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Charge-two Weyl phonons with type-III dispersion
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In recent years, charge-two Weyl point phonons (WPPs) have attracted increasing attention. Charge-two WPPs
not only provide a new platform for realizing phonon-based unconventional Weyl points (WPs) but also help
in realizing specific phonon-based transport behaviors. Herein, based on the first-principles calculations and
symmetry analysis, we propose a realistic material with the P3121 space group, BaZnO2, which has a charge-two
WPP and two charge-one WPPs at high-symmetry points. These three unpaired WPPs form a unique triangular
Weyl complex. Unlike previously reported material candidates with type-I or type-II charge-two WPPs, the
proposed BaZnO2 has a type-III charge-two WPP, which has a constant frequency surface that contains two
electronlike or holelike states connected at the charge-two WP. BaZnO2 can support double-helicoid phonon
surface states that cover the entire (001) surface Brillouin zone. The clean type-III WPP, unique triangular Weyl
complex, and clear and long surface states in BaZnO2 suggest that it is an excellent platform for further research
into the physics and applications of type-III charge-two WPPs. Furthermore, we pointed out that charge-two
WPPs with type-III band dispersion may appear at high-symmetry points in space groups 75–80, 89–98, 143–
146, 149–155, 168–173, 177–182, 196, 207–210. Besides trigonal BaZnO2, some material candidates, including
tetragonal MgTiO4, trigonal Li2GeF6, hexagonal CaSO4, and cubic Li10B14Cl2O25, are also shown to be the hosts
of type-III charge-two WPPs.
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I. INTRODUCTION

In recent years, three-dimensional Weyl semimetals
(WSMs) [1–3], which have discrete and finite degenerate
points in the Brillouin zone (BZ), have attracted global at-
tention and are believed to have ushered in a new era in the
topological aspects of condensed-matter physics. Thus far,
WSMs have been predicted in a large number of quantum
materials [4–10], including Y2Ir2O7 [4], TaAs [5–8], TaP [5],
NbAs [5], NbP [5], HgCr2Se3 [9], and Hg1−x−yCdxMnyTe
[10], and they also exhibit exotic physical phenomena, such as
helical Fermi arcs [11], giant magneto-optical responses [12],
chiral-anomaly-induced negative magnetoresistance [13], and
the anomalous Hall effect [14–16]. Weyl points (WPs) in
WSMs are typically divided into two types: conventional
WPs, which have a chiral charge of ±1, and unconventional
WPs [17–21], which have a chiral charge of ±2, ±3, or
±4. Conventional WPs are zero-dimensional twofold band
degeneracies with a linear energy splitting along any direction
in momentum space. WSMs with conventional WPs can be
further divided into type-I [3,22] [see Figs. 1(a) and 1(d)],
which respects Lorentz symmetry, and type-II [23,24], which
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does not respect Lorentz symmetry [see Figs. 1(b) and 1(e)].
Unconventional WPs with chiral charges of ±2, ±3, and ±4
are usually called charge-two (C-2), charge-three (C-3), and
charge-four (C-4) WPs, respectively. C-2 and C-3 WPs have
a linear dispersion along one direction and a quadratic energy
splitting in the plane normal to the direction. C-4 WPs have
a cubic dispersion along one direction and a quadratic energy
splitting in the plane normal to the direction.

