. Precession and entanglement DQPTs

The significance of the contributions o;; and A;; to the
fidelity can be understood by considering two limiting cases.
First, let us consider the dynamics induced on a generic
initial product state |v¥() = ®,, |v),, by the Hamiltonian (1)
in the noninteracting limit /; = J; = 0. Since no entangling
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terms are present, the system remains in a product state at
all times. The bond dimension is then unity, so that A =1
and I' = |T"11) = |v(z)) is the time-evolved local state, which
performs precession under the action of the time evolution
operator. The leading eigenvalue of the transfer matrix 7/
is then immediately given by |e;| = |o11| = | (v(#)|v(0)) |, so
that (trival) DQPTs in the system can occur whenever preces-
sion leads |v(t)) to be orthogonal to |v(0)). In the presence of
finite but comparatively small interactions, the entanglement
spectrum becomes nontrivial but a large entanglement gap
persists, A1 > X,. Thus I'y; is still the dominant contribution
to the state. DQPTSs occur near minima of |oq;|, where I'y;
has rotated maximally away from the initial state so that the
magnetization would take an opposite expectation value to
that in the initial state. This phenomenology, which amounts
to semiclassical precession with corrections given by A; with
i > 1, corresponds to pDQPTs [68].

In contrast, consider the exactly solvable case of a
one-dimensional chain (J; = 0) initialized in the [yg) =
®m |—),, state, which is the ground state of (1) for h, —
—o0, and evolved with the Hamiltonian (1) with J; =J #0,
h, = h, = 0. In this case, it can be shown [68] that the transfer
matrix T/ = oA is exactly given by the product of a A matrix
that has /A = {| cos(J1)|, | sin(J¢)|} on the diagonal and a
simple matrix of overlaps that does not depend on time,

oz (é fl), ©)

so that the leading eigenvalue of 7/ reads |e(t)| =
max{| cos(J?)|, | sin(Jt)|}. Thus, as the overlap matrix is con-
stant, DQPTs in this regime are entirely determined by
crossings in the entanglement spectrum. If a finite but small
external field is present, the overlaps o;; show slow time evo-
lution, and DQPTs are still predominantly driven by (avoided)
crossings in the entanglement spectrum. Due to the entangle-
ment, local expectation values near such DQPTs are typically
suppressed. This phenomenology corresponds to eDQPTs.

In more general scenarios, both the mechanisms described
above will be simultaneously present; however, in many rel-
evant settings only one of them is found to be predominant.
When instead both mechanisms contribute to a comparable
extent, their competition gives rise to a complex intermediate
regime, where DQPTs can be very sensitive to the quench
details and can escape a simple characterization in terms of the
overlaps, entanglement spectrum or local observables [68].

In the following sections, we shall investigate whether the
described p- and eDQPTs phenomenology persists in the case
of ladders that upon increasing their width approach two-
dimensional systems. To do so, we shall consider quantum
quenches in the strong-field and strong-interaction regimes,
which, based on the behavior of 1D systems, would be ex-
pected to give rise to p- and eDQPTs, respectively.

III. STRONG-FIELD REGIME

A. Fidelity and local observables

We begin by considering the strong-field regime, where
precession can be expected to dominate the early time
dynamics; this scenario is associated to pDQPTs in one-

1
| oL, =6eL, =4 i
L =3

)

o L) =5

14

FIG. 2. For quantum quenches where strong precession-inducing
terms are present, we expect the appearance of pDQPTs. Here we
select the initial state |¥) = ®, [{),, and evolve using (1) with
hy=1,h, =0, and Jy =J, = 0.1. For most of the transverse sizes
L, , we consider, a DQPT is indeed observed, and the fidelity density
f appears to rapidly converge with L, ; this is shown by a comparison
of L, =4, 5, and 6 in the top panel. However, the DQPT is not
present for L, =5, as illustrated in the inset which additionally
shows L, = 3. This discrepancy is not observed in the behavior of
the local entanglement spectrum A and local magnetization m?
at the DQPT (dashed vertical line), which appear to be converged
with respect to L, as demonstrated by comparing L, =5 (black
dashed lines) and L, = 6 (green solid lines). Their time-evolution
follows the same pattern observed for 1D pDQPTs, namely, a wide
entanglement gap and an inversion of the magnetization.

dimensional systems [68]. We consider a quantum quench
from the state |Y¥g) = ®, |1 ),,, Which is the ground state of
(1) for Jy,J — —o0, h; > 0. The time evolution is deter-
mined by the Hamiltonian (1) with J;y =J; =0.1, A, =1,
h, = 0. The resulting dynamics, shown in Fig. 2 (top), shows
that DQPTSs occur for L, = 3, 4, and 6.

In order to further probe the nature of the observed DQPTs,
we use the magnetization in the direction of the initial state,
here m*(t) = (Y (t)| Y_; S7 |¥ (1)) /N with S = ¢/2, and the
one-site entanglement spectrum of a single spin relative to the
rest of the system, {A}PM}. The spectrum {A-PM} is obtained
from the one-site reduced density matrix (or local density
matrix, LDM), so we refer to it as “local entanglement spec-
trum”. For the purpose of probing the underlying physics,
{AFPM} replaces the entanglement spectrum {;} relative to a
transverse bipartition of the system (i.e., across the chains),
which was considered in 1D [68]; this is because the latter
does not contain information about entanglement along the
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FIG. 3. Transverse bipartite entanglement spectrum {A;} and
overlap |o;;| corresponding to the dominant product state for the
quench of Fig. 2; here we focus on L, = 4. At the DQPT, we
observe a large gap between A, and a small set of singular values
{A2, ..., As}, which are in turn significantly larger than the bulk of
the spectrum. The DQPT occurs in the vicinity of the minimum of
lo11]. As shown in the inset, this is also near a maximum of the
overall relative amplitude t;,/7;; corresponding to the creation of
excitations over the dominant product state.

transverse dimension. However, we shall see below that the
transverse bipartite entanglement spectrum {A;} still plays a
role in determining the stability of DQPTs.

