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Current noise and Keldysh vertex function of an Anderson impurity in the Fermi-liquid regime
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We present a complete microscopic Fermi-liquid description for next-to-leading order transport through an
Anderson impurity under a finite bias voltage V . It is applicable to multilevel quantum dots without particle-
hole or time-reversal symmetry and is constructed based on the nonequilibrium Keldysh formalism, taking into
account the current conservation between electrons in the impurity levels and the conduction bands. Specifically,
we derive the formula for the current noise generated in the steady flow up to terms of order (eV )3 at zero
temperature T = 0. To this end, we calculate the Keldysh vertex functions �

ν1ν2;ν3ν4
σσ ′;σ ′σ (ω,ω′; ω′, ω), which depend

on branches ν1, ν2, ν3, and ν4 of the time-loop contour and on spin degrees of freedom σ and σ ′, up to linear
order terms with respect to eV , T , and frequencies ω and ω′. The coefficients of these linear order terms are
determined by a set of the parameters, defined with respect to the equilibrium ground state: the phase shift, static
susceptibilities, and nonlinear three-body susceptibilities of the impurity electrons. The low-energy expressions
of the vertex components are shown to satisfy the Ward identities with the Keldysh Green’s functions expanded
up to terms of order ω2, (eV )2, and T 2. We also find that the imaginary part of the Ward identities can be
described in terms of the eV -dependent collision integrals for a single-quasiparticle excitation and that for a
single quasiparticle-quasihole pair excitation. These collision integrals ensure the current conservation of the
next-to-leading order Fermi-liquid transport due to the quasiparticles with a finite damping rate.

DOI: 10.1103/PhysRevB.105.115409

I. INTRODUCTION

Highly correlated low-energy quantum states of the Kondo
systems show universal behaviors which can be described
by the Fermi-liquid theory [1]. It was originally developed
for dilute magnetic alloys, and has been applied later to
quantum dots, for which the universal Fermi-liquid behaviors
have been observed in nonlinear current-voltage characteris-
tics [2,3] and also in the nonequilibrium current noise [4–7].
Furthermore, novel quantum systems having various kinds of
internal degrees of freedom, such as orbitals, nuclear spins and
flavors, bring an interesting variety to the Kondo effects, and
have been being studied for carbon nanotubes [7,8], ultracold
atomic gases [9], quark matters [10], etc.

The Fermi-liquid (FL) theory for quantum impurity sys-
tems has been constructed based on the Kondo model [11] or
Anderson model [12–16]. The ground state properties such
as the residual resistivity of magnetic alloys and the zero-
bias conductance of quantum dots can be described by the
scattering phase shift δσ . The Friedel sum rule states that at
zero temperature T = 0 it also corresponds to a one-point
correlation function δσ /π = 〈ndσ 〉: the occupation number
of an impurity level with σ the index for spin or the other
internal degrees of freedom. The phase shift also determines
the spectral weight of the impurity state at the Fermi level
and the energy shift of the impurity level due to the Coulomb
interaction.

Leading order behavior of the Fermi liquid approaching the
limit T → 0 occurs, for instance, as a T -linear specific heat of

impurity electrons Cimp ∝ T/T ∗. The Kondo energy scale T ∗

and the Wilson ratio R together with the phase shift δσ com-
pletely describe the leading-order behaviors. These additional
parameters, T ∗ and R, can be expressed in terms of two-point
correlation functions: the static susceptibilities of impurity
electrons χσσ ′, which can also be related to the derivative of
the self-energy with respect to the frequency ω and the value
of the vertex corrections at zero frequencies [12–14].

Next leading-order behavior occurs especially in trans-
port phenomena, such as the T 2 resistivity of magnetic
alloys [12–14] and the nonlinear (eV )2 conductance through
quantum dots under a finite bias voltage V [17–21]. In an
ideal situation where quantum impurity systems have the
particle-hole (PH) and time-reversal (TR) symmetries, these
next leading-order terms can be described in terms of the
two-point correlation functions, mentioned above. This is be-
cause in this highly symmetric case the quadratic ω2, T 2, and
(eV )2 dependencies occur only through the damping rate of
quasiparticles. However, these symmetries are easily broken
by external fields, such as a gate voltage and a magnetic
field. When the PH or TR symmetry is broken, the energy
of a quasiparticle also shows the quadratic ω2, T 2, and (eV )2

dependencies which enter through the real part of the self-
energy [16,22].

It has recently been clarified that the energy shift of the
quadratic order can be described in terms of three-point
correlation functions. Extending Nozières’ phenomenological
Fermi-liquid theory [11], the next-to-leading order terms for
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some transport coefficients have been derived for the SU(N)
Kondo model by Mora, Vitushinsky et al. [23–26], and also
for the Anderson model with [27] and without [28] a mag-
netic field by Filippone et al. and Mora et al., respectively.
Correspondingly, we have presented a fully microscopic de-
scription [29–31] based on the standard many-body Green’s
function approach of Yamada-Yosida, Shiba, and Yshi-
mori [12–16] and have shown without assuming the PH nor
TR symmetry that the order ω2, T 2, and (eV )2 real parts
of the self-energy for the Anderson impurity are determined
completely by the static three-body susceptibilities χ

[3]
σσ ′σ ′′ ,

defined in Eq. (16). We have also examined behaviors of the
three-body susceptibilities of multilevel Anderson models in
a wide range of impurity-electron fillings [32–34], using the
numerical renormalization group (NRG) approach [35,36].
Moreover, three-body correlations between electrons in quan-
tum dots have recently been deduced successfully from
nonlinear magnetoconductance measurements [37].

The current noise becomes one of the most important
probes in recent years for exploring quantum fluctuations.
The nonlinear current noise in the low-energy Fermi-liquid
regime was studied, in early days, mainly in the situation
where both the PH and TR symmetries are present [38–43].
A major milestone has been achieved by Mora et al., without
assuming the PH symmetry: formula for the next-leading or-
der terms of the current noise has been derived for the SU(N)
Kondo model [23] and for the single-orbital Anderson model
at zero magnetic field [28]. However, more general current-
noise formulas applicable to the cases without the PH nor TR
symmetry are necessary for studying nonequilibrium quantum
fluctuations in a wide class of Kondo systems with various
kinds of internal degrees of freedom.

The purpose of this paper is to present a complete
microscopic description applicable to next-to-leading or-
der Fermi-liquid behaviors of the current noise in a wide
class of quantum impurity models. To this end, we investi-
gate the low-energy asymptotic form of the Keldysh vertex
function �

ν1ν2;ν3ν4
σσ ′;σ ′σ (ω,ω′; ω′ω) up to linear order terms with

respect to ω, ω′, T , and (eV ), for all branch-components
ν1, ν2, ν3, and ν4 of the Keldysh time-loop contour. The
low-energy results of the vertex function satisfy the Ward
identities with the Keldysh self-energy 	

ν4ν1
U,σ (ω) which has

been obtained up to terms of order ω2, (eV )2 and T 2. It
ensures the current conservation is full filled for the next-
to-leading order transport of the quasiparticles with a finite
damping rate and verifies the consistency in the Fermi-liquid
description for nonlinear quantum fluctuations [17,44].

In this paper, we also provide two alternative derivations
for the Ward identities for the nonequilibirum Keldysh cor-
relation functions at finite bias voltage and temperature. The
first one is based on perturbation expansion in U , and the
second one is deduced from a more general Ward-Takahashi
identity for the Anderson impurity. We find that in the low-
energy Fermi-liquid regime the imaginary parts of the Ward
identities can be described in terms of the collision integrals
[45,46], listed in Tables V and VI: the fermionic collision
integral IK(ω) describes the damping of a single quasiparti-
cle, and the bosonic collision integrals Wph

K (ω) and Wpp
K (ω)

represent the damping of a single particle-hole pair and a

single particle-particle pair, respectively. Furthermore, using
the Ward identities, we find that the causal component of the
vertex function �−−;−−

σσ ′;σ ′σ (0, 0; 0, 0) for σ �= σ ′ has an eV -linear
real part, as shown in Table VIII.

The paper is organized as follows. In Sec. II, we describe
the definition of the steady-state averages for the current and
current fluctuations through the Anderson impurity at finite
bias voltage. In Sec. III, we introduce the Fermi-liquid pa-
rameters necessary for describing low-energy properties up
to the next-leading order, and demonstrated how the asymp-
totic form of the retarded Green’s function can be expressed
in terms of these parameters. In Sec. IV, we discuss some
properties of the nonlinear current noise in the Fermi-liquid
regime, leaving the derivation of the formula to the last part of
this paper. In Sec. V, we provide a perturbative derivation of
the Ward identities for the Keldysh Green’s functions at finite
eV and T . In Sec. VI and Appendix B, the nonequilibrium
Ward-Takahashi identity is derived from the equation of con-
tinuity, and the three-point vertex functions are introduced in
order to extract systematically the symmetrized vertex com-
ponents with respect to the Keldysh time-loop branches. In
Sec. VII, we show that the imaginary part of the Keldysh self-
energies can be described by the fermionic collision integral in
the Fermi-liquid regime, and introduce the bosonic collision
integrals for the particle-hole pair and particle-particle pair
excitations. In Sec. VIII and Appendix C, we calculate the
low-energy asymptotic form of the Keldysh vertex functions,
and show that the imaginary parts of the Ward identities are
full filled through the relations between the fermionic and
bosonic collision integrals. In Sec. IX, using the low-energy
asymptotic form of the Keldysh vertex functions and self-
energies, the nonlinear current-noise formula is derived up to
terms order |eV |3 at T = 0. Summary is given in Sec. X.

II. FORMULATION

A. Anderson impurity model

We study low-energy transport of quantum impurities in
the Fermi-liquid regime over a wide range of electron fillings,
using a multilevel Anderson model coupled to two different
reservoirs on the left (L) and right (R): H = Hd + Hc + HT,

Hd =
N∑

σ=1

εdσ ndσ + 1

2

∑
σ �=σ ′

U ndσ ndσ ′ , (1a)

Hc =
∑
j=L,R

N∑
σ=1

∫ D

−D
dξ ξ c†

ξ jσ cξ jσ , (1b)

HT = −
∑
j=L,R

N∑
σ=1

v j (ψ
†
jσ dσ + d†

σψ jσ ). (1c)

Here, d†
σ for σ = 1, 2, . . . , N creates an impurity electron

with energy εdσ . The operator ndσ = d†
σ dσ represents the

occupation number, and U is the Coulomb interaction be-
tween electrons in the different levels. For N = 2, this
Hamiltonian corresponds to the usual spin-1/2 Anderson
model. In this paper, we will hereafter cite the internal σ

degrees of freedom as ‘spin’ also for N > 2, for simplicity.
Conduction electrons with energy ξ in each of the two bands
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on the left and right are normalized such that {cξ jσ , c†
ξ ′ j′σ ′ } =

δ j j′ δσσ ′δ(ξ − ξ ′) for j = L, R. The linear combination of
these continuous states, ψ jσ ≡ ∫ D

−D dξ
√

ρc cξ jσ with ρc =
1/(2D), couples to the discrete impurity level with the same σ

via a tunnel matrix element v j . It determines the width of the
resonance as � ≡ �L + �R with � j = πρcv

2
j . Specifically,

we consider the parameter region, where the relevant energy
scales are much smaller than the half band width D, i.e.,
max(U,�, |εdσ |, |ω|, T, |eV |) � D.

In this paper, we study nonlinear fluctuations of the current
Ĵ j,σ through a quantum dot in the low-energy Fermi-liquid
regime:

ĴL,σ = −i vL(ψ†
Lσ dσ − d†

σψLσ ), (2a)

ĴR,σ = +i vR(ψ†
Rσ dσ − d†

σ ψRσ ). (2b)

Here, ĴL,σ represents the current following from the left lead
to the dot, and ĴR,σ represents the current from the dot to the
right lead. These currents satisfy the conservation law which
follows from the Heisenberg equation motion, ∂ndσ /∂t =
−i [nd,σ , H], and preserves the spin σ ,

∂ndσ

∂t
+ ĴR,σ − ĴL,σ = 0. (3)

These two current operators can also be classified in to the
symmetrized part

Ĵσ ≡ �LĴR,σ + �RĴL,σ

�L + �R
(4)

and the difference ĴR,σ − ĴL,σ .

B. Average current and current fluctuations

We consider a nonequilibrium steady state under a finite
bias voltage eV ≡ μL − μR, applied between the two leads
by setting the chemical potentials of the left and right leads
to be μL and μR, respectively. The statistical density operator
which describes the steady state in this situation can be de-
scribed, using the time evolution along the Keldysh time-loop
contour [47].

Specifically, the steady-state average of the electric cur-
rent J ≡ e

∑
σ 〈Ĵσ 〉 can be expressed in the following

form [17,48]:

J = e

h

∑
σ

∫ ∞

−∞
dω[ fL(ω) − fR(ω)] Tσ (ω). (5)

Here, Tσ (ω) is the transmission probability that is determined
by the retarded Green’s function Gr

σ (ω),

Tσ (ω) = − 4�L�R

�L + �R
Im Gr

σ (ω), (6)

Gr
σ (ω) ≡ −i

∫ ∞

0
dt ei(ω+i0+ )t 〈{dσ (t ), d†

σ (0)}〉

= 1

ω − εdσ
+ i� − 	r

U,σ (ω)
. (7)

Effects of the Coulomb repulsion on the average current J
enters through the retarded self-energy 	r

U,σ (ω) which also
depends on eV and temperature T . In Eq. (5), f j (ω) ≡ f (ω −

4, 4, 4

1, 1, 1

3, 3, 3

2, 2, 2

FIG. 1. Vertex correction �ν1ν2;ν3ν4
σ1σ2;σ3σ4

(ω1, ω2; ω3ω4) between the
electron in the levels σi (i = 1, 2, 3, 4). The superscript νi specifies
the branches of Kedysh time-loop contour, for which ν = − and +
represent the forward and return paths, respectively. The frequencies
are conserved such that ω1 + ω3 = ω2 + ω4.

μ j ) with f (ω) ≡ [eω/T + 1]−1 the Fermi distribution func-
tion. We will choose the chemical potentials μL and μR in
a way such that

μL = αLeV, μR = −αReV, αL + αR = 1. (8)

The parameters αL and αR specify how the bias is applied
relative to the Fermi level at equilibrium which is chosen to
be the origin of one-particle energies EF = 0.

The main subject of this paper is low-energy behavior of
current noise of a quantum dot [44],

SQD
noise = e2

∑
σσ ′

∫ ∞

−∞
dt 〈δĴσ (t ) δĴσ ′ (0) + δĴσ ′ (0) δĴσ (t )〉.

(9)

Here, δĴσ (t ) ≡ Ĵσ (t ) − 〈Ĵσ (0)〉 represents fluctuations of the
symmetrized current. The current-current correlation function
SQD

noise depends not only the single-quasiparticle properties that
enter through Gr

σ (ω) but also on the collision term of two
quasiparticles. It is described microscopically by the Keldysh
vertex corrections �

ν1ν2;ν3ν4
σσ ′;σ ′σ (ω,ω′; ω′ω), illustrated in Fig. 1.

We calculate SQD
noise later in Sec. IX up to terms of order

(eV )3, taking into account all multiple collision processes
described in Fig. 2. Before giving the proof, the results of
the average current and the current noise are summarized

,

,
'

,

,

', '

', '

1 2

4 3

'

,

, , j

'

'

, , j

,

'

'

FIG. 2. Feynman diagrams for the current-current correla-
tion function

∫∞
−∞dt Kν′ν

σ ′σ (t, 0) of symmetrized current fluctua-

tions Ĵσ defined in Eq. (4) with K+−
σ ′σ (t, 0) ≡ −i〈δĴσ ′ (t ) δĴσ (0)〉

and K−+
σ ′σ (t, 0) ≡ −i〈δĴσ (0) δĴσ ′ (t )〉. The solid line represents the

Keldysh Green’s function Gν′ν
σ (ω) of the quantum dot. The black

diamond ( �) in the two diagrams on the top represents a matrix the
bare current vertex λα

sym(ε, ε) for α = ν, ν ′ defined in Eq. (98). The
dashed line in the last two diagrams at the bottom denotes the Green’s
function gν′ν

jσ (ω) of the isolated lead on j = L and R.
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TABLE I. Low-energy expansion of dJ/dV up to terms of order
T 2 and (eV )2 for �L = �R = �/2 and μL = −μR = eV/2.

dJ
dV = e2

h

∑
σ [sin2 δσ − cT,σ (πT )2 − cV,σ (eV )2 + · · · ],

cT,σ ≡ π2

3

[−(χ 2
σσ + 2

∑
σ ′ ( �=σ )χ

2
σσ ′
)

cos 2δσ

+ 1
2π

(
χ [3]

σσσ +∑σ ′ ( �=σ )χ
[3]
σσ ′σ ′
)

sin 2δσ

]
,

cV,σ ≡ π2

4

[−(χ 2
σσ + 5

∑
σ ′ ( �=σ )χ

2
σσ ′
)

cos 2δσ

+ 1
2π

(
χ [3]

σσσ + 3
∑

σ ′ ( �=σ )χ
[3]
σσ ′σ ′
)

sin 2δσ

]
.

in Tables I and II, respectively. The expansion coefficients
cT,σ , cV,σ , and cS,σ of the next-leading order terms of the
low-energy expansion can be expressed in terms of the static
correlation functions χσσ ′ and χ

[3]
σσ ′σ ′′ , defined with respect

to the equilibrium ground state. We describe the definition
of these static correlation functions, which also determine
the behavior of the self-energy and vertex corrections, in
the next section. We also present, in Sec. IV, some appli-
cation examples of the transport formulas listed in Tables I
and II.

III. MICROSCOPIC FERMI-LIQUID THEORY

The main subject of this paper, i.e., low-energy behavior
of the current noise, is based on the microscopic Fermi-liquid
theory for which the roles of the three-body correlations have
been clarified recently. In this section, we describe the latest
version of FL theory for the retarded Green’s function and the
causal vertex function �−−;−−

σσ ′;σ ′σ (ω,ω′; ω′, ω).

A. Fermi-liquid parameters

Low-energy transport in the Fermi-liquid regime are
mostly determined by a set of the parameters which can be
derived from the retarded Green’s function with respect to
the equilibrium ground state Gr

eq,σ (ω) ≡ Gr
σ (ω)|T =eV =0. In

particular, the behavior of the retarded self-energy 	r
eq,σ (ω)

at small frequencies ω plays a central role,

	r
eq,σ (ω) ≡ 	r

U,σ (ω)
∣∣
T =eV =0

. (10)

The density of states of the impurity electrons at equilibrium
is given by

ρdσ (ω) ≡ − 1

π
Im Gr

eq,σ (ω). (11)

TABLE II. Low-bias expansion of the noise SQD
noise, obtained at

T = 0 up to terms of order |eV |3 for �L = �R = �/2 and μL =
−μR = eV/2.

SQD
noise = 2e2

h |eV |∑σ

[
1
4 sin2 2δσ + cS,σ (eV )2 + · · · ],

cS,σ ≡ π2

12

[
cos 4δσ χ 2

σσ + (2 + 3 cos 4δσ )
∑

σ ′ ( �=σ )χ
2
σσ ′

+ 4
∑

σ ′ ( �=σ ) cos 2δσ cos 2δ
σ ′ χ 2

σσ ′

+ 3
∑

σ ′ ( �=σ )

∑
σ ′′ ( �=σ,σ ′ ) sin 2δσ sin 2δ

σ ′χσσ ′′χσ ′σ ′′

− 1
4π

(
χ [3]

σσσ + 3
∑

σ ′ ( �=σ )χ
[3]
σσ ′σ ′
)

sin 4δσ

]

We will write the value at the Fermi energy ω = 0 as ρdσ ≡
ρdσ (0) hereafter, suppressing the frequency argument. It can
also be expressed, as ρdσ = sin2 δσ /π�, in terms of the phase
shift δσ , defined by

δσ = cot−1

[
εdσ + 	r

eq,σ (0)

�

]
. (12)

At zero temperature T = 0, the Friedel sum rule relates
the phase shift to the occupation number of the impurity
level which can also be deduced from the free energy � ≡
−T ln[Tr e−H/T ],

〈ndσ 〉eq = ∂�

∂εdσ

T →0−−−→ δσ

π
. (13)

Some of the Fermi-liquid effects beyond the constant
energy shift 	r

eq,σ (0) can be deduced from the linear suscep-
tibilities, as shown by Yamada-Yosida and Shiba [12,14,15]:

χσσ ′ ≡
∫ 1/T

0
dτ 〈δndσ (τ ) δndσ ′ 〉eq

= − ∂2�

∂εdσ ′∂εdσ

= −∂〈ndσ 〉eq

∂εdσ ′

T →0−−−→ ρdσ χ̃σσ ′, (14)

χ̃σσ ′ ≡ δσσ ′ + ∂	r
eq,σ (0)

∂εdσ ′
. (15)

Here, δndσ ≡ ndσ − 〈ndσ 〉eq, and the reciprocal relations hold
between the components: χσσ ′ = χσ ′σ .

For a complete description of the FL corrections up to
next-leading order, the static nonlinear susceptibilities are also
necessary [27–31],

χ [3]
σ1σ2σ3

≡ −
∫ 1

T

0
dτ3

∫ 1
T

0
dτ2
〈
Tτ δndσ3 (τ3) δndσ2 (τ2) δndσ1

〉
eq

= − ∂3�

∂εdσ1∂εdσ2∂εdσ3

= ∂χσ2σ3

∂εdσ1

, (16)

where Tτ is the imaginary-time ordering operator. These three-
body correlation functions become finite when the PH or TR
symmetry is broken. They contribute to the next-leading-order
terms of the transport coefficients, together with the derivative
of the density of states:

ρ ′
dσ ≡ ∂ρdσ (ω)

∂ω

∣∣∣∣
ω=0

= sin 2δσ

�
ρ̃dσ . (17)

Here, ρ̃dσ ≡ ρdσ /zσ is the renormalized density of states
for quasiparticles, with zσ the wave-function renormalization
factor,

1

zσ

≡ 1 − ∂	r
eq,σ (ω)

∂ω

∣∣∣∣
ω=0

. (18)

B. Fermi-liquid relations

Why can the transport coefficients are determined by the
static linear and nonlinear susceptibilities at low energies as
listed in Tables I and II while they are originally defined
in terms of time-dependent correlation functions as Eqs. (5)
and (9)? It is owing to the current conservation law described
in Eq. (3), from which the Ward identity can be deduced for
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various kinds of the Green’s functions. The Ward identities
for the Matsubara Green’s function have systematically been
explored by Yoshimori [16] in the limit of T → 0, which can
be rewritten into the following form as a relation between the
causal self-energy 	−−

eq,σ and vertex function �−−;−−
σσ ′;σ ′σ of the

zero-temperature formalism,

δσσ ′
∂	−−

eq,σ (ω)

∂ω
+ ∂	−−

eq,σ (ω)

∂εdσ ′
= −�−−;−−

σσ ′;σ ′σ (ω, 0; 0, ω) ρdσ ′ .

(19)

At T = 0, the retarded self-energy is related to the causal one,
as 	r

eq,σ (ω) = θ (ω) 	−−
eq,σ (ω) + θ (−ω){	−−

eq,σ (ω)}∗ with θ (ω)
the Heaviside step function.

The diagonal σ = σ ′ component of the identity Eq. (19)
gives the Yamada-Yosida relation, 1/zσ = χ̃σσ [12,16], which
follows from the property �−−;−−

σσ ;σσ (0, 0; 0, 0) = 0. Thus the
T -linear specific heat of the impurity electrons can be ex-
pressed in terms of the diagonal susceptibility, as Cimp =
π2

3

∑
σ χσσ T .

Similarly, at ω = 0, the off-diagonal σ �= σ ′ component of
Eq. (19) takes the form

χ̃σσ ′ = −�−−;−−
σσ ′;σ ′σ (0, 0; 0, 0) ρdσ ′ . (20)

This shows that the susceptibilities determine the residual
interaction between quasiparticles [49],

Ũσσ ′ ≡ zσ zσ ′�
−−;−−
σσ ′;σ ′σ (0, 0; 0, 0) = −χσσ ′

χσσ χσ ′σ ′
. (21)

Furthermore, the Wilson ratio Rσσ ′ can be defined as a dimen-
sionless residual interaction for σ �= σ ′,

Rσσ ′ − 1 ≡ √ρ̃dσ
ρ̃dσ ′ Ũσσ ′ = −χσσ ′√

χσσ χσ ′σ ′
. (22)

C. Higher order Fermi-liquid corrections

The renormalized parameters described in the above are
related to the first derivatives of the self-energy. In order to
explore next-leading-order behaviors of the transport coef-
ficients, information about order ω2, T 2, and (eV )2 terms
of 	r

U,σ (ω) is also necessary [27,29,30]. Similarly, the low-
energy expansion of �−−;−−

σσ ′;σ ′σ (ω,ω′; ω′, ω) up to linear order
terms with respect to frequencies, T , and eV also includes
alternative information. Here we briefly summarize the re-
cent FL description for these high-order corrections, including
some extensions carried out in this work. These corrections
are also essential for our purpose to explore the low-energy
behavior of the current noise.

1. ω2 dependence of �−−
U,σ

The antisymmetry property of the vertex function im-
poses a strong restriction on the two-quasiparticle collision
processes,

�−−;−−
σ1σ2;σ3σ4

(ω1, ω2; ω3, ω4) = −�−−;−−
σ3σ2;σ1σ4

(ω3, ω2; ω1, ω4)

= �−−;−−
σ3σ4;σ1σ2

(ω3, ω4; ω1, ω2)

= −�−−;−−
σ1σ4;σ3σ2

(ω1, ω4; ω3, ω2).
(23)

The diagonal σ1 = σ2 = σ3 = σ4 components of the causal
vertex vanish �−−;−−

σσ ;σσ (0, 0; 0, 0) = 0 at zero frequencies, and
it has been used for the proof of Eq. (18) [16]. We have
shown in the previous paper that the ω-linear real parts of the
diagonal vertex components also vanish at zero frequencies at
T = eV = 0 [30], as

∂

∂ω
Re �−−;−−

σσ ;σσ (ω, 0; 0, ω)

∣∣∣∣
ω→0

= 0. (24)

Order ω2 real part of the self-energy can be deduced from this
information, taking a derivative of the both sides of Eq. (19)
with respect to ω,

∂2

∂ω2
Re 	−−

eq,σ (ω)

∣∣∣∣
ω→0

= ∂2	r
eq,σ (0)

∂ε2
dσ

= ∂χ̃σσ

∂εdσ

. (25)

It shows that the ω2 real part is determined by the intralevel
component of the three-body correlation function χ [3]

σσσ . Phys-
ically, this term of the self-energy induces higher order energy
shifts for single-quasiparticle excitations.

