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Fuqing Duan ,1 Chen Shen ,2 Hongbin Zhang,2 and Guangzhao Qin 1,*

1State Key Laboratory of Advanced Design and Manufacturing for Vehicle Body, College of Mechanical and Vehicle Engineering,
Hunan University, Changsha 410082, People’s Republic of China

2Institut für Materialwissenschaft, Technische Universität Darmstadt, Darmstadt 64289, Germany

(Received 7 September 2021; revised 18 February 2022; accepted 22 February 2022; published 9 March 2022)

Manipulating interlayer interactions in two-dimensional (2D) materials is a widely used and effective method
for regulating heat transport, which is important for thermal management of electronics. In this paper, we find
that thermal transport can be enhanced by strong interlayer interactions. For instance, 2D bilayer materials with
interlayer bonding have larger thermal conductivity than their monolayer counterparts. To further verify the
conjecture, we take bilayer graphene (BLG) as a study case to gradually strengthen the interlayer interactions
in BLG by applying a series of compressive strains along the out-of-plane direction. It is found that the thermal
conductivity of BLG first decreases and then anomalously increases when the strain is larger than the threshold
of 12%. For the decreasing trend, it is mainly due to the strain-induced reduction of phonon group velocity and
lifetime. While at larger strain (>12%), the anomalous increase of thermal conductivity is found to be caused
by hydrodynamic phonon transport and weak phonon anharmonicity. Thus, enhanced interlayer interactions can
enhance the hydrodynamic phonon transport and thus improve the heat transfer performance. In this paper, we
not only report the hydrodynamic enhancement of thermal transport through enhanced interlayer interactions
but also provide solid evidence. These findings will deepen the understanding of thermal transport in layered
materials and heterostructures, which will benefit the applications in thermal management.
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I. INTRODUCTION

Two-dimensional (2D) materials, represented by graphene,
have been widely studied and applied to the thermal man-
agement of electronic devices in recent years. To adapt to
the application of thermal management in practical electronic
devices, there are lots of methods proposed, such as defect and
disorder [1–3], structure regulation [4–7], doping [8], alloying
[9], isotope [10], strain engineering [11], and electric field
substrate [12]. Recently, Sun et al. [13] have demonstrated
that the thermal conductivity of bilayer graphene (BLG) and
graphite can be greatly regulated by manipulating interlayer
interactions. The out-of-plane compressive strains were ap-
plied to manipulate interlayer interaction; > 1

4 decrease of
in-plane thermal conductivity can be achieved by only 6%
compressing deformation. Moreover, interlayer interactions
also widely exist in heterostructures [14], which have attracted
a lot of attention due to their fantastic applications. Thus, it
is in demand to study the effect of interlayer interactions on
thermal transport, which is of great significance to the applica-
tions in many fields, such as electronics, thermoelectrics, and
catalysis.

To explore the influence of interlayer interaction, the ther-
mal conductivity of a series of 2D materials from monolayer
to bilayer is systematically investigated. As collected in Fig. 1,
the thermal conductivities of bilayer silicene, bilayer GaN,
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and monolayer/BLG are calculated in this paper, and the
others are from the literature [15–22], where MoS2, MoSe2,
and BN are from experimental measurements. It is shown that
bilayer materials with interlayer bonds have larger thermal
conductivity than their monolayer counterparts. The other six
2D materials show lower thermal conductivity of the bilayer
[with interlayer van der Waals (vdW) interaction] than their
monolayer counterparts. By summarizing the results, it is
speculated whether the stronger the interlayer interactions, the
higher the thermal conductivity.

To test our conjecture, it is necessary to reconcile the in-
terlayer interactions and check the effect on thermal transport.
Benefiting from its continuous and robust effects, strain engi-
neering has been widely used to regulating electronic [23,24],
thermal [25,26], and optic [24] properties. The effective reg-
ulation can be understood in terms of the atomic structure
at the nanoscale. For instance, the structure of a material
can be changed by strain engineering, so that the interaction
between atoms will be strengthened or weakened. As a result,
the relevant properties can be regulated accordingly. Thus,
strain engineering can also be used to regulate the interlayer
interactions.

Considering that different materials process different in-
terlayer interactions, we choose the simplest system of BLG
to study the effect of interlayer interaction on thermal con-
ductivity. Strain engineering is employed to investigate how
the thermal conductivity varies with interlayer interactions.
BLG is a layered material with vdW interactions between
two graphene sublayers [13]. Thus, it would be practical to
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FIG. 1. The normalized thermal conductivity (κBilayer/κMonolayer)
of silicene, borophene [16], and GaN with interlayer bonding, and
MoS2 [15], MoSe2 [15], C3N [17], BN [18], graphene, SnTe [19,20],
and SnSe [21,22] with interlayer nonbonding van der Waals interac-
tions. The insert shows sketches of bilayer materials with and without
interlayer bonding.

apply a series of out-of-plane compressive strains to BLG to
regulate the strength of interlayer interactions. The change
in thermal conductivity can then be studied. It is found that
the thermal conductivity of BLG first decreases with increas-
ing interlayer interactions and paradoxically increases when
the strain is greater than a certain threshold. Commonly, the
decrease phenomenon can be understood by analyzing the
strain-modulated phonon mode level properties and phonon
scattering processes, while the increased thermal conductiv-
ity is found to be strongly related to hydrodynamic phonon
transport [27].

