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We consider the extent to which symmetry eigenvalues reveal the topological character of bands. Specifically,
we compare distinct atomic limit phases (band representations) that share the same irreducible representations
(irreps) at all points in the Brillouin zone and, therefore, appear equivalent in a classification based on
eigenvalues. We derive examples where such “irrep-equivalent” phases can be distinguished by a quantized
Berry phase or generalization thereof. These examples constitute a generalization of the Su-Schrieffer-Heeger
chain: neither phase is topological, in the sense that localized Wannier functions exist, yet there is a topological
obstruction between them. We refer to two phases as “Berry obstructed atomic limits” if they have the same
irreps, but differ by Berry phases. This is a distinct notion from eigenvalue obstructed atomic limits, which
differ in their symmetry irreps at some point in the Brillouin zone. We compute exhaustive lists of elementary
band representations that are irrep equivalent, in all space groups, with and without time-reversal symmetry and
spin-orbit coupling, and use group theory to derive a set of necessary conditions for irrep equivalence. Finally, we
conjecture, and in some cases prove, that irrep-equivalent elementary band representations that are not equivalent

can be distinguished by a topological invariant.

DOLI: 10.1103/PhysRevB.105.125115

I. INTRODUCTION

Topological band theory has revealed a subtle interplay
between symmetry and topology. Crystal symmetries can both
identify and protect topological phases of matter [1-47]. How-
ever, the inherent challenge in identifying topological phases
with crystal symmetry is that a different classification is
needed for topological phases in each of the 230 space groups.
This challenge has only recently been overcome, through
the theory of topological quantum chemistry [48-54] and,
concurrently, the introduction of symmetry-based indicators
[55-58]. Both theories make use of the symmetry of bands
at high-symmetry points in the Brillouin zone (BZ) to iden-
tify topological phases. This paradigm has been successful in
predicting topological materials [59,60]. In addition, it has led
to the discovery of entirely new phases, such as higher-order
topological phases [32-36] and fragile topological phases
[61-67].

However, not all topological phases can be determined
by their irreducible representations (irreps) at high-symmetry
points. For example, a Chern insulator or a time-reversal
invariant Z, topological insulator can exist without any sym-
metry or with only translation symmetry. In both cases,
symmetry indicators that distinguish the topological from
trivial phase do not exist. It is not so surprising that these topo-
logical phases can be invisible to symmetry indicators since
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they are not protected by crystal symmetry. What is more
surprising [57] is that topological phases protected by crystal
symmetry cannot always be distinguished by their symmetry
irreps; mirror Chern insulators [2], rotation anomaly insula-
tors [68], and hourglass fermions [27] are examples. Thus,
while symmetry indicators are a powerful tool to identify
topological bands, they render certain topological phases in-
visible.

The theory of topological quantum chemistry [48-53] is
based on band representations [69,70], and thus incorpo-
rates information about Bloch states beyond just symmetry
indicators. Band representations exactly span the space of
topologically trivial (atomic limit) phases. Therefore, topo-
logical bands are those that do not transform as band
representations. Since distinct band representations can have
the same symmetry indicators, band representations refine
the classification of symmetry-indicated topological phases.
This refinement has given rise to the discovery of fragile
topological phases, which are in the trivial class of symme-
try indicators, but can be detected via band representations
[61-66].

In this work, we further refine the classification of symme-
try indicators by comparing pairs of bands that have the same
irreps at every high-symmetry point in the BZ; we refer to
such a pair as irrep equivalent. Irrep-equivalent bands exhibit
Bloch wave functions that transform the same way as each

©2022 American Physical Society
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other under symmetry at each point in the BZ. However, as
was pointed out in Refs. [71,72], it is possible that two bands
that transform identically under all symmetries at each point
in the BZ differ by a topologically nontrivial global gauge
transformation, thus rendering them distinct. These bands do
not need to be topological: in two and three dimensions, dis-
tinct trivial phases can be irrep equivalent, but distinguished
by topological invariants. (In one dimension, the only crystal
symmetry operation is inversion, which completely distin-
guishes distinct phases.) This is exactly the study of this
work: we will show that two distinct but irrep-equivalent band
representations can be distinguished by topological invariants,
despite both being trivial band insulators. We will further
classify all such irrep-equivalent band representations.

We start in Sec. II with a self-contained review of band
representations. In Sec. III, we review the earliest example of
two irrep-equivalent atomic limit phases, in space group F222
(No. 22) [71-73]. We derive a Berry phase invariant to prove
that the two phases are topologically distinct. We then intro-
duce in Sec. IV a second example of irrep-equivalent atomic
limit phases with time-reversal (TR) symmetry and spin-orbit
coupling (SOC) in space group P112 (No. 3), for which
we also derive a Berry phase invariant that distinguishes the
phases.

In Sec. V, using the results of topological quantum chem-
istry, we enumerate all of the irrep-equivalent elementary
band representations (EBRs) and use group theory to derive
general conditions that explain the tables. This builds on ear-
lier work by Bacry, Michel, and Zak (BMZ) [74]; importantly,
our analysis reveals one set of cases missed by BMZ. In ad-
dition, our tables are the first list of all of the irrep-equivalent
atomic limit phases with TR and/or SOC. Finally, we conjec-
ture that all irrep-equivalent, but distinct, atomic limit phases
differ by a topological invariant derived from Berry phases.
The problem of finding an invariant that distinguishes them in
each case remains outstanding.

II. REVIEW OF BAND REPRESENTATIONS

A set of orbitals from atoms residing at specific positions
in a particular space group defines a band representation in
direct (real) space, i.e., an atomic limit. Fourier transforming
the band representation completely determines the irreps that
appear at each point in the BZ, independently of energetics.
The concept of a band representation was introduced by Zak
[69,70] to understand how “k - p” representations at different
points in the BZ connect to each other. A modern interpre-
tation and extension of Zak’s theory was introduced in the
theory of topological quantum chemistry [48-53]. In order
to make this work self-contained, we review the notation for
band representations established in Ref. [49], emphasizing the
parts of the theory most relevant for this work.

Let q be one particular site (which we sometimes label by
the Wyckoff position to which it belongs) in the lattice of a
crystal invariant under the symmetries of a space group G. The
site-symmetry group G4 consists of the symmetry operations
in G that leave the site q invariant:

Gy = {g € Glgq = q}. (D

Since G is a subgroup of G, one can choose a set of coset
representatives g, for G4 in G:

G =J8(Gyx 2%, ©)

a=1

where x denotes the semidirect product, g is the identity, and
8az1 ¢ Gq. Each coset representative defines a site related by
symmetry to q:

qs = 859, 3)

such that the site-symmetry group of qg is conjugate to that
of q: Gy, = g qugl. The coset decomposition in Eq. (2) ef-
fectively maps each space-group element to an element in the
site-symmetry group. Specifically, for each 4 € G and each
8 there is a unique coset representative gg and site-symmetry
group element g € G4 that satisfies

hgoe = {Eltsa(h)}gs8, “

where

tpa(h) = hqu — qp &)

is a lattice translation. We will use Eq. (4) to build a repre-
sentation of G given a representation of G4, which amounts to
determining the symmetry of a band from the symmetry of an
orbital.

Let p be a representation of Gg4. Following Ref. [49], p
induces a band representation [69] of G, denoted p 1 G or
pG- According to Eq. (5) of Ref. [49], the matrix form of
pg(h) consists of infinitely many blocks, labeled by pairs
(K’, k), where K’ is a row index and Kk is a column index. For
each symmetry element, 2 = {R|v} € G (the notation denotes
a point-group operation R, followed by a translation v), and
each set of columns corresponding to k, there is exactly one
nonzero block, which corresponds to k" = Rk. We denote this
block by ,og(h) (as in Ref. [48], although there the block
structure was not explicitly emphasized); its matrix elements
are given by

P jpia = 5D (g HE] — tgo (M)}hga),  (6)
where we have defined

pij(a), a¢€ Gy

0, a¢ Gy 2

pijla) = {
Equation (6) warrants some unpacking. The left-hand side
(LHS) of Eq. (6) is a matrix that specifies how wave functions
at hk are related to those at k. The subscripts on the LHS
run over the bands at k. The symmetry of wave functions at
k is determined by the representation p in direct space (real
space), which is the content of the right-hand side (RHS) of
Eq. (6). The first term on the RHS is a k-dependent phase
determined by positions of atoms in the unit cell. The second
term is equal to an element of p when & can be mapped to an
element of G4 using Eq. (4): specifically, this term is nonzero
if and only if g;'hg, is equal to an element of Gq up to a
translation determined by tg, (h).
The little group Gi of a point k in the BZ is the set of
symmetry operations whose rotational part leaves the point k
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invariant modulo a reciprocal lattice vector:
Gk = {g ={R|v} € GIRk =k}, ®)

where the equivalence relation Rk = k is defined by equiv-
alence up to a reciprocal lattice vector, i.e., k =k + K if
and only if K is a reciprocal lattice vector. When Eq. (6) is
restricted to elements in G, it furnishes a representation of
Gk, which we denote pg | Gx. We define the characters of

pG { Gk:
X6 =Y pEWiaia = Y e Wpi(ha)
i,a i,a

= e Wy (h). ©)

where we have defined

Xy =" plhyi (10)

and defined the shorthand

hy = g5 {E| — taa(h)}hge. (11)

If two band reps share the same little group irreps [i.e., yield
the same characters Xé in Eq. (9) for all k], then we refer to
them as irrep equivalent.

Equivalent band representations are necessarily irrep
equivalent, where equivalence is defined as follows (Defini-
tion 5 of Ref. [49]): two band representations ps and og are
equivalent iff there exists a unitary matrix-valued function
S(k, 7, g) smooth in k and continuous in t such that for all
g€ G, t €]0,1], Sk, 7, g) is a band representation and

S(k,0,8) = pg(g) and S(k, 1, ) = 05(e).  (12)

An EBR is a band representation that is not equivalent to a
direct sum of other band representations.

We will now refer to the definition of equivalence in
Eq. (12) as homotopic equivalence to distinguish it from
irrep equivalence. As pointed out in Ref. [49], homotopic
equivalence implies irrep equivalence since the deformation
provided by S does not change the characters of the little
group irreps. However, the reverse is not true [48,71-73]. The
purpose of this paper is to enumerate irrep-equivalent EBRs,
study how to distinguish them by examples, and present a
general conjecture.

One of the key tools that we will use is the Wilson loop
[27,29,32,75-84], which allows for a non-Abelian general-
ization of the Berry phase. Given a Hamiltonian where the
(cell-periodic parts of the) Bloch wave functions are denoted
by |u;(k)), we define the Wilson-loop matrix of a set of bands
B over a closed path / in the BZ by

Wy = PellidlA®), (13)

where [A(K)];; = i(ui(K)|Vi|u;(K)), i, j € B, is the Berry
connection, and P denotes that the exponential is path or-
dered. Equation (13) is well defined as long as the bands in
B do not touch any bands in the complement of 5. When the
path [ is defined by a reciprocal lattice vector K, such that
[ =xK, 0 <x <1, we will call W; the K-directed Wilson
loop and denote it Wxk.

As we will show, sometimes symmetry forces the Wilson-
loop eigenvalues of the bands transforming as an EBR to be
quantized, even without specifying the Hamiltonian. In partic-
ular, if B includes all of the bands in the Hamiltonian, it has
been proven [75] that the eigenvalues of Wy are given by ¢’® ™,
where r; is the real-space position of the ith degree of freedom
in the Hamiltonian. (This connection between the Wilson-loop
eigenvalue, which is a Berry phase, and the position of charge
in real space, illustrates the “Modern Theory of Polarization”
[85-87].)

More generally, we will give examples where the eigen-
values of Wx remain quantized even when B is a subset
of bands in the Hamiltonian. Examples of this phenomenon
exist for topological crystalline insulators protected by inver-
sion symmetry [82,88], but, in that case, bands with distinct
Wilson-loop eigenvalues necessarily exhibit distinct inversion
eigenvalues at high-symmetry points, making them irrep in
equivalent. Similarly, EBRs with distinct rotational symmetry
eigenvalues at high-symmetry points can also have quan-
tized Wilson-loop eigenvalues [83]. In contrast, the examples
that we show here distinguish bands that transform as irrep-
equivalent EBRs. Consequently, the Wilson-loop eigenvalues
along particular high-symmetry lines serve to distinguish the
EBRs in cases where the symmetry eigenvalues cannot.

III. EXAMPLE: F222, EBRS THAT ARE IRREP
EQUIVALENT BUT NOT EQUIVALENT

As an example of irrep-equivalent EBRs that are not equiv-
alent, we show that in space group F222, for each EBR
induced from the 4a position at (0,0,0), there is an irrep-
equivalent EBR induced from the 44 position at (0, 0, %). This
example was studied in earlier works [71-73,89,90]; here we
reprove existing results in modern language, establish a more
general Berry phase invariant, and introduce a “generalized
obstructed atomic limit” that cannot be distinguished by little
group irreps.

The space group F'222 contains the symmetry operations
{C2,10010}, {C2,01010}, {C2,00110} (point-group operations are
written in Schonflies notation, following Ref. [91]) and the
face-centered lattice translations; we denote the primitive lat-
tice vectors:

t =30,b,c), t=3(a0,c), t3=73(ab0). (14

The reciprocal lattice vectors are given by

R
ab c)
ooan(hb )

a bc)

11 1
g =2m Rl (15)

which are related by the rotations as follows:

G100 83 < 82, 81 < —(81 + & + 83), (16)
Cro0: € < g1, &2 < —(81+8 + &) (7
Croo1: 8 < 81, 8 < — (81 + & +83). (18)
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(a) (b)

FIG. 1. (a) The black lines outline the conventional unit cell
of F222 (No. 22). The blue atoms are in the 4a (0,0,0) position,
while the red atoms are at the 4b (0, 0, %) position. (b) The (0, 0, z)
[and (%, %, 7)] lines each separately implement the Rice-Mele chain,
where C, 190 or C;,019 play the role of the inversion-symmetry oper-
ation in 1D. Since the 4a Wyckoff position has no free parameter,
it is impossible to continuously deform a single Wannier function
centered on a blue lattice site to be centered on a red lattice site while
preserving C, 100 symmetry, or vice versa. However, two Wannier
functions both centered on a blue lattice site could be deformed to be
centered on red lattice sites by moving pairwise, as indicated by the
blue dashed circles. (Similarly, two Wannier functions both centered
on a red lattice site could be deformed to be centered on blue lattice
sites by moving pairwise.) (Figure reproduced from Ref. [49].)

We are interested in band representations induced from ir-
reps on the sites (in conventional coordinates) q = (0, 0, 0)
and q' = (0, 0, %), shown in Fig. 1, which correspond to the
4a and 4b Wyckoff positions, respectively. (The Wyckoff
multiplicity of 4 indicates that there are four sites in the
conventional unit cell, although there is only one site in the
primitive unit cell.) The site-symmetry group G is generated
by {C211010}, {C201010}, and {C5 0110}, while the site-
symmetry group Gg is generated by {C5 100lt;}, {Co010lt:},
and {C; 01 |0}, where

t.=t +t, —t3 (19)

is an integer linear combination of the primitive lattice vectors
defined in Eq. (14). G4 and G4 are isomorphic to D,, whose
character table is in Table I.

In F222, each element in the space group can be written
as {E|t}g, where g € G4 and t is a lattice vector. Thus, a
single-valued representation p of G4 induces an elementary

TABLE 1. Character table for the irreducible representations of
the point group D,.

P [E] [C2.001] [C2.010] [C5.100]
A 1 1 1 1
B, 1 1 —1 —1
B, I —1 I _1
B; 1 -1 —1 1

band representation pg, given by Eq. (6):
PEUEIt)g) = e p(g), (20)

where the indices i, j, o, B are absent because all single-
valued representations of G4 are one dimensional (the group
is Abelian) and there is only one site in the primitive unit cell
corresponding to the 4a position.

We now consider a band representation induced from a rep-
resentation of G . In this case, a generic space-group element
can be written as {E|t}g = {E|t'}g, where ¢ € Gy and t' is a
lattice vector. Specifically, if g = {C2,100|0} or {C5,010/0}, then
t' =t —t, while if g = {Cp,001/0}, then t' =t. Let p’ be a
representation of the site-symmetry group G4, defined by

0" ({C2,100010)1t:3) = pUC2,100010)10}),

P ({C2,00110}) = p({C2,00110}). 21
Then, the induced band representation is given by
(0EUEIt}g) = e p(g). (22)

We showed in Appendix D of Ref. [49] that the EBRs defined
by Eqgs. (20) and (22) for the same choice of p are irrep equiv-
alent because ¢~ /®)t = =&t when K is a high-symmetry
point. We now show that despite being irrep equivalent, the
two EBRs are not related by a gauge transformation that
respects the periodicity of the BZ and hence are not homo-
topically equivalent [71]. (See Appendix A for a proof that
homotopic equivalence implies the existence of a BZ-periodic
gauge transformation.)

Since the band representation p}‘;(h) acting on a state
at k yields a state at kK, pg(h) transforms under a gauge
transformation M as p&(h) — M;k p&(h)My. The band rep-
resentations in Egs. (20) and (22) are related by the gauge
transformation

(0)E(h) = M}, p&(h)M, (23)

where Mk, r.) = e */?. Since there is only one band, it is
clear that My is the unique gauge transformation that relates
,0}‘; and (,0’)'&. However, since My does not respect the period-
icity of the BZ, we conclude that the band representations ,og
and (p')¥ are not related by any BZ-periodic gauge transfor-
mation and hence are distinct EBRs.

We can further show that the EBRs defined by Egs. (20)
and (22) are distinct by comparing the values of particular
Berry phases computed within each EBR [49,72]. Following
Eq. (13), let Wk denote the Berry phase acquired when the
wave function is transported from the origin I' to K, where
K is any reciprocal lattice vector; to be concrete, we take the
path from I' to K to be the path of shortest length between
the two points. When the Hilbert space includes only a single
orbital on either q or q', Wy, = ¢®1 =1 or & = —1,
respectively [75]. Physically, this phase corresponds to the
polarization along the g; direction relative to the center of the
unit cell. Note that changing the unit-cell center would change
the polarization, but not the relative difference between the
two polarizations.

Generically, the Hilbert space of a real material includes
more than a single orbital. Combined with the fact that there
is no symmetry that transforms g; — —g;, the Berry phase
Wg, will cease to be quantized (as noted for this example in

125115-4



TOPOLOGY INVISIBLE TO EIGENVALUES IN ...

PHYSICAL REVIEW B 105, 125115 (2022)

1

82

FIG. 2. Reciprocal lattice vectors defining the topological invari-
ant in Eq. (26). Light gray dotted lines outline cubes in the BZ
with sides of length 2. The vectors g, g,, g3 and —g; — g — &3
outline a loop €. The surface ¥ that appears in Eq. (25) can be any
surface whose boundary is £; one such surface consists of the two
blue shaded triangles.

