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A magnetic toroidal moment is a fundamental electronic degree of freedom in the absence of both spatial
inversion and time-reversal symmetries and gives rise to novel multiferroic and transport properties. We elucidate
essential model parameters of the nonlinear transport in the space-time (£7°) symmetric collinear antifer-
romagnetic metals accompanying a magnetic toroidal moment. By analyzing the longitudinal and transverse

components of the second-order nonlinear conductivity on a two-dimensionally stacked zigzag chain based on
the nonlinear Kubo formula, we show that an effective coupling between the magnetic toroidal moment and
the antisymmetric spin-orbit interaction is an essential source of the nonlinear conductivity. Moreover, we find
that the nonreciprocal longitudinal current and nonlinear transverse current in a multiband system are largely

enhanced just below the transition temperature of the antiferromagnetic ordering. We also discuss the relevance
of the nonlinear conductivity to the linear magnetoelectric coefficient and conductivity. Our result serves as a
guide for exploring the microscopic essence and clarifying the parameter dependence of the nonlinear conductive

phenomena in ferrotoroidal metals.

DOLI: 10.1103/PhysRevB.105.155157

I. INTRODUCTION

Spontaneous time-reversal symmetry breaking has long
attracted much attention, as it leads to intriguing physi-
cal phenomena, such as the anomalous Hall effect and the
magnetooptical Kerr effect. Modern understanding of these
phenomena has been achieved based on the Berry phase
mechanism [1,2]. Although such phenomena were originally
studied in the ferromagnetic state, it has recently been rec-
ognized that similar phenomena can occur in a certain class
of antiferromagnetic (AFM) states without the uniform mag-
netization [3]. For example, the collinear AFM ordering with
the mirror symmetry breaking as the uniform magnetization,
results in the anomalous Hall effect [4-7]. Thus, the AFM
materials can also exhibit the same physical properties as ordi-
nary ferromagnetic ones, which is advantageous for functional
materials without leakage of a magnetic field.

The AFM state also exhibits multiferroic phenomena when
both spatial inversion () and time-reversal (7) symme-
tries are broken simultaneously while their product (P7°)
symmetry is preserved. The typical example is the linear
magnetoelectric effect in the AFM insulators, e.g., Cr,O5 [8],
Ga,_,Fe, 05 [9,10], LiCoPO, [11,12], and Ba,CoGe,O7 [13],
and in the AFM metals, e.g., UNi4B [14-16] and Ce;TiBis
[17,18]. Moreover, the nonreciprocal optical and transport
properties have been studied [19-23]. Among them, mul-
tiferroic phenomena within the linear response theory have
been understood by regarding the fact that the AFM states
accompany the uniform orderings of the electronic odd-parity
magnetic-type multipoles [14,24-39], such as the magnetic
toroidal (MT) dipole [14,25,26,30,33,35,37,40-44].
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Meanwhile, the microscopic understanding of the nonlin-
ear transports in AFMs has not been fully achieved except for
several works [22,45,46] and symmetry analyses [39,47]. For
example, it remains unclear which model parameters are es-
sentially important to induce nonlinear transports and how the
odd-parity magnetic-type multipoles are related to them. To be
clear on this point and obtain an intuitive understanding of the
nonlinear transport, it is useful to extract the essential model
parameters, without which the nonlinear transport coefficients
vanish, from various hopping processes, spin-orbit coupling,
and order parameters in the microscopic model Hamiltonian.
Such an understanding provides a guideline to explore new
functional AFM materials with a giant nonlinear transport and
its efficient bottom-up design in combination with the ab initio
calculations.

In this paper, we elucidate the microscopic essential model
parameters for the second-order nonlinear conductivity in the
P97 -symmetric collinear AFMs by focusing on the role of
the MT moment. By analyzing a minimal model on a two-
dimensionally stacked zigzag chain based on the nonlinear
Kubo formula, we show that the effective coupling between
the MT moment and one of the antisymmetric spin-orbit
interactions (ASOIs) plays an essential role in inducing the
longitudinal and transverse components of the nonlinear con-
ductivity. Moreover, we find that the nonlinear conductivities
are highly enhanced near the transition temperature in the case
that the AFM molecular field is comparable to the ASOI in
a multiband system. We also discuss the relevance between
the transverse nonlinear conductivity and the linear magneto-
electric coefficient by comparing the ASOI and temperature
dependences.

©2022 American Physical Society
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FIG. 1. Schematic pictures of (a) a two-sublattice zigzag chain
and (b) its stacking along the z direction. (c) The temperature (7')
dependence of the MT moment TMF at ¢; = 0.4 and &, = 0.1. The
AFM structure with the MT moment along the x direction 7, is
shown in the inset. (d) The energy bands measured from the chemical
potential u at k, = O for three temperatures.