It can also be deduced from Eq. (25) that the diagonal σ =
σ ′ components of the vertex function are pure imaginary up to
linear order with respect to ω and ω′ and takes the following
form at T = eV = 0 [30],

�−−;−−
σσ ;σσ (ω,ω′; ω′, ω) ρ2

dσ = iπ
∑

σ ′( �=σ )

χ2
σσ ′ |ω − ω′| + · · · .

(26)

Furthermore, using also the identity Eq. (19), the off-diagonal
σ �= σ ′ component can be deduced at T = eV = 0, as

�−−;−−
σσ ′;σ ′σ (ω,ω′; ω′, ω) ρdσ ρdσ ′

= −χσσ ′ + ρdσ

∂χ̃σσ ′

∂εdσ

ω + ρdσ ′
∂χ̃σ ′σ

∂εdσ ′
ω′

+ iπ χ2
σσ ′ (|ω − ω′| − |ω + ω′|) + · · · . (27)

Note that the imaginary parts of the vertex functions,
which show nonanalytic |ω − ω′| and |ω + ω′| depen-
dence, determine the damping of the two-quasiparticle
collisions [16,18,50,51]. In this paper, we also calculate all
the Keldysh vertex components at finite temperature and bias
voltage up to terms of order T and eV in Sec. VIII and
Appendix C.

2. T 2 dependence of �−−
U,σ

We have described in the previous paper that order T 2 term
of the retarded self-energy 	r

eq,σ can be expressed in terms of
the derivative of the causal vertex at T = 0 [30], rewriting the
proof of Yamada-Yosida [14] in the following form:

	r
eq,σ (0) − 	r

eq,σ (0)
∣∣
T =0

= (πT )2

6
lim

ω→0+
�−−

σ (ω) + · · · ,

(28)

�−−
σ (ω) ≡ lim

ω′→0

∂

∂ω′
∑
σ ′

�−−;−−
σσ ′;σ ′σ (ω,ω′; ω′, ω)ρdσ ′ (ω′).

(29)

The derivative with respect to ω′ in the right-hand side can
explicitly be carried out, using the results of the low-energy
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asymptotic form Eqs. (26) and (27) at finite ω, and then
the coefficient for order T 2 term follows by taking the limit
ω → 0,

lim
ω→0

�−−
σ (ω) = 1

ρdσ

∑
σ ′( �=σ )

[
∂χσσ ′

∂εdσ ′
− i 3π

1

ρdσ

χ2
σσ ′ sgn(ω)

]
.

(30)

The nonanalytic sgn(ω) dependence, appearing in the right-
hand side, reflects the branch cut of the vertex function
�−−;−−

σσ ′;σ ′σ (ω,ω′; ω′, ω) along the lines |ω − ω′| = 0 and |ω +
ω′| = 0 in the ω-ω′ plane [16,30,50,51].

3. Retarded self-energy up to order ω2, T 2, and (eV )2

Low-energy behavior of the retarded self-energy under a
finite bias voltage has been determined previously up to terms
of order (eV )2 as well as order ω2 and T 2 terms, mentioned
above [31,33]. We will describe alternative derivation later
in Sec. V in an extended way, using the generalized Ward
identity which we have obtained in the present work at finite
eV and T . Here we present the low-energy asymptotic form of
the retarded self-energy, extended to multilevel quantum dots
with N > 2,

Re 	r
U,σ (ω) = 	r

eq,σ (0) + (1 − χ̃σσ ) ω + 1

2

∂χ̃σσ

∂εdσ

ω2

+ 1

6

1

ρdσ

∑
σ ′( �=σ )

∂χσσ ′

∂εdσ ′

×
[

3�L�R

(�L + �R)2 (eV )2 + (πT )2

]
−
∑

σ ′( �=σ )

χ̃σσ ′ αsh eV +
∑

σ ′( �=σ )

∂χ̃σσ ′

∂εdσ

αsh eV ω

+ 1

2

∑
σ ′( �=σ )

∑
σ ′′( �=σ )

∂χ̃σσ ′

∂εdσ ′′
α2

sh (eV )2 + · · · ,

(31a)

Im 	r
U,σ (ω) = −π

2

1

ρdσ

∑
σ ′( �=σ )

χ2
σσ ′

[
( ω − αsh eV )2

+ 3 �L�R

(�L + �R)2 (eV )2 + (πT )2

]
+ · · ·,

(31b)

and αsh ≡ (αL�L − αR�R)/(�L + �R). The parameters αL

and αR are defined in Eq. (8), and specify the position of the
chemical potentials of the left and right leads, respectively,
with a constraint αL + αR = 1. For multilevel quantum dots
N > 2, the nonlinear susceptibilities χ

[3]
σσ ′σ ′′ between electrons

occupying three different levels (σ �= σ ′ �= σ ′′ �= σ ) give fi-
nite contributions to order (eV )2 part of Re 	r

U,σ (ω) in the
case where αsh �= 0. In contrast, for αsh = 0, the correlations
χ

[3]
σσ ′σ ′ between three electrons in two different levels (σ �= σ ′)

determine order (eV )2 and T 2 terms of the real part. Con-
tributions of these three-body correlation functions play an
important role when the PH or TR symmetry is broken by
external fields, such as gate voltages and magnetic fields.

IV. NONLINEAR CURRENT NOISE IN THE
FERMI-LIQUID REGIME

We describe here properties of the current noise in the
Fermi-liquid regime, leaving the complete proof later in
Sec. IX as the derivation needs precise information about the
low-energy behavior of the Keldysh vertex corrections which
we will shown in Secs. V–VIII and Appendix C.

A. Conductance and thermal noise

We consider first the differential conductance dJ/dV that
can be deduced up to terms of order T 2 and (eV )2 from the
Landauer-type formula Eq. (5), using the low-energy expan-
sion of 	r

U,σ (ω) given in Eq. (31). Specifically, for symmetric
junctions with �L = �R and μL = −μR = eV/2, the asymp-
totic form spectral function is given by

−� Im Gr
σ (ω)

= sin2 δσ + π sin 2δσ χσσ ω

+ π2

[
cos 2δσ

(
χ2

σσ + 1

2

∑
σ ′( �=σ )

χ2
σσ ′

)
− sin 2δσ

2π
χ [3]

σσσ

]
ω2

+ π2

3

[
3

2
cos 2δσ

∑
σ ′( �=σ )

χ2
σσ ′ − sin 2δσ

2π

∑
σ ′( �=σ )

χ
[3]
σσ ′σ ′

]

×
{

3

4
(eV )2 + (πT )2

}
+ · · · . (32)

Table I shows the explicit expressions of the coefficients cT,σ

and cV,σ for the next-leading order terms of dJ/eV , which are
applicable to a wide class of quantum dots without the PH or
TR symmetries:

dJ

dV
= e2

h

N∑
σ=1

[
sin2 δσ − cT,σ (πT )2 − cV,σ (eV )2 + · · · ].

(33)
The first two terms in the right-hand side of Eq. (33) cor-

respond to the linear conductance. They also determine the
thermal current noise at equilibrium, which can be deduced
from the fluctuation-dissipation theorem [44],

SQD
noise

∣∣
V =0 = 4T

dJ

dV

∣∣∣∣
V =0

= 4e2

h
T
∑

σ

[
sin2 δσ − cT,σ (πT )2 + · · · ]. (34)

We will also describe a diagrammatic derivation of the
equilibrium noise in the Fermi-liquid regime in Sec. IX A
as a preparation for calculating nonlinear current noise at
finite eV .

B. Nonlinear current noise

We will calculate SQD
noise up to terms of order |eV |3 later

in Sec. IX, using the diagrammatic representations shown in
Fig. 2. In order to carry it out, the Keldysh Green’s functions
Gν ′ν

σ (ω) should also be expanded up to terms of order ω2

and (eV )2. Furthermore, all components of the Keldysh vertex
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function �
ν1ν2;ν3ν4
σσ ′;σ ′σ (ω,ω′; ω′ω) are needed to be determined up

to linear order terms with respect to ω, ω′ and eV . Leaving all
these details in Secs. V–VIII, we discuss here the result of the
nonlinear current noise, is obtained for symmetric junctions
with �L = �R and μL = −μR = eV/2:

SQD
noise

∣∣
T =0 = 2e2

h
|eV |
∑

σ

[
sin2 2δσ

4
+ cS,σ (eV )2 + · · ·

]
.

(35)

As shown in Table II, the coefficient cS,σ can be expressed
in terms of the linear and nonlinear susceptibilities similarly
to the other coefficients cT,σ and cV,σ . Therefore the nonlinear
Fano factor which is defined as the ratio of order (eV )3 current
noise to the nonlinear current of the same order [23,28] can be

expressed in the following form:

FK ≡ lim
|eV |→0

SQD
noise − 2e2|eV |

h

∑
σ

sin2 2δσ

4

−2|e| (J − e2V
h

∑
σ sin2 δσ

)
=
∑

σ cS,σ∑
σ cV,σ /3

. (36)

1. Current noise in SU(N) symmetric case

In a special case where the impurity level becomes de-
generate εdσ ≡ εd for all components σ = 1, 2, . . . , N , the
Hamiltonian H given in Eq. (1) has the SU(N) symmetry.
In this case, each of the levels equally contributes to the
transport, and thus the nonlinear Fano Factor takes the form
FK = cS,σ /(cV,σ /3), with the coefficients that become inde-
pendent of σ ,

cS,σ = π2χ2
σσ

12

[
cos 4δ +

{
4 + 5 cos 4δ + 3

2
(1 − cos 4δ)(N − 2)

}
K̃2

N − 1
− cos 2δ{�I + 3(N − 1)�II}

]
, (37)

cV,σ = π2χ2
σσ

4

[
−
(

1 + 5 K̃2

N − 1

)
cos 2δ + �I + 3(N − 1)�II

]
. (38)

Here, K̃ ≡ (N − 1)(R − 1) is a rescaled Wilson ratio: R =
1 − χσσ ′/χσσ for σ ′ �= σ . The diagonal susceptibility χσσ

in the right-hand side of these equations determines a char-
acteristic energy scale T ∗ ≡ 1/(4χσσ ). The dimensionless
parameters �I and �II are introduced for the three-body
correlation functions for the diagonal and off-diagonal com-
ponents, respectively,

�I ≡ sin 2δ

2π

χ [3]
σσσ

χ2
σσ

, �II ≡ sin 2δ

2π

χ
[3]
σσ ′σ ′

χ2
σσ

. (39)

The formula for cS,σ given in Eq. (37) reproduces the previous
result as a special case for N = 2, obtained by Mora, Moca
et al. for the spin-1/2 Anderson model at zero magnetic field.1

The nonlinear Fano factor for the SU(N) symmetric case
is given by Eqs. (36)–(38). It also reproduces the previous
result [42], obtained specifically for the particle-hole symmet-
ric case at which δ = π/2 and all the three-body correlation
functions vanish χ

[3]
σσ ′σ ′′ = 0,

FK

εd →− (N−1)U
2−−−−−−−→ 1 + 9K̃2

N−1

1 + 5K̃2

N−1

U→∞−−−−→ 1 + 9
N−1

1 + 5
N−1

. (40)

In the strong coupling limit U → ∞, the occupation num-
ber Nd ≡∑σ 〈ndσ 〉 takes integer values M = 1, 2, . . . , N − 1
at εd = −(M − 1/2)U and the phase shift is also locked at
δ = πM/N . In this limit, the charge and spin susceptibilities
satisfy the stationary conditions, especially the charge suscep-
tibility is suppressed χσσ + (N − 1)χσσ ′ → 0, and thus the

1Equation (11) of Ref. [28]. Their notation and our one correspond
to each other such that α(1)

σ /π = χσσ , φ
(1)
σσ ′/π = −χ

σσ ′ , α(2)
σ /π =

− 1
2 χ [3]

σσσ , and φ
(2)
σσ ′/π = 2 χ

[3]
σσ ′σ ′ for σ ′ �= σ .

scaled Wilson ratio approaches K̃ → 1. The three body cor-
relation functions show the property �I + (N − 1)�II → 0 in
the strong-coupling limit [34], and thus FK takes the value,

FK → 1 + sin2 2δ + 9−13 sin2 2δ
N−1 + 2 �I cos 2δ

−[1 + 5
N−1

]
cos 2δ − 2 �I

. (41)

This expression agrees with FK for the SU(N) Kondo model,
obtained previously by Mora, Vitushinsky, et al.2 We have
calculated the three-body correlation functions of the SU(N)
Anderson model for N = 4 and 6, using the NRG in the
previous paper [33,34]. The results show that, for strong inter-
actions U  �, the three-body correlations are characterized
by a single parameter over a wide continuous filling-range
1 � Nd � N − 1, including the intermediate valence regions
in between two adjacent integer-filling points M and M + 1
for M = 1, 2, . . . , N − 2.

2. Current noise at finite magnetic fields

We next provide another application of the current-noise
formula to the case where the time-reversal symmetry is bro-
ken by an external magnetic field b. Specifically, we consider
the spin 1/2 Anderson model (N = 2) at half filling, taking the
impurity level to be εdσ ≡ εd − sgn(σ ) b with εd = −U/2,
sgn(↑) = +1 and sgn(↓) = −1. In this case, the phase shift
takes the form δσ = π [1 + sgn(σ ) md ]/2 with md ≡ 〈nd↑〉 −
〈nd↓〉, and the correlation functions have the following prop-
erties: χ↑↑ = χ↓↓, χ↑↓ = χ↓↑, χ

[3]
↓↓↓ = −χ

[3]
↑↑↑, and χ

[3]
↑↑↓ =

2Equation (51) of Ref. [23], after inserting some parenthesis for
correcting minor typos.
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TABLE III. The coefficients C’s for the transport coefficients given in Eq. (43) at finite magnetic fields b for N = 2 at half filling εd = −U
2 .

Dimensionless three-body correlation functions are defined as �b
I ≡ − sin(πmd )

2π

χ
[3]
↑↑↑
χ2

↑↑
, and �b

II ≡ − sin(πmd )
2π

χ
[3]
↑↓↓
χ2

↑↑
.

Cb
S = π2

192

[
W b

S + (�b
I + 3�b

II

)
cos(πmd )

]
, W b

S ≡ cos(2πmd ) + [4 + 5 cos(2πmd )](R − 1)2

Cb
V = π2

64

[
W b

V + �b
I + 3 �b

II

]
, W b

V ≡ [1 + 5(R − 1)2
]

cos(πmd )

Cb
T = π2

48

[
W b

T + �b
I + �b

II

]
, W b

T ≡ [1 + 2(R − 1)2
]

cos(πmd )

CQD
κ,b = 7π2

80

[
W QD

κ,b + �b
I + 5

21 �b
II

]
, W QD

κ,b ≡ [1 + 6
7 (R − 1)2

]
cos(πmd )

−χ
[3]
↑↓↓. Therefore there are two independent three-body cor-

relation functions χ
[3]
↑↑↑ and χ

[3]
↑↓↓ in this case, which can be

evaluated from the derivative of the linear susceptibilities with
respect to b,

∂χ↑↑
∂b

= −χ
[3]
↑↑↑ + χ

[3]
↑↑↓

εd =−U/2−−−−−→ −χ
[3]
↑↑↑ − χ

[3]
↑↓↓,

∂χ↑↓
∂b

= −χ
[3]
↑↑↓ + χ

[3]
↑↓↓

εd =−U/2−−−−−→ 2 χ
[3]
↑↓↓. (42)

The transport coefficients up to the next-leading order terms
can be described in terms of the five FL parameters: md ,
T ∗ = 1/(4χ↑↑), R = 1 − χ↑↓/χ↑↑, and two different three-

body correlation functions, �b
I ≡ − sin(πmd ) χ

[3]
↑↑↑/(2πχ2

↑↑),

and �b
II ≡ − sin(πmd ) χ

[3]
↑↓↓/(2πχ2

↑↑).
Table III shows the formulas for the coefficients of the

low-energy expansion of the differential conductance dJ/dV ,
current noise SQD

noise, and thermal conductivity κQD for this case:

SQD
noise = 2

2e2

h
|eV |
[

sin2(πmd )

4
+ Cb

S

(
eV

T ∗

)2

+ · · ·
]
,

dJ

dV
= 2e2

h

[
cos2

(
πmd

2

)
−Cb

T

(
πT

T ∗

)2

− Cb
V

(
eV

T ∗

)2

+ · · ·
]
,

κQD = 2π2T

3h

[
cos2

(
πmd

2

)
− CQD

κ,b

(
πT

T ∗

)2

+ · · ·
]
. (43)

Here, the thermal conductivity is defined with respect to the
heat current JQ = κQD δT , induced by the temperature differ-
ence δT between the two leads. It is also determined by the
transmission probability Tσ (ω) defined in Eq. (6) [52], as

κQD ≡ 1

h T

[∑
σ

LQD
2,σ −
(∑

σ L
QD
1,σ

)2∑
σ L

QD
0,σ

]
, (44)

LQD
n,σ ≡

∫ ∞

−∞
dω ωn Tσ (ω)

(
−∂ f (ω)

∂ω

)
. (45)

We consider here behaviors of these coefficients for strong
interactions U  �, where the system can be described by the
Kondo model. Specifically, the behavior of dI/dV in this limit
has already been examined by Filippone et al., i.e., Eq. (17)
of Ref. [27], using a different notation. Here we consider
mainly the current SQD

noise and κQD. In the Kondo limit, the
Wilson ratio approaches R → 2 as the charge fluctuations are
suppressed χ↑↓ + χ↑↑ → 0. Correspondingly, two different
components of the three-body correlation functions take an
identical value χ

[3]
↑↓↓ → χ

[3]
↑↑↑, and thus �b

II → �b
I . Therefore,

in the strong-interaction limit, the transport coefficients de-

fined in Eq. (43) and Table III are determined by the following
three FL parameters: md , �b

I , and T ∗. These parameters can be
calculated from the spin susceptibility χs of the Kondo model
with the Zeeman coupling Hz = −2Sz

d b between the impurity
spin Sz

d = (nd↑ − nd↓)/2 and magnetic field b,

χ↑↑
U�−−−→ χs

4
≡ 1

2

∂
〈
Sz

d

〉
∂b

, (46)

χ
[3]
↑↑↑

U�−−−→ −1

8

∂χs

∂b
= −1

4

∂2
〈
Sz

d

〉
∂b2

. (47)

The field-dependent energy scale can be defined by the inverse

of the spin susceptibility T ∗ U�−−−→ 1/χs.
In the Kondo limit, the nonlinear Fano factor takes the

form [34]

Cb
S

Cb
V /3

U�−−−→ 4 + 6 cos(2πmd ) + 4 �b
I cos(πmd )

6 cos(πmd ) + 4 �b
I

. (48)

We also find that the ratio of the T 3 thermal conductivity to
the T 2 conductance takes a constant value which does not
depend on magnetic field strength b or the Kondo coupling
JK ∝ �/(ρcU ),

CQD
κ,b

Cb
T

U�−−−→ 13

5
. (49)

Figure 3 shows the NRG results of these coefficients for
strong interactions U/(π�) � 2.5 plotted against b/TK .3

The coefficients are rescaled in a way such that C
QD
κ,b ≡

(TK/T ∗)2 CQD
κ,b , C

b
T ≡ (TK/T ∗)2 Cb

T , C
b
S ≡ (TK/T ∗)2 Cb

S , and
F b

K ≡ Cb
S/(Cb

V /3), with the Kondo temperature TK ≡ T ∗|b=0
defined at zero field [34]. Each of these curves shows the
Kondo scaling behavior. We can see that the universal curve

for C
QD
κ,b and that for (15/3)C

b
T are almost identical and overlap

each other showing a good agreement with Eq. (49). Note that
similar relation does not hold for magnetic alloys for the T 3

thermal conductivity and the T 2 electrical resistivity [31,53].
Equation (49) clarifies one of the FL properties appearing
in the temperature dependence. The nonlinear Fano factor

F b
K ≡ C

b
S/(C

b
V /3) can be regarded as a nonequilibrium analog.

As the zero points of C
b
S and that of C

b
V appear at different

magnetic fields, F b
K diverges at the zero point of C

b
V .

3NRG calculations for this case have been carried out, choosing the
discretization parameter to be � = 2.0 and retaining typically 4000
low-lying excited states.
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FIG. 3. Magnetic-field scaling of the coefficients that determine
the next-leading-order transport of the N = 2 Anderson impurity
model. These results are obtained at half-filling εd = −U/2 for
strong interactions U/(π�) = 2.5, 3.0, 3.5, and 4.0, using the

NRG approach. (a)–(d) show that (a) C
QD
κ,b ≡ (TK/T ∗)2CQD

κ,b , (b) C
b
T ≡

(TK/T ∗)2Cb
T multiplied by a factor of 13/5, (c) C

b
S ≡ (TK/T ∗)2Cb

S ,

and (d) F b
K ≡ C

b
S/(C

b
V /3). The Kondo temperature is defined as TK ≡

T ∗|b=0, at zero field with T ∗ = 1/(4χ↑↑).

V. KELDYSH GREEN’S FUNCTION FOR ANDERSON
IMPURITY

The current conservation is an essential requirement that
transport theories must satisfy, and it is particularly important
for strongly correlated electron systems. In this and the next
section, we extend the Ward identities for the Keldysh Green’s
function which were previously obtained for nonequilibrium
steady states but only for the zero-bias limit eV → 0 [18].
Specifically, in this section, we perturbatively derive the Ward
identities which hold for finite eV and can be expressed in
terms of the Keldysh self-energy and vertex functions. We
will also present more general Ward-Takahashi identity for the
three-point current vertex which reflects directly the current
conservation between the quantum dot and leads in Sec. VI.

A. General properties

We summarize in this section the general properties of the
Keldysh Green’s function of the Anderson impurity, defined
by [54]

G−−
σ (t1, t2) ≡ −i 〈T dσ (t1) d†

σ (t2)〉, (50a)

G++
σ (t1, t2) ≡ −i 〈̃T dσ (t1) d†

σ (t2)〉, (50b)

G+−
σ (t1, t2) ≡ −i 〈dσ (t1) d†

σ (t2)〉, (50c)

G−+
σ (t1, t2) ≡ i〈d†

σ (t2) dσ (t1)〉, (50d)

where T and T̃ are the time-ordering and anti-time-ordering
operators, respectively. These correlation functions are de-
fined along the Keldysh time-loop contour and are linearly
dependent on each other, as summarized in Table IV. Thus
the above four Green’s functions can be written in terms of

TABLE IV. Linear dependency of the Keldysh correlation func-
tions. The three-point functions �

α;μν

γ ,σσ ′ and �
α;μν

γ ,σσ ′ for γ = L, R, d
are defined in Eqs. (87) and (89). Outline of the derivation is given
in Appendix A.

G−−
σ + G++

σ = G−+
σ + G+−

σ , 	−−
σ + 	++

σ = −	−+
σ − 	+−

σ ,

�−;−−
γ ,σσ ′ + �−;++

γ ,σσ ′ − �−;+−
γ ,σσ ′ − �−;−+

γ ,σσ ′

= �+;++
γ ,σσ ′ + �+;−−

γ ,σσ ′ − �+;−+
γ ,σσ ′ − �+;+−

γ ,σσ ′ ,

�−;−−
γ ,σσ ′ + �−;++

γ ,σσ ′ + �−;−+
γ ,σσ ′ + �−;+−

γ ,σσ ′

= �+;−−
γ ,σσ ′ + �+;++

γ ,σσ ′ + �+;−+
γ ,σσ ′ + �+;+−

γ ,σσ ′ ,

�−−;−−
σσ ′ ;σ ′σ + �++;++

σσ ′ ;σ ′σ + �−+;+−
σσ ′ ;σ ′σ + �+−;−+

σσ ′ ;σ ′σ + �+−;+−
σσ ′;σ ′σ + �−+;−+

σσ ′;σ ′σ

+�++;−−
σσ ′ ;σ ′σ + �−−;++

σσ ′ ;σ ′σ

= −�+−;−−
σσ ′ ;σ ′σ − �−+;−−

σσ ′ ;σ ′σ − �−−;+−
σσ ′ ;σ ′σ − �−−;−+

σσ ′ ;σ ′σ − �−+;++
σσ ′ ;σ ′σ

−�+−;++
σσ ′ ;σ ′σ − �++;−+

σσ ′ ;σ ′σ − �++;+−
σσ ′ ;σ ′σ .

three components: the retarded Gr
σ , the advanced Ga

σ , and the
symmetrized GK

σ functions:

Gr
σ = G−−

σ − G−+
σ , Ga

σ = G−−
σ − G+−

σ , (51a)

GK
σ ≡ G+−

σ + G−+
σ = G−−

σ + G++
σ . (51b)

These Green’s functions can also be written in a matrix form,

Gσ ≡
[

G−−
σ G−+

σ

G+−
σ G++

σ

]
= GK

σ

2
(1 + τ1) + Gr

σ + Ga
σ

2
τ3 − Gr

σ − Ga
σ

2
iτ2. (52)

Here, 1 is the 2 × 2 unit matrix and τ j for j = 1, 2, 3 are the
Pauli matrices, defined by

τ1 =
[

0 1
1 0

]
, τ2 =

[
0 −i
i 0

]
, τ3 =

[
1 0
0 −1

]
. (53)

Therefore the determinant of Gσ can be expressed, as

det {Gσ } ≡ G−−
σ G++

σ − G−+
σ G+−

σ = − Gr
σ Ga

σ , (54)

and this product Gr
σ Ga

σ of the retarded and advanced Green’s
functions plays an important role in the transport theory. We
will also use later the following matrix identity which appears
when we take the derivative of Gσ ,

Gσ (1 − τ1)Gσ = (1 + τ1) Gr
σ Ga

σ . (55)

The Fourier transform of the Green’s function defined with
respect to the steady state at eV becomes a function of a single
frequency ω,

Gν1ν2
σ (ω) =

∫ ∞

−∞
dt eiωt Gν1ν2

σ (t, 0). (56)

For U = 0, it can be expressed in the following form:

G−+
0σ (ω) = i 2 feff (ω) � Gr

0σ (ω) Ga
0σ (ω), (57a)

G+−
0σ (ω) = −i 2

[
1 − feff (ω)

]
� Gr

0σ (ω) Ga
0σ (ω), (57b)

G−−
0σ (ω) = Gr

0σ (ω) + G−+
0σ (ω), (57c)

G++
0σ (ω) = −Ga

0σ (ω) + G−+
0σ (ω). (57d)
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0μR μL ω

feff(ω)

1

ΓL

ΓL+ΓR

FIG. 4. The nonequilibrium distribution function feff (ω) for
μL − μR = eV and T = 0. The Fermi level at equilibrium is chosen
to be the origin of single-particle energy ω = 0.