Refs. [89,90]). Thus, we are motivated to develop an invariant
that goes beyond the Berry phase studied in Ref. [72].

We derive an invariant that will distinguish the two EBRs
in Egs. (20) and (22) but does not rely on them compris-
ing the entire Hilbert space. We utilize the action of the
crystal symmetry operations on the reciprocal lattice vectors
[Egs. (16)—(18)], which enforces

Wor =We, =Wy, = WgTJlrngrgz' 24)

Let £ be the loop traced by putting the vectors g; and —g; —
g> — g3 end to end (see Fig. 2). By Stoke’s theorem, the Berry
phase acquired upon traversing £ is equal to the flux of Berry
curvature through any surface X, whose boundary is ¢:

We, We We W g, g, = ¢ dE, (25)

where 2 =V x A is the Berry curvature and ¥ is a re-
gion whose boundary is £; an example is shown in Fig. 2.
[Note that Eq. (25) does not hold in general for non-Abelian
Wilson loops, but is valid for a one-dimensional band repre-
sentation, even if that band representation is embedded in a
Hilbert space with other orbitals. To generalize this invariant
to higher-dimensional band representations requires a non-
Abelian version of Stoke’s theorem.] Combining Egs. (24)
and (25) yields a topological invariant n, defined mod 4, by

¢ H = Wy e x4, (26)

Since bands that transform as an EBR induced from a repre-
sentation of G4 can be continuously deformed to have Q2 =0
and W, = 1, these bands must have n = 0 in Eq. (26), while
bands that transform as an EBR induced from a represen-
tation of Gy can be continuously deformed to have 2 =0
and Wy, = —1 and hence have n = 2 in Eq. (26). Thus, the
two EBRs can be distinguished by knowledge of the Berry
curvature €2 and the Berry phase Wy, by computing the RHS of
Eq. (26) for a given band to obtain n € Z,4 on the LHS, despite
the fact that Wy, itself is not quantized. Thus, Eq. (26) serves
to distinguish the two irrep-equivalent EBRs pg and pg;, for

TABLE II. Character table for the double group “C,. The super-
script d indicates elements that arise due to the double cover of SO(3)
by SU(2) [50]. A and B are single-valued irreps, while ' E and *E are
double-valued (spinor) irreps.

P LE] (] [‘E] [‘Co]
A 1 1 1 1
B 1 ~1 1 ~1
'E 1 —i -1 i
’E 1 i -1 —i

any irrep p of G4 and corresponding irrep o’ of Gy defined by
Eq. (21). We further show in the Supplemental Material [92]
that the values of n = 1 and 3 on the LHS of Eq. (26) distin-
guish the irrep-equivalent EBRs induced from the 4¢ position
(i, i, i) and 4d position (i, i, %), expressed in conventional
basis coordinates. (Note: EBRs induced from the 4¢ and 4d
positions are not irrep equivalent to those induced from the 4a
and 4b positions.) Thus, Eq. (26) serves to distinguish all pairs
of irrep-equivalent single-valued EBRs in F222.

One physical consequence of this irrep equivalence is that
it allows for obstructed atomic limit [48] (also called frozen-
polarization [56,93]) phases in F222 that cannot be diagnosed
by their little group representations; we refer to these as Berry
obstructed atomic limits. The most well-known example of
an obstructed atomic limit phase is the Su-Schrieffer-Heeger
[94] (SSH) or Rice-Mele [95] chain protected by inversion
symmetry: the two phases of the SSH model each correspond
to an atomic limit phase, that is, exponentially localized and
symmetry-preserving Wannier functions exist, but the two
phases are separated by a gap-closing phase transition. Hence,
there is an obstruction to continuously deforming a band in
one phase to a band in the other phase. However, in the SSH
model, the two phases can be distinguished by the product
of their inversion eigenvalues at I" and X, as well as by their
polarization [82]. What is unique about the Berry obstructed
atomic limit phases in F222 that we will shortly present is
that they cannot be distinguished by either their symmetry
eigenvalues or their polarizations.

To study the transition between the two Berry obstructed
atomic limit phases in F'222, we utilize the intermediate site

” = (0,0, z) (in conventional coordinates), with 0 < z < 1,
that interpolates between q and q'. (A similar construction for
the SSH or Rice-Mele chain is shown in the Supplemental
Material [92].) Since Gy C (GqN Gg), q” is part of the
nonmaximal 8g Wyckoff position. The site-symmetry group
Gy is generated by {C5 001/0} and thus isomorphic to C,; the
character table for C, is shown in Table II.

Consider the trivial representation of G4, denoted Aq-; the
subscript indicates the site. This irrep induces representations
of G4 and Gy with the same labels, i.e.,

Aq' 1 Gq=Aq @ B g,
27
Ag 1 Gy =Aq ©Bi g,

where the irreps on the right-hand sides of Eq. (27) are defined
in Table 1. Equation (27) shows that bands derived from Ay~
orbitals at the 8g position will transform as either a sum of
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EBRs induced from the 4a position or a sum of EBRs induced
from the 4b position; the two sums of EBRs on the right-hand
sides of Eq. (27) are homotopically equivalent in the sense
of Eq. (12) and the 8g position furnishes an equivalence.
Consequently, given a system whose valence band transforms
as the EBR A4 1 G and whose conduction band transforms
as the EBR By 4 1 G, it is possible to drive a quadratic gap-
closing phase transition at a high-symmetry point such that
when the gap reopens, the valence band transforms as the EBR
Agq 1 G and the conduction band transforms as By ¢ 1 G (the
quadratic dispersion is required by symmetry). The gap must
close during the transition because the valence band in each
phase can be distinguished by the quantized invariant n € Z4
defined in Eq. (26), despite being indistinguishable by their
little group irreps.

An explicit tight-binding model with this feature can be
constructed in the following way (and is elaborated on in
the Supplemental Material [92]): the Aq @ B 4 representation
describes s and p, orbitals at the 4a position. In the basis of
these orbitals, a tight-binding model with hopping only in the
Z direction is given by

t
H= —2(1 +02) = 5 (1 +0.cosk: +oysink).  (28)

This Hamiltonian can be considered as an array of Rice-Mele
[92,94] chains oriented in the Z direction, and stacked accord-
ing to the face-centered lattice vectors of Eq. (14), as shown
in Fig. 1. The (spinless) C», 190 and C» 0919 Symmetry operations
act on these chains exactly as the inversion-symmetry oper-
ation acts in the Rice-Mele model, while C; o9; acts as the
identity. As was shown in previous work (explicitly for this
model in Ref. [48]), when r = 0, the electrons in the valence
band are localized on the lattice sites, which correspond to
the 4a position in our model, while when € = 0, the electrons
in the valence band are localized halfway between the lattice
sites, which corresponds to the 4b position in our model. Thus,
our Berry obstructed atomic limit phase transition is exactly
the polarization transition in the Rice-Mele model. However,
unlike the Rice-Mele chain, our Berry obstructed atomic limit
cannot be diagnosed by a single Berry phase because, as
discussed above, the Berry phase Wy, need not be quantized.

Notice that the polarization along the z direction is quan-
tized because the z axis maps into itself under the rotation
C>.100, but this polarization cannot distinguish the two phases.
This is because in F222, % is neither a direct nor reciprocal
primitive lattice vector. To compute the polarization in the
z direction, we must integrate the Berry connection from
k=0tok =g +g =4mc(0,0, 1) [85]. A Wannier center
at q' thus yields the Berry phase Wy, g, = €4 ®+8) =
corresponding to a polarization of e =0 mod e, which is
indistinguishable from the polarization corresponding to a
Wannier center at (.

IV. EXAMPLE: P112, BERRY PHASE DISTINGUISHING
IRREP-EQUIVALENT EBRS WITH
TIME-REVERSAL SYMMETRY

We consider a second example of irrep-equivalent, but
distinct, EBRSs in space group P112 (P2, No. 3), which is gen-
erated by {C5 01|0} and primitive lattice translations. There

t

1b 1d
le tl

la

FIG. 3. Unit cell, lattice vectors, and maximal Wyckoff positions
in P112 in the z = 0 plane.

are four maximal Wyckoff positions:
9. =0,0,2), ¢q,=(0,3,2),
=302, q=(312), (29)

shown in Fig. 3. The site-symmetry group G, of each q; is
generated by a C; go; rotation about an axis that goes through
q;. Hence, G, is isomorphic to the point group C,, which has
two single-valued and two double-valued irreps, as shown in
Table II. [The parameter z in Eq. (29) is free because the site-
symmetry group G, is independent of z.] The EBRs induced
from these irreps are all distinguishable by their irreps at high-
symmetry points, as can be verified using the BANDREP tool on
the Bilbao Crystallographic Server (BCS) [48].

When TR is present, the EBRs induced from the single-
valued irreps remain distinguishable by their irreps at
high-symmetry points because TR does not impose extra
constraints on the high-symmetry points. However, TR is im-
portant for the double-valued irreps and their induced EBRs
because it enforces a Kramers degeneracy. Specifically, since
the pair of complex-conjugate irreps 'E and 2E of ¢C, (the
superscript d indicates the double group; see Table II) are
exchanged under TR, the point group generated by ¢C, and
TR has a unique double-valued irrep, which we denote ' E2E.
In real space, then, G4, has a unique double-valued irrep,
which we denote p;. In reciprocal space (momentum space),
the four EBRs p; 1 G are irrep equivalent because the little
group of each high-symmetry point, which is generated by
C>.001 and TR, has only one irrep, 'E’E.

We now show that despite being irrep equivalent, each of
the four EBRs p; 1 G is distinguishable by a combination of
two Berry phases. Specifically, we will consider the eigen-
values of Wy, and W,,, which are the g;- and g,-directed
Wilson-loop matrices defined in Eq. (13) by transporting the
wave functions along the path kg, or kg, as k goes from O to
2m. (The reciprocal lattice vectors are defined by the usual
relation t; - g; = 274;;, where t; , are shown in Fig. 3 and
t; is the lattice vector in the z direction.) Since each EBR
consists of two bands with time-reversal symmetry, Wy, is a
2 x 2 matrix. Following the discussion below Eq. (13), when
the Hilbert space includes only the two orbitals transforming
as p;, the two eigenvalues of W, are both ¢/%%. As shown
in Table III, the combination of eigenvalues of Wy, and Wy,
uniquely determines the EBR.

However, as we discussed in Sec. III, the Hilbert space
generically includes other orbitals. We now prove that, unlike
in the example in Sec. III, the Wilson-loop eigenvalues remain
fixed at the values in Table III even in the presence of other
orbitals. The proof is as follows: TR requires the two Wilson-
loop eigenvalues to be degenerate [75], which forces Wy, =
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TABLE III. Wilson-loop eigenvalues of the EBRs induced from
pi on site q; with time-reversal symmetry in space group P112. The
second (third) column lists the eigenvalue of Wy, (Wg,). As explained
in the text, the two eigenvalues of Wy, (W,,, are degenerate; hence,
only one number is listed in each column even though the Wilson-
loop matrices are 2 x 2. The combination of the eigenvalues of Wy,
and W,, uniquely determine the EBR.

Site Wy, eig. W,, eig.
A 1

qds 1 —1

qc —1 1

qu -1 -1

¢ 1T, where 6; is real and I indicates the 2 x 2 identity matrix.
Since {C,001|0} reverses the orientation of the Wilson loop,
it forces Wy, to also be particle-hole symmetric [75], which
requires 6; € {0, }. Thus, if other bands are introduced into
the Hilbert space, the Wilson-loop eigenvalues in Table III
remain fixed to £1, and the four EBRs remain distinguishable.

Notice that the same argument applies in space group
P11m (Pm, No. 6), which is generated by a mirror reflection
through the z = 0 plane and translations. In this group, there
are only two maximal Wyckoff positions, la (x,y,0) and
15 (x,y, %). When spin-orbit coupling is included and time-
reversal symmetry is enforced, there is a unique double-valued
irrep of each site-symmetry group and the EBRs induced from
different sites are irrep equivalent. Since there are only two
maximal Wyckoff positions, the irrep-equivalent EBRs can be
distinguished by a single Wilson loop Wy, defined in Eq. (13)
by transporting the wave functions along the path (0, 0, k) as
k goes from 0O to 27 because the combination of mirror and
TR forces Wy, = £1.

As in Sec. III, one can construct an obstructed atomic limit
transition between two phases, where the valence bands in
the two phases are irrep equivalent, but distinguishable by the
combination of Wy, , eigenvalues.

V. IRREP-EQUIVALENT EBRS

We now generalize the examples in Secs. Il and IV to other
space groups. Specifically, we answer the following question:
When are the EBRs induced from representations of the site-
symmetry groups Gq and G irrep equivalent? The case of
single-valued representations without time-reversal symmetry
was considered by Bacry, Michel, and Zak (BMZ) [74]. In this
paper, we present a complete answer to this question for EBRs
with and without TR and SOC by a computational search; the
results are listed in Appendix B. In addition to expanding to
include TR and SOC, our results also reveal two cases missed
by BMZ [74], which we analyze in Sec. VF.

The tables in Appendix B are obtained by computing the
irreps for each EBR at each high-symmetry point using the
BANDREP [48,50,52] application on the BCS. Once the irreps
are computed, EBRs that are irrep equivalent can be identified
by explicitly comparing their irreps. The tables in Appendix B
are separated into EBRs that are or are not “decomposable” in
the sense of Ref. [48]: when an EBR is not decomposable, all
bands corresponding to the EBR will always be connected.

To better understand our computational results, in this sec-
tion we use group theory to derive a set of necessary (but not
sufficient) conditions for irrep equivalence. For simplicity, we
apply them to the case without TR or SOC to see how the con-
ditions limit the space groups that can contain irrep-equivalent
EBRs.

A. Deriving irrep equivalence from characters
of the site-symmetry group

Although irrep equivalence is defined by the representa-
tions at each high-symmetry point, it is elegant and useful to
consider the full band representation pg, whose blocks pg we
explicitly constructed in Eq. (6) for all k in the BZ. To utilize
this formalism, we prove the following in Appendix C:

Theorem 1. Two band representations pg and pg; of a space
group G are irrep equivalent if and only if they are related by
a unitary transformation U such that

Ulpa(@IU" = p(g) forall g € G. (30)

Theorem 1 eliminates the need to consider individual k
points; instead, we consider the unitary equivalence of entire
band representations at once. Further, Theorem 1 does not
place any constraints on the k dependence of U such as conti-
nuity or BZ periodicity. Thus, irrep equivalence is weaker than
the homotopic definition of equivalence in Eq. (12), which
requires that the unitary matrix be smooth and periodic in k.
This is exactly the point of this work: as was illustrated by
the examples in Secs. III and IV, band representations can be
unitarily equivalent, and thus display all the same representa-
tions at high-symmetry points, without being homotopically
equivalent. When this happens, the unitary transformation is
not smooth and periodic in the BZ, as we saw in Eq. (23)
where My was not BZ periodic.

We now seek conditions for when two EBRs are unitarily
equivalent. Since EBRs are induced representations, in the
language of group theory, we want to know when two induced
representations are unitarily equivalent. The question is well
defined for finite groups using character theory (we review
the representation theory of finite groups in Appendix D).
However, difficulties arise due to the infinite nature of space
groups (which have an infinite set of translation symmetries).
This motivates us, following BMZ [74] to define the finite
“Born—-von Karman” space groups Gy = G/Ty, where Ty is
the subgroup of G generated by tV and t; are the primitive
lattice vectors (notice that Ty is infinite and, as a result, Gy =
G/Ty is finite). These are the symmetry groups of finite-sized
crystals with periodic boundary conditions.

We restrict ourselves to choices of N such that the high-
symmetry points in the BZ of Gy are identical to those of G
[96]; with this constraint on N, EBRs will be irrep equivalent
in G if and only if they are also irrep equivalent in Gy. (For
example, in the case of inversion symmetry in one dimension,
the high-symmetry points are k = 0 and r, so we require N to
be even.) Thus, our search for irrep-equivalent EBRs of G is
identical to searching for irrep-equivalent EBRs of Gy. With
this understanding, we will drop the subscript N and proceed
to use the representation theory of finite groups, reviewed in
Appendix D.
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Using the character theory of finite groups, we derive in
Appendix E a necessary and sufficient condition for two in-
duced representations to be unitarily equivalent. This result,
which we will utilize extensively in the following, is expressed
in the language of band representations as follows:

Theorem 2. Given a representation of G4 with characters
x and a representation of G with characters x’, the induced
representations with characters x 1 G and x’ 1+ G will be
irrep equivalent if and only if, for every g € Gq U G,

1 1 L,
o 2 W= 3 AU, 6D

|Gl heGyNigla |Gy W eGylgls

where [glc = {(¢)"'gd/|¢ € G} denotes the conjugacy class
of gin G.

Theorem 2 provides an algorithm to make a complete list
of irrep-equivalent EBRs in all space groups by evaluating
Eq. (31) for all pairs of sites q, q’, characters y, x’, and
space-group elements g € Gq U G¢. We have compiled tables
of irrep-equivalent EBRs (described in Appendix B) in a dif-
ferent way, by explicitly comparing the irreps of each EBR
at high-symmetry momenta. Thus, Theorem 2 serves as an
independent check of the tables.

In the remainder of this paper, we will use Eq. (31) to
derive constraints on which site-symmetry groups can induce
irrep-equivalent EBRs. Ultimately, we find two main results:
first, in Sec. VD, we derive that only seven point groups
permit irrep-equivalent EBRs induced from the same Wyckoff
position. Second, in Sec. VE, we show that there are only
29 pairs of point groups that permit irrep-equivalent EBRs
induced from different Wyckoff positions.

B. Examples

Before deriving more general constraints, we provide two
examples of how to use Theorem 2 by applying it to the irrep-
equivalent EBRs studied in Secs. III and IV.

1. Application of Eq. (31) to F222

We showed in Sec. III that the EBRs p + G and p’ 1 G,
defined in Eqs. (20) and (22), are irrep equivalent for any irrep
o of Gg=(0,0,0) and the corresponding irrep o’ of the isomor-
phic group Gq/=(0,0,%)’ where p’ is defined in Eq. (21). Recall
from Sec. III that both G4 and G¢ contain {C; oo |0}, while
each other nontrivial element of G is in the same conjugacy
class (with respect to the space group G) as an element in G,
specifically,

{Co100lt:} = {EI6}HCa 100 0HE [t2) 1,
(32)

{Cron0lt.} = {E|t:HCa 010 0H{E |t3) ",

where {C2,100(010)|tz} € Gqf, while {C2,100(010)0} S Gq; the lat-
tice vectors t; » 3 are defined in Eq. (14); and ¢, is defined in
Eq. (19).

