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We study the subgap transport through a ferromagnet/Ising superconductor/ferromagnet (F/ISC/F) junction
by solving the Bogoliubov–de Gennes equations. It is found that the crossed Andreev reflection (CAR) and
local Andreev reflection (LAR) depend strongly on the spin-polarized F, the magnetization direction, and the
Ising superconducting phase. For the same magnetization directions of the two F leads, the equal-spin CAR
could take place due to the spin-flip mechanism induced by the Ising spin-orbit coupling and equal-spin-triplet
pairing. Both equal-spin CAR and equal-spin LAR exhibit a remarkable magnetoanisotropy with period π and
show oscillatory behavior with a chemical potential. The equal-spin CAR is more prominent for half-metal F
and double-band ISC while the normal CAR is completely suppressed. When the magnetization directions of
the two F leads are different, the oblique-spin CAR occurs and its magnetoanisotropic period generally becomes
2π instead of π . In the oblique-spin CAR process, the spins of the electron and hole are neither parallel nor
antiparallel. Furthermore, the property of oblique-spin CAR is very sensitive to the spin and valley degrees of
freedom. The spin- and valley-polarized CAR can be achieved and controlled by the chemical potentials and the
magnetization directions.
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I. INTRODUCTION

Transition-metal dichalcogenides (TMDs) have attracted
a significant amount of attention, thus they provide an ideal
platform to realize spintronics and valleytronics [1–3]. TMDs
are regarded as new two-dimensional semiconductors with a
large direct band gap [4]. The broken inversion symmetry and
strong spin-orbit coupling (SOC) lead to a spin-valley locking
relationship in TMDs, where the spin splitting of the valence
bands is opposite at the two valleys due to the time-reversal
symmetry [5]. Thus, the SOC of TMDs is also referred to as
the Ising SOC field [6]. Furthermore, recent theoretical [6–12]
and experimental [13–20] studies revealed that the TMDs,
such as MoS2, MoSe2, MoTe2, WS2, and NbSe2, could be-
come superconducting. The gated MoS2 thin films exhibit
electric field-induced superconductivity with a critical temper-
ature 10 K [13,14]. In particular, due to the Ising SOC where
the spin is pinned to the out-of-plane direction, the in-plane
critical field of the system is far beyond the Pauli limit [16,17].
The superconducting monolayer NbSe2 possesses an in-plane
critical field of more than six times the Pauli limit, suggesting
an unconventional Ising pairing protected by spin-momentum
locking [18,19]. These works provide experimental evidence
of an Ising superconductor (ISC) with spin and valley degrees
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of freedom in two dimensions where the spins of the pairing
electrons are strongly pinned by Ising SOC [16–20].

Andreev reflection (AR) is a process of electron-hole con-
version that occurs at the interface of a normal metal (N)
and superconductor (SC) [21–24]. The incident electron in
the N is reflected at the interface as a hole, and a Cooper
pair is injected into the SC. Generally, the AR would be
suppressed and the subgap conductance would be zero when
the ferromagnet (F) is completely spin-polarized in the F/SC
junction. However, the interfacial Rashba SOC and spin-flip
mechanism could lead to a nonzero AR even when the F is
completely spin-polarized [25–28]. This anomalous AR is an
equal-spin AR by equal-spin-triplet pairing in which an elec-
tron is reflected as a hole with the same spin. Alternatively,
the ISC opens a new route for studying the equal-spin AR
[6,29,30]. Law et al. found that due to the equal-spin-triplet
Cooper pairs generated by Ising SOC, the equal-spin AR can
occur in the half-metal/ISC junction, and Majorana fermions
can be created in a half-metal wire placed on top of the ISC
[6]. The equal-spin AR through the F/ISC junction exhibits a
strong magnetoanisotropy, and the magnetoanisotropic period
is π instead of 2π as in the conventional magnetoanisotropic
system [29]. In ISC Josephson junctions, the switch effect
of equal-spin Josephson current and 0-π transitions can be
achieved due to the equal-spin AR and the Ising pairing
order parameter [30]. Even so, the equal-spin crossed An-
dreev reflection (CAR) in the F/ISC/F junction has yet to be
explored.
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CAR is a nonlocal AR process in which the conversion
from an electron into a hole occurs at two different interfaces
of SC. As an application, the CAR is a good approach to
produce the spatially separated entangled states of electrons
by splitting Cooper pairs [31–34]. The experiments demon-
strate that the Cooper pair splitters taking advantage of CAR
could be realized in carbon nanotubes and graphene [33,34].
Recently, many works on CAR have been reported in vari-
ous systems, including graphene [35–37], silicene [38–40],
TMDs [41,42], topological insulators [43–46], Weyl semimet-
als [47–49], topological superconductors [50–52], and so on.
The Rashba SOC could produce an anomalous CAR and
negative charge conductance in the F/Rashba SOC/SC/F
junction of graphene, which is linked to the equal spin
triplet pairing [37]. The topologically protected edge state
in topological insulators provides a feasible opportunity to
realize the robust CAR. Due to the helical edge states in
a topological insulator, there is a unique relation between
the CAR process and the odd-frequency triplet superconduc-
tivity in the F/SC/F junction [45]. Considering the valley
and spin degrees of freedom, the valley/spin-selective CAR
and valley/spin-entangled states have been carried out where
the Cooper pair is composed of electrons from the op-
posite spins in opposite valleys [38–42]. Furthermore, the
electrical control of CAR and the spin-valley switch in
antiferromagnet/SC/antiferromagnet junctions were reported
very recently [40,53].

