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Multiterminal Josephson junctions have aroused considerable theoretical interest recently and numerous works
aim at putting the predictions of correlations among Coopers (i.e., the so-called quartets) and simulation of
topological matter to the test of experiments. This paper is motivated by recent experimental investigation from
the Harvard group reporting h/4e-periodic quartet signal in a four-terminal configuration containing a loop
pierced by magnetic flux, together with inversion controlled by the bias voltage, i.e., the quartet signal can
be larger at half-flux quantum than in zero magnetic field. Here, we theoretically focus on devices consisting
of finite-size quantum dots connected to four superconducting leads and to a normal lead. In addition to
presenting numerical calculations of the quartet signal within a simplified modeling, we reduce the device to
a non-Hermitian Hamiltonian in the infinite-gap limit. Then, relaxation has the surprising effect of producing
sharp peaks and log-normal variations in the voltage sensitivity of the quartet signal in spite of the expected
moderate fluctuations in the two-terminal DC Josephson current. The phenomenon is reminiscent of a resonantly
driven harmonic oscillator having amplitude inverse proportional to the damping rate, and of the thermal noise
of a superconducting weak link, inverse proportional to the Dynes parameter. Perspectives involve quantum bath
engineering multiterminal Josephson junctions in the circuits of cavity quantum electrodynamics.
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I. INTRODUCTION

BCS superconductors [1] are characterized by macroscopic
phase variable ϕ and energy gap � between the ground state
and the first quasiparticles. Anderson demonstrated [2,3] that
the interplay between Coulomb interaction and collective
modes in bulk superconductors yields the Higgs mechanism
as an explanation to the Meissner effect. Josephson [4]
demonstrated that gauge invariance implies DC supercurrent
between two phase-biased superconductors, and AC current
oscillations with voltage biasing. The so-called Andreev
bound states (ABS) [5–8] contribute to the DC Josephson
supercurrent flowing through any type of weak link (see,
for instance, Refs. [9–13]). Recently, the ABS were probed
with microwave spectroscopy [14–17], but the lifetime of this
“Andreev qubit” [18] turns out not to be infinite. In general,
understanding the mechanisms of quasiparticle poisoning
[19–26] is a central issue in the studies of circuits of quantum
engineering [27–31]. In bulk superconductors, the electron-
phonon coupling or the electron-electron repulsive Coulomb
interaction produce finite quasiparticle lifetime [32–35]
captured by adding a small imaginary part η to their energy.
This small Dynes parameter η [32–35] produces exponential
time decay of the quasiparticle wave functions. In this paper,
we investigate multiterminal Josephson junctions coupled to
normal leads, and demonstrate that small relaxation produced
by the coupling to those normal conductors has a drastic
effect on the current. Based on previous works related to
infinite-gap Hamiltonians [18,36,37], we also here consider
the infinite-gap limit, where non-Hermitian Hamiltonians
emerge for quantum dots coupled to superconducting and

normal leads. Those non-Hermitian Hamiltonians receive
interpretation of describing the coherent oscillations and
damping in the ABS dynamics, and they capture the degrees
of freedom of the ABS having spatial extent set by the
BCS coherence length, which is vanishingly small in the
infinite-gap limit. This paper also suggests the interest of
future quantum bath engineering for multiterminal Josephson
junctions connected to cavity-quantum electrodynamics
resonators.

Now, we specifically introduce the considered four-
terminal Josephson junctions, starting with the three-terminal
Cooper pair beam splitters that have been the subject of
intense investigations for more than 20 years. Entangled
Andreev pairs can split if two independent voltages are
applied in three-terminal FaSFb ferromagnet-superconductor-
ferromagnet or NaSNb normal-metal–superconductor–normal-
metal Cooper pair beam splitters [38–65]. “Nonlocal” or
“crossed” Andreev reflection (CAR) appears if the separation
between the NaS and SNb interfaces is comparable to the zero-
energy superconducting coherence length. Spin-up electron
from lead Nb can be Andreev reflected as spin-down hole
into Na, leaving a Cooper pair in the “central” S. This yields
nonlocal current response reflecting production of nonlocally
split Cooper pairs. In addition, the positive current-current
cross correlations of Cooper pair splitting [40,66–77] were
experimentally revealed [59,60].

The double quantum dot experiments [57,58,60] provide
evidence for nonlocal two-particle Andreev resonance in
Na-dot-Sc-dot-Nb devices, on the condition of the opposite
energy levels εa = −εb on both quantum dots. In the fol-
lowing, we demonstrate how “nonlocal two-particle Andreev
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resonance” in Na-dot-Sc-dot-Nb Cooper pair beam splitters
can be generalized to “nonlocal two-Cooper-pair resonance”
in all-superconducting three-terminal Josephson junctions.

Those two-Cooper-pair resonances build on nonlocal two-
Cooper-pair states, the so-called quartets [78–92] that appear
in (Sa, Sc, Sb) three-terminal Josephson junctions, where Sa

and Sb are voltage-biased at Va and Vb, the superconducting
lead Sc being grounded at Vc = 0. Andreev scattering yields
quartet phase-sensitive DC current response if the condition
Va = −Vb ≡ V is fulfilled. On this quartet line Va = −Vb, the
elementary transport process transfers two Cooper pairs from
Sa and Sb into the grounded Sc, while exchanging partners
[78–92]. By the time-energy uncertainty relation, this phase-
sensitive quartet current is DC since, on the quartet line, the
energy Ei = 2e(Va + Vb) of two Cooper pairs from Sa and Sb

in the initial state is equal to the final-state energy E f = 4eVc

of the two Cooper pairs transmitted into Sc.
Several experiments were recently performed on multiter-

minal Josephson junctions [93–104]. Some of those explored
the possibility of nontrivial topology [37,92,94,105–120]. On
the other hand, three groups reported compatibility with the
quartets [78–92]: the Grenoble group experiment with metal-
lic structures [93], the Weizmann Institute group experiment
with semiconducting nanowires [95], and the more recent
Harvard group experiment on ballistic graphene-based four-
terminal Josephson junctions [97]. This third experiment [97]
is summarized in Figs. 1(a) and 1(b). The latter shows typical
experimental variations for the quartet critical current as a
function of the bias voltage V and the magnetic flux � through
the loop. The experiment features the counterintuitive voltage-
V -tunable inversion, i.e., the possibility of stronger quartet
critical current at half-flux quantum � = π than in zero field
� = 0 [see Fig. 1(b)]. This paper is motivated by exploring
interpretation of this experiment, in the continuation of our
previous papers I and II [87,88]. We also underline two recent
experimental preprints reporting the quartet line in ballistic
devices [103,104].

Zero-dimensional (0D) quantum dots were used in
Ref. [121] to model two-terminal graphene-superconductor
hybrids, in connection with experimental evidence for the
Floquet replica of the Andreev spectrum under microwave
radiation. The goal of this paper is to similarly describe four-
terminal graphene-based Josephson junctions with effective
models based on quantum dots, in the absence of Coulomb
interaction. We argue that multilevel quantum dots coupled to
four superconducting leads and to a normal lead are “min-
imal models” of four-terminal Josephson junctions that are
intermediate between the short- and long-junction limits. In
addition, we further simplify the description in terms of dou-
ble 0D quantum dots. Four or more ABS are within the gap
in the equilibrium limit, instead of two ABS for a single 0D
quantum dot.

Importantly, nonproximitized regions can appear in the
two-dimensional (2D) metal, typically in the “crosslike
region” formed in-between the contacts with the superconduc-
tors [see Fig. 1(a)]. Then, the quantum transport process can
have initial or final states in those normal regions of the cir-
cuit. Current lines can be converted by Andreev reflection as
supercurrent flowing in the grounded superconducting loop.
Namely, current conservation for symmetric coupling to the
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FIG. 1. Schematic four-terminal experiment. (a) Represents top
view of the experimental device, with the superconducting leads Sa

and Sb biased at Va,b = ±V . The loop terminated by Sc,1 and Sc,2 is
connected to ground by the contact on top of it, and it is pierced by
the magnetic field flux �. The four superconducting leads are evapo-
rated on a graphene layer gated far from the Dirac point, and form a
two-dimensional (2D) metal. (b) Summarizes the experimental result
[97] that inspires the present theoretical paper, i.e., the quartet critical
current current Iq,c(π ) at flux � = π can be larger or smaller than
Iq,c(0) at flux � = 0, in a way that is sensitive to voltage typically
being in the range eV ≈ �/10 where � is the superconducting gap.

superconducting leads implies that the 2D metal chemical
potential is at the same zero energy as in the superconducting
loop. Thus, the normal carriers transmitted through the 2D
metal can be transferred into the grounded superconducting
loop without taking or giving energy.

Now, we explain the connection between this work and
our previous papers. Compared to our previous Ref. [83], we
implement a double 0D quantum dot instead of the single
quantum dot Dynes parameter [32–35] model of Ref. [83].
We also include four superconducting leads, instead of three
in our previous Ref. [83]. Our previous Paper I [87] presented
an expansion of the quartet critical current in perturbation in
the tunneling amplitudes between a 2D metal and four super-
conducting leads. This paper addresses resonances that appear
beyond the weak coupling limit. Our previous Paper II [88]
treated single quantum dot with relaxation solely originating
from the continua of BCS quasiparticles. Relaxation then pro-
duces nonvanishingly small linewidth broadening δ0 for the
Floquet resonances, which behaves like log δ0 ∼ −�/eV at
low-bias voltage energy eV compared to the superconducting
gap � [83,84,88,116]. In the four-terminal device of Paper
II [88], Landau-Zener quantum tunneling reduces the quartet
current by coherent superpositions in the dynamics of the
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two opposite current-carrying ABS, at voltage values that
are close to avoided crossings in the Floquet spectra. This
mechanism is analogous to the reduction of the DC Josephson
current in microwave-irradiated weak links [122]. Conversely,
in this work, the interplay between the time-periodic dy-
namics and finite linewidth broadening due to the attached
normal lead restores the expected sharp resonance peaks in
the voltage dependence of the quartet current. For instance, a
resonantly driven harmonic oscillator has amplitude inverse
proportional to the damping rate. In addition, we note that
the zero-frequency noise of a single superconducting weak
link at finite temperature is inverse proportional to the rate set
by the Dynes parameter [32–35] in some parameter window
(see Ref. [123]). The same scaling holds in this reference
for the noise at frequency 2ωS , where ωS is the ABS energy.
The quartets in four-terminal devices [87,88,97] offer several
parameters to probe this physics, such as the quartet phase
variable and the “knobs” of the bias voltage and magnetic flux.

The paper is organized as follows. The Hamiltonians are
presented in Sec. II. The mechanism for the two-Cooper-pair
resonance is discussed in Sec. III. The mechanism for the
inversion is presented in Sec. IV. Section V shows numerical
results. The low-voltage limit is discussed in Sec. VI. Con-
cluding remarks are presented in the final Sec. VII.

II. HAMILTONIANS

In this section, we provide the Hamiltonians on which the
paper is based. Section II A presents the full Hamiltonians of
the superconductors, quantum dots, and normal leads. It goes
beyond the goal of this paper to produce numerical results
for the voltage-biased four-terminal Josephson junctions de-
scribed by the general Hamiltonians of Sec. II A in a realistic
geometry. This is why we present in Sec. II B simplified model
Hamiltonians which will subsequently be used for numerical
calculations.

A. General Hamiltonians

Now, we introduce in Sec. II A1 the BCS Hamiltonian
of the superconducting leads. Sections II A 2 and II A 3 in-
troduce the Hamiltonians of the quantum dots and normal
leads, respectively. As it is mentioned above, the numerical
calculations presented below are based on simplifications of
those Hamiltonians.