Figures 1(c) and 1(g)–1(i) depict some typical band struc-
tures of possible C-2 WPs in three-dimensional crystals. The
WSMs with C-2 WPs are divided into four categories based
on the crossing band slopes. Figure 1(c) shows the type-I C-2
WSMs with a pointlike Fermi surface, in which the hole-
like (h-like) and electronlike (e-like) states are separated [see
Fig. 1(f)]. Figure 1(g) shows the type-II C-2 WSMs with over-
tilted Weyl cones, which have a Fermi surface that consists
of both e-like and h-like states [see Fig. 1(j)]. Jin et al. [25]
and Li et al. [26] recently proposed a new type of topological
materials with type-III C-2 WPs. As shown in Figs. 1(h) and
1(i), the Fermi surface in the type-III C-2 WSMs contains
two contacted e-like [see Fig. 1(k)] or h-like [see Fig. 1(l)]
states. More interestingly, Jin et al. [25] proposed a family of
ferromagnetic materials, X2RhF6 (X = K, Rb, Cs), with space
group P3̄m1, as type-III C-2 Weyl half metals, while Li et al.
[26] proposed a nonmagnetic material with space group I422,
(TaSe4)2I, which was synthesized 30 years ago, as a type-
III C-2 WSM. However, the type-III C-2 WP in (TaSe4)2I
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FIG. 1. (a)–(c) and (g)–(i) Three-dimensional plots of the
phonon band dispersions around the WP in the kx-kz plane. The
white and blue lines indicate the phonon dispersions along the kz

and kx directions, respectively. (d)–(f) and (j)–(l) Constant-frequency
contours in the kx-kz plane at the frequency of WPs. The blue and
red regions in (e), (j), (k), and (l) represent the hole-like (h-like) and
electron-like (e-like) states, respectively.

cannot be maintained when the spin-orbit coupling (SOC) is
considered. In the case of X2RhF6, although the type-III C-2
WPs appear when the SOC is considered, the double-helicoid
surface states are hidden by bulk band structures. Hence, it
is still important to search for realistic materials with ideal
type-III C-2 WPs and clean double-helicoid surface states.

C-1, C-2, and C-4 WP research has recently been ex-
tended from electronic systems to spinless phonon systems
[27–35,35,36]. For example, WC-type materials [27], CdTe
[28] and ZnSe [29], have been predicted to host C-1 Weyl
point phonons (WPPs). α-SiO2 [30], Rb2Be2O3 [31], and
K2Sn2O3 [32] have been reported to host C-2 WPPs. BiIrSe
and Li3CuS2 [33] are the hosts of C-4 WPPs. Phonons are
bosons that are unaffected by the SOC effect and are not
limited by the Fermi level. Thus, in principle, C-2 WPs can
be found in all phonon dispersions. Moreover, topological
phonons [37–41] can be used to investigate heat transfer,
phonon scattering, and electron-phonon interactions. For ex-
ample, a series of noncentrosymmetric materials with C-2
WPs in their phonon dispersions was reported using the first-
principles calculations [34]. The experimental confirmation of
C-2 WPPs in one of the noncentrosymmetric materials (FeSi)
using inelastic x-ray scattering is encouraging [35]. Moreover,
Wang et al. [30] and Huang et al. [36] proposed a symmetry-
protected topological triangular Weyl complex formed by a
C-2 WP and two C-1 WPs in the phonon dispersions of

FIG. 2. (a) Crystal structure of BaZnO2. (b) Three-dimensional
BZ and projected (001) surface BZ. The red and blue dots represent
the C-2 WP and C-1 WPs, respectively. The purple lines indicate the
triangular Weyl complex. The projections of the WPs on the (001)
surface are connected via visible double-helicoid surface states.
(c) The phonon dispersion along the �-M-K-�-A-L-H -A-L-M-H -K
paths and (d) the enlarged phonon dispersion of the phonon bands in
the R1 region.

α-SiO2 and SrSi2. However, to date, all the proposed C-2 WPs
in phonon systems [30,34–36] have type-I phonon band dis-
persion [see Fig. 1(c)]. Thus, it is only natural to ask whether
type-III C-2 WPPs exist in a realistic three-dimensional crys-
tal. This question is certainly answered in this paper.

