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Berry curvature induced linear electro-optic effect in chiral topological semimetals

Zhi Li,1,* Yuewen Gao,1 Yu Gu,1 Shengli Zhang,1 Toshiaki Iitaka ,2 and W. M. Liu 3,†

1MIIT Key Laboratory of Advanced Display Materials and Devices, School of Materials Science and Engineering,
Nanjing University of Science and Technology, Nanjing 210094, China

2Discrete Event Simulation Research Team, RIKEN Center for Computational Science, 2-1 Hirosawa, Wako, Saitama 351-0198, Japan
3Beijing National Laboratory for Condensed Matter Physics and Institute of Physics, Chinese Academy of Sciences, Beijing 100190, China

(Received 26 October 2021; revised 25 November 2021; accepted 8 March 2022; published 21 March 2022)

We studied the linear electro-optic effect of chiral topological semimetals which are characterized by high-fold
chiral fermions separated in energy space. We identify that the general second-order conductivity σ (2)

xyz (ω) in-
cludes three sources from the shift current, injection current, and nonlinear anomalous current with frequency ω,
respectively. The σ (2)

xyz (ω) contributed by the nonlinear anomalous current is antisymmetric under the exchange of
indices x and y, and it is proportional to relaxation time and Chern number. We demonstrate that the electro-optic
coefficient below 0.65 eV in chiral crystal RhSi is dominated by the nonlinear anomalous current and injection
current, and it renders a relatively low half-wave voltage in the order of hundreds of volts. This work classifies
how the Berry curvature modifies the linear electro-optic effect in chiral topological semimetals and opens
an avenue to design the electro-optic modulator with half-wave voltage compatible with the complementary
metal-oxide semiconductor circuit.
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I. INTRODUCTION

Transition metal silicides CoSi, RhSi, and PdGa crystallize
into a simple cubic structure with space group P213 [1] which
includes no spatial inversion symmetry or mirror symmetry,
and they afford an excellent platform for the realization of
high-fold chiral fermions [2–4]. In the band structure of RhSi
by calculation and angle-resolved photoelectron spectroscopy
(ARPES) experiments [5–8], the spin-1 fermion at the �

point and the topological charge-2 fermion at the R point are
separated in energy scale because of absent mirror symme-
try. The absolute magnitude of the Chern number with the
Berry curvature around the � point is determined to 2 in
CoSi and RhSi by ARPES measurements [9–11]. However,
higher Chern number C = 4 is observed in PdGa which has
much stronger spin-orbital coupling (SOC) [12,13]. Except
for the novel high-fold chiral fermions in chiral topological
semimetal RhSi, photogalvanic effect is also widely studied
for potential application in the field of infrared or terahertz
detection [14–19], and possible quantized circular photogal-
vanic effect (CPGE) [20–23]. Experimentally, the CPGE in
the chiral topological semimetal RhSi is observed in an energy
window below 0.65 eV [24–26], where the CPGE contributed
from both chiral fermions with opposite chiral chirality will
not be canceled out.

The linear electro-optic effect [27–30], is essentially a
second-order response under optical signal with high fre-
quency and electric signal with low frequency [31–38]. The
general formalism for the second-order optical response of
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solids was proposed by Sipe and Shkrebtii [39]. The lengthy
formalism for the electro-optic coefficient, which includes
intraband and interband contributions, applies to a semicon-
ductor under light field with photon energy h̄ω < Eg (Eg band
gap). However, this requirement cannot be fulfilled in chiral
topological semimetals. A new theory for electro-optic ef-
fect in topological semimetals should be developed. In the
community of topological quantum matters, the low energy
band dispersion near the Fermi level is classified by different
fermions carrying a Chern number [40–43]. Specifically, the
linear band crossing plays the role of source or sink of Berry
curvature. The new theory should also clarify how the Berry
curvature or quantum geometric tensor affects the electro-
optic effect. Since the Berry curvature in chiral topological
semimetals is distributed in different energy scales, the chiral
topological semimetals offer an excellent platform to investi-
gate how the Berry curvature modifies the linear electro-optic
effect and propagation of the optical signal.