We now show explicitly that Eq. (31) is satisfied (utilizing
|Gql = |Gy and taking x and x’ to denote the characters of
p and p’, respectively):

g=FE In this case, GqN[glc = Gy N[gl¢g = E. Thus,
Eq. (31) yields x(E) = x'(E) = 1.

g = {C2,001|0} In this case,
Gy Nlgle = Gy Nlgle = {C2,00110}. (33)

Equation (31) yields x ({C2.00110}) = x'({C2.00110}), which is
satisfied by the definition of p in Eq. (21).

& = {C2,1000010)|0} or {C 1000010)|t;} We showed in Eq. (32)
that {C;, 10()(010)|0} and {C;, 100(010) |t} are conjugate in G. Since
g only enters Eq. (31) through [g]s, the equation is the same
for either choice of g. Since

Gq N gle = {C2,100010) 10},
Gyq Ngle = {C2. 100010t} (34)

Equation (31) yields x ({C2,100010)/0}) = x'({C2, 1000010 [t:})s
which is satisfied by the definition of p’ in Eq. (21).

Thus, the example in Sec. III of irrep-equivalent EBRs in
F222 induced from the la and 1b positions satisfy Eq. (31),
as of course they must, since we already showed that they are
irrep equivalent.

2. Application of Eq. (31) to P112

We showed in Sec. IV that in the double SG P112, the
EBRs induced from the double-valued 'E %E representation
(which is irreducible with respect to time-reversal symmetry)
of the site-symmetry groups G, are irrep equivalent for the
four sites q;—,p.cq defined in Eq. (29). The site-symmetry
group for each site is generated by a twofold rotation:

Gy, = {{C2,0011000}),

Gy, = ({C2,0011010}),
(35)
Gy, = {{C5,0011100}),

Gq, = {({C2,0011110}),

where the angled brackets enclose the site-symmetry group
generator.

It is straightforward to check that, unlike in the previous
example in F222 (Sec. VB 1), none of the twofold rotations
that appear in Eq. (35) are in the same conjugacy class with
respect to the space group P112. For example, the conjugacy
class [{C>,001/000}] only contains elements of the form

{En1n20} " {C,001 |000}{ E |11 1,0}
= {C2.001] — 211, —2n3, 0}, (36)

where n;, € Z so that {E|nn,0} € G. Therefore, none of
the rotations in Ggq,, G , or Gg,, as defined in Eq. (35), are
conjugate to {C3 001|000}, due to the factors of two on the RHS
of Eq. (36).

We now check that Eq. (31) is satisfied when q = q, and
q =qy

g = E Since Gy, N [glg = Gq, N [glc = E, Eq. (31) yields
X(E)=x'(E)=2.

g = {C2,001/000} Eq. (36) showed that g is not conjugate to
any element of Gg,. Thus, the RHS of Eq. (31) is zero, which
requires on the LHS x(g) = 0. The characters in Table II
confirm this is satisfied for the 'E %E irrep.

g = {C2,001/010} Eq. (36) showed that g is not conjugate to
any element of Gg,, so that the LHS of Eq. (31) is zero. The
characters in Table II show that the RHS is also zero because
x(g) = 0 for the 'E ’E irrep.
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The same arguments hold for the other pairs of q, .4
Thus, the irrep-equivalent EBRs in P112 satisfy Eq. (31), as
expected.

C. Merging conjugacy classes

We now use Eq. (31) to constrain which site-symmetry
groups can induce irrep-equivalent EBRs. It will be useful
to introduce the notion of merging conjugacy classes: two
distinct conjugacy classes [g1lc, # (821G, defined with re-
spect to the site-symmetry group G, are said to merge in
the full space group G if [g1]c = [g2]6. We use the concept
or merging conjugacy classes to rewrite the LHS of Eq. (31)
when g € G:

Theorem 3. Given g € G, if the conjugacy class [glg,
does not merge with any distinct conjugacy class [¢]g,, where
g € Gy, [g](;q * [g](;q, then the LHS of Eq. (31) is given by

llglg,|
|Gyl

x(h) =

x(8)- 37)
|Gl helgle,

Proof. Let g € Gq. If [g]g, does not merge with any dis-
tinct conjugacy class of G4 in G, then [glg, = G4 N [gls [for,
otherwise, there exists h € (Gq N [glg), such that & ¢ [g]g,
which means the conjugacy classes [h]Gq and [glc, are distinct
and merge in G, violating the hypothesis]. Thus, when [¢g]g,
does not merge with any distinct conjugacy classes in G, the
LHS of Eq. (31) can be rewritten as the LHS of Eq. (37). The
equality in Eq. (37) follows because all elements in the same
conjugacy class have the same character, which completes the
proof. |

We now establish two theorems about merging conjugacy
classes that we will use in the following sections to show that
many site-symmetry groups cannot induce irrep-equivalent
EBRs, following BMZ [74].

The first theorem pertains to crystallographic classes: two
symmetry operations g; and g, are part of the same crystal-
lographic class if and only if there exists a crystallographic
symmetry operation g such that g = g~'g,g. For example,
{C2.10010} and {C5,010|0} are in the same crystallographic class
because they are conjugate by {Cs 0010}, but {Cs,100/0} and
{C>2.110/0} are not in the same crystallographic class because
they are conjugate by the rotation {Cg 09;|0}, which is not a
crystallographic symmetry operation.

By the definition of a crystallographic class, we deduce the
following:

Theorem 4. If G4 is isomorphic to one of the following
point groups,

Ci1, G, Gy, Gy, Cop, Cay, D4, D3, 3y,
(38)
D3y, Dg, Coy, D3jy, Doy, Ty, O, Oy,

which do not have any distinct conjugacy classes with el-
ements in the same crystallographic class, then no two
conjugacy classes of G4 merge in any space group G. The
asterisk (*) indicates the 4m2 orientation of D,,, discussed
below.

Proof. Suppose that Gq is isomorphic to a point group
listed in (38) and that two distinct conjugacy classes [g1]g,
and (821G, merge in G. Then, by definition, g; and g, are in

the same crystallographic class. This completes the proof by
contradiction since the groups listed in (38) do not have any
distinct conjugacy classes with elements in the same crystal-
lographic class. n

We now make a few comments on the list (38). First,
as an example, C, appears on this list because its two con-
jugacy classes are [C;] and [E], and C, and E are not in
the same crystallographic class; on the other hand, D, =
{E, C2,100, C2,010, C2,001} 18 not on this list because each el-
ement in D, is in its own conjugacy class, but all the C,
rotations in D, are in the same crystallographic class. Second,
Dy, in the 4m2 orientation, which contains Cs go; and C, 110
in separate conjugacy classes, appears on this list because the
two operations are not conjugated by a space-group symmetry
operation. On the other hand, D,; in the 42m orientation
contains C; g9; and C, 109 in separate conjugacy classes; this
group does not appear on the list because C; 091 and Cy 100
are conjugated by Cy4 10, which is a space-group symmetry
operation. Third, we note that one can make a similar list
for the double-crystallographic point groups. The list will be
different because the double groups have an extra generator,
due to the double cover of SO(3) by SU(2) [50], that changes
the distribution of symmetry elements into conjugacy classes.
Here, for simplicity, we exclude the double groups from our
analysis and also ignore time-reversal symmetry. However,
the tables in Appendix B are listed for both point groups and
double-point groups, with and without time-reversal symme-
try.

The second theorem results from considering the conju-
gacy class of a point-fixing symmetry, which is a symmetry
operation that has exactly one fixed point, such as the rotore-
flections S, (inversion), S3, S4, and Sg:

Theorem 5. Let g1 > € G4 be point-fixing symmetry oper-
ations. If [g1]1¢ = [g2]c then [g1]6, = [82]G,-

This is clear when g; is an inversion operation since
there can only be one inversion operation in a site-symmetry
group. The general proof is as follows: suppose gi> € Gq
are point-fixing symmetry operations and [g;]¢ = [g2]g- Then
there exists a g € G such that g~!g,g = g», which implies
g1(gq) = gg»q = gq, i.e., gq is a fixed point of g;. By hy-
pothesis, g; only has one fixed point q; thus, it must be that
g9q = q. Consequently, g € Gq. Since g 'g1g = g, this means
(g1lg, = [g2]G,-

We now utilize the theorems in this section to restrict
which site-symmetry groups can host irrep-equivalent EBRs.
We first consider EBRs induced from the same site-symmetry
group, i.e., ¢ = ¢ in Eq. (31), and then consider the case
q # . In the former case, we prove that irrep-equivalent
EBRs are only possible when G4 is isomorphic to one of
seven possible point groups (out of the 32 point groups that
occur in crystals). Within the second case, we narrow down
the possible pairs of G4 and G to 29 possible pairs and
find examples that were missed by BMZ [74]. This provides
sufficient conditions for irrep-equivalent EBRs. The tables in
Appendix B provide an exhaustive list of all examples.

D. Same site: q = ¢’

We first consider the case where q = q’ in Eq. (31): we
prove using the theorems in Sec. V C that irrep-equivalent
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EBRs are only possible when G is isomorphic to one of the
following seven point groups:

C2U3C37C47C6’D27D2h5 T- (39)

We then prove by explicit computation (Table VIII) that this
list is necessary and sufficient. Recall from the discussion
below (38) that this is a list of single groups; there is a different
list for double groups that we do not derive.

We now establish the list in (39), following BMZ [74].
When q = q’, Eq. (31) gives a necessary condition for two
band representations induced from the same site to be irrep
equivalent:

Corollary 1. A necessary condition for two band repre-
sentations induced from distinct representations of the same
site-symmetry group G4 to be irrep equivalent, is that two
distinct conjugacy classes of G4 merge with respect to G.

We prove Corollary 1 by contradiction: suppose that no
distinct conjugacy classes of Gq merge in G and let x and x’
be characters of two inequivalent representations of G4 such
that x 1 G and x’ 1 G are irrep equivalent. Since no distinct
conjugacy classes of G4 merge in G, both sides of Eq. (31)
simplify according to Theorem 3:

Mx(g) = MX’(g) = x(@)=x'(3), (40)
|Gyl |Gyl
for all g € G4. Since two representations with the same
character are equivalent, our assumption that x and x’ are
characters of inequivalent representations of G4 is contra-
dicted, which completes the proof.

Theorem 4 established that for the point groups listed in
(38), no two conjugacy classes of Gq merge in G, for any
choice of G. Combined with Corollary 1, it follows that when
G is isomorphic to a group in (38), distinct irreps of G4 will
not yield irrep-equivalent EBRs. This conclusion rules out 16
of the 32 point groups. [Notice that although 17 point groups
are listed in (38), D4 in the 42m orientation is not ruled out.]

We rule out five additional groups by the following:

Corollary 2. If G4 is an Abelian group generated by a
set of point-fixing symmetry operations, then no two distinct
representations of G4 will induce irrep-equivalent EBRs.

Proof. Suppose that x and yx’ are characters of two distinct
representations of Gq and that x ¢ G and x’' 1 G are irrep
equivalent. Then, for each point-fixing generator g; of G,
Theorem 5 guarantees that [g;]¢ N Gq = [gilg,. Thus, both
sides of the sum in Eq. (31) simplify according to Theorem
3, yielding exactly Eq. (40), which implies x(g;) = x'(g:)
for each point-fixing generator g; of G4. By hypothesis, G4
is generated by the set of g;; hence, each element g € G4
can be written as g =[], g"". Since, also by hypothesis, Gq
is Abelian, the order of the g; in the product does not matter.
Thus, the character of g can be expressed as the product

x@ =[x =]]ix'En"=x". @

where we have used x(g1g2) = x(g1)x(g2) for an Abelian
group (which does not necessarily hold in a non-Abelian
group) and the middle equality follows because we proved
x (&) = x'(g:). But x(g) = x'(g) for all g € G4 violates our
hypothesis that x and x’ are characters of distinct representa-
tions of G4, which completes the proof. ]

There are five Abelian crystallographic point groups that
do not appear in (38) and can be generated by only point-
fixing symmetry operations:

Sa=(Sy), Ca=(S5,1), Se=1(S5),
(42)

Gy = (S7),  Cen= (S5, 1),

where the angled brackets enclose the group generators, S
indicates an n-fold rotoreflection, and i indicates inversion,
following Schonflies notation [91]. Corollary 2 proves that if
G is isomorphic to one of the point groups in (42), then no
two distinct irreps of G4 will induce irrep-equivalent EBRs.

Finally, by using the POINT application on the BCS (see end
of Appendix F), one finds that if G4 is one of the following
four point groups:

Dy, D3y, Dy, T, (43)

conjugacy classes with respect to G4 can merge in G, but
no distinct irreps of Gq induce irrep-equivalent EBRs. The
double asterisk (**) in (43) indicates the 42m orientation of
D,y as explained below Theorem 4. We show in Appendix F
that for these groups [as well as the groups listed in (38)],
distinct irreps of the site-symmetry group induce band rep-
resentations with different little group representations at I,
which, consequently, are not irrep-equivalent.

Thus, there are only seven possible choices of Gg, listed
in (39), from which distinct irreps can induce irrep-equivalent
EBRs. This list is not only sufficient, but also necessary: Ta-
ble VIII reveals that for each point group in (39), there exists at
least one space group with a site whose site-symmetry group
is isomorphic to one of the groups in (39) and for which
two distinct irreps induce irrep-equivalent EBRs. Table VIII
contains the complete list of irrep-equivalent EBRs induced
from the same site, without time-reversal symmetry. The table
contains both single-valued and double-valued EBRs: while
the former were enumerated in Tables 2 and 3 of BMZ [74],
the latter list is presented in this work. Also, we provide an
analogous list for irrep-equivalent time-reversal symmetric
EBRs induced from the same site in Table XII.

E. Irrep-equivalent EBRs when q and q' are not
part of the same Wyckoff position

We now consider the case that q and ¢’ are not part of the
same Wyckoff position. We use the theorems in Sec. V C to
prove that certain pairs of point groups G4 and Gy cannot
have irreps that induce irrep-equivalent EBRs. We limit the
total number of possible cases to 29 (G4, G ) pairs, out of 528
possible pairs of crystallographic point groups. The possible
pairs are indicated by empty squares in Table IV, which we
now derive.

We first limit the possible cases of irrep equivalence by
proving that representations whose character of a point-fixing
symmetry operation is nonzero do not induce an EBR that is
irrep equivalent to any distinct EBR:

Corollary 3. Given a site-symmetry group Gg4, a point-
fixing symmetry operation g € Gq, and an irrep of G4 with
character y, if x(g) # 0, then x 1 G is not irrep equivalent to
any EBR induced from the site-symmetry group of a site that
is not part of the same Wyckoff position as q.
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TABLE IV. The possible pairs of site-symmetry groups G4 and Gy (rows and columns) that can induce irrep-equivalent EBRs according
to the list in (45) are indicated by empty boxes. An X indicates that a pair (G4, G ) is ruled out because G4 has an element g in Table V that
guarantees the LHS of Eq. (31) is nonzero, while Gy has no element in the same crystallographic class as g, thus guaranteeing that the RHS
of Eq. (31) is zero. Of the remaining pairs, those that are ruled out because they do not have irreps that satisfy the dimensionality constraint in
Eq. (47) are marked with a D or D’ for dimension (see text for distinction). Those that are ruled out because there is no space group with both
point groups as maximal site-symmetry groups are marked with a W for Wyckoft.

G C D, Gy, Cy D, Dy, Cyy

G D3 Csy Cs D¢ Cov T 0 1y

G

D,
C2v
Cy

D,

£=

C4v
G

D
C3v
Cs

Dg
C6v

SIS~

TOOUOXX XX X XUTOUTOUODUOUUOX
e e e e

MM X M X M X M X T T KX T
oo

DO XXX XXX
DOSHX XXX XSEES

v}

T TS XXXXNXO

TS =X X XXX

1y

X O XX XX
DO O XNMXNX<Z
KX R
XM X E =
Mo =
XX M =

Proof. Let g € G4 be a point-fixing symmetry and let x be
the character of an irrep of G4 such that x (g) # 0. Theorem 5
says that [gi]lc N Gq = [g,-](;q; therefore, the sum on the LHS
of Eq. (31) is over the conjugacy class [g]g,. Then, using
Eq. (37), the LHS of Eq. (31) is proportional to x(g). Since
x(g) # 0 by hypothesis, the LHS of Eq. (31) is nonzero. Now
suppose there is a site @ and an irrep of G¢ with character
x’ such that x 1+ G and x’ 1 G are irrep equivalent. Since we
have established that the LHS of Eq. (31) is nonzero, it must
also be that the RHS of Eq. (31) is nonzero. Thus, the sum
on the RHS of Eq. (31) must be over a nonempty set, i.e., g
is conjugate in G to some element g’ of G. Then there exists
h € G such that h~'gh = ¢. Consequently, g(hq') = hg'q' =
hq’ (the last equality follows because g’ € G¢), i.e., hq is a
fixed point of g. Since, by hypothesis, g has a single fixed point
hq' = q, which, by definition, means that q and q’ are part of
the same Wyckoff position. This completes the proof. |

There are 14 point groups that have a point-fixing symme-
try operation whose character is nonzero in all irreps:

Ci, Cop, Doy, Sa, Capy Dap, Se, D3g,

G, Cen, D3, Dejy, T, Oy, (44)

Corollary 3 guarantees that if G4 is isomorphic to one of the
point groups in the list in (44), then no EBR induced from an
irrep of G4 will be irrep equivalent to an EBR induced from an
irrep of Gg when q’ is not part of the same Wyckoff position
as q.

We further rule out the case where G is the trivial group
(C1) because if G has the general Wyckoff position (which,
by definition, has a trivial site-symmetry group) as a maximal
Wyckoff position, then it has no special Wyckoff positions.
(Such groups are called fixed-point free space groups or
Bieberbach groups.)

There are 17 remaining choices for Gy:
G, Cs, Dy, Coy, Cy, Dy, Cyy, Doy, G,

D35C3U’C65D67CGU’T7 0’ Td‘ (45)

All these groups except for D,; and T; lack point-fixing
symmetry operations. While D,; and T; have point-fixing
symmetry operations, they also have irreps where the char-
acter of the point-fixing operation is zero; hence, none of the
groups listed in (45) are ruled out by Corollary 3. Thus, there
are (17 x 16/2) + 17 = 153 pairs of crystallographic groups
that could correspond to Gq and Gy (including the 17 pairs
where Gq and G are isomorphic even though q and q' are
not part of the same Wyckoff position). These 153 pairs are
shown boxed in Table IV.

We will eliminate 77 of the 153 possible pairs of (Gq, Gq)
(marked with an X in Table IV) in the following way: suppose
G has an element g such that the LHS of Eq. (31) is nonzero
for any x (we will explain below how this can happen). If,
further, [glc N G¢ =¥, then the RHS of Eq. (31) will be
zero for any x’. Therefore, Eq. (31) is not satisfied for any
irreps x, x' of G4, Gy, respectively. Consequently, the pair
(Gq, G¢') can be ruled out as a candidate for irrep equivalence.