Herein, based on first-principles calculations and symme-
try analysis, we propose a realistic material (BaZnO2) [42]
with space group P3121 and a type-III C-2 WPP at a high-
symmetry point (HSP). Note that BaZnO2 is an excellent
platform for realizing type-III C-2 WPPs for the following
reasons: (i) The frequency region (named R1) of the type-III
C-2 WP is very clean, and the phonon bands that form the
type-III C-2 WP do not overlap with other phonon branches in
region R1. (ii) The presence of visible double-helicoid surface
states connected to the projection of the type-III C-2 WP aids
experimental detection. (iii) BaZnO2 has two type-I C-1 WPs
at HSPs in addition to the type-III C-2 WP at HSP A. That
is, the WPs in BaZnO2 do not appear in pairs with opposite
chiral charges and can therefore form a particular triangular
Weyl complex. Although Wang et al. [30] first proposed the
triangular Weyl complex in SiO2 phonons, the C-2 WP in
SiO2 phonons is type-I and is different from the type-III C-2
WP in BaZnO2 phonons. We propose a type-III C-2 WP-based
triangular Weyl complex in a phonon system.

II. COMPUTATIONAL METHODS AND MATERIAL

BaZnO2 [42] can be prepared by heating BaCO3 and ZnO
mixtures in a high vacuum at temperatures up to 1100 ◦C.
Figure 2(a) depicts the crystal structure of BaZnO2 with
space group P3121. We carried out first-principles calcula-
tions as implemented in the Vienna Ab initio Simulation
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FIG. 3. (a)–(c) Phonon dispersions along �-A-�′, H -A-H ′, and L-A-L′, respectively. (d) and (e) Three-dimensional plots of the phonon
band dispersions around the C-2 WP in the kx-ky and kx-kz planes, respectively. (f) Constant-frequency surface of the C-2 WP (P1), which
contains two connected e-like states. The green surface in (f) represents the constant-frequency surface at P1.

Package (VASP) code [43] to obtain the ground state of
BaZnO2 within the framework of the density-functional
theory (DFT). The exchange-correlation potential was deter-
mined using the generalized gradient approximation [44] of
the Perdew-Burke-Ernzerhof type. The interactions between
ions and valence electrons were investigated using the pro-
jector augmented-wave [45] method, with an energy cutoff
of 520 eV. A �-centered k mesh of 6 × 6 × 5 was used for
BZ sampling. The convergence condition of the electronic
self-consistent loop was set to 10−6 eV. The crystal structure
was totally relaxed until the maximum force on each atom
was less than −0.01 eV/Å. The obtained lattice constants
from the first-principles calculations are a = b = 5.96 Å and
c = 6.82 Å, which are in good agreement with the exper-
imental values (a = b = 5.82 Å and c = 6.73 Å). The Ba,
Zn, and O atoms in the relaxed crystal structure are lo-
cated at the 3b, 3a, and 6c Wyckoff sites, respectively. To
study the phonon dispersion of BaZnO2, we built a 2 × 2 × 2
supercell and used the PHONOPY package [46] within the
density-functional perturbation theory to perform lattice dy-
namic calculations for the supercell. The surface states of the
phonons were simulated using the following steps: First, we
used the PHONOPYTB tool [47], which was installed in the root
folder of WANNIERTOOLS [48], to generate the phononic tight-
binding Hamiltonian with the FORCE-CONSTANTS. Thereafter,
we used the iterative Green’s function method [49] to calcu-
late the surface states of the phonons in the WANNIERTOOLS

software package.

III. TYPE-III C-2 WPP IN BAZNO2

Figure 2(c) shows the calculated phonon dispersion of
BaZnO2 along the �-M-K-�-A-L-H-A-L-M-H-K paths [see
Fig. 2(b)]. The material is found to be free of unstable

vibrational modes in its phonon dispersion, indicating that
it is dynamically stable. As shown in Fig. 2(c), the phonon
dispersion curves in R1 are important because the optical
phonon branches in R1 are very clean. There are several
notable features in the close-up [see Fig. 2(d)]: (i) Two points
have twofold degeneracy. These two WPs (P1 and P2) are
located at HSPs A and K , respectively, and they are derived
from the two phonon branches (with numbers 34 and 35). (ii)
The phonon dispersion around HSP K is linear, whereas the
phonon dispersion around HSP A is not.