The hydrodynamic phonon transport process is different
from traditional diffusive and ballistic transport under size
limit, which has been discovered in bulk materials ∼50 years
ago, but this phenomenon was found to be prominent mainly
at ultralow temperatures [28–30]. Recently, this phenomenon
has been computationally observed in 2D materials, such as
graphene, boron nitride, fluorographene, and molybdenum
disulphide, even at room temperature [31]. In the hydrody-
namic region, phonon transport has the same macroscopic
drift motion as the mass transport in the fluid. Due to the small
proportion of Umklapp scattering processes, phonon transport
processes are dominated by Normal scattering processes in
the hydrodynamic region. The regulation of hydrodynamic
phonon transport has been rarely reported.

In this paper, BLG is used as a study case to modulate the
interlayer interactions by applying out-of-plane compressive
strain. It is found that the strain-enhanced interlayer inter-
actions can induce phonon hydrodynamic transport and thus
increase the thermal conductivity of BLG. The content of the
paper is organized as follows. In Sec. II, we describe the meth-
ods and calculation parameters of first principles and the
Boltzmann transport theory. In Secs. III A and III B, the struc-
ture differences between the three materials with and without
interlayer bonds are discussed, and the thermal conductivity
of BLG under compressive strain is shown. In Secs. III C and
III D, the mode level phonon properties and phonon scattering
processes are explored to explain the reduction of thermal
conductivity. In Sec. III E, the evidence is presented that the
hydrodynamic phonon transport is the main reason for the
increase in thermal conductivity at large strain (>12%). In

Sec. III F, the phonon anharmonicity and charge density dif-
ferences are further studied for a deep understanding. Finally,
in Sec. IV, a summary and conclusions are provided. In this
paper, we deepen the understanding of thermal transport in
layered materials and heterostructures, which will benefit the
applications of high-performance thermal management.

II. COMPUTATIONAL METHODOLOGY

All first-principles calculations are performed by the Vi-
enna Ab initio Simulation Package (VASP) [32] based on
density functional theory (DFT). The projector augmented
wave method [33,34] is used to describe the electron-ion
interaction, and the Perdew-Burke-Ernzerhof (PBE) [35]
exchange-correlation functional is employed in this paper for
all calculated systems of BLG, silicene, and GaN. In addi-
tion, the optB86b [36,37] exchange-correlation function is
adopted to consider the interlayer vdW interaction effect in
BLG. The cutoff energy is set to 800 eV for BLG at all
compressive strains for a good convergence of electronic and
ionic during structure optimization. For silicene and GaN,
the cutoff energy is set as 800 and 1000 eV, respectively.
The Monkhorst-Pack [38] k-mesh of 14 × 14 × 1 is used
to sample the irreducible Brillouin zone (BZ) to ensure the
accuracy of the calculations. A large vacuum of 20 Å is
used to prevent interactions between the other layers due
to the periodic mirroring along with out-of-plane directions.
The energy convergence accuracy of 10−8 eV is employed
for geometric optimization with the Hellmann-Feynman force
convergence criteria being 10−6 eV/Å. The supercell-based
method [39–41] is adopted for the calculations of the second
and third orders of interatomic force constants (IFCs), and the
5 × 5 × 1 supercell containing 100 atoms is used for all the bi-
layer systems. Based on the full test of convergence, the cutoff
distance is set to 10th nearest neighbors, and 57 × 57 × 1 of
Q-grid is used in the calculations of thermal conductivity.

By solving the Boltzmann transport equation (BTE), the
lattice thermal conductivity (κ), as well as phonon proper-
ties, are calculated as implemented in SHENGBTE [42]. By
iteratively solving the linearized BTE [43], the thermal con-
ductivity καβ can be expressed as

καβ = 1

kBT 2�N

∑

qv

n0(n0 + 1)(h̄ωqv )2vα
qvv

β
qvτqv, (1)

where α and β denote the Cartesian components of x, y, or
z, kB is the Boltzmann constant, T and � are the absolute
temperature and the volume of the unit cell, respectively, N
represents the number of discrete q samples in the BZ, qv is
a phonon mode of the v branch at the q point, τqv denotes
phonon relaxation time (lifetime), and vqv is the phonon group
velocity.

To quantify the specific interlayer interactions, we cal-
culate the interlayer force constants (ILFCs) [44,45] by
summing the interatomic force constants of all the atoms from
two adjacent layers, which can be expressed as

KAB =
∑

a, b

Dab, (2)
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FIG. 2. The top and side views of the geometry structure of (a) and (b) monolayer and bilayer graphene, (c) and (d) silicene, and (e) and
(f) GaN. The light blue, navy blue, green, and gray balls represent C, Si, Ga, and N atoms, respectively, which are also marked on site.

where D is the matrix of interatomic force constants, and a
and b denote atoms in layers A and B, respectively.