To this end, for each point group listed in (45), we list in
Table V the crystallographic classes for which the LHS of
Eq. (31) is necessarily nonzero, for any x. We now explain
how to find the entries in Table V. For the following point
groups

G2, G5, Coy, Gy, Cay, D3, Gy,
Cs (when gis Cy), Dg, Coy, T, O, Ty, (46)

the element g listed in Table V meets two conditions:
(1) All of the elements of G in the crystallographic class
of g are in the conjugacy class [glg, and hence the conjugacy
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TABLE V. For each point group G4 in (45), the elements g are
listed for which the LHS of Eq. (31) will necessarily be nonzero, for
any space group G and any irrep x of G4. (No entry means that there
is no such g € G, with this property.) The orientation of the axis of
rotation is only specified when there is more than one axis of the
same order in different conjugacy classes.

Gy g

G G,

Cs m

D,

CZv CZ

C4 C2

D,

C4v CZ

G G

Dy (63

C3v C3

Cs G, G, G
Ds Ca.001, G, G
Cev G, G5, G
T G

0 C2.001
Dy

T, G,

class [g]g, does not merge with any distinct conjugacy classes
in G.

(2) For all irreps of G, x(g) #O0.

For example, if G is isomorphic to the point group C,, and
g indicates the twofold rotation in G, then for both irreps of
Gy, x(g) # 0. Since G4 does not have any other conjugacy
class with a G, rotation, it follows from Theorem 3 that the

LHS of Eq. (31) is given by %X(g) = %X(g) # 0, for any
space group G. We then deduce that if G does not have a
twofold rotation, Gy N [glg =¥ and therefore the RHS of
Eq. (31) will be zero for all irreps of G:l. Hence, there will
never be an irrep equivalence between G4 and Gy .

We now explain the point groups in Table V that do not
appear in (46), namely, C; and Cs (When g = C3, Cg). Consider
the case when G is isomorphic to C; and generated by g =
{C3.001|0}. Table VI shows that g and g~ ! are in different con-
jugacy classes with respect to Gg. If they remain in different
conjugacy classes with respect to G, then the LHS of Eq. (31)
will be nonzero according to Eq. (37) since x(g), x(g~') # 0.
If, on the other hand, their conjugacy classes merge in G
(which would happen if, for example, G contained {C>,100|0},
since {C5,10010} " {C3,001 [0}{C2.10010} = {C5 0, 10}). then the
LHS of Eq. (31) would be proportional to x (g) + x(g~') # 0.
Thus, whether or not the conjugacy classes of g and g~' merge

TABLE VI. Character table for Cs; w = €>/3.

0 [E] [G3] [c']
A 1 1 1
'E 1 w? 1)
’E 1 w w?

TABLE VII. Character table for Cy; w = €7/3.

o [E] [Ce] [G] (& (G (G
A 1 1 1 1 1
B 1 -1 1 —1 1 -1
'E, 1 w ? 1 w w?
’E, 1 w? 1) 1 w? 1)
'E, 1 —w ? —1 w —w?
’E, 1 —? w 1 w? —w

in G, the LHS of Eq. (31) is always nonzero when applied to
g. This explains why Cjs is in Table V with g = C;. The same
logic applies to Cg for g = C3, Cg, which can be verified by
the characters in Table VII.

Constraints from dimensionality further restrict the pairs of
point groups in Table I'V. Taking g to be the identity element
in Eq. (31) yields a necessary condition for x and x’ to induce
irrep-equivalent EBRs:

X(E)/|Gql = x'(E)/|Gy|. 47

Since x(E) = dim(p), where x is the character of the rep-
resentation p, Eq. (47) can be regarded as a dimensionality
constraint. We rule out 23 additional pairs of site-symmetry
groups, marked with a D in Table IV, because they do not
have irreps that satisfy Eq. (47).

We make a finer constraint on dimensionality by looking
at specific representations: in particular, we eliminate four
additional pairs of point groups, marked by a D’ in Table IV,
because the specific irreps that satisfy the dimensionality con-
straint in Eq. (47) do not satisfy the necessary condition for
irrep equivalence in Eq. (31), which we prove in Appendix G.

For the remaining pairs of point groups in Table IV, we
mark with a W those pairs for which there does not exist
a space group with maximal Wyckoff positions whose site-
symmetry groups are given by Gq and G . This eliminates 20
additional pairs.

This analysis has narrowed our search to only 29 (Gq, G¢)
pairs that could yield irrep-equivalent EBRs.

In Tables IX and Table X we list the irrep-equivalent EBRs
induced from different sites. The difference between the two
tables is that in Table IX the irrep-equivalent EBRs are not
homotopically equivalent, where homotopic equivalence is
defined according to Eq. (12), while in Table X, the irrep-
equivalent EBRs are also equivalent. [Recall that homotopic
equivalence is a sufficient condition for irrep equivalence,
but not necessary, as discussed below Eq. (12).] To deter-
mine whether two irrep-equivalent EBRs are homotopically
equivalent, we explicitly checked whether there exists a third
intermediate Wyckoff position (on the line connecting the
two sites from which the irrep-equivalent EBRs are induced),
such that a band representation induced from the intermediate
Wyckoff position is irrep equivalent to the two EBRs. If such
an intermediate position exists, we deduce that the two EBRs
are not only irrep equivalent, but also homotopically equiva-
lent.

Between Tables IX and X there are only nine pairs of
site-symmetry groups with irreps that induce irrep-equivalent
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TABLE VIII. Irrep-equivalent EBRs induced from different ir-
reps of the same site-symmetry group G4 of the site q. The first

TABLE VIII. (Continued.)

column indicates the space group, the second column indicates the SG q Gy Irreps
Wyckoff position that contains q, the third column indicates the point
. . . . 101 b Gy, B, B,
group isomorphic to Gg, and the fourth column indicates the irreps. 101 4 P B B
The EBRs indicated above the double line are not “decomposable” 2 1_1’ 2_2
in the sense of Ref. [48], that is, all bands corresponding to the 101 ¢ G E,’E
EBR will always be connected. The EBRs below the double line are 102 a Cay ﬁl’ f_z
decomposable. This tables serves as an explicit check of the list in 103 b G llfl’ zbj‘
(39): for the single-valued irreps in the fourth column (identified by 103 b G EZ’ 2[52
the lack of an overbar), exactly the point groups listed in (39) appear 103 a G IEI’ ij‘
in the third column. 103 a G By, 'y
103 b C,y E,E
SG q Gy Irreps 103 a Cy E,’E
105 b G B, B,
26 b Cs IE, ZE 105 a CZU Bl ) BQ
26 a C EE 106 b G 'E,’E
27 d G 'E,E 107 b Gy B, B,
27 C C2 IE, ZE 108 a C4 IEI ) ZE_I
27 b C2 ]E, ZE 108 a C4 ]Ez, ZEZ
27 a Cz IE, 2E 108 b sz Bl N Bz
36 a C E,E 108 a C,y E,E
37 b C2 ]E, ZE 109 a sz Bl N Bz
37 a G 'E,E 110 a C, 'E,E
39 C Cs IE, ZE 113 C CZU B] N BQ
39 b G EE 117 d D, B,, B;
39 a Cz IE, ZE 117 C Dz Bz, B3
42 b G E,E 120 d D, B,, Bs
45 b G 'E,E 120 a D, B,, B;
45 a Cz IE, ZE 125 f Cz;, lEu, ZE_M
46 b C E,E 125 f Cop E,, E,
54 e (o) 'E,’E 125 e Co 'E,,E,
54 d Cz IE, ZE 125 e Cz;, lEg, ZEg
56 d (o} 'E,’E 127 d Dsy, By, B,
56 C C2 IE, ZE 127 d D2h B2g, B3g
57 d Cs IE, ZE 127 c D2h Bzu, B3H
62 c Cs IE, ZE_ 127 c Dz;, B2g, B3g
67 f C2h 1Eu, ZEu 129 e Cz]l lEu, ZEu
67 f CZh lEg, Eg 129 e Czp, Eg, ZEg
67 e Cop 'E.E, 129 d Cop 'E..E,
67 e Cy, E,. E, 129 d Cop 'E,, %,
67 d Cy, 'E..E, 130 c C,y 'E\,E
67 d CZh lEg, Eg 130 C C4 1E2, ZE_Z
67 c C2h IE”, ZEu 130 [ C4 IE, 2E
67 c Czh lEg, ZEg 130 a Dz Bz, B3
68 h G EE 132 f Cop 'E,,%E,
69 e C2h lEu, ZEu 132 f Cz;, lEg, ZEg
69 e CZh lEg, E_g 133 c Dz Bz, B3
69 d Cop 'E..E, 134 f Cop 'E,,%E,
69 d Cy, E,. E, 134 f Cy E,. E,
69 c Cz;, lEl,, ZEM 134 e Cz;, lEu, ZEM
69 c Co £, E, 134 e Co £, %,
72 d CZh IEM, ZEM 135 c Cz;, IEM, ZEu
72 d Cop E,, E, 135 c Cop E,, %E,
72 c CZh ]Eu, ZEM 135 d D2 Bz, Bg
72 C CZh lEg, ZEQ 137 d sz B] N Bz
73 e C2 IE, 2E 138 d C2h IEu, ZEM
73 d G 'E,E 138 d Cop 'E,, E,
73 c C2 IE, ZE 138 c Cz;, IEM, ZEH
90 b D2 Bz, B3 138 c C2h IE_g, ZEg
90 a Dz Bz, Bj; 138 e C2u B] . Bz
97 d D, B,, B; 140 d Dy, By, B3,
100 b Cy B, B, 140 d Dy, B,., B
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TABLE VIII. (Continued.)

TABLE VIII. (Continued.)

SG q Gy Irreps SG q Gy Irreps
142 b D, B, Bs 104 b G £ 2E
158 C C’; IE, ZE 114 d Cz IE, ZE
158 c G 'E,E 116 i G 'E,E
158 b G £ 2E 128 d D, B, B;
158 b G 'E,’E 139 f Co 'E..E,
158 a Cs E,E 139 f Ca B, E,
158 a G EE 140 e Gy, £, E,
159 a Cg IE, ZE 140 e C2h IEQ, ZEg
159 a C; 'E,’E 142 e C, 'E,E
161 a G £ 2E 165 d G £ 2E
161 a (&) 'E,E 165 d (&) 'E,E
177 d D; 'E,E 184 b C; 'E,E
177 c Ds £, 184 b G EE
183 b Gy, 'E,E 184 c () 'E,E
184 a C6 IEQ, ZE_z 192 C D3 1E_, 2E_
184 a C() 1E3, 2E3 202 d C2h ]E_‘u, ZEu
184 a C5 lEl N ZEl 202 d Cz;, lEg, ZEg
184 a Cs 'E», %E, 206 d C, 'E,E
184 a C() IEI,ZEI 211 d D2 Bz,B3
185 a Gy, 'E,E 223 e D; 'E,E
185 b G 'E,E 228 b D; 'E,E
185 b G E,E 228 a T IF,2F
186 b Gy, 'E,E 230 b D, 'E,E
186 a Csy 'E,E
197 b D, By, B,
201 d D, By, B, EBRs:
204 b Dy, Bllg, fZg (D2, D2), (D3, D3), (D4, Dy), (Ds, Ds),
o ‘ K o (Do, Daa), (T. 7). (0. 0), (Ty, Ty). (T, Dy).  (48)
208 b D; :@ ’ jbj Thus, the 29 pairs that appear in Table IV provide a necessary,
208 a r IF ’ ZF but not sufficient, condition for irrep equivalence of EBRs
209 ¢ r E,’E induced from different sites. Interestingly, the last pair in (48),
209 c T 7, 2F ) . . : .
210 5 T g 2 (T, D), is the only instance wher.e Gy is not 1spm0rphlc to
210 4 T ‘E7 25 Gy (for smglejvalued representations w1thou.t tlme—reYersal
210 b T IF’ % symmetry). Th1§ case was missed in the earlier analysis by
210 u T ‘F': 2% BMZ [74]; we discuss it 19 more de'ta.ul in Se.c. VEF. .
211 c Ds 2. A necessary and sufﬁmen.t condition for irrep equivalence
214 b D, I E could be derived by computing Eq. (31) for each g € G and
214 a D, £ q, q' that are part of a maximal Wyckoff position, whose site-
218 a T E.E symmetry groups are given by one of the remaining (G, G¢')
218 a T Uala pairs in Table IV. The EBRs induced from irreps of G4 and
219 b T EE Gy with characters x and x’, respectively, are irrep equiva-
219 a T E,E lent if and only if Eq. (31) is satisfied for all g € G. This is
219 b T \F,F the content of our computational results in Tables IX and X
219 a T F,F (without time reversal) and in Tables XIII and XIV (with time
220 c G 'E.E reversal).
220 c G '£,E

17 25
Zi g gij lgzz 21]3:: F. Differences from BMZ
224 b Dy £, E, Our computational analysis reveals many cases of irrep
224 b Dsy 'E,,E, equivalence where q # ¢’, but Gq and Gy are isomorphic
228 a T 'E.E (diagonal entries in Table IV), as well as two cases without
229 c Dy, 'E,,%E, SOC where Gq and G4 are not isomorphic (off-diagonal en-
229 ¢ D3y £, %E, tries in Table I'V). These two cases were missed by BMZ [74].
230 c D, By, B; (Note: BMZ only considered the spinless case. When SOC is
64 e G '{77 ) 21_; included, our tables show many cases where G4 and Gy are
103 c G EE not the same point group.)
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TABLE IX. EBRs that are irrep equivalent, but not equivalent in
the sense of Eq. (12) (equivalent pairs are listed in Table X), and

TABLE IX. (Continued.)

induced from irreps of different site-symmetry groups Gq and Gy, SG q Gy o q Gy e
such that q and ¢ are not part of the same Wyckoff position. The = -
first column indicates the space group. The second, third, and fourth 27 b G ij ¢ G lbj
columns indicate the Wyckoff position of the site q, point group 27 b G lbj ¢ G 1];
isomorphic to the site-symmetry group G, and irrep p of G4. The 27 a G £ ¢ G 1]::
fifth, sixth, and seventh columns indicate the same quantities for q'. 27 a G IE_ ¢ G ij
The EBRs indicated above the double line are not “decomposable” 27 b G zbj ¢ G ZE_
in the sense of Ref. [48], that is, all bands corresponding to the 27 b G f ¢ G f
EBR will always be connected. The EBRs below the double line are 27 a G 212 ¢ G ij
decomposable. 27 a G £ ¢ G £
p 1 1

27 a C2 E b Cz E

’ ’ 27 a C2 ZE b CZ E

56 4 G P a G Py a C, Ig b c %
16 d D2 E h D2 E 27 a C2 ZE b Cz ZE
16 c D2 E h Dz E 37 a C2 IE b C2 IE
16 b D2 E h Dz E_ 37 a C2 ZE b C2 IE
16 a Dz E h Dz E 37 a C2 lE_ b Cz 2E
16 f D2 E I4 Dz E 37 a C2 ZE b C2 ZE
16 e D2 E 8 Dz E_ 39 b C2 IE C CS IE
16 b Dz E 8 Dz E 39 b C2 ZE_ c CS IE
16 a D, E g D, E 39 a G IE c C, E
16 e Dz E f D2 E_ 39 a C2 ZE C CS IE
16 c Dz E f Dz E 39 b C2 lE_ c CS 2E
16 a D2 E f Dz E 39 b C2 ZE c Cs ZE
16 d D, E e D, E 39 a G E c C, ’E
16 a Dz E e Dz E 39 a C2 ZE_ c Cs 2E
16 c D, E d D, E 39 a G E b G, 'E
16 b Dz E d D2 E_ 39 a C2 ZE b C2 IE
16 b Dz E C Dz E 39 a C2 lE_ b Cz 2E
21 b D, E d D, E 39 a G ’E b (&3 ’E
21 a Dz E Cc D2 E_ 42 a sz E b C2 IE_
22 c Dz 32 d D2 32 42 a CZU E b Cz ZE
22 C D2 Bg d Dz B3 45 a Cz IE b Cz IE
22 C Dz B 1 d Dz B 1 45 a C2 ZE b C2 IE_
22 c Dz Al d D2 A] 45 a C2 1E_ b Cz ZE
22 a D2 B2 b Dz Bz 45 a Cz 2E b Cz 2E
22 a Dz B3 b Dz B3 50 b D2 E d Dz E
22 a Dz B 1 b D2 B 1 50 a D2 E c D2 E
22 a D2 A| b Dz A] 54 d C2 1E e C2 IE
22 b D, E d D, E 54 d C, ’E e C, E
22 a D, E d D, E 54 d G 'E e G E
22 b D, E c D, E 54 d G ’E e G, ’E
22 a Dz E C Dz E 56 c C2 IE d C2 IE_
25 a Czu E d sz E_ 56 C C2 ZE d Cz IE
25 b sz E Cc Cz,, E 56 c C2 IE d C2 2E
26 a C E b C 'E 56 c G E d C, E
26 a Cs ZE b Cs IE 68 a D2 82 b D2 Bz
26 a CS IE b C.v ZE 68 a Dz B3 b D2 B3
26 a Cv 2E b C; ZE 68 a D2 B 1 b D2 B 1
27 c C2 ]E d C2 IE 68 a D2 A] b D2 A]
27 C C2 ZE d C2 1E 68 b Dz E h C2 IE
27 b Cz IE d C2 IE 68 a D2 E h Cz IE_
27 b (&3 E d G, E 68 b D, E h C, E
27 a C2 IE d C2 1E 68 a Dz E h C2 2E
27 a Cz 2E d C2 IE 70 a Dz Bz b Dz Bz
27 c C2 ]E d C2 ZE 70 a D2 B3 b D2 B3
27 C C2 ZE d C2 ZE 70 a D2 B 1 b D2 B 1
27 b Cz IE d C2 ZE 70 a D2 Al b Dz Al
27 b (&3 E d G E 73 d G E e G E
27 a C2 IE d C2 ZE 73 d C2 2E e C2 IE
27 a C, ’E d C, ’E 3 c C, U e C, U
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TABLE IX. (Continued.)

TABLE IX. (Continued.)