As shown in Figs. 3(a)–3(c), the phonon dispersions
around HSP A along the kz axis are linear. However, the
phonon dispersions at HSP A along the ky and kx axes are
quadratic. Actually, a quadratic phonon band splitting around
HSP A can be found in the whole ky-kx plane normal to the
kz direction [see Fig. 3(d)]. The Chern number of P1 on a
sphere enclosing the Weyl node was determined by tracing the
evolution of the average position of the Wannier centers using
the Wilson loop approach [48]. Figure 4(a) shows the results,
which reveal that P1 has a Chern number of 2, indicating that
it is a C-2 WP.

The C-2 WP at HSP A is symmetry dominated. Hence,
we performed symmetry analysis to further understand the
occurrence of the C-2 WP in space group P3121. We discov-
ered that the crossing point at A around 17 THz is formed by
a two-dimensional corepresentation, A3, of space group 152
[50,51]. The corepresentation matrices of A3 can be expressed
as

C+
3 = eiπσz/3,C′′

21 = σy, T = iσx. (1)

Thus, the k · p Hamiltonian of A3 can be written (up to second
order) under the symmetry constraints as

H = ε + ω‖k2
‖ + ωzkzσz + [i(ak2

− + bkzk+)σ+ + H.c.], (2)
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FIG. 4. The evolution of the average position of the Wannier
centers for the P1 WP with positive chirality. (b) The evolution of
the average position of the Wannier centers for the P2 WP with neg-
ative chirality. (c) The phonon LDOS of BaZnO2 along the K-A-K
surface paths on the (001) surface. (d) Frequency slice for BaZnO2

corresponding to the (001) surface at different frequencies.

where ε, ω, a, and b are real parameters, σi(i = x, y, z) are
Pauli matrices, k2

‖ = k2
x + k2

y , k± = kx ± iky, and σ± = σx ±
iσy. The leading order of such a Hamiltonian is (122), indicat-
ing that this point is a C-2 WP [20].

Figure 3(e) shows the three-dimensional plots of the
phonon dispersion around the C-2 WP at HSP A in the kx-kz

plane. The dispersion shape resembles a saddle, as shown in
Fig. 1(h). The WP shown in Fig. 3(e) is a type-III WP, and
there are two connected e-like states in the constant-frequency
surface at P1 [see Fig. 3(f)].

To better understand why the C-2 WP at HSP A has a
type-III dispersion, we present a detailed symmetry analysis
as follows. It is worth noting that the band dispersion for the
kz = 0 plane can be simply written as E±(k) = (ω‖ ± a)k2

‖ .
When the quadratic tilting term, ω‖k2

‖ , dominates the energy
dispersion, i.e., |ω‖| > |a|, a type-III WP is produced [26].
To further confirm our results, we fitted the phonon band
structure with the DFT results for the C-2 WP (see Fig. S1
in the Supplemental Material (SM) [52]). For this material,
we have |ω‖| > |a|, indicating that the crossing point at A is a
type-III WP.

IV. TYPE-III C-2 WP-BASED TRIANGULAR WEYL
COMPLEX PHONONS IN BAZNO2

As shown in Fig. 2(d), another WP named P2 exists at HSP
K. As shown in Fig. 4(b), the WP at point K between phonon
branches 34 and 35 is a C-1 WP because the Chern number
of P2 is −1. The C-1 WP at HSP K exhibits a linear energy
splitting along any direction in momentum space [28,53] (see
Fig. 5), and it has a pointlike frequency surface [54]. Hence,
the C-1 WP at HSP K is a type-I WP, as shown in Fig. 1(a).