III. RESULTS AND DISCUSSION

A. Effect of strong interlayer interactions

The optimized geometry structures of monolayer and BLG,
silicene, and GaN from the top and side views are shown
in Fig. 2. For graphene, theoretically, there are two basic
types of bilayer structures, namely, AA and AB types. Since
the AA structure of BLG is unstable at room temperature,
we use the AB type in this paper. It is the interlayer vdW
interactions that binds two graphene sheets to form a BLG,
as shown in Figs. 2(a) and 2(b). However, for silicene and
GaN, there are interlayer bonds connecting and forming the
bilayer structures, as shown in Figs. 2(c)–2(f). Note that the
structure of bilayer silicene used in this paper is the most
stable, which is named slide-2AA according to the work of
Fu et al. [46]. The lattice constant of graphene is 2.467 Å,
which slightly decreases to 2.466 Å when forming BLG. In
contrast, the lattice constant of GaN increases slightly from
3.255 Å (monolayer) to 3.328 Å (bilayer). As for silicene,
it shows a different behavior that the lattice shape changes
when transforming from monolayer (a = 3.868 Å) to bilayer
(a = 3.853 Å and b = 3.794 Å). As for the interlayer distance,
the vdW distance of BLG (3.332 Å) is larger than that of
bilayer silicene (1.915 Å) and GaN (2.287 Å) where bond-
ing is formed. From the monolayer to the bilayer, the lattice
thermal conductivity of graphene decreases largely from 3042
to 2215 W/mK. In contrast, the lattice thermal conductivities
of silicene and GaN increase from 15.33 and 14.93 W/mK to
27.96 and 18.61 W/mK, respectively. Their common feature is
that they all have a honeycomb structure, but strong interlayer
bonds are formed in bilayer GaN and silicence when changing
from monolayer to bilayer.

To further explore the influence of interlayer interaction,
the lattice thermal conductivity of a series of 2D materials
from monolayer to bilayer is systematically collected in Fig. 1
from Refs. [15,17–22]. It is shown that the bilayer 2D ma-
terials with interlayer vdW interactions show lower thermal
conductivity than their monolayer counterparts. By summa-
rizing the results, it can be demonstrated that, with strong
interlayer interactions, the thermal conductivity of bilayer ma-
terials can be significantly enhanced.

B. Compressive strain-enhanced thermal conductivity

To verify that strong interlayer interactions can enhance
thermal conductivity to some extent, it is necessary to tune the
interlayer interactions and examine their effects on thermal
transport. Taking BLG as an example, we apply a series of
compressive strains to BLG along the out-of-plane direction
to narrow the interlayer distance. Thus, the interlayer interac-
tions can be modulated, and then we can observe the change in
thermal conductivity. When the applied strain increases from
0 to 16%, all phonon dispersions of BLG are free of imaginary
frequencies, which indicates the thermodynamic stability of
the structure with strain applied. For a clear view, here, we
only show the phonon dispersions of BLG in Fig. 3 with a
few representative out-of-plane compressive strains applied.
It is revealed in the inset of Fig. 3 that the layer-breathing
mode (ZO′) denotes the opposite vibration phases of C atoms
in adjacent layers [47]. The same as previously pointed by
Kong et al. [48], the phonon dispersion behavior of BLG is
very similar to that of monolayer graphene except the ZO′
mode. The emerging ZO′ in BLG is due to the out-of-phase
z-direction vibration of C atoms in adjacent layers, where the
close frequency to ZA may result from the weak interlayer
interactions. It is also found that all the other phonon branches
of BLG are degenerated with small splitting aroused by weak
interlayer coupling [49]. With the compressive strain applied,
the overall phonon dispersion has little changes except for
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FIG. 3. Phonon dispersion curves and corresponding density of
states (DOS) of bilayer graphene under a few representative out-of-
plane compressive strains. The displacement patterns of ZA and ZO′

are shown in the inset.

ZO′ branches. The frequency of out-of-plane ZO′ branches in-
creases apparently near the � point with the strain increasing,
which is due to the strain-enhanced interlayer interactions,
leading to the decreasing phonon group velocity. In addi-
tion, the density of states (DOS) also shows an increase in
ZO′ frequency in the phonon dispersion, as shown in Fig. 3.
Since it has been reported that the flexural and layer-breathing
phonon branches (ZA and ZO′) dominate the κ of graphene
[50], we focus on the behavior of the two phonon branches.
The increasing frequency of ZO′ as well as the little changed
ZA indicate the decreasing trend of their group velocity with
strain applied, which will result in the diminished contribution
to the lattice thermal conductivity.