In this work, we studied the linear electro-optic effect in
chiral topological semimetals. We identify that all the oscillat-
ing currents with frequency ω from the shift current, injection
current, and nonlinear anomalous current can modify the re-
fractivity of chiral topological semimetals. For a clean single
crystal with long relaxation time, the nonlinear anomalous
current resulting from the topologically nontrivial bands is
dominating. The σ (2)

xyz (ω) contributed by the nonlinear anoma-
lous current is antisymmetric under the exchange of indices x
and y, and it is proportional to relaxation time. By numerical
calculation, we demonstrate that the giant electro-optic coef-
ficient in chiral crystal RhSi is dominated by the nonlinear
anomalous current and injection current below 0.65 eV, and
it renders a relatively low half-wave voltage in the order of
hundreds of volts.
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II. NONLINEAR CURRENTS

We start from the light-matter interaction H = h0 −
e �E (t ) · �r within the dipole approximation [44,45], in which
h0 describes the ground state and �E (t ) is the exter-
nal field including both optical and electric signals. The
velocity operator reads �v(t ) = i

h̄ [H, �r(t )] in which po-
sition operator �r(t ) = e−iHt/h̄�re−iHt/h̄. The Bloch func-
tion satisfies h0|n(�k)〉 = εn(�k)|n(�k)〉, and the position ma-
trix reads �rnm(�k) = �Anm(�k) + iδnm∂�k in which �Anm(�k) =
i〈n(�k)|∂�k|m(�k)〉 is the Berry connection between bands n

and m at momentum �k. The current density reads �j(t ) =
−e〈ψ (�r, t )|�v(t )|ψ (�r, t )〉, in which the field operator ψ (r, t )
can be expanded by Bloch functions. Further, we introduce
density operator ρ(t ) = |ψ (t )〉〈ψ (t )|, and calculate the den-
sity matrix ρnm(�k) = 〈n(�k)|ρ(t )|m(�k)〉 = ρ (0)

nm (�k) + ρ (1)
nm (�k) +

ρ (2)
nm (�k) + · · · by equation ih̄ dρ(t )

dt = [H, ρ(t )] in which the
constant relaxation time τ is absorbed into frequency (ω −
iτ−1). The zero-order ρ (0)

mm(�k) is the Fermi-Dirac distribution
for band m. After some lengthy but straightforward cal-
culations, the second-order response contributed oscillating
current �j (2)(ω) with frequency ω reads

j (2),u(ω) = ju
intra (ω) + ju

inter (ω) + ju
BCD(ω)

=
∑
ω1,ω2

σ
(2)
i jk (ω)Ej (ω1)Ek (ω2)δ(ω,ω1 + ω2), (1)

where frequency-dependent second-order conductivity
σ

(2)
i jk (ω; ω1, ω2) = αi jk (ω; ω1, ω2) + iβi jk (ω; ω1, ω2). The

first term αi jk is symmetric under the exchange of j and
k, while the second term βi jk is antisymmetric under the
exchange of j and k. The oscillating current �j (2)(ω) includes
three sources from intraband and interband contributions. The
intraband contribution ju

intra (ω) = −e
∫

d�k vu
nnρ

(2)
nn (�k, ω) reads

ju
intra (ω) = e3h̄−1

h̄ω − iη

∑
mn

∑
ω1,ω2

∫
d�k δ(ω,ω1 + ω2)

× ∂εnm(�k)

∂ku

Qi j
mn(�k)

[
ρ (0)

mm − ρ (0)
nn

]
h̄ω2 − εnm(�k) − iη

Ei(ω1)Ej (ω2),

(2)

where εnm(�k) = εn(�k) − εm(�k) and η = h̄/τ . The inter-
band quantum geometric tensor [46–50] Qi j

mn(�k, ω) =
�

i j
mn(�k, ω2) + i�i j

mn(�k, ω2) is defined as

2�i j
mn(�k) = Ai

mn(�k)Aj
nm(�k) + c.c.,

2i�i j
mn(�k) = Ai

mn(�k)Aj
nm(�k) − c.c. (3)

The metric tensor �
i j
mn(�k) and curvature tensor �

i j
mn(�k) are

even and odd functions of momentum �k, respectively. If the
time-reversal invariant symmetry is preserved, only the cur-
vature involved contribution will be kept. This intraband con-
tribution is also dubbed as injection current in photogalvanic
effect. However, we focus on ac ju

intra (ω) in linear electro-
optic effect, instead of dc ju

intra (0) in photogalvanic effect. The

interband contribution ju
inter (ω) = −e

∫
d�kvu

mnρ
(2)
nm (�k, ω) reads

ju
inter (ω) = e2

∑
mn

∑
ω1,ω2

∫
d�k δ(ω,ω1 + ω2)

