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Relativistic collapse of Landau levels of Kane fermions in crossed electric and magnetic fields
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Using an elegant model involving only �6c and �8v bands, massless Kane fermions were defined as the
particles associated with the peculiar band structure of gapless HgCdTe crystals. Although their dispersion
relation resembles that of a pseudo-spin-1 Dirac semimetal, these particles were originally considered to be
hybrids of pseudospin-1 and -1/2 fermions. Here we unequivocally find that, by considering an additional �7c

conduction band inherent in HgCdTe crystals, the Kane fermions are ultimately two nested Dirac particles.
This observation allows for the direct application of Lorentz transformations to describe the relativistic behavior
of these particles in crossed electric and magnetic fields. By studying the relativistic collapse of their Landau
levels at different orientations between the crossed fields and the main crystallographic axes, we demonstrate
that the Kane fermions strikingly decay into two independent Dirac particles with increase of the electric field.
Our results provide insight into semirelativistic effects in narrow-gap semiconductors in crossed electric and
magnetic fields.
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I. INTRODUCTION

According to the solutions of the Dirac equation, essential
in high energy physics, relativistic particles are classified into
Dirac, Majorana, or Weyl fermions. In solids, the interaction
of electrons with the periodic potential of the crystal lattice
can give rise to dispersion relations at high symmetry points
of the Brillouin zone, which mimic the relativistic particles.

This relativistic analogy is usually used for materials, in
which conduction and valence bands are well separated from
the other bands, considered as the remote bands. In the early
1960s, Keldysh [1] and Wolff [2] independently discovered
that the two-band description of the bismuth-, PbTe-, PbSe-
, and PbS-type semiconductors was equivalent to the Dirac
equation for free particles. If the band gap vanishes, the band
structure mimics either by massless Dirac fermions or Weyl
fermions. Solid state analogs of massless relativistic particles
were demonstrated in graphene [3], semiconductor quantum
wells [4–8], topological insulators [9–11], Dirac [12–15], and
Weyl [16–18] semimetals.

One of the relativistic properties of spin-1/2 fermions,
which can also be probed in “nonrelativistic” solids, arises
in the presence of perpendicular electric and magnetic fields.
Aronov and Pikus [19,20] on the one hand and Zawadzki
and Lax [21,22] on the other hand utilized this relativistic
analogy to describe the inter-Landau level transitions within
a two-band approximation in crossed electric E and magnetic
B fields. Particularly, Aronov and Pikus [19,20] were the first
who proposed to apply the Lorentz transformation with “an ef-
fective speed of the light” to eliminate the magnetic field when
E > B in the moving coordinate system and the electric field
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when E < B. In the former case, the particle motion is infinite
and no quantization takes place, while in the latter case the
Landau quantization remains until its collapse when the drift
velocity Vd = cE/B (where c is the speed of light in vacuum)
reaches the effective speed of the light c̃ in the system. Forty
years later, similar results were obtained for graphene [23].
Note that the effective speed of the light in solids represents
the maximum particle velocity in the system—for instance,
the Fermi velocity in graphene [3].

A fundamental difference between electrons in solids and
those at high energy is that Lorentz invariance is not al-
ways preserved in condensed matter physics. By generalizing
the Dirac equation, one can find many other free fermionic
excitations that have no high-energy analogs [24–27]. Mass-
less “pseudo-spin-1 and -3/2” Dirac and Weyl fermions are
a remarkable example of such particles, whose low-energy
Hamiltonian has the form of k · S, where S is the vector of
spin-1 or -3/2 matrices.

Massless Kane fermions, observed in gapless HgCdTe
crystals [28,29], represent another type of fermionic exci-
tations formed by the crossing of three bands. Its unique
band structure is characterized by doubly degenerate conical
bands intersected at the vertex by an additional flat band,
closely resembling a pseudo-spin-1 Dirac semimetal [27].
However, unlike the pseudo-spin-1 Dirac fermions, Kane
fermions are not protected by symmetry or topology, and
their band structure can be set at will [29]. The discussion
of the nature of Kane fermions has become more confusing
after Malcolm and Nicol [30], who noted that the three-
band Kane Hamiltonian involving the �8v and �6c bands
maps onto an intermediate value (α = 1/

√
3) of the α-T3

model [31]. Since the α-T3 model interpolates between the
spin-1/2 (graphene, α = 0) and pseudo-spin-1 (dice or T3

lattice, α = 1) Dirac-Weyl systems, it was concluded that the
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Kane fermions are hybrids of pseudo-spin-1 and -1/2 Dirac
fermions.

In this work, by taking into account an additional conduc-
tion �7c band resulting in a finite curvature of the heavy-hole
band in HgCdTe crystals, we unequivocally identify the Kane
fermions as spin-1/2 particles. Furthermore, using this ex-
tended (3+1)-band model, we show that the Kane fermion
is composed of two mutually hybridized Dirac particles. This
representation makes it possible to directly apply the Lorentz
transformation for the calculation of the Landau levels in
crossed electric and magnetic fields. We have found that
increasing the electric field first leads to the decay of the
Kane fermion into two independent Dirac particles. Then, the
Landau levels of the Dirac particles collapse when their drift
velocities Vd reach the value V ∗

d lying between half and full
value of the effective speed of the light. This is a distinctive
feature of Kane fermions, since the Landau levels of con-
ventional Dirac fermions normally collapse as Vd approaches
the effective speed of light [19–23]. In addition, this limiting
speed depends on the orientation of the electric and magnetic
fields with respect to the main crystallographic axes of the
zinc-blende crystals.

The paper is organized as follows. In Sec. II, we briefly
review the existing three-band description of Kane fermions
in crossed electric and magnetic fields. In Sec. III, we de-
scribe the main consequences of taking into account the
additional |�7c,±1/2〉 band. Subsequently, we consider in
detail the application of the Lorentz transformation allowing
us to eliminate the electric field in the moving reference
frame for two orientations of the magnetic field (B ‖ [001]
and B ‖ [010]) resulting in various conditions of Landau level
collapse. Section IV provides the comparison between Dirac
and Kane fermions in crossed electric and magnetic fields and
a discussion on the Landau level collapse in HgCdTe bulk
crystals with inverted and noninverted band structure. Finally,
the main results are summarized in Sec. V.

II. BRIEF OVERVIEW OF THE PROBLEM

Let us first briefly overview the three-band description of
Kane fermions [28,29], which until now has allowed them to
be considered as hybrids of pseudospin-1 and -1/2 fermions.
Up to first order in k·p theory, the three-band Hamiltonian
involving the �6c and �8v bands can be presented in the form
[32]

Ĥ6×6(k, θ ) =
(
Ĥ0(kx, ky, θ ) Ĥz(kz )

Ĥz(kz )† Ĥ∗
0(−kx,−ky, θ )

)
, (1)

where the asterisk stands for complex conjugation and “†”
corresponds to Hermitian conjugation. The 3 × 3 blocks
Ĥ0(kx, ky, kz ) and Ĥz(kz ) in Eq. (1) are written as

Ĥ0 =
⎛
⎝ C0 + M0 V k+ sin θ V k− cos θ

V k− sin θ C0 − M0 0
V k+ cos θ 0 C0 − M0

⎞
⎠ (2)

and

Ĥz =
⎛
⎝ 0 0 V kz

0 0 0
V kz 0 0

⎞
⎠, (3)

where k± = kx ± iky with kx, ky, kz being momentum oper-
ators, C0 is an energy reference, V/h̄ is the effective speed
of the light c̃ related with the momentum matrix element P
between the �6c and �8v bands [28], and M0 is the mass
parameter describing the ordering of �6c and �8v bands [29].
In Eq. (2), we have additionally introduced a “hybridization
angle” θ describing the mixing between light and heavy holes
at finite quasimomentum [32]. For the Kane fermions, θ =
π/3. Since Ĥ6×6(k, θ ), Ĥ6×6(k,−θ ), and Ĥ6×6(k, π/2 ± θ )
in the absence of magnetic field are all related by unitary
transformation, one can only consider the θ values within the
range [0, π/2).

As first noted by Malcolm and Nicol [30], the Hamilto-
nian in Eq. (1) at kz = 0 and M0 = 0 is nothing but two
copies of the α-T3 model [31] interpolating between the spin-
1/2 and pseudo-spin-1 Dirac-Weyl systems. In our notation,
Ĥ6×6(k, θ ) describes the physics of graphene (dice lattice) at
θ = 0 (θ = π/4), where two diagonal blocks pertain to the
distinct chiral centers K and K ′, respectively [31]. In the 3D
case, nonzero kz takes the role of connecting two otherwise
independent chiral blocks.

An inherent feature of Ĥ6×6(k, θ ) is the independence of
its eigenvalues from θ , that makes the Kane fermion energy
dispersion (θ = π/3) the same as the one of the Dirac fermion
(θ = 0) with independent flat band:

E±(k) = C0 ±
√

M2
0 + V 2k2, E0 = C0 − M0, (4)

where k2 = k2
x + k2

y + k2
z . However, the difference between

Kane and Dirac fermions arises in the presence of a magnetic
field. Assuming the orientation of magnetic field B in the z
direction, the Landau level energies are written in the form

E (σ )
± = C0 ±

√
M2

0 + V 2k2
z + 2V 2

a2
B

(n + 1 + σ sin2 θ ),

E0 = C0 − M0, (5)

where n � −1 is the Landau level index, σ = −1 for n � 0,
while σ = +1 for n � −1, and aB is the magnetic length
(a2

B = ch̄/eB, where c is the speed of light in vacuum). As
seen from Eq. (5), Landau levels of the Dirac fermion are
doubly degenerate at n � 0, while the degeneracy is lifted for
the Kane fermion case.