The organization of this paper is as follows. In Sec. II, we
introduce a minimal model on a two-dimensionally stacked
zigzag chain. After showing the relation of an MT moment
to the nonlinear conductivity and the linear magnetoelectric
coefficient in Sec. III, the numerical results are presented in
Sec. IV. In Sec. V, we discuss the essential model parameters
and the semi-quantitative evaluation of the nonlinear conduc-
tivity. We summarize this paper in Sec. VI. In Appendix A,
we present the functional forms of the odd-parity magnetic
and MT multipoles. In Appendix B, we show the analytic
expressions for the essential model parameters in the asym-
metric band modulation, nonlinear conductivities, and linear
magnetoelectric coefficient. Finally, we present the numerical
result of the nonlinear transverse conductivity in the presence
of the additional interlayer hopping in Appendix C.

II. MODEL

We consider a minimal two-dimensional system where the
zigzag chain along the x direction [Fig. 1(a)] is stacked along
the z direction [Fig. 1(b)]. The tight-binding Hamiltonian is
given by

H = Whop + Hhop + Hasor + Hine, e

Hiy = Z Z{SAB (k) o chns +Hec}, 2

7_{hop = Z Z E(k)(C;AaCkAU + C}:BaCkBU)a (3)
k o

Hasor = Z Zg(k) <077 (Cf o ChAc' — Chpo ChBa')s (4)
k oo’

Hin = JAFZM M, (5)

where C/iza (crio) 1s the creation (annihilation) operator of
electrons at wave vector k, sublattice / = A, B, and spin
o =%, |.. The hopping Hamiltonian 3> in Eq. (2) includes
the nearest-neighbor hopping between A and B sublattices as
e*B(k) = —2t; cos(kca/2), while Hhop includes the hoppings
within the same sublattices along the x and z directions as
e(k) = —2t, cos (kya) — 2t3 cos (k,c). Hasor in Eq. (4) rep-
resents the ASOI that arises from the relativistic spin-orbit
coupling as g(k) = [—ay sin (k,¢), 0, «; sin (kca)]. The ASOI
in Eq. (4) has the sublattice-dependent staggered form satis-
fying the global inversion symmetry [24,48]. H;, in Eq. (5)
represents the Ising-type AFM exchange interaction of the
nearest-neighbor A-B bond with Jap > 0 where M, g =

Y oo CTA(B)U jg/clA(B)(,/ is the z component of the magnetic

dipole operator and Cmr and c;;, are the Fourier transforms of

Czla and Ckio > re§pectlvely. We adopt the Hartree-type mean-
field approximation as

JAF Z M My

= Tar ) (MEWEG5 + (VTG — (M 0E5)).  (6)

i

where (- - -) represents the statistical average and Jar = 2JaF
is the renormalized coupling constant taking into account the
two nearest-neighbor atomic sites. We set the model param-
eters as (11, 12, 13, Jap) = (0.1, 1, 0.5, 2.5), electron filling as
1/5, and the lattice constant as a = ¢ = 1 in the following
discussion; #, is set as the energy unit.

The model in Eq. (1) exhibits the MT moment when the
global inversion symmetry is broken under the staggered
AFM ordering, as shown in the inset of Fig. 1(c) [14,24].
In the present system, the staggered AFM moment along the
z direction is equivalent to the uniform MT moment along
the x direction; TMF = ((M3) — (M3))/2 [49]; see also Ap-
pendix A. The T dependence of TMF ata; = 0.4 and o, = 0.1
is shown in Fig. 1(c), where TMF is self-consistently deter-
mined for the two-sublattice unit cell by taking over 2007
grid points in the Brillouin zone. TMF becomes nonzero be-
low the transition temperature 7y and saturates below T =~
0.27n. Almost the same behavior is obtained for oy, ap < 0.5.
Reflecting TMF + 0, the electronic band structure is asymmet-
rically modulated along the k, direction, as shown in Fig. 1(d)
[24,49]. This asymmetric band modulation is understood from
the effective coupling between TMF and the ASOI «; in the
doubly degenerate bands with the 7~ symmetry, i.e.,

ex(k) = e(k) = X (k), )

X(k) = \/(otlsx — T;MF) + a3s? + 413c? Y 8

where s, = sink, s, = sink;, ¢,;» = cosk,/2, and TMF =
JarTME. The factor (aysy — TMF)? includes the coupling
between TMF and «; with the odd function of k,. This asym-
metric band modulation due to the coupling between «; and
T;MF becomes a source of the nonlinear transport, as will be
discussed in the following sections; see also Appendix B.
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III. SECOND-ORDER NONLINEAR CONDUCTIVITY
AND LINEAR RESPONSE COEFFICIENT

A. Second-order nonlinear conductivity

The second-order nonlinear conductivity tensor o,,,, de-
fined as J,, = o, EVE) (1, v, A = X, y, 2) is calculated on the
basis of the second-order Kubo formula [22]. In the clean
limit, the intraband contribution is dominant, which is given
by

el Z 9en(k) den(k) 3 fleal)]

Tk =TTy ok, ok, ok,  den(k)

BV - O

n

where e(> 0), 7, /i, and V are the elementary charge, re-
laxation time, the reduced Planck’s constant, and the system
volume, respectively [50]. f[e,(k)] is the Fermi distribution
function for the nth-band eigenenergy ¢,(k). The intraband
contribution in Eq. (9) represents the Drude-type one with
the dissipation 7~2 whose expression eventually coincides
with that obtained by the Boltzmann formalism [22,51-53].
Hereafter, we use the scaled o, as Gy, = 0,5/ (372 7).