1. Superconductors

The Hamiltonian of a BCS superconductor is the follow-
ing:

HBCS = −W
∑
〈i, j〉

∑
σz=↑,↓

(
c+

i,σz
c j,σz + c+

j,σz
ci,σz

)

−�
∑

i

(
exp (iϕi )c

+
i,↑c+

i,↓ + exp (−iϕi )ci,↓ci,↑
)
, (1)

where
∑

〈i, j〉 denotes summation over pairs of neighboring
tight-binding sites labeled by i and j, and σz is the component
of the spin along the quantization axis. The bulk hopping
amplitude is denoted by W and the superconducting gap �

is taken identical in all superconducting leads Sa, Sb, Sc,1,

and Sc,2. The variable ϕi denotes the superconducting phase
variable at the tight-binding site labeled by i. In the following,
the current is weak and ϕi is approximated as being uniform
in space, with the values ϕa, ϕb, ϕc,1, and ϕc,2 in Sa, Sb, Sc,1,
and Sc,2, respectively.

We assume short distance between the contact points c1

and c2 (at the interfaces between Sc,1 or Sc,2 and the quantum
dot), and we use the approximation of the gauge

ϕc,1 = ϕc, (2)

ϕc,2 = ϕc + �, (3)

where � is the flux enclosed in the loop terminated by Sc,1

and Sc,2.

2. Double quantum dots

A legitimate approximation is to discard the Coulomb
electron-electron repulsion at high transparency. Then the
finite-size quantum dot is described by the Hamiltonian

Hdot = −W
∑
〈i, j〉

∑
σz=↑,↓

(
c+

i,σz
c j,σz + c+

j,σz
ci,σz

)
(4)

− εg

∑
i

∑
σz=↑,↓

c+
i,σz

ci,σz , (5)

where the hopping amplitude W is identical to Eq. (1), and εg

is proportional to the gate voltage. The summation over pairs
of neighboring tight-binding sites is restricted to the region of
finite dimension defining the quantum dot.

Conversely, the Hamiltonian of a single 0D quantum dot
Dx at location x is the following:

HDx,0D = εx

∑
σz

c+
Dx,σz

cDx,σz , (6)

where εx is the onsite energy. Similarly, the double quantum
dot (Dx, Dy) is characterized by the onsite energies εx and εy

with tunneling amplitude �(0) between them:

HDy,0D = εy

∑
σz

c+
Dy,σz

cDy,σz , (7)

HT,0 = −�(0)
∑
σz

c+
Dx,σz

cDy,σz + H.c. (8)

At the exception of one of the numerical calculations pre-
sented in Sec. V, we use εx = εy = 0 in the paper, thus with

HDx,0D = 0, (9)

HDy,0D = 0. (10)

3. Normal leads

The Hamiltonian of a normal lead is given by

HN = −W
∑
〈i, j〉

∑
σz=↑,↓

(
c+

i,σz
c j,σz + c+

j,σz
ci,σz

)
,

where the normal-lead chemical potential is vanishingly
small, and the hopping amplitude W is identical to Eq. (1).
Equation (11) is similar to the quantum dot Hamiltonian given
by Eq. (4) but, now, the summation over the pairs of neighbor-
ing tight-binding sites runs over an infinite lattice.
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B. Simplified model Hamiltonians

Our previous Paper I [87] was based on perturbation the-
ory in the tunnel amplitudes between a 2D metal and four
superconducting leads, in the V = 0+ adiabatic limit. In Paper
I, the poles of the Green’s functions are at the gap edge
singularities and those perturbative calculations do not yield
small voltage scales in the quartet critical current-voltage
characteristics. In our previous Paper II, we addressed the
connection between the quartet critical current and the Floquet
spectra in a situation where 0D quantum dot is connected to
four superconducting leads. We then obtained reduction of the
quartet critical current at the bias-voltage resonance values.
Compared to this Paper II, the here-considered four-terminal
double quantum dot Josephson junction is additionally con-
nected to a normal lead.

In this section, we provide the Hamiltonians of the three
considered simplified models, the third one being numerically
implemented in the forthcoming Sec. V. Section II B 1 deals
with a multilevel quantum dot connected to four supercon-
ducting and to normal leads. Sections II B 2 and II B 3 deal
with two simple models of double 0D quantum dots, also
attached to superconducting and normal leads. Sections II B 2
and II B 3 correspond to “double 0D quantum dot connected to
normal lead” in parallel or in series, respectively. The interest
of double 0D quantum dots with respect to single, triple, or
quadruple 0D quantum dots is explained in Sec. II B 4.

1. Multilevel quantum dot

Now, we consider the Hamiltonian of a multilevel quantum
dot connected to superconducting and normal leads. We also
provide a physical discussion. This defines a first stage in
reducing the four-terminal device to simpler Hamiltonians.

We assume that the multilevel quantum dot on Fig. 2 is
intermediate between the short- and long-junction limits, i.e.,
it has dimension �2ξ0, where ξ0 = h̄vF /� is the BCS coher-
ence length, with vF the Fermi velocity. Thus, more than two
ABS are formed at equilibrium.

The Hamiltonian. We consider finite-size discrete levels on
the multilevel quantum dot of Fig. 2, at the energies 
ψ . The
corresponding Hamiltonian takes the form

Hmulti =
∑
ψ


ψ

∑
σz

c+
ψ,σz

cψ,σz , (11)

where c+
ψ,σz

creates a fermion with spin σz in the state |ψ〉.
The superconducting leads Sa, Sb, Sc,1, and Sc,2 are de-
scribed by the BCS Hamiltonian given by Eq. (1). The normal
lead is described by Eq. (11). Tunneling between the leads
(Sa, Sb, Sc,1, Sc,2) biased at (V,−V, 0, 0) and the multilevel
quantum dot is described by multichannel contacts at the
time τ :

HT,a(τ ) = −�(1)
a exp (−ieV τ/h̄)

∑
s

∑
σz

c+
as,σz

cαs,σz + H.c.,

(12)

HT,b(τ ) = −�
(1)
b exp (ieV τ/h̄)

∑
t

∑
σz

c+
bt ,σz

cβt ,σz + H.c.,

(13)
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FIG. 2. The four-terminal superconducting multilevel quantum
dot. The figure shows a multilevel quantum dot connected to the four
superconducting leads Sa, Sb, Sc,1, and Sc,2 biased at Va,b = ±V and
Vc,1 = Vc,2 = 0, and to the four grounded normal leads N1, N2, N3,
and N4. The tunneling between the multilevel quantum dot and the
superconducting leads is provided in Eqs. (12)–(15). The tunneling
to the normal leads is provided in Eq. (20). This model will be used
in Secs. III A, III B 1, III B 2, III C, and III D.

HT,c1 = −�(1)
c1

∑
u

∑
σz

c+
c1,u,σz

cγ1,u,σz + H.c., (14)

HT,c2 = −�(1)
c2

∑
v

∑
σz

c+
c2,v ,σz

cγ2,v ,σz + H.c., (15)

where the integers s, t, u, and v label the collection of hop-
ping amplitudes in real space, thus realizing a multichannel
interface. As an approximation, the hopping amplitudes in
Eqs. (12)–(15) were chosen identical within each contact:
�(1)

a,s ≡ �(1)
a , �

(1)
b,t ≡ �

(1)
b , �(1)

c1,u ≡ �(1)
c1

, and �(1)
c2,v

≡ �(1)
c2

.
The contact transparencies are parametrized by

�a = (
�(1)

a

)2/
W, (16)

�b = (
�

(1)
b

)2/
W, (17)

�c1 = (
�(1)

c1

)2/
W, (18)

�c2 = (
�(1)

c2

)2/
W. (19)

The notations c+
as,σz

, c+
bt ,σz

, c+
c1,u,σz

, and c+
c2,v ,σz

refer to creating
a spin-σz fermion at the tight-binding sites labeled by as,
bt , c1,u, and c2,v belonging to the superconducting leads Sa,
Sb, Sc,1, and Sc,2 [see (a1, a2, a3), (b1, b2), (c1,1, c1,2, c1,3),
and (c2,1, c2,2) in Fig. 2]. Similarly, cαs,σz , cβt ,σz , cγ1,u,σz , and
cγ2,v ,σz destroy a spin-σz fermion at the tight-binding sites
labeled by αs, βt , γ1,u, and γ2,v [see (α1, α2, α3), (β1, β2),
(γ1,1, γ1,2, γ1,3), and (γ2,1, γ2,2) in Fig. 2].

We assume in addition that q0 normal leads labeled by nq =
1, . . . , q0 are connected to the multilevel quantum dot by the
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following tunneling Hamiltonian:

HT,Nq = −�
(1)
Nq

∑
w

∑
σz

c+
nq,w,σz

cνq,w,σz + H.c., (20)

where nq,w is the tight-binding site labeled by w in the lead Nq,
and νq,w is its counterpart on the multilevel quantum dot. We
took in Eq. (20) the same tunneling amplitudes �

(1)
Nq

≡ �
(1)
Nq,w

at each contact. For instance, for q0 = 4, the tight-binding
sites (n1,1, n1,2), n2,1, n3,1, and (n4,1, n4,2) belonging to the
normal leads N1, N2, N3, and N4, respectively, are shown in
Fig. 2, together with their counterparts (ν1,1, ν1,2), ν2,1, ν3,1,
and (ν4,1, ν4,2) in the multilevel quantum dot.

This model will be used in the Secs. III A, III B 1, III B 2,
III C, and III D.

Physical remarks. Two antagonist effects appear: (i) In
absence of coupling to the superconductors, increasing the
coupling to the normal leads has the tendency to smoothen
the energy dependence of the local density of states. (ii) In the
presence of coupling to the superconducting leads, the Floquet
resonances produce sharp peaks in the local density of states
as a function of energy.

Physically, the above item (i) captures the metallic limit
of “weak sample-to-sample fluctuations in the quartet critical
current.” The item (ii) corresponds to “strong sample-to-
sample fluctuations in the quartet current,” where samples
differ by the number of channels at the contacts, or by fluctua-
tions in the shape of the multilevel quantum dot. The metallic
limit (i) is ruled out for compatibility with the experiment in
Ref. [97] because it does not produce small voltage scales.
This is why we focus here on the regime (ii) of weak coupling
to the normal leads.

In most of the work, we make an additional assumption
about the spectrum {
ψ } of the multilevel quantum dot [see
Eq. (11)]. Namely, we assume pairs of levels at opposite
energies, i.e., there are values ψ1, ψ2 of the label ψ such
that 
ψ1 = −
ψ2 . Then, two-Cooper-pair resonance emerges
at specific values of the bias voltage, such as 2eV∗ = 
ψ1 −

ψ2 = 2
ψ1 in the limit of weak coupling. However, within
the considered models, we will find in Sec. V robustness of the
sharp resonances with respect to detuning from the condition
of opposite energy levels.

Next, we simplify the multilevel quantum dot into phe-
nomenological models of double 0D quantum dots that
seem to be the “minimal models” for the two-Cooper-pair
resonance.

2. Phenomenological model of double 0D quantum dot
with normal lead in parallel

Now, we present the Hamiltonian of a double 0D quantum
dot with normal lead in parallel, and additionally connected to
superconducting leads. We also provide a physical discussion.
This defines a second stage in proposing models that can
practically be numerically implemented.