The first attempt to solve the problem of particle mo-
tion in crossed fields within the three-band approximation
was made by Zawadzki et al. [33,34] in the context of
InSb semiconductor (M0 > 0). In their work, neglecting the
electric-field-induced interband terms arising for the squared
Hamiltonian Ĥ6×6(k, θ ), the Landau level energies for the �6

band were written as

E�6 = C0 + h̄Vd ky +
√

1 − δ2

[
M2

0 + V 2k2
z

+
√

1 − δ2
2V 2

a2
B

(
n′ + 1

2
+ σ ′

4

)]1/2

, (6)

where Vd is a drift velocity (Vd = cE/B), n′ � 0 is the Landau
level index, and σ ′ = ±1 for all values of n′. In order to obtain
this expression in our notations from those of Ref. [33], one
has to use the following expressions for the band gap εg, the
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effective mass m∗
0, and the spin-splitting factor g∗

0 at the band
edge [34]:

εg = 2M0, m∗
0 = h̄2M0

V 2
, g∗

0 = −m0

m∗
0

, (7)

where m0 is the free-electron mass.
The most important quantity in Eq. (6) is δ defined as δ =

h̄Vd/V = (ch̄E )/(VB). In deriving Eq. (6), it was assumed
that the electric field E is oriented along the x axis. As seen,
the results of Zawadzki et al. [33,34] are very similar to the
case of Dirac fermions [19–23]—the Landau levels collapse
when Vd approaches the effective speed of the light, c̃ = V/h̄.
By redefining n′ and σ ′, E�6 in Eq. (6) in the absence of
electric field is reduced to E (σ )

+ in Eq. (5) at θ = π/3.
Let us now show that the assumptions made by Zawadzki

et al. in the derivation of Eq. (6) are equivalent to the semiclas-
sical quantization rule for E±(k) in Eq. (4). According to the
generalization of the Lifshitz-Onzager quantization rule made
by Lifshitz and Kaganov [35], semiclassical Landau levels in
crossed electric and magnetic fields can be found from the
relation

S (ε∗, kz ) = 2π

a2
B

(n + γ ), (8)

where γ is constant and S (ε∗, kz ) is the cross section of the
surface E (k) − h̄Vd ky = ε∗ in the momentum space. This gen-
eralization is due to the fact that in the crossed fields, instead
of the energy, the quantity E (k) − h̄Vd ky = is conserved. The
latter is nothing but an ellipse in the momentum space

V 2k2
x + (

V 2 − h̄2V 2
d

)[
ky − h̄Vd

V 2 − h̄2V 2
d

(ε∗ − C0)

]2

= V 2

V 2 − h̄2V 2
d

(ε∗ − C0)2 − M2 − V 2k2
z . (9)

By calculation of the ellipse cross section, the energies of the
semiclassical Landau levels are written as

E± = C0 + h̄Vd ky ±
√

1 − δ2

[
M2

0 + V 2k2
z

+
√

1 − δ2
2V 2

a2
B

(n + γ )

]1/2

, (10)

where γ can be defined from the comparison of Eq. (10) at
δ = 0 with Eq. (5). The latter makes E+ equivalent to E�6 in
Eq. (6).

The main problem of the three-band approximation in
crossed electric and magnetic fields manifests itself when one
cannot neglect the interband coupling. For the �6c band, this
arises when M2

0 becomes comparable with β h̄2V 2 cos θ/a2
B

and β h̄2V 2 sin θ/a2
B, which represent the coupling strength

with the light- and heavy-hole bands, respectively. On the
contrary, for the �8v band, the interband coupling is always
relevant due to the proximity of the light- and heavy-hole
bands. Thus the impossibility of neglecting the interband cou-
pling in materials such as HgCdTe makes it impossible to
clearly understand the behavior of Landau levels at relatively
high electric fields. The problem is however less challenging
beyond the three-band approximation, in which the heavy hole
band is flat.

FIG. 1. (a) Schematic representation of the (3+1)-band model as
two coupled Dirac systems described by “hybridization angle” θ [32]
(for zinc-blende crystal, θ = π/3). The “effective speed of light” in
each system is determined by the corresponding momentum matrix
element P or Q. As shown in Appendix A, for narrow-gap HgCdTe
crystals, one can assume V = √

2/3P = √
2/3Q. (b),(c) Band dis-

persion of Hg1−xCdxTe bulk crystals in the three-band (in dotted
red) and (3+1)-band (in solid black) models. For the latter case,
the second conduction �7c band is high in energy lying beyond
the figures’ scale and k is oriented along the [100] crystallographic
direction.

III. LORENTZ BOOST IN (3+1)-BAND MODEL

To overcome the problems resulting from the three-band
approximation, we propose to consider an additional con-
duction band, whose k·p interaction induces the nonzero
curvature of the heavy hole band. For the zinc-blende mate-
rials, this is the second conduction |�7c,±1/2〉 band [36–38].
Further, we briefly outline the main consequences of taking
into account the |�7c,±1/2〉 band, while a more rigorous
derivation of their proper (3+1)-band Hamiltonian from the
14 × 14 k·p model [36–38] of cubic semiconductors can be
found in Appendix A.

The first point is that the |�6c,±1/2〉–|�8v,±1/2〉 and
|�7c,±1/2〉–|�8v,±3/2〉 band pairs represent two Dirac sub-
systems (see Fig. 1), each described by the anisotropic
relativistic 3D Dirac Hamiltonian:

Ĥ(1,2)
D (k) = C1,2I4 + M1,2α0

+ V cos θ (kxαx + kyαy) + V kzαz, (11)

where θ is the hybridization angle origin from the mixing
between light and heavy holes at nonzero quasimomentum
[32], I4 is a 4 × 4 identity matrix, and the α matrices are
related to the Pauli matrices as

α0 =
(

σ0 0
0 −σ0

)
, αx,y,z =

(
0 σx,y,z

σx,y,z 0

)
. (12)

Here, the forth Pauli matrix σ0 is defined as a 2 × 2 identity
matrix. In Eq. (11), the constants C1,2 and mass parameters
M1,2 are defined by the energies of |�6c,±1/2〉, |�8v,±1/2〉,
|�7c,±1/2〉, and |�8v,±3/2〉 bands:

C1 + M1 = E6c, C1 − M1 = E8v,

C2 + M2 = E7c, C2 − M2 = E8v. (13)
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The last expression determines the position of the heavy-hole
band at k = 0. For the case of uniaxially strained HgCdTe
or Cd3As2, C2 − M2 = E8v + δε , where δε represents the gap
between the light- and heavy-hole subbands [39].

The second point is that the two Dirac subsystems are
coupled because of the inevitable hybridization between
|�8v,±1/2〉 and |�8v,±3/2〉 bands in cubic semiconductors.
By introducing the hybridization angle θ (see also Sec. II), the
generalized (3+1)-band Hamiltonian is written as

Ĥ(3+1)
8×8 (k)

=
(

Ĥ(1)
D (k) V sin θ (kxβy − kyβx )

V sin θ (kyβx − kxβy) Ĥ(2)
D (k)

)
,

(14)

where we have introduced the β matrices as

β
(z)
0 =

(
iσz 0
0 −iσz

)
, βx,y =

(
0 σy,x

−σy,x 0

)
. (15)

Note the indices order in the definition of βx and βy.
The (3+1)-band Hamiltonian in Eq. (14) shows that Kane

fermions in HgCdTe can be indeed treated as a combina-
tion of two mutually hybridized Dirac particles, which is
a direct proof of their pseudorelativistic origin as spin-1/2
particles. This consideration is lacking in the treatment of
Kane fermions with the three-band Hamiltonian Ĥ6×6(k, θ )
in Eq. (1). In its turn, Ĥ6×6(k, θ ) can be directly obtained
from Eq. (14) by projecting Ĥ(3+1)

8×8 (k) on the �6c + �8v sub-
space in the limit of E7c − E8v → ∞. Comparison of the
energy dispersion for Hg0.14Cd0.86Te and Hg0.20Cd0.90Te bulk
crystals (C1 = 0, θ = π/3) calculated within Ĥ6×6(k, θ ) and
Ĥ(3+1)

8×8 (k) is provided in Fig. 1. The band parameters for this
case can be obtained on the basis of Appendix A and Ref. [39].
Note that, in contrast to Ĥ6×6(k, θ ), for which Ĥ6×6(k,±θ )
and Ĥ6×6(k, π/2 ∓ θ ) in the absence of magnetic field are
related by unitary transformation, the extended (3+1)-band
Hamiltonian Ĥ(3+1)

8×8 (k) does not hold this property.
Let us now dwell on several questions related to the (3+1)-

band Hamiltonian. First, Eq. (14) corresponds to the Cartesian
axes x, y, z oriented along [100], [010], and [001], respec-
tively. For other orientations of the Cartesian axes, the form of
Ĥ(3+1)

8×8 (k) differs from Eq. (14) (see Appendix B). Secondly,

one can see that Ĥ(3+1)
8×8 (k) does not hold the spherical rota-

tional symmetry. This means that Landau levels of the system
depend on the orientation of electric and magnetic fields with
respect to the main crystallographic orientations. Further, we
consider two different cases, in which Landau levels collapse
under different conditions.

A. B ‖ [001]

Let us now consider the behavior of the Kane fermion
in constant crossed electric and magnetic fields, when the
magnetic field is oriented along [001] direction chosen as the z
axis, while the x and y axes are tilted at an angle φ from the
[100] and [010] directions. In the Cartesian coordinate system,
Ĥ(3+1)

8×8 (k) is written as (see Appendix B)

Ĥ(3+1)
8×8 (k) =

(
Ĥ(1)

D (k) V sin θK̂(k)
−V sin θK̂(k) Ĥ(2)

D (k)

)
, (16)

where Ĥ(1,2)
D (k) takes the form of Eq. (11), while K̂(k) is

written as

K̂(k) = (kxβy − kyβx ) cos 2φ − (kxβx + kyβy) sin 2φ. (17)

Assuming the orientation of electric field E in the x direc-
tion and magnetic field B in the z direction, one has to add
the diagonal term eExI8 (I8 is a 8 × 8 identity matrix) to
Ĥ(3+1)

8×8 (k) and simultaneously make the Peierls substitution:

kx→k̂x = −i
∂

∂x
, ky→ky + x

a2
B

, (18)

where aB is the magnetic length (a2
B = ch̄/eB, where c is

the speed of light in vacuum). Then, introducing the “time-
momentum” operator as kt = −ih̄∂/∂ (VFt ), the Schrödinger
equation for the Kane fermion in crossed fields is written as[

Ĥ(3+1)
8×8 (k̂x, ky, kz ) + (VF kt + eEx)I8

]|�8×8〉 = 0, (19)

where, for the sake of brevity, we have introduced VF =
V cos θ .