The calculated thermal conductivity of BLG at 300 K as
the applied compressive strains increases from 0 to 16% is
shown in Fig. 4(a). The results from the iterative method are
in good agreement with a previous study [13]. The results
from the relaxation time approximation (RTA) method and
the results from the iterative method neglecting the effect of
Born effective charge and dielectric constants (recorded as
“Without Born”) are also plotted for comparison. As clearly
shown in Fig. 4(a), there is almost no difference in the black
and red curves, and Born effective charge and dielectric con-
stants have little influence on thermal transport even under
compressive strain. Surprisingly, the results from the iterative
and RTA methods show different behaviors as the strain in-
creases. For the iterative method, the thermal conductivity of
BLG decreases monotonously with strain increasing when the
strain is <12%. Intuitively, it can be expected that the ther-
mal conductivity of BLG keeps decreasing with larger strain
applied. However, the thermal conductivity starts to increase
when the strain is >12%. The anomalous increase of thermal
conductivity with strain >12% is highlighted by the red region
in Fig. 4(a). However, the results of the RTA method show an
almost monotonic increase in thermal conductivity with the
increasing compressive strain. The interesting divergence be-
tween the results of the iterative and RTA methods is strongly
related to hydrodynamic phonon transport, which will be dis-
cussed further later.

To observe the change of interlayer interactions with the
increasing out-of-plane compressive strain, we calculate the
Frobenius norm of the ILFCs of BLG. The normalized ILFCs

FIG. 4. (a) Thermal conductivity of bilayer graphene as a func-
tion of compressive strain along the out-of-plane direction. The
results from the iterative method are highlighted in red. The results
from the relaxation time approximation method (blue) and the results
from the iterative method neglecting the effect of Born effective
charges and dielectric constants (without Born; black) are also plot-
ted for comparison. The two insets show the normalized interlayer
force constants (ILFCs, K/K0) as a function of strain and the con-
vergence of thermal conductivity with iteration steps, respectively.
(b) Percentage contributions to thermal conductivity (κ) from each
phonon branch (ZA, ZO′, TA, LA, O) as a function of strain. The
inset presents the enlarged partial illustration of the red rectangle.

(K/K0) are plotted in the left inset of Fig. 4(a), where K0

means the ILFCs of pristine BLG without strain. As the com-
pressive strain increases, the ILFCs increase monotonously,
showing that the compressive strain can indeed modulate the
interlayer interactions. The curve shows a quadratic trend with
the increasing strain, which indicates that the ILFC is rela-
tively much larger under high compressive strain. Moreover,
the right inset of Fig. 4(a) shows the convergence of thermal
conductivity of BLG with iteration steps, which confirms the
accuracy of the iterative method.

It has been shown that the thermal conductivity of BLG can
be enhanced when the interlayer interaction is strong enough,
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and the out-of-plane compressive strain >12%. However, two
essential questions are still open to be answered. Why does
the thermal conductivity of BLG decrease first with increasing
compressive strain before increasing paradoxically? What is
the fundamental mechanism of the anomalous increase of the
thermal conductivity when the strain is >12%?

For the first question, we investigate the percentage con-
tributions to the total thermal conductivity from different
phonon branches (ZA, ZO′, TA, LA, and O), as shown in
Fig. 4(b). The percentage contributions of flexural modes
(ZA and ZO′) gradually decrease with the increase of strain,
especially for ZO′ modes. The decreasing contributions to the
lattice thermal conductivity from ZA and ZO′ are consistent
with strain-driven phonon dispersion behavior, as discussed
previously referring to Fig. 3. On the contrary, the percentage
contributions of the other phonon modes (TA, LA, and O)
gradually increase with the increase of strain. Since ZA and
ZO′ dominate the thermal transport in BLG, the variation of
thermal conductivity of BLG keeps pace with ZA and ZO′
when strain is <12%. Thus, the decreasing thermal conductiv-
ity of BLG with the compressive strain lies in the decreasing
contribution of ZA and ZO′.

However, when the strain is >12%, the situation becomes
complicated. For a clear view, we enlarge the partial illustra-
tion of the mixing region from 12 to 16%, as shown in the inset
of Fig. 4(b). The reduction of the percentage contributions of
ZA and ZO′ branches to the thermal conductivity slows down
and even shows some increase. In addition, there is a relatively
large surge in the TA and LA branches but a jump in the
optical phonon (O) branches. Considering the combined effect
of the complex contributions from different phonon branches,
the increase of the thermal conductivity with strain >12% can
be understood to a certain extent.