×vu
mn

�E (ω1) · �D(�k)ρ (1)
nm (�k, ω2)

h̄ω − εnm(�k) − iη
, (4)

where the interband velocity �vmn(�k) = ih̄−1εmn(�k) �Amn(�k),
and the first-order interband matrix ρ (1)

nm (�k, ω) =
−e �E (ω) �Anm (�k)
h̄ω−εnm (�k)−iη

(ρ (0)
mm − ρ (0)

nn ). The shift vector �D(�k) =
i∂k + Ann(�k) − Amm(�k) plays the role of a covariant derivative,
and it characterizes the difference between intracell position
matrices within valence (hole) and conduction bands
(electron). This interband contribution is also dubbed as
shift current in photogalvanic effect, and dominating in
semiconducting materials [51]. The second-order optical
conductivity contributed by shift current ju

inter (ω) has to be
estimated by the first-principles calculation. The other term
from interband contribution reads

ju
BCD(ω) = e3

h̄

∑
mn

∑
ω1,ω2

∫
d�k εmn(�k)Ei(ω1)Ej (ω2)

h̄ω − εnm(�k) − iη

× [
�ui

mn(�k) + i�ui
mn(�k)

]∂k j

[
ρ (0)

mm − ρ (0)
nn (�k)

]
h̄ω2 − iη

. (5)

This term is contributed by the generalized Berry curvature
dipole [52,53] in the case of a multiple bands system, and
dubbed as nonlinear anomalous current. Similar to the in-
jection current, only the curvature involved contribution will
keep in nonlinear anomalous current if time-reversal invariant
symmetry is preserved. If we constrain ω = 0, Eq. (1) de-
scribes the photogalvanic effect. If we constrain ω1 = 0, or
ω2=0, but ω1 + ω2 = ω, Eq. (1) describes the linear electro-
optic effect. The detailed derivation of Eq. (1) by a density
matrix method is present in the Supplemental Material [54]. In
the case of resonance, i.e., h̄ω = εnm(�k), the intraband current
is reduced to

ju
intra (ω) = πe3h̄−1

h̄ω − iη

∑
m

∫
d�k ∂ku�i j

mn(�k)Ei(0)Ej (ω),

while the nonlinear anomalous current in Eq. (5) is reduced to

ju
BCD(ω) = −iτπe3

h̄2

∑
m

∮
d�k ∂k j �ui

mn(�k)Ei(ω)Ej (0),

in which the integral should be performed on the isoenergetic
surface satisfying h̄ω = εnm(�k) surrounding the source or sink
of Berry curvature, and m (n) should be one occupied (unoc-
cupied) band index. The ratio between ju

BCD(ω) and ju
intra (ω)

is |ωτ − i|, i.e., ju
BCD(ω) will be dominating if ωτ � 1. In the

case of two bands, the interband curvature 2|�mn| is reduced
to Berry curvature of band m behaving like χ

2 |k|−2 near the
source or sink, and both ju

intra (ω) and ju
BCD(ω) are proportional

to the topological charge or Chern number χ . With the applied
optical signal in the xy plane and the electric signal along
the z direction as shown in Fig. 1(a), the second-order optical
conductivity σxyz(ω) = jx

BCD(ω)/[Ey(ω)Ez] from Eq. (5) reads
iχτe3

2h2 , and σxyz(ω) = −σyxz(ω). With τ = 1 fs and χ = 2, the
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FIG. 1. (a) Schematic diagram for the electro-optic modula-
tor consisting of chiral topological matter (CTM) and insulating
cladding layers. (b) Nonlinear Hall current induced by Berry cur-
vature, indicating the nonlinear Hall coefficient is antisymmetric.
(c),(d) Schematic diagrams for carrier generation and electronic ve-
locity in momentum space, where β is a real coefficient. The Chern
number of each band is labeled by C.

σxyz(ω) = 9.33 μA/V2. The microscopic picture is shown in
Figs. 1(b)–1(d) in which both velocity and carrier density are
odd functions of momentum.

III. ELECTRO-OPTIC EFFECT

So far, we have clarified the three sources for second-order
optical conductivity in chiral topological matter. We should
further clarify how the nonlinear current changes the propa-
gation of the optical signal in chiral topological matter. We
take the RhSi as an example, and consider a light beam with
propagating vector q along the z direction and linear polariza-
tion in the xy plane, and an applied (static or low frequency)
bias voltage along the z direction. For monochromatic light
with a frequency of ω, the total electron current oscillating
with a frequency of ω reads ji(ω) = σi j (ω)Ej (ω) + j (2)

i (ω),
in which the first term is contributed by the linear response
including both intraband and interband contributions. From
Eq. (1), the nonlinear Hall current with frequency ω reads

j (2)
x (ω) = σ (2)

xyz (ω; ω, 0)EzEy(ω),

j (2)
y (ω) = σ (2)∗

xyz (ω; ω, 0)EzEx(ω). (6)

For the chiral topological semimetal RhSi with space group
P213 (No. 198), the only nonvanishing elements of second-
order conductivity σ

(2)
i jk have indices xyz and its permutations.