The Hamiltonian. Specifically, we consider a second
model, i.e., a “phenomenological model of double 0D quan-
tum dot with normal lead in parallel” (see Fig. 3). The
quantum dots Dx and Dy have the vanishingly small Hamil-
tonians of Eqs. (9) and (10). The coupling between Dx and Dy

is given by Eq. (8) with the hopping amplitude �(0) shown as

c,1
S

V   =0c,1

c
2c

1

S
c,2

V   = 0c,2

V  = +Va

Sa

S

V = −Vb

b

��

��
)2()1(

(3),(2)

a
b

Dx Dy

V   = 0NN

FIG. 3. The four-terminal phenomenological model of supercon-
ducting double 0D quantum dot with normal lead in parallel. The
figure shows a double 0D quantum dot connected to the four su-
perconducting leads Sa, Sb, Sc,1, and Sc,2 biased at Va,b = ±V and
Vc,1 = Vc,2 = 0, and to the four grounded normal leads N1, N2, N3,
and N4. The corresponding Hamiltonian is provided in Sec. II B 2.
The coupling � (0) directly couples the two quantum dots Dx and Dy

[see Eq. (8)]. The “direct” coupling � (2) connects Dx to Sa, Dx to
Sc,1, Dy to Sb, and Dy to Sc,2 [see Eqs. (21)–(25)]. The “crossed”
coupling �′(2) connects Dx to Sb, Dx to Sc,2, Dy to Sa, and Dy to Sc,1

[see Eqs. (26)–(30)]. The coupling � (3) connects the 0D quantum
dot Dx to Nx and Dy to Ny, where Nx and Ny are the two tight-binding
sites on the normal-lead N side of the contacts [see Eqs. (31)–(33)].
This model will be used in Secs. III A, III B 1, III B 2, III B 3, III C,
and III D.

a light blue line in Fig. 3. Again, the superconducting leads
Sa, Sb, Sc,1, and Sc,2 are described by the BCS Hamiltonian
[see Eq. (1)]. Tunneling between the leads Sa, Sb, Sc,1, and
Sc,2 and the double 0D quantum dot (Dx, Dy) is described by
single-channel contacts:

HT,Dx,a(τ ) = −�
(2)
Dx,a

exp (−ieV τ/h̄)
∑
σz

c+
a,σz

cDx,σz + H.c.,

(21)

HT,Dy,b(τ ) = −�
(2)
Dy,b

exp (ieV τ/h̄)
∑
σz

c+
b,σz

cDy,σz + H.c.,

(22)

HT,Dx,c1 = −�
(2)
Dx,c1

∑
σz

c+
c1,σz

cDx,σz + H.c., (23)

HT,Dy,c2 = −�
(2)
Dy,c2

∑
σz

c+
c2,σz

cDy,σz + H.c., (24)

and we assume

�
(2)
Dx,a

= �
(2)
Dy,b

= �
(2)
Dx,c1

= �
(2)
Dy,c2

≡ �(2). (25)

We parametrize the contact transparency with � =
(�(2) )2/W .
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In addition, we include the following “crossed tunneling
terms” between Dx and Sb, Sc,2 and between Dy and Sa, Sc,1:

HT,Dx,b(τ ) = −�
(2)
Dx,b

exp (ieV τ/h̄)
∑
σz

c+
b,σz

cDx,σz + H.c.,

(26)

HT,Dy,a(τ ) = −�
(2)
Dy,a

exp (−ieV τ/h̄)
∑
σz

c+
a,σz

cDy,σz + H.c.,

(27)

HT,Dx,c2 = −�
(2)
Dx,c2

∑
σz

c+
c2,σz

cDx,σz + H.c., (28)

HT,Dy,c1 = −�
(2)
Dy,c1

∑
σz

c+
c1,σz

cDy,σz + H.c., (29)

and we assume

�
(2)
Dx,b

= �
(2)
Dy,a

= �
(2)
Dx,c2

= �
(2)
Dy,c1

≡ �′(2). (30)

We parametrize the crossed contact transparency with �′ =
(�′(2) )2/W .

The Hamiltonian of the normal lead is given by Eq. (11).
Tunneling between the quantum dots Dx, Dy and the normal
lead N is realized with the single-channel contacts (Dx, Nx )
and (Dy, Ny):

HT,Dx,Nx = −�
(3)
Dx,Nx

∑
σz

c+
Nx,σz

cDx,σz + H.c., (31)

HT,Dy,Ny = −�
(3)
Dy,Ny

∑
σz

c+
Ny,σz

cDy,σz + H.c., (32)

Nx and Ny being tight-binding sites belonging to the normal
lead, and connected to Dx and Dy, respectively, by Eqs. (31)
and (32). We additionally assume that �

(3)
Dx,Nx

and �
(3)
Dy,Ny

are
identical:

�
(3)
Dx,Nx

= �
(3)
Nx,Dx

= �
(3)
Dy,Ny

= �
(3)
Ny,Dy

≡ �(3). (33)

This model will be used in Secs. III A, III B 1, III B 2,
III B 3, III C, and III D.

Physical remarks. Once disconnected from the supercon-
ducting or normal leads, this phenomenological model of
double 0D quantum dot with normal lead in parallel naturally
yields the pair of opposite-energy levels that is relevant to the
two-Cooper-pair resonance.

Now, we consider in Sec. II B 3 another phenomenological
model that also includes the possibility of quartet current
oscillating at the scale of the Fermi wavelength as a function
a dimension of the device.

3. Phenomenological model of double 0D quantum dot
with normal lead in series

Now, we consider the Hamiltonian of a double 0D quantum
dot with normal lead in series, and connected to supercon-
ducting leads. We also provide a physical discussion. The
numerical calculations presented in the forthcoming Sec. V
are based on this third stage of the simplifications.

The Hamiltonian. Namely, we consider a third model, i.e.,
a “phenomenological model of double 0D quantum dot with
normal lead in series” connected by single-channel contacts

c
1

c,1
S

V   =0c,1

�
,(2)

c
2

b

Dx

a

Dy

��
(2)(4)

x y

V  = +Va

S

S

V = −Vb

S

V   = 0

c,2

c,2

b

a

N’
N’V   = 0

N’ N’

FIG. 4. The four-terminal phenomenological model of supercon-
ducting double 0D quantum dot with normal lead in series. The
figure shows a double 0D quantum dot connected to the four su-
perconducting leads Sa, Sb, Sc,1, and Sc,2 biased at Va,b = ±V and
Vc,1 = Vc,2 = 0, and to the four grounded normal leads N1, N2, N3,
and N4. The corresponding Hamiltonian is provided in Sec. II B 3.
The coupling � (4) [see Eqs. (34)–(36)] couples the two quantum
dots Dx and Dy to the conductor N ′ that, in the calculations, is
characterized by the local and nonlocal Green’s functions among the
tight-binding sites Nx and Ny. The “direct” coupling � (2) connects
Dx to Sa, Dx to Sc,1, Dy to Sb, and Dy to Sc,2 [see Eqs. (21)–(25)].
The “crossed” coupling �′(2) connects Dx to Sb, Dx to Sc,2, Dy to
Sa, and Dy to Sc,1 [see Eqs. (26)–(30)]. This model will be used in
Secs. III B 1, III B 2, III B 3, III C, and V.

through a 2D metal (see Fig. 4). The difference with the
previous Sec. II B 2 is in the coupling to the normal lead.

As in the above Sec. II B 2, the quantum dots Dx and Dy

have the vanishingly small Hamiltonians of Eqs. (9) and (10),
the superconducting leads Sa, Sb, Sc,1, and Sc,2 are described
by the BCS Hamiltonian given by Eq. (1) and the normal lead
is described by Eq. (11). Tunneling between the leads Sa, Sb,
Sc,1, and Sc,2 and the double quantum dot (Dx, Dy) is described
by the same single-channel contacts as in the above Eqs. (21)–
(24). In addition, the crossed tunneling amplitudes given by
Eqs. (26)–(29) are also included for completeness.

The coupling to the normal lead is phenomenologically
accounted for by replacing the tunneling amplitude �(0) be-
tween the quantum dots by propagation through the normal
conductor N ′ connected to the dots Dx and Dy by the single-
channel tunneling amplitudes �

(0)
Dx,N ′

x
and �

(0)
Dy,N ′

y
, respectively:

HT,Dx,N ′
x
= −�

(4)
Dx,N ′

x

∑
σz

c+
N ′

x,σz
cDx,σz + H.c., (34)

HT,Dy,N ′
y
= −�

(4)
Dy,N ′

y

∑
σz

c+
N ′

y,σz
cDy,σz + H.c., (35)
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where we assume

�
(4)
Dx,N ′

x
= �

(4)
N ′

x,Dx
= �

(4)
Dy,N ′

y
= �

(4)
N ′

y,Dy
≡ �(4). (36)

The normal conductor N ′ is characterized by the local Green’s
functions at N ′

x or N ′
y, in addition to nonlocal ones from N ′

x to
N ′

y or from N ′
y to N ′

x across N ′. The nonlocal Green’s function
between N ′

x and N ′
y generally has to be a complex number.

This model will be used in Secs. III B 1, III B 2, III B 3,
III C, and V.

Physical remarks. Within this phenomenological model
of double 0D quantum dot with normal lead in series, the
quartet critical current at resonance is sensitive to the Green’s
function connecting the two quantum dots Dx and Dy. This
Green’s function is itself sensitive to the microscopic de-
tails of the model, i.e., on the value of the separation R0

between the tight-binding sites N ′
x and N ′

y within the interval
[R′

0 − λF /2, R′
0 + λF /2], where λF is the Fermi wavelength.

Thus, this phenomenological model of double 0D quantum
dot with normal lead in series produces strong sample-to-
sample fluctuations of the quartet current, where different
samples correspond to different values of R0.

Once disconnected from the superconducting or normal
leads, this phenomenological model of double 0D quantum
dot with normal lead in series also yields the pair of energy
levels that is central to the two-Cooper-pair resonance.

In Sec. V, we present numerical results for this model in
the regime of strong sample-to-sample fluctuations.

4. Further physical remarks on the choice of a model

Now, we explain why we focus on the double quantum dot
Hamiltonians presented in the Secs. II B 2 and II B 3, instead
of a single, three, or four quantum dot Hamiltonians.

First, we comparatively examine single and double 0D
quantum dots. At equilibrium, the ABS of a single 0D quan-
tum dot have energy scale � typically set by � = �2/W ,
where � is the tunneling amplitude between the dot and
the superconducting leads. It turns out that, at small �, the
quasiadiabatic regime V � V∗ with eV∗ ∼ �, does not produce
enhanced quartet critical current according to the forthcoming
Sec. III C where the two-Cooper-pair resonance is put in cor-
respondence with nonadiabatic effects.

At equilibrium, double 0D quantum dots are characterized
by levels at the opposite energies ±
, where 
 is set by the
tunneling amplitude �(0) between the dots [see Eq. (8)]. Then,
the voltage energy eV∗ = 
 of the first resonance remains
finite in the weak coupling limit, which implies nonadiabatic
behavior and enhancement of the quartet critical current at low
V if 
 is small compared to the superconducting gap �.

Double 0D quantum dots are thus better candidates than
single 0D quantum dots to produce large quartet critical
current at small-bias voltage because the two-Cooper-pair res-
onance is also there in the weak coupling regime of small �

(see also the forthcoming Sec. VI).
The interest of double 0D quantum dots is also related to

the observation that the corresponding four energy levels can
accommodate the four fermions of a quartet as a “real state.”
In this sense, the double 0D quantum dots have the “minimal
complexity” in comparison with three or four quantum dot
devices.

III. MECHANISM FOR THE TWO-COOPER-PAIR
RESONANCE

In this section, we present a general mechanism for emer-
gence of the two-Cooper-pair resonance. We start in Sec. III A
with introducing the three-terminal Na-dot-Sc-dot-Nb Cooper
pair beam splitters, and the Sa-dot-Sc-dot-Sb three-terminal
Josephson junctions. Next, we calculate effective non-
Hermitian self-energies and Hamiltonians in Sec. III B. The
transport formulas are discussed in Sec. III C in connection
with emergence of resonances. Current conservation is dis-
cussed in Sec. III D.