In order to find the energies E and the wave function |�8×8〉
of the Kane fermion, it is convenient to boost to a frame
of reference moving with a velocity perpendicular to E and
B. This is performed by means of a Lorentz boost in the y
direction on the space-time coordinate system(

k′
t

k′
y

)
=

(
cosh α sinh α

sinh α cosh α

)(
kt

ky

)
. (20)

Under the Lorentz boost, the wave function transforms,
|� ′

8×8〉 = N ·L(y)
8×8(α)|�8×8〉, where L(y)

8×8(α) = σ0⊗ exp(αy ·
α/2), and N is a normalization constant required since
L(y)

8×8(α) does not preserve the norm of the wave function.
Applying the above transformations and choosing

tanh α = −β = −ch̄

V

E
B cos θ

,

cosh α = γ = 1√
1 − β2

, (21)

the Schrödinger equation in Eq. (19) can be rewritten as[(
Ĥ′

1 VF tan θK̂′

−VF tan θK̂′ Ĥ′
2

)

+ VF k′
t

(
I4 −βγ tan θK̂′

t

βγ tan θK̂′
t I4

)]
|� ′

8×8〉 = 0,

(22)

where Ĥ′
1,2 are the “boosted” Dirac Hamiltonians:

Ĥ′
1,2 = γC1,2(I4 − βαy) + M1,2α0

+ VF k̂xαx + VF

(
x

γ a2
B

+ k′
y

)
αy + V kzαz (23)

and

K̂′ = [
γ
(
βy − ββ

(z)
0

)
cos 2φ − βx sin 2φ

]
kx

− γ
[
βx cos 2φ + γ

(
βy − ββ

(z)
0

)
sin 2φ

]( x

γ a2
B

+ k′
y

)
(24)
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and

K̂′
t = βx cos 2φ + γ

(
βy − ββ

(z)
0

)
sin 2φ. (25)

One can see that the Schrödinger equation (22) in the moving
reference frame is described by the effective magnetic field B′
reduced to B′ = B/γ . Although it does not contain the electric
field E explicitly, the terms proportional to β and γ are present
in Eq. (22). This means that, in contrast to Dirac fermion, the
motion of the Kane fermion in the moving reference frame is
still dependent on the frame’s velocity defined by the parame-
ter β (cf. Refs. [19,20,23]).

Further, it is convenient to shift the origin of the coordinate
x as

x̃ = x + γ k′
ya2

B − βγ 2a2
B

VF

C1 + C2

2
, (26)

which allows Eqs. (22)–(24) to be presented in a more sym-
metrical form

[
(VF k′

t + Cγ )

(
I4 −βγ tan θK̂′

t

βγ tan θK̂′
t I4

)

+
(

H̃′
1 VF tan θK̃′

−VF tan θK̃′ H̃′
2

)]
|� ′

8×8〉 = 0, (27)

where C = (C1 + C2)/2 and

H̃′
1,2 = ∓γ

C2 − C1

2
I4 + M1,2α0 + VF k̂xαx

+ VF

γ a2
B

(
x̃±βγ 2a2

B

VF

C2 − C1

2

)
αy + V kzαz (28)

and

K̂′ = [
γ
(
βy − ββ

(z)
0

)
cos 2φ − βx sin 2φ

]
kx

− γ
[
βx cos 2φ + γ

(
βy − ββ

(z)
0

)
sin 2φ

] x̃

γ a2
B

. (29)

In Eq. (28), the upper signs correspond to the first Dirac
subsystem, while the lower signs are for the second one.

Let us now consider two Dirac subsystems separately. In-
troducing the ladder operators a1,2 and a+

1,2

a1,2 = 1√
2

(
ξ±ξ0 + ∂

∂ξ

)
,

a+
1,2 = 1√

2

(
ξ±ξ0 − ∂

∂ξ

)
, (30)

where

ξ = (1 − β2)1/4

aB
x̃,

ξ0 = βaB

VF (1 − β2)3/4

C2 − C1

2
, (31)

each of the Hamiltonians H̃′
1,2 is represented as

H̃′
1,2 = ∓γ

C2 − C1

2
I4 + M1,2α0 + V kzαz

+ i

√
2VF (1 − β2)1/4

aB

⎛
⎜⎜⎝

0 0 0 −a1,2

0 0 a+
1,2 0

0 −a1,2 0 0
a+

1,2 0 0 0

⎞
⎟⎟⎠.

(32)

This form allows for an exact diagonalization of H̃′
1,2 in terms

of harmonic oscillator functions Fn(ξ±ξ0), where the positive
and negative sign is respectively associated with the first and
second type of the ladder operators. Here, Fn(ξ )≡0 if n < 0,
while for n � 0 it is written as

Fn(ξ ) = 1√
2nn!

√
π
Hn(ξ )e− ξ2

2 , (33)

where Hn(ξ ) are the Hermite polynomials.
In view of the above, the wave function at θ = 0 in Eq. (27)

has the form

|� ′
8×8〉θ=0 = e

−i
(E ′

θ=0 − Cγ )t ′

h̄ eik′
yy′

eikzz

×

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

C(1)
n Fn(ξ + ξ0)

C(2)
n Fn+1(ξ + ξ0)

C(3)
n Fn(ξ + ξ0)

C(4)
n Fn+1(ξ + ξ0)

C(5)
n Fn(ξ − ξ0)

C(6)
n Fn+1(ξ − ξ0)

C(7)
n Fn(ξ − ξ0)

C(8)
n Fn+1(ξ − ξ0)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (34)

where n is Landau level index, C(l )
n (l = 1 . . . 8) are the con-

stants, and

E ′
θ=0 = ∓γ

C2 − C1

2
+ τ

√
M2

1,2 + V 2k2
z + 2V 2(n + 1)

γ a2
B

,

(35)
with τ = +1 and τ = −1 for conduction and valence bands,
respectively.

Now let us return to the more general case of Eq. (27)
with nonzero θ . Since the time-momentum operator k′

t
commutes with the Hamiltonian in Eq. (27), the wave func-
tion is presented in the similar form |� ′

8×8〉 = exp[−i(E ′ −
Cγ )t ′/h̄]|�′

8×8〉, where |�′
8×8〉 is independent of t ′ and obeys

the equation(
H̃′

1 VF tan θK̃′

−VF tan θK̃′ H̃′
2

)
|�′

8×8〉

= E ′
(

I4 −βγ tan θK̂′
t

βγ tan θK̂′
t I4

)
|�′

8×8〉. (36)

As seen, Eq. (36) differs from a conventional eigenvalue prob-
lem due to the matrix coefficient at the energy E ′. Since such
matrix does not commute with the matrix in the left side
and the inverse matrix has a singularity at β < 1, Eq. (36)
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cannot be represented in the form of the eigenvalue problem.
A similar type of mathematical problem has recently been
considered in the context of Dirac systems [40].

In order to find the solution of Eq. (36), the function |�′
8×8〉

is convenient to expand in the complete basis of the wave
functions in Eq. (34) found at θ = 0:

|�′
8×8〉 = eik′

yy′
eikzz

∞∑
n=−1

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

C(1)
n Fn(ξ + ξ0)

C(2)
n Fn+1(ξ + ξ0)

C(3)
n Fn(ξ + ξ0)

C(4)
n Fn+1(ξ + ξ0)

C(5)
n Fn(ξ − ξ0)

C(6)
n Fn+1(ξ − ξ0)

C(7)
n Fn(ξ − ξ0)

C(8)
n Fn+1(ξ − ξ0)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (37)

Note that n ceases to be a good quantum number in contrast
to the case of θ = 0.

The present expansion leads to a matrix representa-
tion of Eq. (36), where the energies and vectors Ĉn =

(C(1)
n , . . . ,C(8)

n )T are found from the secular equation:

∞∑
n=−1

(Ĥ′
mn + E ′Â′

mn)Ĉn = E ′Ĉm, (38)

where Ĥ′
nm and Â′

mn are 8 × 8 matrices written in the block
form as

Ĥ′
mn =

(
Û (1)

mn V sin θR̂mn(ξ0,−ξ0)

V sin θR̂mn(−ξ0, ξ0) Û (2)
mn

)
(39)

and

Â′
mn = βγ tan θ

(
0 T̂mn(ξ0,−ξ0)

−T̂mn(−ξ0, ξ0) 0

)
. (40)

Here, Û (1,2)
mn represent the expansion of the Dirac blocks H̃′

1,2,
while R̂mn(±ξ0,∓ξ0) and T̂mn(±ξ0,∓ξ0) arise due to the an-
tidiagonal blocks in Eq. (36).

Note that all matrix elements of Ĥ′
mn and Â′

mn in Eq. (38)
are calculated analytically. Particularly, Û (1,2)

mn are written as
follows:

Û (1,2)
mn =

⎛
⎜⎜⎜⎜⎝

M (∓)
1,2 FmFn 0 V kzFmFn 0

0 M (∓)
1,2 Fm+1Fn+1 0 −V kzFm+1Fn+1

V kzFmFn 0 −M (±)
1,2 FmFn 0

0 −V kzFm+1Fn+1 0 −M (±)
1,2 Fm+1Fn+1

⎞
⎟⎟⎟⎟⎠δm,n

+ i

√
2VF (1 − β2)1/4

aB

⎛
⎜⎜⎜⎜⎝

0 0 0 −√
n + 1FmFn+1

0 0
√

n + 1Fm+1Fn 0

0 −√
n + 1FmFn+1 0 0√

n + 1Fm+1Fn 0 0 0

⎞
⎟⎟⎟⎟⎠δm,n, (41)

where M (±)
1,2 = M1,2 ± γ (C2 − C1)/2; δm,n is the Kronecker

delta, while Fn = 1 for n � 0 and Fn = 0 for negative n
values. In Eq. (41), the upper and lower signs correspond to
Û (1)

mn and Û (2)
mn , respectively.