Motivated by the works on ISC and CAR, in this paper we
study the CAR and local AR (LAR) in the F/ISC/F junction,
as shown in Fig. 1(a). The results show that due to the spin
flip originating from the Ising SOC, the equal-spin CAR could
occur, the physical mechanism of which is different from that
of the normal CAR. The equal-spin CAR exhibits a strong
magnetoanisotropy with period π and could achieve its maxi-
mum for an in-plane magnetization direction. We demonstrate
a significant increase of the equal-spin CAR for half-metal
F. The spin- and valley-dependent oblique-spin CAR can be
controlled by the magnetization direction and the Ising super-
conducting phase. The effect of structural parameters on the
CAR and LAR is discussed in detail.

The rest of this paper is organized as follows. The Hamil-
tonian of the F/ISC/F junctions and the corresponding band
structures are given in Sec. II. The results on equal-spin
CAR, oblique-spin CAR, and equal-spin LAR are discussed
in Sec. III. A brief summary is presented in Sec. IV.

II. THEORETICAL FORMULATION

The TMDs such as MoS2 can be regarded as strongly
bonded two-dimensional S-Mo-S layers. In spite of the
complexity of the band structure, the low-energy electronic
properties of TMDs in the vicinity of the two valleys ±K may
be understood within a minimal band model [5,10]. Based
on general symmetry consideration, the conduction bands of
MoS2 near the valleys are mainly dominated by the Mo 4dz2

orbitals [54]. On the basis of (ck↑, ck↓), the two-band k · p
Hamiltonian of TMD material near the K and −K valleys can
be approximately expressed as [6,10]

H± = h̄2k2

2m
− μ ± βσz. (1)

FIG. 1. (a) The schematic diagram for the F/ISC/F junction.
(b) The bands for different spins in the F region with μF = 0. (c) The
bands for the TMDs in the normal phase with μS = 0. (d) The bands
for the Ising superconducting phase. Both the single band (μS = 0,
left) and the double band (μS = 15, right) are exhibited. (e) and (f)
The bands for (e) LAR and (f) CAR at μF = 50. The black curves are
for the spin subbands parallel to the magnetization vector M, while
the red curves are for the spin subbands antiparallel to M at both
valleys. Other parameters are M = 30 and β = 10.

Here, ck↑/↓ is the annihilation operator of 4dz2 electrons, ±
is for the K and −K valleys, and σz is the Pauli matrix of
the spin space. μ is the chemical potential and β is the Ising
SOC strength. The conduction-band minima appear at two
valleys. Ising SOC has opposite directions in opposite valleys
and preserves time-reversal symmetry [see Fig. 1(c)], which
would induce spin-triplet pairing correlations in the in-plane
directions [6]. This model for the conduction band can also be
applied to other TMDs. For the considered one-dimensional
F/ISC junction and F/ISC/F junction, we set the chemical
potential μ = μS in the ISC region and μ = μF in the F
region. Note that the potential at the interface of the junction
is neglected in the following calculation, which may have a
slight effect on the numerical results (see the Appendix).

The Bogoliubov–de Gennes (BdG) Hamiltonians for the
ISC region can be written as

HS
±(k) =

(
H±(k) �̂(k)

−�̂∗(−k) −H∗
∓(−k)

)
, (2)

where �̂(k) = �eiφ iσy is the superconducting order param-
eter with the superconducting gap �. The energy band near
the valleys of ISC in the normal phase is shown in Fig. 1(c)
and the bands for different spins are opposite at opposite
valleys. Figure 1(d) presents the energy bands for the Ising
superconducting phase. The ISC is double-band when μS > β

and single-band when μS < β, which can be controlled by the
gate voltage in experiment. The Ising superconducting phase
would greatly effect the AR process in the F/ISC/F junction.
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The dispersion relation of the ISC HS
+(k) can be described as

E2 = �2 +
(

h̄2k2

2m
− μS ± β

)2

, (3)

where ± are for an electron with spin-up and spin-down,
respectively. The solutions for HS

+(k) are

g1e±ike1x, g2e±ike2x, g3e±ikh1x, g4e±ikh2x. (4)

Here, g1 = (ueiφ/2, 0, 0, ve−iφ/2)T , g2 =
(0,−ueiφ/2, ve−iφ/2, 0)T , g3 = (veiφ/2, 0, 0, ue−iφ/2)T ,
and g4 = (0,−veiφ/2, ue−iφ/2, 0)T . u =√

(E + �)/2E , v = √
(E − �)/2E , � = √

E2 − �2,
ke1(2) = √

2m[� + μS − (+)β]/h̄, and kh1(2) =√
2m[−� + μS − (+)β]/h̄. For the solutions of

HS
−(k), the wave vectors ke1(2) and kh1(2) should

become ke1(2) = √
2m[� + μS + (−)β]/h̄ and kh1(2) =√

2m[−� + μS + (−)β]/h̄.
The BdG Hamiltonians for the F region read

HF
± (k) =

(
H±(k) + σ · ML,R 0

0 −H∗
∓(−k) − σ ∗ · ML,R

)
,

(5)

where ML,R = ML,R(sin θL,R cos ϕL,R, sin θL,R sin ϕL,R, cos
θL,R) is the magnetization vector with the exchange energy
ML,R, the polar angle θL,R, and the azimuthal angle ϕL,R, which
would break the time-reversal symmetry. σ = (σx, σy, σz ) is
the Pauli matrix for the spin index. The Ising SOC strength β

is assumed to be zero in the F region. The magnetization direc-
tion can be continuously changed by a small magnetic field.
The following results prove that the spin-triplet AR is strongly
dependent on the magnetization direction. Opposite to the
Ising SOC, the magnetization could lift the spin degeneracy
in the subbands, and the spin splitting has the same direction
at both valleys [see Fig. 1(b)]. The dispersion relation of the F
region can be described as