SG q Gy 4 q Gy o' SG q Gy 4 q Gy o’
73 c G E e G 'E 195 a T F b T F
73 d G 'E e G E 195 a T E b T E
73 d G E e G E 19 c T E d T E
73 c G £ e G ’E 196 c T 'E d T 'E
73 c G ’E e C, ’E 196 c T A d T A
73 c G 'E d G 'E 196 a T E b T E
73 c G °’F d G £ 196 a T E b T E
73 c G 'E d G E 196 a T A b T A
73 c G E d G E 196 c T 7 d T IF
90 a D2 B 2 b D2 B 2 196 b T ]F d T ]F
90 a Dz B 3 b D2 B 2 196 a T IF d T lF
90 a D2 B 2 b D2 B 3 196 c T 2F d T ZF
90 a D2 B 3 b D2 B 3 196 b T F d T 2F
93 d D, E f D, E 196 a T I d T F
93 c D, E f D, E 196 c T E d T E
93 a D, E f D, E 19 b T E d T E
93 d D, E e D, E 196 a T E d T E
93 c D, E e D, E 196 b T F c T F
93 b D, E e D, E 19 a T IF ¢ T 7
93 a D, E b D, E 196 b T I c T I
94 a D2 B3 b D2 B 2 196 a T F C T F
94 a D2 B 2 b D2 B 3 196 b T E c T E
94 a Dz B 1 b D2 B 1 196 a T E C T E
94 a D2 A 1 b D2 A 1 196 a T IF b T IF
98 a D2 B 2 b D2 B 2 196 a T b2 b T b3
98 a Dz B 3 b D2 B 3 196 a T E b T E
98 a D2 Bl b D2 B 1 196 C T T d T T
98 a D, A b D, A 196 a T T b T T
101 b sz E C Cz IE 197 a T T b Dz B 2
101 a Coy E c (o} E 197 a T T b D, B,
101 b Coy E ¢ G 2 201 a T T d D, B,
101 a sz E C Cz 2E 201 a T T d Dz B 1
105 a Co E c Gy E 203 a T E b T E
105 a Coy E b G, E 203 a T E b T g
117 C Dz B 2 d D2 B 2 203 a T A b T A
117 c D2 B3 d D2 B 2 203 a T IF b T IF
117 C D2 B 2 d D2 B 3 203 a T 2F b T 2F
117 c D2 B 3 d D2 B 3 203 a T E b T E
118 c D2 B3 d D2 B 2 203 a T T b T T
118 c D, B, d D, B; 207 a o F b o F
118 c D2 Bl d D2 Bl 208 b D3 IE_ C D3 IE
118 c 02 Al d D2 Al 208 b D3 ZE c D3 lE
163 c D3 IE d Dg IE 208 a T 1F C D'; IE
163 c Ds E d Ds E 208 a T F c Ds £
163 c D3 Az d D3 A2 208 b D3 1E c D3 ZE
163 c D3 A| d Dg A] 208 b Dg 2E c D'; 2E
177 c Ds E d Ds £ 208 a T F c D5 ’E
177 c Ds °’F d Ds £ 208 a T °F c Ds °F
177 c D3 IE d Dg ZE 208 a T 1F b D3 IE
177 c D; °F d Ds 208 a T o b Ds g
180 a D, E d D, E 208 a T IF b Ds ’E
180 b D2 E C D2 E 208 a T 2F b D3 ZE
181 a D, E d D, E 209 a o E, b o E,
181 b 02 E c D2 E 209 a (@] E 1 b (@] E_ 1
182 c D; E d D; £ 209 a o E b o E
182 c D; U d Ds 2209 b 0 F c T IF
182 c D3 A2 d D3 Az 209 a (@] F C T IF
182 c D; A d D; A 209 b o F c T T
195 a T 'F b T 'F 209 a [0) F c T F
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TABLE IX. (Continued.)

SG q Gy P q Gy o
209 a o F b o F
210 a T E b T E
210 a T E b T E
210 a T ’E b T 'E
210 a T 'E b T E
210 a T A b T A
210 C Dx 2E d D; ]E
210 c Dg IE d Dg 2E
210 c D3 A2 d D3 Az
210 c Dx Al d D; Al
210 a T F b T ba
210 a T F b T IF
210 a T ba b T F
210 a T F b T F
210 a T E b T E
210 a T T b T T
211 a 0 F c D; E
211 a o F c D E
212 a Ds ’E b D; g
212 a D3 IE_ b D3 ZE
212 a D3 A2 b D3 Az
212 a Dz Al b Dz Al
213 a D3 2E b D3 1E
213 a D3 1E‘ b D3 2E‘
213 a Dz A2 b Dz A2
213 a D3 Al b D3 Al
214 a D3 IE b D3 IE
214 a D; g b D; g
214 a D3 IE b D3 2E
214 a D3 2E b D3 ZE
214 c Dz Bz d Dz Bz
214 C Dz B3 d Dz B3
214 c D2 Bl d D2 Bl
214 c Dz A| d Dz A|
216 c Td E d Td E
216 a Td E b Td E
219 a T ba b T 'F
219 a T F b T F
219 a T 7 b T F
219 a T F b T F
227 a Td E b Td E
219 a T E b T E
228 a T 'F b D; 'E
228 a T °’F b Ds g
228 a T I b Ds E
228 a T F b D; E

The two cases missed by BMZ occur in space groups
123 and Pn3; in both cases, the site-symmetry group Ggq is
isomorphic to T and G is isomorphic to D;. In 123 (No. 197),
the irrep-equivalent EBRs are induced from the T irrep on the
2a position and B; or B, irrep on the 6b position. In Pn3 (No.
201), the EBR induced from the T irrep on the 2a position
and B or B; irrep on the 6d position are irrep equivalent. In
the Supplemental Material [92] we explicitly verify that these
cases satisfy Eq. (31). It remains to determine whether there
is an overarching principle that describes why only the case

TABLE X. EBRs that are equivalent in the sense of Eq. (12). The
first column indicates the space group. The second, third, and fourth
columns indicate the Wyckoff position of the site q, point group
isomorphic to the site-symmetry group G, and irrep p of G4. The
fifth, sixth, and seventh columns indicate the same quantities for q'.
The EBRs indicated above the double line are not “decomposable”
in the sense of Ref. [48], that is, all bands corresponding to the
EBR will always be connected. The EBRs below the double line are
decomposable.

SG q Gq P q/ Gq’ Y ’
16 f D, E h D, E
16 e D2 E h D2 E
16 C D2 E I4 Dz E
16 d D, E f D, E
16 b D, E 7 D, E
16 C D2 E e Dz E
16 b D2 E e D2 E
16 a D2 E d D2 E
16 a D2 E C Dz E
16 a D2 E b D2 E
21 c D2 E d D2 E
21 b D2 E C Dz E
21 a D2 E d D2 E
21 a D2 E b D2 E
22 C D2 E d Dz E
22 a D2 E b D2 E
23 c D2 E d D2 E
23 b D, E d D, E
23 b D2 E c D2 E
23 a D2 E d D2 E
23 a D2 E C Dz E
23 a D2 E b D2 E
25 C sz E d sz E
25 b Gy E d Cyy E
25 a sz E C CZU E
25 a sz E b sz E
35 a sz E b sz E
38 a Gy, E b Gy, E
44 a sz E b sz E
48 C Dz E d D2 E
48 a D2 E d Dz E
48 b Dz E c Dz E
48 a D2 E C D2 E
48 a D, E b D, E
50 C Dz E d Dz E
50 a D2 E d Dz E
50 b D2 E Cc Dz E
50 a Dz E b Dz E
59 a Gy, E b Gy E
68 a D2 E b Dz E
70 a Dz E b Dz E
89 c D4 E 1 d D4 E 1
89 c D4 Ez d D4 Ez
89 a D4 E 1 b D4 E 1
89 a D4 Ez b D4 Ez
89 c D, E d D, E
89 a D4 E b D4 E
93 e D, E f D, E
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TABLE X. (Continued.) TABLE X. (Continued.)
SG q Gy Irreps SG q Gy Irreps
93 b D2 E f D2 E 187 e D3h E3 f D3h E3
93 a Dz E e Dz E 187 Cc D3h Eg d D3h E3
93 c D2 E d D2 E 187 a D3h E’; b D3h E3
93 b D2 E d D2 E 189 a D3h E3 b D3h E3
93 a Dz E d Dz E 194 c D3h Eg d D3h E3
93 b D2 E C D2 E 212 a D3 E 1 b D3 El
93 a D, E ¢ D, E 212 a D; E b Ds E
94 a Dz E b Dz E 213 a D3 El b Dg E 1
97 a D4 E b D4 E 213 a D3 E b D3 E
97 a D4 El b D4 E] 214 a D3 El b Dx El
97 a D4 E2 b D4 Ez 214 a D3 E b D3 E
98 a D, E b D, E 215 a T, F b T, F
101 a G, E b G, E 216 ¢ T, F d T F
105 b Gy, E c G E 216 b T, F d T, F
111 b DZd E d D2d E 216 a 721 F d Td F
111 a D2d E c D2d E 216 b Td F c Td F
115 a Dzd E d ng[ E 216 a 7;1 F C Td F
115 b DZd E c DZd E 216 a 721 F b Td F
119 Cc D2d E d D2d E 90 a D2 E b Dz E
119 a Dzd E b ng[ E 117 C Dz E d Dz E_
121 a DZd E b DZ(] E 118 C D2 E_ d D2 E
125 a D4 El b D4 El 162 c D3 El d Dz El
125 a D4 Ez b D4 Ez 162 Cc D3 E d D3 E
125 c DZd E d D2d E 163 C D3 El d D3 E_l
125 a D, E b D, E 163 c Ds E d Ds E
126 a D4 El b D4 El 177 Cc D3 El d D3 El
126 a D4 Ez b D4 Ez 177 C D3 E d D3 E
126 a D4 E b D4 E 191 c D3h E; d D3h E3
129 a Dzd E b D2d E
134 a D2d E b D2d E
137 a Dy E b Doy E
141 a Dsy E b Dy E where G is isomorphic to 7' and G¢ to D, occurs, out of the
149 e D; E f D; E, several other off-diagonal entries in Table I'V.
149 e Ds E f D, E
149 C D3 E 1 d D3 E 1
149 c D, E d D; E VI. CONCLUSION
149 a Ds E, b Ds E, In this paper, we have enumerated the irrep-equivalent
149 a Ds E b D; E EBRs with and without TR and SOC. We have described
150 a D Ey b D Ey how the pairs of irrep-equivalent EBRs can give rise to a
150 a Ds E b Ds E Berry obstructed atomic limit, which implies that there is a
155 a Ds Ei b Dy E required phase transition (gap closing) between two distinct
155 “ D, E b D, E logical phases, which cannot be deduced from their
177 a De E b De F, ~ Pontopological phases,
177 . De £, b De E, symmetry e?lgenvalues. .
177 a D P b D i In addition, for two examples, in space groups F222 and
6 3 6 3 . . . .
177 u De E, b De E, P112, V&.ll'[hOl.lt anq with SOC, .re'spec.tlvely, ch have pr9v1ded
177 a De E b De E topological invariants tha}t distinguish the 1rrep-.equlvalent
180 c D, E d D, E bands. We expect that this result can be generalized to all
180 b D, E d D, E irrep-equivalent EBRs that are not homotopically equivalent.
180 a D, E c D, E This hypothesis is intuitive because if a pair of irrep-
180 a D, E b D, E equivalent EBRs are not homotopically equivalent, then there
181 ¢ D, E d D, E is an obstruction to deforming them into each other; the ob-
181 b D, E d D, E struction itself would constitute a topological invariant.
181 a D, E ¢ D, E However, the most straightforward route to prove this con-
181 a D, E b D, E jecture is to systematically study each pair of irrep-equivalent
182 a D; E b D; E EBRs and define an invariant to distinguish them, presumably
182 a D E b D; E based on Wilson loops. This task is daunting both because
182 ¢ D; E d D; Ey  there are so many pairs (as we have enumerated in the tables
182, c Dy E d Dy E

in Appendix B) and because there is not a recipe for finding
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TABLE XI. EBRs induced from an irrep of G that are irrep
equivalent to a sum of EBRs induced from irreps of other site-
symmetry groups Gg,. The first column lists the space group. The
second, third, and fourth columns indicate the Wyckoff position of
the site g, point group isomorphic to the site-symmetry group G,
and irrep p of Gg4. The fifth column indicates the same quantities
for q;, grouped into triples for each i. The EBR induced from G4
cannot be equivalent [in the sense of Eq. (12)] to the sum of other
EBRs, otherwise, it would constitute an exception [48,49], and thus
not itself be an EBR.

SG q Gy 0 Summed EBRs: (q;, G, 0i)

64 e Cz IE (b, Cy,, lEll), (b, C2h7 2_g)

64 e C2 IE (b, Cz},, 1Eg), (b, Cz},, ZE,,)

64 e Cz IE (a, Cz;,, 1Eu), (a, Cgh, 2_g)

64 e G \E (a, Con, 'Ey), (@, Con, E,)

64 e Cz ZE (b, Cz},, IEM), (b, C2h, Z_g)

64 e Cz ZE (b, Cz;,, 1Eg), (b, Czh, 2_u)

64 e Cz ZE (a, Cz},, lEu), (a, C2h, Z_g)

64 e Cz ZE (a, Cz},, lEg), (a, CZh, 2_,,)

103 C Cz IE (b, C4, 1E1), (b, C4, 1E_2)

103 ¢ G \E (b, Cy, 'E)), (b, Cs, %E>)

103 C Cz IE (b, C4, lEz), (b, C4, 2E1)

103 C Cz IE (b, C4, 2E1), (b, C4, 2E2)

103 ¢ G \E (a,Cs, 'E)), (a, Cy, 'E»)

103 C Cz IE (LZ, C4, lE] ), (a, C4, zEz)

103 C Cz IE (a, C4, lEz), (a, C4, 2E1)

103 ¢ G, £ (a,Cy,E)), (a, Cy, %E)

103 C Cz ZE (b, C4, lE]), (b, C4, 1E2)

03 ¢ & E (b, Cy, 'E1), (b, Cs, ’Er)

103 c Cz ZE (b, C4, IEz), (b, C4, 2E_‘])

103 C Cz ZE (b, C4, 2E1 ), (b, C4, zEz)

103 C Cz ZE (a, C4, lE]), (a, C4, lEz)

103 C CZ 2E (a, C4, IE] ), (a, C4, zEz)

103 C Cz ’E (a, C4, IEZ), (Cl, C4, 2E1)

103 ¢ & E (a,Cy, 1), (a,Cy, Ey)

108 b sz E (a, C4, IE] ), (a, C4, ]Ez)

108 b sz E (a, C4, lEl), (d, C4, zEz)

108 b sz E (a, C4, IEQ), (a, C4, ZEI)

108 b sz E (d, C4, ZE] ), (a, C4, ZEQ)

116 i G 'E (d,S4,'E)), d, S4, 'Er)

116 i (&) b (d,S4,E)), (d, S4,E>)

116 i G, g (c, S4, 'E)), (¢, 4, 'E)

116 i C2 IE (C, S4,2E1), (C, S4,2E_2)

116 i (&) E d,S4,'E)), (d, S4, 'E>)

116 i G, ) (d, S4,%E)), (d, Sy, %E>)

116 i C2 ZE (C, S4, lE]), (C, S4, lEz)

116 i Cz ZE (C, S4,ZEI), (C, S4,2E2)

142 e Cz IE (a, S4, IE] ), (a, S4, lEz)

142 e Cz IE (0,54,2E1), (d, S4,zEz)

142 e Cz ZE (a, S4, IE1), ((l, S4, ]Ez)

142 e Cz ZE (a, S4, ZE] ), (Ll, S4, 2E2)

184 C C2 IE (d, Cﬁ, 1El), (d, Cﬁ, lEz), (a, CG, 2E3)
184 c Cz IE (a, CGv lEz), (d, Cﬁ, 2E1 ), (a, C6, 2E";)
184 c Cz IE (Ll, Cﬁ, IE]), (a, CG, lEz), (a, C(,, IE3)
184 C C2 IE (d, C6, 152), (a, C@, 1E3), (a, Cﬁ, ZEl)
184 c Cz IE (a, CGv 1E_vl), (Cl, C6, ZEz), (a, C6, 2E";)
184 c Cz IE (a, Cﬁ, ZE] ), (a, C6, 2E2), (a, Cﬁ, zEg)
184 C C2 IE_ (d, C6, 1E1), (a, CG, 1E3), (a, C6, 2E2)
184 c Cz IE (a, CGv 1E3), (Cl, C6, 2E1), (a, C(,, 2E2)
184 c Cz ZE (a, Cﬁ, IE]), (a, C6, lEz), (a, Cﬁ, ZE_‘:;)
184 c Cy ’E (a,Co, 'En), (a,Cs. °E)), (a, Cg, °Er)

TABLE XI. (Continued.)

SG q Gy 0 Summed EBRs: (q;, Gg;, o)
184 Cc Cz 2E (a, C(), IE]), ((l, Cﬁ, lEz), (a, Cﬁ, 1E3)
184 c Cz ZE (a, C(,, lEz), (Ll, Cﬁ, 1E3), (a, Cﬁ, ZEl)
184 Cc C2 2E (a, C6, lEl), (a, C6, ZEZ), (d, Cﬁ, 2E_3)
184 c Cz 2E (ll, C(,, 2E] ), ((l, Cﬁv zEz), (a, CGv 2E3)
184 c Cz ZE (a, C(,, lE] ), (a, Cﬁ, 1E3), (a, C6, ZEz)
184 Cc C2 2E (a, C6, 1E3), (a, C6, ZEI), (a, C(), 2E2)
202 c T IF b, Ty, ng), b, T, 'F)

202 c T F (a, T, 'F), (a, Th,, 'F)

202 c T F b, Ty, ZFg), b, Ty, F,)

202 c T F (a, Ty, 2Fg), (a, Ty, F,)

202 c T E (b, T, E,), (b, Ty, E,)

202 c T E (a, Ty, Eg), (a, Ty, E,)

209 c T E (b,0,E)), (b,0,E)

209 c T E (a, 0,E)), (b, 0, Ey)

209 c T E (a,0,E), (b,0,E))

209 c T E (a,0,E)), (a,0,E)

209 d D, B (a,0,T)), (b,0,Ay), (c, T,’E)
209 d D, B, (a@,0,T)), (b,0,Ay), (c,T,'E)
209 d D, B, (a,0,A,),(b,0,T)), (c,T,’E)
209 d D, B (a,0,Ay),(b,0,T)), (c,T,'E)
209 d D, A (@,0,T), (b,0,A)), (c,T,’E)
209 d D, Ay (a,0,T), (b,0,A)), (c,T,'E)
209 d D, A (a,0,A),(b,0,Ty), (c,T,’E)
209 d D, A (@, 0,A)),(b,0,Tr), (c,T,'E)
211 d D, B, (a,0,Tr), (b, D4, Ar)

211 d D2 Bz (a, 0, Tl), (b, D4, Bz)

211 d D, B; (a,0,T»), (b,D4,Ar)

211 d D, B; (a,0,Ty), (b, Dy, By)

223 e Ds 'E (a, T, 'F), (a, Th,, 'F)

223 e Ds E (a, T, ZFg), (a, Ty, F,)

223 e D; ’E (a, Ty, ng), (a, Tp,, 'F,)

223 e D E (a, Ty, ’Fp), (a, Ty, ’F,)

226  a 0 F (b, Ty, 'Fy), (b, Ty, 'Fy)

226  a 0] F (b, Ty, °F,), (b, Ty, )

topological invariants. A first step could be to identify space
groups that share the same obstruction to deforming irrep-
equivalent EBRs into each other: for example, as we noted
at the end of Sec. IV, the invariant that we defined for P2 also
applies to Pm because these groups are isomorphic. It may
be that after identifying such isomorphic pairs, the number
of distinct cases to consider is greatly reduced. A second
step would be to identify for which groups the Wilson-loop
eigenvalues are quantized, in which case the irrep-equivalent
EBRs in that group might be distinguishable by a set of
quantized Wilson-loop eigenvalues, as we found for P2 in
Sec. IV. When the Wilson-loop eigenvalues are not quantized,
as we described for F222 in Sec. III, or when a combination
of quantized Wilson-loop eigenvalues does not distinguish
the irrep-equivalent EBRs, there is not a well-defined path to
finding a topological invariant.

