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Energy band nodal structures (nodal points/lines/surfaces) in the Brillouin zone (BZ) have received immense
research interest in the past decade, while their complete classification is still lacking. Here, we focus on all
the 1651 magnetic space groups (MSGs) and 528 magnetic layer groups (MLGs) to provide a dataset of all
symmetry-diagonalizable strictly and nearly nodal structures emanating from band nodes (BNs) at symmetric
k points. Using our dataset, one can quickly know their k - p models. Based on the k - p models, we find that
charge-4 Weyl nodal point, thought to only exist in the spinless setting before, can exist in the spinful setting. Our
dataset can also be applied to quickly identify the associated nodal structures, which can be composed of several
nodal lines or/and surfaces given a BN. In this way, we identify nodal lines which are flexible but only fixed
at one point in the BZ. Our classification includes both spinful and spinless settings with the latter applicable
for bosons like phonons and electronic materials with negligible spin-orbit coupling. We show that the same as
BNss, the nodal structures, especially the nearly nodal surfaces, are also ubiquitous. Finally, we predict hundreds
of ever-synthesized magnetic materials with essential extended nodal lines or surfaces and one charge-4 Weyl

magnetic material.
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I. INTRODUCTION

The nodal structures in energy bands, classified by de-
generacy, dimensionality (point, line or surface), topological
charge etc., have attracted extensive attention [1-3] since
they can underlie fascinating physical properties, like sur-
face Fermi arcs [4], chiral anomaly [5], drumhead surface
states [6], Klein tunneling [7], and so on. Most nodal struc-
tures can be deduced from isolated band nodes (BN) at
symmetric k points while previously only specific aspects of
the BN were focused on, for example, the location of the BN
is at a high-symmetry point [8—14], the degeneracy is larger
than 2 [8,9,11,12,14], and the low-energy dispersion should be
linear [10,11], etc. Very recently, considering all BNs in high-
symmetry points, high-symmetry lines and high-symmetry
planes in the 230 space groups (SGs) with additional time-
reversal (7)) symmetry, Ref. [15] constructed a very useful
encyclopedia by k - p modeling. They find that all possible
degeneracies of BNs in crystals are 2, 3, 4, 6, and 8 and the
largest topological charge is 4 [15]. Furthermore, it is found
that when 7' symmetry is preserved, the charge-4 Weyl point
(WP) only exists in the spinless setting [15,16], thus dubbed
as spinless charge-4 WP here. However, when magnetic order
is formed, there are another 1421 magnetic SGs (MSGs) de-
scribing magnetic three-dimensional (3D) systems [17], thus
new types of massless excitations are anticipated. Besides, the
528 magnetic layer groups (MLGs) are also interesting for
they describe symmetries of two-dimensional (2D) magnetic
or nonmagnetic materials like graphene [18], as well as the
boundaries between different insulating phases [19]. Then a
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complete classification of BNs in all 1651 MSGs and 528
MLG:s is still lacking.

On the other hand, while the BNs have been well-
investigated and predicted in specific conditions [8-10,13—
15,20-28], the nodal structures have not. Though the nodal
structures can be deduced by constructing k - p model around
a BN [2,3,8,9,15,29], it can only predict local nodal struc-
tures around the BN. Moreover, the k - p model is commonly
only expanded to a fixed order in q (the momentum mea-
sured from the BN) [2,3,8,9,15,29], thus whether including
symmetry-allowed higher & - p terms could gap the predicted
nodal structures is not yet known. Notably, the same as the
strictly nodal structures, the nearly nodal structures could also
bring about novel properties, such as the PT (P: inversion)
protected nodal lines [6,30-32] and Dirac point in graphene
when spin-orbit coupling (SOC) is neglected. All in all, a
complete list of all possible BNs and both strictly and nearly
nodal structures in the 1651 MSGs and 528 MLGs and in both
spinful and spinless settings is not only important in revealing
new types of BNs and nodal structures, and it is also useful
for efficient materials predictions.