Ee(h) = +(−)
h̄2q2

2m
− (+)μF ± M, (6)

where ± represent an electron with spin parallel and antipar-
allel magnetization, respectively. Given the Fermi energy E ,
the eigenvectors of the BdG Hamiltonian describing electrons
and holes in the F region can be obtained:

f1e±iqe1x, f2e±iqe2x, f3e±iqh1x, f4e±iqh2x. (7)

Here, f1 = (α1, α2, 0, 0)T , f2 = (−α∗
2 , α1, 0, 0)T , f3 =

(0, 0, α1, α
∗
2 )T , and f4 = (0, 0,−α2, α1)T . α1 = cos(θL/2),

α2 = sin(θL/2)eiϕL , qe1(2) = √
2m[E + μL − (+)ML]/h̄, and

qh1(2) = √−2m[E − μL + (−)ML]/h̄. The eigenvalues and
eigenvectors of HF

+ (k) are the same as the ones of HF
− (k).

Considering an incident electron from the K valley sub-
jected to antiparallel magnetization, the wave functions in the
F/ISC junction can be written as

ψFl = f2eiqe2x + rN1 f1e−iqe1x + rN2 f2e−iqe2x

+ rA1 f3eiqh1x + rA2 f4eiqh2x,

ψS = t1g1eike1x + t2g2eike2x + t3g3e−ikh1x + t4g4e−ikh2x. (8)

Here, rN1, rN2, rA1, and rA2 are the various reflection co-
efficients. Based on the boundary conditions ψFl (x = 0) =

ψS (x = 0) and ψ ′
Fl (x = 0) = ψ ′

S (x = 0), we can obtain four
reflectivities:

RN1 = Re

(
qe1

qe2

)
|rN1|2, RN2 = |rN2|2,

RA1 = Re

(
qh1

qe2

)
|rA1|2, RA2 = Re

(
qh2

qe2

)
|rA2|2. (9)

The wave functions in the F/ISC/F junction can be written
as

ψFl = f2eiqe2x + rN1 f1e−iqe1x + rN2 f2e−iqe2x

+ rA1 f3eiqh1x + rA2 f4eiqh2x,

ψS = t1g1eike1x + t2g2eike2x + t3g3e−ikh1x + t4g4e−ikh2x

+ t5g1e−ike1x + t6g2e−ike2x + t7g3eikh1x + t8g4eikh2x,

ψFr = tN1 f5eiqe3x + tN2 f6eiqe4x + tA1 f7e−iqh3x

+ tA2 f8e−iqh4x. (10)

Here, f5 = (α3, α4, 0, 0)T , f6 = (−α∗
4 , α3, 0, 0)T , f7 =

(0, 0, α3, α
∗
4 )T , and f8 = (0, 0,−α4, α3)T . α3 = cos(θR/2),

α4 = sin(θR/2)eiϕR , qe3(4) = √
2m[E + μR − (+)MR]/h̄,

and qh3(4) = √−2m[E − μR + (−)MR]/h̄. Based on
the boundary conditions ψFl (x = 0) = ψS (x = 0),
ψS (x = L) = ψFr (x = L), ψ ′

Fl (x = 0) = ψ ′
S (x = 0), and

ψ ′
S (x = L) = ψ ′

Fr (x = L), we can obtain the reflectivity and
the transmittivity. The functions ψ ′

Fl , ψ ′
S , and ψ ′

Fr are the
derivatives of ψFl , ψS , and ψFr with respect to x, respectively.
The four transmittivities are defined as

TN1 = Re

(
qe3

qe2

)
|tN1|2, TN2 = Re

(
qe4

qe2

)
|tN2|2,

TA1 = Re

(
qh3

qe2

)
|tA1|2, TA2 = Re

(
qh4

qe2

)
|tA2|2. (11)

When an electron with spin antiparallel magnetization
from the K valley moves to the ISC interface, as shown in
Figs. 1(e) and 1(f), RN1 is the anomalous electron reflection
due to spin flip, RN2 is the normal electron reflection, RA1

is the normal AR, and RA2 is the equal-spin AR due to the
equal-spin-triplet pairing where the incident electron and the
reflected hole belong to the same spin. TN1 and TN2 are anoma-
lous and normal electron transport, respectively. TA1 and TA2

are normal and anomalous CAR, respectively. For an incident
electron with another spin from another valley, the reflectivity
and transmittivity for the electron and hole can be similarly
obtained by the BdG equation and the boundary condition.
Subsequently, for electrons with spin parallel and antiparallel
to the magnetization directions near both valleys, the total
LAR is defined as

RA =
∑

K,−K

∑
M,−M

(RA1 + RA2). (12)

The total CAR is defined as

TA =
∑

K,−K

∑
M,−M

(TA1 + TA2). (13)

The summation is to sum all the electrons with both spins near
both valleys ±K . The two spins are parallel and antiparallel to
the magnetization, labeled by M and −M, respectively.
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FIG. 2. LAR coefficient RA vs potentials μF and μS in the F/ISC
junction when (a) θL = 0 and (b) θL = π/2. (c) RA vs θL when μS =
5.