Despite the use of topological invariants, the current paper
has been limited to atomic limit phases: each phase discussed
can be described by a Hamiltonian without any momentum
dependence. However, stable and fragile topological bands
can also be irrep equivalent, either to other topological bands
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TABLE XII. Time-reversal symmetric irrep-equivalent EBRs in-
duced from different irreps of the same site-symmetry group G4 of
the site q. The first column indicates the space group, the second
column indicates the Wyckoff position that contains q, the third
column indicates the point group isomorphic to G4, and the fourth
column indicates the irreps. The EBRs indicated above the double
line are not “decomposable” in the sense of Ref. [48], that is, all
bands corresponding to the EBR will always be connected. The EBR
below the double line is decomposable.

SG q Gy Irreps
90 b D, B,, B3
90 a D, By, B;
97 d D, B,, B;
100 b Cyy B, B,
101 b Gy, By, B,
101 a sz B] N Bz
102 a sz Bl» 32
105 b G, B, B,
105 a Gy, By, B,
107 b sz Bl» 32
108 b G, B, B,
109 a sz Bl N Bz
113 c sz Bl 5 32
117 d D, B,, B;
117 c D2 Bz, B3
120 d D, B>, Bs
120 a Dz Bz, B3
127 d D2h Bzu, B3u
127 d DZh Bzg, B3g
127 c Dy, By, B3,
127 c D2h Bzg, B3g
128 d D, B>, B3
130 a Dz Bz, B3
133 c D2 Bz, 33
135 d D, B,, B3
137 d Co B, B,
138 e C2v Bl N Bz
140 d DZh B2u7 B3u
140 d Da, By, B3,
142 b D, B, B,
197 b D, B,, B,
201 d D, B, B,
204 b Dy, By, By,
230 c Dz Bz, B3
211 d D, B, B3

or to trivial bands. In future work we plan to extend the present
analysis to distinguish topological bands that are hidden from
symmetry labels, as predicted by the theory of topological
quantum chemistry [48].
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TABLE XIII. Time-reversal symmetric EBRs that are irrep
equivalent, but not equivalent in the sense of Eq. (12) (equivalent
pairs are listed in Table X), and induced from irreps of different
site-symmetry groups G4 and G, such that q and q' are not part
of the same Wyckoff position. The first column indicates the space
group. The second, third, and fourth columns indicate the Wyckoff
position of the site ¢, point group isomorphic to the site-symmetry
group Gg, and irrep p of Gq. The fifth, sixth, and seventh columns
indicate the same quantities for q'. The EBRs indicated above the
double line are not “decomposable” in the sense of Ref. [48], that is,
all bands corresponding to the EBR will always be connected. The
EBRs below the double line are decomposable.

SG q Gq p q Gy o’
3 c G E°E d G E’E
3 b G 'E’E d G 'E’E
3 a C2 IE 2E d C2 IE_ ZE
3 b G FE c G E%F
3 a C2 IE_‘ 2E c Cz IE ZE
3 a C2 IE 2E b Cz IE_ ZE
5 a G EE b G E’E
6 a C, 'E’E b C; 'E’E
13 e G E°E f G EE
16 g D, E h D, E
16 f D, E h D, E
16 e D2 E h D2 E
16 d D, E h D, E
16 c D, E h D, E
16 a D2 E h Dz E
16 f D, E g D, E
16 e D, E g D, E
16 c D, E g D, E
16 a D, E g D, E
16 e Dz E f D2 E
16 d D, E 7 D, E
16 (& D2 E f Dz E
16 b D, E f D, E
16 a D2 E f D2 E
16 d D2 E e D2 E
16 C Dz E e D2 E
16 b D2 E e D2 E
16 a D, E e D, E
16 C Dz E d Dz E
16 a D2 E d D2 E
16 b Dz E c Dz E
16 a D2 E C D2 E
16 a D2 E b D2 E
17 C Cz IE E d C2 IE %%
17 b G FE d G F%F
17 a G B2 d G Uoeay
17 b Cz IE ZE Cc C2 IE ZE
17 a G E°E c G E°E
17 a G 'EE b G EE
18 a Cz IE ZE b C2 IE ZE
20 a G E°E b G E°E
21 c Dz E d D2 J
21 b D, E d D, E
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TABLE XIII. (Continued.) TABLE XIII. (Continued.)

SG q Gy 4 q Gy o' SG q Gy P q Gy o’
21 a D2 E d D2 E 48 c D2 E d Dz E
21 b D2 E C Dz E 48 b D2 E d Dz E
21 a D2 E c Dz E 48 a D2 E d D2 E_
21 a D2 E b D2 E 48 b D2 E c Dz E
22 C D2 B 2 d Dz B2 48 a D2 E Cc Dz E
22 c D2 B 3 d D2 B 3 48 a D2 E b D2 E_
22 Cc D2 B 1 d D2 B 1 49 g D2 E h Dz E
22 C D2 A 1 d D2 A 1 49 f D2 E h Dz E
22 a Dz B 2 b D2 Bz 49 e D2 E h Dz E_
22 a D2 B 3 b D2 B 3 49 f D2 E I4 Dz E
22 a D2 B 1 b Dz B 1 49 e D2 E 8 Dz E
22 a Dz Al b D2 A 1 49 e D2 E f DZ E_
22 c D2 E d D2 E 50 c D2 E d Dz E
22 b D, E d D, E 50 b D, E d D, E
22 a Dz E d D2 E 50 a D2 E_ d D2 E_
22 b D2 E c Dz E 50 b D2 E c Dz E
22 a D2 E C Dz E_ 50 a D2 E C Dz E
22 a D2 E b D2 E 50 a D2 E_ b D2 E
23 c D, E d D, E 51 e Coy E f Ca E
23 b D2 E d Dz E_ 52 C C2 IE_2 ) d Cz IEZ )
23 a D, E d D, E 54 d G FF e G FE
23 b D, E c D, E 54 ¢ G \E2E e G B
23 a D2 E C Dz E_ 54 C C2 E%F d Cz IEZ‘
23 a D, E b D, E 56 c G FF d G FE
24 b C E%E ¢ G B 57 c G \E2E d G, B
24 a C2 EE C C2 E°E 59 a sz E b sz E
24 a G FE b G EE 66 a D, E b D, E
25 c sz E d CZU E 67 b Dz E I4 sz E
25 b sz E d CZU E 67 a Dz E 8 sz E
25 a Gy, E d Gy, E 67 a D, E b D, E
25 b sz E c CZU E 68 a Dz B 2 b Dz B 2
25 a sz E C CZU E 68 a Dz B3 b Dz B3
25 a sz E b sz E 68 a D2 B 1 b D2 B 1
26 a C, B b G, E’%E 68 a D, A b D, A,
27 C C2 'E°E d C2 IE_'2 F 68 a Dz E b Dz E
27 b C2 ! _ZE d Cz ! _ZE 70 a D2 Bz b D2 32
27 a C2 IEZE d C2 IEZE 70 a D2 Bz b Dz B3
27 b (o} E’E c (o} E’E 170 a D, B, b D, Bi
27 a C2 IE ZE c Cz IE ZE 70 a D2 Al b D2 Al
27 a C2 1E ZE b C2 IE ZE 70 a D2 E b Dz E
28 b (o} E’E c C, F’E T2 a D, E b D, E
28 a G EE c C EE 73 d G E%¥F e G EE
28 a C2 IE 2E b C2 IE ZE 73 C C2 IE 2E e C2 IE 2E
30 a G EE b G EE 73 c G FE d G EE
32 a G E°E b G EE 77 b G E’E c G 'E°E
34 a C2 IE 2E b C2 IE ZE 77 a C2 IE 2E Cc C2 IE 2E
35 a CZU E b CZU E 77 a Cz 1EZE_ b Cz IE ZE
37 b C2 IE ZE C Cz IE ZE 89 C D4 E 1 d D4 E 1
37 a C2 IE 2E C C2 IE ZE 89 C D4 Ez d D4 Ez
37 a C2 IE ZE b C2 IE ZE 89 a D4 E 1 b D4 E 1
38 a sz E b sz E 89 a D4 Ez b D4 E2
39 b G E%E c C E’E 89 c D, E d D, E
39 a G 'E’E c C, 'EE 89 a D, E b D, E
39 a C2 IE ZE b Cz IE ZE 90 a 02 Bz b Dz 32
40 a C2 IE 2E b C.v IE ZE 90 a D2 B3 b Dz Bz
44 a sz E b Cz,, E 90 a Dz B 2 b Dz B 3
45 a C2 IEZE b CZ IEZE 90 a 02 B3 b Dz B3
46 a G 'E°F b C B 920 a D, E b D, E
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TABLE XIII. (Continued.) TABLE XIII. (Continued.)
SG q Gq p q Gy o' SG q Gq o q Gy o'
91 b C2 E°E c C2 IE°E 125 a D4 Ez b D4 EZ
91 a C2 'E’E C C2 'E°E 125 a D4 E b D4 E
91 a C2 EF b Cz EFE 126 a D4 El b D4 El
93 e Dz E f D2 E 126 a D4 Ez b D4 EZ
93 d Dz E f Dz E 126 a D4 E b D4 E
93 C Dz E f D2 E_ 133 b Dz E C D2 E
93 b D, E f D, E 133 a D, E b D, E
93 a Dz E f Dz E 133 a Dz E c Dz E
93 d D, E e D, E 138 a D, E e Gy, E
93 c Dz E e D2 E 149 e D3 El f Dg El
93 b D2 E e Dz E_ 149 e D3 E f D3 E
93 a Dz E e D2 E 149 c D3 E_l d D3 El
93 c D, E d D, E 149 c Ds E d Ds E
93 b D2 E d Dz E_ 149 a D3 El b D3 El
93 a D, E d D, E 149 a Ds E b Ds
93 b Dz E c D2 E 149 e D3 IEZ_ f Dg ]Ez_
93 a D2 E c Dz E_ 149 c D3 F°E d D3 F°E
93 a D, E b D, E 149 a Ds Uk b Ds IR
94 a D, B; b D, B, 150 a Ds E, b Ds E,
94 a D2 Bz b Dz B3 150 a D3 E b D3
94 a D2 B1 b D2 Bl 150 a D3 E°E b D3 lE_z_
94 a D2 Al b D2 Al 151 a Cz ]EZ_ b C2 E°E
94 a Dz E b Dz E_ 152 a Cz IEZ_ b Cz EE
95 b G FE c (&) FE 153 a G FE b G FE
95 a G 'E’E c G, 'E’E 154 a G 'EE b G EE
95 a C2 1E_ZE b C2 1E2E_ 155 a D3 El b D3 El
97 a Dy E b D, E 155 a D; E b Ds E
97 a D4 El b D4 E] 155 a Dg IEZ_ b Dz IE%E
97 a D4 E_z b D4 E2 163 C D3 Az d D3 A2
98 a Dz Bz b D2 Bz 163 c D3 A] d D3 Al
98 a Dz Bz b D2 Bg 163 c Dg E] d Dz E|
98 a Dz Bl b Dz Bl 163 C D3 E d D3 E
98 a Dz A1 b D2 Al 163 c D3 IEZE d D3 lE_ZE
98 a Dz E b D2 E 171 a C2 ]E ZE b C2 ]E ZE
101 a C2U E b sz E 172 a Cz IEZE b Cz 1E2E
105 b sz E c Czu E 174 e C3h lEl ZEI f C3h IEI ZEI
105 a Czu E c C2v E 174 c C3h lEl ZE] d C3h ]E] 2E_‘|
105 a CZU E b sz E 174 a C3h IEI ZEI b C3h IEI ZEI
106 a C2 IEZ_ b Cz 1E2_ 176 c C3h lElel d C3h IEIZEI
112 a Dz E c D2 E 177 a D6 E] b D6 E|
112 c D2 E d D2 E 177 a D6 Ez b D6 Ez
112 b D2 E C D2 E 177 a D6 E3 b D6 E3
112 a D, E d D, E 177 a Ds E, b Ds E,
112 a D2 E b D2 E 177 a D6 E2 b D6 E2
112 b D, E d D, E 178 a G E’E b G E°E
116 a Dz E b D2 E 179 a C2 ]EZE b C2 ]EZE
117 c D2 Bz d Dz Bz 180 c Dz E d D2 E
117 c D2 B3 d D2 Bz 180 b Dz E d Dz E
117 C Dz Bz d D2 Bz 180 a Dz E d Dz E
117 c D2 B3 d Dz B3 180 b Dz E c D2 E
117 c D2 E d D2 E 180 a Dz E c Dz E
118 C Dz B3 d D2 Bz 180 a Dz E b Dz E
118 c D2 Bz d Dz B3 181 c Dz E d D2 E
118 c D2 Bl d D2 Bl 181 b Dz E d Dz E
118 C Dz A] d D2 A] 181 a Dz E d Dz E
118 c D2 E d Dz E 181 b Dz E c D2 E
120 a D2 E d D2 E 181 a Dz E c Dz E
125 a Dy E, b Dy E, 181 a Dy E b D, E
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TABLE XIII. (Continued.) TABLE XIII. (Continued.)

SG q Gy 4 q Gy o SG q Gy P q Gy o’
182 ¢ D; A, d D; A, 212 a D; E, b D; E,
182 c D3 A] d D3 A] 212 a D3 E b Dg E
182 a D3 El b D3 El 212 a D3 IEZE b D3 IEZE_
182 a D3 E b D3 E 213 a D3 A2 b D3 Az
182 c D3 E] d D3 E] 213 a D3 A] b Dg A]
182 c D3 E d D3 E 213 a D3 El b D3 E_l
182 c D; ok d D; ok 213 a D; E b D; E
182 a D3 IE 2E b D3 IE ZE 213 a D3 IE ZE b D:; IE ZE
187 e D3h E_3 f D3h E_3 214 c D2 Bz d D2 Bz
187 c D3h E3 d D3h E3 214 c D2 Bz d D2 B3
187 a D3h E_3 b D3h E_3 214 C Dz Bl d D2 Bl
188 e D3 1E_ZE f C3h IEIZE_I 214 c D2 Al d D2 Al
188 c D; IEZE d C3h IEIZEI 214 a D3 El b D3 El
188 a D3 IEZE b C3h IE_l ZEl 214 a D3 E b D3 E
189 a D3h E_3 b D3h E_3 215 a ’I;i F b I‘d F
190 c C3h IEI ZEI d C3h IEI ZEI 216 c Td E d T;l E
190 a D3 1EZE b C3h IE_l ZEI 216 a T;i E b Td E
194 c D3h E_3 d D3h E_3 216 c 7;1' F d I‘d F
195 a T E b T E 216 b T, F d T F
195 a T FF b T FF 216 a T; F d T, F
196 c T A d T A 216 b Ty F c 1, F
196 a T A b T A 216 a T, F c T F
196 c T E d T E 216 a T; F b T; F
196 b T E d T E 219 a T E b T E
196 a T E d T E 219 a T FF b T FF
196 b T E c T E 227 a T; E b T, E
196 a T E c T E 89 e D, E f D, E
196 a T E b T E 97 c D, E d D, E
196 c T T d T T 111 e D, E f D, E
196 a T T b T T 134 c D, E d D, E
196 ¢ T EE d T EE 162 ¢ D, E, d D, E,
196 a T EE b T EE 162 c D; E d D; E
196 c T IF2f d T IF2f 162 c Ds B2 d D, B2
196 b T IFZF d T IFZF 175 c C3h 1 _| 2 _1 d C3h ]E| 2 _|
196 a T IFZF d T IFZF 177 C D3 El d D3 El
196 b T \F2f c T I 177 c Ds E d D; E
196 a T I ¢ T I 177 ¢ D; B d D; B
196 a T \F2f b T \F2f 177 f D, E g D, E
197 a T T b D2 Bz 189 c C3h 1E1 ZEl d C3h IEIZEI
197 a T T b D2 B] 191 C D3h Eg d D3h Eg
201 a T T d D2 32 192 c D3 IEZE d C3h IEI 2E1
201 a T T d D2 Bl 193 c C3h 1E1 ZEI d D3 1E2E
203 a T A b T A 195 c D, E d D, E
203 a T E b T E 203 a T FIF b T FIF
203 a T T b T T 208 b Ds B c D; B
203 a T EE b T E2E 208 a T P2 c D; B
207 a o F b o F 208 a T IF2F b D; FE
209 a o Ez b o Ez 208 b D3 El c D3 El
209 a o E b o E, 208 b D; E c D; E
209 a 0 E b 0 E 208 e D> E f D> E
209 a 0 F b 0 F 208 d D, E f D, E
210 a T A b T A 208 d D, E e D, E
210 c D3 Az d D3 A2 210 a T 1E2E b T IEZE
210 c D3 Al d 03 Al 210 c 03 IEZE d D3 IE_ZE
210 a T E b T E 210 b T PR d D; EE
210 a T T b T T 210 a T FIF d Ds 2’
212 a 03 A2 b 03 A2 210 b T IFZF c D3 IE_ZE
212 a D, A, b D, A, 210 a T 'FF c D, 'F°E
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TABLE XIII. (Continued.)

SG q Gy P q Gy o'
210 a 'FF b T 'FF
210 c D3 E 1 d D3 E 1
214 a Ds \B2E b D, E2E
214 C Dz E d D2 E
227 a Td F b Td F
228 a T \F2F b D, E2E
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APPENDIX A: EQUIVALENCE OF BAND
REPRESENTATIONS

Recall from Eq. (12) that two band representations are
equivalent iff there exists a unitary matrix-valued function
S(k, 7, g) that interpolates between them as 7 varies from 0
to 1, such that S(k, t, g) is smooth in Kk, continuous in 7, and
for all g€ G, T € [0, 1], S(k, 7, g) is a band representation.
We will prove that if two band representations S(k, 0, g) and
S(k, 1, g) are equivalent, then there exists a unitary matrix
U (k), which satisfies

S(k,0,8) = U'(g)S(k, 1, &)U (k) (AD)

and which has the periodicity of the BZ, i.e., Uk + K) =
U (k) for any reciprocal lattice vector K. U must be Brillouin-
zone periodic so that it does not change the boundary
conditions of the Hilbert space on which the band represen-
tation acts.