The middle panel of Fig. 2 shows the local entanglement
spectrum, which reveals clear pDQPT character manifested by
a large gap A1 >> A,. The bottom panel shows the magnetiza-
tion changing its sign at the time of DQPT, m*(¢) =~ —m?*(0).
Furthermore, the observed behavior of the fidelity, magnetiza-
tion and local entanglement are qualitatively reproduced by an
immediate two-dimensional generalization of the analytical
pDQPT ansatz introduced in Ref. [68], which encodes the
relevant local physics; see Appendix C. This further supports
the conjecture that the physics of two-dimensional pDQPTs
closely mirrors the one-dimensional case.

We however note that for L, =5 we do not observe a
DQPT but, rather, a smooth peak. The absence of a DQPT for
L, =5, however, does not manifest itself in the dynamics of
local observables, which appear to be converged with respect
to the system size. In fact, the local entanglement and mag-
netization are nearly indistinguishable for L, =5 and 6. We
find that the DQPT for L, = 5 can be restored by the inclusion
a small perturbation (e.g. a small rotation of the external field)
which does not significantly alter the local physics, as detailed
in Appendix D. This suggests that pDQPTs in D > 1 could be
less stable than for D = 1, as further discussed below.

B. Overlaps and transverse entanglement spectrum

In order to further investigate the nature of the DQPTs
we observed, in Fig. 3, we consider the evolution of the
dominant overlap oy; and the spectrum of transverse bipartite
entanglement A;. In the presence of a wide entanglement gap,
the full quantum state is well-approximated by a product state
given by the local tensor I'y; at all sites. Within a semiclassical
picture, the presence of nonzero A; < A; can be accounted for

in terms of a superposition of the dominant product state with
states featuring some “excitations,” i.e. states that differ from
the uniform I'j; product state by the replacement of some
local tensors by various I';;. Each I'y; is multiplied by A,
whereas the amplitude for including each I';; is proportional
to \/A;Aj; see the supplemental material of Ref. [68] for
further details. Excitations will then give a correction to the
dominant overlap o;; obtained from the uniform I"y; product
state. The excitation of lowest order in A; < A; features the
tensors I';, I'j;. The corresponding contribution to the over-
lap is given by

71 = |o1j0j1|/MAj )

where 71, corresponds to no excitations being created. The
total contribution from excitations can then be estimated as
Tix = Zj>l T1j-

To illustrate the behavior of overlaps and entanglement,
we use the same quench parameters as in Fig. 2. For ease of
visualization, we show L, = 4 since o, and the A; become
smaller for increasing L, ; however, the same qualitative re-
sults hold for the other system sizes we considered. As in the
one-dimensional case, we find that the DQPT occurs in the
presence of a wide entanglement gap and near the minimum
of 011, two signatures of pDQPTs. Due to the wide gap in {1},
the time-evolved state remains close to a product state, so that
the overlaps o;; mostly control the onset of DQPTs. The inset
of Fig. 3 further shows that the DQPT is found to occur in the
vicinity of a maximum of the relative excitation amplitude,
T1¢/T11, further suggesting that the one-dimensional picture
featuring excitations over semiclassical precession still holds.

However, we find that several entanglement eigenvalues
{A;} cluster in the vicinity of A,; this is in contrast with the
one-dimensional case, where we found A; > Ay > A3 for
pDQPTs. This observation can be understood by considering
the case of L, decoupled parallel chains, J; = 0. In this
scenario, the full system is described by a direct product
of one-dimensional systems. Thus the bipartite entanglement
spectrum can be obtained from all possible products featuring
L, elements of the one-dimensional spectrum {A'P},

(A} = {(AiD)al ()\éD)az e } 8)

with Y. a; = L, . In this limit, the leading eigenvalue is given
by (AMP)L+ and is nondegenerate; there are then L degenerate
subleading eigenvalues, given by Ay = (AP)+~1ALP. In the
presence of a nonzero J,, this trivial degeneracy is lifted and
the entanglement spectrum can no longer be obtained from the
one-dimensional one. However, the formerly degenerate L,
eigenvalues still take similar values, clustering in the vicinity
of A,. Furthermore, some degree of degeneracy is retained,
due to additional symmetries for ladders; for instance, for the
L, = 4 system of Fig. 3 we find that the eigenvalues A3 = A4
form a degenerate pair. This “concentration” of singular val-
ues in the vicinity of A, suggests that different comparable
contributions could compete, thus complicating the picture
with respect to the 1D case; this could explain the sensitivity
of DQPTs to the system’s details demonstrated by the L, =5
case.

In summary, our analysis shows that the one-dimensional
picture of pDQPTs in terms of excitations over a leading
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FIG. 4. In the presence of strong entanglement-generating terms,
we expect to observe eDQPTs. Here we consider the initial state
[Y0) = ®u |—),, evolved using the Hamiltonian (1) with h, = 0.1,
h, =0, Jy =J. = 1. The behavior of the local entanglement and
magnetization confirm our expectations based on 1D, with DQPTs
occurring near high-entangled regions when local observables are
suppressed. However, the fidelity f appears to converge slowly with
respect to L, : in fact, not only the position but also the number of
DQPTs (dashed vertical lines) changes upon increasing L , as further
illustrated in the inset. This is in spite of the local physics showing
rapid convergence with respect to L, , as demonstrated by the two
lower panels.

semiclassical precession also holds in two dimensions. How-
ever, we find evidence that higher-dimensional pDQPTs could
be more sensitive to the system’s details compared to D = 1,
making it potentially harder to accurately predict their occur-
rence and to extrapolate to the L, — oo limit.