Here, � = �L + �R, and the retarded function is given by

Gr
0σ (ω) = 1

ω − εdσ
+ i(�L + �R)

. (58)

The Fourier transformed Green’s functions have additional
relations, Ga

σ (ω) = {Gr
σ (ω)}∗, and G++

σ (ω) = −{G−−
σ (ω)}∗.

Furthermore, the greater G+−
σ (ω) and lesser G−+

σ (ω) functions
become pure imaginary.

The bias voltage eV and temperature T enter the Green
functions through the distribution function

feff (ω) ≡ fL(ω) �L + fR(ω) �R

�L + �R
=
∑
j=L,R

� j

�
f (ω − μ j ).

(59)

It shows jump discontinuities at ω = μL and μR at T = 0, as
depicted in Fig. 4. The noninteracting Green’s function can
also be written in the following form:

{G0σ (ω)}−1 = (ω − εdσ ) τ3 − �0(ω). (60)

It is this noninteracting self-energy �0(ω) that brings feff (ω)
into G0σ (ω) through the tunneling processes,

�0(ω) ≡ τ3 v2
L gL(ω) τ3 + τ3 v2

R gR(ω) τ3

= − i�
[
1 − 2 feff (ω)

]
(1 − τ1) + �τ2. (61)

Here, g j (ω) is the Keldysh Green’s function for the isolated
lead on j = L and R,

v2
j g j (ω) = −i� j

[
1 − 2 f j (ω)

]
(1 + τ1) − � jτ2. (62)

Note that �0(ω) does not depend on εdσ , and the derivative
with respect to ω takes the following form:

∂�0(ω)

∂ω
= 2i�

∂ feff (ω)

∂ω
(1 − τ1). (63)

Effects of the Coulomb repulsion U enter through the in-
teracting self-energy,

�U,σ =
[
	−−

U,σ 	−+
U,σ

	+−
U,σ 	++

U,σ

]
, (64)

with {Gσ (ω)}−1 = {G0σ (ω)}−1 − �U,σ (ω). The Dyson equa-
tion can also be rewritten into the following form, using
Eq. (60),

{Gσ (ω)}−1 = (ω − εdσ )τ3 − �tot,σ (ω), (65a)

�tot,σ (ω) ≡ �0(ω) + �U,σ (ω). (65b)

The retarded, advanced, and symmetrized self-energies are
given by linear combinations of the four elements of �U,σ :

	r
U,σ = 	−−

U,σ + 	−+
U,σ , 	a

U,σ = 	−−
U,σ + 	+−

U,σ , (66a)

	K
U,σ ≡ −	+−

U,σ − 	−+
U,σ = 	−−

U,σ + 	++
U,σ . (66b)

Note that 	a
U,σ (ω) = {	r

U,σ (ω)}∗. The lesser and greater self-
energies, namely, 	−+

U,σ (ω) and 	+−
U,σ (ω), are pure imaginary.

Similarly, 	++
U,σ (ω) = −{	−−

U,σ (ω)}∗, and the imaginary part
of the causal self-energy corresponds to 	K

U,σ (ω)/2,

	−−
U,σ (ω) = 	r

U,σ (ω) + 	a
U,σ (ω)

2
+ 	K

U,σ (ω)

2
. (67)

Furthermore, using Eq. (54), the Green’s function for the
impurity electrons can also be expressed in the form

Gσ (ω)

= Gr
σ (ω) Ga

σ (ω)

×
[
ω − εdσ + 	++

tot,σ (ω) −	−+
tot,σ (ω)

−	+−
tot,σ (ω) −(ω − εdσ ) + 	−−

tot,σ (ω)

]
.

(68)

Note that the off-diagonal Green’s functions are proportional
to the lesser or the greater self-energies. From this property,
it can be deduced that the lesser and greater self-energies take
the following form in the limit of eV → 0,

	−+
eq,σ (ω) = f (ω)

[
	r

eq,σ (ω) − 	a
eq,σ (ω)

]
, (69a)

	+−
eq,σ (ω) = −[1 − f (ω)]

[
	r

eq,σ (ω) − 	a
eq,σ (ω)

]
. (69b)

This is because at equilibrium eV = 0 the lesser and greater
Green’s functions can be expressed in the following form,
using the Lehmann representation [55], as

G−+
eq,σ (ε) = i 2π f (ω) ρdσ (ω), (70a)

G+−
eq,σ (ω) = −i 2π

[
1 − f (ω)

]
ρdσ (ω). (70b)

Here, ρdσ (ω) is the density of states of impurity electrons,
defined in Eq. (11).

B. Nonequilibrium Ward identities

We describe here a perturbative derivation of the Ward
identity for the Anderson impurity at finite bias voltages. To
this end, we start with the derivatives of the noninteracting
Green’s function G0σ with respect to external fields and a
frequency. First of all, the derivative with respect to εdσ ′ is
given by

∂G0σ (ω)

∂εdσ ′
= δσσ ′ G0σ (ω) τ3 G0σ (ω). (71a)

This can be verified using Eq. (60), using a matrix identity
δG = −G {δG−1} G for a small variation of the Green’s func-
tion δG. Next one is the frequency derivative, which can be
calculated from Eq. (57), using the property that Gr

0σ (ω) and
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Ga
0σ (ω) are functions of the difference ω − εdσ ,

(
∂

∂ω
+ ∂

∂εdσ

)n

G0σ (ω)

= −∂n feff (ω)

∂ωn
(−2i�) Gr

0σ (ω) Ga
0σ (ω)

[
1 1
1 1

]
= −∂n feff (ω)

∂ωn
(−2i�) G0σ (ω) (1 − τ1) G0σ (ω). (71b)

Here, we have used Eq. (55) to obtain the last line. Similarly,
as the bias voltage enters G0σ (ω) only through feff (ω), the eV
derivative can be expressed in the form

∂nG0σ (ω)

∂ (eV )n
= −∂n feff (ω)

∂ (eV )n
(−2i�)

× G0σ (ω)
(
1 − τ1

)
G0σ (ω). (71c)

These derivatives of G0σ (ω) can diagrammatically be rep-
resented as shown in Fig. 5. The Ward identities for the
interacting self-energy 	

νμ
U,σ (ε) can be derived using the Feyn-

man diagrammatic approach [16].

FIG. 5. Feynman diagrams for the derivatives ∂

∂εdσ ′ G0σ (ω) and

( ∂

∂ω
+ ∂

∂εdσ
)G0σ (ω), given in Eqs. (71a) and (71b). Here, × and ⊗

placed in between two propagators denote the matrices τ3 δσσ ′ and
− ∂ feff (ω)

∂ω
(−2i�) (1 − τ1), respectively.

1. Ward identities for the ω and εdσ′ derivatives

We consider the derivative of 	
νμ
U,σ (ε) with respect to εdσ ′ .

It can be carried out by using the chain rule with Eq. (71a),
taking the εdσ ′ derivative for the internal G0σ ’s which consti-
tute the diagrams for the self-energy,

∂	
ν4ν1
U,σ (ε)

∂εdσ ′
=
∫ ∞

−∞

dε′

2π i

∑
ν2ν3

�
ν1ν2;ν3ν4
σσ ′;σ ′σ (ε, ε′; ε′, ε)

× {Gσ ′ (ε′)τ3Gσ ′ (ε′)}ν3ν2. (72)

Here, all contributions of the perturbation series in U are
included in the Keldysh vertex functions and the full Green’s
functions that appeared as a matrix product of the form
Gσ ′τ3Gσ ′ . Note that this identity Eq. (72) holds for arbitrary
eV and T .

In a similar way, the Ward identity for the ω can also be
derived, using Eq. (71b),

(
δσσ ′

∂

∂ω
+ ∂

∂εdσ ′

)
	

ν4ν1
U,σ (ω) = −

∫ ∞

−∞

dω′

2π

∑
ν2ν3

�
ν1ν2;ν3ν4
σσ ′;σ ′σ (ω,ω′; ω′, ω) 2� Gr

σ ′ (ω′) Ga
σ ′ (ω′)
(

−∂ feff (ω′)
∂ω′

)
(73a)

T →0−−−→ −
∑
ν2ν3

∑
j=L,R

�
ν1ν2;ν3ν4
σσ ′;σ ′σ (ω,μ j ; μ j, ω)

�

π
Gr

σ ′ (μ j ) Ga
σ ′ (μ j )

� j

�L + �R
(73b)

T →0, eV →0−−−−−−−→ −
∑
ν2ν3

�
ν1ν2;ν3ν4
σσ ′;σ ′σ (ω, 0; 0, ω) ρdσ ′ . (73c)

In order to obtain the Ward identities of this form, we have
also used the property that the value of �U,σ (ω) remains un-
changed when the frequencies ωin’s for all the internal Green’s
functions along each closed loop that carries level index σ ′
are uniformly sifted by an arbitrary amount of ω0 in a way
such that ωin → ωin + ω0 [16]. In particular, for the diagonal
σ = σ ′ components of Eq. (73a), the internal frequencies for
the closed loops that carry the same level index σ as that of
the external one is shifted, choosing ω0 to be equal to the ex-
ternal frequency ω, and then the derivative (∂/∂ω + ∂/∂εdσ )
is carried out.

The off-diagonal σ �= σ ′ components of Eq. (73a) are ob-
tained in a similar way: shifting the frequencies of the closed
loops carrying level index σ ′ by an arbitrary amount ω0 in-
dependent of the external frequency ω, and then taking the
following derivative:(

∂

∂ω0
+ ∂

∂εdσ ′

)
�U,σ (ω) = ∂�U,σ (ω)

∂εdσ ′
. (74)

Here, the ω0-derivative vanishes ∂�U,σ (ω)/∂ω0 = 0, and
thus only ∂�U,σ (ω)/∂εdσ ′ remains in the left-hand side of

Eq. (73a). For obtaining the right-hand side of Eq. (73a)
for σ �= σ ′, the operator (∂/∂ω0 + ∂/∂εdσ ′ ) is applied to the
internal Green’s functions along the closed loops carrying the
index σ ′. We have also used Eq. (55) with Eq. (71b) in order to
rewrite the matrix product of the full Green’s function Gσ ′ (1 −
τ1)Gσ ′ in therms of the retarded and advanced Green’s func-
tions. The diagonal and off-diagonal components of Eq. (73a)
are also derived from more general Ward-Takahashi identity
that reflects the current conservation at the junctions between
the dot and leads in Sec. VI.

We next describe some properties of the Keldysh vertex
function that can be deduced from the Ward identity Eq. (73).
In the second line that describes the T → 0 limit, Eq. (73b),
the derivative of feff (ω′) in the integrand has been replaced by
a sum of the two Dirac delta functions,

− ∂ feff (ω)

∂ω

T →0−−−→
∑
j=L,R

� j

�
δ(ω − μ j ). (75)

In particular, at T = eV = 0, the causal component (ν4 =
ν1 = −) of Eq. (73c) can be compared to the identity Eq. (19)
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which has been obtained by using the zero-temperature for-
malism [16]. Comparing these two results, we find that∑

ν2ν3

�
−ν2;ν3−
σσ ′;σ ′σ (ω, 0; 0, ω) = �−−;−−

σσ ′;σ ′σ (ω, 0; 0, ω), (76a)

∑
ν2ν3

�
+ν2;ν3+
σσ ′;σ ′σ (ω, 0; 0, ω) = �++;++

σσ ′;σ ′σ (ω, 0; 0, ω). (76b)

Furthermore, at T = eV = 0, the left-hand side of Eq. (73c)
can be rewritten into the following form, specifically for the
lesser component (ν4 = −, ν1 = +) by using the property
	−+

eq,σ (ω) = −2i f (ω) Im 	−−
eq,σ (ω) and Im 	−−

eq,σ (0) = 0 men-
tioned above, as(

δσσ ′
∂

∂ω
+ ∂

∂εdσ ′

)
	−+

eq,σ (ω)

= −2i f (ω) Im

(
δσσ ′

∂

∂ω
+ ∂

∂εdσ ′

)
	−−

eq,σ (ω)

= 2i f (ω) Im �−−;−−
σσ ′;σ ′σ (ω, 0; 0, ω)ρdσ ′ . (77)

Here, 	μν
eq,σ (ω) ≡ 	

μν
U,σ (ω)|T =eV =0 and we have used Eq. (19)

to obtain the last line. Comparing the last line of Eq. (77) to
the right-hand side of Eq. (73c) for ν1 = + and ν4 = −, we
find∑

ν2ν3

�
+ν2;ν3−
σσ ′;σ ′σ (ω, 0; 0, ω) = −2i f (ω) Im �−−;−−

σσ ′;σ ′σ (ω, 0; 0, ω).

(78a)

Similarly, the greater self-energy has the property 	+−
eq,σ (ω) =

−2i[1 − f (ω)] Im 	−−
eq,σ (ω) at T = eV = 0. From this and the

(ν4 = +, ν1 = −) component of Eq. (73c), it follows that∑
ν2ν3

�
−ν2;ν3+
σσ ′;σ ′σ (ω, 0; 0, ω)

= −2i[1 − f (ω)] Im �−−;−−
σσ ′;σ ′σ (ω, 0; 0, ω). (78b)

The vertex function also has another general property: six-
teen different components defined with respect to the Keldysh
time-loop contour are linearly dependent,∑

ν1ν2ν3ν4

�
ν1ν2;ν3ν4
σσ ′;σ ′σ (ω,ω′; ω′, ω) = 0, (79)

for which a brief explanation is provided in Appendix A. We
can verify that both sides of Eq. (73a) will vanish if summa-
tions over ν1 and ν4 are carried out, as a result of the linear
dependence of the Keldysh self-energy and vertex function,
listed in Table IV. Furthermore, at T = eV = 0, it can also be
deduced from Eqs. (76), (78), and (79) that

�−−;−−
σσ ′;σ ′σ (ω, 0; 0, ω) + �++;++

σσ ′;σ ′σ (ω, 0; 0, ω)

= 2i Im �−−;−−
σσ ′;σ ′σ (ω, 0; 0, ω) (80)

and �++;++
σσ ′;σ ′σ (ω, 0; 0, ω) = −{�−−;−−

σσ ′;σ ′σ (ω, 0; 0, ω)}∗.

2. Ward identities for the eV derivatives

We have described in the above the Ward identities for the
ω and εdσ ′ derivatives, i.e., Eqs. (72) and (73a), respectively.
Here we present some related Ward identities for the deriva-
tive of 	

ν4ν1
U,σ (ω) with respect to eV , which also hold at finite

bias voltages.
The bias derivative can be carried out by applying the

differential operator ∂/∂ (eV ) to the internal Green’s functions
in the self-energy diagrams of all order in U . Using also the
chain rule with Eq. (71c) and the properties of the Green’s-
function products shown in Eq. (55), we obtain

∂	
ν4ν1
U,σ (ω)

∂eV
= −
∫ ∞

−∞

dω′

2π

∑
σ ′

∑
ν2ν3

�
ν1ν2;ν3ν4
σσ ′;σ ′σ (ω,ω′; ω′, ω) 2� Gr

σ ′ (ω′) Ga
σ ′ (ω′)
(

−∂ feff (ω′)
∂eV

)
(81a)

T →0−−−→ −
∑
σ ′

∑
ν2ν3

∑
j=L,R

�
ν1ν2;ν3ν4
σσ ′;σ ′σ (ω,μ j ; μ j, ω)

�

π
Gr

σ ′ (μ j ) Ga
σ ′ (μ j )

(−� jμ j

� eV

)
. (81b)

At T = 0, the derivative ∂ feff (ω′)/∂ (eV ) is replaced by the
two Dirac delta functions at ω′ = μL, μR, similarly to that for
the ω′ derivative, mentioned above for Eq. (75). It also takes
the following form in the zero-bias limit eV → 0,

∂ feff (ω)

∂eV

∣∣∣∣
eV →0

= −αsh
∂ f (ω)

∂ω
, αsh ≡ αL�L − αR�R

�L + �R
. (82)

This relation holds at finite temperatures T �= 0. Therefore
the extended Ward identities given in Eqs. (73a) and (81a),
reproduce the previous result in the zero-bias limit [18]:

∂�U,σ (ω)

∂eV

∣∣∣∣
eV →0

= −αsh

∑
σ ′

(
δσσ ′

∂

∂ω
+ ∂

∂εdσ ′

)
�eq,σ (ω).

(83)

Note that, at T = 0, the causal component (ν4 = ν1 = −) can
be calculated directly from Eq. (81b), using Eq. (76a), as

∂	−−
U,σ (ω)

∂eV

∣∣∣∣
T →0
eV →0

= αsh

∑
σ ′

�−−;−−
σσ ′;σ ′σ (ω, 0; 0, ω) ρdσ ′ . (84)

We next consider the second derivative of �σ (ω) with
respect to eV , extending the derivation given in Ref. [18].
The double derivative can be carried out, applying the formula
Eq. (71c) for n = 1 and 2 to the internal Green’s functions for
the self-energy diagrams with two different first-differentiated
propagators and one second-differentiated propagator, respec-
tively. All contributions of the perturbation series in U can
be taken into account, using the Keldysh vertex function con-
nected to the matrix product of the interacting propagators
Gσ ′ (1 − τ1)Gσ ′ that can be simplified further using Eq. (55),
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and it yields the following result:

∂2	
ν4ν1
U,σ (ω)

∂ (eV )2

∣∣∣∣
eV →0

= α2
sh

(
∂

∂ω
+ ∂

∂εd

)2

	ν4ν1
eq,σ (ω)

− �L �R

(�L + �R)2

∫ ∞

−∞

dω′

2π

∑
σ ′

∑
ν2ν3

�
ν1ν2;ν3ν4
σσ ′;σ ′σ (ω,ω′; ω′, ω)2� Gr

σ ′ (ω′) Ga
σ ′ (ω′)
(

−∂2 f (ω′)
∂ω′2

)
. (85)

Here, we have used the property ∂/∂εd =∑σ ′′ ∂/∂εdσ ′′ in the
first term in the right-hand side. This identity for the double
derivative holds at any finite temperature and reproduces the
previous result given for the causal component at T = 0 [30],

∂2	−−
U,σ (ω)

∂ (eV )2

∣∣∣∣
eV →0

T →0−−−→ α2
sh

(
∂

∂ω
+ ∂

∂εd

)2

	−−
U,σ (ω)

+ �L �R

(�L + �R)2 �−−
σ (ω). (86)

Here, �−−
σ (ω) in the right-hand side is the function which is

defined in Eq. (29), and it also determines the T 2 dependence
of the self-energy. The bias dependence of the retarded self-
energy shown in Eq. (31) can be deduced from these results,
i.e., Eqs. (84) and (86)

VI. WARD-TAKAHASHI IDENTITY AT FINITE BIAS
VOLTAGES

A. Three-point current vertex

In this section, we describe more general Ward-Takahashi
identity, from which the Ward identities discussed in the
above can naturally be deduced. It reflects current conserva-
tion around the quantum dot, and is derived nonperturbatively
from the equation of motion of the Keldysh three-point func-
tions of the charge and current through the Anderson impurity.
We also discuss some important properties of the three-point
functions as a preparation for diagrammatic calculations of
the current noise SQD

noise. In order to carry these things out,
we extend the approach that has been used previously for
the three-point functions in the Matsubara formalism to the
nonequilibrium Keldysh correlation functions [56,57].

We consider the three-point correlation function of the
charge fluctuation δndσ ≡ ndσ − 〈ndσ 〉 and that of the current
fluctuations δĴ jσ ≡ Ĵ jσ − 〈Ĵ jσ 〉 for j = L, R, defined with re-
spect to the nonequilibrium steady state,

�
α;μν

d,σσ ′ (t ; t1, t2) = − 〈TC δndσ ′ (tα ) dσ

(
tμ
1

)
d†

σ

(
tν
2

)〉
,

�
α;μν

L,σσ ′ (t ; t1, t2) = − 〈TC δĴL,σ ′ (tα ) dσ

(
tμ
1

)
d†

σ

(
tν
2

)〉
,

�
α;μν

R,σσ ′ (t ; t1, t2) = − 〈TC δĴR,σ ′ (tα ) dσ

(
tμ
1

)
d†

σ

(
tν
2

)〉
. (87)

Here, TC is the time-ordering operator along the Keldysh
time-loop contour. The indexes α, μ, and ν specify at which
branches of the contour, forward − or backward +, the three
time variables t , t1, and t2 belong, respectively. Therefore
each of these three-point functions has 23 Keldysh compo-
nents which are linearly dependent, as shown in Table IV and
Appendix A.

In the steady state that we are considering, the system has
the time translation symmetry. Therefore these three-point

functions depend only on two frequency variables ε and ω,
and the Fourier transform can be written in the following
form:

�
α;μν

γ ,σσ ′ (t ; t1, t2) =
∫

dε dω

(2π )2
�

α;μν

γ ,σσ ′ (ε, ε + ω)

× e−i ε(t1−t ) e−i (ε+ω)(t−t2 ), (88)

where γ = L, R, and d . We will use the matrix notation
to express the Keldysh components, as {�α

γ ,σσ ′ }μν = �
α;μν

γ ,σσ ′ .
Similarly, we also introduce the 2 × 2 matrix for the current
vertex 	α

γ ,σσ ′ which includes all vertex corrections due to the
Coulomb interaction, as

�α
γ ,σσ ′ (ε, ε + ω) = Gσ (ε) 	α

γ ,σσ ′ (ε, ε + ω) Gσ (ε + ω).
(89)

Figure 6 shows the Feynman diagrams for �
α;μν

γ ,σσ ′ . The current
vertex 	α

γ ,σσ ′ corresponds to the remainder parts which are
left over when the pair of the Green’s functions with the
frequency arguments ε + ω and ε placed on the left side of
each Feynman diagram are removed. We will discuss later that
it can be expressed in terms of the four-point vertex functions,
as Eq. (109).

1. Relation between current noise and �α
R/L,σσ′

It is essential for calculating the nonlinear current noise
SQD

noise in the Fermi-liquid regime to know the low-energy
behavior of these three-point correlations. For instance, the
current-current correlations between ĴR,σ ′ and ĴL,σ can be
expressed in terms of �α

R,σσ ′ , as

SRL ≡ e2
∑
σσ ′

∫ ∞

−∞
dt
[〈δĴR,σ ′ (t )δĴL,σ (0)〉

+ 〈δĴL,σ (0)δĴR,σ ′ (t )〉]
= e2

h̄

∑
σσ ′

∑
α=+,−

∫ ∞

−∞

dε

2π
Tr
[
λ−α

L (ε, ε) �α
R,σσ ′ (ε, ε)

]
.

(90)

+

+ ,

,

+ ,

,

'+ , '

', '

1 2

4 3

FIG. 6. Feynman diagrams for the three-point function
�

α;μν

γ ,σσ ′ (ε, ε + ω) defined in Eq. (88) for γ = L, R, and d . The black
diamond ( �) represents the bare current vertex λα

γ (ε, ε + ω) defined
in Eq. (95).
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Here, Tr denotes the trace that is taken over diagonal elements
of the 2 × 2 Keldysh matrices. λα

L is the bare current vertex
accompanied by the operator ĴL,σ . It is illustrated in Fig. 6
and its explicit form is given below in Eq. (95).

2. Current vertexes for U = 0: λα
L and λα

R

In the noninteracting case U = 0, the three-point correla-
tion functions for the charge fluctuation δndσ is given by,

�
(0)α
d,σσ ′ (ε, ε + ω) = δσσ ′ G(0)

σ (ε) ρα
3 G(0)

σ (ε + ω). (91)

Here, the label (0) in superscript represents that the correlation
function with this label is defined for noninteracting electrons
U = 0, i.e., G(0)

σ ≡ G0σ . The matrix ρα
3 corresponds to the

projection operator into the forward (−) branch, or the back-
ward (+) branch, of the Keldysh time-loop contour,

ρ−
3 ≡ 1 + τ3

2
=
[

1 0
0 0

]
, ρ+

3 ≡ 1 − τ3

2
=
[

0 0
0 1

]
.

(92)

The corresponding three-point vertex 	
(0)α
d,σσ ′ can be derived

from �
(0)α
d,σσ ′ using Eq. (91), as 	

(0)α
d,σσ ′ = δσσ ′λα

d with λα
d ≡ ρα

3 .

This function 	
(0)α
d,σσ ′ becomes independent of the frequencies

ε and ω for noninteracting electrons.
Similarly, for U = 0, the three-point correlation functions

for current fluctuations take the following form, for j =
L and R,

�
(0)α
j,σσ ′ (ε, ε + ω) = i η jv j δσσ ′

[
G(0)

d j,σ (ε) ρα
3 G(0)

σ (ε + ω)

− G(0)
σ (ε) ρα

3 G(0)
jd,σ

(ε + ω)
]

= δσσ ′ G(0)
σ (ε) λα

j (ε, ε + ω) G(0)
σ (ε + ω).

(93)

Here, ηL = −1 and ηR = +1. The intersite Green’s functions
between the dot and leads are written as Gd j,σ and G jd,σ . To
obtain the last line of Eq. (93), we have used the recursive
properties of these intersite Green’s functions which hold for
both interacting and noninteracting electrons,

G jd,σ (ε) = −v j g j (ε) τ3 Gσ (ε),

Gd j,σ (ε) = −v j Gσ (ε) τ3 g j (ε). (94)

Here, g j is the Green’s functions for the isolated lead on j = L
and R, defined in Eq. (62). Therefore the bare current vertex
can be written explicitly in the form:

λα
j (ε, ε + ω) ≡ i η jv

2
j

[
ρα

3 g j (ε + ω) τ3 − τ3 g j (ε) ρα
3

]
.

(95)

In particular, at ω = 0, the bare current vertexes become inde-
pendent of whether α = − or +, as

λα
R(ε, ε) = i

v2
R

2

[
gR(ε) τ3 − τ3 gR(ε)

]
= 2�R

[
0 fR

1 − fR 0

]
, (96a)

λα
L (ε, ε) = −i

v2
L

2
[gL(ε) τ3 − τ3 gL(ε)]

= −2�L

[
0 fL

1 − fL 0

]
. (96b)

This can be verified, substituting the explicit form of the
projection operator ρα

3 given in Eq. (92) into the right-hand
side of Eq. (95).