We now derive a construction for U in the Hilbert space
defined by the set of Wannier functions on which the band
representation acts. (In Appendix C, we present an alternative
derivation.) In real space, we define the localized Wannier
functions W, (r — t, 7), where i indexes a basis vector for the
irrep of the site-symmetry group from which the band repre-
sentation is induced, « indexes a site in the Wyckoff position,
t is a lattice vector, and t is the parameter that appears in the
family of band representations S(k, 7, g). The induced band
representation acts on the Fourier-transformed functions

ai(K,r,7) = Zeik"ma(r —t,7)
t

[cf. Eq. (4) of Ref. [49]]. Because the Hilbert space is fixed
as T varies, the basis of Wannier functions on which the band
representation acts evolves according to a unitary transforma-

(A2)

tion Ujq, jg(t, T), defined by
Wia(r = ,7) =Y Ui jp(t —t', T)Wjs(r —t,0).  (A3)
JB.v

It follows that

aia(k, ¥, 7) = Y Uia jp(k, Dajp(k, 1, 0), (A4)
iB
where, suppressing the indices i«, jg,
(A5)

UKk, 1) = Zeik‘tU(t, 7).
t

By its definition in Eq. (A5), U (k) has the periodicity of the
BZ. Further, since the Fourier-transformed Wannier functions
transform according to U, the band representation transforms
according to Eq. (A1). Thus, the matrix U (k, T = 1) is exactly
the matrix U (k) that appears in Eq. (A1), which completes the
proof.

APPENDIX B: TABLES OF IRREP-EQUIVALENT EBRS

We present tables of all irrep-equivalent EBRs, with and
without time-reversal symmetry. The results are derived from
(and can be checked via) the BANDREP [48,50,52] application
on the BCS.

We first consider EBRs without enforcing time-reversal
symmetry. In Table VIII, we indicate irrep-equivalent EBRs
induced from two distinct irreps of the same site-symmetry
group, Gq. In Table IX, we indicate irrep-equivalent EBRs
induced from irreps of different site-symmetry groups G4, Gy
of the sites q and q’, respectively, such that q and q’ are
not part of the same Wyckoff position; excluded from this
list are EBRs that are homotopically equivalent, in the sense
of Eq. (12). The homotopically equivalent EBRs, which are
necessarily also irrep equivalent, are listed in Table X. In
Table XI, we list the EBRs which are irrep equivalent to a
sum of two EBRs.

We then move to the time-reversal symmetric EBRs and
compute the analogous tables. In Table XII, we indicate time-
reversal symmetric irrep-equivalent EBRs induced from two
distinct irreps of the same site-symmetry group Gq. In Ta-
ble XIII, we indicate time-reversal symmetric irrep-equivalent
EBRs induced from irreps of different site-symmetry groups
Gq, Gy of the sites q and q', respectively, such that q and q'
are not part of the same Wyckoff position; again, we exclude
the homotopically equivalent EBRs from Table IX and list
them separately in Table XIV. In Table XV, we list the time-
reversal symmetric EBRs which are irrep equivalent to a sum
of two EBRs.

APPENDIX C: PROOF OF THEOREM 1:
IRREP EQUIVALENCE IS THE SAME
AS UNITARY EQUIVALENCE

Here we prove that two band representations are irrep
equivalent if and only if they are related by a unitary trans-
formation, thus proving Theorem 1. However, it is important
to emphasize, the main point of this paper, that unitary equiv-
alence is not the same as homotopic equivalence! In other
words, given two irrep-equivalent EBRs, there is a unitary
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TABLE XIV. Time-reversal symmetric EBRs that are equivalent
in the sense of Eq. (12). The first column indicates the space group.
The second, third, and fourth columns indicate the Wyckoff position
of the site q, point group isomorphic to the site-symmetry group G,
and irrep p of Gq. The fifth, sixth, and seventh columns indicate the
same quantities for q'. None of the pairs of equivalent EBRs in this
table are decomposable in the sense of Ref. [48], that is, all bands
corresponding to the EBR will always be connected.

SG q Gq o q Gy o
81 c S4 E’E d S4 E’E
81 a S 'E’E b S 'E’E
82 c S4 E’E d S4 E’E
82 a S4 E’E b S4 E’E
85 a S4 'E’E b S 'E’E
86 a S4 E’E b Sy E’E
88 a S4 E’E b S4 E’E
111 b Dy E d Dy E
111 a Dz[[ E c D2d E
113 a S4 E’E b S4 E’E
114 a S EE b S EE
115 a D2d E d Dz,{ E
115 b D2d E c D2d E
117 a S EE b S EE
118 a S4 E’E b S4 E’E
119 c D2d E d D2d E
119 a D2d E b D2d E
121 a Doy E b Doy E
122 a S, EE b S, EE
125 C D2d E d D2d E
129 a Dzd E b Dzd E
134 a D2d E b D2d E
137 a D2d E b DQd E
141 a Doy E b Doy E
220 a S4 1l‘: 2E b S4 1E 2E

transformation that acts on the entire representation (all k
points), but the unitary need not be Brillouin-zone periodic
nor smooth in k. (Recall from Appendix A that homotopic
equivalence requires the existence of a smooth BZ-periodic
unitary matrix.)

Following the discussion in Sec. V, we will replace the
infinite space groups with their finite Born—von Karman coun-
terparts, although we omit the subscript N to avoid clutter.

Let p be an n,-dimensional representation of the site-
symmetry group Gq, where q is a Wyckoff position of
multiplicity n. As shown in Eq. (6) and discussed in the
surrounding text, the matrix form of a band representation
consists of (nn,) x (nn,) blocks, where each block is labeled
by a pair (k’, k); k” is a row index and k is a column index.
Each symmetry operation & = {R|v} € G mapsk — k' = Rk.
For each set of columns corresponding to K, there is exactly
one nonzero block, which we denote ,olc‘;(h). Define X'C‘;(h) =
Tr,og(h).

Recall from Eq. (8) that Gx denotes the little group of
k, which is the set of all space-group elements that leave
k invariant. If 4 € G, then h leaves k unchanged and the
nonzero block corresponds to k = Rk = k'. The collection of

blocks ,ongk (h), for all h € G, gives a representation of Gy.
We define irrep equivalence by the following:

Definition 1. Two band representations pg and pg; of a
space group G are irrep equivalent if for each k and each
h € Gi. x&(h) = (x (h).

We define the character of the band representation (as op-
posed to the character at a particular k) by summing over the
diagonal elements at all k. This is why it is important to utilize
the finite Born—von Karman groups defined in Sec. V A: the
character of an infinite-dimensional representation is ill de-
fined because the sum over diagonal elements may diverge.
(In particular, the trace of the identity element will always
diverge.) In a finite space group, the character of a band
representation can be defined by

Xo(h) = Trpg(h) = Y x&(h),
k|heGx

(ChH

where the second equality follows because the trace is a sum
over diagonal elements, which are only nonzero when Rk =
k,ie., h € Gg.

We now present an example to show how Eq. (C1) works.
Let G be the space group generated by inversion and transla-
tions. Consider a finite space group where, for some even N,
the translations tjl\{ 23> Are identified with the identity element,
so that k; » 3 is a multiple of 27”, for a total of N* points in
the first BZ. Let p; be a band representation induced from
a one-dimensional irrep of one of the maximal Wyckoff po-
sitions of G. Now, let h = {E|0} in Eq. (C1): since {E|0} is
in the little group of all k, xg(h) =), Xg(h) = N3 since
X&(h) = 1. This sum would diverge in the full space group
where N — oo. Thus, the finite group is necessary so that the
characters yg(h) are well defined for all choices of 4. As a
second example, let & be the inversion-symmetry operation
in Eq. (C1). Since inversion is only in the little group of k
when k; 3 € {0, } (the time-reversal-invariant momenta, or
TRIM, points), xG(h) = Y crriv X (h), where the sum on
the RHS is finite for any choice of N, but only contains all
TRIM points when N is even. This second example shows
that, as noted in Sec. V A, it is necessary to choose N such
that the high-symmetry points of the infinite space group and
those of the finite group are identical: if N was odd, then the
only TRIM point would be (0,0,0) and the character of xg(h)
would be incomplete.

We are now ready to prove that two band representations
are irrep equivalent by Definition 1 if and only if they are
related by a unitary transformation. In the “only if”” direction,
if two band representations pg, pg; with characters xg, x are
irrep equivalent, then, by Definition 1, X}‘;(h) =( X’)l&(h) for
each k and & € Gg. From Eq. (C1), it follows that yg(h) =
X (h), for all h. Consequently, pg and p(; are related by a uni-
tary transformation (using the fact that two finite-dimensional
representations with the same characters are related by a uni-
tary transformation) [97].

In the other direction, consider two band representations
,o(Gl) and pg) that are related by a unitary transformation U'.
U must be block diagonal in k because different k specify
different irreps that transform differently under translation,
i.e., they acquire a different phase e ¥, Since U is block

diagonal in k, the blocks p(Gl )’k(h) and ,o(G2 )’k(h) are related
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TABLE XV. Time-reversal symmetric EBRs induced from an irrep of G that are irrep equivalent to a sum of EBRs induced from irreps of
other site-symmetry groups Gg;. The first column lists the space group. The second, third, and fourth columns indicate the Wyckoff position
of the site q, point group isomorphic to the site-symmetry group Gg, and irrep p of Gg. The fifth column indicates the same quantities for q;,
grouped into triples for each i. The EBR induced from G, cannot be equivalent [in the sense of Eq. (12)] to the sum of other EBRs, otherwise
it would constitute an exception [48,49], and thus not itself be an EBR.

SG q Gy P Summed EBRs: (q;, Gg;, 0i)
21 k G FE (d,Dy,E), (d,Dy, E)

21 k G EE (c,Dy,E),(d,Dy, E)

21 k G, EE (b,D,,E), (d, Dy, E)

21 k Cz 1E2E (G,DQ,E), (d,Dz,E)

21 k G E%F (¢, Dy, E), (¢, Dy, E)

21 k G, EE (b, Dy, E), (¢, Dy, E)

21 k Cz IEZE (a, Dz,E), (C, Dz,E)

21 k G E%F (b, Dy, E), (b, Dy, E)

21 k G, EE (a,Dy,E), (b,Dy, E)

21 k Cz IE_ZE (LZ, Dz,E), (a,Dz,E)

35 c G E%F (b, Coy, B, (b, Cyy, E)

35 c G, 'EE (a,Cyy, E), (b,Cyy, E)

35 c Cz lEzE (a, CZU’ E), (a, CZU’ E)

42 b G E%F (a,Cy, E), (a, Cyy, E)

53 g G, EE d, G, 1E,S,ZE_g), (d, Cy, 'EE,)
53 8 C2 IE_ZE (C, CZhs IEngg), (C, CZhs IEHZ_M)
53 8 C2 1E2E (b, C2ha IEngg), (b, CZh, lEuz_u)
53 g G, EE (a, Cyp, IEgZE_g), (a,Cy, 'EE,)
64 e C2 IE_ZE (b, CZhs lEngg), (b, Czh, lEl‘ZEu)
64 e C2 1E2E (a, C2ha IEgZEg), ((1, C2h5 IEMZEM)
68 h G, EE (b, Dy, E), (b,Dy,E)

68 h C2 IE_ZE (a, Dz, E), (b, Dz, E)

68 h G FE (a,Dy,E), (a,Dy, E)

69 f D, E (b, Doy, Eg), (b, Dy, E:u)
69 f D, E (a, Doy, Ey), (a, Dy, E,,)
75 C C2 IE_ZE (b, C4, IEIZEI), (b, C4, IE_zzEz)
75 c C2 IEZE (a, C4, IE] 2E_‘|), (Ll, C4, 1E22E2)
79 b Cz IE_ZE (a, C4, IEIZEI), (a, C4, IE_22F:2)
81 8 C2 IE_ZE_ (d, S4, IEIZEI), (d, S4, 152252)
81 8 C2 IEZE (C, S4, IE] 2E_‘|), (C, S4, 1E22£2)
81 8 Cz IE_ZE (b, S4, IEIZEI), (b, S4, 1E22E2)
81 g C2 IE_ZE (a, S4, IEIZEI), (Ll, S4, IEZZE2)
86 e C2 IEZE (b, S4, IE] 2E_‘|), (b, S4, 152252)
86 e Cz IEZE (d, S4, IEIZEI), (a, S4, lEzzEz)
89 f D, E (d,D4, E)), (d, Dy, Ey)

89 f D, E (¢, Dy, Ey), (d, D4, Ey)

89 f D2 E (C7 D4,El), (d,D4,EQ)

89 f D, E (¢, D4, Ey), (¢, Ds, E>)

89 f D, E (b, Dy, Ey), (b, Dy, Ey)

89 f D2 E (d, D4, Ez), (b, D4, El)

89 f D, E (a, Dy, E)), (b, Dy, Ey)

89 f Dz E (G,D4,E|), (Cl,D4,E2)

89 e D2 E (d,D4,E1), (d,D4,E2)

89 e D, E (¢, D4, Ey), (d, Dy, Ey)

89 e Dz E (C, D4,E1), (d,D4,E2)

89 e D2 E (C, D4,E1), (C, D4,E2)

89 e D, E (b, Dy, E)), (b, Dy, E»)

89 e Dz E (Ll, D4, Ez), (b, D4, E])

89 e D2 E (a, D4,E1), (b, D4,Ez)

89 e D, E (a, D4, E)), (a, D4, E,)

94 d G B (b, Dy, E), (b, Dy, E)

94 d G 'EE (a,D2,E), (b, D2, E)

94 d C2 1E°E (a, Dz,E), ((Z,Dz,E)

97 c Dz E (G,D4,E|), (a,D4,E2)

97 c D; E (a, Dy, E)), (b, Dy, F>)
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TABLE XV. (Continued.)

SG q Gy P Summed EBRs: (q;, Gg;, o)
97 c D, E (a, Dy, E>), (b, Dy, E)
97 c D, E (b, Dy, Ey), (b, Dy, E>)
97 d Dz E (a, D4,E1), (a, D4,E2)
97 d D, E (a, Dy, Ey), (b, Dy, E»)
97 d D, E (a, Dy, E3), (b, Dy, Ey)
97 d D, 1-E2- (bl; Dy, Ey), (l;, Dy, E3)
98 f G E (b, Dy, E), (b, Dy, E)
98 f (@) 'E°F (a,D,,E), (b,Dy, E)

98 f G 'EE (a,Dy,E), (a, Dy, E)
99 C sz E (ba C4v7 E1)7 (b, C4st2)
99 c Coy E (a, Cay, Ev), (a, Cyy, E3)
101 c G 'E’E (b, Co, E), (b, Cyy E)
101 C C2 E’E (a» CZv’ E), (b, CZU,E)
101 C Cz E°E (a, szvE)v (a7 CZva)
102 b (o ‘£ (a,Co, E), (a,Cy, E)
103 ¢ (o} EF (b, Cy, 'EV’E)), (b, Cy, 'EX°E))
103 c G E’E (a,Cs, 'EVE)), (a, Cy, 'EXE>)
104 b (o} E%E (a,Cs, 'EVE)), (a, Cy, 'EX7E>)
107 b Cs, E (a, Ca, Ev), (a, Cyy, E2)
111 f D, bj (d,Dzd,sz), (d, Dy, 15:2)
111 f D, E (¢, Do, Er), (¢, Dag, Er)
111 f D, E (b, Doy, E), (D, Dya, Er)
111 f D, E (a, D2, Ev), (@, D2y, E2)
111 e D, E (d, D24, E1), (d, D2y, E)
111 e D, E (¢, D2y, Ey), (¢, Doy, E3)
111 e D, E (b, Dyy, Ey), (b, Day, Ey)
111 e D E (a, Dag, Ev), (a, Dy, E3)
114 d G EF (b, 84, 'EVEy), (b, S4, 'EX’E>)
114 d (@) E°E (a, S, 'EVE0), (a, Sa, 'EX’E>)
115 g Ca, E (d, Dy, Ey), (d, Doy, Ey)
115 g Cy E (¢, D, Ey), (¢, Dy, E)
115 g Gy, E (b, D2y, Ev), (b, Doa, Er)
115 g Ca, E (a, Doy, E1), (a, D2, E2)
116 i G E%F (d, Sa, 'EV’E)), (d, S4, 'EXE))
116 i (@) E’E (c, Sa, 'EV’E1), (c, Sa, 'EX’En)
116 i G 'E’E (b, Dy, E), (b, Dy, E)
116 i G 'EE (a, Dy, E), (b, Dy, E)
116 i (e ‘B (a,Dy,E), (a,D1, E)
121 c D, E (b, Dag, E1), (b, Day, E3)
121 c D, E (a, Dy, E), (a, Doy, E>)
122 d (o} EE (b, 84, 'EVE)), (b, S4, 'EX’E>)
122 d (o} EE (a, S, 'EVEY), (a, Sa, 'EX°E))
124 f D, E (¢, Dy, Ey), (¢, Dy, E3)
124 f D, E (@, D4, Ey), (a, Dy, Ey)
126 c D, E (b, Dy, E1), (b, Dy, E3)
126 c D, E (a, Dy, E3), (b, Dy, Ey)
126 c D, E (a, Dy, Ey), (b, Dy, E)
126 c D, E (a, D4, Ev), (a, Dy, E>)
132 e D, E (d, D24, E1), (d, Doy, E»)
132 e D, E (¢, Dy, Ey), (¢, Doy, E,)
132 e D, E (b, Dag, E1), (b, Day, E3)
132 e D2 E (aa D2hv Eg)a (a, DZha Eu)
134 d D, E (b, Day, Ev), (b, Dyy, E3)
134 d D, E (a, Dag, Ev), (a, Dy, E3)
134 c D, E (b, Dyg, E), (b, Doy, E»)
134 c D, E (a, Dag, Ev), (a, Dy, Ey)
137 d Cy, E (b, Day, E1), (b, Day, E3)
137 d Cop E (a, Doy, Ev), (a, Dy, Er)
142 e C, E2E (@, S, 'EED, (a, S, B2
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TABLE XV. (Continued.)