IV. STRONG-INTERACTION REGIME

A. Fidelity and local observables

Let us now turn to the strong-interaction regime. Here
we consider a quench from |Yy) = ®,, |—),,, Which is the
ground state of the Hamiltonian (1) for #, — —oco. We time-
evolve using (1) with a weak external field &, = 0.1, h, =0
and strong isotropic interactions J; = J; = 1. In 1D, similar
quench parameters were observed to give rise to eDQPTs.
However, crucially, one-dimensional interactions only couple
the spins along rows, corresponding to J; = 0 in the present
language. As we shall see, this gives rise to qualitative differ-
ences for the case of ladders.

Figure 4 shows the suppressed local magnetization m* ~ 0
and the small entanglement gap that are indicators of eDQPT
phenomenology. However, the behavior of DQPTs is found
to be unstable. Not only the position, but also the number of

DQPTs is observed to change as the system size is increased,
as is emphasized in the inset of Fig. 4. Specifically, although
these DQPTSs tend to occur at a similar time, we find 2 DQPTs
for L, =3, 4 DQPTs for L, =4, 3 DQPTs for L, =5 and
5 DQPTs for L, = 6, showing an overall tendency for more
DQPTs to arise as L, increases. Irregular behavior of the
number of DQPTs as a function of L, is also reproduced
by the 2D generalization of the analytical eDQPT Ansatz
introduced in Ref. [68], discussed in Appendix C. However,
the Ansatz does not match the number and location of DQPTs
given by iTEBD, in spite of accurately capturing the local
physics for this quench. This further points to the fact that
two-dimensional DQPTs are the result of a complex interplay.

In addition to the irregular behavior of the number of
DQPTs with L, we find that eDQPTs on finite width lattices
can also occur by the leading and subleading eigenvalues of
T/ becoming degenerate, rather than crossing, a possibility
that we had not encountered in D = 1. This is illustrated in
the top panel of Fig. 5, where we show e, , for the quench of
Fig. 4 and L, = 4. We checked that |e|| — |e;| gets smaller as
the bond dimension is increased or the time step is decreased,
which points to a true degeneracy between the lowest two
eigenvalues of the transfer matrix.

B. Overlaps and transverse entanglement spectrum

The seeming instability of eDQPTs in D = 2 can be under-
stood by once again considering the overlaps and transverse
bipartite entanglement contributions to the fidelity shown in
Fig. 5. While the precise location and number of DQPTs
varies depending on system size, they occur in the same time
region and the behavior of A and o is qualitatively similar. In
Fig. 5, we observe that the behavior of entanglement is indeed
reminiscent of eDQPTs, with a closing of the transverse bipar-
tite entanglement gap. However, this behavior now involves
several );, which perform multiple crossings and avoided
crossings within a small region comprising the DQPTs. This
high level of near-degeneracy in {};} can again be understood
as arising from the contribution of the different identical rows,
as discussed for pDQPTs, see Eq. (8).

In addition, however, the behavior of the overlaps o;; is
very different from the case of one-dimensional eDQPTs.
In one dimension, the o;; show slow evolution, apart from
avoided crossings near eDQPTs. In contrast, here we observe
that the dominating overlap o;; performs precession and by
the DQPT time |o| is near a minimum, which is gradually
further suppressed as L, is increased. The cause of this lies in
the different meaning of the o;; for D = 2. By constructions,
these are the overlaps between the initial and time-evolved
local state for a whole column of the system. This means that
the overlap matrix o;; actually encodes entanglement along
the finite transverse dimension, whereas entanglement in the
longitudinal dimension is encoded in the A;. Consider the case
of uncoupled columns of length L, , i.e., J; = 0. In this case,
one has A =1 and the entire dynamics is encoded in the
' matrix. From studies of the one-dimensional Ising chain,
we know that DQPTs will occur whereby the time-evolved
local state is “maximally orthogonal” to the initial state; these
must therefore correspond to minima of oy . In the presence of
comparable longitudinal and transverse interactions, J, & J|,
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FIG. 5. Top: In the strong-interaction scenario, corresponding to
the quench of Fig. 4, we find that DQPTSs can occur by the leading
and subleading eigenvalues of 7/, e; and e,, becoming degenerate
rather than simply crossing; this is shown in the top panel for L, = 4.
In this regime, the entanglement spectrum shows a complicated
pattern with several crossings and avoided crossings in the vicinity
of the DQPTs, as shown in the middle panel again for L, = 4.
Additionally, DQPTs happen near to a minimum of the initially
dominant overlap o;;, which appears to perform precession. This
effect becomes more pronounced as L, is increased, as demonstrated
in the bottom panel. These observations entail that both precession
and entanglement constitute a significant driving factor for DQPTs,
which are then always in a complicated hybrid regime. The sudden
jumps observed in |0y, | correspond to crossings between A; and A,
where the dominant product state (i.e. associated with ;) changes
abruptly. Such crossings occur in the region where there exist several
X; & A; as explained in the main text.

we have both a strong contribution of the transverse entangle-
ment spectrum, capturing interactions along the chains, and
the overlaps, which capture interactions across the chains.
Thus DQPTs on ladders and likely in two-dimensional lat-
tices are produced by the outcome of competing contributions.
Both overlaps and entanglement are relevant, so that the sys-
tem is always in the complex intermediate regime identified in
Ref. [68], leading to unstable behavior. This, in addition to the
presence of several A; & X; at the DQPT, further leads to the
breakdown of the simple one-dimensional picture describing
eDQPTs in terms of a small number of contributions. Thus,
while we still find that it is possible to observe eDQPTs on
ladders, characterized by significant entanglement and sup-
pressed local observables, it is difficult to produce a simple
characterization of their dynamics capable of exactly predict-
ing their occurrence, due to fact that they originate from a
number of competing contributions. These observations point
to a nonuniversal picture for DQPTsS in the strong-interaction

regime, and makes it challenging in practice to extrapolate to
the two-dimensional limit, L, — oo.