From Eq. (9), one finds the relation o,,,, = o,,, by inte-
gration by parts. This indicates that the Drude-type nonlinear
conductivity o, is the totally symmetric rank-3 tensor
with ten independent components: Oy, Oyyy, Ozzz, Oxyys Tyzzs
Ozxxs Oxxys Oyyzs Ozzy, and Oyy;. As 0y, is a third-rank polar
time-reversal-odd tensor, i.e., 0, — —0y,, under P or 7~
operation but 0,,,, — 0,,, under 7 operation, it becomes
nonzero when both the spatial inversion and time-reversal
symmetries are absent. From the multipole viewpoint, the
above symmetry requirement means that the nonzero tensor
components are related to the active odd-parity MT multipoles
[42,54-57]: three rank-1 MT dipoles (T, T}, T;) and seven
rank-3 MT octupoles (7., T, Ty"‘, T, 7}’3, 7}’3, TZ’3 ), whose
correspondence is given by [39]

T
UXXX U_VXX GZ)CX
Oxyy  Oyyy  Ozy
Oxzz  Oyzz Oz
o =
Oxyz  Oyyz Ozyz
Oxzx Oyzx Ogzx
Oxxy Oyxy Ozxy
T

3SLA2TY T-T0-T/ T-T*+Tf
T,—T*+T? 3421 TZ—TZ"‘—TZﬂ
T—Te—T) T—TS+T/  3T421¢

N T, r—te—1t T—Tagrs | (10
xyz T4z Tz y— 1ty +Ty

Tz_Tza"f'Tzﬂ Ty Tx—T;'—Tf
T-T'-Tf T.—T*+T/ Ty:

where the functional forms of the dipoles and octupoles are
summarized in Appendix A. The correspondence in Eq. (10)
is obtained by decomposing o,,, into the tensor components
with the same rotational symmetry to the dipoles and oc-
tupoles (see also Appendix A). When the MT dipole and/or
MT octupole in Eq. (10) are activated in an AFM metal, the
corresponding tensor component of o,,,, becomes nonzero.
From Eq. (10), one finds that the MT dipole 7}, is relevant to
the longitudinal component o, and the transverse compo-

nents 0y, and 0, (v # w). It means that both nonreciprocal
conductivity and nonlinear transverse conductivity are ex-
pected to be realized in the presence of the MT dipole, i.e.,
ferrotoroidal metals [39,58,59].

In the present system under the magnetic point-group
m’'mm with the nonzero MT moment TXMF, five components
Oxxx> Oxyys Oyxy» Oxzz, and o, can be nonzero since T, T,
and T/ in Eq. (10) belong to the totally symmetric irreducible
representation [39]. Among them, o,,, and oy,, vanish owing
to ky, = 0 in the present two-dimensional system. In addition
to the nonzero contribution from the linear conductivity oy,
Oy Tesults in the nonreciprocal current, while o,,, without
linear oy, leads to the pure second-order transverse current,
respectively.

B. Linear response coefficient

In the presence of the MT moment TMF, the linear mag-
netoelectric tensor «,, in M, = o, E, (1, v =X, y, z) is also
finite. We calculate the linear magnetoelectric tensor by the
linear response theory as

_eg,uBh f[gn(k)] - f[sm(k)] nm_ mn
Ay = Vi Z,; [e,(k) — en(K)]2 + (8)2 Ok Vok >

k
an

where g and up are the g factor (g = 2) and Bohr magneton,
respectively. o' = (nkl|o,|mk) and V' = (mk|v.k|nk) are
the matrix elements of spin o,, and velocity v, = dH /(hok,)
for the eigenstate |nk). We use the scaled &, = «,,.,/(epph)
in the following discussion.

As «y, in a P7 -symmetric system is relevant to
the rank-0-2 odd-parity multipoles: magnetic monopole
My, MT dipoles (Ty,T,,T;), and magnetic quadrupoles
(M, M,,M,., M., M,,) (see also Appendix A), the relation
is represented as follows [31,32]:

Oxxy  Oyy Oyy

a= |0y, oy (12)
Qzx  Ozy Oy
MO_MM+MU Mxy"f']} sz_Ty
<~ M, —T, My —M, — M, My, + T,
sz + T:v Myz - 7;( MO + 2Mu
(13)

Since T, and M,, become active for TAF # 0 in the present
system, a,, and a;, are expected to be nonzero. As o, is zero
due to the two dimensionality, we only consider .

For the following discussion, we also present the linear
Hall conductivity

_ﬂ f[En(k)] — f[Sm(k)] nm_ mn
T ; (en(h) — entR)P + (o2 k(1Y

We use the scaled value 6., = o,/ (ezth) in the following,
where H, is the Zeeman field along the y direction.
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FIG. 2. (a) The longitudinal second-order conductivity &,,, for
oy = 0.1-0.5 as a function of T at &, = 0.1. The inset shows &, /.
(b) The upper- and lower-band contributions to &,,, at ¢; = 0.4.