For later convenience, we introduce the following two
different linear combinations of λα

L and λα
R. One is for the dif-

ference between incoming and outgoing currents through the
dot ĴR,σ − ĴL,σ , and the other is for the symmetrized current
Ĵσ ≡ (�LĴR,σ + �RĴL,σ )/(�L + �R) defined in Eq. (4),

λα
J (ε, ε + ω) ≡ λα

R(ε, ε + ω) − λα
L (ε, ε + ω)

ω→0−−−→ 2(�L + �R)

[
0 feff (ε)

1 − feff (ε) 0

]
,

(97)

λα
sym(ε, ε + ω) ≡ �L λα

R(ε, ε + ω) + �R λα
L (ε, ε + ω)

�L + �R

ω→0−−−→ −2�L�R

�L + �R

[
fL(ε) − fR(ε)

][ 0 1
−1 0

]
.

(98)

Each of these bare current vertexes shows a pronounced
frequency dependence. While λα

J (ε, ε) represents the lo-
cal nonequilibrium distribution feff (ε), the symmetrized part
λα

sym(ε, ε) extracts the contributions of single-particle excita-
tions inside the bias-window region through fL(ε) − fR(ε).

B. Symmetrization of 	α
γ,σσ′ with respect to the forward and

backward Keldysh contours

We also introduce another type symmetrization, defined
with respect to the forward (α = −) and the backward (α =
+) Keldysh branches: the symmetrized (S) part and anti-
symmetrized (A) part of the three-point vertex functions are
defined by

	S
p,σσ ′ (ε, ε + ω) ≡ 	−

p,σσ ′ (ε, ε + ω) − 	+
p,σσ ′ (ε, ε + ω),

(99a)

	A
p,σσ ′ (ε, ε + ω) ≡ 	−

p,σσ ′ (ε, ε + ω) + 	+
p,σσ ′ (ε, ε + ω).

(99b)

Here, the label p (= L, R, d, J, and “sym′′) specifies the
spatial components of the current and charge three-point ver-
tex functions, including the difference p = J , and the average
p = “sym′′, the bare ones of which are defined in Eqs. (97)
and (98), respectively.

For interacting electrons U = 0, the symmetrized and an-
tisymmetrized three-point vertex functions for the impurity
charge δndσ are determined by Eqs. (91) and (92), as

λS
d ≡ ρ−

3 − ρ+
3 = τ3, λA

d ≡ ρ−
3 + ρ+

3 = 1. (100a)

Similarly, for the bare vertex functions for the current dif-
ference defined in Eq. (97), the symmeterized λS

J ≡ λ−
J − λ+

J

and antisymmetrized λA
J ≡ λ−

J + λ+
J vertexes follow form

Eq. (95), as

λS
J (ε, ε + ω) = i[�0(ε + ω) − �0(ε)]

= −2(�L + �R) [ feff (ε + ω) − feff (ε)]

×
[

1 −1
−1 1

]
, (100b)
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λA
J (ε, ε + ω) = i

[
τ3 �0(ε + ω) − �0(ε) τ3

]
ω→0−−−→ 4(�L + �R)

[
0 feff (ε)

1 − feff (ε) 0

]
.

(100c)

While the symmetrized part λS
J (ε, ε + ω) is determined di-

rectly by the noninteracting self-energy �0 given in Eq. (61),
the antisymetrized part λA

J is determined by the product of
τ3 and �0. Therefore, at ω = 0, λA

J remains finite, whereas
λS

J vanishes, but nevertheless its derivative has a pronounced
property,

∂

∂ω

[
Gσ (ε) λS

J (ε, ε + ω) Gσ (ε + ω)
]
ω→0

= Gσ (ε) i
∂�0(ε)

∂ε
Gσ (ε)

= −2� Gr
σ (ε) Ga

σ (ε)
∂ feff (ε)

∂ε

[
1 1
1 1

]
. (101)

For obtaining the last line, we have used Eqs. (55) and (63).

C. Ward-Takahashi identities for �α
γ,σσ′ and 	α

γ,σσ′

We now come to the point for discussing the Ward-
Takahashi identity between the Keldysh three-point functions
�α

d,σσ ′ , �α
R,σσ ′ , and �α

L,σσ ′ :

i
∂

∂t
�α

d,σσ ′ (t ; t1, t2) + i�α
R,σσ ′ (t ; t1, t2) − i�α

L,σσ ′ (t ; t1, t2)

= −δσσ ′ δ(t − t1) ρα
3 τ3 Gσ (t, t2)

+ δσσ ′ δ(t2 − t ) Gσ (t1, t ) τ3 ρα
3 . (102)

As shown in the proof given in Appendix B, this identity cor-
responds to the equation of motion of the charge component
�α

d,σσ ′ (t ; t1, t2), and it reflects the current conservation be-
tween the dot and leads, described in Eq. (3). In the frequency
domain, the Ward-Takahashi identity can be expressed in the
following form, carrying out the Fourier transform as Eq. (88),

ω �α
d,σσ ′ (ε, ε + ω) + i�α

R,σσ ′ (ε, ε + ω) − i�α
L,σσ ′ (ε, ε + ω)

= − δσσ ′ ρα
3 τ3 Gσ (ε + ω) + δσσ ′ Gσ (ε) τ3 ρα

3 . (103)

Furthermore, it can also be rewritten into the relation
between the three-point vertex functions 	α

γ ,σσ ′ and the self-
energy, using Eq. (89),

ω	α
d,σσ ′ (ε, ε + ω) + i	α

R,σσ ′ (ε, ε + ω) − i	α
L,σσ ′ (ε, ε + ω)

= δσσ ′
[
ω ρα

3 − ρα
3 τ3�tot,σ (ε + ω) + �tot,σ (ε)τ3 ρα

3

]
.

(104)

Here, �tot,σ (ε) = �0(ε) + �U,σ (ε) is the total self-energy,
and {Gσ (ε)}−1 = (ε − εdσ )τ3 − �tot,σ (ε), as shown in

Eq. (65). We will show in the following that the Ward identity
given in Eq. (73a) can be deduced nonperturbatively from
the generalized one Eq. (104), in the limit where the external
frequency to be ω → 0.

D. Symmetrized Ward-Takahashi identities

The Ward-Takahashi identity Eq. (104) can be rear-
ranged into the symmetrized 	S

p,σσ ′ = 	−
p,σσ ′ − 	+

p,σσ ′ and
the antisymmetrized 	A

p,σσ ′ = 	−
p,σσ ′ + 	+

p,σσ ′ parts, defined
in Eq. (99), as

ω 	S
d,σσ ′ (ε, ε + ω) + i 	S

J,σσ ′ (ε, ε + ω)

= δσσ ′
[
ω τ3 − �tot,σ (ε + ω) + �tot,σ (ε)

]
, (105a)

ω 	A
d,σσ ′ (ε, ε + ω) + i 	A

J,σσ ′ (ε, ε + ω)

= δσσ ′
[
ω 1 − τ3 �tot,σ (ε + ω) + �tot,σ (ε) τ3

]
.

(105b)

Here, 	
q
J,σσ ′ ≡ 	

q
R,σσ ′ − 	

q
L,σσ ′ with the label q

(=−,+, S, A) which specifies the time-loop components.
Equation (105b) shows that the antisymmetrized current
vertex 	A

J,σσ ′ remains finite for ω → 0, similarly to the
noninteracting one λA

J given in Eq. (100c),

i 	A
J,σσ ′ (ε, ε) = δσσ ′

[
�tot,σ (ε) τ3 − τ3�tot,σ (ε)

]
= 2

[
0 −	−+

tot,σ (ε)
	+−

tot,σ (ε) 0

]
δσσ ′ . (106)

In contrast, Eq. (105a) shows that the symmetrized component
vanishes for ω → 0, i.e., 	S

J,σσ ′ (ε, ε) = 0. Nevertheless, the ω

derivative remains finite,

	S
d,σσ ′ (ε, ε) + i

∂

∂ω
	S

J,σσ ′ (ε, ε + ω)

∣∣∣∣
ω→0

= δσσ ′

[
τ3 − ∂�tot,σ (ε)

∂ε

]
. (107)

This equation is identical to the Ward identity given in
Eq. (73a). In order to see it more clearly, we rewrite the
left-hand side of Eq. (107) further.

Contributions of the charge fluctuation term 	S
d,σσ ′ (ε, ε)

in the left-hand side of Eq. (107) can be separated into two
parts described diagrammatically in Fig. 6. The first diagram
corresponds simply to the bare vertex τ3 δσσ ′ , and the second
diagram gives contributions which are exactly the same as
the right-hand side of Eq. (72). Therefore 	S

d,σσ ′ (ε, ε) can be
expressed in terms of the self-energy, as

	S
d,σσ ′ (ε, ε) = τ3 δσσ ′ + ∂�U,σ (ε)

∂εdσ ′
. (108)

More generally, contributions of the two diagrams for
	

q
p,σσ ′ (ε, ε + ω) shown in Fig. 6 can be expressed in terms

of the four-point Keldysh vertex functions,

�
q:νμ

p,σσ ′ (ε, ε + ω) = δσσ ′ λq:νμ
p (ε, ε + ω) +

∫ ∞

−∞

dε′

2π i

∑
μ′ν ′

�
μμ′;ν ′ν
σσ ′;σ ′σ (ε + ω, ε′ + ω; ε′, ε)

{
Gσ ′ (ε′) λq

p(ε′, ε′ + ω) Gσ ′ (ε′ + ω)
}ν ′μ′

,

(109)
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for any q (= −,+, S, A) and any p (= d, L, R, J, “sym′′). Therefore the second term i ∂
∂ω

	S
J,σσ ′ (ε, ε + ω) in the left-hand side

of Eq. (107) can be expressed in the following form, using Eq. (109) and the properties of the bare vertex λS
J (ε, ε + ω) shown in

Eqs. (100b) and (101), as

i
∂

∂ω
�

S:νμ

J,σσ ′ (ε, ε + ω)

∣∣∣∣
ω→0

= −δσσ ′

{
∂�0(ε)

∂ε

}νμ

+
∫ ∞

−∞

dε′

2π

∑
μ′ν ′

�
μμ′;ν ′ν
σσ ′;σ ′σ (ε, ε′; ε′, ε) 2� Gr

σ ′ (ε′) Ga
σ ′ (ε′)
(

−∂ feff (ε′)
∂ε′

)
. (110)

Finally, substituting Eqs. (108) and (110) into Eq. (107), we obtain the same result as Eq. (73a) from the symmetrized part of
the Ward-Takahashi identity,(

δσσ ′
∂

∂ε
+ ∂

∂εdσ ′

)
	

νμ
U,σ (ε) = −

∫ ∞

−∞

dε′

2π

∑
μ′ν ′

�
μμ′;ν ′ν
σσ ′;σ ′σ (ε, ε′; ε′, ε) 2� Gr

σ ′ (ε′) Ga
σ ′ (ε′)
(

−∂ feff (ε′)
∂ε′

)
. (111)

In addition, the antisymmetrized part of the Ward-Takahashi identity for �
A:νμ

J,σσ ′ (ε, ε + ω) also provides important information
about the relation between the self-energy and the four-point vertex functions. For instance, at ω = 0, Eq. (106) can be rewritten
as an integral-form relation, using Eq. (109) for q = A and p = J with the property of the bare vertex λ

A:νμ

J,σσ ′ (ε, ε + ω) shown in
Eq. (100c):[

0 −	−+
U,σ (ε)

	+−
U,σ (ε) 0

]
νμ

δσσ ′ =
∫ ∞

−∞

dε′

2π

∑
μ′ν ′

�
μμ′;ν ′ν
σσ ′;σ ′σ (ε, ε′; ε′, ε) 2�

{
Gσ ′ (ε′)

[
0 feff (ε′)

1 − feff (ε′) 0

]
Gσ ′ (ε′)

}ν ′μ′

. (112)

Physically, it represents the relation between the damping of a single quasiparticle in the left-hand side and the effects of the
multiple collisions of two quasiparticles in the right-hand side.

VII. COLLISION INTEGRALS FOR THE FERMI LIQUID
AT FINITE BIAS VOLTAGES

In this section, we consider the low-energy behavior of
the Keldysh self-energies other than the retarded 	r

U,σ (ω) or
advanced 	a

U,σ (ω) one. We also focus on the particle-hole and
particle-particle excitations that determine the imaginary part
of the Keldysh vertex functions in the Fermi-liquid regime.

A. Lesser and greater self-energies in the Fermi-liquid regime

The lesser and greater self-energies, 	−+
U,σ (ω) and 	+−

U,σ (ω),
are both pure imaginary in the frequency domain, and these
two components determine the imaginary part of the other
self-energy components, as it can be deduced from Eqs. (66)
and (67). We have already discussed low-energy behavior
of the retarded self-energy, the imaginary part of which is
given by 2i Im 	r

U,σ (ω) = 	−+
U,σ (ω) − 	+−

U,σ (ω). However, for

calculating the nonlinear current noise SQD
noise up to terms of or-

der (eV )3, the low-energy asymptotic of another independent
component 	K

U,σ (ω) = 	−+
U,σ (ω) + 	+−

U,σ (ω) is also necessary.

1. Fermionic collision integrals for quasiparticles

The imaginary part of the self-energy 	
νμ
U,σ (ω) can be

deduced exactly from the scattering process shown in Fig. 7
up to terms of order ω2, T 2, and (eV )2 [14,55]. In particular,
the low-energy asymptotic forms of the lesser and greater self-
energies can be expressed in terms of the collision integrals of
quasiparticles, which in the equilibrium limit eV → 0 take the
form [58]

I+−
eq (ω) ≡

∫
dε1

∫
dε2[1 − f (ε1)][1 − f (ε2)] f (ε1 + ε2 − ω)

= ω2 + (πT )2

2
[1 − f (ω)], (113a)

I−+
eq (ω) ≡

∫
dε1

∫
dε2 f (ε1) f (ε2) [1 − f (ε1 + ε2 − ω)]

= ω2 + (πT )2

2
f (ω). (113b)

Physically, I+−
eq (ω) and I−+

eq (ω) determine the damping rate
of a single quasiparticle and a single quasihole, respectively.
At finite eV , these collision integrals are extended to the
following form, replacing the Fermi function in Eq. (113) by
the nonequilibrium distribution function feff (ω), as

I+−(ω) ≡
∫ ∞

−∞
dω1

∫ ∞

−∞
dω2

× [1 − feff (ω1)][1 − feff (ω2)] feff (ω1 + ω2 − ω)

=
∑

j,k,�

=L,R

� j�k��

�3
I+−

eq (ω − μ j − μk + μ�), (114a)

''

''

FIG. 7. Feynman diagram for 	νμ
σ (ω) which yields order ω2,

(eV )2, and T 2 imaginary part. The shaded square represents the
scattering amplitude of quasiparticles that is given by the full
vertex correction �νν;νν

σ,σ ′′;σ ′′σ (0, 0; 0, 0) defined at T = eV = 0. The
interlevel σ ′′ �= σ components of the scattering amplitude is real
and finite, whereas the intralevel ones identically vanish since
�νν;νν

σσ ;σσ (0, 0; 0, 0) = 0 at zero frequencies as a result of the Pauli
exclusion rule [14,55].
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I−+(ω) ≡
∫ ∞

−∞
dω1

∫ ∞

−∞
dω2

× feff (ω1) feff (ω2)
[
1 − feff (ω1 + ω2 − ω)

]
=
∑

j,k,�

=L,R

� j�k��

�3
I−+

eq (ω − μ j − μk + μ�). (114b)

In the Fermi-liquid regime, the damping rate of a quasi-
particle is determined by the collision processes, illustrated
in Fig. 7, in which a single particle-hole pair with spin σ ′′
is virtually excited in the intermediate states by an incident
quasiparticle with spin σ via the scattering amplitude, given
by the vertex functions �νν;νν

σσ ′′;σ ′′σ (0, 0; 0, 0) at ω = eV = T =
0 that include all effects of multiple scatterings. The lesser
and greater self-energies caused by this processes can be
expressed in terms of I−+(ω) and I+−(ω),

	−+
U,σ (ω) =

∑
σ ′′( �=σ )

∫
dω1

2π

∫
dω2

2π
�−−;−−

σ ′′σ ;σσ ′′ (0, 0; 0, 0)

× �++;++
σσ ′′;σ ′′σ (0, 0; 0, 0)G−+

σ (ω1)

× G−+
σ ′′ (ω2) G+−

σ ′′ (ω1 + ω2 − ω) + · · ·
= − i 2π

∑
σ ′′( �=σ )

|�−−;−−
σσ ′′;σ ′′σ (0, 0; 0, 0)|2ρdσ {ρdσ ′′ }2

× I−+(ω) + · · · , (115)

	+−
U,σ (ω) =

∑
σ ′′( �=σ )

∫
dω1

2π

∫
dω2

2π
�++;++

σσ ′′;σ ′′σ (0, 0; 0, 0)

× �−−;−−
σ ′′σ ;σσ ′′ (0, 0; 0, 0)G+−

σ (ω1) G+−
σ ′′ (ω2)

× G−+
σ ′′ (ω1 + ω2 − ω) + · · ·

= i 2π
∑

σ ′′( �=σ )

|�−−;−−
σσ ′′;σ ′′σ (0, 0; 0, 0)|2ρdσ {ρdσ ′′ }2

× I+−(ω) + · · · . (116)

These expressions are exact up to terms of order ω2, (eV )2,
and T 2, and reproduce the previous results calculated by Ali-
gia [19,20] using the renormalized perturbation theory [49].
In order to obtain the last lines of Eqs. (115) and (116), we
have rewritten the lesser and greater Green’s functions in the
integrands in the following form, using Eq. (68),

G−+
σ (ω) = −[	−+

0 (ω) + 	−+
U,σ (ω)

]
Gr

σ (ω) Ga
σ (ω)

� −	−+
0 (ω) Gr

eq,σ (0) Ga
eq,σ (0), (117a)

G+−
σ (ω) = −[	+−

0 (ω) + 	+−
U,σ (ω)

]
Gr

σ (ω) Ga
σ (ω)

� −	+−
0 (ω) Gr

eq,σ (0) Ga
eq,σ (0). (117b)

In the second line of each equations the total self-energy
in the first line has been replaced by the noninteract-
ing one: 	−+

0 (ω) = −2i� feff (ω), or 	+−
0 (ω) = 2i�[1 −

feff (ω)], given in Eq. (61). This is because the interacting self-
energies 	−+

U,σ (ω) and 	+−
U,σ (ω) themselves show ω2, (eV )2,

and T 2 dependences at low energies as it can be deduced from
the perturbation theory in U , and they yield corrections higher
than the leading-order ones. Furthermore, in Eq. (117), the
retarded and advanced Green’s functions have been replaced

by the value at ω = eV = T = 0, i.e., Gr
eq,σ (0) Ga

eq,σ (0) =
πρdσ /� in the last line of each equation.

Note that the vertex correction that appeared in Eqs. (115)
and (116) can be expressed in terms of the static susceptibility
χσσ ′′ for different spin components σ �= σ ′′, using the Fermi-
liquid relations given in Eqs. (14) and (20), as

χσσ ′′ = − ρdσ ρdσ ′′�
−−;−−
σσ ′′;σ ′′σ (0, 0; 0, 0). (118)

2. Symmetrization of the fermionic collision integrals

One can also deduce the imaginary part of the retarded
self-energy given in Eq. (31b) in another way, from the dif-
ference between the lesser and greater ones 2i Im 	r

U,σ (ω) =
	−+

U,σ (ω) − 	+−
U,σ (ω), using Eqs. (113)–(116). The leading-

order terms in the Fermi-liquid regime are determined by the
sum of the single-quasiparticle collision integrals I+−(ω) +
I−+(ω),

Idiff (ω) ≡ 2
[
I+−(ω) + I−+(ω)

]
= (ω − αsheV )2 + 3�L�R

(�L + �R)2
(eV )2 + (πT )2.

(119)

Note that I+−
eq (ω) + I−+

eq (ω) = ω2 + (πT )2; the Fermi distri-
bution disappears.

In contrast, 	K
U,σ (ω) is determined by the difference

I+−(ω) − I−+(ω) between the two collision terms, up to
terms of order ω2, T 2, and (eV )2, as

	−+
U,σ (ω) + 	+−

U,σ (ω)

2i
= π

2ρdσ

∑
σ ′′( �=σ )

χ2
σσ ′′ IK(ω) + · · · .

(120)

IK(ω) ≡ 2[I+−(ω) − I−+(ω)]

=
∑

j,k,�=L,R

� j�k��

�3
[(πT )2 + (ω − μ j − μk + μ�)2]

× tanh

(
ω − μ j − μk + μ�

2T

)
. (121)

We have also shown in Table V an alternative expression, car-
rying out the summation over j, k, � explicitly. In some special
cases, it takes a simplified form. For example, at equilibrium

eV → 0, it is given by IK(ω)
eV →0−−−→ [ω2 + (πT )2] tanh( ω

2T ).
At zero temperature, the hyperbolic function that comes
from the Fermi function is replaced by the sign function, as

1 − 2 f (ω) = tanh ω
2T

T →0−−−→ sgn ω. Furthermore, for symmet-
ric junctions �L = �R = �/2 and symmetric bias voltages
μL = −μR = eV/2, it takes the following form at T = 0:

IK(ω) → 1

8

[(
ω−3eV

2

)2

sgn

(
ω−3eV

2

)
+ 3

(
ω−eV

2

)2

sgn

(
ω − eV

2

)
+ 3
(
ω + eV

2

)2

sgn

(
ω + eV

2

)
+
(

ω + 3eV

2

)2

sgn

(
ω + 3eV

2

)]
. (122)
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TABLE V. Fermionic collision integral IK(ω), and low-energy
asymptotic form of the self-energy at finite bias eV = μL − μR. The
parameter αsh is defined such that αsh eV = (�LμL + �RμR )/(�L +
�R ).

IK(ω) ≡ 2
∫

dε1

∫
dε2{[1 − feff (ε1)][1 − feff (ε2)] feff (ε1 + ε2 − ω)

− feff (ε1) feff (ε2)[1 − feff (ε1 + ε2 − ω)]}
= �2

L�R
(�L+�R )3 [(πT )2 + (ω − μL − eV )2] tanh ω−μL−eV

2T

+ �3
L+2�L�2

R
(�L+�R )3 [(πT )2 + (ω − μL )2] tanh ω−μL

2T

+ �3
R+2�2

L�R
(�L+�R )3 [(πT )2 + (ω − μR )2] tanh ω−μR

2T

+ �L�2
R

(�L+�R )3 [(πT )2 + (ω − μR + eV )2] tanh ω−μR+eV
2T .

	−+
U,σ (ω) + 	+−

U,σ (ω) = i π

ρdσ

∑
σ ′ ( �=σ )χ

2
σσ ′IK(ω) + · · · ,

	−+
U,σ (ω) − 	+−

U,σ (ω) = −i π

ρdσ

∑
σ ′ ( �=σ )χ

2
σσ ′ [ (ω − αsheV )

2

+ 3�L�R
(�L+�R )2 (eV )2 + (πT )2 ] + · · · ,

Re	r
U,σ (ω) = 	r

eq,σ (0) + (1 − χ̃σσ )ω + 1
2

∂χ̃σσ

∂εdσ

ω2

+ 1
6

1
ρdσ

∑
σ ′ ( �=σ )

∂χσσ ′
∂ε

dσ ′
[(πT )2 + 3�L�R

(�L+�R )2 (eV )2]

−∑σ ′ ( �=σ )χ̃σσ ′αsheV +∑σ ′ ( �=σ )
∂χ̃σσ ′
∂εdσ

αsheV ω

+ 1
2

∑
σ ′ ( �=σ )

∑
σ ′′ ( �=σ )

∂χ̃σσ ′
∂ε

dσ ′′
α2

sh(eV )2 + · · · .

We will show later in Sec. VIII that these results of the
self-energies satisfy the Ward identities with the low-energy
results of the vertex corrections listed in Tables VII and VIII.

TABLE VI. Bosonic collision integrals Wph
K (ω) and Wpp

K (ω) that
determine low-energy behavior of the PH propagator X μν

σσ ′ and PP
propagator Y μν

σσ ′ .

Wph
K (ω) ≡ ∫∞

−∞dε { feff (ε)[1 − feff (ε + ω)]

+ feff (ε + ω)[1 − feff (ε) ]}
= �2

L+�2
R

(�L+�R )2 ω coth ω

2T + �L�R
(�L+�R )2

[
(ω + eV ) coth ω+eV

2T

+ (ω − eV ) coth ω−eV
2T

]
,

Wpp
K (ω) ≡ ∫∞

−∞dε {[1 − feff (ε) ][1 − feff (ω − ε) ]

+ feff (ε) feff (ω − ε)}
= �2

L
(�L+�R )2 (ω − 2μL ) coth ω−2μL

2T

+ �2
R

(�L+�R )2 (ω − 2μR ) coth ω−2μR
2T

+ 2�L�R
(�L+�R )2 (ω − μL − μR ) coth ω−μL−μR

2T .

X μν

σσ ′ (ω) ≡ − ∫∞
−∞

dε

2π i Gμν
σ (ε + ω) Gνμ

σ ′ (ε),

Y μν

σσ ′ (ω) ≡ − ∫∞
−∞

dε

2π i Gμν
σ (ω − ε) Gμν

σ ′ (ε),

Im X −−
σσ ′ (ω) = 1

2i [X
+−
σσ ′ (ω) + X −+

σσ ′ (ω) ]

= π ρdσ ρdσ ′ Wph
K (ω) + O(ω2, (eV )2, T 2),

Im Y −−
σσ ′ (ω) = 1

2i [Y
+−
σσ ′ (ω) + Y −+

σσ ′ (ω) ]

= −π ρdσ ρdσ ′ Wpp
K (ω) + O(ω2, (eV )2, T 2).

TABLE VII. Low-energy expansion of the Keldysh vertex cor-
rections for the same levels σ = σ ′, which is asymptotically exact
up to linear order terms with respect eV , T , and frequencies ε and
ε ′. The leading-order terms of the σ = σ ′ components are pure
imaginary and is determined by the collision Wph

K (ω), defined in
Eq. (135). The components with three identical Keldysh indexes such
as �−−;−+

σσ ;σσ and �++;−+
σσ ;σσ vanish in the leading order.