C. Mode level analysis

To further understand the contribution from different
phonon branches, the modal phonon group velocity and
phonon relaxation time (lifetime) are explored for a detailed
analysis. The modal level phonon group velocities of BLG
under different compressive strains are shown in Fig. 5(a).
As the strain increases, the phonon group velocity decreases
monotonously in the low-frequency region, corresponding to
the frequency region of ZO′, as shown in Fig. 3. Under high
compressive strain (>12%), the phonon group velocity starts
to increase, which is consistent with the increasing thermal
conductivity. Phonon group velocity is calculated based on
the slope of the phonon dispersion curve. Thus, the decreasing
slope of the ZO′ curve corresponds to the decreased phonon
group velocity. Considering that the phonon group velocity
is proportional to

√
E [51], where E is Young’s modulus,

we also check Young’s modulus. As shown in the inset of
Fig. 5(c), the change of E can verify the overall change
of phonon group velocity. Interestingly, the changing curve
of E is like the lattice thermal conductivity calculated by
the iterative method [Fig. 4(a)]. The decreasing part under
0–12% strain is mainly contributed by ZO′, and the increas-
ing part under 12–16% strain corresponds to the overall
increasing phonon group velocity. Furthermore, the phonon
lifetime of BLG under different compressive strains is plot-

FIG. 5. The modal level (a) phonon group velocity, (b) phonon
relaxation time, and (c) phonon scattering phase space (P3) of bilayer
graphene with a few representative compressive strains applied. The
inset of (c) presents the strain driven in-plane Young’s modulus.

ted in Fig. 5(b). Like the change of phonon group velocity,
the phonon lifetime also decreases when the strain is <12%
and then increases when the strain is >12%. Note that the
phonon scattering phase space also shares a similar change
with phonon lifetime (decreases slightly under 0–12% strain
and increases under 12–16% strain), as shown in Fig. 5(c).

D. Decomposed scattering process

To explore the underlying mechanism of the increase of
thermal conductivity under large strain, we further apply a
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FIG. 6. The modal level scattering rate calculated from (a) the iterative method and (b) the RTA method and the classification of (a) into
(c) absorption/emission and (d) Umklapp/Normal (U/N) process of bilayer graphene with a few representative compressive strains applied.
The horizon red lines in (c) and (d) mark the equal proportion ratio.

detailed analysis on the phonon-phonon scattering process.
The total phonon-phonon scattering rates of BLG under com-
pressive strain calculated by the iterative and relaxation time
approximation methods are shown in Figs. 6(a) and 6(b),
respectively. The total scattering rate decreases monotonously
with the increase of strain, especially at high compressive
strains. This reduction in scattering rate means that there
are less phonons being scattered as the strain increases,
which is beneficial to the thermal transport. Furthermore,
we decompose the total phonon scattering rate into emis-
sion/absorption and Umklapp/Normal (U/N) processes, the
ratios of which are plotted in Figs. 6(c) and 6(d), respec-
tively, for comparison. From Fig. 6(c), the absorption and
emission processes are almost equivalent in low-frequency
acoustic phonon modes. However, the high-frequency optical
phonon modes are mostly scattered during the emission pro-
cess. As the strain increases, the absorption process gradually
increases, although the emission process starts to dominate
high-frequency phonon modes.

As for the U/N scattering process, the phonon modes in
the overall frequency region are mainly scattered by the U-
scattering process, as shown in Fig. 6(d). Note that, for some
acoustic phonon modes, the N-scattering process also plays an
important role. As the applied strain increases, the whole scat-
tering process gradually drifts to the direction with increasing
proportion of the N process, despite that it is still dominated
by the U-scattering process. Since the RTA method treats the
N-scattering process as resistance (in fact, the N-scattering

process does not provide thermal resistance) and ignores the
important role in the hydrodynamic phonon transport [31,52],
the thermal conductivity of BLG is largely underestimated by
the RTA method, as evidently shown in Fig. 4(a). Thus, the
almost opposite trend of thermal conductivity with increasing
strain given by the iterative and RTA methods is mainly due
to the impact of the N-scattering process, which is strongly
relative to the hydrodynamic phonon transport.

E. Hydrodynamic phonon transport

Hydrodynamic phonon transport [27] means a special
phonon transport process that differs from traditional diffusive
and ballistic transport [53] in extreme cases. During hydro-
dynamic transport, phonons exhibit macroscopic drift motion
like mess transport in fluids. This special transport phe-
nomenon is found mainly at extremely low temperatures and
a narrow range of temperatures [28–31]. At low temperatures,
the U-scattering process is largely suppressed, and less crys-
tal momentum needs to be destroyed. Correspondingly, the
N-scattering process could be stronger than the U-scattering
process, which favors the hydrodynamic phonon transport. In
the study case of BLG with out-of-plane compressive strain
applied because the RTA method does not consider the effect
of N-scattering process on the hydrodynamics and even treats
it as resistance, the thermal conductivity of BLG increases
with the increasing compressive strain. In contrast, when the
N-scattering process is fully included in the iterative method,
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FIG. 7. (a) Thermal conductivity of bilayer graphene (BLG) as a function of temperature under different strains, and the inset shows the
change in the ratio of thermal conductivity calculated by the iterative method to that calculated by the RTA method as the temperature increases.
(b) The changes of the normalized interlayer force constants (ILFCs, K/K0) and index b in Eq. (3) with the strain increasing. (c) Comparison
of Grüneisen parameter of BLG with a few representative compressive strains applied calculated by the iterative method as implemented in
SHENGBTE. (d) The evolution of the charge density difference for BLG with strain increasing calculated by the iterative method as implemented
in VASP. The blue and yellow regions represent losing and gaining electrons, respectively. The calculated corresponding Bader charge is shown
in the inset of (c), and the structure indicating the atom positions is shown in the inset of (b).

the thermal conductivity firstly decreases and then increases,
with a turning point at strain of 12%, as shown in Fig. 4(a).
Such a difference between the RTA and iterative methods indi-
cates that the N-scattering process in BLG plays an important
role. When the compressive strain is >12%, the scattering
process gradually drifts to the N process [Fig. 6(d)], and the
N-scattering becomes so significant that the thermal conduc-
tivity is further enhanced due to the hydrodynamic phonon
transport.