III. RESULTS AND DISCUSSIONS

In the following calculation, the superconducting gap is
fixed as �S = 1.0 meV. �S is the unit of ML,R, β, μS , and
μR,L . The unit of width L is the superconducting coher-
ence length ξ = h̄vF /π�. For convenience, the parameters
are set as μL = μR = μF , ML = MR = M = 30, β = 10, and
ϕL = ϕR = 0. The incident energy is E = 0 and the width is
L = 0.5ξ , unless otherwise noted. Note that we consider an
idealized junction, where the mass is assumed to be the same
in ISC and F, and F has no SOC. The different masses would
effect momentum-energy relation and the SOC in F would
lock the spin and valley degrees of freedom. However, this
should have no substantial effect on the discussed equal-spin
CAR, oblique-spin CAR, and the main conclusion, which de-
pend mainly on the half-metal F, the magnetization direction,
and the Ising superconducting phase (see the Appendix). We
will first discuss the equal-spin LAR in the F/ISC junction
in Sec. III A, and then the equal-spin CAR in the F/ISC/F
junction with θL = θR in Sec. III B and the oblique-spin CAR
in the F/ISC/F junction with θL �= θR in Sec. III C.

A. Equal-spin LAR in the F/ISC junction

First, we discuss the LAR in the F/ISC junction. The
contour plot for LAR coefficient RA(μF , μS ) is shown in
Figs. 2(a) and 2(b). It is evident that when the magnetiza-
tion vector M is perpendicular to the junction plane with
θL = 0, there is no LAR in the region μF < M, since the
F is completely spin-polarized and the Cooper pair for AR
requires the electrons from opposite spins. As μF increases
and μF > M, the spin polarization of F reduces to zero, where
both spin-up and spin-down subbands could exist, thus the
normal LAR takes place. The ISC is single-band at −β <

μS < β, and there are only two channels contributed by K ↓
and −K ↑ states, leading to the LAR coefficient RA ≈ 2. The
ISC becomes double-band at μS > β and four channels are
opened by K ↓, −K ↑, K ↑, and −K ↓ states, thus RA ≈ 4
[see Fig. 2(a)].

FIG. 3. LAR coefficient RA and CAR coefficient TA vs potentials
μF and μS . θ = 0 in (a,b) and θ = π/2 in (c,d).

However, when the magnetization direction is parallel to
the junction plane with θL = π/2, dramatically, the LAR coef-
ficient RA is finite in the spin-polarized F with μF < M due to
the appearance of equal-spin-triplet AR [see Fig. 2(b)], which
consists with the result by tight-binding model [29]. Because
of Ising SOC, the spin-singlet and spin-triplet Cooper pairs
can be generated in ISC [6]. The equal-spin-triplet Cooper
pairs | ⇒〉 and | ⇔〉 have electron spins pointing to the in-
plane directions. When an incident electron | →〉 with spin
polarized in the in-plane directions from one valley is injected
into the ISC, it could compose equal-spin-triplet Cooper pairs
| ⇒〉 by the same spins but opposite valleys in ISC. Simul-
taneously, a hole state | →〉 is formed and reflected in the F
with the spin pointing to the in-plane direction, resulting in the
equal-spin-triplet AR. Distinctly, this anomalous AR mainly
occurs in the spin-polarized region μF < M.

Figure 2(c) shows the dependence of LAR on the mag-
netization direction. For half-metal F with μF < M, RA is
devoted by the equal-spin AR and the normal AR process
is completely suppressed, thus RA = 0 at θL = 0, π . On the
contrary, RA reaches its maximum at θL = π/2, 3π/2 because
the Cooper pairs have the spin-triplet components | ⇔〉 and
| ⇒〉 with spin pointing to in-plane directions. The magne-
toanisotropy of RA is very prominent for half-metal F, the
period of which is π . Oppositely, RA is mainly managed by
the normal AR at μF > M, and so RA presents its maximum
at θL = 0, π . As μF increases, RA trends to magnetoisotropy.

B. Equal-spin CAR in the F/ISC/F junction with θL = θR

Now, we turn to study the properties of equal-spin
CAR in the F/ISC/F junction, and the results are shown
in Figs. 3–7. We set θL = θR = θ in this subsection, that
is, the magnetization directions of the left and right F
leads are the same. Considering the Meissner effect of SC,
the magnetization direction of the left and right F leads
can be simultaneously adjusted by the magnetic field in
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experiment, and the ISC is not affected. Below it is
demonstrated that CAR can be controlled by changing the
magnetization direction.

Figure 3 displays the contour plot for LAR coefficient RA

and CAR coefficient TA as a function of the potentials μF and
μS when (a),(b) θ = 0 and (c),(d) π/2. One may find that RA is
zero at θ = 0 for half-metal ferromagnets (Fs) with μF < M
[see Fig. 3(a)]. Furthermore, Fig. 3(b) shows that the normal
CAR coefficient is completely suppressed, that is, TA = 0 at
θ = 0 and μF < M, because both left and right F leads are
spin-polarized half-metals with the same spin polarization,
but the Cooper pair requires opposite spins in the z direc-
tion from the two leads. As expected, the normal LAR and
CAR could appear when μF > M. Interestingly, both LAR
and CAR show oscillatory behavior with μS due to quantum
interference effects of the electronic states in ISC, different
from the result of the F/ISC junction. More resonance peaks
could be formed with the increase of the width L. When the
magnetization direction in the Fs is parallel to the junction
plane with θ = π/2, it is expected that the equal-spin LAR
could occur. Significantly, an interesting equal-spin CAR also
appears in the region μF < M [see Figs. 3(c) and 3(d)]. Dif-
ferent from the equal-spin LAR in the F/ISC junction, which
mainly occurs in the single-band region, the equal-spin LAR
and equal-spin CAR in the F/ISC/F junction appear in both
single-band and double-band regions arising from quantum
interference. In particular, the equal-spin CAR is rather small
for single-band ISC but very large for double-band ISC. Op-
positely, the equal-spin LAR is rather large for single-band
ISC but greatly weakened for double-band ISC. Furthermore,
compared with the normal CAR at θ = 0, one can clearly see
that the equal-spin CAR at θ = π/2 is very strong. However,
the equal-spin LAR is quite weak compared with the normal
LAR. The physical mechanism for equal-spin LAR in the
F/ISC/F junction is similar to that in the F/ISC junction.
The equal-spin CAR can be understood as follows. When the
incident electron | →〉 with the spin pointing to the in-plane
direction injects into ISC from the left F lead, it could com-
pose an equal-spin-triplet Cooper pair | ⇒〉 with the electron
| →〉 with the same spin from the right F lead due to the Ising
SOC. Meanwhile, a hole state | →〉 is transmitted in the right
F lead, leading to the equal-spin CAR.