SG q Gy 0 Summed EBRs: (q;, G, 0i)
142 e G, IE°E (b, Dy, E), (b,D,,E)

168 c C2 E°E (a, C6, IE| ZE]), (a, CG, lEzzEz), (a, CG, 1E32E3)
177 8 Dz E (b, DG,EI), (b, DG,Ez), (b, D6,E3)
177 8 D, E (a, D, E3), (b, Dg, Ey), (b, D, E)
177 8 Dz E (a, Dﬁ,Ez), (b, DG,E]), (b, D6,E3)
177 8 D2 E (a,DG,Ez), (a, D6,E3), (b, D6,E1)
177 8 D, E (a, Ds, E\), (b, Dg, E,), (b, D, E3)
177 8 D2 E (a,D(,,E.), (a,DG,E__;), (b, Dﬁ,Ez)
177 8 D2 E (a,DG,El), (a, DG,Ez), (b, D6,E3)
177 8 D, E (a, Ds, E\), (a, D, Ey), (a, Dg, E3)
177 f D, E (b, Dg, E)), (b, Dg, E), (b, D¢, E3)
177 f D2 E (a, D6,E3), (b, D6,E_1), (b, DG,EZ)
177 f D, E (a, Ds, E), (b, Dg, Ey), (b, D, E3)
177 f Dz E (G,Dﬁ,Ez), (a, Dﬁ,E3), (b, D6,E1)
177 f D2 E (a, D6,E1), (b, D6,E_z), (b, DG,E3)
177 f D, E (a, Ds, E\), (a, De, Es), (b, Dg, E,)
177 f Dz E (G,DG,EI), (a,Dﬁ,Ez), (b, D6,E3)
177 f D, E (a, Dg, Ey), (a, D, E>), (a, Dg, E3)
183 c Cyy E (a, Cey, E1), (a, Coy, E>), (a, Cey, E3)
184 C C2 EE (Ll, C6, IEIZE_I), (a, C6, IE_zzEz), (d, Cﬁ, 1E_32E_3)
192 S D, E (a, Dg, Ey), (a, D, E>), (a, Dg, E3)
195 d D, E b, T, FF), (b, T, E)

195 d D, E @ T,'FF), (b T,E)

195 d D, E (a,T,E), (b, T, 'FF)

195 d D, E (a,T,'F¥), (a,T,E)

195 c D, E b, T,'FF), (b, T,E)

195 c D, E (a,T,'F°F), (b, T,E)

195 c D, E (a,T,E), (b, T, FF)

195 c D, E (a,T,'FF),(a,T,E)

197 b D, E (a,T,'F°F), (a,T,E)

201 d D, E (a,T,'F¥F), (a,T,E)

202 c T E b, T, Ey), (b, Ty, E)

202 c T E (a, Ty, E_g), (a, Ty, E.)

202 ¢ T \F2F (b, Ty, 'FF,), (b, Ty, 'F2FRy)
202 c T FF (a, T, 'E’F,), (a, Th, 'EF,)
207 d Dy E, (a,0,E), (b,0,F)

207 d Dy E (a,0,E)), (@, O, F)

207 d D4 Ez (a, 0, Ez), (b, 0, F)

207 d Dy E, (a,0,E), (a,0,F)

207 c D, E, (b, 0, Ey), (b, 0, F)

207 c D, E, (a,0,F), (b,0,E))

207 c Dy E, (b,0,E,), (b,0,F)

207 ¢ D, E, (a,0,F), (b, 0, E)

207 d D, E (a,0,Th),(a,0,Tr)

207 c Dy E b,0,Th),(b,0,T)

208 f D, E (a,T,E), (c, D3, 'E’E)

208 f D, E (a,T,E), (b, Dy, 'E%E)

208 f D, E (a,T,'FF), (T, E)

208 e D, E (a,T,E), (c, D3, 'E’E)

208 e D, E (a,T,E), (b, D3, 'EE)

208 e D, E (a,T,'F°F), (a,T,E)

208 d D, E (a,T,E), (c, D3, 'E’E)

208 d D, E (a,T,E), (b, D3, 'EE)

208 d D, E (a,T,'FF),(a,T,E)

209 ¢ T E (b, 0,E)), (b, 0, E)

209 c T E (a,0,E)), (b, 0, E)

209 c T E (a, 0, Ey), (b, 0, Ey)

209 c T E (a,0,E)), (a,O,E)

209 c T IFF (b, Q. F) (b,OF)
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TABLE XV. (Continued.)

SG q Gy P Summed EBRs: (q;, Gg;, 0i)

209 ¢ T IFF (a,0,F), (b,0,F)

209 c T IFF (a,0,F), (a,O,F)

209 d D, E (c,T,'F°F),(c,T,E)

209 d D, E (b, 0,E)), (b,0,E,), (c, T, 'F7F)
209 d D, E (a, 0, E)), (b,0,E), (c, T, 'F7F)
209 d D, E (a,0,E), (b,0,E), (c, T, 'FF)
209 d D, E (a,0,E), (a,O,E), (c, T, 'FF)
209 d D, E (b,0,F),(b,0,F),(c,T,E)

209 d D, E (a,0,F),(b,0,F),(c,T,E)

209 d D, E (a,0,F),(a,0,F),(c,T,E)

209 d D, E (b,0,E)), (b,0,E,), (b,0,F), (b,0,F)
209 d D, E (a,0,F), (b,0,E)), (b,0,E,), (b,0, F)
209 d D, E (a,0,F), (a,0,F), (b,0,E), (b, 0,E,)
209 d D, E (a,0,E)), (b,0,E,), (b,0,F), (b,0,F)
209 d D, E (a,0,E)), (a, O, F), (b,0,E,), (b,0, F)
209 d D, E (a,0,E)), (a,0,F), (a, O, F), (b,0,E)
209 d D, E (a,0,E»), (b,0,E), (b,0,F), (b,0,F)
209 d D, E (a, 0, E»), (a, 0, F), (b,0,E)), (b,0, F)
209 d D, E (a,0,Ey), (a,0,F), (a, O, F), (b,O,E)
209 d D, E (a,0,FE\), (a,O,E), (b,0,F), (b,0,F)
209 d D, E (a,0,E)), (a, O,E>), (a,0,F), (b,0,F)
209 d D, E (a,0,E)), (a,O,E,), (a,0,F), (a, 0, F)
211 d D2 Bz (a, 0, Tz), (b, D4, Az)

211 d D2 Bz ((,l, 0, Tl)a (b, D4, Bz)

211 d D, B; (a,0,T,), (b, Dy, A>)

211 d D2 B3 (a, 0, T1), (b, D4, Bz)

211 c D; EE (a,0,F), (a, O, F)

211 b D, E, (a,0,E)), (a,0,F)

211 b D4 Ez (a, 0, E_Q), (a, 0, F)

211 b D, E (a,0,TY), (a,0,T,)

211 c D3 El (a, 0, Ez), (b, D4,E1)

211 C D3 El (a, 0, El), (b, D4,E2)

211 c D; E, (a,0,E)), (a, O,E), (a,0, F)

211 c D; E (a,O,E), (b,D4,E)

211 c D; E (a,0,E),(a,0,T)),(a,0,T)

211 d D, E (a,0,F), (c,Ds,E))

211 d D, E (b,D4, E)), (b,Ds, E>)

211 d D2 E (a, O, E_l), (a, O, E_z), (C, D3, IEZE)
211 d D, E (a, 0, E»), (a, 0, F), (b, Dy, E))

211 d D, E (a,0,E\), (a, O, F), (b,Ds, E,)

211 d D, E (a,0,E)), (a,O,E), (a,0,F), (a, 0, F)
218 b D, E (a, T,'FF),(a,T,E)

222 b D4 El (Cl, 0, E]), (Ll, 0, F)

222 b D4 E_z ((1, 0, Ez), ((l, 0, F)

222 b D, E (a,0,T), (a,0,T,)

223 e D; E’E (a, Ty, ngng), (a, Ty, 'E,F,)

224 f D, E: (d, Dag, Ey), (d, Dag, E») B

224 f D, E (a, Ty, F), (¢, D3a, Erg), (¢, D34, E1y)
224 f D, E (a, Ty, F), (b, D3, Eyp), (b, D34, E1)
224 f D, E (a, Ty, Ev), (a, Ty, Ey), (¢, Dg, 'EZEy), (¢, D3, 'EEL)
224 f D, E (a, Ty, Ev), (a, Ty, B>), (b, D3y, 'ESEy), (b, D3y, 'EVE,)
224 f D, E (a,T;,E)), (a, Ty, Ey), (a, Ty, F), (a, Ty, F)
225 c T; F (b, Oy, Fg), (b, Oy, F)

225 c T; F (a, Oy, Fg), (a, Oy, F,)

125115-29



JENNIFER CANO et al.

PHYSICAL REVIEW B 105, 125115 (2022)

(X&)

are irrep equivalent, which

by a unitary transformation. Consequently, XlG‘ (h) =
Then by Definition 1, ,0(1) and p(z)
completes the proof.

Notice that applying Theorem 1 to the case of equiva-
lent band representations provides a derivation of the unitary
matrix that transforms the band representations, which we
derived previously in Appendix A. Consider an equivalence
S(k, 7, g) between two band representations, as defined in
Eq. (12). Since equivalent band representations are necessar-
ily irrep equivalent, and since for each t, S(k, 7, g) is a band
representation, Theorem 1 implies the existence of a family of
unitary matrices U (k, t) satisfying

S(k, 7, g) = U(gk, 7)S(k, 0, U (k, 1), (C2)

where U (k, 0) = I, the identity matrix. Since S(k, 7, g) is an
equivalence, it must be continuous in t and smooth in k.
Equation (C2) then implies that U (k, 7) must also be con-
tinuous in t and smooth in k. Further, U (k, t) is BZ periodic
since equivalent band representations act on the same Hilbert
space (with the same boundary conditions). Thus, U (k, 1) is a
smooth, periodic unitary transformation that relates S(k, 0, g)
and S(k, 1, g). This provides an alternative proof of Eq. (A1).

APPENDIX D: REPRESENTATION THEORY
OF FINITE GROUPS

In this Appendix, we provide some of the fundamentals of
the representation theory of finite groups. These can be found
in BMZ [74] or, for a more complete reference, the book by
Serre [97]. The results in this Appendix are not specific to
crystallographic groups, therefore, we adopt a more general
notation.

1. Notation

Followmg BMZ [74], throughout this Appendix, we use
XG *) to denote the characters of an irrep p® of a group G. We
define the conjugacy class of gin G by [glg = {(¢) 'gd|¢ €
G}, |[glg| denotes the number of elements in [g].

2. Orthogonality of characters

We first review the orthogonality of characters. The inner
product of two characters x @ and x® of irreps p® and p#’
of G is defined by

(X |x ) = Z(x<“><g)>*x<ﬂ>(g)

(D)
Gl po

This inner product gives rise to an orthogonality relation

(X&) = 8ap-

A second orthogonality relation is given by summing over all
the irreps in G:

* if h ,
me(g) () = {I[g]cl if h € [glg

(D2)

D3
0 else. (D3)

3. Induced characters

We now review the theory of induced representations. In-
duction provides an algorithm to construct a representation of

a group G from a representation of a subgroup H C G, as we
will shortly describe.

Let H be a subgroup of G, with coset decomposition G =
UsgeH. A representation of G with characters xs subduces
to a representation of H, denoted xg | H or Resf, XG, with
characters

(xc 4 H)(h) = Resfi xc(h) = x6(h). (D4)

The adjoint of subduction is induction. A representation of
H with characters yy induces a representation in G whose
characters are given by

(xu 1+ G)(®) =Indfxu () = > Xu(g,'88).  (DS)
where we use a tilde to denote
. x(g ifgeH,
X = (D6)
0 else.

The Frobenius reciprocity relation (which we will not
prove) says that

<Indgx(0)|x(0¢)> ( (p)’ReSHX(a))v (D7)

where the greek superscripts indicate an irrep of the corre-
sponding group and the inner product is given by Eq. (D1).
The inner product on the LHS is with respect to the group G
(since Indg’ X;Ip ) and X(O‘) are representations of G), while the
inner product on the RHS is with respect to H (since ) and

Resy X(O’) are representations of H).

APPENDIX E: NECESSARY AND SUFFICIENT
CONDITIONS FOR IRREP EQUIVALENCE

In this Appendix, we derive the necessary and sufficient
condition for irrep equivalence in Eq. (31) using the funda-
mentals of representation theory reviewed in Appendix D.

Let H and K be two subgroups of G and let xy and g
be characters corresponding to representations of H and K. If
xu and xg induce the same representatlon in G, then for any

representation « of G the characters X satlsfy
(Ind§ xzr | xS”) = (Ind xx | x &) (E1)
Frobenius reciprocity [Eq. (D7)] yields
(xm|Resgx&”) = (xx |Resgx ). (E2)

Applying the definition of the inner product in Eq. (D1),

(o) (o)
lHleHw)x (h) = |K|ZXK<k>x (k).  (E3)

heH keK

leen an element g € G, multiplying the whole equation by
)(g) and summing over « using Eq. (D3) yields

1 1
— > X ) = o Y xxh), VgeG. (E4)

|H | heHN|,
gle keKNlgle

If g is not conjugate to an element of H or an element of
K, then both sides of Eq. (E4) are zero. Thus, we need only
consider Eq. (E4) when g is conjugate to an element of H
or an element of K (or both). Further, since Eq. (E4) only
depends on the conjugacy class [g]g, rather than on g directly,
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if Eq. (E4) is satisfied for all g € H U K, then it is satisfied
for all g conjugate to an element of H or K. Thus, Eq. (E4)
provides the following necessary and sufficient condition for
xu and xg to yield the same induced character:

1 1
_ h) = —
i > xuh) T4

heHN[gle

> xx(k)¥Yge HUK, (ES)

keKN[gl

which is exactly Eq. (31).

Now consider the special case where H = K and yx, x’
are characters of two representations p, o’ of H. Then, from
Eq. (ES), p, o’ induce the same representation in G if and only
if

> xuhy= " xyh)VgeH. (E6)

heHN[glg heHN[glg

We now prove the following:

Theorem 6. A necessary condition for two distinct repre-
sentations p and p’ of H to induce the same representation in
G is for two conjugacy classes of H to merge in G.

Recall, as defined in Sec. V B, two conjugacy classes in H
merge in G if there exist h, i’ € H such that [h]y # [A']y but
[Alc = [#']G. We now prove Theorem 6 by contradiction: sup-
pose no conjugacy classes of H merge in G. Then, H N [g]g C
[¢lg because if ¢ € H and ¢ € [g]g, since no conjugacy
classes of H merge in G, it must be that ¢ € [g]y. Since, by
definition, [g]ly C H N [glg, it follows that H N [glg = [gln-
Thus, Eq. (E6) can be rewritten as

Y )= xuy() V¥ geH, (E7)
helgly helgly
which implies that x(g) = x'(g) for all g € H because the
characters are invariant over the conjugacy class. Hence, x =
x', which completes the proof of Theorem 6. |
APPENDIX F: LITTLE GROUP CHARACTERS AT T

We now show that in a band representation p 1 G, the rep-
resentation of the little group at I" is determined by mapping
p into the point group P of G. We start by defining a map from
GtoP:

h={R|v}— h =R, (F1)

which maps each element of G to its point-group part. Under
this map, a site-symmetry group G4 maps to

Py = {hlh € Gy} (F2)

and each representation p of G4 defines a representation p of
Py by p(h) = p(h), whose characters satisfy

X(h) = x(h. (F3)

It follows that the little group character at I' is given by

X6 =Y % (8, ME| — tua(M}hgs)
=Y (2 'hze)

= (x 1 P)(h), (F4)

where the first line is exactly the definition of the little group
character [Eq. (9)] at I', where k = 0; the second line drops
the translation parts of all space-group elements following
Eq. (F3); and the third line follows from the definition of an
induced representation [Eq. (D5)].

Since a necessary condition for irrep equivalence is for two
EBRs to have the same little group irreps at I', an immediate
consequence of this result is as follows:

Corollary 4. A necessary condition for two irreducible
representations p and p’ of G4 to induce irrep-equivalent
EBRs in G is that the representations p and p’ of Py induce
the same representation in P.

We now return to the point groups that we ruled out for
irrep equivalence in Secs. V C and V D. Theorem 6 says that a
necessary condition for two distinct irreps of Py to induce the
same representation of P is that two conjugacy classes with
respect to Py merge in P. Since the 16 point groups in (38) do
not have different conjugacy classes with elements in the same
crystallographic class, the conjugacy classes with respect to
these point groups will not merge in P; hence, when Py is
one of the point groups in (38), distinct representations of Py
induce distinct representations of P. It follows from Corollary
4 that when G4 is isomorphic to one of the point groups
in (38), distinct irreps of G4 will yield EBRs with distinct
representations at I' and hence will not be irrep equivalent.

Furthermore, using the tables on the POINT application of
the BCS [98], we have checked that when Py is one of the
four point groups in (43), distinct irreps always induce distinct
representations of P, although different reducible representa-
tions can induce the same representation in P [which is why
these groups are not listed in (38)]. Consequently, if G4 is
equivalent to one of the point groups in (38), distinct irreps of
G4 will induce EBRs with distinct representations at I', which,
consequently, will not be irrep equivalent.

APPENDIX G: PAIRS (G4, Gy) MARKED D’
IN TABLE 1V

We used Eq. (47) to eliminate pairs of (Gq, G¢) as can-
didates for irrep equivalence if they had no irreps of the
compatible dimension; such pairs are marked by a D in Ta-
ble IV (if they are not already marked by an X). Here we
explain why the additional pairs marked by a D’ in Table IV
can also be eliminated as candidates for irrep equivalence
based on a combination of dimensionality and zero characters:
Gq =14, Gy—p, or Gq =Ty, Gy = C4, Character tables of
Ty, Dy, and Cy4, are shown in Tables XVI and XVII. Using

TABLE XVI. Character table for 7, (conjugacy classes in first
row) and O (conjugacy classes in second row). Notation follows
Ref. [91].

P\ Ty [E] [G5] (] [S4] [m]
p\O [E] [C5] (2] [C4] (]

A I
Az
E
T
T,

-1 -1

O = =

-1
1 -1

LW W N = =

o
|

_—
|

—_

—_
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TABLE XVII. Character table for D4 (conjugacy classes in first
row), D,,; (conjugacy classes in second row), and Cj, (conjugacy
classes in third row). Notation follows Ref. [91].

p\Dy [E] [C] [C4] [Ci] [C]
P\ Dy [E] (&) [S4] [C3] [m]
P\ Cyy [E] [(5] [C4] [m,] [m4]
A 1 1 1 1 1
Ay 1 1 — —
B, 1 1 — _
B, 1 1 -1 -1

E 2 -2 0

|T;| = 24, |D4| = |Csy| = 8, the dimensionality constraint in
Eq. (47) requires dim(p)/dim(p’) = 3. This constraint is only

satisfied if p is one of the three-dimensional irreps 7; or 7>
of T;. Now, let g be the SI rotoreflection in Gg4. Since in
the T » irreps, x (g) # 0, Corollary 3 immediately applies and
enforces that no EBRs induced from these groups will be irrep
equivalent.

Gq =Do4, Gy = O or Gy = Dyy, Gy = T; The logic is
identical to the previous case. The characters of Dy, O, and
T; are in Tables XVI and XVII. Using |Dyy| = 8 and |O] =
|Ty] = 24 the dimensionality constraint in Eq. (47) requires

dim(p)/dim(p’) = % This constraint is only satisfied if p is

one of the one-dimensional irreps Ay, Az, By, or By of Dy,.
Now let g be the S rotoreflection in Gg. Since in the one-
dimensional irreps of Dyy, x (g) # 0, Corollary 3 immediately
applies, enforcing that no EBRs induced from these groups

will be irrep equivalent.
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