In this paper, we combine compatibility relations (CRs)
and k- p models to obtain such a complete list: CRs can
predict extended nodal structures, like nodal line along some
high-symmetry line/within some high-symmetry plane and
nodal surface along some high-symmetry plane since CRs
tell us how bands split away from a BN. For reader’s
convenience, we summarize ten different CR-required band
splitting patterns as shown in Table S1 in Supplemental Mate-
rial [51] (including P-NP, P-NL, P-NS, P-NSL, L-NL, L-NP,
L-sNL, L-NS, PL-NS, and PL-NL) so that one can know the
dimensionality of nodal structure easily, for example, for CR-
required band splitting pattern named by P-NSL, the nodal
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TABLE I. Interpretations of ten CR-required band splitting patterns. Note that there might exist several nodal lines or nodal surfaces for
P-NL, P-NS, and P-NSL, and they all coincide with high-symmetry line or plane. For L-NL, the nodal line(s) lie in high-symmetry plane(s),
and multiple nodal lines constitute a nodal-chain structure. For L-sNL, the nodal line coincides with the high-symmetry line where the BN
occurs. For P-NP, P-NL, P-NS, P-NSL, L-sNL, L-NS, and PL-NS, there is only one (co-)irrep in the BN while for the rest CR-required band

splitting patterns, there are two different (co-)irreps.

Name of CR-required band splitting pattern

P-NP

P-NL

Meaning

Name of CR-required band splitting pattern

The BN occurs at high-symmetry point,
and is a nodal point

P-NS

The BN occurs at high-symmetry point,
lying in nodal line(s)

P-NSL

Meaning

Name of CR-required band splitting pattern

The BN occurs at high-symmetry point,
lying in nodal surface(s)

L-NP

The BN occurs at high-symmetry point,
lying in nodal line(s) and surface(s) simultaneously

L-NL

Meaning

Name of CR-required band splitting pattern

The BN occurs in high-symmetry line,
and is a nodal point

L-sNL

The BN occurs in high-symmetry line,
lying in nodal line(s)

L-NS

Meaning

Name of CR-required band splitting pattern

The BN occurs in high-symmetry line,
lying in a nodal line

PL-NL

The BN occurs in high-symmetry line,
lying in nodal surface(s)

PL-NS

Meaning

The BN occurs in high-symmetry plane,
lying in a nodal line

The BN occurs in high-symmetry plane,
lying in a nodal surface

structures of a BN at high-symmetry point contains coexisting
nodal lines and surfaces (the reader can also find in Table I
of the main text more detailed interpretations of the other
CR-required splitting patterns). More details on classification
can also be found in Supplemental Material [S1]. It is worth
mentioning that the extended nodal structures by CRs have
a great chance of crossing the Fermi surfaces, significant in
designing devices with large exotic quantum responses [52].
And k - p model can predict nearly nodal structures, be used
to calculate topological charge and even predict strictly nodal
structures beyond those by CRs. Our comprehensive results
are given in datasets I-IV [53] in both top-down and bottom-
up forms: dataset I displays all k - p models (expressed by H;
and /; for MSGs and MLGs, respectively) complete to de-
scribe all possible BNs; dataset II gives concrete realizations
of BNs for each k - p model. One can know all possible nodal
structures by CRs in dataset III, which can be reproduced by
k - p models but note that k - p models might give more nearly
nodal structures by varying the expansion orders. Dataset IV
gives concrete realizations of BNs for a given CR-required
band splitting pattern.

II. METHODOLOGY AND NEW TYPES
OF MASSLESS EXCITATIONS

Noticing that any symmetry-protected nodal structure
owns at least one point (namely, the BN mentioned above),
we can exhaust all possible symmetry-diagonalizable nodal
structures by systematically analyzing all BNs located at high-
symmetry point/line/plane. Starting from any BN, whose
participating irreducible representation(s) (irrep(s)) or co-
irrep(s) can be known from its little group, we exploit CRs
to obtain how bands split in the vicinity of the BN, namely,

the CR-required band splitting pattern [17,54]. From the CR-
required band splitting pattern, we obtain all nodal structures
(definitely strictly) emanating from the BN. These nodal
structures required by CRs always exist as long as the BN
is formed and can be extended in the Brillouin zone (BZ)
when they coincide with high symmetry lines/surfaces. In
order to obtain all nearly nodal structures, we then construct
k - p models around all the BNs. Based on the explicit &k - p
models, we find that the charge-4 WP, believed to only exist
in the spinless setting [15,16], can also exist in the spinful
setting in several MSGs as shown in Table II: SrCuTe,O¢ [55]
is found to be crystallized in MSG 213.63 and thus could
host the spinful charge-4 WP. The first-principles calculated
electronic band structure is shown in Fig. S8 of Supplemental
Material [51] which shows coexisting charge-4 and spin-1 WP
below the Fermi level.