The following is a detailed symmetry analysis of the type-I
C-1 WPs of BaZnO2 at two K HSPs. The crossing point at K
around 17 THz is formed by a two-dimensional corepresen-
tation, K3, of space group 152 [50,51]. The corepresentation

FIG. 5. (a)–(c) Phonon dispersions along the �-K-�′, M-K-M ′,
and H -K-H ′ paths, respectively (d) Three-dimensional plot of the
phonon band dispersion around the C-1 WP (P2) in the kx-kz plane.

matrices of K3 can be expressed as

C+
3 = e−2iπσy/3, C′′

21 = σz. (3)

Then the k · p Hamiltonian of K3 can be written as

ε + c1σxkx + c2σzky + c3σykz, (4)

which is a standard C-1 WP [55]. There is no tilted term
in such a Hamiltonian, and the band dispersion around the

K point is E±(k) = ε ±
√

c2
1k2

x + c2
2k2

y + c2
3k2

z . Therefore, we

always have E±(k) = E±(−k), giving rise to a type-I WP at
K point.

Note that there are six K points in the first BZ, and each
K point is shared by three neighboring Wigner-Seitz cells
in momentum space. Interestingly, the type-III C-2 WP has
a chiral charge of +2, and the two type-I C-1 WPs have
a total chiral charge of −2, resulting in a zero total chiral
charge. Hence, the C-2 WP and the two C-1 WPs can form
a symmetry-dominated triangular Weyl complex, as shown in
Fig. 2(b).

We would like to highlight the following points: (i) The
triangular Weyl complex proposed herein contains a type-III
C-2 WP, which is different from the triangular Weyl complex
proposed by Wang et al. [30] and Huang et al. [36]. The C-2
WPs mentioned in both of those papers are all type-I C-2
WPs [see Fig. 1(c)], which have no saddlelike dispersion. (ii)
Electronic systems have been the only focus of the search for
type-III WPs [25,26] up to now. Type-III C-2 WPs must be
close to the Fermi level to be detectable or manifest physical
properties in electronic systems. There is no notion of Fermi
level for phonons [56–58]. Therefore, type-III C-2 WPs may
exist much more universally in phonon systems than in elec-
tronic systems. (iii) Type-I C-2 WPs in FeSi phonons [35]
have already been experimentally confirmed using inelastic x-
ray scattering, providing a strong driving force for the search
for the C-2 WP in phonons. Future research should explore
other types of C-2 WPs (such as type-III C-2 WPs) in phonons
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TABLE I. The crystal systems that can host C-2 WPPs at HSPs. IRR is the irreducible (co)representation of the WPPs. Here, the material
candidates with type-III C-2 WPPs are given.

Crystal systems SGs (HSPs) IRR Materials

Tetragonal 75 (�, M, A, Z), 76 (�, M), 77 (�, M, A, Z), {R2, R4} Mg2TiO4 [SG 91]
78 (�, M), 79 (�, Z, P), 80 (�, Z)

89 (�, M, A, Z), 90 (�, Z), 91 (�, M), 92 (�), R5

93 (�, M, A, Z), 94 (�, Z), 95 (�, M), 96 (�), 97 (�, Z, P), 98 (�, Z )
Trigonal 143–145 (�, A), 146 (�, Z) {R2, R3} Li2GeF6 [SG 154]

149–154 (�, A), 155 (�, Z) R3

Hexagonal 168 (�, A), 169–170 (�), 171–172 (�, A), 173 (�) {R2, R6} or {R3, R5} CaSO4 [SG 180]
177 (�, A), 178–179 (�), 180–181 (�, A), 182 (�) R5 or R6

Cubic 196 (L), {R2, R3} Li10B14Cl2O25 [SG 196]
207–208 (X , M) R5

209 (X, L,W ), 210 (X, L) X : R5; L: R3; W : {R3, R4}
Triclinic
Orthorhombic
Monoclinic

and investigate their related physical properties theoretically
and experimentally.