From the macroscopic equations of Maxwell’s equations, the
complex refractive index Ñ (ω) = cq

ω
(c the speed of light in

vacuum) satisfies(
Ñ2 − N2(ω) σ (2)

xyz Ez

σ (2)∗
xyz Ez Ñ2 − N2(ω)

)(
Ex(ω)
Ey(ω)

)
= 0, (7)

in which N2(ω) = ε(ω) and ε(ω) is the complex dielectric
tensor from linear response theory. The two solutions for

Ñ (ω) read

Ñ±(ω) =
√

N2(ω) ± ∣∣χ (2)
xyz (ω; ω, 0)

∣∣Ez, (8)

and σ (2)
xyz (ω; ω, 0) = −iωε0χ

(2)
xyz (ω; ω, 0). The two eigenvec-

tors 1√
2
|E (ω)|(1,±1) can be interpreted as two orthogonal

optical fields with different polarizations, and |E (ω)|e−ωÑz/c

is the strength of the propagating electromagnetic wave.
Equation (8) also demonstrates that the two orthogonal optical
fields in chiral crystal have different refractivities ñ±(ω) =
ReÑ±(ω). From Eq. (8), the difference between ñ+(ω) and
ñ−(ω) reads

�n(ω) = ñ+(ω) − ñ−(ω) ∼
∣∣χ (2)

xyz (ω; ω, 0)
∣∣Ez

2n(ω)
, (9)

in which n(ω) is the real part of the complex index of re-
fraction N (ω) from linear response theory. After a light beam
passes through the electro-optic crystal, the phase difference
between the two orthogonal optical fields is given by

�ϕ = �n(ω)
ωL

c
, (10)

in which L is the length of the crystal along the z direction
which is parallel to the propagating vector of the light field.
The half-wave voltage is given by

Vλ/2 = 2πn(ω)c

ω
∣∣χ (2)

xyz (ω; ω, 0)
∣∣ . (11)

IV. NUMERICAL RESULTS AND DISCUSSION

To determine the frequency-dependent half-wave voltage,
we need the information of refractivity n(ω) and χ (2)

xyz (ω; ω, 0).
Both refractivity n(ω) and χ (2)

xyz (ω; ω, 0) can be calculated
by the first-principles calculation based on density functional
theory. In this work, the linear optic properties of RhSi are
calculated by all-electron full-potential linearized augmented
plane wave (LAPW) code ELK [55], while the second-order
susceptibility χ (2)

xyz (ω; ω, 0) contributed by a shift vector mech-
anism is calculated by the ABINIT code with sum-over-state
approximation [56,57]. Lastly, the frequency-dependent half-
wave voltage is calculated by Eq. (11).

Since the SOC effect is weak in chiral topological semi-
mental RhSi, we ignore the SOC effect in the first-principles
calculation and adopt fine k-point grids 50 × 50 × 50 for
linear optic properties with intraband contribution (Drude
term). The calculated band structure is shown in Fig. 2(a),
in which triply degenerated and quadruply degenerated band
crossings are reproduced at � and R points, respectively.
The chiral fermions at � and R points also carry opposite
topological charges. Without doping, the Fermi level is set
to zero energy. With doping concentration of one electron
(hole) per unit cell, the Fermi level shifts to the position
of the higher (lower) red dashed line. Without doping, the
calculated plasma frequency is 1.39 eV, and the calculated
dielectric function ε(ω) is shown in Fig. 2(b). The complex
index of refraction N = n(ω) + ik(ω) is shown in the inset
of Fig. 2(b). In the range of low frequency, the real parts of
ε(ω) and N are very high because of the dominating intra-
band contribution. The calculated refractivity n(ω) is about
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FIG. 2. The band structure of RhSi crystal without SOC, where
the doping concentration nc-dependent Fermi level is marked by a
red dashed line. Without doping, the Fermi level is set to 0 eV.
The chiral fermions at � on Fermi level and the R point below
Fermi level have opposite chirality. With electron (hole) doping
concentration nc = 1 (nc = −1), the Fermi level shifts to the higher
(lower) red dashed line. (b) Frequency-dependent dielectric function
ε(ω) and complex refractive index N = n(ω) + ik(ω) (inset) by the
first-principles calculation within linear response. The peak at low
frequency is dominated by the intraband contribution (Drude term).