TABLE II. MSGs allowing spinful charge-4 WP. For all
MSGs here, the charge-4 WP is pinned at high-symmetry point
(3.1.3). All 2D (co-)irreps for this high-symmetry point in
these MSGs correspond to spinful charge-4 WPs. Other than
spinful charge-4 WPs, this high-symmetry point can also host
triply-degenerate spin-1 WP [8]. Hiys and Hjsps are the k- p
models which can be found in dataset I: Hiyis = [Ra(q? — ¢2) +

2,2 52 22 2
R (q§ _ qﬁ)]ox n R3(qx+qy—24; )}-;z(qu 9x q;)ay + Riq.qyq-0- and
24 .2
Hisos = Rolq? = 555 )0 +

V3Ry(g3—4?)
f} Oy + R3Qququz .

Type v I v I v
MSG 19811 21259 21262 21363  213.66
Hi H1415 H1508 H1508 H1508 H1508

155156-2



COMPLETE CLASSIFICATION OF BAND NODAL ...

PHYSICAL REVIEW B 105, 155156 (2022)

By comparing the nodal structures by CRs (namely from
CR-required band splitting pattern) and those by k - p models,
we prove that there exists a cutoff k - p order for any BN. For
most BNs, we can find a least order to which the k - p model
can give exactly the same nodal structures as those by CR-
required band splitting pattern and such order can be chosen
to be the cutoff order. For the rest BNs, we can also find a least
cutoff k - p order which can not only reproduce all the nodal
structures predicted by CR-required band splitting pattern but
also provide additional strictly nodal structures. These addi-
tional nodal structures are all nodal lines and are missed when
simply using CRs though. In the spinless setting, they can only
be pinned at the BN and the rest part can be movable freely in
the BZ, not ever unveiled before. An important usage of k - p
models is that the k - p models up to the cutoff orders facilitate
us to explore all nearly nodal structures by lowering the k - p
orders. We find that the maximal cutoff order is 6, thus to
obtain strictly nodal structures, k - p model up to 6th order is
sufficient. Also, the cutoff order quantitatively characterizes
the order of magnitude of the gap opened in the nearly nodal
structures by considering higher-order k - p terms. Among
98970 BN in total in MSGs, around 22.4% can have nearly
nodal structures. For example, strictly nodal surface can only
occur in very restricted symmetry conditions [15]. In total,
10636 BNs are found to lie in strictly nodal surfaces for
some nonsymmorphic MSGs. However, nearly nodal surfaces
can occur for another 19520 BNs. Concretely, there are only
254 (486) MSGs allowing strictly nodal surface while there
are 789 (1316) MSGs allowing nearly nodal surfaces, in the
spinful (spinless) setting. Such enrichment on nodal struc-
tures is expected to be important from an experimentalist’s
perspective. The nearly nodal structure in some material near
the Fermi level can induce large responses even though the
material cannot allow strictly nodal structure. In the following,
we demonstrate examples of strictly nodal lines missed by
CRs and nearly nodal surface.

II1. NODAL LINES NOT CAPTURED BY CRS

As stated above, we find that there are several exceptions
for which there exist more additional strictly nodal lines
by k - p models than those by CRs. The CR-required band
splitting patterns for these exceptions are: P-NP, L-NP, and
P-NL (see Tables S4-S9 of Supplemental Material [51] for
concrete k - p models). The corresponding BNs can be found
in dataset II given H; in these tables. These nodal lines are
found to be protected by PT /mirror/glide symmetry, through
checking the little groups for the BNs for these &k - p mod-
els. For CR-required band splitting pattern P-NP, when the
BN owns a mirror/glide symmetry, we find that for all BNs
corresponding to Tables S4 and S5 of Supplemental Material
[51], the eigenvalues of the mirror/glide operation are inverse.
Since the BN is pinned at a high-symmetry point, there is no
reason that the BN lies in a nodal line within a high-symmetry
plane invariant under the mirror/glide operation. However, we
use the explicit k - p models to solve for the nodal structures
and find that strictly nodal lines are formed. Similarly, for
CR-required band splitting pattern P-NL in Tables S8 and
S9 of Supplemental Material [51], there exist more strictly
nodal lines than those by CR-required band splitting patterns,

also protected by some mirror/glide symmetry. For Tables S6
and S7 of Supplemental Material [51], the CR-required band
splitting pattern can be P-NP, L-NP or P-NL, there exist more
strictly nodal lines protected by PT symmetry in the spinless
setting: Examples are shown below using the k- p models
Hyye and Ha373. Interestingly, such PT protected nodal lines
are fascinating since the points in these nodal lines are all
flexible in the BZ other than the one pinned at the BN (thus
can be diagnosed efficiently).