IV. NUMERICAL RESULT

A. Longitudinal second-order conductivity o,

We first show the numerical result of the longitudinal non-
linear conductivity &,.,. Figure 2(a) shows &,,, as a function
of T for various o) = 0.1-0.5 at ap = 0.1. The T depen-
dence for different «; is qualitatively similar; &, is largely
enhanced just below T = Ty, and shows a maximum with
the decrease of 7. While further decreasing T', &,y, shows
the sign change, and then reaches a negative value at the
lowest T'.

The nonzero o, is closely related to the formation of the
asymmetric band structure under TXMF # 0 since oy, has the
same symmetry as TMF [39]. As the asymmetric band mod-
ulation is caused by the coupling between TMF and «;, they
are indispensable for nonzero oy,,. Indeed, &,,, vanishes for
o =0or T;MF = 0. Moreover, &,,, is well scaled by .,/
at low temperatures 7 < 0.7Ty for small ;. See Sec. V A for
the essential model parameters in detail.

Meanwhile, 6., is not scaled by «; for 0.7 < T /Ty <
1 in the region where &y, is drastically enhanced. This
is attributed to the rapid increase of TMF and the resul-
tant drastic change of the electronic band structure near
the Fermi level. As &, in Eq. (9) includes the factors
828n(k)/8kf and de,(k)/dk,, the small X (k) appearing in
the denominator of 9%¢,(k)/dk> and de,(k)/dk, gives a
dominant contribution. When considering the small order
parameter compared to the ASOI, i.e., T;CMF < oy, X(k) can
become small when the Fermi wave number k& satisfies

-3
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FIG. 3. The transverse second-order nonlinear conductivity &,.,
for several oy and o with a; = . The inset represents &, /(¢ lag).

TMF ~ o, sinkF, which results in a large enhancement of
Oyx- Such an enhancement is remarkable when the upper
and lower bands are closely located in the paramagnetic state
with small X (k) as shown in Fig. 1(d), which can be real-
ized for small r; = 0.1 and @, = 0.1. In short, there are two
conditions for large &.,,: One is the large essential param-
eters, such as a;, TMF, and Jap, and the other is to satisfy
TMF ~ o sinkf in a multiband system. These conditions
can be experimentally controlled by electron/hole doping
and temperature.

The sign change of &,,, in T dependence is owing to the
multiband effect. As shown in Fig. 1(d), the band bottom is
shifted in the opposite direction for the upper and lower bands,
which means that the opposite sign of the coupling o TMF
results in the opposite contribution to &,,,. This is demon-
strated by decomposing &y, into the upper- and lower-band
contributions, as shown in Fig. 2(b). The results indicate that
the dominant contribution of &,,, arises from the upper band
for 0.9 < T/Tx < 1, while that arises from the lower band for
T /Tn £ 0.9. The suppression of the upper-band contribution
for low T is because it becomes away from the Fermi level by
the development of TMF.

B. Transverse second-order conductivity o,

Next, let us discuss the transverse nonlinear conductivity
0y, Figure 3 shows the T dependence of &,,, for 0.02 <
ar, 02 < 0.1 with oy = «p. The behavior of &,,, against T
is similar to &,,, except for the sign change; &,,, becomes
nonzero below T = Ty and shows the maximum near Ty.
While decreasing T, &,,, is suppressed and shows an almost
constant value.

Similar to o, the origin of nonzero o, is the asymmetric
band modulation under TMF =£ 0 via the effective coupling
TMFg,. In addition, we find another contribution from a; for
NONZero oy, in contrast to oy, where &,,, is well scaled by
omx% as shown in the inset of Fig. 3, as discussed in Sec. V A.
The additional parameter dependence for @3 is owing to an
additional symmetry between k, and k, + 7 for o, = 0, which
gives the opposite-sign contribution to oy, so that totally
Oxzz = 0.
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FIG. 4. (a) The magnetoelectric coefficient &, and (b) the quan-
tity &,.0,, with the same parameters as Fig. 3. o, is calculated
by supposing the magnetic field H, = 0.01. The insets of (a) and
(b) represent &y, /a, and G,,@,./(aa3), respectively.

C. Comparison to magnetoelectric coefficient «,,

We also present another MT-moment-driven phenomena,
the magnetoelectric response, and compare its parameter and
T dependence to the nonlinear conductivities obtained in the
previous section. Figure 4(a) shows the 7' dependence of
@y, for 0.02 < ay, ap < 0.1 with oy = «, whose behavior is
similar to the transverse nonlinear conductivity o,., in Fig. 3
except for the sign. &, is nonzero even if oy = 0 that is dif-
ferent from the nonlinear conductivities, whereas «, and TMF
are essential to obtain the finite &,., as detailed in Sec. V A.
As shown in the inset of Fig. 3(a), &, is well scaled as &, /o
for small .