The matrices R̂mn(±ξ0,∓ξ0) are rather cumbersome and
not presented here. Their calculation is carried out in a trivial
way, if one expresses K̃′ in Eq. (29) either through the opera-
tors a1, a+

1 or a2, a+
2 :

√
γ aBK̂′ = ±γ

[
βx cos 2φ + γ

(
βy − ββ

(z)
0

)
sin 2φ

]
ξ0

− γ
[
βx cos 2φ+γ

(
βy − ββ

(z)
0

)
sin 2φ

]a+
1,2 + a1,2√

2

+ i
[
γ
(
βy−ββ

(z)
0

)
cos 2φ − βx sin 2φ

]a+
1,2 − a1,2√

2
,

depending on whether the functions Fn(ξ + ξ0) or Fn(ξ − ξ0)
appear on the left, respectively.

As a result, after the integration, in addition to the factors
Fn1 and Fn2 , all of the matrix elements of R̂mn(±ξ0,∓ξ0) will
contain a factor �n1,n2 (ξ0,−ξ0) [instead of the Kronecker delta

in Eq. (41)] defined as

�n1,n2 (ξ1, ξ2) =
+∞∫

−∞
Fn1 (ξ + ξ1)Fn2 (ξ + ξ2)dξ

=
√

2n−m

(n − m)!
e−δ2Ln−m

m (2δ2)

×

⎧⎪⎪⎨
⎪⎪⎩

(
ξ1 − ξ2

2

)n1−n2

, n1�n2,(
ξ2 − ξ1

2

)n2−n1

, n1<n2,

(42)

where n = max(n1, n2), m = min(n1, n2), and δ = (ξ2 −
ξ1)/2 [41].

The similar � factors also arise in the calculations of
the matrix elements of Â′

mn. By introducing an1,n2 (ξ1, ξ2) =
�n1,n2 (ξ1, ξ2)Fn1Fn2 , one can write T̂mn(ξ1, ξ2) in Eq. (40) as
follows:
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T̂mn(ξ1, ξ2) = i

⎛
⎜⎜⎜⎜⎝

−βam,n(ξ1, ξ2) sin 2φ 0 0 −am,n+1(ξ1, ξ2)e2iφ

0 βam+1,n+1(ξ1, ξ2) sin 2φ am+1,n(ξ1, ξ2)e−2iφ 0

0 am,n+1(ξ1, ξ2)e2iφ βam,n(ξ1, ξ2) sin 2φ 0

−am+1,n(ξ1, ξ2)e−2iφ 0 0 −βam+1,n+1(ξ1, ξ2) sin 2φ

⎞
⎟⎟⎟⎟⎠. (43)

Thus, using Eqs. (39)–(43), the solution of the Schrödinger
equation in the boosted frame is reduced to the algebraic
secular equation in Eq. (38). The secular equation was solved
by an iterative method, the i step of which was reduced to the
eigenvalue problem for the matrix with the energy E ′

i−1 found
at the previous iteration:

N∑
n=−1

(Ĥ′
mn + E ′

(i−1)Â′
mn)Ĉn = E ′

(i)Ĉm.

The energy E ′
(0) for the zeroth iteration has been reduced

to zero. Note that the solution of the eigenvalue problem at
each iteration can be performed with any required accuracy
by using the correspondingly truncated matrix based on the
large number N of terms involved in the expansion of |�′

8×8〉
in Eq. (39). In Sec. IV, we present the calculations performed
for N = 50 with the five iteration steps.

Knowing the energies E ′ and wave functions |� ′
8×8〉 in the

boosted frame, the “physical” energies E and wave function
|�8×8〉 in Eq. (19) are found by means of the inverse boost
transformation

E = C1 + C2

2
+ E ′√1 − β2 − βV ky cos θ, (44)

|�8×8〉∝e
−i

Et

h̄ eikyyeikzzÂ
∞∑

n=−1

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

C(1)
n Fn(ξ + ξ0)

C(2)
n Fn+1(ξ + ξ0)

C(3)
n Fn(ξ + ξ0)

C(4)
n Fn+1(ξ + ξ0)

C(5)
n Fn(ξ − ξ0)

C(6)
n Fn+1(ξ − ξ0)

C(7)
n Fn(ξ − ξ0)

C(8)
n Fn+1(ξ − ξ0)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (45)

ξ = (1 − β2)1/4

aB

(
x + a2

Bky

1 − β2
+ βa2

B

1 − β2

E − C1 − C2

V cos θ

)
,

ξ0 = (1 − β2)1/4

aB

(
βa2

B

1 − β2

C2 − C1

2V cos θ

)
, (46)

where Â = σ0⊗ exp(−αy · α/2). Note that, in the above equa-
tions, β = (ch̄E )/(VB cos θ ), while α is defined by Eq. (21).
In the absence of electric field (β = 0), the formulas above are
reduced to the results of conventional Landau level calcula-
tions on the basis of the nonisotropic Hamiltonian in Eq. (18).

B. E ‖ [100] and B ‖ [010]

Let us now consider another orientation of the electric and
magnetic fields. Assuming x ‖ [100], y ‖ [001̄], and z ‖ [010],

and introducing additional β matrices as

βz =
(

0 σz

−σz 0

)
, β (0)

x =
(

iσx 0
0 −iσx

)
, (47)

the (3+1)-band Hamiltonian has the form

Ĥ(3+1)
8×8 (k) =

(
Ĥ(1)

D (k) V sin θK̂(k)
−V sin θK̂(k) Ĥ(2)

D (k)

)
, (48)

where Ĥ(1,2)
D (k) and K̂(k) are written as

Ĥ(1,2)
D (k) = C1,2I4 + M1,2α0 + V cos θkxαx

+ V kyαy + V cos θkzαz (49)

and

K̂(k) = kxβy − kzβz. (50)

Assuming the orientation of electric field E along the x
axis and magnetic field B along the z axis and simultaneously
making the Peierls substitution presented by Eq. (18), we ar-
rive at an equation similar to Eq. (19). Then, after the Lorentz
boost in the y direction [see Eq. (20)] with the parameter α

defined as

tanh α = −δ = −ch̄

V

E
B ,

cosh α = γ̃ = 1√
1 − δ2

, (51)

the Schrödinger equation in the moving frame of reference is
rewritten as[(

Ĥ′
1 V sin θK̂′

−V sin θK̂′ Ĥ′
2

)
+ V k′

tI8

]
|� ′

8×8〉 = 0, (52)

where k′
t = −ih̄∂/∂ (V t ′) is the time-momentum operator,

Ĥ′
1,2 are the boosted Dirac Hamiltonians

Ĥ′
1,2 = γ̃C1,2(I4 − δαy) + M1,2α0 + V cos θ k̂xαx

+ V

(
x

γ̃ a2
B

+ k′
y

)
αy + V cos θkzαz, (53)

and

K̂′ = γ̃
(
βy − δβ

(z)
0

)
kx − γ̃

(
βz + δβ

(x)
0

)
kz. (54)

As seen from Eq. (53), in the moving frame of reference
the effective magnetic field B′ is reduced as B′ = B/γ̃ [cf.
Eqs. (23) and (24) in Sec. III A]. Similar to the case of
B ‖ [010] considered previously, the Schrödinger equation for
the Kane fermion in the moving reference frame contains
additional terms related to the frame’s velocity defined by
parameter δ.
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By analogy with Eq. (26), it is also convenient here to shift
the origin of the coordinate x as

x̃ = x + γ̃ k′
ya2

B − δγ̃ 2a2
B

V

C1 + C2

2
. (55)

The latter allows us to rewrite Eqs. (52)–(54) in the form[(
H̃′

1 V sin θK̂′

−V sin θK̂′ H̃′
2

)
+ (V k′

t + Cγ̃ )I8

]
|� ′

8×8〉 = 0,

(56)
where C = (C1 + C2)/2 and

H̃′
1,2 = ∓γ̃

C2 − C1

2
I4 + M1,2α0 + V cos θ k̂xαx

+ V

γ̃ a2
B

(
x̃±δγ̃ 2a2

B

V

C2 − C1

2

)
αy + V cos θkzαz.

(57)

Here, the upper signs correspond to the first Dirac subsystem,
while the lower signs are for the second one. Note that the
origin changing does not affect the form of the antidiagonal
blocks K̂′ in Eq. (57).