To understand deeply the effect of spin-polarized F and
Ising superconducting phase on the AR, we study spin- and
valley-dependent LAR and CAR. Figure 4 shows the normal
LAR and normal CAR contributed by (a),(c) K ↑ and (b),(d)
K ↓ electrons when θ = 0. Thanks to the time-reversal sym-
metry in the ISC, the state |K ↑〉 is degenerate with | − K ↓〉.
The states |K ↓〉 and | − K ↑〉 are similarly degenerate. As a
consequence, RA(K ↑) = RA(−K ↓), RA(K ↓) = RA(−K ↑),
TA(K ↑) = TA(−K ↓), and TA(K ↓) = TA(−K ↑). The total
RA and TA by the two spins at two valleys are the results in
Figs. 3(a) and 3(b), respectively. Obviously, the normal LAR
and normal CAR occur only in the region μF > M. When
the Ising superconducting phase is single-band with μS < β,
only K ↓ and −K ↑ incident electrons can form Cooper pairs
| ↑↓〉 since the single-band comes from the K ↓ and −K ↑
states [see Fig. 1(c)]. As a result, the normal LAR and CAR in
the single-band region are mainly contributed by the K ↓ and
−K ↑ states [see Figs. 4(b) and 4(d)]. The normal LAR and

FIG. 4. (a)–(d) LAR coefficient RA and CAR coefficient TA vs μF

and μS by (a),(c) K ↑ and (b),(d) K ↓ electrons with θ = 0. (e),(f)
CAR coefficient TA vs μF and μS by (e) K → and (f) K ← electrons
with θ = π/2.

CAR by K ↑ and −K ↓ just occur in the double-band region
μS > β [see Figs. 4(a) and 4(c)]. Compared with LAR, the
oscillation behavior of CAR is stronger.

Figures 4(e) and 4(f) show the equal-spin CAR contributed
by K → and K ← electrons when θ = π/2, respectively.
All the incident electrons | →〉 and | ←〉 could form the
equal-spin-triplet Cooper pairs, and the equal-spin CAR
could occur in both singe-band and double-band regions
when θ = π/2. In particular, the equal-spin LAR and
CAR are independent of the valley degree of freedom,
TA(K →) = TA(−K →), TA(K ←) = TA(−K ←), RA(K →
) = RA(−K →), and RA(K ←) = RA(−K ←) (not shown in
the figure), opposite to the case of normal LAR and CAR
when θ = 0. When spin is fully polarized in F leads with
μF < M, the state | →〉 is evanescent and so TA(K →) =
TA(−K →) = 0 [see Fig. 4(e)]. However, the equal-spin CAR
with a large coefficient by | ←〉 mainly appears in the region
μF < M responsible for the propagating state | ←〉 in the
F region [see Fig. 4(f)]. Obviously, the equal-spin CAR is
dramatically enhanced in the half-metal F.

Figure 5 presents the LAR coefficient RA and the CAR
coefficient TA as a function of (a),(b) μF and (c),(d) μS .
Figures 5(a) and 5(b) show that RA = TA = 0 at θ = 0 for half-
metal Fs with μF < M. However, RA and TA have considerable
values at θ = π/2 and μF < M due to the equal-spin LAR
and equal-spin CAR. When μF > M, RA and TA are insensi-
tive to the change of magnetization angle θ due to the normal
LAR and normal CAR. Furthermore, the CAR coefficient
exhibits a remarkable peak near μF = M, because the density
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FIG. 5. LAR coefficient RA and CAR coefficient TA vs (a),(b) μF

and (c),(d) μS .

of states of the F leads is singular at μF = M. Different
from the ones in Figs. 5(a) and 5(b), LAR and CAR oscillate
with μS , as shown in Figs. 5(c) and 5(d). For half-metal F
with μF = 5 when θ = π/2, the CAR is very strong with a
large amplitude but the LAR is relatively small. Oppositely,
the CAR become weak while the LAR become strong when
μF > M. In addition, LAR and CAR present an obvious step
behavior near the boundary of single-band and double-band
Ising superconductivity when μF > M, since more channels
are opened by the electronic states [see the dotted curves in
Figs. 5(c) and 5(d)].