Moreover, it is noteworthy to comment on the relation
between the transverse nonlinear conductivity and a combina-
tion of the linear magnetoelectric and Hall coefficients since
the nonlinear transverse transport in the £7 -symmetric AFMs
can be understood as the Hall transport driven by the induced
magnetization through the linear magnetoelectric response at
the phenomenological level [14,21].

We show the T dependence of 6. &,. in Fig. 4(b) for the
same parameters in Fig. 3. The small magnetic field H, =
0.01 is introduced to mimic the induced magnetization in .
Compared to the results in Figs. 3 and 4(b), one finds the
resemblance between the T dependences of 6, and 6.,
both of which are scaled by @je3. A good qualitative corre-
spondence in these responses indicates that the interpretation
of dividing the subsequent two linear processes for nonlinear
conductivity is reasonable in the present model. The overall

quantitative difference 6,.0y, /6y, ~ 10~2 may be ascribed to
the magnitude of the used internal magnetic field (H, = 0.01)
that should be replaced by the true internal field. However, it
is hard to estimate it quantitatively.

V. DISCUSSION

A. Essential model parameters

We discuss the parameter dependences of the asymmet-
ric band modulation, nonlinear conductivity, and the linear
magnetoelectric and Hall coefficients at the level of the micro-
scopic model Hamiltonian. For this purpose, we try to extract
the essential parameters for each response from various hop-
pings, spin-orbit coupling, and internal/external field in the
model Hamiltonian based on the method in Refs. [60,61].
In the following, we discuss the important model parameters
in each case one by one, and the results are summarized in
Table I. The derivation is shown in Appendix B.

First, the essential parameters for the asymmetric band
modulation [60] are given by TMFa;, as shown in Ap-
pendix B1. The result is consistent with the eigenvalues in
Eq. (7).

Next, the essential model parameters for oy, [61] (see also
Appendix B2) are given by

O = TV [RF (11, 02,13, 001, 00, T
—|—t2F/(l‘1,12,f3, oy, o2, T;MF)]’ (15)

where F and F’ represent the arbitrary functions. Note that
only the even power of o; and TMF appears in F and F’. Thus,
one finds that the coupling of oy and TMF is always necessary
to induce o,,, which is consistent with the numerical result
presented in Sec. IV A. Moreover, o,,, is closely related to
the asymmetric band modulation because both of them are
characterized by the same essential model parameters.

Similarly, the essential model parameters of o, are
given by

Oxzz =alﬁMF[agtzF(tl,tz,t3,(x1,(x2,T;MF)], (16)

where the even power of a1, o, and TMF appears in F. Equa-
tion (16) shows that the coupling of o; and TMF is essential
to induce o, as similar to oy, which is consistent with the
numerical result in Sec. IV B. Moreover, Eq. (16) indicates
that #, and the even power of «, are also necessary for o, in
the present model in Eq. (1).

In a similar way, the essential model parameters to induce
a,; and o, are given by

Oy; :O[zT;MF[QF(ll,lz,1‘3,()[1,012, T;MF)], (17)

Oy; = Ol]Oley[l3F(l1 , I, 13,01, 07, Hy, T;MF)] (18)
This indicates that nonzero o,.0,, needs nonzero ala%ﬁMF,
which shows a good agreement with the condition for o,.,.
The common essential model-parameter dependence in the
small parameter region was already confirmed in Secs. IV B
and IV C.

It is noteworthy that the above approach to extract the
essential model parameters can be straightforwardly applied,
even when introducing the other model parameters. For exam-
ple, let us consider the additional interlayer A-B hopping #, in
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TABLE I. Model parameters necessary for the asymmetric band modulation and response tensors indicated by the checkmark (v). In the
last two columns, model parameters are decomposed into the essential and semi-essential parts.

t f a a TMF H, Essential Semi-essential
Asymmetric band modulation v v o TMF
Oxxx (t4 = 0) v v Olli;MF tlz, 123
Oxxx (t4 7é O) v v al’i;MF llz» b,
Oxzz ([4 = 0) v v Vv v Ol]T;MF a%tz
Oy (t4 #0) v v Olli;MF Olgl‘z, 1y
Ay, (t4 = O) v v v OlzT;MF 13
ay; (14 #0) v v OlzfoF 13,14
Oz ([4 = 0) v v v v (11(3(211{v 3
oy (t4 #0) v v v ajarH, 13,14

the model Hamiltonian. In this situation, one finds that there
is no longer a simple correlation between oy, and o, 0,; the
essential model parameters for the first are oy TMF rather than
o105 TMF, while those for the second still remain the same
as a3 TMF as discussed in Appendix B. In other words, the
factor 31, in the square bracket in Eq. (16) is not truly the
essential factor. Indeed, the numerical results in the presence
of #4 give a different temperature dependence from each other,
as shown in Appendix C. Thus, the correspondence between
Oxz; and oo, occurs depending on the hopping in the effec-
tive model, which is clarified by performing a procedure in
Appendix B.