�−−;++
σσ ;σσ (ε, ε ′; ε ′, ε) + �++;−−

σσ ;σσ (ε, ε ′; ε ′, ε)

= −i 2π

{ρdσ
}2

∑
σ ′′ ( �=σ )χ

2
σσ ′′ Wph

K (ε − ε ′) + · · · ,

�−−;++
σσ ;σσ (ε, ε ′; ε ′, ε) − �++;−−

σσ ;σσ (ε, ε ′; ε ′, ε)

= −i 2π

{ρdσ
}2

∑
σ ′′ ( �=σ )χ

2
σσ ′′ [ ε − ε ′ ] + · · · ,

�−+;+−
σσ ;σσ (ε, ε ′; ε ′, ε) + �+−;−+

σσ ;σσ (ε, ε ′; ε ′, ε)

= i 2π

{ρdσ
}2

∑
σ ′′ ( �=σ )χ

2
σσ ′′ Wph

K (0) + · · · ,

�−+;+−
σσ ;σσ (ε, ε ′; ε ′, ε) − �+−;−+

σσ ;σσ (ε, ε ′; ε ′, ε) = 0 + · · · ,

�−+;−+
σσ ;σσ (ε, ε ′; ε ′, ε) = 0 + · · · ,

�+−;+−
σσ ;σσ (ε, ε ′; ε ′, ε) = 0 + · · · ,

�−−;−−
σσ ;σσ (ε, ε ′; ε ′, ε) = i π

{ρdσ
}2

∑
σ ′′ ( �=σ )χ

2
σσ ′′
[
Wph

K (ε−ε ′)−Wph
K (0)
]

+ · · · ,

�++;++
σσ ;σσ (ε, ε ′; ε ′, ε) = −{�−−;−−

σσ ;σσ (ε, ε ′; ε ′, ε)}∗.

TABLE VIII. Low-energy expansion of the Keldysh vertex cor-
rections for different levels σ �= σ ′, which asymptotically exact up
to linear order terms with respect eV , T , and frequencies ε and
ε ′. The imaginary part of the σ �= σ ′ components is determined by
the bosonic collision integrals Wph

K (ω), Wpp
K (ω), Wpp

dif (ω), and also
Wph

dif (ω) = ω, defined in Eqs. (134)–(137). The components with
three identical Keldysh indexes such as �−−;−+

σσ ′ ;σ ′σ and �++;−+
σσ ′;σ ′σ do not

appear in the leading order at low energies. Note that the counter
part of the causal component is given by �++;++

σσ ′;σ ′σ (ε, ε ′; ε ′, ε) =
−{�−−;−−

σσ ′;σ ′σ (ε, ε ′; ε ′, ε)}∗, and χ̃σσ ′ = χσσ ′/ρdσ .

�−−;++
σσ ′ ;σ ′σ (ε, ε ′; ε ′, ε) + �++;−−

σσ ′ ;σ ′σ (ε, ε ′; ε ′, ε)

= −i 2π

ρdσ
ρ

dσ ′
χ 2

σσ ′ Wph
K (ε − ε ′) + · · · ,

�−−;++
σσ ′ ;σ ′σ (ε, ε ′; ε ′, ε) − �++;−−

σσ ′ ;σ ′σ (ε, ε ′; ε ′, ε)

= −i 2π

ρdσ
ρ

dσ ′
χ 2

σσ ′ [ε − ε ′ ] + · · · ,

�−+;−+
σσ ′ ;σ ′σ (ε, ε ′; ε ′, ε) + �+−;+−

σσ ′ ;σ ′σ (ε, ε ′; ε ′, ε)

= i 2π

ρdσ
ρ

dσ ′
χ 2

σσ ′ Wpp
K (ε + ε ′) + · · · ,

�−+;−+
σσ ′ ;σ ′σ (ε, ε ′; ε ′, ε) − �+−;+−

σσ ′ ;σ ′σ (ε, ε ′; ε ′, ε)

= i 2π

ρdσ
ρ

dσ ′
χ 2

σσ ′ Wpp
dif (ε + ε ′) + · · · ,

�−+;+−
σσ ′ ;σ ′σ (ε, ε ′; ε ′, ε) + �+−;−+

σσ ′ ;σ ′σ (ε, ε ′; ε ′, ε)

= i 2π

ρdσ
ρ

dσ ′

∑
σ ′′ ( �=σ,σ ′ )χσσ ′′ χσ ′′σ ′ Wph

K (0) + · · · ,

�−+;+−
σσ ′ ;σ ′σ (ε, ε ′; ε ′, ε) − �+−;−+

σσ ′ ;σ ′σ (ε, ε ′; ε ′, ε) = 0 + · · · ,

Im �−−;−−
σσ ′;σ ′σ (ε, ε ′; ε ′, ε)

= π

ρdσ
ρ

dσ ′

[
χ 2

σσ ′
{
Wph

K (ε − ε ′) − Wpp
K (ε + ε ′)

}
−∑σ ′′ ( �=σ,σ ′ )χσσ ′′ χσ ′′σ ′ Wph

K (0)
]+ · · · ,

Re �−−;−−
σσ ′;σ ′σ (ε, ε ′; ε ′, ε)

= 1
ρdσ

ρ
dσ ′

[
−χ

σσ ′ + ρdσ

∂χ̃σσ ′
∂εdσ

ε

+ρdσ ′
∂χ̃σ ′σ
∂ε

dσ ′
ε ′ + β

σσ ′ αsh eV
]

+ · · · ,

β
σσ ′≡ − ∂ρdσ

∂εdσ ′
∑

σ ′′ ( �=σ )χ̃σσ ′′ − ∂ρ
dσ ′

∂εdσ

∑
σ ′′ ( �=σ ′ )χ̃σ ′σ ′′+∑σ ′′′ ( �=σ,σ ′ )

∂χ
σσ ′

∂εdσ ′′′ .
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B. Particle-hole pair and particle-particle pair excitations in the
Fermi-liquid regime

We have reexamined in the above that the leading-
order terms of the imaginary part of the self-energies are
determined by the three internal propagators which represent
virtually excited quasiparticles and holes. Correspondingly,
the leading-order terms of the imaginary part of the vertex
functions �νν;νν

σσ ′;σ ′σ (ω,ω′; ω′, ω) are determined by four types
of collision processes, illustrated in Fig. 8. The particle-hole
(PH) and particle-particle (PP) pairs which propagate in be-
tween the shaded squares (vertex functions) determine the
damping rate up to terms of order ω, ω′, eV , and T .

1. Bosonic collision integrals for PH and PP excitations

Leaving precise calculations of the Keldysh vertex func-
tions to Appendix C, here we consider the low-energy
behavior of the PH and PP propagators, X μν

σσ ′ (ω) and Y μν

σσ ′ (ω),
defined later in Eq. (128). The low-energy behaviors of the
imaginary parts of the PH and PP propagators up to the linear
order terms with respect to ω, eV , and T can be described in
terms of the collision integrals Wph(ω), Wpp(ω), and Whh(ω),
defined below in Eq. (124)–(126). In this and the next section,
we provide a nonequilibrium Fermi-liquid description, using
these bosonic collision integrals.

To this end, we start with the equilibrium case eV = 0, at
which the damping of the PH and PP excitations are deter-
mined by a single bosonic collision integral,

Weq(ω) ≡
∫ ∞

−∞
dε f (ε)[1 − f (ε + ω)]

= [1 + b(ω)] lim
D→∞

∫ ∞

−D
dε[ f (ε) − f (ε + ω)]

= ω

2

[
coth

ω

2T
+ 1
]
. (123)

Here, b(ω) = [eω/T − 1]
−1

is the Bose function. Note that
ω coth( ω

2T ) � 2T for |ω| � T , and ω coth( ω
2T ) � |ω| for

|ω|  T . Thus Weq(ω)
T →0−−−→ |ω| θ (ω) at T → 0.

We now introduce the nonequilibrium bosonic collision
integral Wph(ω), which determines the imaginary part of the
PH propagator at finite eV , replacing the Fermi function f (ε)
in Eq. (123) by feff (ε),

Wph(ω) ≡
∫ ∞

−∞
dε feff (ε)

[
1 − feff (ε + ω)

]
=
∑

j,k=L,R

� j�k

�2
Weq(ω + μ j − μk ). (124)

Furthermore, the time-reversal process describes the propa-
gation of a single pair which consists of a quasiparticle with
frequency ε′ and a quasihole with ε′ + ω, as

Wph(−ω) =
∫ ∞

−∞
dε′ feff (ε′ + ω)[1 − feff (ε′)]. (125)
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FIG. 8. Feynman diagrams for the Keldysh vertex functions
�νν;νν

σσ ′ ;σ ′σ (ω,ω′; ω′, ω) which yield the imaginary part up to linear
order terms with respect to ω, ω′, eV , and T . The shaded square
represents the scattering amplitude of quasiparticles that is given by
the full vertex correction �νν;νν

σ,σ ′′;σ ′′σ (0, 0; 0, 0) defined at T = eV = 0.
The interlevel σ ′′ �= σ components of the scattering amplitude is
real and finite, whereas the intralevel ones identically vanish since
�νν;νν

σσ ;σσ (0, 0; 0, 0) = 0 at zero frequencies as a result of the Pauli
exclusion rule.

Similarly, the collision integrals for the single particle-particle
and hole-hole pairs are also given, respectively, by

Wpp(ω) ≡
∫

dε
[
1 − feff (ε)

][
1 − feff (ω − ε)

]
,

=
∑

j,k=L,R

� j�k

�2
Weq(ω − μ j − μk ), (126)

Whh(ω) ≡
∫

dε feff (ε) feff (ω − ε)

=
∑

j,k=L,R

� j�k

�2
Weq(−ω + μ j + μk ). (127)

We have also presented in Table VI more explicit forms of
these bosonic collision integrals, carrying out the summations
over j and k.

2. Imaginary part of the PH and PP propagators

We next consider the properties of the particle-hole and
particle-particle propagators X μν

σσ ′ (ω) and Y μν

σσ ′ (ω), defined by

X μν

σσ ′ (ω) ≡ −
∫

dε

2π i
Gμν

σ (ε + ω) Gνμ

σ ′ (ε), (128a)

Y μν

σσ ′ (ω) ≡ −
∫

dε

2π i
Gμν

σ (ω − ε) Gμν

σ ′ (ε). (128b)

Note that the lesser and greater components of these
propagators, i.e., X −+

σσ ′ , X +−
σσ ′ , Y −+

σσ ′ , and Y +−
σσ ′ , are pure imag-

inary. Furthermore, the diagonal components are related
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to each other, as X ++
σσ ′ (ω) = −{X −−

σσ ′ (ω)}∗ and Y ++
σσ ′ (ω) =

−{Y −−
σσ ′ (ω)}∗ since the Green’s function has the property

G++
σ (ε) = −{G−−

σ (ε)}∗. The components of the PH and
PP propagators are also linearly dependent, respectively, as
X −−

σσ ′ + X ++
σσ ′ − X +−

σσ ′ − X −+
σσ ′ = 0, and Y −−

σσ ′ + Y ++
σσ ′ − Y +−

σσ ′ −
Y −+

σσ ′ = 0. Thus, in the frequency domain, the imaginary part
of the causal propagator can be described in terms of the lesser
and greater components, as

Im X −−
σσ ′ (ω) = X K

σσ ′ (ω)

2i
, Im Y −−

σσ ′ (ω) = Y K
σσ ′ (ω)

2i
. (129)

Here, X K
σσ ′ ≡ X +−

σσ ′ + X −+
σσ ′ and Y K

σσ ′ ≡ Y +−
σσ ′ + Y −+

σσ ′ . Note that
the retarded and advanced PH propagators are given by
X r

σσ ′ = X −−
σσ ′ − X −+

σσ ′ and X a
σσ ′ = X −−

σσ ′ − X +−
σσ ′ , respectively.

The retarded and advanced propagators for the PP excitations
are also given by the same linear-combination forms.

The PH collision integral Wph(ω), defined in Eq. (124),
determines the low-energy behavior of the greater component
of the PH propagator X +−

σσ ′ (ω) exactly up to linear order terms
with respect to ω, T , and eV ,

X +−
σσ ′ (ω) ≡ −

∫
dε

2π i
G+−

σ (ε + ω) G−+
σ ′ (ε)

� −
∫

dε

2π i
(2π )2ρdσ ′ (ε) ρdσ (ε + ω) feff (ε)

× [1 − feff (ε + ω)
]

= i 2π ρdσ ′ ρdσ Wph(ω) + · · · . (130)

To obtain the second line, the lesser and greater Green’s
functions in the integrand has been replaced by the lowest-
order ones, i.e., G−+

σ (ω) � −i 2πρdσ feff (ω), and G+−
σ (ω) �

i 2πρdσ [1 − feff (ω)] in the same way as that used for
Eq. (117). Correspondingly, the low-energy asymptotic form
of the lesser PH propagator X −+

σσ ′ (ω) can be expressed in terms
of Wph(−ω), as

X −+
σσ ′ (ω) ≡ −

∫
dε

2π i
G−+

σ (ε + ω) G+−
σ ′ (ε)

= −
∫

dε′

2π i
G+−

σ ′ (ε′ − ω) G−+
σ (ε′) = X +−

σ ′σ (−ω)

= i 2π ρdσ ′ ρdσ Wph(−ω) + · · · . (131)

Similarly, the low-energy behaviors of the PP propaga-
tors can be described in terms of the collision integrals
Wpp(ω) and Whh(ω). The greater Y +−

σσ ′ (ω) component can be
calculated up to linear order terms in ω, eV and T , as

Y +−
σσ ′ (ω) ≡ −

∫
dε

2π i
G+−

σ (ω − ε) G+−
σ ′ (ε)

=
∫

dε

2π i
(2π )2ρdσ ρdσ ′

[
1 − feff (ε)

]
× [1 − feff (ω − ε)

]+ · · ·
= −i2π ρdσ ρdσ ′ Wpp(ω) + · · · . (132)

The lesser component Y −+
σσ ′ (ω) is determined by the HH colli-

sion integral Whh(ω),

Y −+
σσ ′ (ω) ≡ −

∫
dε

2π i
G−+

σ (ω − ε) G−+
σ ′ (ε)

=
∫

dε

2π i
(2π )2ρdσ ρdσ ′ feff (ε) feff (ω − ε) + · · ·

= −i2π ρdσ ρdσ ′ Whh(ω) + · · · . (133)

3. Symmetrization of the bosonic collision integrals

These lesser and greater bosonic propagators can be sim-
plified further, carrying out some symmetrizations. For the
PH pair excitations, the difference between the two X +−

σσ ′ −
X −+

σσ ′ = X r
σσ ′ − X a

σσ ′ gives the imaginary part of the retarded
propagator in the frequency domain. It shows the ω-linear
dependence which is determined by the collision integrals in
Eqs. (130) and (131) at low energies,

Wph
dif (ω) ≡ Wph(ω) − Wph(−ω) = ω. (134)

In the zero-bias limit eV → 0, the ω-linear imaginary part of
the retarded function is closely related to the Korringa-Shiba
relation of the impurity susceptibilities [15] and also to the
fluctuation-dissipation theorem for the current noise [44].

In contrast, the symmetrized PH propagator X K
σσ ′ (ω), de-

scribed in Eq. (129), is determined by the sum of the collision
integrals Wph(ω) and Wph(−ω), as

Wph
K (ω) ≡ Wph(ω) + Wph(−ω)

=
∑

j,k=L,R

� j�k

�2
(ω + μ j − μk ) coth

ω + μ j − μk

2T
.

(135)

This symmetrized part Wph
K (ω) depends also on eV and T .

The hyperbolic function represents the nonequilibrium distri-
bution, and it interpolates the three different regions (ω, 0, 0),
(0, T, 0), and (0, 0, eV ) of the parameter space, consisting of
(ω, T, eV ).

Similarly, the difference between the particle-particle and
hole-hole (HH) collision integrals is given by

Wpp
dif (ω) ≡ Wpp(ω) − Whh(ω)

= ω − 2
�2

LμL + �2
RμR + �L�R(μL + μR)

�2
,

(136)

and the sum of the PP and HH collision integrals takes the
form

Wpp
K (ω) ≡ Wpp(ω) + Whh(ω)

=
∑

j,k=L,R

� j�k

�2
(ω − μ j − μk ) coth

ω − μ j − μk

2T
.

(137)

In particular, for symmetric junctions �L = �R and μL =
−μR = eV/2, the PP and HH collision integrals coincide with
the PH ones, as

Wpp(ω) → Wph(ω), Whh(ω) → Wph(−ω). (138)
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In this case, the difference of these two takes the form
Wpp

dif (ω) → ω which does not depend on eV and T . The
symmetrized part Wpp

K (ω) also coincides with Wph
K (ω), and

takes the following form at T = 0,

Wph
K (ω) → 1

4

[|ω + eV | + 2|ω| + |ω − eV |]
=
{|ω|, |ω| > |eV |

1
2 |ω| + 1

2 |eV |, |ω| < |eV |. (139)

For symmetric junctions, the PP and PH propagators also
become identical at low energies, Y +−

σσ ′ (ω) = −X +−
σσ ′ (ω) + · · ·

and Y −+
σσ ′ (ω) = −X −+

σσ ′ (ω) + · · · , apart from the sign.

VIII. CURRENT CONSERVATION OF THE KELDYSH
VERTEX FUNCTIONS IN THE FERMI-LIQUID REGIME

In order to calculate the nonlinear current noise SQD
noise, up

to terms of order (eV )3, we also need information about low-
energy behavior of the Keldysh vertex function in the Fermi-
liquid regime �

μμ′;ν ′ν
σσ ′;σ ′σ (ω,ω′; ω′, ω) up to terms of order ω,

ω′, and eV . The collision processes which yield these linear
order terms in the imaginary part of the vertex functions are
illustrated in Figs. 8(a)–8(d).

These diagrams can be calculated in such a way that is
shown in Appendix C. We find that the low-energy behavior
of the imaginary parts of the vertex functions can be described
in terms of the collision integrals Wph

K (ω), and Wpp
K (ω), as

shown in Tables VII and VIII for σ = σ ′ and σ �= σ ′, respec-
tively. These results explicitly show that all the Keldysh vertex
components other than the causal one �−−;−−

σσ ′;σ ′σ (ω,ω′; ω′, ω)
and its counter part �++;++

σσ ′;σ ′σ (ω,ω′; ω′, ω) are pure imaginary
in the frequency domain. Furthermore, the following sum over
the time-loop indexes μ, μ′, ν ′, and ν vanishes,

�−−;−−
σσ ′;σ ′σ + �++;++

σσ ′;σ ′σ + �−−;++
σσ ′;σ ′σ + �++;−−

σσ ′;σ ′σ + �−+;+−
σσ ′;σ ′σ

+ �+−;−+
σσ ′;σ ′σ + �−+;−+

σσ ′;σ ′σ + �+−;+−
σσ ′;σ ′σ = 0 + O(ω2, |eV |2, T 3),

(140)

for both σ = σ ′ and σ �= σ ′. Note that the vertex functions
with three identical time-loop indexes, such as �−−;−+

σσ ;σσ and
�−+;−−

σσ ;σσ , do not yield linear order terms with respect to ω, ω′,
and eV . Therefore Eq. (140) represents the linear dependency
between the Keldysh vertex components at low energies (see
also Appendix A),∑

μν

∑
μ′ν ′

�
μμ′;ν ′ν
σσ ′;σ ′σ (ω,ω′; ω′, ω) = 0. (141)

In particular, in the frequency domain, it describes a relation-
ship between the imaginary parts of the vertex components.

We show in this section that the Ward identities between
the vertex corrections and self-energy, given in Eqs. (73)
and (81), can be expressed in terms of the collision integrals
IK(ω), Wph

K (ω), and Wpp
K (ω), which is exact up to terms of

orde ω, ω′, eV , and T . The Ward identities, which reflect
the current conservation through quantum dots, also impose
a strong requirement for the real part of causal vertex function
�−−;−−

σσ ′;σ ′σ (ω,ω′; ω′, ω). Specifically, it determines the expan-
sion coefficient for the eV -linear real part, which contributes

to the nonlinear current through tunnel junctions without the
inversion symmetry, i.e., �L �= �R or μL �= −μR [59].

A. Current conservation and imaginary part of the Keldysh
self-energies

In order to clarify roles of the current conservation in
the lesser and greater self-energies, the product of the re-
tarded and advanced Green’s functions in the right-hand
side of Ward identities (73a) and (81a) can be replaced by
�Gr

σ ′ (ω′) Ga
σ ′ (ω′) = πρdσ ′ + · · · , i.e., by the value at the

Fermi level ω′ = 0 of the equilibrium ground state. This is
because the Keldysh vertex functions, �

−ν2;ν3+
σσ ′;σ ′σ (ω,ω′; ω′, ω)

and �
+ν2;ν3−
σσ ′;σ ′σ (ω,ω′; ω′, ω) vanish at ω = ω′ = eV = T = 0

and thus the leading-order terms of the imaginary part of
Eqs. (73a) and (81a) for ν1 = −ν4 emerge through these ver-
tex components in the integrands.

1. The ω derivative of �+−
U,σ and �−+

U,σ

We first of all examine the level diagonal σ = σ ′ part
of Eq. (73a) for the greater and lesser self-energies, i.e.,
ν1 = −ν4, using the low-energy asymptotic forms given in
Eqs. (115) and (116). Since the quadratic dependence of
the lesser and greater self-energies on ω, eV , and T are
determined by the fermionic collision integrals I+−(ω) and
I−+(ω), the ω-linear term of the Ward identities Eq. (73a)
for σ = σ ′ can be extracted by taking the derivative of these
functions with respect to ω.

For the greater self-energy 	+−
U,σ (ω), it can be calculated up

to linear order terms, using Eq. (116),(
∂

∂ω
+ ∂

∂εdσ

)
	+−

U,σ (ω)

= i
2π

ρdσ

∑
σ ′′( �=σ )

χσσ ′′
∂I+−(ω)

∂ω
+ O(ω2, (eV )2, T 2),

(142)

and the derivative of the fermionic collision integral takes the
form,

∂I+−(ω)

∂ω
=
∫

dε1

∫
dε2

∂

∂ω

[
1 − feff (ε1 + ω)

]
× [1 − feff (ε2)

]
feff (ε1 + ε2)

=
∫

dω′ Wph(ω − ω′)
{
−∂ feff (ω′)

∂ω′

}
T →0−−−→
∑

j,k,�

=L,R

� j�k��

�3
Weq(ω + μ j − μk − μ�).

(143)

Here, the bosonic one Wph(ω − ω′) appearing in the sec-
ond line can be related to the low-energy asymptotic
form of the vertex function �−−;++

σσ ;σσ (ω,ω′; ω′, ω)ρ2
dσ =

−i2π
∑

σ ′′( �=σ ) χ
2
σσ ′′Wph(ω − ω′) + · · · , which is one the

results shown in Table VII. This vertex component is de-
termined by the collision process described in Fig. 8(a) for
(μ, ν) = (−,+) and is calculated as Eq. (C12a). Therefore
Eq. (143) shows that in the Fermi-liquid regime the Ward
identity Eq. (73a) for (ν4, ν1) = (+,−) is satisfied through
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this relation between ∂I+−(ω)/∂ω and Wph(ω − ω′), specifi-
cally at T → 0 the bosonic collision integral in the right-hand
side takes the form Weq(ε) → |ε| θ (ε).

Similarly, the derivative of the lesser self-energy 	−+
U,σ (ω)

can be described by the collision integral I−+(ω) up to linear
order terms with respect to ω, eV , and T , using Eqs. (115)
and (118),(

∂

∂ω
+ ∂

∂εdσ

)
	−+

U,σ (ω)

= −i
2π

ρdσ

∑
σ ′′( �=σ )

χσσ ′′
∂I−+(ω)

∂ω
+ O(ω2, (eV )2, T 2),

(144)
∂I−+(ω)

∂ω
=
∫

dε1

∫
dε2

∂

∂ω
feff (ε1 + ω)

× feff (ε2)
[
1 − feff (ε1 + ε2)

]
= −
∫

dω′ Wph(ω′ − ω)

{
−∂ feff (ω′)

∂ω′

}
T →0−−−→ −

∑
j,k,�

=L,R

� j�k��

�3
Weq(−ω + μk − μ j + μ�).

(145)

Here, the bosonic collision integral Wph(ω′ − ω) is related
to the low-energy asymptotic form of the vertex func-
tion �++;−−

σσ ;σσ (ω,ω′; ω′, ω)ρ2
dσ = −i2π

∑
σ ′′( �=σ ) χ

2
σσ ′′Wph

(ω′ − ω) + · · · , which is determined by the collision
process described in Fig. 8(a) for (μ, ν) = (+,−). It can
be calculated as Eq. (C12b) and the result is also listed in
Table VII. Therefore the last line of Eq. (145) also shows that
in the Fermi-liquid regime the Ward identity Eq. (73a) for
σ = σ ′ and (ν4, ν1) = (−,+) is satisfied through this relation
between ∂I−+(ω)/∂ω and Wph(ω′ − ω).

2. The εdσ′ derivative of �+−
U,σ and �−+

U,σ

We next consider the off-diagonal σ ′ �= σ components of
Eq. (73a), i.e., the Ward identities for ∂	+−

U,σ (ω)/∂εdσ ′ and
∂	+−

U,σ (ω)/∂εdσ ′ which show quadratic dependences on ω, eV ,
and T at low energies,

∂	ν,−ν
U,σ (ω)

∂εdσ ′
= 0 + O(ω2, (eV )2, T 2). (146)

It can be confirmed directly that the asymptotic forms of
vertex functions obtained in Appendix C satisfy the Ward
identities for σ ′ �= σ up to linear order terms with respect to
ω, eV , and T ; substituting the results shown in Table VIII into
Eq. (73a), we find that the constant and linear order terms of
the right-hand side vanish. Here we describe an alternative
way to verify this consistency with the current conservation in
terms of the collision integrals.