We first give an example of a BN formed by the crossing
of two bands with two different co-irreps: single-valued co-
irreps {1} and {3} [33], within high-symmetry line A or V
of MSG 83.44 (type II). According to dataset III, the CR-
required band splitting pattern is L-NP and the k - p model is
Hoe. From dataset I, the k - p model Hagpg is [R4(q§ - )+
Rsqxqylo, + [Req: + R7g7 + Rs(q; + ¢3)]o to the cutoff or-
der 2 (R, R,, . .. are all real parameters). Though CRs require
that the k - p model H,p6 should describe a nodal point by
CR-required band splitting pattern L-NP, Hygy¢ allows nodal
line solutions, which are then found to be protected by PT
symmetry. Figure 1(a) demonstrates the PT protected nodal
lines where the concrete parameters are also given.

We then show another example, a BN formed at
high-symmetry point I" of MSGs 147.14, 147.16, 148.18,
or 148.20, with a single-valued co-irrep being {2,6}.
According to dataset III, its CR-required band splitting
patten is P-NL, as shown in Fig. S3(a) of Supplemental
Material [51], where the nodal structure can be found
along the high-symmetry line A. The k-p model is
Hy73 = [R4(61}2, — q2) + Rsqxq: + R3qyq: + Req.qylo, +

22
(—R3q.qx + 2R4q,q, + Rsqyq. + Rs q"zq" )oy, from dataset 1.

Obviously, g, = 0, g, = 0 is the node solution of this model,
namely, the corresponding nodal line is along z direction
(parallel to the high-symmetry line A). However, there exist
another three solutions corresponding to three nodal lines
protected by PT symmetry, as demonstrated in Fig. 1(b)
where we take all the parameters to be unity.

IV. k - p ORDER ENRICHED NODAL STRUCTURES

Then we show an example of BN whose cutoff order of
k - p model is 6 to show nearly nodal structures by lowering
k - p order. The BN is formed by two single-valued irreps
3 and 4 in the high-symmetry line A of MSG 183.185. As
shown in Fig. S5(c) of Supplemental Material [51], the CR-
required band splitting pattern for this BN is L-NL, namely,
no matter how large the k - p order is, the CRs require that
there should exist nodal lines [red lines in Fig. 1(c)] lying in
high-symmetry planes [six gray planes in Fig. 1(c)] for this
BN. The k - p model is Hy469, Which is also a 2 x 2 matrix,
whose explicit expression can be found in dataset I. As the
cutoff order for this BN is 6, thus H,s4g9 has the order of 6
in q. As shown in Fig. 1(c), the yellow surface represents
the node solution for the k - p model with order 2, while the
cyan surface represents the node solution of the k - p model
with order 1. The yellow curved surface in Fig. 1(c) is nearly
but an almost strictly nodal surface, while the strictly nodal
surface stabilized by MSG symmetries can only coincide with
a high-symmetry plane [15]. In total, there are 796 out of the
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FIG. 1. PT protected nodal lines in (a) and (b), k - p order enriched nodal structures in (c). In (a), for the k - p model H,pp6 = [R4 (qf, - @)+
Rsq.qylo. + [Req. + Ry qf + Rg(qf + qf,)]az, whose CR-required band splitting pattern can only be L-NP, we choose the parameters Ry = Rs =
0.1Rg = R; = Rg = 0.1. The nodal lines for this k - p model can be visualized the intersection of two energy surfaces. The orange surface is
0.1(q§ -+ 0.1g.gy, = 0 while the green surface is (g + O.qu) +0.1(g> + qﬁ) = 0 and their intersection contains two nodal lines (in
red) which are pinned at the BN located at the origin. In (b), for the k - p model Hs373 = [R4(q§ — @) + Rsq.q. + Raqyq. + Reqxqylo, +

(=R3q.qx + 2R4q.qy + Rsqyq. + Re @ ;q’z’ )o,, whose CR-required band splitting pattern can be P-NL, we choose all the parameters to be
1. The orange surface is ¢> — ¢* + g.q. + 4,4 + qxq, = 0 while the green surface is —q.q; + 2.9, + g,9. + @ ;q'% = 0. Their intersection
contains one nodal line (in blue) along the ¢, axis which is required by CR-required band splitting pattern and the other three nodal lines (in
red) not required by CR-required band splitting pattern. (c) demonstrates the k - p order enriched nodal structures using the k - p model Hs4g9:
The six nodal lines in red, lying in six high-symmetry planes (in gray) are required by CR-required band splitting pattern (the CR-required
band splitting pattern is L-NL) but they only appear when the k - p order is 6 or larger. The cyan plane is along g.-g, plane which is the solution
for nodes when the k - p order takes 1. The yellow surface is the solution for nodes when the & - p order is 2. When the & - p order is 3, 4, or
5, the yellow surface is almost still the node solution. The parameters we choose for the demonstration are shown in Sec. S8 of Supplemental

Material [51].