V. VISIBLE DOUBLE-HELICOID PHONONIC
SURFACES IN BAZNO2

A vital feature of the WP in phonons is the presence
of arc-shaped phononic surface states [29,30,33,34,36]. In
Fig. 2(b), we projected the A and K symmetry points in the
bulk BZ to the A and K points on the (001) surface. Figure 4(c)
shows the phonon local density of states (LDOS) projected
on the (001) surface of BaZnO2. There are two prominent
surface states, starting from the A point and ending at the
two K points. Figure 4(d) also shows the constant frequency
slices corresponding to the (001) surface at F1 = 16.95 THz,
F2 = 16.90 THz, F3 = 16.85 THz, and F4 = 16.80 THz. In
Fig. 4(d), two surface arcs wind counterclockwise around the
A point, and the projection of the C-2 WP can be viewed
as a double-helicoid because its Chern number is equal to
2. More importantly, we would like to emphasize that the
double-helicoid surface states in BaZnO2 are both clean and
long. The double-helicoid surface states can span the entire
first surface BZ [see Fig. 2(b) for the schematic diagram and
Fig. 4(d) for the results]. The clear and long surface states can
greatly promote their detection in future experiments.

VI. ADDITIONAL NOTES

Before closing, we added three additional notes as follows:
(i) Note that the C-2 WPPs are symmetry dominated. To

support the inspiring findings of the C-2 WPPs, via symme-
try analysis, we go through the 230 type-II magnetic space
groups (SGs) [20] to screen out the ones that can exhibit C-2
WPPs at a certain frequency range at HSPs. The results are
given in Table I. We find that the C-2 WPPs may appear at
HSPs of some tetragonal, trigonal, hexagonal, and cubic-type
crystals. However, we cannot find the C-2 WPPs at HSPs in
the triclinic, rhombohedral, and monoclinic crystals.

(ii) Although the C-2 WPPs at HSPs can be determined
by symmetry, the type of band dispersion cannot be directly

determined by the symmetry analysis. Nevertheless, we can
narrow down the search range for type-III C-2 WPPs at HSPs
based on Table I. That is, we can further search for C-2
WPPs at HSPs with type-III band dispersion among the can-
didate SGs, i.e., 75–80, 89–98, 143–146, 149–155, 168–173,
177–182, 196, and 207–210. As typical examples, in Table I,
we show four materials, i.e., tetragonal Mg2TiO4, trigonal
Li2GeF6, hexagonal CaSO4, and cubic Li10B14Cl2O25, host
type-III C-2 WPPs at HSPs. More details about the crystal
structures and the phonon dispersions are given in Figs. S2–
S5 (see the SM [52]). For example, as shown in Fig. S5 (see
SM [52]), we can find a type-III C-2 WP at the L HSP in the
phonon dispersion of the cubic Li10B14Cl2O25, which agrees
with the data shown in Table I.

(iii) Moreover, it is reasonable to expect that type-III
C-2 WPPs can induce novel physical properties according
to the saddlelike dispersion and topological charge. Besides
phonons, our investigation also guides exploring type-III C-2
Weyl points in artificial systems such as acoustic crystals.

VII. SUMMARY

In summary, based on first-principles calculations, we pro-
posed that BaZnO2 with space group P3121 hosts a type-III
C-2 WP in its phonon dispersion. It is worth noting that no
research has addressed type-III WPPs, which have a constant-
frequency surface that consists of two connected e-like or
h-like states. The type-III WPP in BaZnO2 is very clean, and
the phonon bands that form the WP do not overlap with other
phonon bands in a certain region called R1, which guarantees
that it would be readily detectable in experiments. More im-
portantly, the type-III C-2 WP and two type-I C-1 WPs can
form a triangular Weyl complex. Although researchers have
proposed certain triangular Weyl complexes in realistic mate-
rials, they are all formed by type-I WPs. The double-helicoid
surfaces that connect the projections of the type-III C-2 WP
and two type-I C-1 WPs are very visible, clean, and lengthy
on the (001) surface.

Moreover, we pointed out that type-III C-2 WPPs
may appear at HSPs in SGs 75–80, 89–98, 143–146,
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149–155, 168–173, 177–182, 196, and 207–210. Some
material candidates, including tetragonal MgTiO4, trigonal
Li2GeF6, hexagonal CaSO4, and cubic Li10B14Cl2O25, are
also proposed to be hosts of type-III C-2 WPPs. Our findings
can be viewed as a guide for further investigation of type-III
C-2 WPPs.
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