A. Three-terminal two-Cooper-pair resonance

In this section, we introduce the two-Cooper-pair res-
onance in three-terminal Josephson junctions, i.e., in
Sa-dot-Sc-dot-Sb devices, starting with nonlocal resonances in
the three-terminal Na-dot-Sc-dot-Nb.

Figures 5(a)–5(c) show the condition for nonlocal reso-
nance of elastic cotunneling (EC) [38–51] in Na-dot-Sc-dot-Nb

Cooper pair beam splitters. EC transfers single-particle states
from Na to Nb across Sc, and contributes to negative nonlocal
conductance Ga,b = ∂Ia/∂Vb on the voltage biasing condition
Va = −Vb, where Ia is the current transmitted into the normal
lead Na. EC is resonant if both quantum dots Dx and Dy have
levels at the same energy εx = εy, where ω = εx = εy is the
energy of the incoming electron in Fig. 5(a).

Figures 5(d)–5(f) show CAR [38–51] in Na-dot-Sc-dot-Nb

Cooper pair beam splitters, which reflects by nonlocal An-
dreev reflection spin-up electron impinging from Na as
spin-down hole transmitted into Nb, leaving a Cooper pair in
the central Sc. CAR contributes for positive value to the nonlo-
cal conductance Ga,b at the bias voltages Va = Vb and Vc = 0.
The nonlocal CAR resonance is obtained if the quantum dots
Dx and Dy have levels at the opposite energies εx = −εy ≡ ω.

Considering Sa-dot-Sc-dot-Sb three-terminal Josephson
junctions, Figs. 5(g)–5(i) feature double elastic cotunneling
(dEC) [41,43,46], which transfers Cooper pairs from Sa to Sb

across Sc at the bias voltages Va = Vb. This process is resonant
if ω = E0 (for the spin-up electron crossing Dx or Dy) and
−ω + 2eV = −E1 (for the spin-down hole crossing Dx or Dy).
Thus, dEC is resonant if eV = (E0 − E1)/2 and ω = E0.

Concerning double crossed Andreev reflection (dCAR)
in Sa-dot-Sc-dot-Sb three-terminal Josephson junctions in
Figs. 5(j)–5(l), two Cooper pairs from Sa and Sb biased at the
voltages ±V cooperatively enter the grounded Sc, producing
transient correlations among four fermions, i.e., the so-called
quartets. Then,

ω = E0, (37)

−ω + 2eV = −E1 (38)

are obtained at resonance. Conversely, the same Eqs. (37) and
(38) are obtained for resonance of the spin-up electron and
spin-down holes crossing Dy.

Now, we assume that Dx and Dy are gathered into a single
multilevel quantum dot. Assuming the opposite energies E0 =
−E1 ≡ 
 implies ω = 
 and −ω + 2eV = 
, which yields

eV = ω = 
 (39)
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FIG. 5. The nonlocal resonances in three-terminal devices. Pan-
els (a), (d), (g), and (j) show the lowest-order diagrams of elastic
cotunneling (EC), crossed Andreev reflection (CAR), double elastic
cotunneling (dEC), and double crossed Andreev reflection (dCAR),
respectively. Panels (b), (e), (h), and (k) show the energy E depen-
dence of the density of states ρx (E ) on the quantum dot Dx and
(c), (f), (i), and (l) show the corresponding ρy(E ) on the quantum
dot Dy. Panels (e), (f), (k), and (l) also show for completeness by
green dashed lines the complementary resonances that do not directly
contribute to the corresponding transport processes.

for the nonlocal quartet resonance. Overall, the argument lead-
ing to Eq. (39) confirms that nonlocal quartet resonance is
produced at voltage energy eV that can be much smaller than
the superconducting gap �, if the energy scales ±
 are also
within ±� (see also the preceding Sec. II B 4).

B. Effective non-Hermitian self-energy and Hamiltonian

In this section, we present how effective non-Hermitian
self-energies or Hamiltonians can be obtained in the infinite-
gap limit from the models presented in Sec. II. We start in
Sec. III B with the Dyson equations for the three models
presented in the Secs. IIB1, II B 2, and II B 3. Emergence
of non-Hermitian self-energy in the infinite-gap limit is dis-

cussed in Sec. III B 2. Non-Hermitian Hamiltonians are next
presented for double quantum dots in the infinite-gap limit
(see Sec. III B 3).

1. Closing the Dyson equations

In this section, we provide the starting-point Dyson equa-
tions. We adopt a general viewpoint on the three models of
Secs. IIB1, II B 2, and II B 3, i.e., multilevel quantum dots,
double 0D quantum dots connected in parallel and in series,
respectively (see also Figs. 2–4).

The “quantum dot D” is coupled to p0 superconduct-
ing leads labeled by np = 1, . . . , p0 and to q0 normal leads
labeled by nq = 1, . . . , q0, where p0 = q0 = 4 are used in
Fig. 2. The Dyson equations take the form

ĜD,D = ĝD,D +
q0∑

nq=1

q0∑
nq′=1

ĝD,D�̂
(5)
D,Nnq

ĝNnq ,Nnq′ �̂
(5)
Nnq′ ,D

ĜD,D

+
p0∑

np=1

ĝD,D�̂
(5)
D,Snp

ĝSnp ,Snp
�̂

(5)
Snp ,DĜD,D. (40)

The notation “D” in Eq. (40) refers to the collection of the
tight-binding sites in absence of coupling to the superconduct-
ing or normal leads, and to the direct coupling between them.
For instance, D represents finite-size tight-binding multilevel
quantum dot (see Sec. IIB1) or Dx-Dy double quantum dot
(see Secs. II B 2 and II B 3). The notation �(5) denotes generic
hopping amplitude, with the normal lead Nnq (corresponding

to �̂
(5)
D,Nnq

= �̂
(5)
Nnq ,D), or with the superconducting lead Snp

(corresponding to �̂
(5)
D,Snp

= �̂
(5)
Snp ,D).

The notations ĝNnq ,Nnq′ and ĝSnp ,Snp
stand for the bare

Green’s functions of the normal or superconducting leads Nnq ,
Nnq′ , or Snp , respectively, and ĝD,D, ĜD,D are the bare and fully
dressed quantum dot Green’s functions. The bare Green’s
functions are given by

ĝA,1,1
D,D,x,y =

∑
ψ

〈x|ψ〉 1

ω − εψ − iη
〈ψ |y〉, (41)

ĝA,2,2
D,D,x,y =

∑
ψ

〈x|ψ〉 1

ω + εψ − iη
〈ψ |y〉, (42)

where ω is the real part of the energy and “1,1”, “2,2” refer
to the electron-electron and hole-hole channels, respectively.
In addition, ĝA,1,2

D,D,x,y = ĝA,2,1
D,D,x,y = 0 because of the absence of

superconducting pairing on the quantum dot. The Dynes pa-
rameter η in Eqs. (41) and (42) [32–35] makes the distinction
between the advanced and retarded Green’s functions, and it
can be used to capture relaxation on the quantum dot [83,122].
As in the previous Eq. (11), the notation |ψ〉 in Eqs. (41) and
(42) stands for the single-particle states, and 〈x|ψ〉, 〈y|ψ〉 are
the corresponding wave functions at the tight-binding sites x
and y.

The bare and fully dressed Green’s functions ĝD,D and
ĜD,D have entries in the Nambu labels, and in the tight-
binding sites making the contacts between the dot and the
normal or superconducting leads Nnq or Snp . In addition, those
matrices have entries in the set of the harmonics of the Joseph-
son frequency.
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2. Effective non-Hermitian self-energy

In this section, we explain how effective non-Hermitian
self-energy is obtained in the infinite-gap limit. It was already
mentioned in the Introduction section that the infinite-gap
limit was introduced and considered over the last few years
(see, for instance, Refs. [18,36,37] to cite but a few).

Specifically, Eq. (40) is rewritten as⎡
⎣ĝ−1

D,D(ω) −
q0∑

nq=1

q0∑
nq′=1

�̂
(5)
D,Nnq

ĝNnq ,Nnq′ �̂
(5)
Nnq′ ,D

−
p0∑

np=1

�̂
(5)
D,Snp

ĝSnp ,Snp
�̂

(5)
Snp ,D

⎤
⎦ĜD,D(ω) = Î. (43)

In addition, ĝS,S is independent on ω in the considered infinite-
gap limit, and the local Green’s function ĝNnq ,Nnq′ in the normal
leads is also taken as being independent on energy.

Then, Eq. (43) can be rewritten as

[ω − �̂Non-Her.(ω)]−1ĜD,D(ω) = Î, (44)

where the self-energy

�̂Non-Her.(ω) = ω − ĝ−1
D,D(ω) +

q0∑
nq=1

q0∑
nq′=1

�̂
(5)
D,Nnq

ĝNnq ,Nnq′ �̂
(5)
Nnq′ ,D

+
p0∑

np=1

�̂
(5)
D,Snp

ĝSnp ,Snp
�̂

(5)
Snp ,D (45)

is non-Hermitian, due to ĝNnq ,Nnq′ .

3. Specializing to double quantum dots

In this section, we discuss emergence of non-Hermitian
Hamiltonian for the phenomenological model of double 0D
quantum dots. The normal leads in parallel (see Sec. II B 2)
are treated in the same framework as normal leads in series
(see Sec. II B 3).

The retarded and advanced Green’s functions ∼1/(ω −
H R

eff ) and ∼1/(ω − H A
eff ) are obtained from the effective non-

Hermitian Hamiltonians H R
eff ≡ Heff and H A

eff = (Heff )+,
respectively. Their complex eigenvalues receive interpretation
of the real and imaginary parts of the ABS energies, yield-
ing coherent oscillations and damping in the ABS dynamics,
respectively.

We make use of the same compact notations as in the
previous Secs. III B 1 and III B 2. Then we show that the
effective non-Hermitian self-energy �̂Non-Her.(ω) in Eq. (45)
becomes energy independent for those double 0D quantum
dots, thus defining the effective non-Hermitian Hamiltonian
Ĥ (∞)

eff ≡ �̂Non-Her. in the infinite-gap limit.
The matrices in Eq. (43) have entries in the tight-binding

sites at the boundary of the quantum dot, where the tunneling
self-energy between the dot and the superconducting or nor-
mal leads is acting. The boundary is identical to the bulk for
the double 0D quantum dots Dx-Dy isolated from the leads.
Thus, gD,D takes the value

ĝR
D,D = (ω + iη − Ĥdot)

−1, (46)

where Ĥdot is the double 0D quantum dot Hamiltonian. The
retarded Green’s functions of the double 0D quantum dots
with normal leads in parallel (see Fig. 3) can then be expressed
as

ĜR
D,D = (

ω + iη − Ĥ (∞)
eff

)−1
, (47)

where the infinite-gap-limit effective Hamiltonian

Ĥ (∞)
eff = Ĥdot +

q0∑
nq=1

q0∑
nq′ =1

�̂
(5)
D,Nnq

ĝNnq ,Nnq′ �̂
(5)
Nnq′ ,D

+
p0∑

np=1

�̂
(5)
D,Snp

ĝSnp ,Snp
�̂

(5)
Dnp ,D (48)

is non-Hermitian, due to ĝNnq ,Nnq′ .
We note that infinite-gap Hamiltonians can more generally

be deduced from the self-energy �̂Non-Her.(ω) in Eq. (45) by
extending the domain of definition of the tunneling amplitude
to all tight-binding sites of the quantum dots, and associating
vanishingly small tunneling amplitudes to those fictitious su-
perconducting leads.