Figure 6 discusses the magnetoanisotropy phenomenon of
the LAR and the CAR, the change of which are not monotonic
with θ . From Fig. 6(b) we can clearly see that the CAR process
displays a remarkable magnetoanisotropy and the period is
π . The CAR coefficient TA is symmetric about θ = 0, π/2,
satisfying TA(θ ) = TA(π ± θ ) = TA(2π − θ ). For half-metal
F with μF < M, TA only comes from the contribution of
equal-spin CAR. When the magnetization direction in the Fs
deviates from θ = 0, the Ising SOC will play a part in the
spin-flip scattering at the interface, leading to the appearance
of the equal-spin CAR. TA = 0 at θ = 0 since the equal-spin
CAR is absent. By rotating the magnetization direction θ from
θ = 0, TA first increases, achieving its maximum at θ = π/2

FIG. 6. LAR coefficient RA and CAR coefficient TA vs the mag-
netization direction θ when μS = 15. The black, red, blue, green,
purple, and yellow curves are for μF = −20, 0, 20, 29, 31, and 35.

FIG. 7. CAR coefficient TA vs incident energy E when (a) θ = 0
and (b) θ = π/2 with μS = 15 and L = 0.5ξ . CAR coefficient TA vs
width L when (c) μS = 5 and (d) μS = 15 with E = 0 and μF = 35.

due to the strong spin-flip, and then decreases. Dramatically,
the magnetoanisotropic equal-spin CAR can be switched on
and off by changing the magnetization direction in the half-
metal limit. When μF > M, the normal CAR happens and
the CAR coefficient TA at θ = 0 is no longer zero. Thus, the
CAR process would trend to magnetoisotropy. The magne-
toanisotropy property of the LAR process is analogous to the
CAR process [see Fig. 6(a)]. In addition, the position of max-
imum for LAR changes to θ = 0 when μF > M, implying a
strong normal LAR. The position of maximum for CAR is
always θ = π/2, suggesting a dominant role of equal-spin
CAR.

At the end of this subsection, we discuss the effect of
Fermi energy E and width L on the CAR in Fig. 7, which
is important for the experimental observation. When θ = 0 in
Fig. 7(a), CAR as a function of superconducting gap energy
is TA = 0 at μF < M because the spin is conserved in the z
direction and the equal-spin CAR cannot take place. The CAR
is finite at μF > M due to the occurrence of normal CAR.
When θ = π/2 in Fig. 7(b), the equal-spin CAR could occur
and so TA has a large value at μF < M. In addition, with the
increase of the potential μF , CAR becomes insensitive to both
magnetization angle and Fermi energy. The CAR as a function
of width L at μS = 5 and 15 is displayed in Figs. 7(c) and 7(d),
respectively. The results indicate that the CAR is sensitive to
the width L. At μS = 5 and θ = 0, only normal CAR could
occur, which is contributed by K ↓ and −K ↑ electrons. Thus,
CAR exhibits a regular oscillation with large amplitude as
the width L increases [see the black curve in Fig. 7(c)]. The
resonant peaks of CAR arise from the quantum interference
of the states in the ISC region. At θ = π/2, interestingly, the
CAR has the same oscillation period as the one at θ = 0 but its
amplitude is small. For the double-band situation with μS =
15 in Fig. 7(d), the CAR is contributed by more channels with
different periods and different amplitudes, and so it presents
an irregular oscillation.
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FIG. 8. LAR coefficient RA and CAR coefficient TA vs potentials
μF and μS with θL = π/2 and θR = 0.

C. Oblique-spin CAR in the F/ISC/F junction with θL �= θR

When the magnetization directions in the left and right F
leads are different, the LAR process and the CAR process
will become more interesting, as shown in Figs. 8–12. When
θL = π/2 and θR = 0 in Fig. 8, the remarkable LAR and
CAR could arise at μF < M, and the CAR process is very
strong. Compared with the ones observed in Figs. 3(c) and
3(d), more resonance peaks are formed in LAR and CAR.
Note that the CAR process in Fig. 8(b) is no longer equal-spin
CAR while the LAR process is still equal-spin LAR. Here the
incident electron with spin | ←〉 from the left F lead composes
a Cooper pair with the spin | ↓〉 electron from the right F
lead, and the spin of the reflected hole points to the | ↓〉
direction. Thereafter, we refer to the CAR with the spins of
the electron and hole that are neither parallel nor antiparallel
as the oblique-spin CAR.

Figure 9 exhibits the CAR contributed by (a) K →, (b)
−K →, (c) K ←, and (d) −K ← electrons when θL = π/2
and θR = 0. The total TA by the four kinds of electron is the
result in Fig. 8(b). Interestingly, the CAR by the two spins

FIG. 9. CAR coefficient TA vs μF and μS by (a) K →, (b)
−K →, (c) K ←, and (d) −K ← electrons. The parameters are the
same as those in Fig. 8.

near the two valleys occurs in different areas of the (μF , μS)
space. The CAR coefficient TA by K → and −K → only
occurs in the region μF > M, because they have no electronic
states in the half-metal Fs when μF < M [see Figs. 9(a)
and 9(b)]. TA(−K →) mainly appears in the double-band
region. However, CAR by K ← and −K ← could occur in
the spin-polarized F with μF < M. Distinctly, TA(−K ←)
could appear in the single-band region while TA(K ←) mainly
appears in the double-band region [see Figs. 9(c) and 9(d)].
In the spin-polarized half-metal F at θL = π/2, the states in
the left F lead satisfy | →〉 = √