Phonon Poiseuille flow is one of the most important behav-
iors of hydrodynamic phonon transport because of the phonon
macroscopic drift. It has been proved that the increase of the
thermal conductivity with the exponent value in temperature
larger than that in the ballistic transport case can be a shred
of direct evidence for phonon Poiseuille flow [54,55]. As tem-
perature increases, the proportion of the N-scattering process
increases, which means phonons will travel a longer dis-
tance to the boundary. The long distance of phonon transport
indicates the increase of the effective sample size in the cal-
culation formula of thermal conductivity: κ ∼ CvL, where C
is the specific heat, v is group velocity, and L is the effective
sample size. In addition, L cannot be changed by temperature
in the ballistic limit, and the influence of temperature to C and
v is the same in both hydrodynamic and ballistic transport.

Thus, the thermal conductivity should increase more rapidly
with increasing temperature in the hydrodynamic transport
region than the ballistic transport region [52].

To further investigate the hydrodynamic phonon transport,
we calculate the temperature-dependent thermal conductiv-
ity with different compressive strains applied. As shown in
Fig. 7(a), the thermal conductivity of BLG shows obvious en-
hancement in the low-temperature region, even exceeding that
of monolayer graphene at large strain, which indicates strong
hydrodynamic phonon transport. However, as the temperature
increases, the U-scattering process gradually increases, and
more momentum is destroyed. The ratio of thermal conduc-
tivity calculated by the iterative method to that calculated by
the RTA method gradually decreases to 1 as the temperature
increases [inset of Fig. 7(a)], which reveals the decreasing
effect of the hydrodynamic phonon transport and the domi-
nance of diffusive transport with strain applied. The thermal
conductivity of the BLG under large strain increases only
slightly until the temperature reaches 300 K.

The decreasing thermal conductivity with the increasing
temperature can be fitted to the formula:

κ = T −b, (3)
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where T denotes absolute temperature, and b is the ex-
ponent value. The thermal conductivity of BLG decreases
exponentially with temperature increasing, in accord with
the well-known κ ∼ 1/T relationship. Figure 7(b) shows
the variation of the parameter b with the increasing strain.
Meanwhile, the ratio K/K0, which denotes the strength of
interlayer interactions in BLG, is also plotted for comparison.
The parameter b surges at large strains (>10%), which is
direct evidence of phonon Poiseuille flow. Thus, the hydrody-
namic phonon transport in BLG at high compressive strains
is clearly demonstrated. Moreover, it is interesting to note
that the two factors K/K0 and b show almost the same trend
with the increasing strain. This phenomenon clearly demon-
strates the correlation between the strengthening interlayer
interaction and the increase of the parameter b. As a result,
the hydrodynamic phonon transport is enhanced with stronger
interlayer interactions, which leads to an increased thermal
conductivity even at room temperature. The second question
posed in Sec. III B has now been completely answered, i.e.,
the underlying mechanism for the anomalous increase in the
thermal conductivity when the strain is >12% lies in the
enhanced hydrodynamics due to the strengthened interlayer
interactions.

It is interesting to note that the thermal conductivity
increases first and then decreases with the increases of temper-
ature at the low-temperature region, especially when the strain
is very small. The reason lies in the competing effect of heat
capacity and phonon mean free path (MFP). At low tempera-
tures, there are few phonons excited. The MFP is very large,
which is only limited by the crystal size. Thus, the thermal
conductivity is governed by the heat capacity, which increases
fast following the well-known Debye T 3 law. The T 3 rela-
tionship holds in a wide domain up to a significant fraction
of the Debye temperature. As temperature goes up beyond
the Debye temperature, the heat capacity saturates. Then the
thermal conductivity is governed by the phonon MFP, which
is limited by the phonon-phonon scattering (mainly through
the U process). Based on the phonon gas kinetic theory, the
MFP decreases with temperature increasing following the
well-known 1/T relation. As a result, the phenomenon that the
thermal conductivity decreases with increasing temperature in
the high-temperature region emerges, and there exists a peak
for the thermal conductivity with temperature variation. As
the strain increases, the Debye temperature decreases with the
decreasing frequency, and the peaks shift to the left, leaving
only the peaks at 0 and 2% strain visible, as shown in Fig. 7(a).