For both p- and eDQPTs, we observed a significant depen-
dence on the system’s details, such as the transverse system
size L), compared to local observables, in spite of occur-
ring on short time scales ¢ &~ 1. This phenomenon, which
appears to be at odds with bounds on information propa-
gation, originates from the fact that rate functions are not
local observables, but rather exponentially suppressed global
quantities, defined for the whole state. The fidelity density f
can indeed be approximated via the local quantities

Jie = (W (OIPY (1)), ()]

LI
kL,
where Py is a direct product of projectors Py = |v) (v| onto
the local initial state, |Y¥o) = ®,, |v),,, applied in a region
comprising k consecutive columns, i.e., on a total of k x L
neighboring spins; see Appendix A for further details. The f;
thus defined immediately generalize the local probes recently
introduced for one-dimensional systems [47,48]. However,
resolving DQPTs requires k — oo, so that the f; become
increasingly nonlocal and the corresponding overlap is ex-
ponentially suppressed, besides requiring the simultaneous
measurement of an increasing number of spins; this is likely
to give rise to experimental complications. However, if such
experimental issues can be overcome, it might be possible
that the exceptional sensitivity of DQPTs to nonlocal physics

might have useful applications.

V. CONNECTIVITY EFFECTS
A. Interaction-driven pDQPTSs

Previously we have found that the predominance of
precession-inducing terms, such as strong external fields, typ-
ically gives to a certain DQPT phenomenology, characterized,
e.g., by a precessing behavior of m(t) and a wide entan-
glement gap. On the contrary, strong interactions lead to
DQPTs associated with a suppression of local observables and
a narrow entanglement gap. These mechanisms were found
to persist in D > 1, although the behavior of the resulting
DQPTs was found to not always be stable. However, the
possibility of considering lattices with different number of
nearest neighbors for D > 1 opens up new scenarios, where
the key physics can nonetheless be understood in terms of
simple underlying mechanisms.

In Fig. 6, we show one such example by considering a 2D
semi-infinite Honeycomb lattice with finite dimension L, = 4
and 6 with periodic boundary conditions along the transverse
dimension, as shown in the inset. The system is initialized
in the ®,, |—),, product state and evolved with the Ising
Hamiltonian with isotropic interactions J = 1 and a transverse
field i, = 0.1 (h, = 0). The fidelity density in Fig. 6 (top)
reveals a number of DQPTs. Since the J coupling is dominant
in the Hamiltonian, we expect the occurrence of eDQPTs that
indeed happens at early time. However, in addition to the
expected eDQPTs, we find a number of DQPTs occurring
around ¢ =~ 1.5 where the behavior of local probes is charac-
teristic of pDQPTs (as shown by entanglement spectrum and
local observables), even though the Hamiltonian is dominated
by interactions.
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FIG. 6. A quench from the |¥y) = ®,, |—),, initial state to the
strong interaction regime, h, = 0.1, h, = 0, and J = 1, for a semi-
infinite honeycomb lattice reveals a large number of DQPTs. Local
probes shown in the bottom panels point to a pDQPT mechanism for
crossings happening at 1 < ¢ < 2. A comparison between different
transverse dimensions L | = 4 and 6 reveals the sensitive behavior of
the fidelity density. In contrast, the behavior of local observables is
accurately captured by the approximate analytical formulas (dashed
blue lines) given in the main text and is almost independent of L, .
The inset shows an example of the lattice with L, = 4.

Similarly to the case of a square lattice, the fidelity density
f depends sensitively on the transverse size L, , as shown by a
comparison to L; = 4. In Fig. 7, we analyze different contri-
butions to the transfer matrix, and observe that both overlaps
and transverse entanglement gap confirm the pDQPT nature
of the cusps in the fidelity density happening for 1 < < 2.
Again, we observe that the subleading eigenvalue X, is nearly
threefold-degenerate in that region, with eightfold degeneracy
near the eDQPTs; this potentially explains the appearance of
multiple DQPTs as originating from different contributions.
Thus, for the honeycomb lattice, in addition to eDQPTs, we
observe pDQPTs that are caused by strong interactions, a pos-
sibility that was not observed in one-dimensional spin chains.

B. Analytical description of dynamics

Below we show that the appearance of pDQPTs in
interaction-dominated quenches is in fact a general feature of
lattices that have an odd number of nearest neighbors (connec-
tivity), denoted as ¢, which is equal to three for the honeycomb
lattice. To this end we analytically compute the local (one-site)
reduced density matrix (LDM), p;, which gives access to local
entanglement and magnetization. This can be done exactly
for arbitrary connectivity c in the classical limit #, = 0O, since
in this case different terms in the Hamiltonian commute and
local observables at arbitrary time ¢ can be obtained from a
shallow quantum circuit of unit depth. In the presence of a
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FIG. 7. For the quench of Fig. 6 in the honeycomb lattice with
L, = 6, the dynamics of the bipartite entanglement spectrum and
leading overlap confirm that both eDQPTs and pDQPTs exist, in
spite of the dynamics being largely driven by interactions. Specifi-
cally, eDQPTs are associated with entanglement (avoided) crossings,
while pDQPTs correspond to a wide entanglement gap and a min-
imum of o;;. The occurrence of pDQPTs is also associated with
a large relative transition amplitude t,,/7y;, as previously found
in Fig. 3.

small transverse field /., an approximate equation can still
be obtained by a similar method to that used to obtain the
analytical eDQPT Ansatz in Ref. [68].