These Ward identities for σ ′ �= σ have been derived in
Sec. V, using Eq. (74) which represents the property that the
value of the self-energy is unchanged if the internal frequen-
cies of the Green’s functions along a closed-loop of level σ ′
are shifted by an arbitrary amount ω0. The current conserva-
tion in the Fermi-liquid regime can be verified, applying this
procedure to the collision process shown in Fig. 7. For the

greater self-energy, it takes the form

∂	+−
U,σ (ω)

∂εdσ ′
=
(

∂

∂ω0
+ ∂

∂εdσ ′

)
	+−

U,σ (ω)

=
(

∂

∂ω0
+ ∂

∂εdσ ′

)
i
2πχσσ ′

ρdσ

I+−(ω) + · · ·

= i
2πχσσ ′

ρdσ

∂I+−(ω)

∂ω0
+ O(ω2, (eV )2, T 2).

(147)

Note that the fermionic collision integral I+−(ω) can be writ-
ten in the form, shifting the loop frequency by ω0 from the
one described in Eq. (114),

I+−(ω) =
∫

dε1

∫
dε2
[
1 − feff (ε1)

]
× [1 − feff (ε2 + ω0)

]
feff (ε1 + ε2 + ω0 − ω).

(148)

Although the derivative ∂I+−(ω)/∂ω0 itself vanishes, it can
be expressed in terms of the bosonic collision integrals, as∫

dε1

∫
dε2[1 − feff (ε1)]

∂

∂ε2
[1 − feff (ε2)] feff (ε1 + ε2 − ω)

=
∫

dω′[Wph(ω − ω′) − Wpp(ω + ω′)
]{−∂ feff (ω′)

∂ω′

}
T →0−−−→

∑
j,k,�=L,R

� j�k��

�3

[
Weq(ω − μ� − μk + μ j )

− Weq(ω + μ� − μk − μ j )
] = 0. (149)

Here, the bosonic collision integrals Wph(ω − ω′) and
Wpp(ω + ω′) that emerged in the second line can be regarded
as the contributions of the vertex corrections �−−;++

σσ ′;σ ′σ
(ω,ω′; ω′, ω) ρdσ ρdσ ′ = −i 2πχ2

σσ ′Wph(ω − ω′), and
�−+;−+

σσ ′;σ ′σ (ω,ω′; ω′, ω) ρdσ ρdσ ′ = i 2πχ2
σσ ′Wpp(ω + ω′),

shown in Table VIII up to linear order terms. These two vertex
contributions are caused by the collision processes, described
in Figs. 8(b) and 8(c) for (μ, ν) = (−,+), and are calculated
in Eqs. (C27a) and (C31a). Therefore Eqs. (147)– (149) show
that the vertex function that is obtained in Appendix C and
the greater self-energy satisfy the Ward identity Eq. (73a)
for σ �= σ ′ in the Fermi-liquid regime through the relation
between the fermionic and bosonic collision integrals.

Similarly, for the lesser self-energy, ∂	−+
U,σ (ω)/∂εdσ ′ can

be expressed in terms of ∂I−+(ω)/∂ω0 which takes the fol-
lowing form,∫

dε1

∫
dε2 feff (ε1)

∂

∂ε2
feff (ε2)

[
1 − feff (ε1 + ε2 − ω)

]
=
∫

dω′[Wph(ω′ − ω) − Whh(ω + ω′)]
{
−∂ feff (ω′)

∂ω′

}
T →0−−−→

∑
j,k,�=L,R

� j�k��

�3

[
Weq(−ω + μ� − μk + μ j )

− Weq(−ω − μ� + μk + μ j )
] = 0. (150)

The bosonic collision integrals Wph(ω′ − ω) and Whh(ω′ +
ω) in the second line correspond to the vertex functions
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�++;−−
σσ ′;σ ′σ (ω,ω′; ω′, ω) ρdσ ρdσ ′ = −i 2πχ2

σσ ′Wph(ω′ − ω) and
�+−;+−

σσ ′;σ ′σ (ω,ω′; ω′, ω) ρdσ ρdσ ′ = i 2πχ2
σσ ′Whh(ω + ω′) that

emerge in the right-hand side of Ward identity Eq. (73a).
These two vertex components represent the contributions of
the collision processes, described in Figs. 8(b) and 8(c), and
are calculated in Eqs. (C27b) and (C31b).

3. The eV derivative of �+−
U,σ and �−+

U,σ

We show here that the low-energy asymptotic forms of
the vertex functions, given in Tables VII and VIII, sat-
isfy the Ward identity Eq. (81) with ∂	+−

U,σ (ω)/∂ (eV ) and
∂	−+

U,σ (ω)/∂ (eV ). Since the quadratic ω2, (eV )2, and T 2 de-
pendencies of 	+−

U,σ (ω) and 	−+
U,σ (ω) are described by the

fermionic collision integrals I+−(ω) and I−+(ω), the linear
order terms of these derivatives can be calculated by using
Eqs. (115) and (116),

∂	+−
U,σ (ω)

∂eV
= i

2π

ρdσ

∑
σ ′( �=σ )

χ2
σσ ′

∂I+−(ω)

∂eV
+ · · · , (151)

∂	−+
U,σ (ω)

∂eV
= −i

2π

ρdσ

∑
σ ′( �=σ )

χ2
σσ ′

∂I−+(ω)

∂eV
+ · · · . (152)

For the greater self-energy, ∂I+−(ω)/∂ (eV ) can be ex-
pressed in the following form, taking the derivative of the
three nonequilibrium distribution functions feff in the inte-
grand in Eq. (114),

∂I+−(ω)

∂eV
=
∫

dω′[2Wph(ω − ω′) − Wpp(ω + ω′)]

×
{
−∂ feff (ω′)

∂eV

}
T →0−−−→
∑

j,k,�

=L,R

� j�k��

�3

(μ� − μ j − μk

eV

)
× Weq(ω + μ� − μ j − μk ). (153)

Here, two Wph’s and Wpp in the integrand corre-
spond to the vertex contributions �−−;++

σσ ;σσ (ω,ω′; ω′, ω),
�−−;++

σσ ′;σ ′σ (ω,ω′; ω′, ω), and �−+;−+
σσ ′;σ ′σ (ω,ω′; ω′, ω) up to linear

order terms, shown in Tables VII and VIII. These vertex
contributions are caused by the collision processes described
in Figs. 8(a)–8(c) for (μ, ν) = (−,+), and are calculated in
Appendix C. Furthermore, the last line of Eq. (153), in which

Weq(ε)
T →0−−−→ |ε| θ (ε), explicitly shows that these contribu-

tions coincide with the that in the right-hand side of the Ward
identity (81b).

Similarly, the low-energy behavior of ∂	−+
U,σ (ω)/∂eV is

determined by the derivative of I−+(ω),

∂I−+(ω)

∂eV
= −
∫

dω′ [2Wph(ω′ − ω) − Whh(ω + ω′)]

×
{
−∂ feff (ω′)

∂eV

}
T →0−−−→ −

∑
j,k,�

=L,R

� j�k��

�3

(μ� − μ j − μk

eV

)

× Weq(−μ� + μ j + μk − ω). (154)

In this case, two Wph’s and one Whh in the integrand
correspond to vertex contributions �++;−−

σσ ;σσ (ω,ω′; ω′, ω),
�++;−−

σσ ′;σ ′σ (ω,ω′; ω′, ω), and �+−;+−
σσ ′;σ ′σ (ω,ω′; ω′, ω) up to linear

order terms, shown in Tables VII and VIII. These vertex
components are caused by the collision processes described
in Figs. 8(a)–8(c) for (μ, ν) = (+,−), and are calculated in
Appendix C. In particular, the last line of Eq. (154) shows
that at T = 0 these contributions coincide with that in the
right-hand side of the Ward identity (81b).

B. Real part of the vertex function at finite eV

We next show that the asymptotic form of the real part of
the vertex function at finite bias voltages can also be deduced
from the Ward identity (73b). That is the explicit expression
of the eV -linear real part of �−−;−−

σσ ′;σ ′σ (0, 0; 0, 0), which has
not been taken into account in Eq. (27). To be specific, we
consider nonequilibrium behaviors at T = 0 in this section.

The Keldysh vertex components other than the causal one
and its counter part are pure imaginary, as shown explicitly in
Tables VII and VIII, up terms of order ω, ω′, and eV . Thus
only �−−;−−

σσ ′;σ ′σ (ω,ω′; ω′, ω) and �++;++
σσ ′;σ ′σ (ω,ω′; ω′, ω) have the

real parts in the Fermi-liquid regime, which can be related
to the real part of the retarded self-energy which is identical
to the real part of the causal one Re 	r

U,σ (ω) ≡ Re 	−−
U,σ (ω),

using the Ward identity Eq. (73b):(
δσσ ′

∂

∂ω
+ ∂

∂εdσ ′

)
Re 	r

U,σ (ω)

= −
∑
j=L,R

Re �−−;−−
σσ ′;σ ′σ (ω,μ j ; μ j, ω) A(1)

dσ ′ (μ j )
� j

�

+ O(ω2, (eV )2). (155)

Here, the product of the two Green’s that appeared in the
right-hand side of Eq. (73b) has been rewritten into
the form �Gr

σ (ω) Ga
σ (ω)/π = A(1)

dσ
(ω) + O(ω2, (eV )2), using

the spectral function A(1)
dσ

(ω) which takes into account the
self-energy corrections up to linear order terms in ω and eV :

A(1)
dσ

(ω) ≡ 1

π

�(
χ̃σσ ω − ε∗

dσ
+∑σ ′′( �=σ ) χ̃σσ ′′ αsh eV

)2 + �2

= ρdσ + ρ ′
dσ

[
ω +
∑

σ ′′( �=σ )

χ̃σσ ′′

χ̃σσ

αsh eV

]
+ · · · .

(156)

Here, ρ ′
dσ is the derivative of the equilibrium density of state,

defined in Eq. (17). The spectral function A(1)
dσ

(ω) includes
the order eV energy shift emerging for asymmetric junctions
with αsh �= 0 in addition to the equilibrium energy shift ε∗

dσ ≡
εdσ + 	r

eq,σ (0).
As we already know the low-energy asymptotic form of the

retarded self-energy as shown in Eq. (31a), the derivatives in
the left-hand side of Eq. (155) can be calculated explicitly up
to terms of order ω and eV : it vanishes for σ = σ ′,(

∂

∂ω
+ ∂

∂εdσ

)
Re 	r

U,σ (ω) = 0 + O(ω2, (eV )2), (157)
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and it takes the following form for σ �= σ ′,

∂

∂εdσ ′
Re 	r

U,σ (ω) = χ̃σσ ′ − ∂χ̃σσ

∂εdσ ′
ω

−
∑

σ ′′( �=σ )

∂χ̃σσ ′′

∂εdσ ′
αsh eV + · · · . (158)

Therefore Re �−−;−−
σσ ;σσ (ω,ω′; ω′, ω) in the right-hand side

of Eq. (155) can be deduced from these expressions using also
Eq. (156). As shown in Eq. (26), the real part of causal vertex
function for σ = σ ′, does not have a constant and linear order
terms with respect ω and ω′ at eV = 0. This does not change
up to order eV ,

Re �−−;−−
σσ ;σσ (ω,ω′; ω′, ω) = 0 + O(ω2, ω′2, (eV )2). (159)

We also find that the real part of the causal vertex function
for σ �= σ ′ captures the eV -linear term when the inversion
symmetry is broken in a way such that αsh �= 0,

Re �−−;−−
σσ ′;σ ′σ (ω,ω′; ω′, ω) ρdσ ρdσ ′

= −χσσ ′ + ρdσ

∂χ̃σσ ′

∂εdσ

ω + ρdσ ′
∂χ̃σ ′σ

∂εdσ ′
ω′ + βσσ ′ αsh eV

+ O(ω2, ω′2, (eV )2), (160)

βσσ ′ ≡ − ∂ρdσ

∂εdσ ′

∑
σ ′′( �=σ )

χ̃σσ ′′ − ∂ρdσ ′

∂εdσ

∑
σ ′′( �=σ ′ )

χ̃σ ′σ ′′

+
∑

σ ′′′( �=σ,σ ′ )

∂χσσ ′

∂εdσ ′′′
. (161)

We have also confirmed that these results for the real parts
of the vertex functions Eqs. (159) and (160) satisfy the Ward
identity for the eV derivative given in Eq. (81b), which takes
the following form for the real part,

∂

∂eV
Re 	r

U,σ (ω) = −
∑
σ ′

∑
j=L,R

Re �−−;−−
σσ ′;σ ′σ (ω,μ j ; μ j, ω)

× A(1)
dσ ′ (μ j )

(−� jμ j

� eV

)
+ O(ω2, (eV )2).

(162)

Namely, the right-hand side of this identity Eq. (162) coin-
cides with the derivative of Re 	r

U,σ (ω) on the left-hand side
that can be calculated directly using Eq. (31a),

∂ Re 	r
U,σ (ω)

∂eV
= −
∑

σ ′′( �=σ )

[
χ̃σσ ′′ − ∂χ̃σσ ′′

∂εdσ

ω

]
αsh

+ �L�R

�2

∑
σ ′′( �=σ )

1

ρdσ

∂χσσ ′′

∂εdσ ′′
eV

+
∑

σ ′( �=σ )

∑
σ ′′( �=σ )

∂χ̃σσ ′

∂εdσ ′′
α2

sh eV + · · · . (163)

IX. CURRENT NOISE FORMULA IN THE FERMI-LIQUID
REGIME

We are now at the stage of being able to calculate the
current noise SQD

noise at finite bias voltages up to order (eV )3. It
is defined in terms of the current-current correlation function
Kα′α

σ ′σ ,

SQD
noise = e2

∫ ∞

−∞
dt
∑
σσ ′

i[K+−
σ ′σ (t, 0) + K−+

σ ′σ (t, 0)]. (164)

Here, K+−
σ ′σ (t, 0) ≡ −i 〈δĴσ ′ (t )δĴσ (0)〉, K−+

σ ′σ (t, 0) ≡ −i〈δĴσ

(0)δĴσ ′ (t )〉. The symmetrized current operator Ĵσ is defined
in Eq. (4). In the Keldysh-Feynman diagrammatic represen-
tation, this operator can be treated as a matrix current vertex
λα

sym(ε, ε + ω) defined in Eq. (98) in the frequency domain,
and in Fig. 2 it is illustrated as a black diamond ( �). In
particular, at ω = 0, the current vertex for the constant noise
can be expressed in the following form using the Pauli matrix
τ2,

λα
sym(ε, ε) = −2�L�R[ fL(ε) − fR(ε)]

�L + �R
iτ2, (165)

and becomes independent of whether α = − or +. At T = 0,
this current vertex λα

sym(ε, ε) takes a finite value just in the
bias-window region μR � ε � μL, and it identically vanishes
at equilibrium eV = 0.

We calculate SQD
noise separating it into four parts,

SQD
noise =

(
�L

�L + �R

)2

δSRR +
(

�R

�L + �R

)2

δSLL

+ Sqp
sym + Scoll

sym. (166)

The first two terms δSRR and δSLL represent the contributions
of the processes, illustrated in the bottom row of Fig. 2, and
can be expressed in the form

δS j j = e2

h̄
i 4� j

∑
σ

∫ ∞

−∞

dε

2π

[
f j G+−

σ − (1 − f j ) G−+
σ

]
,

(167)

for j = L, R. In the Feynman diagrams for these pro-
cesses, the dashed line represents the bare conduction-
electron Green’s function g j of the isolated leads on j =
L and R, defined in Eq. (62). The solid line represents
the full impurity-electron Green’s function Gσ . The con-
tributions of δSRR and δSLL on the total noise SQD

noise can
also be expressed in the following form, rewriting the
lesser and greater Green’s functions in Eq. (167) by using
Eq. (68),

(
�L

�L + �R

)2

δSRR +
(

�R

�L + �R

)2

δSLL = 2e2

h
4�L�R

∑
σ

∫ ∞

−∞
dε Gr

σ Ga
σ

[
fR(1 − fR) + fL(1 − fL ) +

{
1 − 2�L�R

(�R + �L )2

}

× ( fL − fR)2 + �R fL + �L fR

(�L + �R)2

	+−
U,σ

2i
− �R(1 − fL ) + �L(1 − fR)

(�L + �R)2

	−+
U,σ

2i

]
. (168)
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The remaining two parts, Sqp
sym and Scoll

sym of Eq. (166), represent the contributions of the diagrams shown in the top row of Fig. 2,
i.e., the bubble diagram on the left and the one with vertex corrections on the right,

Sqp
sym = e2

h̄

∑
α=+,−

∑
σ

∫ ∞

−∞

dε

2π
Tr[λα

sym(ε, ε)Gσ (ε)λ−α
sym(ε, ε)Gσ (ε)]

= 2e2

h

[
2 �L�R

�L + �R

]2∑
σ

∫ ∞

−∞
dε [ fL(ε) − fR(ε)]2

[{Gr
σ (ε) − Ga

σ (ε)}2 + 2Gr
σ (ε) Ga

σ (ε)
]
, (169)

Scoll
sym = e2

h̄

[
2 �L�R

�L + �R

]2 ∑
α=+,−

∫ ∞

−∞

dε

2π

∫ ∞

−∞

dε′

2π
[ fL(ε) − fR(ε)][ fL(ε′) − fR(ε′)]Q(ε, ε′), (170)

Q(ε, ε′) ≡ (−i)
∑
σσ ′

∑
μν

μ′ν′

�
μμ′;ν ′ν
σσ ′;σ ′σ (ε, ε′; ε′, ε) {Gσ (ε) iτ2Gσ (ε)}μν{Gσ ′ (ε′) iτ2Gσ ′ (ε′)}ν ′μ′ . (171)

In order to obtain Eq. (169), we have decomposed the product
of the Green’s function into the three parts, using the basis set,
described in Eq. (52), as

Gσ iτ2Gσ = a1σ (1 + τ1) + a3στ3 − a2σ iτ2. (172)

The coefficients can be determined, for instance, in a way such

that Tr[iτ2Gσ iτ2Gσ ] = 2a2σ , as

a1σ = (G+−
σ + G−+

σ )
(
Gr

σ − Ga
σ

)
2

, (173a)

a3σ =
{
Gr

σ

}2 − {Ga
σ

}2
2

, (173b)

a2σ =
{
Gr

σ

}2 + {Ga
σ

}2
2

. (173c)

The free-quasiparticle part, i.e., Sqp
sym of Eq. (169), vanishes

at equilibrium eV = 0 and shows an |eV |-linear dependence at
small bias voltages since the distribution function ( fL − fR)2

restricts the region of the integration to the inside of the bias
window μR � ε � μL.

The fourth part, Scoll
sym of Eq. (170), represents the con-

tributions of collisions between quasiparticles, which enter
through the vertex functions in the kernel Q(ε, ε′) defined as
Eq. (171). The domains of integrations with respect to ε and ε′
are also restricted by the distribution functions fL(ε) − fR(ε)
and fL(ε′) − fR(ε′). Therefore this part Scoll

sym does not show an
|eV |-linear dependence, and the restrictions due to the bias
window themselves cause a contribution of order |eV |2 at
small bias voltages.

A. Thermal noise at equilibrium eV = 0

Here we briefly show how the previous result for the
thermal noise at equilibrium can be reproduced in our
formulation. At eV = 0, the contributions of Sqp

sym and Scoll
sym

vanish among the four parts of the current noise, described
in Eq. (166). Furthermore, the lesser and greater Green’s
functions that determine δSRR and δSLL through Eq. (167)
can be written in terms of the retarded Green’s function
(−1/π ) Im Gr

eq,σ , using Eq. (70). Therefore the well-known

thermal noise formula is derived from Eqs. (166) and (167), as

SQD
noise

eV →0−−−→
(

�L

�L + �R

)2

δSRR +
(

�R

�L + �R

)2

δSLL

= 4T
e2

h

∑
σ

∫ ∞

−∞
dε

(
−∂ f (ε)

∂ε

)
Teq,σ (ε). (174)

Here, Teq,σ (ε) ≡ Tσ (ε)|eV =0 is the transmission probability,
defined in Eq. (6). We have also used the relation
T (−∂ f /∂ε) = f (1 − f ) of the Fermi function part. In
the low-temperature Fermi-liquid regime, the thermal noise
can be deduced up to terms of order T 3 by using the
low-temperature expansion of the linear conductance, given
in Eq. (34).

B. The |eV |-linear current noise at T = 0

We next consider the |eV |-linear contributions of the cur-
rent noise SQD

noise that can be determined by the first three
terms of Eq. (166). The order |eV | contributions of Sqp

sym can
be calculated, taking the frequency argument for the Green’s
functions in Eq. (169) to be ε = 0 as the linear dependence
is determined by the width of the bias window. For the
weighted sum of δSRR and δSLL in Eq. (168), the lesser or
greater self-energy that appeared in the right-hand side does
not yield order |eV | contributions. This is because these two
self-energies 	−+

U,σ (ε) and 	+−
U,σ (ε) in the integrand show the

ε2 and |eV |2 behaviors, as described in Eqs. (115) and (116),
and yield high-order terms which we consider later in the next
section. Therefore the sum of these contributions determine
the linear current noise at T = 0, as

SQD
noise

T →0−−−→
(

�L

�L + �R

)2

δSRR +
(

�R

�L + �R

)2

δSLL

+ Sqp
sym + O(|eV |2)

= 2e2

h
|eV |
∑

σ

Teq,σ (0)
[
1 − Teq,σ (0)

]+ · · · . (175)

It reproduces the well-established linear-noise formula, which
is determined by the transmission probability at the Fermi
level Teq,σ (0) = sin2 δσ .
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C. Order |eV |3 terms of current noise SQD
noise

We calculate order |eV |3 terms of the current noise SQD
noise

in the rest of this section, specifically for symmetric junctions
�L = �R and μL = −μR = eV/2, at T = 0. To this end, we
consider first of all the contributions of the first three parts
of Eq. (166), for which effects of the Coulomb interaction
enter only through the Green’s function Gμν

σ (ε), or the self-
energy 	

μν
U,σ (ε), as shown in Eqs. (168) and (169). Then, we

calculate the remaining part Scoll
sym, which includes effects of

vertex corrections as shown in Eq. (170), later in this section.

1. Contributions of bubble diagrams

The free quasiparticle contributions without vertex correc-
tions are described by the first three parts of Eq. (166), as
mentioned. The sum of these contributions takes a simpli-
fied form for symmetric junctions �L = �R and μL = −μR =
eV/2, at T = 0,(

�L

�L + �R

)2

δSRR +
(

�R

�L + �R

)2

δSLL + Sqp
sym

= 2e2

h

∑
σ

∫ ∞

−∞
dε ( fL − fR)2�2

[(
Gr

σ − Ga
σ

2

)2

+ Gr
σ Ga

σ

]

+ 2e2

h

∑
σ

∫ ∞

−∞
dε � Gr

σ Ga
σ

×
[

fL + fR

4i
	+−

U,σ − (1 − fL ) + (1 − fR)

4i
	−+

U,σ

]
.

(176)

In order to extract order |eV |3 terms from this equation, the
lesser and greater self-energies in the last line can be replaced
by the low-energy asymptotic forms, given in Eqs. (115)
and (116) which exactly describe the ε2 and (eV )2 dependen-
cies of 	−+

U,σ (ε) and 	+−
U,σ (ε). Thus it can be rewritten into the

form(
�L

�L + �R

)2

δSRR +
(

�R

�L + �R

)2

δSLL + Sqp
sym

= 2e2

h

∑
σ

∫ |eV |
2

− |eV |
2

dε �2

[{
Gr

σ (ε) − Ga
σ (ε)

2

}2

+ Gr
σ (ε) Ga

σ (ε)

]
+ 2e2

h

∑
σ

π�Gr
σ (0)Ga

σ (0)

ρdσ

∑
σ ′′( �=σ )

χ2
σσ ′′

×
∫ ∞

−∞
dε

[
fL + fR

2
I+− + (1 − fL ) + (1 − fR)

2
I−+
]

+ · · · . (177)

The contributions of the first integral in Eq. (177) can be
calculated, expanding Gr

σ (ε) and Gr
σ (ε) in the integrand up

to order ε2 and |eV |2 using the asymptotic form of the self-
energy summarized in Table V. Note that �Gr

σ (0)Ga
σ (0) =

πρdσ , and the low-energy expansion of Gr
σ (ε) − Ga

σ (ε) for
symmetric junctions is given in Eq. (32). The product of the
retarded and advanced Green’s functions Gr

σ (ε) Ga
σ (ε) can

also be expanded in a similar way. The second integral in
Eq. (177) can be carried out, using the explicit form of the

collision integrals I−+(ε) and I+−(ε) given in Eq. (114), as∫ ∞

−∞
dε

[
fL + fR

2
I+− + (1 − fL ) + (1 − fR)

2
I−+
]

=
∫ −|eV |

2

− 3|eV |
2

dε

(
ε + 3|eV |

2

)2
32

+
∫ |eV |

2

− 3|eV |
2

dε

(
ε + 3|eV |

2

)2
32

+ 3
∫ |eV |

2

− |eV |
2

dε

(
ε + |eV |

2

)2
32

+ 3
∫ |eV |

2

− |eV |
2

dε

(
ε − |eV |

2

)2
32

+
∫ 3|eV |

2

− |eV |
2

dε

(
ε − 3|eV |

2

)2
32

+
∫ 3|eV |

2

|eV |
2

dε

(
ε − 3|eV |

2

)2
32

= |eV |3
4

. (178)

Therefore the sum of the first three parts of Eq. (166) can
be expressed in the following form, which is exact up to terms
of order |eV |3 for symmetric junctions at T = 0,

Sqp
sym +
(

�L

�L + �R

)2

δSRR +
(

�R

�L + �R

)2

δSLL

= 2e2

h
|eV |
∑

σ

sin2 2δσ

4

− 2e2

h

|eV |3
3

∑
σ

[
cV,σ cos 2δσ + π2

4
sin2 2δσ χ2

σσ

+ π2

2

∑
σ ′( �=σ )

χ2
σσ ′

]
+ · · · . (179)

Here, cV,σ is the coefficient for the order (eV )2 term of the
differential conductance dJ/dV , given in Eq. (33) and Table I.