2(| ↑〉 + | ↓〉)/2 and | ←〉 =√
2(| ↑〉 − | ↓〉)/2, which would split into | ↑〉 and | ↓〉 states

at the ISC interface. The incident electrons K ← and −K ←
with an in-plane spin would split into K ↑,↓ and −K ↑,↓
electronic states at the left interface, respectively. When the
Ising superconducting phase is single-band at μS < β, only
K ↓ and −K ↑ states could tunnel to the right interface. On
the other hand, only K ↓ and −K ↓ electronic states exist in
the right F at θR = 0 and μF < M. Thus, only the −K ↑ state
from the left could compose a Cooper pair with the K ↓ state
from the right, leading to the CAR by the −K ← electron in
the single-band region, as shown in Fig. 9(d). When the Ising
superconducting phase changes to double-band at μS > β, the
K ↑ state from the left could also tunnel to the right interface
and compose a Cooper pair with the −K ↓ state from the
right F, giving rise to the CAR by the K ← electron in the
double-band region [see Fig. 9(c)]. When the spin polarization
for F reduces to zero at μF > M, the K → and −K → states
could compose a Cooper pair and produce CAR effortlessly
[see Figs. 9(a) and 9(b)]. Significantly, from Fig. 9 one may
find that the area of CAR and the position of its resonance
peak in the (μF , μS) space depend strongly on the spin and
valley degrees of freedom. Therefore, the F/ISC/F junction
realizes a spin- and valley-polarized CAR that can be effec-
tively controlled by the potentials μF and μS .

Next, we study the anisotropic behavior of LAR and CAR
with respect to the magnetization angles θL and θR, as shown
in Figs. 10–12. Figure 10 displays the LAR and CAR as a
function of θL at (a) θR = 0 and (b) θR = π/2 for different
values of μF . When θR = 0 in Fig. 10(a), the LAR process
is mainly equal-spin LAR for half-metal F at μF < M, so
RA = 0 at θL = 0, π . The equal-spin CAR disappears and only
oblique-spin CAR could take place at θR = 0 and μF < M.
So TA = 0 at θL = θR = 0, and TA increases when the angle
θL deviates from the z direction. LAR is relatively weak at
μF < M and it can be enhanced at μF > M. On the con-
trary, CAR is quite strong and robust to μF at μF < M but
it is weakened at μF > M. The magnetoanisotropy of LAR
and CAR is very prominent when μF < M [see Fig. 10(a)].
However, the anisotropy is weakened at μF > M due to the
appearance of more AR. Generally, the period of magne-
toanisotropy becomes 2π instead of π due to the effect of the
right F. Both RA and TA are symmetric about θL = 0. In fact,
the feature of magnetoanisotropy for AR with respect to θL

can be managed by θR, as shown in Fig. 10(b) with θR = π/2.
When θR = π/2, one may get RA(θL ) = RA(π ± θL ) =

RA(2π − θL ) and TA(θL ) = TA(π ± θL ) = TA(2π − θL ), as
shown in Fig. 10(b). LAR and CAR are symmetric with
respect to θL = 0, π/2. RA is still zero at θL = 0, π when
μF < M since it is equal-spin LAR, which is mainly
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FIG. 10. LAR coefficient RA and CAR coefficient TA vs the
magnetization direction θL with (a) θR = 0 and (b) θR = π/2 when
μS = 5. The black, red, blue, green, purple, and yellow curves are
for μF = 0, 8, 15, 20, 31, and 32.

dependent on the left F. When θR = π/2, normal CAR, equal-
spin CAR, and oblique-spin CAR could occur depending on
the magnetization angle θL, so TA as a function of θL is always
nonzero. TA achieves its maximum at θL = π/2, 3π/2 when
μF < M implying a strong equal-spin CAR, while its maxi-
mum is at θL = 0, π when μF > M due to the oblique-spin
CAR. Furthermore, LAR is almost isotropic with the increase

FIG. 11. LAR coefficient RA and CAR coefficient TA vs the mag-
netization directions θL and θR with μS = 5. μF = 5 in (a),(b) and
μF = 32 in (c),(d).

FIG. 12. LAR coefficient RA and CAR coefficient TA vs the mag-
netization directions θL and θR by (a),(c) K and (b),(d) −K electrons.
The parameters are the same as those in Figs. 11(a) and 11(b).

of μF when μF > M, similar to the results in the F/ISC/F
junction with θL = θR.

Figure 11 presents the LAR and CAR as a function of θL

and θR when the Ising superconducting phase is single-band
with μS = 5. As shown in Figs. 11(a) and 11(b) for the
half-metal Fs at μF = 5, the LAR and CAR are contributed
by the electron with spin-antiparallel magnetization from the
two valleys. The equal-spin AR plays a major role in LAR
and CAR for the half-metal, the magnetoanisotropy of which
is very remarkable. Both LAR and CAR are symmetric about
θL,R = 0, π . Thus, we have RA(θL, θR) = RA(−θL,−θR) =
RA(π + θL, π + θR) = RA(π − θL, π − θR) and TA(θL, θR) =
TA(−θL,−θR) = TA(π + θL, π + θR) = TA(π − θL, π − θR).
RA and TA can achieve extreme values at appropriate angles.
For instance, the LAR is RA = 0 at θL = 0, π because
the equal-spin LAR cannot occur at θL = 0, π , which is
independent of θR. The CAR is TA = 0 at θL = θR = 0, π

due to the absence of normal CAR and equal-spin CAR. In
Figs. 11(c) and 11(d) at μF = 32, the electrons of both spins
near both valleys contribute to the AR. The normal LAR could
occur, and so the minimum is no longer zero in the (θL, θR)
space [see Fig. 11(c)]. LAR and CAR are still symmetric with
respect to θL,R = 0, π . According to the spatial symmetry of
the F/ISC/F junction and the physical mechanism of CAR,
we can find that the left and right magnetization angles θL,R

have the same effect on CAR, that is, TA(θL, θR) = TA(θR, θL )
[see Fig. 11(d)]. Note that this character still remains in the
double-band situation.