Introducing the ladder operators b1,2 and b+
1,2

b1,2 = 1√
2

(
ξ±ξ0 + ∂

∂ξ

)
,

b+
1,2 = 1√

2

(
ξ±ξ0 − ∂

∂ξ

)
, (58)

where

ξ = (1 − δ2)1/4

aB

√
cos θ

x̃,

ξ0 = δaB

V
√

cos θ (1 − δ2)3/4

C2 − C1

2
, (59)

each of the Hamiltonians H̃′
1,2 and K̂′ in Eq. (56) are repre-

sented as

H̃′
1,2 = ∓γ̃

C2 − C1

2
I4 + M1,2α0 + V cos θkzαz

+ i

√
2V

√
cos θ (1 − δ2)1/4

aB

⎛
⎜⎜⎝

0 0 0 −b1,2

0 0 b+
1,2 0

0 −b1,2 0 0
b+

1,2 0 0 0

⎞
⎟⎟⎠

(60)

and

K̂′ = iγ̃
(
βy − δβ

(z)
0

) (1 − δ2)1/4

aB

√
cos θ

b+
1,2 − b1,2√

2

− γ̃
(
βz + δβ

(x)
0

)
kz. (61)

Then, representing the wave function in the form |� ′
8×8〉 =

exp[−i(E ′ − Cγ )t ′/h̄]|�′
8×8〉 and using the basis expansion

of Eq. (37) but with ξ and ξ0 defined above, the Schrödinger
equation (56) in the moving reference frame is reduced to the
eigenvalue problem [cf. Eq. (38)]:

∞∑
n=−1

Ĥ′
mnĈn = E ′Ĉm, (62)

where Ĥ′
nm is an 8 × 8 matrix written as follows:

Ĥ′
mn =

(
Û (1)

mn V sin θR̂mn(ξ0,−ξ0)
V sin θR̂mn(−ξ0, ξ0) Û (2)

mn

)
,

(63)
where Û (1,2)

mn represent the expansion of H̃′
1,2 in Eq. (60),

while R̂mn(±ξ0,∓ξ0) results from the antidiagonal blocks K̂′
in Eq. (61). In this section, we omit explicit expressions for
Û (1,2)

mn and R̂mn(±ξ0,∓ξ0), which are not difficult to obtain.
Note that Û (1,2)

mn are proportional to the Kronecker delta δm,n

[cf. Eq. (41)], while all the matrix elements of R̂mn(±ξ0,∓ξ0)
contain the � factors introduced by Eq. (42).

In the absence of nondiagonal blocks in Eq. (63), the eigen-
value problem in Eq. (62) can be analytically solved, resulting
in

E ′
θ=0 = ∓γ̃

C2 − C1

2
+ τ

√
M2

1,2 + V 2k2
z + 2V 2(n + 1)

γ̃ a2
B

,

(64)
where n is the Landau level index; τ = +1 and τ = −1 for
conduction and valence bands, respectively. At nonzero θ ,
that solution of the eigenvalue problem can be obtained by
numerical calculation with any required accuracy.

After knowing the energies E ′ and wave functions |� ′
8×8〉

in the boosted frame, the energies E and wave function |�8×8〉
of the (3+1)-band Hamiltonian in Eq. (48) are found by means
of the inverse boost transformation

E = C1 + C2

2
+ E ′√1 − δ2 − δV ky, (65)

|�8×8〉∝e−i Et
h̄ eikyyeikzzÂ

∞∑
n=−1

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

C(1)
n Fn(ξ + ξ0)

C(2)
n Fn+1(ξ + ξ0)

C(3)
n Fn(ξ + ξ0)

C(4)
n Fn+1(ξ + ξ0)

C(5)
n Fn(ξ − ξ0)

C(6)
n Fn+1(ξ − ξ0)

C(7)
n Fn(ξ − ξ0)

C(8)
n Fn+1(ξ − ξ0)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (66)

ξ = (1 − δ2)1/4

aB

√
cos θ

(
x + a2

Bky

1 − δ2
+ δa2

B

1 − δ2

E − C1 − C2

V

)
,

ξ0 = (1 − δ2)1/4

aB

√
cos θ

(
δa2

B

1 − δ2

C2 − C1

2V

)
, (67)

where Â = σ0⊗ exp(−αy · α/2). We recall that in the above
equations, δ = (ch̄E )/(VB), while α is defined by Eq. (51).

IV. RESULTS AND DISCUSSION

Let us now discuss some properties of Kane fermions
directly seen from the (3+1)-band Hamiltonian in crossed
electric and magnetic fields. First, the structure of the (3+1)-
band Hamiltonian proves the origin of the Kane fermions in
HgCdTe as spin-1/2 particles. In this sense, the Kane fermion
should be considered as a superposition of two Dirac particles
of different masses hybridized in a special way. Interestingly,
this situation is partially reminiscent of the case of the Dirac
fermion itself, which is also a superposition of two Weyl
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particles mutually hybridized due to a finite rest mass. Note
that the (3+1)-band representation of the Kane fermion is
retained for any position of the �7c, �6c, and �8v bands [see
Eq. (13)]; therefore, it describes HgCdTe crystals with in-
verted and noninverted band structures, as well as for Cd3As2

[42].
As first shown by Aronov and Pikus [19,20], the pseudorel-

ativistic character of Dirac fermions in semiconductors allows
us to apply the Lorentz boost to eliminate the electric field
E ′ from the Hamiltonian in the reference frame moving with
the drift velocity Vd = cE/B. Thus the Dirac Hamiltonian in
the moving frame includes only the effective magnetic field
B′ = B

√
1 − δ2, where δ is the ratio of Vd to the effective

speed of the light c̃ = V/h̄. Note that such an interpretation
is compatible with the Lorentz transformation for electric and
magnetic fields also described by the effective speed of the
light. Indeed, in the frame moving with velocity V, the electric
E and magnetic B fields formally transform according to

E ′ = γL

(
E + 1

cL
V × B

)
− γ 2

L

γL + 1

V(V · E )

c2
L

,

B′ = γL

(
B − 1

cL
V × E

)
− γ 2

L

γL + 1

V(V · B)

c2
L

, (68)

where cL and γL are related as γL = 1/
√

1 − |V|2/c2
L. It can be

seen that this transformation leaves invariant the quantities

B′2 − E ′2 = B2 − E2, (B′ · E ′) = (B · E ), (69)

for any values of cL. If B ⊥ E and B > E one can always
eliminate the electric field by choosing a suitable moving
coordinate system. For Dirac fermions, the transformations of
the Hamiltonian and fields become compatible only if cL = c̃.

For Kane fermions, the effective magnetic field B′ in the
moving frame, in which E ′ = 0, depends on the orientations
of E and B with respect to the main crystallographic axes.
Therefore, a compatibility of the (3+1)-band Hamiltonian
with the fields’ transformation in Eq. (69) takes place at the
values of cL dependent on the crystallographic orientations of
E and B in the original frame as well (see Appendix C). Par-
ticularly, for the two cases considered in Sec. III, cL = c̃ cos θ

for B ‖ [001], while, for B ‖ [001] and E ‖ [100], cL = c̃.
Another difference between Kane fermions and Dirac par-

ticles is the breaking of spherical symmetry, which is a
consequence of the symmetry of zinc-blende crystals. The
latter results in the fact that the Landau level index, defined
by the corresponding harmonic oscillator function in Eq. (33),
ceases to be a good quantum number that complicates the
Landau level fan calculated within the (3+1)-band model.
Figure 2 provides the energies of Landau levels for HgCdTe
bulk crystals with inverted and noninverted band structures
in the absence of electric field (β = 0) when magnetic field
B is oriented along the [001] crystallographic axis. In or-
der to solve the eigenvalue problem arising from the secular
equation (38) at β = 0, we have used the truncated matrix
composed of Ĥ′

mn with N = 50 terms in the expansion of
|�′

8×8〉 in Eq. (39). It is seen that, although the Landau levels
for the light-hole and �6c bands are in good agreement with
Eq. (5), the nonzero curvature of the heavy hole band in the
absence of rotational symmetry in the plane perpendicular to

FIG. 2. Landau levels in the absence of electric field in
(a) Hg0.14Cd0.86Te and (b) Hg0.20Cd0.80Te bulk crystals with inverted
and noninverted band structures, respectively (cf. Fig. 1). The solid
black curves are the calculations within the (3+1)-band model, while
the dotted red curves represent the calculations based on Eq. (5). For
both cases, B ‖ [001]. The second conduction �7c band is high in
energy lying beyond the figure scale.

the magnetic field leads to a nonequidistant spectrum of the
Landau levels. Note that θ = π/3 for zinc-blende HgCdTe
and Cd3As2 crystals.

In the presence of electric field E , the cubic symmetry
leads to a strong dependence of the energy and the collapse
of the Landau levels on the orientation of electric and mag-
netic field relative to the main axes of the crystal. This is
well illustrated by the two cases considered in Sec. III, in
which the collapse occurs when the drift velocity Vd reaches
V cos θ/h̄ for B ‖ [001] and V/h̄ for B ‖ [010], E ‖ [100].
The former corresponds to only half of the effective speed of
the light c̃ = V/h̄, since θ = π/3 for the Kane fermions. It
can be shown that, for an arbitrary orientation of the magnetic
field (and the electric field E ⊥ B), the Landau levels collapse
when Vd is equal to V ∗

d lying between half and whole values
of V/h̄ (see Appendix C).

Let us now take a closer look at the Landau level evo-
lution in crossed electric and magnetic fields. As shown in
Sec. III, in the presence of E , the energies of Landau levels of
Kane fermions are connected with the energies E ′ and wave
functions |� ′

8×8〉 of the boosted (3+1)-band Hamiltonian. The
calculations in the moving frame, in their turn, are reduced to
the solution of secular equations in the given expansion basis
[see Eqs. (38) and (62)] composed of 4 × 4 matrices describ-
ing the two Dirac subsystems. The two diagonal matrices in
Eqs. (39) and (63), namely Û (1,2)

mn , describe the evolution of
each of the Dirac subsystems, while the antidiagonal matrices
R̂mn(±ξ0,∓ξ0) [as well as T̂mn(±ξ0,∓ξ0) in Eq. (40)] repre-
sent the mutual hybridization between the subsystems.

The most important point of the secular equations (38) and
(62) is that each of the matrix elements of R̂mn(±ξ0,∓ξ0)
and T̂mn(±ξ0,∓ξ0) contains the corresponding � factor. As
seen from Eq. (43), �n1,n2 (±ξ0,∓ξ0) is proportional to the
Gaussian factor exp(−ξ 2

0 ) at any values of n1 and n2. The latter
makes it possible to immediately understand the behavior of
Landau levels in strong electric fields.
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FIG. 3. Landau levels at E = 1000 V/cm and ky = kz = 0 in
(a) Hg0.14Cd0.86Te and (b) Hg0.20Cd0.80Te bulk crystals for B ‖ [001]
and E ‖ [100]. The solid black curves are the calculations within
the (3+1)-band model (see Sec. III A), while the dotted red curves
represent the calculations based on Eq. (71). Here, the critical mag-
netic field Bc = (ch̄E )/(V cos θ ), at which Landau levels of Kane
fermions (θ = π/3) collapse, approximately equals 0.19 T. The up-
per panels represent β and e−ξ2

0 [where β and ξ0 are defined by
Eq. (21) and Eq. (31), respectively] as functions of magnetic field.