F. Phonon anharmonicity and insight from electronic structures

We further calculated the Grüneisen parameter (γ ) of BLG
at several representative compressive strains, which can be
used to quantify the phonon anharmonicity. As shown in
Fig. 7(c), the magnitude of γ almost decreases monotonously
with increasing strain, especially for low-frequency phonons.
As a result, phonon-phonon scattering is weakened due to the
weakening phonon anharmonicity, which is consistent with
the variation of phonon scattering rate, as shown in Fig. 6(a).
When the strain increases beyond 12%, the magnitude of γ

drops to a rather low value, which is advantageous to phonon
transport. Thus, the extremely weak phonon anharmonicity

is another significant factor contributing to the increase in
thermal conductivity of BLG at large compressive strains
(>12%).

Insight into phonon anharmonicity and interlayer inter-
actions can be achieved from the analysis of electronic
structures. The charge density shows the distribution of elec-
trons in the lattice, while the charge density difference depicts
charge transfer (loss or gain electrons) as atoms combine and
form a system. Figure 7(d) shows the evolution of charge
density difference of BLG with the compressive strain, which
is extracted by subtracting two separate graphene sheets from
the BLG. It is shown that, when transferring from monolayer
to bilayer, the overlapping Carbon atoms (top view) in two
layers lose electrons around their upper and lower regions.
In contrast, the nonoverlapping Carbon atoms gain electrons
in their upper and lower regions but lose electrons in the
closely surrounding region. As the strain increases, the dis-
tance between two layers become narrower, changing from
3.332 (strain = 0%) to 2.798 Å (strain = 16%). Correspond-
ingly, the region between the layers gaining electrons becomes
more and more mellow, expanding in the in-plane direction,
while the region between the layers losing electrons shows
the opposite change. In addition, it is found that the height
difference between the regions of gaining and losing electrons
becomes smaller with the applied strain, especially for the
interlayer side [Fig. 7(d)]. To show the actual charge transfer,
we further calculate the Bader charge. As shown in the inset
of Fig. 7(c), one atom gets electrons, and another atom in the
same layer loses electrons, which corresponds exactly to the
fattening of the yellow ball and the thinning of the blue ball
in Fig. 7(d). It is well known that the interactions between
atoms are governed by the attraction and repulsion of charges
around the atoms. The charge distribution and the charge
transfer reflect the overlap of wave function in the lattice,
which is directly related to the interlayer interaction and the
lattice anharmonicity. Thus, the evolution of charge density
difference with the increasing strain reveals the strengthening
of interlayer interactions and the weakening of anharmonicity
with the increasing compressive strain.

Furthermore, the electronic band structure and the cor-
responding orbital projected DOS (pDOS) of BLG under
different strains are also investigated to understand the behav-
ior of electrons. As shown in Fig. 8, BLG has zero bandgap
at the K point and the valence band maximum (VBM) and
conduction band minimum lying on the � point, which is
consistent with previous studies [13,56]. As the strain applied
and increased, the bandgap shows no change, and the Dirac
cone keeps existing. As seen from the pDOS, all orbitals (s,
px, py, and pz) contribute to the valence band, with the pz

orbitals forming the Dirac cone and the s, px, and py forming
the covalent bonding between Carbon atoms within one single
graphene layer. In contrast, the conduction band is mainly
contributed by the pz orbitals, contributing to the Dirac cone.
Such behavior is well consistent with that in graphene.

With the applied out-of-plane compressive strain increas-
ing from 0 to 16%, it is clear from the pDOS that the peak
of pz orbitals moves up and close to the VBM, while the
peak of px/py orbitals shifts down and away from the VBM.
Simultaneously, the peak value increases and decreases for the
two orbitals of pz and px/py, respectively, as marked by the

125406-8



HYDRODYNAMICALLY ENHANCED THERMAL TRANSPORT … PHYSICAL REVIEW B 105, 125406 (2022)

FIG. 8. Electronic band structure and the orbital projected den-
sity of states (pDOS) of bilayer graphene with some representative
compressive strains applied. For the pDOS, the change in color from
light to dark indicates the evolution of pDOS with a gradual increase
in strain.

red and violet arrows in Fig. 8. The Dirac cone comes from
out-of-plane pz electrons, and the peaks correspond to the in-
plane covalent bond of BLG. When the distance between the
two layers decreases with the increasing compressive strain,
the out-of-plane charge between layers changes and flattens
[Fig. 7(d)], corresponding to the opening of Dirac cone. At
the same time, this change affects the in-plane covalent bond,
where the bond length becomes longer and the bond strength
becomes weaker. The opposite direction of peak shift means
that the correlation between the Dirac cone and the covalent
bonding becomes weaker with the compressive strain applied.
Thus, the correlation between the two single-layer graphene
sheets caused by the π bonding in BLG is strengthened,
leading to the strengthened interlayer interactions. As a result,
the pseudogap (the distance of the two peaks beside the Fermi
level) shows a decreasing trend with the strain increasing. In
addition, the shift down away from the VBM of the px/py

orbitals, as discussed above, leads to the stronger hybridiza-
tion with the s orbital. As a result, the covalent bonding in
BLG becomes stronger, which is consistent with the short-
ened bonding length and the corresponding lattice constant.
Thus, the anharmonicity in strained BLG is relatively weak-
ened. In short, the evolution of the orbitals is well consistent
with the charge distribution and transfer, which explains the
strain-strengthened interlayer interactions and weakened an-
harmonicity.