C. Emergence of resonances in the transport formula

In this section, we demonstrate that the current at resonance
is inverse proportional to the damping rate. Using the same
notations as in the previous Secs. III B 1, III B 2, and III B 3,
the current flowing from the multilevel quantum dot into the
superconducting lead Snp is given by the following energy
integral [10,11,123,124]:

ID,Snp
= e

h̄

∫
dωTr

{
σ̂ z

N

[
�̂

(5)
D,Snp

Ĝ+,−
Snp ,D − �̂

(5)
Snp ,DĜ+,−

D,Snp

]}
,

(49)

where the Pauli matrix σ̂ z
N is defined as σ̂ z

N = diag(1,−1) on
the set of the Nambu labels, which is referred to as the sub-
script “N” for “Nambu.” In Eq. (49), Ĝ+,− is the fully dressed
Keldysh Green’s function (see Refs. [11,123,124]). The bare
superconducting Green’s functions ĝ+,−

Snp ,Snp
= 0 are vanish-

ingly small if the infinite-gap limit is taken, and ĝ+,−
Nnq ,Nn′

q
�= 0 is

nonvanishingly small in the normal leads, due the correspond-
ing finite value of the normal density of states.

The two terms �̂
(5)
D,Snp

Ĝ+,−
Snp ,D and �̂

(5)
Snp ,DĜ+,−

D,Snp
in Eq. (49)

can be expanded as follows:

�̂
(5)
D,Snp

Ĝ+,−
Snp ,D

=
∑
q,q′

�̂
(5)
D,Snp

[
Î + ĜR�̂(5)]

Snp ,Nq
ĝ+,−

Nq,Nq′

[
Î + �̂(5)ĜA

]
Nq′ ,D,

(50)

�̂
(5)
Snp ,DĜ+,−

D,Snp

=
∑
q,q′

�̂
(5)
Snp ,D

[
Î + ĜR�̂(5)

]
D,Nq

ĝ+,−
Nq,Nq′

[
Î + �̂(5)ĜA

]
Nq′ ,Snp

,

(51)

where Nq and Nq′ run over the interfaces between the quantum
dot and the normal lead.
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Then, Eqs. (49)–(51) become

ID,Snp
= e

h̄

∫
dωTr

{
σ̂ z

N

[
�̂

(5)
D,Snp

ĝR
Snp ,Snp

�̂
(5)
Snp ,DĜR

D,D�̂+,−,N
D,D ĜA

D,D

−�̂
(5)
Snp ,DĜR

D,D�̂+,−,N
D,D ĜA

D,D�̂
(5)
D,Snp

ĝR
Snp ,Snp

]}
, (52)

where

�̂+,−,N
D,D =

q0∑
nq=1

q0∑
nq′=1

�̂
(5)
D,Nnq

ĝ+,−
Nnq ,Nnq′

�̂
(5)
Nnq′ ,D

(53)

is diagonal in Nambu and in Floquet.
The retarded and advanced Green’s functions are approxi-

mated as [84,116]

ĜR
D,D 


∑
k′,l ′

R̂R
k′,l ′

ω − k′eV − El ′ + iδl ′
, (54)

ĜA
D,D 


∑
k′′,l ′′

R̂A
k′′,l ′′

ω − k′′eV − El ′′ − iδl ′′
, (55)

where k′, l ′, k′′, and l ′′ are four integers, El ′ , El ′′ and δl ′ , δl ′′

are the Floquet energies and linewidth broadening, and R̂R
k′,l ′ ,

R̂A
k′′,l ′′ are the matrix residues. Then, inserting Eqs. (54) and

(55) into Eq. (52) and integrating over the energy ω yields

ID,Snp
= πe

2h̄

∑
(k,l )

1

δl
Tr

{
σ̂ z

N

[
�̂

(5)
D,Snp

ĝSnp ,Snp
�̂

(5)
Snp ,D,

R̂R
k,l �̂

+,−,N
D,D R̂A

k,l

]
−
}
, (56)

where [. . . , . . . ]− is a commutator and
∑

(k,l ) denotes sum-
mation over the pairs of labels k and l such that

k′eV + El ′ = k′′eV + El ′′ ≡ keV + El . (57)

Thus, we find that the current is inverse proportional to the
damping rate set by the parameter δl .

D. Current conservation

Now, we consider that the effective non-Hermitian Hamil-
tonian with complex eigenvalues originates from the Hermi-
tian Hamiltonians presented in Sec. II (see also Appendix A).
It turns out that the total current is conserved once the fraction
of the current transmitted into the normal lead has been taken
into account. Current conservation can be demonstrated by
assuming that the average number of fermions 〈N̂dot〉 on the
quantum dot is stationary. The Hamiltonian H can be written
as a sum of the Hamiltonians of the quantum dot, of the
lead, and tunneling between them. Then, d〈N̂dot〉/dt = 0 is
equivalent to current conservation. Thus, non-Hermitian ef-
fective Hamiltonian does not contradict current conservation.
We note that self-consistent algorithms were used in Ref. [83]
to impose current conservation in three-terminal Josephson
junctions in the presence of a phenomenological Dynes pa-
rameter η.

IV. MECHANISM FOR THE INVERSION

We discussed in the previous Sec. III how sharp resonance
peaks can appear in the voltage dependence of the quartet
critical current. Now, we provide simple arguments for the

magnetic flux-� sensitivity of the quartet critical current in the
V = 0+ adiabatic limit, focusing on how the quartet critical
current Iq,c(� = 0) in zero field � = 0 compares to Iq,c(� =
π ) at half-flux quantum � = π . Inversion corresponds to
larger quartet critical current at � = π than at � = 0, i.e.,
Iq,c(� = π ) > Iq,c(� = 0). Absence of inversion corresponds
to Iq,c(� = π ) < Iq,c(� = 0).

Figure 6 shows a sequence of microscopic processes for the
quartets in the presence of the two energy levels E = ±
 on
the quantum dot. Figure 6(b) shows spin-up electron at energy
E = 
 on the left part of the two-level quantum dot, and how
it moves to the right part. Figure 6(c) shows spin-up electron
at energy E = 
 on the right part of the junction, and how it is
converted by Andreev reflection into spin-down hole at energy
E = −
 at the interface with the Sc,2 superconducting lead.
Figure 6(d) shows the resulting spin-down hole at energy E =
−
, together with a Cooper pair taken from Sb. Figure 6(e)
shows the resulting spin-up electron at energy E = −
 on the
right part of the quantum dot, and how it moves to the left part.
Figure 6(f) shows spin-up electron at energy E = −
 on the
left part of the junction, and how it is converted into spin-down
hole at energy E = 
 by Andreev reflection at the interface
with Sc,1. Figure 6(g) shows the resulting spin-down hole on
the left part of the junction at the energy E = 
, together with
absorption of a Cooper pair taken from Sa, thus coming back
to the initial state in Fig. 6(b).

Overall, the transition between Figs. 6(b) and 6(c) implies
negative sign for the “split quartets” transmitting a Cooper
pair into Sc,1 and another one into Sc,2, and a positive sign
for the “unsplit quartets,” corresponding to two Cooper pairs
transmitted into Sc,1 or into Sc,2. The resulting opposite signs
in the “split” and “unsplit” channels imply the inversion (see
our previous Paper I [87]). This physical picture for “emer-
gence of inversion in the V = 0+ limit” is confirmed by the
calculations presented in Appendix B 2.

Thus, we demonstrated that “inversion between � = 0 and
� = π” or “absence of inversion” is linked to the quantum
dot single-particle states, i.e., to the number of nodes in their
wave-functions.

V. NUMERICAL RESULTS

In this section, we present a selection of the numerical re-
sults for the phenomenological model of double 0D quantum
dot with normal lead in series (see Fig. 4 and the Hamiltonian
in Sec. II B 3). The quantum dots Dx and Dy are coupled to
each other by the tunneling amplitude �(0) defined in Eq. (8).
The coupling � = (�(2) )2/W is defined for hopping between
Dx and Sa, Dx and Sc,1, Dy and Sb, Dy and Sc,2 [see �(2)

in Eq. (25)]. We add the coupling �′ = (�′(2) )2/W between
Dx and Sb, Dx and Sc,2, Dy and Sa, Dy and Sc,1 [see �′(2) in
Eq. (30)]. The Green’s functions of N ′ are given by

ĝ1,1
N ′

x,N
′
y
= ĝ1,1

N ′
y,N

′
x
= AR + iAI , (58)

ĝ2,2
N ′

x,N
′
y
= ĝ2,2

N ′
y,N

′
x
= −AR + iAI , (59)

ĝ1,1
N ′

x,N
′
x
= ĝ1,1

N ′
y,N

′
y
= BR + iBI , (60)

ĝ2,2
N ′

x,N
′
x
= ĝ2,2

N ′
y,N

′
y
= −BR + iBI , (61)
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FIG. 6. (a) Schematically shows a quantum dot supporting levels at the opposite energies E = ±
, coupled to the superconducting leads
Sa and Sb biased at eVa,b = ±
 and to the grounded Sc,1 and Sc,2. (b)–(g) Represent two levels at the opposite energies ±
, together with the
corresponding wave functions, with absence of node at E = −
, and a node at E = 
. (b)–(g) Show the time evolution of the quartet process,
involving Cooper pair transmitted into Sc,2 (c), Cooper pair taken from Sb (d), Cooper transmitted into Sc,1 (f), and Cooper pair taken from Sa

(g). Detailed comments about (b)–(g) are given in the text.

where (AR, AI ) and (BR, BI ) are four real-valued parame-
ters for the nonlocal and local Green’s functions ĝN ′

x,N
′
y
=

ĝN ′
y,N

′
x

and ĝN ′
x,N

′
x
, ĝN ′

y,N
′
y

respectively, within the assumption
ĝN ′

x,N
′
x
= ĝN ′

y,N
′
y
. All of the numerical calculations presented

below are within the assumption BR = BI = 0, which is justi-
fied as mimicking perfect transmission for highly transparent
extended interfaces between the superconductors and the bal-
listic 2D metal. This assumption yields vanishingly small
value for the local Green’s function involving “U turn” of the
quasiparticle coming back on the interface, a process that is
not possible at high transparency in the absence of disorder.
In addition to being physically motivated, the condition BR =
BI = 0 allows restricting the parameter space to be explored
in the numerical calculations.

The assumption of 0D quantum dots implies that the
quartet critical current depends on the value of the Green’s
function crossing the conductor N ′ between N ′

x and N ′
y (see

N ′, N ′
x, and N ′

y in Fig. 4). The nonlocal Green’s function
crossing N ′ oscillates with the combinations cos(kF R0) and
sin(kF R0), where R0 is the separation between N ′

x and N ′
y, and

kF is the Fermi wave vector. Sharp resonance peaks emerge at
fixed kF R0 in the voltage-V dependence of the quartet current
(see the previous Sec. III and the numerical results in the
present section. The interplay between those kF R0 oscillations
in space and the sharp Floquet resonances in the voltage de-
pendence of the quartet critical current is expected to produce
log-normal distribution of strong sample-to-sample fluctua-
tions, where different samples are characterized by different

values of R0. In this section, we specifically investigate the
regime of strong log-normal distribution of sample-to-sample
fluctuations and make the physically motivated assumption
that fixing AR, AI yields quartet critical current-voltage depen-
dence that is qualitatively representative of the signal in this
regime of strong sample-to-sample fluctuations.

The codes have been developed over the last few years
[82–84,88,91,95,97,116]. They are based on recursive cal-
culations as a function of the harmonics of the Josephson
frequency [10,11] (see also the Appendix of Ref. [82]) and on
sparse matrix algorithms for matrix products. We specifically
adapted the code of our recent Ref. [91] to include the local
and nonlocal Green’s functions given by Eqs. (58)–(61).