2. Contributions of vertex corrections Scoll
sym

The remaining term, Scoll
sym of Eq. (166), represents the con-

tributions of the two-quasiparticle collision processes, which
corresponds to the second diagram in the first row of Fig. 2.
Equation (170) takes a simplified form, for symmetric junc-
tions �L = �R = �/2 and μL = −μR = eV/2, especially at
T = 0,

Scoll
sym = 2e2

h

�2

8π

∫ |eV |
2

− |eV |
2

dε

∫ |eV |
2

− |eV |
2

dε′ Q(ε, ε′). (180)

The domains of the integrals with respect to ε and ε′ are
restricted to the inside of the bias window. Therefore, in order
to calculate Scoll

sym up to order |eV |3, the kernel Q(ε, ε′) should
be expanded up to linear order in ε, ε′, and |eV |. To this end,
we rewrite Q(ε, ε′) into the following form by substituting
Eq. (172) into Eq. (171),

Q(ε, ε′) =
∑
σσ ′

3∑
l=1

3∑
m=1

alσ (ε) amσ ′ (ε′)Qlm
σσ ′ (ε, ε′). (181)

Here, Qlm
σσ ′ (ε, ε′) corresponds to the vertex contributions,

for which the summations over the Keldysh-branch indexes
(μ,μ′; ν ′, ν) in Eq. (171) have been carried out with matrix
set 1 + τ1, τ3, and iτ2. Specifically, for symmetric junctions
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�L = �R = �/2 and μL = −μR = eV/2, only the two com-

ponents Q33
σσ ′ (ε, ε′) and Q22

σσ ′ (ε, ε′) among nine possible (�,
m) configurations have linear order terms with respect to ε, ε′
and |eV |, and thus Eq. (181) takes a simplified form,

Q(ε, ε′) =
∑
σσ ′

[
a3σ (ε) a3σ ′ (ε′)Q33

σσ ′ (ε, ε′)

+ a2σ (ε) a2σ ′ (ε′)Q22
σσ ′ (ε, ε′)

]+ · · · . (182)

One of the reasons for this is that the coefficient a1σ (ε), de-
fined in Eq. (173), vanishes identically inside the bias-window
region |ε| � |eV |/2. It follows from the low-energy proper-
ties of the lesser and greater Green’s functions, described in
Eq. (117),

G+−
σ (ε) + G−+

σ (ε) � −2i�
[
1 − 2 feff (ε)

]
Gr

σ (ε) Ga
σ (ε).

(183)

Thus the components which are accompanied by a1σ (ε) or
a1σ ′ (ε′) vanish in the right-hand side of Eq. (181) since
1 − 2 feff (ε) ≡ 0 at |ε| < |eV |/2 for symmetric junctions. An-

other reason is that two other components Q32
σσ ′ (ε, ε′) and

Q23
σσ ′ (ε, ε′) do not have linear order terms in ε, ε′ and |eV |:

Q32
σσ ′ (ε, ε′) = i

∑
μν

∑
μ′ν ′

{τ3}μν�
μμ′;ν ′ν
σσ ′;σ ′σ (ε, ε′; ε′, ε){iτ2}ν ′μ′

= i[�−+;−−
σσ ′;σ ′σ + �+−;++

σσ ′;σ ′σ − �−−;+−
σσ ′;σ ′σ − �++;−+

σσ ′;σ ′σ ]

= 0 + O(ε2, ε′2, |eV |2), (184)

and also Q23
σσ ′ (ε, ε′) = 0 + O(ε2, ε′2, |eV |2). The is because

the Keldysh vertex components with three identical branch
indexes, such as �+−;++

σσ ;σσ and �−−;+−
σσ ;σσ , do not have a constant

and linear order terms with respect to ε, ε′, and eV .

The two components Q33
σσ ′ (ε, ε′) and Q22

σσ ′ (ε, ε′) in
Eq. (182) can be calculated, using the low-energy expansion
of the vertex functions, given in Tables VII and VIII. These
components for σ = σ ′ can be expressed in the following
form at |ε| < |eV |/2 and |ε′| < |eV |/2,

Q33
σσ (ε, ε′) = −i

∑
μν

∑
μ′ν ′

{τ3}μν�
μμ′;ν ′ν
σσ ;σσ (ε, ε′; ε′, ε){τ3}ν ′μ′

= −i
[
�−−;−−

σσ ;σσ + �++;++
σσ ;σσ − �−+;+−

σσ ;σσ − �+−;−+
σσ ;σσ

]
= π

ρ2
dσ

∑
σ ′′( �=σ )

χ2
σσ ′′
[|ε − ε′| − |eV |] + · · ·

(185)

and

Q22
σσ (ε, ε′) = −i

∑
μν

∑
μ′ν ′

{iτ2}μν�
μμ′;ν ′ν
σσ ;σσ (ε, ε′; ε′, ε){iτ2}ν ′μ′

= −i
[
�−+;−+

σσ ;σσ + �+−;+−
σσ ;σσ − �−−;++

σσ ;σσ − �++;−−
σσ ;σσ

]
= π

ρ2
dσ

∑
σ ′′( �=σ )

χ2
σσ ′′
[|ε − ε′| + |eV |] + · · · .

(186)

Similarly, at |ε| < |eV |/2 and |ε′| < |eV |/2, the components
for σ �= σ ′ are given by

Q33
σσ ′ (ε, ε′) = −i

∑
μν

∑
μ′ν ′

{τ3}μν�
μμ′;ν ′ν
σσ ′;σ ′σ (ε, ε′; ε′, ε){τ3}ν ′μ′

= −i
[
�−−;−−

σσ ′;σ ′σ + �++;++
σσ ′;σ ′σ − �−+;+−

σσ ′;σ ′σ − �+−;−+
σσ ′;σ ′σ

]
= π

ρdσ
ρdσ ′

[
χ2

σσ ′ (|ε − ε′| − |ε + ε′|)

− 2|eV |
∑

σ3( �=σ,σ ′ )

χσσ3
χσ3σ ′

]
+ · · · (187)

and

Q22
σσ ′ (ε, ε′) = −i

∑
μν

∑
μ′ν ′

{iτ2}μν�
μμ′;ν ′ν
σσ ′;σ ′σ (ε, ε′; ε′, ε){iτ2}ν ′μ′

= −i
[
�−+;−+

σσ ′;σ ′σ + �+−;+−
σσ ′;σ ′σ − �−−;++

σσ ′;σ ′σ − �++;−−
σσ ′;σ ′σ

]
= π

ρdσ
ρdσ ′

χ2
σσ ′
[|ε − ε′| + |ε + ε′| + 2|eV |]

+ · · · . (188)

In order to obtain these expressions, we have used the proper-
ties of the bosonic collision integrals, described in Eqs. (138)
and (139). Note that a3σ (ε) and a2σ (ε) in Eq. (182) can be
replaced by their zero-frequency values

a3σ (0) = i
πρdσ

�
sin 2δσ , a2σ (0) = πρdσ

�
cos 2δσ ,

(189)

since their ε dependence yields the corrections higher than the
order |eV |3 ones.

We can now calculate the vertex contributions Scoll
sym by

substituting Eqs. (185) and (188) into Eq. (182), and then
carrying out the double integral in Eq. (180) that is given by∫ |eV |

2

− |eV |
2

dε

∫ |eV |
2

− |eV |
2

dε′ |ε ± ε′| = 1

3
|eV |3. (190)

Consequently, the vertex contributions to the nonlinear current
noise Scoll

sym are obtained exactly up to order |eV |3 at T = 0,

Scoll
sym = 2e2

h

π2|eV |3
12

∑
σ

∑
σ ′( �=σ )

×
[

(sin2 2δσ + 2 cos2 2δσ )χ2
σσ ′

+ 4 cos 2δσ cos 2δσ ′ χ
2
σσ ′

+ 3 sin 2δσ sin 2δσ ′
∑

σ ′′( �=σ,σ ′ )

χσσ ′′χσ ′′σ ′

]
+ · · · .

(191)

D. Total current noise SQD
noise up to order |eV |3

We have calculated the nonlinear current noise in the
above, separating it into four parts as shown in Eq. (166). The
contributions of the first three parts which are described by
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the bubble diagrams are given in Eq. (179), and the remaining
part that represents contributions of the vertex corrections are
given in Eq. (191). Adding all contributions, we obtain the
following formula for the nonlinear current noise that is exact
up to order |eV |3 at T = 0 for symmetric junctions �L = �R

and μL = −μR = eV/2,

SQD
noise = 2e2

h
|eV |
∑

σ

[
sin2 2δσ

4
+ cS,σ (eV )2 + · · ·

]
.

(192)

The coefficient cS,σ is given by

cS,σ = π2

12

[
cos 4δσ χ2

σσ + (2 + 3 cos 4δσ )
∑

σ ′( �=σ )

χ2
σσ ′

+ 4
∑

σ ′( �=σ )

cos 2δσ cos 2δσ ′ χ
2
σσ ′

+ 3
∑

σ ′( �=σ )

∑
σ ′′( �=σ,σ ′ )

sin 2δσ sin 2δσ ′χσσ ′′χσ ′σ ′′

−
(

χ [3]
σσσ + 3

∑
σ ′( �=σ )

χ
[3]
σσ ′σ ′

)
sin 4δσ

4π

]
. (193)

This is one of the most important results of this paper and is
also described in Sec. IV.

X. SUMMARY

In summary, we have investigated thoroughly
low-energy behaviors of the Keldysh vertex functions
�

ν1ν2;ν3ν4
σσ ′;σ ′σ (ω,ω′; ω′, ω) of the Anderson impurity model in a

nonequilibrium steady state under a finite bias voltage eV .
This information is essential to determine the next-to-leading
order transport of the nonlinear current noise through quantum
dots in the Fermi-liquid regime.

We have provided a Feynman-diagrammatic derivation of
the Ward identities, which describes the relations between the
Keldysh vertex functions and the self-energies 	

ν4ν1
U,σ (ω). In

the perturbation theory in U , effects of the bias voltage eV and
temperature T enter through the nonequlibirum distribution
function feff (ω) that is contained in the noninteracting propa-
gators Gν4ν1

0σ (ω), given in Eq. (57). It appears in the right-hand
side of the Ward identities Eqs. (73) and (81), and each of
the derivatives ∂ feff (ω)/∂ω and ∂ feff (ω)/∂ (eV ) evolves into
the two Dirac delta functions at ω = μL and μR in the limit
T → 0.

We have also verified that these relations can be derived
from more general Ward-Takahashi identities for the three-
point Keldysh correlations functions �α

γ ,σσ ′ (ε, ε + ω), or
the corresponding three-point vertex functions 	α

γ ,σσ ′ (ε, ε +
ω) for γ = L, R, d and α = +,−, given in Eqs. (103)
and (104). These equations explicitly show that the Ward
identity Eq. (73) reflects the local current conservation be-
tween the impurity site and the conduction bands for each
σ component.

Thus the current conservation plays an essential role
to the next-to-leading order transport in the Fermi-liquid
regime since a quasiparticle shows the damping of order ω2,
(eV )2 and T 2. It is determined the scattering processes il-

lustrated in Fig. 7, and its precise dependencies on ω, eV
and T can be described in terms of the fermionic collision
integrals I+−(ω) and I−+(ω), defined in Sec. VII. Corre-
spondingly, the imaginary part of the vertex functions are
determined by the scattering processes illustrated in Fig. 8
at low energies up to linear order terms with respect to
ω, eV and T ; the results are summarized in Tables VII
and VIII. The imaginary part of the vertex functions can
be expressed in terms of the bosonic collision integrals
Wph(ω), Wpp(ω), and Whh(ω) which represent the sin-
gle particle-hole, particle-particle, and hole-hole propagating
processes.

The imaginary parts of the Ward identities are full filled in
the Fermi-liquid regime through the relations between these
bosonic collision integrals and the fermionic ones, as shown in
Sec. VIII. Furthermore, from the Ward identities, we have also
deduced the eV -linear real part which emerges for the causal
vertex component, i.e., Re �−−;−−

σσ ′;σ ′σ (ω,ω′; ω′, ω) for σ �= σ ′.
This real part becomes finite when the inversion symmetry
of the tunnel junction is broken in a way such that �LμL +
�RμR �= 0, and its value is determined by the nonlinear three-
body susceptibilities and the derivative of the density of
states.

Using these exact low-energy asymptotic forms of the
Keldysh vertex functions and Green’s functions, we have cal-
culated the current noise SQD

noise up to terms of order |eV |3, and
have applied it to some typical cases: the SU(N) Anderson
model, and the S = 1/2 Anderson model in a magnetic field
b. Our formula is applicable to a wide class of quantum dots
without particle-hole or time-reversal symmetry, for any value
of the impurity-electron filling 〈ndσ 〉 which varies with pa-
rameters U , εdσ , and �. In this paper, the order |eV |3 current
noise has been obtained specifically for symmetric tunnel
junctions satisfying the conditions �L = �R = �/2 and μL =
−μR = eV/2, just for simplicity. Nevertheless, calculations
carried out in Sec. IX can be extended straightforwardly to
quantum dots with no such junction symmetries, and it is left
for a future work. The necessary information for carrying it
out, namely the low-energy asymptotic form of the Keldysh
vertex functions in the Fermi-liquid regime, has already been
obtained in this paper without assuming these symmetries for
tunnel junctions.
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APPENDIX A: LINEAR DEPENDENCY OF THE KELDYSH
CORRELATION FUNCTIONS

We describe here briefly the linear dependence among
the components of the Keldysh correlation functions. To this
end, we quickly look back the situation for the single-particle
Green’s function.
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By definition given in Eq. (50), the components of Gμν
σ are

linearly dependent, as∑
μν

sgn(μν) Gμν
σ = G−−

σ + G++
σ − G+−

σ − G−+
σ = 0. (A1)

Corresponding relation between the self-energy components
can be deduced from this relations. It can be carried out,
substituting the expressions of Gμν

σ in the right-hand side of
the Dyson equation, Gσ = G0σ + G0σ�U,σ Gσ , into Eq. (A1),
and using also Eq. (52) to rewrite Gμν

σ further in terms of Gr
σ ,

Ga
σ , and GK

σ , as∑
μν

sgn(μν) Gμν
0σ + Ga

0σ Gr
σ

∑
μ′ν ′

	
μ′ν ′
U,σ = 0. (A2)

The first term in the left-hand side vanishes because the
noninteracting Green’s function Gμν

0σ also satisfies the same
linear-dependent relation as Eq. (A1). Furthermore, as the
product Ga

0σ Gr
σ in the left-hand side of Eq. (A2) does not

identically vanish, it follows that

	−−
U,σ + 	++

U,σ + 	+−
U,σ + 	−+

U,σ = 0. (A3)

In the next two sections, we examine the linear dependency of
�

α;μν

γ ,σσ ′ and �ν1ν2;ν3ν4
σ1σ2;σ3σ4

, following along the similar line.

1. Linear dependence of 	
α;μν

γ,σσ′

The three-point function �
α;μν

γ ,σσ ′ for γ = L, R, d are also
linearly dependent as it can be verified directly from the
definition given in Eq. (87),

(�−;−−
γ ,σσ ′ + �−;++

γ ,σσ ′ − �−;+−
γ ,σσ ′ − �−;−+

γ ,σσ ′ )

− (�+;++
γ ,σσ ′ + �+;−−

γ ,σσ ′ − �+;−+
γ ,σσ ′ − �+;+−

γ ,σσ ′ ) = 0. (A4)

Therefore the components of the vertex �
α;μν

γ ,σσ ′ (ε, ε + ω),
defined in Eq. (89) such that �α

γ ,σσ ′ = Gσ	α
γ ,σσ ′Gσ in the

frequency domain, are also linearly dependent. The left-hand
side of Eq. (A4) can be rewritten in terms of �

α;μν

γ ,σσ ′ , Gr
σ , Ga

σ ,
and GK

σ , using also Eq. (52), as

Ga
σ (ε) Gr

σ (ε + ω)
[
�−;−−

γ ,σσ ′ + �−;++
γ ,σσ ′ + �−;−+

γ ,σσ ′ + �−;+−
γ ,σσ ′

− �+;−−
γ ,σσ ′ − �+;++

γ ,σσ ′ − �+;−+
γ ,σσ ′ − �+;+−

γ ,σσ ′
] = 0. (A5)

Thus, from this, it follows that∑
α=±

∑
μν

sgn(α) �
α;μν

γ ,σσ ′ (ε, ε + ω) = 0. (A6)

2. Linear dependence of �ν1ν2;ν3ν4
σ1σ2;σ3σ4

We next consider the four-point correlation function,
defined by

Gμ4μ2;μ3μ1
σ4,σ2;σ3,σ1

(t4, t2; t3, t1)

≡ i
〈
TC dσ4

(
tμ4
4

)
dσ2

(
tμ2
2

)
d†

σ3

(
tμ3
3

)
d†

σ1

(
tμ1
1

)〉
. (A7)

It can be expressed in terms of the four-point vertex correc-
tions, as

Gμ4μ2;μ3μ1
σ4,σ2,σ3,σ1

(t4, t2; t3, t1)

= −i Gμ4μ1
σ1

(t4, t1) Gμ2μ3
σ2

(t2, t3) δσ4σ1
δσ2σ3

+ i Gμ4μ3
σ4

(t4, t3) Gμ2μ1
σ1

(t2, t1) δσ2σ1
δσ4σ3

+
∫ 4∏

k=1

dt ′
k

∑
ν1ν2
ν3ν4

�ν1ν2;ν3ν4
σ1σ2;σ3σ4

(t ′
1, t ′

2; t ′
3, t ′

4)

× Gν1μ1
σ4

(t ′
1, t1)Gμ2ν2

σ2
(t2, t ′

2)Gν3μ3
σ3

(t ′
3, t3)Gμ4ν4

σ1
(t4, t ′

4).
(A8)

By definition, sixteen Keldysh components of Gμ4μ2;μ3μ1
σ4,σ2;σ3,σ1

are
linear dependent, and the relation among them is given by∑

μ4μ2
μ3μ1

sgn(μ4μ2μ3μ1) Gμ4μ2;μ3μ1
σ4,σ2;σ3,σ1

≡ G−−;−−
σ4,σ2;σ3,σ1

+ G++;++
σ4,σ2;σ3,σ1

+ G−+;+−
σ4,σ2;σ3,σ1

+ G+−;−+
σ4,σ2;σ3,σ1

+ G+−;+−
σ4,σ2;σ3,σ1

+ G−+;−+
σ4,σ2;σ3,σ1

+ G++;−−
σ4,σ2;σ3,σ1

+ G−−;++
σ4,σ2;σ3,σ1

− G+−;−−
σ4,σ2;σ3,σ1

− G−+;−−
σ4,σ2;σ3,σ1

− G−−;+−
σ4,σ2;σ3,σ1

− G−−;−+
σ4,σ2;σ3,σ1

− G−+;++
σ4,σ2;σ3,σ1

− G+−;++
σ4,σ2;σ3,σ1

− G++;−+
σ4,σ2;σ3,σ1

− G++;+−
σ4,σ2;σ3,σ1

= 0. (A9)

This relation can be rewritten in terms of �ν1ν2;ν3ν4
σ1σ2;σ3σ4

, Gr
σ ,

Ga
σ , and GK

σ , by substituting Eq. (A8) into the left-hand side
of Eq. (A9), and using Eq. (52), as∑
μ4μ2
μ3μ1

sgn(μ4μ2μ3μ1) Gμ4μ2;μ3μ1
σ4,σ2;σ3,σ1

(t4, t2; t3, t1)

=
∫ 4∏

k=1

dt ′
k

∑
ν1ν2
ν3ν4

�ν1ν2;ν3ν4
σ1σ2;σ3σ4

(t ′
1, t ′

2; t ′
3, t ′

4)

× Gr
σ1

(t ′
1, t1)Ga

σ2
(t2, t ′

2)Gr
σ3

(t ′
3, t3)Ga

σ4
(t4, t ′

4) = 0. (A10)

Note that the contributions of the disconnected parts, which
correspond to the first two terms in the right-hand side of
Eq. (A8), vanish∑

μ1μ2
μ3μ4

sgn(μ4μ2μ3μ1) Gμ4μ1
σ1

Gμ2μ3
σ2

= 0. (A11)

This can be verified, using Eq. (A1), or directly from Eq. (52).
The relation obtained in Eq. (A10) holds for arbitrary t1, t2,

t3, and t4, and thus∑
ν1ν2
ν3ν4

�ν1ν2;ν3ν4
σ1σ2;σ3σ4

(t ′
1, t ′

2; t ′
3, t ′

4) = 0. (A12)

The linear dependence among the Fourier transformed func-
tions �ν1ν2;ν3ν4

σ1σ2;σ3σ4
(ω1, ω2; ω3, ω4) can also be expressed in the

same form as Eq. (A12), in the frequency domain defined by∫ 4∏
k=1

dtk ei(ω4t4+ω2t2−ω3t3−ω1t1 ) �ν1ν2;ν3ν4
σ1σ2;σ3σ4

(t1, t2; t3, t4)

= 2π δ(ω1 + ω3 − ω2 − ω4) �ν1ν2;ν3ν4
σ1σ2;σ3σ4

(ω1, ω2; ω3, ω4).
(A13)

APPENDIX B: DERIVATION OF WARD-TAKAHASHI
IDENTITY FOR FINITE eV AND T

In this Appendix, we provide a derivation of the Ward-
Takahashi identity for the Keldysh three-point functions
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defined in Sec. VI:

i
∂

∂t
�α

d,σσ ′ (t ; t1, t2) + i �α
R,σσ ′ (t ; t1, t2) − i �α

L,σσ ′ (t ; t1, t2)

= −δσσ ′ δ(t − t1) ρα
3 τ3 Gσ (t, t2)

+ δσσ ′ δ(t2 − t ) Gσ (t1, t ) τ3 ρα
3 . (B1)

This identity, which is also given Eq. (102), reflects the con-
servation of the current flowing between the dot and leads,

∂

∂t
δnd,σ (t ) + δJR,σ − δJL,σ = 0. (B2)

It can be deduced from the equation of motion for �α
d,σσ ′

along the forward α = − and backward α = + branches of
the Keldysh time-loop contour. In the following two sections,
Eq. (B1) is derived separately for these two branches as
Eqs. (B3) and (B11). Note that ρα

3 , defined in Eq. (92), is
the projection operator into the subspace of the α branch, and
it has the properties ρα

3τ3 = τ3ρ
α
3 = ηαρα

3 with η− = +1 and
η+ = −1.

1. Forward-branch time evolution of �−
d,σσ′ (t; t1, t2 )

We consider first the forward branch α = −, and show
that the equation of motion of {�−

d,σσ ′ }μν = �
−;μν

d,σσ ′ can be
expressed in the following form:

∂

∂t
�−

d,σσ ′ (t ; t1, t2) + �−
R,σσ ′ (t ; t1, t2) − �−

L,σσ ′ (t ; t1, t2)

= δσσ ′
[
δ(t − t1)ρ−

3 iGσ (t, t2) − δ(t2 − t ) iGσ (t1, t )ρ−
3

]
.

(B3)

One of the four matrix elements of �−
d,σσ ′ is the causal

function, i.e., �
−;μν

d,σσ ′ for μ = ν = −. The time derivative of
this function can be calculated, following the standard ap-
proach for the causal three-point functions, described, for
instance, in Ref. [60],

∂

∂t
�−;−−

d,σσ ′ (t ; t1, t2) + �−;−−
R,σσ ′ (t ; t1, t2) − �−;−−

L,σσ ′ (t ; t1, t2)

= −δ(t − t1) 〈T [δnd,σ ′ (t1), dσ (t1)]d†
σ (t2)〉

− δ(t2 − t ) 〈T dσ (t1)[δnd,σ ′ (t2), d†
σ (t2)]〉

= δσσ ′
[
δ(t − t1) iG−−

σ (t, t2) − δ(t2 − t ) iG−−
σ (t1, t )

]
.

(B4)

Here, we have used the current conservation law Eq. (B2) and
the equal-time commutation relations [ndσ ′ , dσ ] = −δσσ ′ dσ ,
and [ndσ ′ , d†

σ ] = δσσ ′ d†
σ . Note that the Dirac delta functions

arise from the derivatives of the Heaviside step functions,
θ (t )’s, that specify the time-ordering of t1, t2, and t .

We next consider the component with μ = ν = +, for
which the time ordering is much simpler,

−�−;++
d,σσ ′ (t ; t1, t2) = −θ (t1 − t2)〈d†

σ (t2) dσ (t1) δnd,σ ′ (t )〉
+ θ (t2 − t1)〈dσ (t1) d†

σ (t2) δnd,σ ′ (t )〉.
(B5)

Since the t-dependence enters only through the charge
fluctuation operator δnd,σ ′ (t ) in the right-hand side, the equa-

tion of motion of this component is determined simply by
∂δnd,σ ′ (t )/∂t that satisfies Eq. (B2). Therefore

∂

∂t
�−;++

d,σσ ′ (t ; t1, t2) + �−;++
R,σσ ′ (t ; t1, t2) − �−;++

L,σσ ′ (t ; t1, t2)

= 0. (B6)

The other component with μ = + and ν = − can also be
expressed, using the step function for time ordering, as

−�−;+−
d,σσ ′ (t ; t1, t2) = θ (t − t2)〈dσ (t1) δnd,σ ′ (t ) d†

σ (t2)〉
+ θ (t2 − t )〈dσ (t1) d†

σ (t2) δnd,σ ′ (t )〉.
(B7)

Thus the time derivative of this function is given by
∂

∂t
�−;+−

d,σσ ′ (t ; t1, t2) + �−;+−
R,σσ ′ (t ; t1, t2) − �−;+−

L,σσ ′ (t ; t1, t2)

= −δ(t − t2)〈 dσ (t1) [δnd,σ ′ (t2), d†
σ (t2)]〉

= −δσσ ′ δ(t − t2) iG+−
σ (t1, t ). (B8)

Similarly, the time-ordering of the last one of four forward-
branch components, i.e., the one with μ = − and ν = +, can
be expressed in the form

−�−;−+
d,σσ ′ (t ; t1, t2) = −θ (t − t1)〈 d†

σ (t2) δnd,σ ′ (t ) dσ (t1)〉
− θ (t1 − t )〈d†

σ (t2) dσ (t1) δnd,σ ′ (t )〉.
(B9)

Taking the derivative with respect to t , we obtain

∂

∂t
�−;−+

d,σσ ′ (t ; t1, t2) + �−;−+
R,σσ ′ (t ; t1, t2) − �−;−+

L,σσ ′ (t ; t1, t2)

= δ(t − t1)〈d†
σ (t2)[δnd,σ ′ (t ), dσ (t1)]〉

= δσσ ′ δ(t − t1) iG−+
σ (t, t2). (B10)

The four Eqs. (B4), (B6), (B8), and (B10) can be expressed as
one matrix equation, as described in Eq. (B3).