51, which is very close to the experimental result [24]. Addi-
tionally, the extinction coefficient (or attenuation index) k(ω)
is also very high in the range of low frequency, indicating
high absorption and rapid attenuation when the optical field
propagates through the chiral RhSi crystal. Since chiral crys-
tal RhSi is nonmagnetic, time-reversal invariant symmetry
is preserved. Therefore, the second-order Ohm conductivity
is vanishing. Within the sum-over-state approximation, the
calculated frequency-dependent electro-optical susceptibility
tensor χ (2)

xyz (ω; ω, 0) of RhSi contributed by shift current de-
fined in Eq. (4) is shown in Fig. 3(a). At photon eenergies
of 0.1 and 1.1 eV, the absolute value of the electro-optical

FIG. 3. (a) Frequency-dependent electro-optic coefficient
χ (2)

xyz (ω; ω, 0) contributed by the shift current, where the real and
imaginary parts are plotted by a blue line and a red dash-dotted line,
respectively. (b) Half-wave voltage determined by Eq. (11). At low
frequency, the half-wave voltage is very high and out of range.

coefficient is as large as 7000 pm/V, which is much larger
than that in the widely used electro-optic crystal LiNbO3 [28].
We note that the second peak around 1.1 eV is very close to
the O band (1260–1360 nm) of the second telecom window.
With photon energy higher than 2.7 eV, there is no higher peak
[54]. The calculated half-wave voltage by Eq. (11) is shown
in Fig. 3(b), which shows relatively large voltage is required
to achieve a phase difference of π between the two orthogo-
nal optical fields 1√

2
|E (ω)|(1,±1). The half-wave voltage is

about 5 kV for visible light.
Since the CPGE in the chiral topological semimetal RhSi is

observed in an energy window below 0.65 eV [24–26], and the
CPGE coefficient is approximately proportional to topological
charge, it means that only the chiral fermion at � is excited,
while the chiral fermion at R below the Fermi level is far off
resonance. This constraint reins in the frequency of the optical
signal for communication. The frequency of the optical signal
can be promoted if the pair of chiral fermions with opposite
chirality is far separated in energy scale. With τ = 6.6 fs [58]
and χ = 2, the calculated |σ (2)

xyz | from both injection current
and nonlinear anomalous current is 86.2 μA/V2 at 0.65 eV.
With calculated n = 6.97, the calculated half-wave voltage at
0.65 eV is about 1350 V, which is much smaller than the half-
voltage under the shift current mechanism, but still higher than
the driving voltage of the CMOS circuit which is usually less
than 3 V. For single crystal with high quality, the relaxation
time can be 20 fs [59], and the half-wave voltage is reduced to
about 445 V. To adapt to the CMOS circuit, the relaxation time
should be further enhanced to reduce the half-wave voltage.
Since the |σ (2)

xyz | is related to the Chern number, this coefficient
can be further enhanced in chiral topological semimetals with
higher Chern number. However, the relatively high extinction
coefficient k(ω) of chiral topological semimetal RhSi means
rapid attenuation when light propagates in the chiral crystal
RhSi. Therefore, the thickness L of the electro-optic crystal
defined in Eq. (10) should be as small as possible if the linear
electro-optic effect is exploited to modulate the phase velocity
of the light signal. Similar to a graphene-based electroabsorp-
tion modulator [36], RhSi can also be used as the metal in a
metal-oxide-semiconductor capacitor in which the Fermi level
of RhSi can be tuned by an electric signal [54]. This chiral
crystal RhSi-based electroabsorption modulator can perform
intensity modulation of the optical signal. Overall, chiral crys-
tal RhSi can be used as both phase and intensity modulation
because of its giant linear electro-optic coefficient and optical
absorption.

V. SUMMARY

We identify that the linear electro-optic effect in chiral
topological semimetals is dominated by oscillating nonlin-
ear anomalous current and injection current, instead of shift
current which dominates the linear electro-optic effect in
semiconducting materials. The nonlinear optical conductivity
σ (2)

xyz (ω) contributed by the nonlinear anomalous current is
antisymmetric under the exchange of indices x and y, and it
is proportional to relaxation time and Chern number. With
longer relaxation time or larger Chern number, the curvature
involved currents can be significantly enhanced, and renders
a relatively low half-wave voltage for phase modulation. This
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work classifies how the Berry curvature modifies the linear
electro-optic effect in chiral topological semimetals and opens
an avenue to design the electro-optic modulator with half-
wave voltage compatible with the CMOS circuit.
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