In the forthcoming Figs. 7 and 8, we present numerical re-
sults for the voltage dependence of the quartet critical current
Iq,c defined as

Iq,c(� = 0, eV/�)

= maxϕq [Iq(� = 0, ϕq, eV/�) − Iq(� = 0,−ϕq, eV/�)]

− minϕq [Iq(� = 0, ϕq, eV/�) − Iq(� = 0,−ϕq, eV/�)],

(62)

Iq,c(� = π, eV/�)

= maxϕq [Iq(� = π, ϕq, eV/�) − Iq(� = π,−ϕq, eV/�)]

− minϕq [Iq(� = π, ϕq, eV/�) − Iq(� = π,−ϕq, eV/�)].

(63)

155418-11



RÉGIS MÉLIN PHYSICAL REVIEW B 105, 155418 (2022)

 0

 0.5

 1

 1.5

 2

 2.5

 0  0.2  0.4  0.6  0.8

(a) AR=0.3, AI=0


=0

=�

 0

 0.5

 1

 1.5

 0  0.2  0.4  0.6  0.8

(b) AR=0.2, AI=0


=0

=�

 0

 0.2

 0.4

 0.6

 0  0.2  0.4  0.6  0.8

(c) AR=0.1, AI=0


=0

=�

 0

 20

 40

 60

 0  0.2  0.4  0.6  0.8

(d) AR=0.3, AI=0.05

I q
,c

/(
2�

e	
/h

) 
=0

=�

 0

 20

 40

 60

 0  0.2  0.4  0.6  0.8

(e) AR=0.2, AI=0.05


=0

=�

 0

 5

 10

 15

 20

 0  0.2  0.4  0.6  0.8

(f) AR=0.1, AI=0.05


=0

=�

 0

 50

 100

 150

 0  0.2  0.4  0.6  0.8

(g) AR=0.3, AI=0.1


=0

=�

 0

 50

 100

 150

 0  0.2  0.4  0.6  0.8

(h) AR=0.2, AI=0.1

eV/	


=0

=�

 0

 50

 100

 150

 0  0.2  0.4  0.6  0.8

(i) AR=0.1, AI=0.1


=0

=�

FIG. 7. The eV/� dependence of the quartet critical current. Each panel of this figure shows Iq,c(eV/�, � = 0) and Iq,c(� = π, eV/�) as
a function of the normalized bias voltage eV/�, for AI = 0 and AR = 0.3/W (a), AR = 0.2/W (b), and AR = 0.1/W (c). (d)–(f) Correspond
to AI = 0.05/W and AR = 0.3/W (d), AR = 0.2/W (e), and AR = 0.1/W (f), and (g)–(i) show Iq,c(� = 0, eV/�) and Iq,c(� = π, eV/�) for
AI = 0.1/W and AR = 0.3/W (g), AR = 0.2/W (h), and AR = 0.1/W (i). We use �/� = 1, �′/� = 0, BR = BI = 0, and εx = εy = 0. The
notation W is used for the bandwidth.
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FIG. 8. The eV/� dependence of the quartet critical current. The figure shows the reduced voltage-eV/� dependence of the logarithm
of the quartet critical currents log10[Iq,c(� = 0, eV/�)] and log10[Iq,c(� = π, eV/�)] at � = 0 and � = π , respectively. The panels show
increasing values of λ = �′/�, where � is the “direct” coupling between Dx and Sa, Sc,1 and between Dy and Sb, Sc,2. The crossed coupling �′

is in-between Dx and Sb, Sc,2 and between Dy and Sa, Sc,1. We used �/� = 1, AR = 0.3/W , AI = 0.05/W , and BR = BI = 0, where W is the
bandwidth. The onsite energies εx = εy = 0 are vanishingly small.
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FIG. 9. The sign of the inversion. The figure shows the
sign of Iq,c(λ,� = π, eV/�) − Iq,c(λ,� = 0, eV/�), where λ =
�′/�. Inversion corresponds to Iq,c(λ,� = π, eV/�) − Iq,c(λ, � =
0, eV/�) > 0. The parameter � is the “direct” coupling between
Dx and (Sa, Sc,1) or between Dy and (Sb, Sc,2). The parameter �′ is
in-between Dx and (Sb, Sc,2) or Dy and (Sa, Sc,1). We used �/� = 1,
AR = 0.3/W , AI = 0.05/W , and BR = BI = 0, where W is the band-
width. The onsite energies εx = εy = 0 are vanishingly small.

In addition, we present color maps for the sign of Iq,c as a
function of the model parameters (see the forthcoming Figs. 9
and 10).

Figure 7 shows the normalized bias voltage-eV/� depen-
dence of the quartet critical currents Iq,c(� = 0, eV/�) and
Iq,c(� = π, eV/�) at the flux values � = 0 and π . The cou-
pling parameters �/� = 1 and �′/� = 0 are used in Fig. 7.
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FIG. 10. The sign of the inversion. The figure is similar to the
previous Fig. 9, but now the sign of Iq,c(ε0/�, � = π, eV/�) −
Iq,c(ε0, � = 0, eV/�) is shown in the (ε0/�, eV/�) plane. We used
�/� = 1, AR = 0.3/W , AI = 0.05/W , BR = BI = 0 (where W is the
bandwidth) and λ = �′/� = 1

2 . The onsite energies are identical for
both quantum dots: εx = εy = ε0.

Figures 7(a)–7(c) correspond to absence of relaxation with
AI = 0, producing small quartet critical current. Figures 7(d)–
7(i) correspond to the nonvanishingly small relaxation param-
eters AI = 0.05/W and 0.1/W , respectively, producing large
quartet critical current at small voltage ratio eV/�. In addi-
tion, sharp resonances emerge in the variations of the quartet
critical current as a function of eV/� for AI = 0.05/W and
AI = 0.1/W in Figs. 7(d)–7(i), respectively. The numerical
results in Fig. 7 are in agreement with the general mechanism
of Sec. III.

Figure 8 shows the normalized voltage-eV/� dependence
of the quartet critical current Iq,c, in semi-logarithmic scale,
now with nonvanishingly small λ = �′/�, and with AI =
0.05/W . Those sharp peaks in the quartet critical current are
expected to change as the value of the normal metal Green’s
functions is varied in Eqs. (58)–(61). The quartet critical cur-
rent plotted as a function of the bias voltage V is normal in
log-scale. The corresponding peaks are expected to evolve as
kF R0 is varied and, thus, sample-to-sample fluctuations are
expected to have log-normal distribution.

In addition, multiple crossovers are obtained in Fig. 8
between Iq,c(� = π, eV/�) − Iq,c(� = 0, eV/�) > 0 (i.e.,
inversion) and Iq,c(� = π, eV/�) − Iq,c(� = 0, eV/�) < 0
(i.e., noninverted behavior) in a low-voltage window.

Figure 9 shows the sign of Iq,c(λ,� = π, eV/�) −
Iq,c(λ,� = 0, eV/�) as a function of the parameters λ =
�′/� (on the x axis) and eV/� (on the y axis). In-
version Iq,c(λ,� = π, eV/�) − Iq,c(λ,� = 0, eV/�) > 0 is
obtained at low eV/� for λ = 0 (see the previous Sec. IV and
Appendix B for a discussion of the inversion in the eV/� =
0+ limit). In Fig. 9, increasing the coupling �′ between Dx

and (Sb, Sc,2) or between Dy and (Sa, Sc,1) [in addition to �

between Dx and (Sa, Sc,1) or between Dy and (Sb, Sc,2)] makes
the double 0D quantum dot behave closer to a pair of single
quantum dots. This favors the “noninverted behavior” typical
of single quantum dots, as opposed to the “inverted behavior”
appearing at λ = �′/� = 0 in a double 0D quantum dot (see
Appendix B).

The values λ = �′/� such that 0.2 � λ � 0.6 in Fig. 9
generically yield “inversion” at low-bias voltage V , followed
by “absence of inversion” at higher V values. Now, we show
that “absence of inversion” can appear at low-bias voltage V
if the onsite energies εx = εy ≡ ε0 in the double quantum dot
Hamiltonian given by Eqs. (6) and (7) produce detuning from
perfectly opposite levels. Namely, the parameter λ = �′/�
is set to λ = 1

2 in Fig. 10. Moving away from ε0/� = 0 in
Fig. 10 produces typical voltage dependence of Iq,c(λ,� =
π, eV/�) − Iq,c(λ,� = 0, eV/�) with “noninverted behav-
ior” at low V < V∗ and “inversion” at higher V > V∗ (see, for
instance, the moderately small values −0.5 � ε0/� � 0.5 in
Fig. 10). With the considered parameters, the ratio eV∗/� is
in the range eV∗/� ≈ 0.1. Thus, our model is compatible with
the experimental data [97] shown in Fig. 1(b).

VI. LOW-VOLTAGE LIMIT

In this section, we focus on the low-voltage limit and
insert in Eq. (52) the equilibrium fully dressed advanced and
retarded Green’s functions. We present an explanation for why
the numerical calculations of the preceding Sec. V suggest

155418-13



RÉGIS MÉLIN PHYSICAL REVIEW B 105, 155418 (2022)

that the linewidth broadening δl in Eq. (56) appears to be much
smaller than ∼AI in Eqs. (58)–(61).

As in the previous numerical calculations presented in
Sec. V, we consider normal leads in series (see Fig. 4 and the
Hamiltonian in Sec. II B 3). The Dyson equations (40) take the
form (

(ω − iη) − �̂(a,a)
x,x − �̂(c1,c1 )

x,x − �̂(N ′
x,N

′
x )

x,x

)
Ĝx,x (64)

−�̂
(N ′

x,N
′
y )

x,y Ĝy,x = ĝx,x,(
(ω − iη) − �̂(b,b)

y,y − �̂(c1,c1 )
y,y − �̂

(N ′
y,N

′
y )

y,y

)
Ĝy,x (65)

−�̂
(N ′

y,N
′
x )

y,x Ĝx,x = 0,

with

�̂(a,a)
x,x = −�a

(
0 exp(iϕa)

exp(−iϕa) 0

)
, (66)

�̂(c1,c1 )
x,x = −�c1

(
0 exp(iϕc,1)

exp(−iϕc,1) 0

)
, (67)

�̂(b,b)
y,y = −�b

(
0 exp(iϕb)

exp(−iϕb) 0

)
, (68)

�̂(c2,c2 )
y,y = −�c2

(
0 exp(iϕc,2)

exp(−iϕc,2) 0

)
, (69)

where the couplings �a, �b, �c,1, and �c,2 are between the
double quantum dot and the superconducting leads Sa, Sb,
Sc,1, and Sc,2 [see Fig. 4 and the analogous Eqs. (16)–(19)].

In addition, �̂
(N ′

x,N
′
x )

x,x , �̂
(N ′

x,N
′
y )

x,y , �̂
(N ′

y,N
′
y )

y,y , and �̂
(N ′

y,N
′
x )

y,x are given
by

�̂(N ′
x,N

′
x )

x,x = �N ′
x,N

′
x

(
W g1,1

N ′
x,N

′
x

0

0 W g2,2
N ′

x,N
′
x

)
, (70)

�̂
(N ′

x,N
′
y )

x,y = �N ′
x,N

′
y

(
W g1,1

N ′
x,N

′
y

0

0 W g2,2
N ′

x,N
′
y

)
, (71)

�̂
(N ′

y,N
′
y )

y,y = �N ′
y,N

′
y

(
W g1,1

N ′
y,N

′
y

0

0 W g2,2
N ′

y,N
′
y

)
, (72)

�̂
(N ′

y,N
′
x )

y,x = �N ′
y,N

′
x

(
W g1,1

N ′
y,N

′
x

0

0 W g2,2
N ′

y,N
′
x

)
, (73)

with �N ′
x,N

′
x
= (�x,N ′

x
)2/W , �N ′

x,N
′
y
= �x,N ′

x
�y,N ′

y
/W , �N ′

y,N
′
x
=

�x,N ′
y
�x,N ′

x
/W , �N ′

y,N
′
y
= (�x,N ′

y
)2/W , where N ′

x and N ′
y are the

normal-metal tight-binding sites making the contacts with the
0D quantum dots Dx and Dy, respectively.