IV. DISCUSSIONS AND CONCLUSIONS

Based on the above analysis, the underlying mechanisms
for the strain-modulated thermal conductivity of BLG can
be compiled. The difference in the thermal conductivity cal-
culated from the iterative and RTA methods is termed as
κIte-κRTA, as shown in Table I. When the strain increases from
0 to 12%, κIte decreases, κRTA increases, and the difference
(κIte-κRTA) becomes smaller. When the strain continues to
increase from 12 to 16%, both κIte and κRTA increase, and the
difference remains almost unchanged. To uncover the reason,
we first explore phonon group velocity (vg) and phonon re-
laxation time (τ ). It is found that they both decrease under

TABLE I. Summary table of the approximate changes of vari-
ous parameters with strain (divided into two parts of 0–12% and
12–16%). Increasing, keeping almost unchanged, and decreasing are
denoted by ↑, −, and ↓, respectively.

Strain

Relevant parameters 0–12% 12–16%

κIte ↓ ↑
κRTA ↑ ↑
κIte-κRTA ↓ −
Group velocity (vg) ↓ ↑
Young’s modulus (E ) ↓ ↑
Phonon relaxation time (τ ) ↓ ↑
P3 − ↑
Grüneisen parameter (γ ) ↓ ↓
N proportion in scattering ↓ ≈ ↑ ↓ < ↑
Parameter b − ↑

0–12% strain and then increase under 12–16% strain. These
changes can explain the change of lattice thermal conductivity
of BLG calculated by iterative method well. The change of
phonon group velocity can be also revealed by the change
of Young’s modulus. Considering the group velocity is not
directly related to phonon scattering process, we focus on the
phonon relaxation time in the following, which is governed by
both the phonon phase space and phonon anharmonicity. At
the same time, the N proportion also plays a significant role
in hydrodynamics. Specifically, the phase space of P3 first
keeps almost constant and then increases, and the Grüneisen
parameter continuously decreases. The variation of these two
parameters together determines the variation of relaxation
time, which is governed by the Grüneisen parameter. In ad-
dition, the difference in the results between the iterative and
RTA methods is due to the different treatment of the N pro-
cess. However, competition exists between the proportion of
the N and U processes. The increasing and decreasing of the
N proportion are basically equal when the strain is between 0
and 12%, and the increasing N proportion starts to dominate
under 12–16% strain [Fig. 6(d)]. The proportion of the N pro-
cess is closely related to the hydrodynamic phonon transport,
which can be revealed by the parameter b. The change of
the parameter b (basically constant first and then greatly in-
creased) also confirms the variation of the N process with the
strain-modulated interlayer interactions, which explains the
anomalously increased thermal conductivity when the strain
is >12%.

In summary, we have investigated the thermal conductivity
of a series of 2D materials from monolayer to bilayer and
find that heat transport can be enhanced by strong interlayer
interactions. To test our conjecture, based on first-principles
calculations, we apply a series of out-of-plane compressive
strains to BLG as a study case to regulate the strength of
interlayer interactions. The results show that the thermal
conductivity of BLG first decreases and then anomalously
increases when the strain is larger than the threshold value
of 12%. For the decreasing behavior, the main reasons are
the suppression of the phonon group velocity and phonon
lifetime caused by the compressive strain. The anomalous
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increase in thermal conductivity results from hydrodynamic
phonon transport and weak phonon anharmonicity under high
strain (>12%). Three phenomena evidently reveal the sig-
nificant role of hydrodynamic transport: first, the different
variation trend of thermal conductivity with strain increas-
ing between the iterative and RTA results; second, the rate
of the U/N scattering process gradually drifts to the N-
scattering process as the strain increases; and third, the
increase in the exponent value of temperature-dependent ther-
mal conductivity, which is a significant indication of phonon
Poiseuille flow. The uniformity of the ILFCs, the exponent
value b, and the temperature-dependent thermal conductivity
intuitively indicate that the strengthened interlayer interac-
tion can indeed enhance the thermal conductivity of BLG.
Furthermore, the insight into phonon anharmonicity and in-
terlayer interactions is achieved from the deep analysis of
electronic structures. The evolution of the orbitals agrees well
with the charge distribution and transfer, which explains the
strain-enhancing interlayer interactions and the weakening
anharmonicity. When all is said and done, the fact that strong

interlayer interactions can enhance the thermal conductivity
of 2D layered materials has been confirmed. We also find the
existence of hydrodynamic phonon transport in BLG induced
by out-of-plane compressive strains even at room temperature.
These findings will deepen the understanding of heat transport
in layered materials and heterostructures, which will benefit
the applications in thermal management.
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