To compute p;, we consider a single spin interacting with
¢ neighbors. We initialize the system in a product state in
the computational basis specified by coefficients a and b,
v = (a, b). Thus, for spins pointing along the x direction,
a = b = 1/+/2. By tracing out all spins except for the central
one, as shown in Appendix E, we obtain

|al ab*g
o= T(_-_ -2>U,
a*b(g ) bl

U = ei(h,((fx+hzaz)t/2’ (11)

(10)

where g = |a|?e™™" 4 |b|?¢/”" and @, b are obtained by act-
ing on the vector by the same matrix U defined above:

G-o) o

From the above expression for the LDM, it is possible to
analytically obtain the local entanglement spectrum and local
magnetization. This are in general given by complicated for-
mulas, which can be however simplified in special cases. For
instance, for |{) = ®,, |—=),, and h, = 0 as in Fig. 6 the local
entanglement and magnetization for general connectivity ¢ are
given in closed form by

MM — (1 & [eos U1 9

m*(t) = [cos(2J)]°. (14)

Equations (13) and (14) show that for odd connectivity
¢ interactions can induce an effective spin precession, as
demonstrated by the wide entanglement gaps, signaling that
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the state is close to a product state, and the magnetization sign
changes, m*(t) ~ +m*(0), found at times t = nw /2J, n € N.
Thus our findings show that increasing the system’s di-
mensionality opens up new DQPT scenarios compared to
one dimension. In the honeycomb ladder we considered, both
pDQPTs and eDQPTs are found in a strong-interaction regime
that had been so far associated to eDQPTs only. However, the
precise number and location of DQPTSs appears once again to
be irregular, making it difficult to extrapolate to the limit of a
two-dimensional honeycomb lattice, L, — oo.

VI. CONCLUSION

In this manuscript, we investigated the nature of DQPTs on
semi-infinite lattices with a finite width considering the quan-
tum Ising model. By first studying square lattices, we found
that in the strong-field regime one encounters precession-
driven DQPTs, previously identified in 1D for similar quench
parameters. The pDQPTs on finite width lattices and po-
tentially in two-dimensional systems are still predominantly
generated by semiclassical precession, but a complication
arises compared to the one-dimensional picture due to the
presence of near degeneracies in the entanglement spec-
trum. When interactions dominate the dynamics, eDQPTs are
still generated by the same mechanism as in 1D. However,
eDQPTs on finite-width lattices are found to be extremely
sensitive to the details of the quench and the lattice width.
Here the competing contributions coming from entanglement
in the perpendicular and transverse directions lead to complex
behavior, effectively paralleling the hybrid regime between p-
and eDQPTs previously reported in one dimension [68] when
both fields and interactions are relevant.

Going beyond square lattices, we also considered the ef-
fect of lattices with different number of nearest neighbors
(connectivity), ¢ # 4. We found that for lattices with odd-
valued connectivity it is possible to observe interaction-driven
pDQPTs, which show identical phenomenology to pDQPTs
but are caused by entanglement-generating terms such as
strong Ising two-spin interactions. We illustrated this using
a particular quench on a honeycomb lattice of finite width
with ¢ = 3, and also provided a general analytical expressions
for general c. This suggests that other relatively simple DQPT
scenarios beyond those reported in this manuscript might also
exist, depending on the details of the system at hand.

In summary, we found that the previously defined p-
and eDQPTs generalize to higher dimensional systems rep-
resented by lattices of finite width. For ladders, the same
physical mechanisms as in 1D give rise to additional com-
plexities when it comes to DQPTs, including the emergence
of eDQPTs purely from interactions. In addition, the extreme
sensitivity of DQPTs on the finite width of lattices hinders the
extrapolation to a truly thermodynamic limit. While on the
one side, this may become an obstacle on the way to observing
DQPTs in two-dimensional systems, on the other side such
sensitivity could be potentially beneficial for benchmarking
unitary evolution algorithms and real quantum simulation de-
vices.

Overall, our work provides an extended study of DQPTs
in two-dimensional geometries using large-scale numerical
calculations and deriving additional insights from analytical

arguments. Our results may serve as a benchmark for fu-
ture studies of two-dimensional systems employing different
approaches. Our observation that the local physics is not par-
ticularly sensitive to the presence of DQPTs is an important
aspect of two dimensional DQPTs, and indicates that a clear
relation between local observables and higher-dimensional
DQPTs has not yet been identified. Finally, we believe that our
approach, which is based on a transverse-cut transfer matrix,
opens up conceptual questions regarding the most efficient cut
for faster convergence towards the full two-dimensional ther-
modynamic limit. It is likely that transfer matrices defined on
the basis of different cuts may display different convergence
rates and different amount of “noise” in the structure of their
eigenvalues, inviting a systematic study of this aspect.
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APPENDIX A: APPROXIMATING DQPT
VIA LOCAL PROJECTORS

For an initial product state, |Yy) = ®, |v),,, DQPTs in the
semi-infinite geometry of this manuscript can be experimen-
tally probed by measuring suitable combinations of the local
projectors onto the initial state, P = |v),, (v|,,, which gener-
alize the local quantities introduced in 1D [47,48]. Namely,
one considers the local quantities

Jie = —k%an(t)lPklw(t)), (AD)
i

where P, = ®m€3kP,?, and S is a region comprising k con-
secutive columns, each of length L. As k is increased, fi
increasingly well approximates f, as shown in Fig. 8. We
note that f; are closely related to the local order parameters,
such as the magnetization, that are commonly employed to
estimate the transition point, e.g., for P = |1) (1| = HT"
In this manuscript, we stick to traditional local observables
instead of f;.