Particularly, for the case of B ‖ [001] (see Sec. III A), the
antidiagonal blocks of Ĥ′

mn in Eq. (39) and T̂mn(±ξ0,∓ξ0) in
Eq. (40) vanish at β → 1 due to ξ0 → ∞ and

e−ξ 2
0 = exp

[
− β2a2

B(C2 − C1)2

4V 2 cos2 θ (1 − β2)3/2

]
→ 0 (70)

if C1 �=C2, which is always the case of HgCdTe and Cd3As2

[42] crystals. Since the Gaussian function e−ξ 2
0 falls off

very quickly, the antidiagonal blocks R̂mn(±ξ0,∓ξ0) and
T̂mn(±ξ0,∓ξ0) become negligibly small long before β reaches
1. In this case, the inverse Lorentz transformation gives the
following Landau level energies:

E [001]
Dirac =C1,2 − βV ky cos θ ±

√
1 − β2

×
√

M2
1,2 + V 2k2

z +
√

1 − β2
2V 2(n + 1) cos2 θ

a2
B

,

(71)

where n � −1 and β = h̄Vd/(V cos θ ) = (ch̄E )/(BV cos θ )
(see Sec. III A). Thus the Kane fermion in crossed electric and
magnetic fields decays into two independent Dirac fermions
by increasing the electric fields.

Figure 3 provides the Landau level calculations in crossed
electric and magnetic fields in HgCdTe bulk crystals with
inverted and noninverted band structure for B ‖ [001] and
E ‖ [100]. The latter corresponds to φ = 0 in K̂′

t and K̂′ de-
fined by Eqs. (25) and (29), respectively. In order to solve
the secular equation (38), we applied the five-step iteration
procedure involving the truncated matrix composed of Ĥ′

mn

FIG. 4. Landau levels at E = 1000 V/cm and ky = kz = 0 in
(a) Hg0.14Cd0.86Te and (b) Hg0.20Cd0.80Te bulk crystals for B ‖ [010]
and E ‖ [100]. The solid black curves are the calculations within
the (3+1)-band model (see Sec. III B), while the dotted red curves
represent the calculations based on Eq. (73). Here, the critical mag-
netic field Bc = ch̄E/V , at which Landau levels of Kane fermions
(θ = π/3) collapse, approximately equals 0.095 T. The upper panels
represent δ and e−ξ2

0 [where δ and ξ0 are defined by Eq. (51) and
Eq. (59), respectively] as functions of magnetic field.

with N = 50 terms in the expansion of |�′
8×8〉 in Eq. (39).

Then, solution of the secular equation (38) was transformed
into the energies of Landau levels by means of Eq. (44).

The energy of the Landau levels in HgCdTe crystals is
plotted in Fig. 3, as a function of magnetic field, in two
different regimes. In small magnetic fields exceeding Bc =
(ch̄E )/(V cos θ ) at which β = 1, the Landau level energies
are reproduced by the picture involving two independent
Dirac fermions in accordance with the conclusion made
above. Above 3 T, the Dirac fermion regime, characterized by
double-degenerated Landau levels [except the one at n = −1
in Eq. (71)] progressively transforms into the Kane fermion
picture characterized by strong hybridization between light-
and heavy-hole bands. In high magnetic fields, corresponding
to the small β values, the Landau level energies asymptoti-
cally tend to the ones in the absence of electric fields.

A similar behavior of the Landau levels is observed for
other orientations of the magnetic field, particularly for B ‖
[010] shown in Fig. 4. As seen, the only qualitative differ-
ence between the Landau levels for B ‖ [010] and those for
B ‖ [001] discussed above is the smaller range of magnetic
fields, in which the Dirac fermion regime is established. This
difference is caused by different definitions of ξ0 for B ‖ [001]
[see Eq. (31)] and B ‖ [010] [see Eq. (59)]. In the latter case,
the Gaussian factor exp(−ξ 2

0 ) determining the Landau level
evolution with magnetic field is written as

e−ξ 2
0 = exp

[
− δ2a2

B(C2 − C1)2

4V 2 cos θ (1 − δ2)3/2

]
. (72)
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As seen from Fig. 4, the Landau level energies in small mag-
netic fields [such that exp(−ξ 2

0 ) → 0] are defined as

E [010]
Dirac =C1,2 − δV ky ±

√
1 − δ2

×
√

M2
1,2 + V 2k2

z +
√

1 − δ2
2V 2(n + 1) cos θ

a2
B

,

(73)

where n � −1 and δ = (ch̄E )/(VB) (see Sec. III B).
Thus we can conclude that the Kane fermion in crossed

fields always decays into two independent Dirac particles,
which is represented by a vanishing of the mixing between
the light and heavy hole bands as the magnetic field decreases.
The magnetic field range of such Dirac fermion regime is de-
fined by the difference C2 − C1 and the orientation of electric
and magnetic fields with respect to the main crystallographic
axes of the zinc-blende crystal. Note that C2 − C1 is always
nonzero due to the band positions in HgCdTe crystals [see
Eq. (13)]. We also note that the conclusions above hold in the
presence of a gap between the light- and heavy-hole subbands,
which includes the uniaxially strained HgCdTe and Cd3As2

[42] bulk crystals. As seen from above, the decay of the Kane
fermion is absent if the (3+1)-band Hamiltonian preserves the
particle-hole symmetry, i.e., at C1 = C2.

The above conclusions remain valid even beyond the “sym-
metric approximation” of the (3+1)-band Hamiltonian, i.e.,
when two Dirac subsystems are characterized by different
“speeds of light” V1/h̄ and V2/h̄ (see Appendix A). This arises
if the interband momentum matrix elements P for �8v–�6c

bands and Q for �8v–�7c bands differ significantly, which
takes place for instance in bulk InSb [43]. The exact solution
of the problem when V1 �=V2 is a rather cumbersome task and
is beyond the scope of this work. Further, we only restrict
ourselves to the qualitative algorithm description, following
which one can accurately find the Landau levels beyond the
symmetric approximation.

If V1 �=V2, instead of the “global” Lorentz boost transforma-
tion, one must first find the Landau levels in the crossed fields
for each of the Dirac subsystems separately. The solution to
this problem, in turn, can be performed by means of two
“local” Lorentz boost transformations, each characterized by
its own speed of light. Then, by using the wave functions
in a stationary frame of reference as the basis expansion,
one can take into account the coupling between two Dirac
subsystems and reduce the Landau level calculations to the
corresponding matrix secular equation. By analogy with the
symmetric approximation, the secular equation will contain
the antidiagonal blocks with the elements proportional to the
novel � factor [cf. Eq. (42)] defined as

�λ1,n1,λ2,n2 (ξ1, ξ2) =
+∞∫

−∞
Fn1 (λ1ξ + ξ1)Fn2 (λ2ξ + ξ2)dξ,

(74)
where the presence of λ1 and λ2 is due to different speeds
of light in the Dirac subsystems [see the definition of ξ for
B ‖ [001] in Eq. (31) and for B ‖ [010] in Eq. (59)]. Although
the integral in Eq. (74) cannot be calculated analytically, it can

be shown that

�λ1,n1,λ2,n2 (ξ1, ξ2) ∼ exp

[
− (λ1ξ2 + λ2ξ1)2

2
(
λ2

1 + λ2
2

) ]
(75)

for any values of n1 and n2. If ξ1 or ξ2 is large enough, which
happens when the magnetic field approaches a critical value
of the Landau level collapse in one of the Dirac subsystems,
�λ1,n1,λ2,n2 (ξ1, ξ2) vanishes. Under these conditions, the Kane
fermion decays into two independent Dirac particles as in the
symmetric case of V1 = V2 discussed earlier.

Since the fermion decay into two Dirac particles in the
(3+1)-band model occurs at any value of M2 and 0 < θ <

π/2, one can also conclude that the flat band described
by Ĥ6×6(k, θ ) in Eq. (1) in the limiting case of M2 → ∞
becomes fully decoupled from the conical bands when the
magnetic field approaches its critical value. This fact in a
sense justifies the use of semiclassical approximation within
the three-band model (see Sec. II), which ignores the inter-
band coupling. Although the critical magnetic field calculated
within the semiclassical approximation is independent from
orientation of B, this approach may however qualitatively
describe the evolution of Landau levels if E is used as a
fitting parameter. This particularly explains a good agreement
between the Landau level transition energies calculated on
the basis of Eq. (6) and experimental results on magnetoab-
sorption of InSb observed by Zawadzki et al. [33]. Note
that in Ref. [33], E ‖ [111], while the orientation of B ⊥ E
with respect to the main crystallographic axes were unknown,
which is different from the two cases of E ‖ [100] considered
in Sec. III.