B. Quantitative evaluation

Finally, we discuss the order estimate of the nonlinear con-
ductivity for oy = 0.5 and o, = 0.1 by the ratio o,/ (0 )?
being independent of the relaxation time in the clean limit. By
putting the typical values as a ~ 0.5 [nm] and |t,| = 0.2 eV,
we obtain G,Cm/(am)2 ~ 1073hra%e |71 ~ 10718 [m® A™!]
for T — 0 and 1077 [m® A~!] near Ty, which is compara-
ble to the value in the two-dimensional nonmagnetic Rashba
system under the magnetic field [51]. Further enhancement
can be achieved by tuning the model parameters and electron
filling.

VI. SUMMARY

In summary, we investigated the microscopic essence for
the second-order nonlinear conductivity in the $7 -symmetric
collinear AFM with the MT moment on a two-dimensionally
stacked zigzag chain by focusing on the role of the MT mo-
ment. Based on the nonlinear Kubo formula in the clean limit,
we found that the effective coupling between the ASOI and
the MT moment is essential for the nonlinear conductivity.
By analyzing both the longitudinal and transverse components
of the nonlinear conductivity while changing the ASOI and
the temperature, we showed that their large enhancement can
be achieved near the transition temperature, provided that the
AFM molecular field is comparable to the ASOI in a multi-
band system. We also discussed the similarity and difference
between the transverse nonlinear transport and the combined
response consisting of the linear magnetoelectric and Hall
coefficients.

The present result elucidates the essential model parame-
ters for MT-related physical phenomena, such as the nonlinear

conductivity and the linear magnetoelectric effect, in
P97 -symmetric collinear AFMs. The similar analysis can
be applied to examine the role of the MT moment for
any collinear AFMs with the MT moment in the zigzag
structure, e.g., CeRupAljy [62,63], CesTiBis [17,18],
and «-YbAl,_Mn,Bs; [64], and other ferrotoroidal
metals/semiconductors with locally noncentrosymmetric
crystal structures, such as MnpAu [46,65], RB; (R = Dy,
Er) [66,67], CuMnAs [45,68], PrMnSbO [69], NdMnAsO
[70], and X,Fe, ,Se, (X =K, TI, Rb) [71-73], once the
model Hamiltonian is given. The measurements of the
linear magnetoelectric effect and the nonlinear conductivity
for these materials are also useful to investigate their
microscopic mechanisms. Moreover, the analysis is
straightforwardly extended to the AFMs with the other
odd-parity magnetic-type multipole moments, such as the
MT octupole, since they are characterized by the same
spatial inversion and time-reversal symmetries. Our study
will stimulate a further investigation of the multiferroic and
conductive phenomena in the 7 -symmetric AFM metals.
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APPENDIX A: EXPRESSION OF MULTIPOLES

We show the functional form of multipoles with rank 0-3
except the normalization constant: the rank 0 (monopole) is

Xo x 1, (AD)
the rank 1 (dipole) is
(XXaXanZ) X (-x7 yv Z)a (AZ)
the rank 2 (quadrupole) is
X, o< 322 — 1%, (A3)
X, o x* —y%, (Ad)
(Xyzs Xoxs Xay) X (yz, 2, XxY), (A5)
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the rank 3 (octupole) is

Xxyz X XYz, (A6)

(X2 X2 X2) o [x(5x% = 3r%), y(5y* — 3r%), 2(52° — 3r7)],
(A7)

(X XP . XF) o [x(y” — 22), (@ = 1), 2 = yD)], (A8)

where X represents the types of multipoles. When X corre-
sponds to the time-reversal-odd polar (axial) tensor, it stands
for T (M) for MT (magnetic) multipole.

By using the multipole notation, the collinear AFM with
q = 0 on a zigzag chain is represented by the MT dipole 7
when the AFM moment is along the x direction as

1 1
L=35 > (Rio/ =Rjof) > S(o5—0k).  (A9)
I=A,B
where o/ and R} (u =x,y,z) are the magnetic moment

and the position vector at the /th atom, respectively [74-76].
Similarly, the AFM with the moment along the y direction is
characterized by the magnetic quadrupole M,, as

M, = Z (2R;0f — Rjo} — R)o}) —

I=A,B

Ly
5 (05 = 93),
(A10)
and that along the z direction is by the MT dipole T, as
1

To=3 > (Rjoj —Rio)) —

I=A,B

1
5(ag—a]_g). (A11)

Moreover, the dipole and octupole components of o, in
Eq. (10) are related to the MT dipoles in Eq. (A2) and MT
octupoles in Egs. (A6)—(AS) as follows:

1
T, < s ;7(%” + 20,y) (cyclic), (A12)
Ty < Opye (A13)

1
I < 1()(5% 3> a) (cyclic),  (A14)

V=X,,2

x 020) (cyclic). (A15)

T# 1(

T <> = (Oyyy —
2 Xyy

APPENDIX B: ESSENTIAL MODEL PARAMETERS

IN RESPONSE TENSORS

We show the essential model parameters for the asym-
metric band modulation, the longitudinal and transverse
nonlinear conductivities, and the linear Hall and magnetoelec-
tric coefficients by using the systematic analysis method in
Refs. [60,61]. The results are summarized in Table I.