APPENDIX B: COMPUTATIONAL DETAILS

In this manuscript, we represent a semi-infinite ladder as
an iMPS where each site represents a column of length L, .
The system can then be time-evolved used iTEBD [69]. For
the present system the local physical dimension is however
d = 2%+, rather than d =2 as common in iTEBD applica-
tions. Thus, in order to improve computational efficiency, we
include a number of additional steps, outlined below, over the
standard iTEBD algorithm.

We begin by performing a second-order Trotter decompo-
sition, whereby for a chosen time step At the time-evolution
operator is approximately decomposed into a product of
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FIG. 8. (Top) Fidelity density f and local quantities f; for dif-
ferent values k, for a quench from the ®,, |—),, initial state evolved
using the Hamiltonian (1) with Jy =J, =1, h, =0.1, L, =3. As
k is increased, the f; approximate f increasingly well. (Bottom)
Power-law relaxation of f; to f as a function of k. The full line
shows a fit In |fy — f| = a + bk with a ~ —0.84, b ~ —1. The re-
sults shown in this plot are obtained using iTEBD as explained in the
main text.

n =t/ At operators:
Ut) = e ' ~ [Us(At/2)Up(ADUs(AL/2)]",  (B1)

where Us = [Ticoven U Up = [icoqa U and U only acts
on the two consecutive sites (i, i + 1) [69], which here cor-
respond to two columns. For each U”, we now perform an
additional second-order Trotter decomposition

U@y ~ UL /2)u )0 (1/2) (B2)

to separate the contribution of local fields, included in UL(i),
from the interactions within and across the two columns,
included in U,(’). For the model (1), interactions are diago-

nal in the z-basis, so that U,(i) is a diagonal matrix and its
application on the local state can be performed as the element-
wise multiplication of two vectors. This replaces an operation
whose computational cost scales as x22*+ with one scaling
as y 222,

A further speed-up is achieved by replacing the subsequent
SVD by a reduced-rank randomized singular value decom-
position (RRSVD) [72]. This replaces the cost of directly
performing the SVD of a x2* x x2L+ matrix, scaling as
%323+ with a number of operations whose complexity scales
at worst as y 3224+, In our application of RRSVD, we fix the
final bond dimension x upfront (there also exists an algorithm
to dynamically adjust the bond dimension based on a target
accuracy, which however would here entail an additional com-
putational cost [72]). In one dimension, it was found that, on
the time scales of interest for early dynamics p- and eDQPTs,
most of the quantum dynamics is encoded in the two leading
singular values; this observation lies at the root of the y =2
analytical DQPT Ansitze [68]. In this manuscript, we con-

sider systems made up of L, coupled chains and quenches
and timescales that are very similar to those of Ref. [68].
Based on the behavior in 1D, it would then be reasonable
to expect that in this regime the required bond dimension be
of order x ~ 2L+, Empirically, considering different values of
L), we indeed observe a sharp drop in the magnitude of X;
for i > 2L+, For each quench, by extrapolating from smaller
system sizes, we checked that increasing the bond dimension
beyond x = 2%:7! does not affect our results, including the
observables, the fidelity, the overlaps or the singular values
(namely, although there are more A; for larger yx, the leading
ones still match and the additional ones take very small val-
ues). In all cases, we found that for x = 224, +1 the maximum
error in the fidelity density f is below 1% (i.e., not visible
on the scale of the present plots). Thus we set the bond
dimension to y = 64 > 2i++! for L, =3, 4 and x =21++!
for L, =5, 6. We use a time step of Ar = 0.01, with smaller
time steps used in the vicinity of DQPTs to achieve better
resolution. We checked that further decreasing the time step
does not lead to appreciable changes.

APPENDIX C: TWO-DIMENSIONAL
ANALYTICAL ANSATZE

In this Appendix, we provide a derivation of two analytical
Ansitze generalizing those introduced in Ref. [68], which
were designed to capture the short-range physics leading to p-
and eDQPTs. Their two-dimensional generalizations provide
an extra handle to assess to what extent two-dimensional
DQPTs can be ascribed to the same mechanisms as in 1D.
While in one dimension the Antsétze take the form of y = 2
iMPS, in two dimensions the construction naturally produces
a PEPS with physical dimension d =2 and uniform bond
dimension y = 2. The generalization is straightforward and
the resulting PEPS can be written out analytically; however,
due to the complexity of contracting two-dimensional lattices,
the PEPS Ansitze do not immediately yield closed-form ex-
pressions unlike their MPS precursors. The PEPS obtained
from the Ansétze must thus be contracted numerically in order
to calculate physical quantities. However, the PEPS represents
the state at a general time ¢, without needing to time-evolve
numerically; this avoids the computational bottlenecks asso-
ciated with time evolution (see Appendix B).

1. pDQPT Ansatz

Let us begin with the analytical pDQPT Ansatz, which
is constructed to capture the dynamics in the limit &, i, >
Jy,J1. The Hamiltonian (1) can be separated into a free-
precessing part containing only single-spin terms, Hy =
Zi ; [hxai’; + hzasz], and an interacting part, which we further
split into a parallel and a transverse component, V =V +
V. = Zij [J”ofjoiilj + Jlof].aéﬂ]. Following Ref. [68], we
move to the rotating frame with respect to Hy:

[ (6)) = &M Te b VO [y (C1)
The rotating frame operators V =V + V| are straightfor-

wardly obtained by summing, respectively over columns and
rows, copies of the operator Vip obtained from the one-
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FIG. 9. Construction of the analytical PEPS Ansitze for
(a) pDQPTs and (b) eDQPTs.