V. SUMMARY

In conclusion, by taking into account an additional conduc-
tion �7c band resulting in finite curvature of the heavy-hole
band in zinc-blende crystals, we unequivocally identify the
Kane fermions as complex spin-1/2 particles composed of
two mutually hybridized Dirac fermions. The latter allows us
to directly apply the Lorentz transformation for the theoretical
investigation of the Landau level collapse of Kane fermions
in crossed electric and magnetic fields. We have found that
increasing the electric field first leads to the decay of the Kane
fermion into two independent Dirac particles. Then, the Lan-
dau levels of the decayed particles collapse when their drift
velocities Vd achieve V ∗

d lying between half and whole values
of the effective speed of the light. The latter strongly depends
on the orientation of the electric and magnetic fields with
respect to the main crystallographic axes of the zinc-blende
crystals. This is a distinctive feature of Kane fermions, since
the Landau levels of conventional Dirac fermion collapse
occurs when Vd approaches the effective speed of the light.
Our results pave the way for deep understanding of pseu-
dorelativistic effects in narrow-gap semiconductors arising in
crossed electric and magnetic fields.
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APPENDIX A: (3+1)-BAND MODEL IN
CUBIC SEMICONDUCTORS

The most accurate description of the band structure of
diamond and zinc-blende semiconductors at the energies close
to the fundamental gap can be performed by taking directly
into consideration the �8c, �7c, �6c, �8v , and �7v bands,
resulting in the 14 × 14 k · p Hamiltonian [36–38]. In this
Hamiltonian, the nonzero curvature of the heavy-hole band
stems from the momentum matrix element Q between the
valence �8v + �7v and conduction �8c + �7c bands [37,38].

Before going further, we first note that the splitting at the �

point of the Brillouin zone between �8c and �7c, as well as be-
tween �8v and �7v , is caused by the spin-orbit interaction. The
latter means that if one considers the case of large spin-orbit
interaction, which is a good approximation for narrow-gap
HgCdTe [28,29] and InSb [33,34] semiconductors, in addition
to the low-lying valence �7v band, one should also exclude the
high-lying conduction �8c band. Under these assumptions, the
Hamiltonian for the �7c, �6c, and �8v bands can be presented
in the block form:

H(3+1)
8×8 (k) =

⎛
⎝H7c7c H7c6c H7c8v

H6c7c H6c6c H6c8v

H8v7c H8v6c H8v8v

⎞
⎠. (A1)

Neglecting quadratic terms representing the remote band con-
tribution [36–38] and the small terms arising due to the
absence of the inversion center in the unit cell of zinc-blende
semiconductors [38], the blocks in Eq. (A1) are written as

H7c7c = E7cσ0,

H7c6c = H†
6c7c = 0,

H7c8v = H†
8v7c = −2Q(Tyzkx + Tzxky + Txykz ),

H6c6c = E6cσ0,

H6c8v = H†
8v6c =

√
3P(Txkx + Tyky + Tzkz ),

H8v8v = E8v

(
σ0 0
0 σ0

)
, (A2)

where P is the momentum matrix element between the �6c and
�8v bands, the symbol “†” represents Hermitian conjugation,
Ta and Tab are the matrices defined in Ref. [46], and E7c, E6c,
and E8v correspond to the energies of the �7c, �6c, and �8v

bands, respectively. In Eq. ((A2) 2), the axes are assumed to be
oriented as follows: x ‖ [100], y ‖ [010], and z ‖ [001]. Note
that the given form of H8v8v in Eq. ((A2) 2) represents the bulk
semiconductor in the absence of uniaxial strain. For the latter,
one should introduce an additional gap at k = 0 between the
light- and heavy-hole bands [39].

The Hamiltonian H(3+1)
8×8 (k) in Eq. (A1) allows one to go

beyond the flat-band approximation for the heavy holes (see

Fig. 1) and obtain a more realistic description of the band
structure for narrow-gap HgCdTe and InSb semiconductors at
the energies close to the fundamental gap. One may argue that
taking into account the high-lying conduction �7c band and
simultaneously neglecting the valence �7v band is an excess
of the accuracy of this model. However, the �7v band has
no effect on the heavy-hole mass [47], while taking the �7c

band into account yields the nonzero band curvature of the
heavy holes. This can be directly demonstrated by projecting
H(3+1)

8×8 (k) on the �6c + �8v subspace, which results in the
square corrections to the three-band Hamiltonian arising in
the diagonal H(3-band)

8v8v block:

H(3-band)
8v8v = E8v

(
σ0 0
0 σ0

)

+ h̄2

2m0

[
−

(
γ1 + 5

2
γ2

)
k2 + 2γ2(J · k)2

]

+ 2h̄2

m0
(γ3 − γ2)[{JxJy}kxky + {JyJz}kykz

+ {JzJx}kzkx], (A3)

where m0 is the free-electron mass, J is the vector com-
posed of the matrices of the angular momentum 3/2, {JaJb} =
(JaJb + JbJa)/2, and γ1, γ2, and γ3 are the effective Luttinger
parameters for the three-band k · p model defined as

γ1 = 1

3

2m0

h̄2

Q2

E7c − E8v

,

γ2 = −1

6

2m0

h̄2

Q2

E7c − E8v

,

γ3 = 1

6

2m0

h̄2

Q2

E7c − E8v

. (A4)

As is clear, Eq. (A3) represents nothing but the square correc-
tions to the three-band k · p Hamiltonian for the �6c and �8v

bands, resulting in the nonzero curvature of the heavy-hole
subband. The latter is characterized by anisotropic effective
mass mhh defined by the Luttinger parameters [48]. For in-
stance, on the basis of the effective mass along the [100]
crystallographic direction

m0

m[100]
hh

= γ1 − 2γ2 = 2

3

2m0

h̄2

Q2

E7c − E8v

, (A5)

one can override parameters Q and E7c − E8v by using the
experimental values of γ1 and γ2.

The main advantage of H(3+1)
8×8 (k) is its linearity in k, which

plays a key role in understanding of relativistic properties
of Kane fermions. By using the unitary transformation, the
Hamiltonian can be presented in the form of two coupled
Dirac Hamiltonians:
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TABLE I. Band parameters of bulk Hg1−xCdxTe crystals at T = 2 K in the absence of biaxial strain (δε = 0) used in the (3+1)-band
k · p model within the “symmetric approximation.” Experimental values of m[100]

hh and M1 were calculated on the basis of material parameters
provided in Ref. [39]. Other parameters were obtained on the basis of Eq. (A5) by assuming P = Q.

x m[100]
hh /m0exp Pexp (eV Å) E7c–E8v (eV) V1 = V2 (eV Å) C1 (eV) C2 (eV) M1 (eV) M2 (eV)

0.00 0.323 8.46 [29,39] 3.5–4.8 [44,45] 6.91 0.000 2.173 −0.151 2.021
0.10 0.334 8.46 [29,39] 6.91 0.000 2.156 −0.062 2.094
0.14 0.339 8.46 [29,39] 6.91 0.000 2.150 −0.026 2.124
xc � 0.168 0.342 8.46 [29,39] 6.91 0.000 2.146 0 2.146
0.20 0.347 8.46 [29,39] 6.91 0.000 2.143 0.029 2.171
0.25 0.353 8.46 [29,39] 6.91 0.000 2.138 0.075 2.212
0.30 0.360 8.46 [29,39] 6.91 0.000 2.134 0.121 2.255
0.35 0.367 8.46 [29,39] 6.91 0.000 2.132 0.168 2.299

Ĥ(3+1)
8×8 (k) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

C1 + M1 0 V1kz
V1
2 k− 0 0 0

√
3V1
2 k+

0 C1 + M1
V1
2 k+ −V1kz 0 0

√
3V1
2 k− 0

V1kz
V1
2 k− C1 − M1 0 0 −

√
3V2
2 k+ 0 0

V1
2 k+ −V1kz 0 C1 − M1 −

√
3V2
2 k− 0 0 0

0 0 0 −
√

3V2
2 k+ C2 + M2 0 V2kz

V2
2 k−

0 0 −
√

3V2
2 k− 0 0 C2 + M2

V2
2 k+ −V2kz

0
√

3V1
2 k+ 0 0 V2kz

V2
2 k− C2 − M2 0√

3V1
2 k− 0 0 0 V2

2 k+ −V2kz 0 C2 − M2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (A6)

where k± = kx±iky, V1 = √
2/3P, V2 = √

2/3Q, and C1,2, M1,2 are defined from the following equations:

C1 + M1 = E6c, C1 − M1 = E8v,

C2 + M2 = E7c, C2 − M2 = E8v. (A7)

The last expression determines the position of the heavy-hole band at k = 0. For the case of uniaxial strain or Cd3As2, C2 − M2 =
E8v + δε , where δε represents the gap between the light- and heavy-hole subbands [39].

For better understanding the coupling origin between two 4 × 4 Dirac blocks, we further introduce hybridization angle θ

describing the mixing between light- and heavy-hole branches in the �8v band [32]. Thus the Hamiltonian Ĥ(3+1)
8×8 (k) in Eq. (A6)

is generalized as

Ĥ(3+1)
8×8 (k)=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

C1 + M1 0 V1kz V1k− cos θ 0 0 0 V1k+ sin θ

0 C1 + M1 V1k+ cos θ −V1kz 0 0 V1k− sin θ 0
V1kz V1k− cos θ C1 − M1 0 0 −V2k+ sin θ 0 0

V1k+ cos θ −V1kz 0 C1 − M1 −V2k− sin θ 0 0 0
0 0 0 −V2k+ sin θ C2 + M2 0 V2kz V2k− cos θ

0 0 −V2k− sin θ 0 0 C2 + M2 V2k+ cos θ −V2kz

0 V1k+ sin θ 0 0 V2kz V2k− cos θ C2 − M2 0
V1k− sin θ 0 0 0 V2k+ cos θ −V2kz 0 C2 − M2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(A8)

where θ = π/3 corresponds to the case of Kane fermions [32]
in narrow-gap HgCdTe and InSb semiconductors, while θ = 0
represents the case of two independent Dirac particles.