1. Asymmetric band modulation

First, we give the essential model parameters for the asym-
metric band modulation. Following the method for extracting
the essential model parameters in the thermal average of a
Hermitian operator [60,61], we obtain the momentum distri-
bution of the band modulation and its parameter dependences
by analytically evaluating the low-order contributions of the
following quantity:

Q'(k) = Tr[n"* (k)] (B1)

Here h™+! (k) denotes the (i 4+ 1)-th power of the Hamiltonian
matrix at wave vector k, i.e., H in Eq. (1) is represented
as H = ), h(k). The Oth- and 1st-order contributions QOk)
and Q' (k) are explicitly given by

QO(k) = —8(t, cosky + 3 cos k), (B2)

Q' (k) = —8a; TMF sink, +4[(TXMF)2 + o7 sin® k+a3 sin’ k,

+ 27 (1 + cosk,) + 4(t> cos k; + t3 cosk.)*].  (B3)

The odd function of k, appears only in the first term of
Eq. (B3) in the form proportional to a;7MF, which means
that the asymmetric band structure is induced by the coupling
between the nonzero TMF and «. It is confirmed at least to
the sixth order. Note that the odd functions of k, included in
the higher-order terms in Eq. (B1) are always proportional to
o TMF. Thus, both oy and TMF are the essential model param-
eters for the asymmetric band structure and their coupling is
also crucial for nonlinear conductivities.

2. Second-order nonlinear conductivity

Next, we elucidate the essential model parameters in
the longitudinal and transverse nonlinear conductivities. The
essential model parameters in the Drude-type nonlinear con-
ductivities can be extracted by evaluating the following
quantity [61]:

Re[I/\ ] = ZRe{Tr[ﬁﬂkh’(k)ﬁvkh/ )bk ()]}, (B4
k
where 0, denotes the ; component of the velocity operator
atk.

Here, we introduce the interlayer hopping between the
sublattices A and B [Fig. 5(a)]. The effect of the additional
hopping is taken into account by replacing e“B(k) as
—2t) cos (kya/2) — —2[t; + 2t4 cos (k;c)] cos (kra/2). The
results of the evaluations are given as follows.

- Longitudinal nonlinear conductivity oy,

As the essential model parameters are included in any pair
of (i, j, k) in Eq. (B4), we here show two low-order contribu-
tions to Eq. (B4) in the (i, j, k) = (0,0, 1) and (0,1,3) terms
as representative examples, which are explicitly given by

J
Re[T ] = o TV (17 +287). (B5)

XXX

Re[I] =

+ t4[
+ 8(TM

( {Ol 012 + [ (TMF) + 705% + 205% + 3t12]}
4(TM" ) tty + Sajtty — astits — 1665 — 12613t — 12483

)2t2t4 + 14()(1[2l4 + 2()(2t2t4 + 36[1 ity — 48[12‘32‘4 + 18[2[4]). (B6)
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(a) (b) 104 () 10-6
ZM 6 X_E)l T T 6 x 0|
» B 3 =
w4
N L IS
V/\A 1y 0 =
, cee =01, 2, =0 e 2+
/\ B — =01 a=01 1
) — 1,=0.05, a, = 0.1
_6 L 1 Il Il | 0 L — Il Il

0.0 0.2 04 06 08 1

T/Ty

.0 1.2

0.0 02 04 06 08 1.0 1.2

T/Ty

FIG. 5. (a) Schematic picture of the interlayer hopping #; between A and B sublattices. (b), (c) The T dependence of (b) ., and (¢) 5..@,,

for (t4, ) = (0.1, 0), (0.1,0.1), and (0.05, 0.1).

Then, the essential model parameters in the longitudinal non-
linear conductivity o, are o and TMF, which is consistent
with the fact that the nonzero o,,, is closely related to the
asymmetric band structure under TM¥ # 0. Since all the terms
in Eq. (B4) are always proportional to a;TMF, o, is written
in the form

FMF[ .2 FMF
Oy = 1T, [llF(Il,fz,l,%,M,Oll,OlzJ} )
+ IZF,(t19t2’ t3,t4,0[],0[2, T;MF)

+ Z‘4F”(Z‘1,t2,t3,l4,a],052,T;MF)], (B7)

where the even power of o} and TAF appears in F, F/, and F”,
e.g.,a? and (TMF)? in Eq. (B6). By introducing #4 # 0, the ad-
ditional contribution appears, which results in the alternative
behavior of oy,,.