1 1 — 2 .
dimensional operator Vip = J ) _; 0707, |

Vip() = €"0ve it = 3N s (sp()of ol (C2)
i op

where «o,B e€{x,y,z} and we defined s (f)=
2h.h, sin®(ht) /2, sy(t) = hy sin(2ht)/h, s.(t) =
[h2 cos(2ht) + h21/h*, h = /h? + hZ. By further approx-
imating the x and z operators by their expectation values
under free precession [68], 0¥ — —s, and 0% — —s, Vip
can be expresses in terms of y operators only:

Vin) = Vi (6) = > [JM ()0} o}, + i (t)a)]  (C3)

i

with Jef = J s%, R = —2Js,(s? + s?). With this approxi-
mation, the interaction term can be straightforwardly expo-
nentiated as a y = 2 matrix product operator (MPO) [68],

Te~i o V@ ~ [T U; with

U — e—ila®)=iJb(t) P eilat)=isb(t) P o
i= < eHa)+iIb() P> e—alO)+iJb(t) Pi_y)’ (o))
where Piiy = |%y); (£yl|; are the projectors on the y eigen-
states, 0 |4y) = % |£y). The effective interactions VT, V¢t
are obtained by following the same steps as discussed above.
\7Heff and fof commute, so that for the two-dimensional case,
we can write

Tefif[; V@Hdt' efi(/;j \af“(t’)dt’efifé fof(z')dr'_ (C5)

From the one-dimensional case, we know that the exponen-
tials featuring V. (t) and \7” (t) can both be written as parallel
copies of x =2 MPOs, respectively representing columns
and rows. An approximation to the full time-evolution op-
erator is then obtained by a subsequent application of these
MPOs, which gives rise to a rank-6 tensor; see Fig. 9. Acting
by this operator on the initial state gives the PEPS ansatz for
[ (¢)). In Fig. 10 we compare the pDQPT ansatz dynamics
with the numerically exact iTEBD simulations. The ansatz is
accurately approximating all relevant quantities aside from the
DQPT disappearance for L, = 5.

—iTEBD,L, =6
2r_ Ansatz, L, =6
4 Ansatz, L, =5
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5
—~ 05
//
0.5
NE 07
-05 ‘
0 1 2

t

FIG. 10. PEPS pDQPT Ansatz describing the 2D quantum Ising
model on a square lattice in the strong field regime. For the quench
of Fig. 2, the Ansatz captures the correct qualitative dynamics of the
fidelity, local entanglement and local magnetization corresponding to
a pDQPT and shows reasonable quantitative agreement over the con-
sidered time range. However, it does not capture the disappearance
of the peak for L, = 5 observed in Fig. 2.

2. eDQPT Ansatz

Following Ref. [68], in order to construct an analytical
x = 2 eDQPT Ansatz, we again split the Hamiltonian into
a single-spin and a two-spin term, Hy and V = V| + V|, and
approximate the time-evolution operator by a second-order
Trotter decomposition:

—iHt n, ,=iHt/2 =iVt

e e*iVltefiHot/Z’ (C6)

where we exploited the commutativity of V; and V. Each
exponential featuring an interaction term is diagonal in the
z basis and thus admits an exact MPO representation with
X = 2, as shown above. Again, as shown in Fig. 9, this
amounts to stacking two copies of the 1D interaction term
at each site, one corresponding to the rows and one to the
columns. The PEPS ansatz is then obtained by contracting
with the initial state. Although the PEPS Ansatz does not im-
mediately yields results in close form, due to the complexity
of contracting a higher dimensional lattice, one-site quantities
(such as local observables or the local entanglement) in the
same approximation can be computed from the local density
matrix discussed in Appendix E. Figure 11 illustrates the de-
pendence of the number of DQPTs on the width of the system,
calculated using the eDQPT ansatz. Even though the ansatz
correctly predicts a varying number of DQPTs according the
system width, it fails to predict the correct number, Fig. 12.
On the other hand, local observables are accurately captured.
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FIG. 11. Detail of the first peak region for the analytical eDQPT
ansatz, describing the Ising model on a semi-infinite square lattice
in the strong-interaction regime, for different transverse system sizes
L, . We consider the quench of Fig. 4. It can be seen that, in spite
of agreeing on the central peak, different L, correspond to different
positions and numbers of DQPTSs, indicating slow convergence with
L, . In particular, we observe indications of an odd/even effect, with
a single DQPT arising for odd L, , whereas three are present for even
L 1.

APPENDIX D: RESTORING THE PDQPT FORL, =5

For the quench of Fig. 2, we saw that no DQPT was
observed for L, =5, in spite of it occurring for L, =
3, 4, and 6 and good convergence of the local observables.
To show that this absence of DQPT is likely result of an
accidental symmetry or some other fine-tuning, in Fig. 13,