The valley dependence of LAR and CAR is discussed in
Fig. 12 when μS = 5 and μF = 5, which is devoted by the
electron with spin antiparallel magnetization from (a),(c) K
valley and (b),(d) −K valley. The total TA (or RA) by K and
−K valleys in Fig. 12 is the result in Fig. 11(b) [or Fig. 11(a)].
Significantly, one may clearly see that the CAR contributed by
the K and −K valleys appears in different areas of the (θR, θL)
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plane [see Figs. 12(c) and 12(d)]. The LAR has similar results
[see Figs. 12(a) and 12(b)]. Therefore, we can achieve the
valley-polarized CAR and LAR by adjusting the magnetiza-
tion directions.

Finally, we discuss the experimental realization of the
proposed F/ISC/F junction. In fact, many groups have
demonstrated that various F/SC junctions could be fabricated
in experiment [55,56]. Very recently, an unconventional su-
percurrent phase has been reported experimentally in an Ising
superconductor Josephson junction that couples NbSe2 Ising
Cooper pairs across a magnetic insulator Cr2Ge2Te6 [57]. An
experimental observation on anisotropic magnetoresistance
is also reported in ISC/F/ISC junctions that are made of
ISC NbSe2 and ferromagnetic insulator CrBr3 [58]. In addi-
tion, the exchange energy is set to be 30 meV in the above
discussion, which can be generated by the ferromagnetic in-
sulator. According to the experiments on the SC/F junction,
the exchange energy could reach 86 meV, which is a quite
reasonable value [59,60]. Therefore, the proposed F/ISC/F
junction could be fabricated experimentally, where the equal-
spin and oblique-spin CAR should be observable with the
present technology.

IV. CONCLUSION

In summary, we theoretically studied the AR in the
F/ISC/F heterojunction by solving the BdG equations.
Because of the Ising SOC in ISC, the equal-spin CAR
and equal-spin LAR could occur, which present a magne-
toanisotropic behavior with the period π . The equal-spin CAR
could reach its maximum at the in-plane magnetization and
decrease to zero at the out-of-plane magnetization. The prop-
erty of CAR is highly dependent on the Ising superconducting
phase and magnetization directions, in contrast to the normal
SC junction where the CAR is insensitive to the supercon-
ducting phase. Furthermore, the spin- and valley-polarized
oblique-spin CAR can be realized by the chemical potentials
and magnetization directions. We expect that these findings
may be helpful to generate spin- or valley-entangled states and
to detect Ising superconductivity.
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APPENDIX

In this Appendix, we discuss the effect of mass difference
and interfacial potential on the AR, taking the F/ISC junction
as an example. The Hamiltonian near valleys can be expressed
as [61]

H± = px
1

2m(x)
px − μ ± βσz + V δ(x), (A1)

where px is the momentum along the x direction and V is the
interfacial potential at the F/ISC interface x = 0. m(x) = mF

and mS are the effective masses in the F and ISC regions,

FIG. 13. LAR coefficient RA vs potentials μF and μS at (a)–(c)
θ = 0 and (d)–(f) θ = π/2.

respectively. The wave functions ψ (x) at the interface satisfy∫ 0+

0− HBdG
± ψ (x)dx = ∫ 0+

0− Eψ (x)dx. Because of the δ potential
at the F/ISC interface and the mass difference between F
and ISC, the derivative of ψ (x) is discontinuous at x = 0,
which satisfies the conditions ψ ′

S (0+ )
mS

− ψ ′
F (0− )
mF

= 2V
h̄2 ψ (0) and

ψS (0) = ψF (0) ≡ ψ (0). Based on these boundary conditions,
the LAR RA can be calculated.

The results on the LAR for the F/ISC junction are shown
in Figs. 13 and 14 for different values of the mass difference
mS/mF and the interfacial potential V , and other parame-
ters are the same as those in Fig. 2, unless otherwise noted.
One may clearly see that compared with that in Fig. 2(a),
the normal LAR at μF > M is suppressed in some areas.
However, the LAR in some special areas is enhanced [see
Figs. 13(a) and 13(c)]. At θ = π/2 in Figs. 13(d)–13(f),
the equal-spin AR could still occur in the spin-polarized F
with μF < M, although it is suppressed by the large mS/mF

and V . Interestingly, for some suitable values of mS/mF

and V , such as mS/mF = 1/5 and V = 10 in Fig. 13(f),
the areas for the equal-spin AR are broadened and changed.
Figure 14 presents the LAR as a function of incident en-
ergy E for (a) the different mass differences and (b) the
different interfacial potentials. For large values of mass differ-
ence [see Fig. 14(a)] or interfacial potential [see Fig. 14(b)],
the LAR has a certain suppression. But the LAR coeffi-
cient RA can still keep the large values, e.g., larger than

FIG. 14. LAR coefficient RA vs incident energy E with (a) V = 0
and (b) mF = mS . Other parameters are set as μF = 40, μS = 10, and
θ = π/2.
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1.01 and 0.12 at E < �, even when the mass ratio mS/mF

reaches 1/50 and 50. Furthermore, the LAR is dramatically
enhanced and has a sharp peak at E = �, which is inde-
pendent of mS/mF and V , consistent with the previous result

[62]. The above results demonstrate that the mass difference
and the interfacial potential could quantitatively weaken the
AR, but should have no essential effect on the occurrence of
the AR.
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