The Dyson equations (64) and (65) define the infinite-gap
Hamiltonian

H (∞) =
⎛
⎝�̂(a,a)

x,x + �̂(c1,c1 )
x,x + �̂

(N ′
x,N

′
x )

x,x �̂
(N ′

x,N
′
y )

x,y

�̂
(N ′

y,N
′
x )

y,x �̂(b,b)
y,y + �̂(c2,c2 )

y,y + �̂
(N ′

y,N
′
y )

y,y

⎞
⎠, (74)

which is now considered in absence of the local couplings

�̂
(N ′

x,N
′
x )

x,x = �̂
(N ′

y,N
′
y )

y,y ≡ 0, corresponding to the use of BR =
BI = 0 in the above numerical calculations [see the discussion
following Eqs. (58)–(61) in Sec. V]. Then, the square of the
4 × 4 infinite-gap Hamiltonian decouples into a pair of 2 × 2
blocks (see also Appendix B):

(
H (∞)

)2 =

⎛
⎜⎜⎝

ε1,1
a,c1

0 0 κ1,2

0 ε2,2
a,c1

κ2,1 0
0 κ ′

1,2 ε1,1
b,c2

0
κ ′

2,1 0 0 ε2,2
b,c2

⎞
⎟⎟⎠, (75)

with

ε1,1
a,c1

= ∣∣γDx,Dx

∣∣2 + (
�N ′

x,N
′
y

)2
W 2g1,1

N ′
x,N

′
y
g1,1

N ′
y,N

′
x
, (76)

ε2,2
a,c1

= ∣∣γDx,Dx

∣∣2 + (
�N ′

x,N
′
y

)2
W 2g2,2

N ′
x,N

′
y
g2,2

N ′
y,N

′
x
, (77)

ε1,1
b,c2

= ∣∣γDy,Dy

∣∣2 + (
�N ′

x,N
′
y

)2
W 2g1,1

N ′
x,N

′
y
g1,1

N ′
y,N

′
x
, (78)

ε2,2
b,c2

= ∣∣γDy,Dy

∣∣2 + (
�N ′

x,N
′
y

)2
W 2g2,2

N ′
x,N

′
y
g2,2

N ′
y,N

′
x
, (79)

κ1,2 = �N ′
x,N

′
y
W

(
g2,2

N ′
x,N

′
y
γDx,Dx + g1,1

N ′
x,N

′
y
γDy,Dy

)
, (80)

κ2,1 = �N ′
x,N

′
y
W

(
g1,1

N ′
x,N

′
y
γDx,Dx + g2,2

N ′
x,N

′
y
γDy,Dy

)
, (81)

κ ′
1,2 = �N ′

x,N
′
y
W

(
g1,1

N ′
y,N

′
x
γDx,Dx + g2,2

N ′
y,N

′
x
γDy,Dy

)
, (82)

κ ′
2,1 = �N ′

x,N
′
y
W

(
g2,2

N ′
y,N

′
x
γDx,Dx + g1,1

N ′
y,N

′
x
γDy,Dy

)
, (83)

where

γDx,Dx = �a exp(iϕa) + �c1 exp(iϕc,1), (84)

γDy,Dy = �b exp(iϕb) + �c2 exp(iϕc,2). (85)

Within each 2 × 2 block, the eigenvalues take the form

λ± = 1

2

[
ε1,1

a,c1
+ ε2,2

b,c2
±

√(
ε1,1

a,c1 − ε2,2
b,c2

)2 + 4κ1,2κ
′
2,1

]
, (86)

where the following quantities

ε1,1
a,c1

+ ε2,2
b,c2

= ∣∣γDx,Dx

∣∣2 + ∣∣γDy,Dy

∣∣2 + 2
(
�N ′

x,N
′
y

)2
W 2(A2

R − A2
I

)
, (87)(

ε1,1
a,c1

− ε2,2
b,c2

)2 + 4κ1,2κ
′
2,1

=
(∣∣γDx,Dx

∣∣2 − ∣∣γDy,Dy

∣∣2
)2

− 16
(
�N ′

x,N
′
y

)2
W 2A2

RA2
I

+ 4
(
�N ′

x,N
′
y

)2
W 2A2

R

∣∣γDx,Dx − γDy,Dy

∣∣2

−4
(
�N ′

x,N
′
y

)2
W 2A2

I

∣∣γDx,Dx + γDy,Dy

∣∣2
(88)

are both real valued.
It can also be shown that λ± is real valued and positive at

small AI because∣∣γDx,Dx γDy,Dy − (
�N ′

x,N
′
y

)2
W 2g1,1

N ′
x,N

′
y
g2,2

N ′
y,N

′
x

∣∣2
(89)
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FIG. 11. The real and imaginary parts of the ABS energies in the infinite-gap limit. Panels (a1)–(c1) and (a2)–(c2) show the real and
imaginary parts of the ABS energies, respectively, for the 4 × 4 Hamiltonian given by Eqs. (66)–(74), plotted as a function of the variable ψ ′

defined as ϕa = ϕ (0)
a + ψ ′, ϕb = ϕ

(0)
b − ψ ′ϕc,1 = ϕ (0)

c , and ϕc,2 = ϕ (0)
c , with ϕq = ϕ (0)

a + ϕ
(0)
b − 2ϕ (0)

c . The parameters take the general values
indicated on the figure, with in addition �a = �b = �c,1 = �c,2 = 1 taken as the unit of energy for the coupling to the superconducting leads,
and �loc = 0.7, �nonloc = 0.5 for the “local” and “nonlocal” electron-electron channels [see Eqs. (70)–(73)]. Panels (a2), (b2), and (c2) reveal
that |Im(λi )| can be small compared to AI or BI (but not orders of magnitude smaller), which implies small δl in Eq. (56), and compatibility
with the large quartet current reported in the numerical results presented in Sec. V.

is positive, which implies∣∣γDx,Dx

∣∣2∣∣γDy,Dy

∣∣2 + (
�N ′

x,N
′
y

)4
W 4g1,1

N ′
x,N

′
y
g1,1

N ′
y,N

′
x
g2,2

N ′
x,N

′
y
g2,2

N ′
y,N

′
x

>
(
�N ′

x,N
′
y

)2
W 2g1,1

N ′
x,N

′
y
g2,2

N ′
y,N

′
x
γDy,DyγDx,Dx

+(
�N ′

x,N
′
y

)2
W 2g2,2

N ′
x,N

′
y
g1,1

N ′
y,N

′
x
γDx,Dx γDy,Dy , (90)

where we used the approximation g1,1
N ′

x,N
′
y

 g1,1

N ′
x,N

′
y

and g2,2
N ′

x,N
′
y



g2,2
N ′

x,N
′
y

at small AI . Thus, we obtain

(∣∣γDx,Dx

∣∣2 + (
�N ′

x,N
′
y

)2
W 2g1,1

N ′
x,N

′
y
g1,1

N ′
y,N

′
x

)
×(∣∣γDy,Dy

∣∣2 + (
�N ′

x,N
′
y

)2
W 2g2,2

N ′
x,N

′
y
g2,2

N ′
y,N

′
x

)
>

(
�N ′

x,N
′
y

)2
W 2(g2,2

N ′
x,N

′
y
γDx,Dx + g1,1

N ′
x,N

′
y
γDy,Dy

)
×(

g2,2
N ′

y,N
′
x
γDx,Dx + g1,1

N ′
y,N

′
x
γDy,Dy

)
, (91)

from what we deduce(
ε1,1

a,c1
+ ε2,2

b,c2

)2
>

(
ε1,1

a,c1
− ε2,2

b,c2

)2 + 4κ1,2κ
′
2,1 (92)

at small AI . Then, the eigenvalues λ± of the squared infinite-
gap Hamiltonian are both real valued at arbitrary AI [see
Eqs. (87) and (88)] and positive at small AI [see Eq. (92)].

In addition, we carried out complementary numerical
calculation for the eigenvalues of the equilibrium 4 × 4
infinite-gap Hamiltonian defined by Eqs. (66)–(74) (see
Fig. 11). We find the possibility of imaginary part of the ABS
energies smaller (but not orders of magnitude smaller) than AI

and BI with general values of the parameters, i.e., not within
the above considered BR = BI = 0 and small AI . Thus, small
δl has to be used in Eq. (56) at low-bias voltage, which is
compatible with the large quartet current in Fig. 8, similarly
to the thermal noise of a superconducting weak link [123].

VII. CONCLUSIONS

Now, we provide final remarks. The paper is summarized
in Sec. VII A, and perspectives are presented in Sec. VII B.

A. Summary of the paper

We proposed models of ballistic multiterminal Josephson
junctions made with superconducting leads evaporated on a
2D metal. The models consist of multilevel quantum dots
connected to superconducting and normal leads. We argued
that the qualitative physics of the two-Cooper-pair resonance
can be captured with phenomenological double quantum dots
connected to superconducting and normal leads. The coupling
to the nonproximitized regions of the ballistic conductor pro-
duces relaxation, and a fraction of the quartet-phase-sensitive
current is transmitted into the normal parts of the circuit.

We found resonances in calculations that account for both
the time-periodic dynamics and small relaxation, if the mul-
tilevel or double quantum dot support levels at opposite
energies. A related effect was previously found in the thermal
noise of a superconducting weak link [123]. In addition, we
addressed detuning from perfectly opposite energy levels.

Noninverted-to-inverted crossover numerically emerges as
the bias voltage increases, where “inversion” means “larger
quartet critical current at half flux-quantum � = π than in
zero field at � = 0.” The corresponding crossover voltage
V∗ is small compared to the superconducting gap, typically
eV∗ ≈ �/10 with the parameters of our calculations, which is
compatible with the recent Harvard group experiment [97].

B. Perspectives

A challenge for the theory is to model devices that are
quite complex, with, e.g., extended interfaces, four or more
superconducting leads, nonequilibrium voltage-biasing con-
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ditions, loops connecting superconducting terminals, possibly
with radio-frequency radiation. Direct diagonalizations of
the Bogoliubov–de Gennes Hamiltonian would apparently
lead to prohibitive computational expenses. In the field of
mesoscopic superconductivity, Nazarov and co-workers (see
Ref. [125] and references therein) proposed and developed
finite element theory for the superconducting–normal-metal
circuits that describe the proximity effect, i.e., the inter-
play between Andreev reflection and multiple scattering on
disorder. This dirty-limit circuit theory was proposed for
multiterminal Josephson junctions [106,126]. The dirty limit
implies short elastic mean-free path, a condition that is not
directly met in the ballistic metals that are currently used
in some experiments on superconducting hybrid structures,
such as carbon nanotubes [127], semiconducting nanowires
[102], or graphene [121,128]. Specifically, tunneling spec-
troscopy of carbon nanotube Josephson junctions [127]
revealed discrete ABS. Andreev molecules were realized with
semiconducting nanowires [102]. Evidence for superconduct-
ing phase-difference-sensitive continuum of ABS was ob-
tained in superconductor-graphene-superconductor Josephson
junctions [14,15]. As it is mentioned above, microwave ex-
periments on short superconductor-graphene-superconductor
Josephson junctions were recently carried out, and modeled
with single-level quantum dots [121].