Finally, the Hamiltonian in Eq. (A8) can be further sim-
plified for HgCdTe crystals by setting V1�V2. As seen from
Table I, only the Luttinger parameters and the values of P
are well known for HgCdTe semiconductors, while the scatter
of the energies E7c − E8v for HgTe is quite large in com-
parison with the band gap E6c − E8v = 2M1 [39]. Converting
the scatter range of E7c − E8v into the range of the Q values
by means of Eq. (A5) with the known mass m[100]

hh , one can

find that Q should change between 7.87 eV Å and 9.22 eV Å
for HgTe. Since the Q ranges overlap with the P values in
Table I, one can indeed apply symmetric approximation for
Ĥ(3+1)

8×8 (k) in narrow-gap HgCdTe semiconductors by setting
P�Q and therefore V1�V2. Thus, in the calculations on the
basis of the (3+1)-band Hamiltonian, it is preferable to use
P = Q = 8.46 eV Å, resulting in E7c − E8v = 4.042 eV for
HgTe. The values of E7c − E8v for HgxCd1−xTe alloys can be
calculated by assuming the linear variation of the Luttinger
parameters with x [39] and P = Q = 8.64 eV Å independent
of x [29].
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In the symmetric approximation, the Hamiltonian in
Eq. (A8) can be written in a more compact form:

Ĥ(3+1)
8×8 (k)

=
(

Ĥ(1)
D (k) V sin θ (kxβy − kyβx )

V sin θ (kyβx − kxβy) Ĥ(2)
D (k)

)
,

(A9)

where Ĥ(1,2)
D (k) are

Ĥ(1,2)
D (k) = C1,2I4 + M1,2α0

+ V cos θ (kxαx + kyαy) + V kzαz, (A10)

where I4 is a 4 × 4 identity matrix and the α and β matrices
are related to the Pauli matrices as

α0 =
(

σ0 0
0 −σ0

)
, αx,y,z =

(
0 σx,y,z

σx,y,z 0

)
,

β
(z)
0 =

(
iσz 0
0 −iσz

)
, βx,y =

(
0 σy,x

−σy,x 0

)
. (A11)

The expediency of introducing the β matrices in this form is
due to their transformation upon Lorentz boost along the y
axis, L(y)

4×4(α) = exp(αy · α/2):

L(y)
4×4(α)β (z)

0 L(y)
4×4(α) = β

(z)
0 cosh α + βy sinh α,

L(y)
4×4(α)βyL(y)

4×4(α) = βy cosh α + β
(z)
0 sinh α,

L(y)
4×4(α)βxL(y)

4×4(α) = βx. (A12)

Note the indices order in the definition of βx and βy.

APPENDIX B: (3+1)-BAND MODEL FOR ARBITRARY
ORIENTATIONS OF ELECTRIC AND MAGNETIC FIELDS

Up to now, the x, y, and z axes are assumed to be oriented
along the main crystallographic directions, namely [100] and
[010] and [001], respectively. Further, we consider a more
general case when the magnetic field B is oriented along the

FIG. 5. Left panel: mutual orientation of two Cartesian axes (x′,
y′, z′) and (x′′, y′′, z′′) with respect to the main crystallographic axes.
Right panel: the orientation of electric field E (shown by black arrow)
in the Cartesian axes.

new z′ axis deflected at angle θ0 to the [001] direction, while
electric field E is tilted at angle φ from the [100] direction as
shown in Fig. 5.

To write the Hamiltonian in Eq. (A9) in the new coordinate
system, one has to rotate the electron momentum around the
[100] axis, and then around the new axis z′ in accordance with
the transformations⎛

⎝kx

ky

kz

⎞
⎠ =

⎛
⎝1 0 0

0 cos θ0 − sin θ0

0 sin θ0 cos θ0

⎞
⎠

⎛
⎝kx′

ky′

kz′

⎞
⎠ (B1)

and ⎛
⎝kx′

ky′

kz′

⎞
⎠ =

⎛
⎝cos φ − sin φ 0

sin φ cos φ 0
0 0 1

⎞
⎠

⎛
⎝kx′′

ky′′

kz′′

⎞
⎠. (B2)

Simultaneously with the transition from (kx, ky, kz) to (kx′′ ,
ky′′ , kz′′ ), one should also apply a unitary transformation to the
Hamiltonian (A9):

Ĥ′′(3+1)
8×8 (k′′) = U −1

z (φ)U −1
x (θ0)Ĥ(3+1)

8×8 (k)Ux(θ0)Uz(φ),
(B3)

where Ux(θ0) and Uz(φ) are defined as

Ux(θ0) = I4⊗ exp (iσx · θ0/2),

Uz(φ) = I4⊗ exp (iσz · φ/2).

After all the calculations, the Hamiltonian Ĥ′′(3+1)
8×8 (k′′) in

the new coordinate system takes the form

Ĥ′′(3+1)
8×8 (k′′) =

(
Ĥ′′(1)

D (k′′) V sin θK̂′′(k′′)
−V sin θK̂′′(k′′) Ĥ′′(2)

D (k′′)

)
, (B4)

where the blocks Ĥ′′(1,2)
D (k′′) and K̂′′(k′′) are written as

Ĥ′′(1,2)
D (k′′) = C1,2I4 + M1,2α0 + V cos θ (kx′′αx′′ + ky′′αy′′ ) + V kz′′αz′′

+ (1 − cos θ )V kx′′

(
αx′′ sin2 θ0 sin2 φ + αy′′

sin2 θ0 sin 2φ

2
+ αz′′

sin 2θ0 sin φ

2

)

+ (1 − cos θ )V ky′′

(
αx′′

sin2 θ0 sin 2φ

2
+ αy′′ sin2 θ0 cos2 φ + αz′′

sin 2θ0 cos φ

2

)

+ (1 − cos θ )V kz′′

(
αx′′

sin 2θ0 sin φ

2
+ αy′′

sin 2θ0 cos φ

2
− αz′′ sin2 θ0

)
(B5)
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and

K̂′′(k′′) = kx′′

(
−βx′′

(1 + cos2 θ0) sin 2φ

2
+ βy′′

(
cos2 φ − cos2 θ0 sin2 φ

) + βz′′
sin 2θ0 sin φ

2

)

+ ky′′

(
βx′′ (sin2 φ − cos2 θ0 cos2 φ) − βy′′

(1 + cos2 θ0) sin 2φ

2
+ βz′′

sin 2θ0 cos φ

2

)

+ kz′′

(
βx′′

sin 2θ0 cos φ

2
+ βy′′

sin 2θ0 sin φ

2
− βz′′ sin2 θ0

)
, (B6)

where we have additionally introduced βz′′ as

βz′′ =
(

0 σz′′

−σz′′ 0

)
. (B7)

Further and in the main text, we omit the prime marks keeping
in mind that orientation of new x, y, and z axes does not
coincide with the main crystallographic directions in the most
general case.

If z is oriented along the [001] direction (θ0 = 0; see
Sec. III A), Ĥ(1,2)

D (k) takes the form of Eq. (A10), while K̂(k)
is written as

K̂(k) = (kxβy − kyβx ) cos 2φ − (kxβx + kyβy) sin 2φ. (B8)

In this case, the x and y orientations relative to the main
crystallographic directions are determined by the angle φ as
shown in Fig. 5. For the particular case of x ‖ [100], y ‖ [001̄],
and z ‖ [010] (θ0 = π/2 and φ = 0; see Sec. III B), Ĥ(1,2)

D (k)
and K̂(k) have the form

Ĥ(1,2)
D (k) = C1,2I4 + M1,2α0 + V cos θkxαx

+ V kyαy + V cos θkzαz (B9)

and

K̂(k) = kxβy − kzβz. (B10)

APPENDIX C: COLLAPSE of LANDAU LEVELS AT
ARBITRARY ORIENTATIONS OF ELECTRIC AND

MAGNETIC FIELDS

Let us now find the drift velocity Vd for an arbitrary ori-
entation of magnetic field (and electric field E ⊥ B), at which
the collapse of the Landau levels occurs. Assuming the ori-
entation of electric field E in the x direction and magnetic
field B in the z direction, the Schrödinger equation with the
Hamiltonian (B4) characterized by the arbitrary orientation of
the Cartesian axes with respect to the main crystallographic
directions is written as[

Ĥ(3+1)
8×8

(
k̂x, ky + x

a2
B

, kz

)

+
(

−ih̄
∂

∂t
+ eEx

)
I8

]
|�8×8〉 = 0, (C1)

where k̂x = −i∂/∂x.
As shown in Sec. III, the Landau level collapse is defined

by the parameter α∗ of the Lorentz boost along the y axis.
As is clear, the elimination of electric field E in the moving
reference frame is caused by the terms proportional to kyαy in

the Dirac blocks (B5), namely by �(θ, θ0, φ)V kyαy, where

�(θ, θ0, φ) = cos θ + sin2 θ0 cos2 φ(1 − cos θ ). (C2)

Then, introducing the time-momentum operator kt as
V �(θ, θ0, φ)kt = −ih̄∂/∂t , one can show that the term ktI4 +
kyαy in two diagonal blocks of Eq. (C1) remains invariant
upon the Lorentz transformation, i.e.,

(ktI4 + kyαy)−→ (
k′

tI4 + k′
yαy

)
, (C3)

if (kt , ky) are connected with (k′
t , k′

y) by Eq. (20).
On the contrary, the terms proportional to x in the diagonal

blocks of Eq. (C1)

eExI4 + �(θ, θ0, φ)V
x

a2
B

αy

are transformed as

(β∗I4 + αy) → [
(sinh α∗ + β∗ cosh α∗)I4

+ (cosh α∗ + β∗ sinh α∗)αy
]
, (C4)

where β∗ is introduced as

β∗ = 1

�(θ, θ0, φ)

ch̄

V

E
B . (C5)

Choosing tanh α∗ = −β∗ and cosh α∗ = 1/
√

1 − β∗2, we
completely remove the terms depending on x from the main
diagonal of the matrix Schrödinger equation in the moving
reference frame. The latter now contains the effective mag-
netic field B′ = B

√
1 − β∗2 and additional terms dependent

on β∗ [cf. Eqs. (22) and (52)]. Solving the Schrödinger equa-
tion in the boosted frame, in the manner described in the
main text, and then passing to the original reference frame,
we can conclude that the collapse of the Landau levels occurs
if β∗ = 1. This condition can be also represented in terms of
drift velocity Vd = cE/B as

Vd = V

h̄
[cos θ + sin2 θ0 cos2 φ(1 − cos θ )]. (C6)
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