3026 k - p models H;s for MSGs found to show nearly nodal
structures, corresponding to 22 159 BN in total, which means
that nearly % of BNs can demonstrate k - p order enriched
nodal structures. Concretely, among 98 970 BNss in total for all
MSGs, we combine CRs and & - p models to reveal that 10636
can lie in strictly nodal surface (the CR-required band splitting
pattern is P-NS, P-NSL, P-NSL, or PL-NS) and 60 200 can lie
in strictly nodal lines (the CR-required band splitting pattern is
P-NL, P-NSL, L-NL, L-sNL, or PL-NL), while 19 520 can lie
in nearly nodal surface (the CR-required band splitting pattern
is not P-NS, P-NSL, P-NSL, or PL-NS) and 57 can lie in
nearly nodal lines (CR-required band splitting pattern is not
P-NL, P-NSL, L-NL, L-sNL, or PL-NL). We list all MSGs re-
alizing strictly or/and nearly nodal surfaces in spinless or/and
spinful setting in Sec. S10 of Supplemental Material [51].
Overall, majority of MSGs allow nodal surfaces, while only
nonsymmorphic MSGs can allow the formation of strictly
nodal surface.

V. MATERIALS SEARCH

Finally we apply our results in the search for magnetic
topological semimetals. Compared with the great advance-
ments in the nonmagnetic topological materials [56,57], the
field of topological magnetic materials [58] is still in its
infancy possibly due to the scarcity of realistic magnetic
materials with experimentally identified magnetic structures.
Another intrinsic difficulty in predicting magnetic topological
materials is originated in the electronic correlation, which

should be treated very carefully in the first-principles cal-
culations. Here we obtain a complete list of MSGs with
essentially nodal surfaces and nodal lines, corresponding to
the CR-required band splitting pattern PL-NS and L-sNL,
respectively, as listed in detail in dataset V. The information
on essentially nodal lines/surfaces in dataset V are thus useful
for materials predictions, for both nonmagnetic and magnetic
materials, and also applicable for bosonic excitations.

To date, the Bilbao MAGNDATA database [55] has col-
lected more than 1500 magnetic materials. Here, simply by
matching MSGs of the magnetic materials with the MSGs in
the spinful setting shown in dataset V, we find hundreds of
magnetic materials with commensurate magnetic structures
listed in dataset V. In Table III of the main text, we list the
stoichiometric magnetic materials whose chemical formulas
exclude O and haloid elements. The present materials pre-
dictions are purely from symmetry and expected to be robust
against weak electronic correlation [23,59-61], thus they are
promising to be verified by experiments. Note that that these
nodal lines/surfaces can be judged by the information at high-
symmetry points according to the CR-required band splitting
patterns P-NL, P-NS, P-NSL, all possible patterns of them
being schematically shown in Fig. S7 of Supplemental Ma-
terial [51]. Interestingly, for P-NL, the maximal number of
the extended nodal lines emanating from the high-symmetry
point, is found to be 13. We expect this exotic nodal structures,
diagnosed simply using the symmetry information at high-
symmetry point, could show fascinating quantum responses
when electrons shuttle around these nodal lines.
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VI. CONCLUSIONS

To conclude, we obtained a comprehensive classifica-
tion of all BNs and their nodal structures in all the 1651
MSGs and 528 MLGs for both spinful and spinless settings.
Notably, considering nearly nodal structures leads to more
fruitful band nodal structures. The new types of massless
excitations: charge-4 spinful WP, Weyl nodal lines pinned at
high-symmetry points/lines and k - p order enriched curved
nodal surface can be realized in concrete materials. The
magnetic materials shown in Table III for extended nodal
lines/surfaces are expected to be verified experimentally in
near future.

Note added. During the review of the work, we are aware
of two related works [62,63], which classify band nodes by
k - p models in type-III and type-IV magnetic space groups.
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