Several issues related to averaging could be investigated
in the future: First, it would be interesting to numerically
average over a distribution of the nonlocal Green’s function
for double 0D quantum dots. A related issue is to implement
quantum dots having dimension that is large compared to
the Fermi wavelength λF instead of the 0D quantum dots
of this paper. On the other hand, the “metallic” regime of
weak sample-to-sample fluctuations of the quartet critical
current can be addressed with quasiclassics. For instance,
discretized Usadel equations were used to evaluate multi-
ple Andreev reflections in two-terminal devices in the dirty
limit [129] and three-terminal devices were addressed within
assumptions about the interface transparencies, also with
Usadel equations [78]. Second, the use of Nazarov’s cir-
cuit theory implies that the Green’s function is uniform
within a node, which is also satisfied by ballistic chaotic
cavities [130]. Thus, Nazarov’s circuit theory is also ap-
propriate to describe a ballistic device if the coupling to
the terminals is made through interfaces with small cross
sections, to ensure that the metal behaves like a chaotic
cavity. Third, an interesting perspective is to solve Eilen-
berger equations for the four-terminal device shown in Fig. 1.
Fourth, it would also be interesting to average over voltage
fluctuations, the strength of which being controlled by the
electromagnetic environment.

To summarize this discussion, perspectives are about the
interplay between (i) the “Floquet effects” that produce “non-
self-averaging-like” sharp resonance peaks in the voltage
dependence of the quartet signal for single-channel contacts,
and (ii) the effect of averaging in space over extended contacts
or in energy over the voltage fluctuations induced by the
electromagnetic environment.

Finally, probability current is conserved in the one-
dimensional normal-metal–superconductor junction treated

by Blonder, Tinkham, and Klapwijk [131] [see Eqs. (A7) and
(A8) in this paper]. We leave as open the question of rigor-
ously discussing probability conservation in the considered
four-terminal device connected to normal leads, in connection
with introducing the phenomenological Dynes parameter η �=
0 and vanishingly small imaginary part of the local Green’s
function BI = 0 (as it was done here), or with η = 0 and
BI �= 0 (as it could be done in the future).

To conclude, this paper suggests interest of “quantum bath
engineering” multiterminal Josephson junctions in the circuits
of cavity-quantum electrodynamics.
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APPENDIX A: SPECTRUM IN ABSENCE OF COUPLING
TO THE SUPERCONDUCTORS

In this Appendix, we consider the “phenomenological
model of double 0D quantum dots with normal lead in series”
(see Sec. II B 3) and show that pairs of opposite energies
emerge in the spectrum.

We start with the simple limit where the four supercon-
ducting leads are disconnected, i.e., � = �′ = 0, and consider
that the two quantum dots Dx and Dy are connected to the
tight-binding sites N ′

x and N ′
y by the tunneling amplitudes

�
(4)
N ′

x,Dx
= �

(4)
Dx,N ′

x
and �

(4)
N ′

y,Dy
= �

(4)
Dy,N ′

y
. The tight-binding sites

are self-connected by the Green’s functions gN ′
x,N

′
x

and gN ′
y,N

′
y
,

and connected to each other by the nonlocal Green’s functions
gN ′

x,N
′
y
= gN ′

y,N
′
x
. We denote by gA

Dx,Dx
= gA

Dy,Dy
= 1/(ω − iη)

the Green’s functions of the “isolated” quantum dots Dx and
Dy [see Eqs. (9) and (10) where εx = εy = 0 in Eqs. (6) and
(7)]. In addition, g̃Dx,Dx , g̃Dy,Dy are their counterparts for the
connected double 0D quantum dot, and by g̃Dx,Dy and g̃Dy,Dx

are the corresponding nonlocal Green’s functions. The Dyson
equations relate the g’s to the g̃’s according to

g̃Dx,Dx = gDx,Dx + gDx,Dx �
(4)
Dx,N ′

x
gN ′

x,N
′
x
�

(4)
N ′

x,Dx
g̃Dx,Dx

+ gDx,Dx �
(4)
Dx,N ′

x
gN ′

x,N
′
y
�

(4)
N ′

y,Dy
g̃Dy,Dx , (A1)

g̃Dy,Dx = gDy,Dy�
(4)
Dy,N ′

y
gN ′

y,N
′
x
�

(4)
N ′

x,Dx
g̃Dx,Dx

+ gDy,Dy�
(4)
Dy,N ′

y
gN ′

y,N
′
y
�

(4)
N ′

y,Dy
g̃Dy,Dx , (A2)

which leads to the secular equation∣∣∣∣ω − �Dx,N ′
x,N

′
x,Dx −�Dx,N ′

x,N
′
y,Dy

−�Dy,N ′
y,N

′
x,Dx ω − �Dy,N ′

y,N
′
y,Dy

∣∣∣∣ = 0, (A3)
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where �Dx,N ′
x,N

′
x,Dx = �

(4)
Dx,N ′

x
gN ′

x,N
′
x
�

(4)
N ′

x,Dx
, �Dy,N ′

y,N
′
y,Dy =

�
(4)
Dy,N ′

y
gN ′

y,N
′
y
�

(4)
N ′

y,Dy
, �Dx,N ′

x,N
′
y,Dy = �

(4)
Dx,N ′

x
gN ′

x,N
′
y
�

(4)
N ′

y,Dy
,

�Dy,N ′
y,N

′
x,Dx = �

(4)
Dy,N ′

y
gN ′

y,N
′
x
�

(4)
N ′

x,Dx
. Assuming symmetric

contacts yields �Dx,N ′
x,N

′
x,Dx = �Dy,N ′

y,N
′
y,Dy ≡ �loc and

�Dx,N ′
x,N

′
y,Dy = �Dy,N ′

y,N
′
x,Dx ≡ �nonloc. The energy levels are

given by

ω(±) = �loc ± �nonloc (A4)

= (
�(4)

)2
[BR ± AR] + i

(
�(4)

)2
[BI ± AI ], (A5)

where AR, AI , BR, and BI are given by Eqs. (58)–(61).
Now, we assume BR = BI = 0, as in Sec. V. Then,

Eqs. (A4) and (A5) yield energy levels ω(±) = ±�(4)(AR +
iAI ) having opposite real and imaginary parts.

APPENDIX B: V = 0+ ADIABATIC LIMIT

In this Appendix, we examine the V = 0+ adiabatic limit
of four-terminal Josephson junctions containing a single or
two quantum dots (see Appendixes B 1 and B 2 below).

1. Single quantum dot

We start with single 0D quantum dots in the V = 0+
adiabatic limit, summarizing a fraction of the Supplemental
Material of our previous Paper II [88].

The Dyson equations take the following form for the con-
sidered 0D quantum dot connected to p0 superconducting
leads by the tunnel amplitudes �̂

(5)
Dx,Snp

= �̂
(5)
Snp ,Dx

, with np =
1, . . . , p0:

ĜDx,Dx = ĝDx,Dx + ĝDx,Dx

p0∑
np=1

�̂
(5)
Dx,Snp

ĝSnp ,Snp
�̂

(5)
Snp ,Dx

ĜDx,Dx .

(B1)
In the infinite-gap limit, Eq. (B1) can be expressed with the
infinite-gap Hamiltonian Ĥ (∞)

eff, single dot:

ĜA
Dx,Dx

= (
ω − iη − Ĥ (∞)

eff, single dot

)−1
, (B2)

where

Ĥ (∞)
eff, single dot =

p0∑
np=1

�̂
(5)
Dx,Snp

ĝSnp ,Snp
�̂

(5)
Snp ,Dx

. (B3)

Specifically, we obtain the following with p0 = 4 supercon-
ducting leads:

Ĥ (∞)
eff, single dot =

(
0 γDx,Dx

(γDx,Dx )∗ 0

)
, (B4)

where

γDx,Dx = �a exp(iϕa) + �b exp(iϕb)

+�c,1 exp(iϕc,1) + �c,2 exp(iϕc,2), (B5)

and �np = (�(5)
Dx,Snp

)2/W parametrizes the linewidth broaden-
ing of the quantum dot level in the normal state.

The (Sc,1, Sc,2) superconducting leads can be gathered into
the single Sc,eff coupled by

�c,eff = �c,1 exp (iϕc,1) + �c,2 exp (iϕc,2). (B6)
Using the identical �c,1 = �c,2 ≡ �c and the gauge given by
Eqs. (2) and (3) yields

�c,eff = �c[1 + exp (i�)] exp (iϕc,1). (B7)

It was shown in the Supplemental Material of our previous
Paper II [88] that nonsymmetric coupling to the supercon-
ducting leads can produce inversion between � = 0 and π

in the infinite-gap limit. But, Eq. (B7) implies |�c,eff| = 2�c

if � = 0 and �c,eff = 0 if � = π for symmetric couplings to
the superconducting leads, i.e., the quartet current at � = π

is vanishingly small, thus it is automatically smaller than at
� = 0.

2. Double 0D quantum dot

In this section, we provide a simple argument for emer-
gence of inversion in the double 0D quantum dot with normal
lead in parallel in Fig. 3, in the limits eV/� = 0+ and �′ = 0.
In the infinite-gap limit, the 4 × 4 Hamiltonian of a double 0D
quantum dot with normal leads in parallel is given by

Ĥ (∞)
eff, double dot =

⎛
⎜⎜⎜⎝

0 γDx,Dx �(0) 0(
γDx,Dx

)∗
0 0 −�(0)

�(0) 0 0 γDy,Dy

0 −�(0)
(
γDy,Dy

)∗
0

⎞
⎟⎟⎟⎠, (B8)

where we assumed �′ = 0, and γDx,Dx , γDy,Dy are given by Eqs. (84) and (85). Squaring the infinite-gap Hamiltonian given by
Eq. (B8) leads to

(
Ĥ (∞)

eff, double dot

)2

⎛
⎜⎜⎜⎜⎝

∣∣γDx,Dx

∣∣2 + (
�(0)

)2
0 0 −�(0)

[
γDx,Dx − γDy,Dy

]
0

∣∣γDx ,Dx

∣∣2 + (
�(0)

)2
�(0)

[(
γDx,Dx

)∗ − (
γDy,Dy

)∗]
0

0 �(0)
[
γDx ,Dx − γDy,Dy

] ∣∣γDy,Dy

∣∣2 + (
�(0)

)2
0

−�(0)
[(

γDx,Dx

)∗ − (
γDy,Dy

)∗]
0 0

∣∣γDy,Dy

∣∣2 + (
�(0)

)2

⎞
⎟⎟⎟⎟⎠,

(B9)
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which decouples into the following 2 × 2 blocks:

[Ĥ 2](0)
2×2 =

( ∣∣γDx,Dx

∣∣2 + (
�(0)

)2 −�(0)
[
γDx,Dx − γDy,Dy

]
−�(0)

[(
γDx,Dx

)∗ − (
γDy,Dy

)∗] ∣∣γDy,Dy

∣∣2 + (
�(0)

)2

)
(B10)

and

[Ĥ 2](2)
2×2 =

( ∣∣γDx,Dx

∣∣2 + (
�(0)

)2
�(0)

[(
γDx,Dx

)∗ − (
γDy,Dy

)∗]
�(0)

[
γDx,Dx − γDy,Dy

] ∣∣γDy,Dy

∣∣2 + (
�(0)

)2

)
. (B11)

Thus,

γDx,Dx − γDy,Dy = �a exp (iϕa) + �c,1 exp (iϕc,1)

−�b exp (iϕb) − �c,2 exp (iϕc,2) (B12)

and the coupling to the effective Sc,eff is now given by the

difference

�c,eff = �c,1 exp (iϕc,1) − �c,2 exp (iϕc,2) (B13)

instead of the previous Eq. (B6) for a single 0D quantum dot.
Equation (B13) goes to

�c,eff(�) = �[1 − exp (i�)] exp (iϕc,1) (B14)

in the considered limit �c,1 = �c,2 ≡ � of symmetric
couplings. Thus, the interference |�c,eff|(� = 0) = 0 and
|�c,eff|(� = π ) = 2� yields inversion between � = 0 and π

with symmetric coupling to the superconducting leads. This
contrasts with absence of inversion for single 0D quantum
dots (see Appendix B 1).
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