0.75 s
—iTEBD i

-- Ansatz

t

FIG. 12. Comparison of the eDQPT ansatz and iTEBD for the
quench of Fig. 4 and L = 6. The vertical dashed lines show the loca-
tion of DQPTs obtained from the iTEBD result. The ansatz largely
agrees with iTEBD on the location of the peak, but fails to predict
the specific details (e.g., the exact number of DQPTSs observed), with
the disagreement being more pronounced in the central region of the
picture. This is in spite of nearly perfect agreement in describing the
local entanglement spectrum and x magnetization.
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FIG. 13. Fidelity density, column-wise entanglement spectrum
{A;} and overlaps o0;; as defined in the main text for the semi-infinite
2D Ising model with L, = 5 following a quantum quench from the
|—) product state. We consider J, = J; = 0.1 and either h, =1
(solid lines, corresponding to the quench of Fig. 2) or h, = 0.9998,
h, = 0.02 (dashed lines). The top panel shows that the DQPT absent
Fig. 2 for L, =5 can be restored by the inclusion of the small
longitudinal 4, field; this is in spite of no significant change occurring
in the local physics. In the middle panel, we observe a large gap
between A, and a small set of singular values {A;}, which are in
turn significantly larger than the bulk of the spectrum. Again, the
inclusion of the longitudinal field does not lead to a qualitative
difference, as further highlighted by the detail in the inset. The
bottom panel shows the overlap |o;| corresponding to the dominant
product state. The DQPT occurs in the vicinity of the minimum of
lo11]. As shown in the inset, this is also near a maximum of the
overall relative excitation amplitude 7, /7;. In both cases, there is no
qualitative difference between the two quenches, however a DQPT is
only observed for the quench with nonzero 4,.

we include a small perturbation to the above quench, setting
the external field to 4, = 0.02, h, = 0.9998 so that the total
applied field h = /(h;)? 4+ (h;)? ~ 1 as before. In the top
panel, this perturbation is observed to restore the DQPT ob-
served for other system sizes. The entanglement and overlaps
driving the DQPT show very little change upon the rotation
of the field. Also local observables (not shown) are nearly
indistinguishable for the original and perturbed quenches.

APPENDIX E: CALCULATION OF THE LDM

In this section, we derive the analytical expressions for
the one-site reduced density matrix, or local density matrix
(LDM), used in the main text. We first compute the exact
result for the classical quenches J, h, # 0, h, = 0, and then
approximately generalize the results to quantum quenches
with A, # 0.
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Due to the shallow quantum circuit structure of the clas-
sical quench i, = 0, we can ignore sites that are not nearest
neighbors with the site of interest as they factor out in the
calculation. We thus consider a spin coupled to ¢ neighbors
which are not coupled to each other. The number of neigh-
bors ¢ corresponds here to the connectivity of the lattice.
We denote the central spin by 0 and the remaining ones by
I,...,c. To calculate the LDM we write the wave function
as a 2x2¢ matrix |¢) = Zij Cij li) ® | j), where the indices
i, jrun over i € {1, ]} and j € {0, 2° — 1}, and the integers
J denote different configurations of the ¢ spins, e.g., |0) =
[4 ... J). We choose the initial state to be a product state and
permutation invariant (i.e. each site is initialized in the same
local state), [¥o) = ®,_, [¥)s [¥), = @[1),, + b1}, with
|a|> 4+ |b)*> = 1. The initial state can then be written as

1 « K€
_ c+1
V) =a Q-Kz ﬂﬂ) (E1)

where k = b/a and the first row corresponds to the |1) state
of the zeroth spin, the second row corresponds to the || ) state,
and the columns correspond to the |j).

We begin by considering h,, h; = 0. The application of the
gate Uy = [}, eV on |y) can be directly evaluated
element by element. The evolved state | (¢)) = U, |) is
then given by

—icJt e—i(c—Z)JtK

e
_ o+l
0= (0,

eicJth
4 . . (E2)
61(072)‘/[,(2 etc.lthJrl)

We now trace out all spins except for the central one. The
diagonal elements of the reduced density matrix p; = v - 1
are trivial since the phases cancel out. The off-diagonal el-
ements can be calculated by noticing that the multiplicity
of the various phases is given by binomial coefficients. For
example, if the central spin is |1), the phase e “=2"/ will
appear (;) times. If the central spin is ||) the same holds
but the corresponding phases are multiplied by a minus sign.
This makes it possible to resum the terms corresponding to the

off-diagonal elements as

. ; c (¢
ab*|a|2Le—2th + ( )ab*|a|26—l |b|2e—21(L—l)Jt

: (E3)
4 <;)ab*|a|262|b|4e2i(62)lt 4= ab*gc
with

g= |a|26—i2./t + |b|26i2.]t. (E4)

The LDM p; = v - ¥ is then given by

la*  ab*g

m=<* ) (E3)

a*b(g")  |bl

Local fields can be included by approximating the time-
evolution operator by a second-order Trotter decomposition
Urnen, t) = Upyn, (¢ /2)U5(£)Up, 1, (2 /2), Where

c
Upn(6) = [Tl
J=0

_/A® B
_®F«mm NOJ (E0)

and using the magnitude of the field & = ,/h2 + h2, we obtain

A(t) = cos(ht) — i% sin(ht), B(t)= —i% sin(ht). (E7)
This procedure is exact for h, #% 0, h, =0 and approxi-
mate for non vanishing transverse field 4, # 0. To calculate
the time-evolved state, we first apply the local unitary gate
Ubcosn.sinn(?/2) to the initial state, which amounts to a rotation
at each site as defined in Eq. (12) in the main text. We can
then proceed to applying the U; gate as for the h, , = O case,
which results in a density matrix of the form of Eq. (E5) with
the replacements a — @, b — b. Finally, we apply the second
local gate which amounts to a further local rotation, arriving
to Eq. (10) in the main text. This expression is exact for
h, = 0 and holds approximately for small /.. From the LDM
one can compute the local entanglement spectrum, given by
its eigenvalues, and local expectation values (o) as Tr(p;0).
In fact, the approximation used to compute the LDM is the
same one that underpins the two-dimensional eDQPT ansatz
discussed in Appendix C, so that local quantities are the same
in both cases.
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