- Transverse nonlinear conductivity o,

Similar to oy,,, we show two low-order contributions to
Eq. (B4) in the (i, j, k) = (0, 1, 0) and (0,1,1) terms, for ex-
ample. The expressions are given by

Re[IY] = —%alﬁMth, (B8)
121
RC[FSZIZI] = galnMF[Otgtz + t4(4l‘1l3 + 82‘22‘4)]. (B9)

Similar to this result, we find that all the terms in Eq. (B4) are
always proportional to a1 TMF, then o, is expressed as

=MFT 2 = MF
ove = o I (050 F (11, 12, 13, 14, 0y, 0, TYY)

+ l‘4F/(l1,l‘2,l3,t4,Ol1,(X2, T;MF)], (BlO)

where the second term proportional to #4 does not vanish even
for ap, = 0.

3. Linear responses

We further clarify the essential model parameters for the
linear Hall and magnetoelectric coefficients. The essential
model parameters in the interband contribution of the electric-
field-induced response tensors can be extracted by evaluating
the following quantity [61]:

Im[T9,] = " Im{Tr[A ' (k)oih! (k)] }. (B11)
k

where A uk denotes the  component of an arbitrary hermitian
operator at k.

- Magnetoelectric coefficient o,

The magnetoelectric coefficient o, corresponds to the case
with AAﬂk = 0, in Eq. (B11). Similar to the nonlinear conduc-
tivities, the essential model parameters are included in any
pairs of (i, j) in Eq. (B11). We show two cases by taking
(i, j) = (0, 2) and (1,3), which are given by

Im[F;)ZZ] = —?dzi}MF%,

(B12)

1n . )
Im[r] = ?azTXMF{@ [4(TMF)? + 602 + o3 + 812 — 2442

— 12l2] +l‘4(16l‘|l‘2+24t3l‘4)}. (B13)

We also find that all the terms in Eq. (B11) are always propor-
tional to o, TMF, then a, is expressed as

= MF = MF
oy, = T, [2‘3F(l‘1,12,1‘3,t4,<¥1,<¥2,7; )

+ t4F’([1,t2,t3,l4,(11,0[2,T;CMF)]. (B14)

Therefore, the essential model parameters are o, and TMF,
while «,, also depends on the spin-independent hopping pro-
cess 13 Or ty.

- Hall coefficient o,

To discuss o,,, we introduce the small magnetic field along
the y direction H,. Then, we evaluate the essential model
parameters for the Hall coefficient o, with A wk = Dy 1in
Eq. (B11). We show two low-order contributions to Eq. (B11)
in the (i, j) = (0, 3) and (1,3) terms, for example, which are
given by

0y 44
Im[I')’] = ?alazHy@rm + 5t1t4), (B15)

88
Im[Fg] = ?alagH,[lezh + 1,811, + 71‘32‘4)].

All the terms in Eq. (B11) are always proportional to « o, Hy,
then o, is expressed as

(B16)

= MF
0w = yaxHy[F (11, 12, 13, 14, 1, o, Hy, T)

+ l‘4F/(l‘1,f2,t3,l4,061,052,1‘1y,T;MF)]- (B17)
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Therefore, the essential model parameters are «;, o, and
H,, while oy, also depends on the spin-independent hopping
along the z direction, #3 or #4.

By combining the results, Egs. (B14) and (B17), o,.ay, has
the form

24MF 2 FMF
Onty. = 1y T H[65F (11, 10, 13, ta, 01, @, Hy, TMY)
+ 13F (11, 12, 13, 14, 01, 02, Hy, TT)

+ BuF" (1, b, 13, 1, o1, o, Hy, T}MF)], (B138)

which clearly shows that 0,0, o o105 TMFH, irrespective of
the additional parameter of #,.

When t4, = 0, we find that both o,.; and o,,«,, are propor-
tional to alot%T;,MF. On the other hand, such a relation does not
hold when #4 # 0; 04, o o TMF, whereas o,y o s TME.
APPENDIX C: EFFECT OF ADDITIONAL

INTERLAYER HOPPING

We compare the transverse component of the nonlinear
conductivity oy, and the quantity ooy, in the presence

of the interlayer hopping f#4 between the sublattices A
and B.

Figures 5(b) and 5(c) show &,.; and &,.@&,, as functions
of T, respectively, for #4 = 0.1, 0.05 and o, = 0, 0.1, where
o) = 0.4 is used. As shown by the red dashed line in Fig. 5(b),
Oy, still remains nonzero even for a, = 0, while 6,,&,, in
Fig. 5(c) vanishes. Furthermore, the nonzero 74 enhances
0Oyzz» While it suppresses &,.&,, while increasing f4. This is
because the essential model parameters discussed in the pre-
vious section are different for oy, and o,.c,. Indeed, in the
presence of #, and «,, the essential model parameter of o,
is represented as o TMF[a2nF (1), 1, t3, 1, @1, 0, TMF) +
t4F (11, to, 3, 14, @1, ap, TMF)], which clearly shows that
0y;; has the additional contribution from 74 and does
not vanish for o, = 0. On the other hand, the essen-
tial model parameters of o, and «,, do not show the
change from o, — ajoHF(t, 0, 1,14, oy, az, Hy, T;MF)
and o, > TMYF (1, 1o, 13, ta, a1, 02, TMF), respectively;
the hopping #; is not the essential model parameter for
oy, and «a,.. Thus, there is no simple relation between
them.
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