2. Backward-branch time evolution of �+
d,σσ′ (t; t1, t2 )

Time evolution of the three-point function �
α;μν

d,σσ ′ along the
backward branch α = + can also be deduced from the equa-
tion of continuity Eq. (B2), in a similar way that is described
in the above to obtain Eq. (B3). The results can be written in
the form

∂

∂t
�+

d,σσ ′ (t ; t1, t2) + �+
R,σσ ′ (t ; t1, t2) − �+

L,σσ ′ (t ; t1, t2)

= δσσ ′
[− δ(t − t1)ρ+

3 iGσ (t, t2) + δ(t2 − t ) iGσ (t1, t )ρ+
3

]
.

(B11)

Here we provide the derivation of each element of this matrix
equation in the following.

The three-point function for μ = ν = + corresponds to
the counterpart of the causal function described in Eq. (B4).
Therefore the time derivative of this function can also be
calculated, following the same standard approach [60], as

∂

∂t
�+;++

d,σσ ′ (t ; t1, t2) + �+;++
R,σσ ′ (t ; t1, t2) − �+;++

L,σσ ′ (t ; t1, t2)

= δ(t − t1)〈T̃ [δnd,σ ′ (t1), dσ (t1)]d†
σ (t2)〉
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+ δ(t2 − t )〈T̃ dσ (t1)[δnd,σ ′ (t2), d†
σ (t2)]〉

= δσσ ′[−δ(t − t1) iG++
σ (t, t2) + δ(t2 − t ) iG++

σ (t1, t )].

(B12)

For the component of μ = ν = −, the time-ordering can
explicitly be written in the form,

−�+;−−
d,σσ ′ (t ; t1, t2) = θ (t1 − t2)〈δnd,σ ′ (t ) dσ (t1) d†

σ (t2)〉
− θ (t2 − t1)〈δnd,σ ′ (t ) d†

σ (t2) dσ (t1)〉.
(B13)

Since the step functions do not depend on t in this case, the
equation of motion does not have a source term,

∂

∂t
�+;−−

d,σσ ′ (t ; t1, t2) + �+;−−
R,σσ ′ (t ; t1, t2) − �+;−−

L,σσ ′ (t ; t1, t2) = 0.

(B14)

In contrast, the time-ordering of the component with μ =
− and ν = + depends on t ,

−�+;−+
d,σσ ′ (t ; t1, t2) = −θ (t − t2)〈d†

σ (t2) δnd,σ ′ (t ) dσ (t1)〉
− θ (t2 − t )〈δnd,σ ′ (t ) d†

σ (t2) dσ (t1)〉.
(B15)

Thus the equation of motion has a source term in the right-
hand side, as

∂

∂t
�+;−+

d,σσ ′ (t ; t1, t2) + �+;−+
R,σσ ′ (t ; t1, t2) − �+;−+

L,σσ ′ (t ; t1, t2)

= δ(t − t2)〈[d†
σ (t ) , δnd,σ ′ (t )]dσ (t1)〉

= δσσ ′ δ(t − t2) iG−+
σ (t1, t ). (B16)

Similarly, the component with μ = + and ν = − can be
written in the following form,

−�+;+−
d,σσ ′ (t ; t1, t2) = θ (t − t1)〈dσ (t1) δnd,σ ′ (t ) d†

σ (t2)〉
+ θ (t1 − t )〈δnd,σ ′ (t ) dσ (t1) d†

σ (t2)〉.
(B17)

The equation of motion of this component is given by
∂

∂t
�+;+−

d,σσ ′ (t ; t1, t2) + �+;+−
R,σσ ′ (t ; t1, t2) − �+;+−

L,σσ ′ (t ; t1, t2)

= −δ(t − t1)〈[dσ (t ), δnd,σ ′ (t )]d†
σ (t2)〉

= −δσσ ′ δ(t − t1) iG+−
σ (t, t2). (B18)

Therefore the equation of motions for the four backward-
branch components, Eqs. (B12), (B14), (B16), and (B18), can
also be expressed as the matrix equation that is shown in
Eq. (B11).

APPENDIX C: LOW-ENERGY EXPANSION OF THE
KELDYSH VERTEX FUNCTIONS

In this Appendix, we calculate the low-energy expansion
of the Keldysh vertex functions �

μμ′;ν ′ν
σσ ′;σ ′σ (ε, ε′; ε′, ε) up to lin-

ear order terms with respect to ε, ε′, eV , and T , using the
Feynman diagrammatic technique. Calculations are carried
out for all Keldysh-branch components (μ,μ′; ν ′, ν) and in-
ternal degrees of freedoms σ, σ ′. The results are summarized
in Tables VII and VIII. It has already been shown in Sec. VIII
that these results of �

μμ′;ν ′ν
σσ ′;σ ′σ (ε, ε′; ε′, ε) satisfy the current

conservation law consistently with the low-energy asymptotic

− − + +
μ

μ

FIG. 9. Feynman diagrams for order U contributions, with μ =
+, − the Keldysh index.

form of the Keldysh self-energies 	νμ
σ (ε) in the Fermi-liquid

regime, which are also summarized in Table V. These results
also explicitly show that all the vertex components other than
the causal component �−−;−−

σσ ′;σ ′σ (ε, ε′; ε′, ε) and its counterpart
�++;++

σσ ′;σ ′σ (ε, ε′; ε′, ε) are pure imaginary in the Fermi-liquid
regime. Furthermore, the real part of the causal component
and the counterpart can be deduced up to order eV from the
nonequilibrium Ward identity, as shown in Sec. VIII B and
Table VIII.

We start with a few remarks on the general properties of the
Keldysh vertex function. First of all, the sixteen branch com-
ponents are linearly dependent, as shown in Eq. (79) and ex-
plained more precisely in Appendix A.4 The vertex functions
also have the symmetrical property �

μμ′;ν ′ν
σσ ′;σ ′σ (ε, ε′; ε′, ε) =

�
ν ′ν;μμ′
σ ′σ ;σσ ′ (ε′, ε; ε, ε′) under the interchange of the variables

for incoming and outgoing particles. Furthermore, the causal
vertex function and its counterpart for σ = σ ′ identically van-
ish at zero frequencies ε = ε′ = 0, as a result of the Pauli
exclusion principle,

�−−;−−
σ,σ ;σ,σ (0, 0; 0, 0) = 0, �++;++

σ,σ ;σ,σ (0, 0; 0, 0) = 0. (C1)

In contrast, for different levels σ �= σ ′, the zero-frequency
value of the causal vertex function is finite and is determined
by the off-diagonal susceptibility χσσ ′ , specifically at eV =
T = 0,

�−−;−−
σσ ′;σ ′σ (0, 0; 0, 0) ρdσ ρdσ ′ = −�++;++

σσ ′;σ ′σ (0, 0; 0, 0) ρdσ ρdσ ′

= −χσσ ′ . (C2)

In the following, we calculate the imaginary part of
Keldysh vertex functions �

μμ′;ν ′ν
σσ ′;σ ′σ (ε, ε′; ε′, ε) up to terms of

order ε, ε′, eV , and T . To this end, we demonstrate how the
imaginary part arises first in the second-order perturbation
theory in U , and then take into account the contributions of
multiple scattering to all orders in U .

1. Perturbation expansion of the Keldysh vertex function

Here we briefly summarize the Feynman rules for the
Keldysh vertex corrections. In the perturbation theory with
respect to the Coulomb interactions, the sign of an order U n

Feynman diagram of a vertex component is given by

(−i)n(i)2n(−1)m(−1)F ′ {i}U n = (−1)m(−1)F ′
in+1U n. (C3)

Here, (−i)n and (i)2n in the left-hand side are associated with
U n which emerges through the time-evolution operator and

4See also the very recent formulation of the spectral function for
multipoint correlation functions by Kugler, Lee, and von Delft in
Ref. [61].
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μ

μ

ν

ν

μ μ

ν ν

μ ν

ν μ

μ μ ν ν

FIG. 10. Order U 2 vertex function �
μ1μ2;μ3,μ4
σσ ′;σ ′σ . The diagram (a) is

for σ = σ ′, and (b) and (c) are for σ �= σ ′, where σ and σ ′ are the
level indexes for the propagators on the left and right, respectively.
The diagram (d) also contributes to σ �= σ ′ components for multi-
level case N > 2 as well as to σ = σ ′ components.

the 2n internal Green’s functions, respectively [55]. Another
sign factor (−1)m appears in the Keldysh formalism, where m
is the number of U ’s arising from the time-evolution along the
backward branch (m � n) (see, for instance, Figs. 9 and 10).
The factor (−1)F ′

is determined by the number of fermion
loops F ′, which include an additional closed loop that may
be created when the two external Green’s functions with σ ′
on the right side of the vertex diagrams are connected with
each other to construct a three-point correlation function, as
shown in Fig. 6. The remaining factor {i} in the left-side of
Eq. (C3) corresponds to the coefficient that is assigned in the
definitions of �

α

γ ,σσ ′ and �
μμ′;ν ′ν
σσ ′;σ ′σ , described in Eq. (109).

Figures 9(a) and 9(b) describe the Feynman diagrams for
the first-order vertex corrections with different levels σ �= σ ′.
The sign for each of these two diagrams is determined, sub-
stituting n = 1, F ′ = 1, and (a) m = 0 and (b) m = 1, into the
right-hand side of Eq. (C3),

�
(1)−−;−−
σσ ′;σ ′σ = (−1)0(−1)1 i1+1 U = U, (C4a)

�
(1)++;++
σσ ′;σ ′σ = (−1)1 (−1)1 i1+1 U = −U . (C4b)

Similarly, the order U self-energy, described s diagrammati-
cally in Fig. 9(c), is given by

	(1)−−
σ = U

∫
dε′

2π i
eiε′0+ ∑

σ ′( �=σ )

G−−
σ ′ (ε′)

=
∫

dε′

2π i
eiε′0+∑

σ ′( �=σ )

�
(1)−−;−−
σσ ′;σ ′σ G−−

σ ′ (ε′), (C5a)

	(1)++
σ = −U

∫
dε′

2π i
e−iε′0+ ∑

σ ′( �=σ )

G++
σ ′′ (ε′)

=
∫

dε′

2π i
e−iε′0+∑

σ ′( �=σ )

�
(1)++;++
σσ ′;σ ′σ G++

σ ′ (ε′). (C5b)

Note that these self-energies can also be regarded as the
lowest-order terms of the skeleton-diagram expansion, in
which the exact Green’s functions G instead of the nonin-

teracting ones G0 are assigned to the internal lines of the
Feynman diagrams.

2. �
ν1ν2;ν3ν4
σσ′;σ′σ (ε, ε′; ε′, ε) for σ = σ ′ up to linear order terms in ε,

ε′, eV , and T

We next consider low-energy asymptotic form of the ver-
tex corrections for electrons with σ = σ ′. The imaginary
part arises first from the order U 2 scattering processes for
�μμ′;ν ′ν

σσ ;σσ (ε, ε′; ε′, ε), shown in Figs. 10(a) and 10(d). For each
of these two diagrams, there are six different branch configu-
rations, �−−;−−

σσ ;σσ , �++;++
σσ ;σσ , �−−;++

σσ ;σσ , �++;−−
σσ ;σσ , �−+;+−

σσ ;σσ , �+−;−+
σσ ;σσ .

In the following, we demonstrate how the imaginary part
emerges in the second-order skeleton diagrams. Then, tak-
ing into account multiple scatterings to all orders in U , we
calculate the low-energy asymptotic form of the full vertex
functions up to terms of order ε, ε′, eV , and T .

a. Low-energy expansion of �−−;−−
σσ;σσ & �++;++

σσ;σσ

In the second-order perturbation theory in U , the causal
component (−−; −−) of the vertex function with σ = σ ′ is
described by the Feynman diagrams shown in Figs. 10(a)
and 10(d) which have F ′

a = 1 and F ′
d = 2 closed loops, re-

spectively. Since m = 0 and n = 2 for these processes the
corresponding vertex functions are given by

�(2a)−−;−−
σσ ;σσ (ε, ε′; ε′, ε) = (−1)0i2+1(−1)F ′

a

×
∑

σ ′′( �=σ )

U 2
∫

dε1

2π
G−−

σ ′′ (ε1 + ε − ε′) G−−
σ ′′ (ε1), (C6a)

�(2d )−−;−−
σσ ;σσ (ε, ε′; ε′, ε) = (−1)0i2+1(−1)F ′

d

×
∑

σ ′′( �=σ )

U 2
∫

dε1

2π
G−−

σ ′′ (ε1) G−−
σ ′′ (ε1). (C6b)

The sum �(2)−−;−−
σσ ;σσ ≡ �(2a)−−;−−

σσ ;σσ + �(2d )−−;−−
σσ ;σσ can be writ-

ten in terms of the particle-hole propagator X −−
σσ ′ , defined in

Eq. (128),

�(2)−−;−−
σσ ;σσ (ε, ε′; ε′, ε)

=
∑

σ ′′( �=σ )

U 2
[
X −−

σ ′′σ ′′ (ε − ε′) − X −−
σ ′′σ ′′ (0)

]
. (C7)

The corresponding (++; ++) component of Figs. 10(a)
and 10(d), can be obtained, replacing G−−

σ ′′ in Eq. (C6) by G++
σ ′′

and taking m = 2, as

�(2)++;++
σσ ;σσ (ε, ε′; ε′, ε)

=
∑

σ ′′( �=σ )

U 2
[
X ++

σ ′′σ ′′ (ε − ε′) − X ++
σ ′′σ ′′ (0)

]
. (C8)

Therefore the low-energy behavior of these two components
are determined by the particle-hole pair propagator X μν

σ ′′σ ′′ .
Furthermore, these results explicitly show that �(2)++;++

σσ ;σσ =
−{�(2)−−;−−

σσ ;σσ }∗.
To obtain the full vertex function �−−;−−

σσ ;σσ (ε, ε′; ε′, ε), all
contributions of multiple quasiparticle collision processes
are needed to be taken into account. For the imaginary
part, it can be carried out by replacing bare U by the
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full vertex �−−;−−
σσ ′′;σ ′′σ (0, 0; 0, 0) for σ �= σ ′′, defined at eV =

T = 0 [14,16,51,55]. This is because the damping of a
quasiparticle in the low-energy Fermi-liquid regime is de-
termined by the scattering processes in which a single
particle-hole or particle-particle pair is excited in the inter-
mediate states, and the scattering matrix element is given

by the zero-frequency value of the full vertex function that
includes all possible higher order corrections. Therefore
the imaginary part of �−−;−−

σσ ;σσ (ε, ε′; ε′, ε) is determined by
the single particle-hole pair excitation shown in Figs. 8(a)
and 8(d) up to linear order terms with respect to ε − ε′, eV ,
and T ,

Im �−−;−−
σσ ;σσ (ε, ε′; ε′, ε) = Im

∫
dε1

2π i

∑
σ ′′( �=σ )

�−−;−−
σσ ′′;σ ′′σ (0, 0; 0, 0) �−−;−−

σ ′′σ ;σσ ′′ (0, 0; 0, 0)

× [−G−−
σ ′′ (ε1 + ε − ε′) G−−

σ ′′ (ε1) + G−−
σ ′′ (ε1) G−−

σ ′′ (ε1)] + · · ·
=
∑

σ ′′( �=σ )

|�−−;−−
σσ ′′;σ ′′σ (0, 0; 0, 0)|2Im

[
X −−

σ ′′σ ′′ (ε − ε′) − X −−
σ ′′σ ′′ (0)

] + · · ·

= π

{ρdσ
}2

∑
σ ′′( �=σ )

χ2
σσ ′′
[
Wph

K (ε − ε′) − Wph
K (0)
] + · · · . (C9)

To obtain the last line we have used properties of the particle-hole propagator X μν

σσ ′ and the collision integral Wph
K (ω) ≡

Wph(ω) + Wph(−ω), described in Sec. VII B and Table VI. Note that the susceptibility for σ ′′ �= σ is given by χσσ ′′ =
−�−−;−−

σσ ′′;σ ′′σ (0, 0; 0, 0) ρdσ ρdσ ′′ .
The real part of the causal vertex function for the same level σ = σ ′ vanishes at low-energies up to linear order terms in ε

and ε′ due to the fermionic antisymmetrical properties [29,30]: Re �−−;−−
σσ ;σσ (ε, ε′; ε′, ε) = 0 + O(ε2, ε′2). Therefore the causal

component for σ = σ ′ is pure imaginary up to linear order terms with respect to ε − ε′, eV , and T ,

{ρdσ }2 �−−;−−
σσ ;σσ (ε, ε′; ε′, ε) = iπ

∑
σ ′′( �=σ )

χ2
σσ ′′
[
Wph

K (ε − ε′) − Wph
K (0)
] + · · · . (C10)

Correspondingly, the (++; ++) component is given by �++;++
σσ ;σσ (ε, ε′; ε′, ε) = −{�−−;−−

σσ ;σσ (ε, ε′; ε′, ε)}∗.

b. Low-energy expansion of �−−;++
σσ;σσ & �++;−−

σσ;σσ

We next consider the (−−; ++) component, for which order U 2 contributions arise from the diagram Fig. 10(a). In this case,
μ = −, ν = +, and thus m = 1, and it has one fermion loop F ′

2 = 1,

�(2)−−;++
σσ ;σσ (ε, ε′; ε′, ε) = (−1)1i2+1(−1)F ′

2

∑
σ ′′( �=σ )

U 2
∫

dε1

2π
G+−

σ ′′ (ε1 + ε − ε′) G−+
σ ′′ (ε1) = −

∑
σ ′′( �=σ )

U 2X +−
σ ′′σ ′′ (ε − ε′). (C11a)

Similarly, the diagram Fig. 10(a) for μ = + and ν = − describes the (++; −−) component of the order U 2 vertex function,
which takes the form

�(2)++;−−
σσ ;σσ (ε, ε′; ε′, ε) = (−1)1i2+1(−1)F ′

2

∑
σ ′′( �=σ )

U 2
∫

dε1

2π
G−+

σ ′′ (ε1 + ε − ε′) G+−
σ ′′ (ε1) = −

∑
σ ′′( �=σ )

U 2X −+
σ ′′σ ′′ (ε − ε′). (C11b)

Note that these two vertex components are pure imaginary. Therefore the fully renormalized vertex functions corresponding to
these ones are determined by a single particle-hole pair excitation described in the diagram Fig. 8(a) up to linear order terms
with respect to ε − ε′, eV , and T ,

�−−;++
σσ ;σσ (ε, ε′; ε′, ε) = −

∫
dε1

2π i

∑
σ ′′( �=σ )

�−−;−−
σσ ′′;σ ′′σ (0, 0; 0, 0) �++;++

σ ′′σ ;σσ ′′ (0, 0; 0, 0)G+−
σ ′′ (ε1 + ε − ε′) G−+

σ ′′ (ε1) + · · ·

= −
∑

σ ′′( �=σ )

∣∣�−−;−−
σσ ′′;σ ′′σ (0, 0; 0, 0)

∣∣2X +−
σ ′′σ ′′ (ε − ε′) + · · · , (C12a)

�++;−−
σσ ;σσ (ε, ε′; ε′, ε) = −

∫
dε1

2π i

∑
σ ′′( �=σ )

�++;++
σσ ′′;σ ′′σ (0, 0; 0, 0) �−−;−−

σ ′′σ ;σσ ′′ (0, 0; 0, 0)G−+
σ ′′ (ε1 + ε − ε′) G+−

σ ′′ (ε1) + · · ·

= −
∑

σ ′′( �=σ )

|�−−;−−
σσ ′′;σ ′′σ (0, 0; 0, 0)|2X −+

σ ′′σ ′′ (ε − ε′) + · · · . (C12b)
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These two full vertex components can be rearranged into the symmetric and antisymmetric parts,

{ρdσ }2
[
�−−;++

σσ ;σσ (ε, ε′; ε′, ε) + �++;−−
σσ ;σσ (ε, ε′; ε′, ε)

] = −i 2π
∑

σ ′′( �=σ )

χ2
σσ ′′ Wph

K (ε − ε′) + · · · , (C13)

{ρdσ }2
[
�−−;++

σσ ;σσ (ε, ε′; ε′, ε) − �++;−−
σσ ;σσ (ε, ε′; ε′, ε)

] = −i 2π
∑

σ ′′( �=σ )

χ2
σσ ′′
[
ε − ε′]+ · · · . (C14)

Note that Wph(ω) − Wph(−ω) = ω as mentioned in Sec. VII B. The explicit expression of Wph
K (ω) is shown in Table VI.

c. Low-energy expansion of �−+;+−
σσ;σσ & �+−;−+

σσ;σσ

For σ = σ ′ components, there are two other types of order U 2 vertex corrections, �−+;+−
σσ ;σσ and �+−;−+

σσ ;σσ , which emerge from
the scattering process illustrated in Fig. 10(d). In this case, the number of loops is F ′

d = 2, and these vertex components can be
expressed in the following form:

�(2)−+;+−
σσ ;σσ (ε, ε′; ε′, ε) = (−1)1i2+1(−1)F ′

d

∑
σ ′′( �=σ )

U 2
∫

dε1

2π
G+−

σ ′′ (ε1) G−+
σ ′′ (ε1) =

∑
σ ′′( �=σ )

U 2X +−
σ ′′σ ′′ (0), (C15a)

�(2)+−;−+
σσ ;σσ (ε, ε′; ε′, ε) = (−1)1i2+1(−1)F ′

d

∑
σ ′′( �=σ )

U 2
∫

dε1

2π
G−+

σ ′′ (ε1) G+−
σ ′′ (ε1) =

∑
σ ′′( �=σ )

U 2X −+
σ ′′σ ′′ (0). (C15b)

These components are pure imaginary, and the corresponding full vertex functions are determined by the multiple scattering
processes described in Fig. 8(d), up to linear order terms in eV , T , and frequencies ε and ε′,

�−+;+−
σσ ;σσ (ε, ε′; ε′, ε) =

∫
dε1

2π i

∑
σ ′′( �=σ )

�−−;−−
σσ ′′;σ ′′σ (0, 0; 0, 0) �++;++

σ ′′σ ;σσ ′′ (0, 0; 0, 0)G+−
σ ′′ (ε1) G−+

σ ′′ (ε1) + · · ·

=
∑

σ ′′( �=σ )

|�−−;−−
σσ ′′;σ ′′σ (0, 0; 0, 0)|2X +−

σ ′′σ ′′ (0) + · · · , (C16a)

�+−;−+
σσ ;σσ (ε, ε′; ε′, ε) =

∫
dε1

2π i

∑
σ ′′( �=σ )

�++;++
σσ ′′;σ ′′σ (0, 0; 0, 0) �−−;−−

σ ′′σ ;σσ ′′ (0, 0; 0, 0)G−+
σ ′′ (ε1) G+−

σ ′′ (ε1) + · · ·

=
∑

σ ′′( �=σ )

|�−−;−−
σσ ′′;σ ′′σ (0, 0; 0, 0)|2X −+

σ ′′σ ′′ (0) + · · · . (C16b)

Note that X +−
σ ′′σ ′′ (0) = X −+

σ ′′σ ′′ (0) at zero frequency. These two vertex components can also be expressed in the symmetrized form

{ρdσ }2
[
�−+;+−

σσ ;σσ (ε, ε′; ε′, ε) + �+−;−+
σσ ;σσ (ε, ε′; ε′, ε)

] = i 2π
∑

σ ′′( �=σ )

χ2
σσ ′′ Wph

K (0) + · · · , (C17)

{ρdσ }2[�−+;+−
σσ ;σσ (ε, ε′; ε′, ε) − �+−;−+

σσ ;σσ (ε, ε′; ε′, ε)
] = 0 + O((eV )2, T 2). (C18)

3. �
ν1ν2;ν3ν4
σσ′;σ′σ (ε, ε′; ε′, ε) for σ �= σ ′ up to linear order terms in ε, ε′, eV , and T

We next consider low-energy behavior of the vertex corrections between electrons in different levels σ �= σ ′ in the Fermi-
liquid regime. For the vertex functions of σ �= σ ′, two other Keldysh components �−+;−+

σσ ′;σ ′σ and �+−;+−
σσ ′;σ ′σ contribute to the linear

order terms with respect to ε, ε′, eV and T , in addition to the ones that appear for σ = σ ′ in the above, i.e., �−−;−−
σσ ′;σ ′σ , �++;++

σσ ′;σ ′σ ,
�−−;++

σσ ′;σ ′σ , �++;−−
σσ ′;σ ′σ , �−+;+−

σσ ′;σ ′σ , �+−;−+
σσ ′;σ ′σ . We calculate low-energy expansion of all these components in this section.

a. Low-energy expansion of �
−−;−−
σσ′;σ′σ & �

++;++
σσ′;σ′σ

For the causal (−−; −−) component, the imaginary part arises from the order U 2 scattering processes shown in Figs. 10(b)–
10(d) for σ �= σ ′. At low energies, leading-order terms of the imaginary part are determined by a single particle-hole-pair
excitations in (b) and (d) and the particle-particle-pair excitations in (c). Contributions of each of these three diagrams can be
written in the following form, taking F ′

b = F ′
c = 1 and F ′

d = 2,

�
(2b)−−;−−
σσ ′;σ ′σ (ε, ε′; ε′, ε) = (−1)0 i2+1(−1)F ′

b U 2
∫

dε1

2π
G−−

σ (ε1 + ε − ε′) G−−
σ ′ (ε1) = U 2X −−

σσ ′ (ε − ε′), (C19a)

�
(2c)−−;−−
σσ ′;σ ′σ (ε, ε′; ε′, ε) = (−1)0 i2+1(−1)F ′

c U 2
∫

dε1

2π
G−−

σ (ε + ε′ − ε1) G−−
σ ′ (ε1) = U 2Y −−

σσ ′ (ε + ε′), (C19b)
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�
(2d )−−;−−
σσ ′;σ ′σ (ε, ε′; ε′, ε) = (−1)0 i2+1(−1)F ′

d U 2
∫

dε1

2π

∑
σ ′′( �=σ,σ ′ )

G−−
σ ′′ (ε1) G−−

σ ′′ (ε1) = −U 2
∑

σ ′′( �=σ,σ ′ )

X −−
σ ′′σ ′′ (0). (C19c)

Thus the total of order U 2 causal components is given by �
(2)−−;−−
σσ ′;σ ′σ ≡ �

(2b)−−;−−
σσ ′;σ ′σ + �

(2c)−−;−−
σσ ′;σ ′σ + �

(2d )−−;−−
σσ ′;σ ′σ . The contribution

of the diagram Fig. 10(d) appears for N > 2 as the summation for σ ′′ runs over N − 2 > 0 possible intermediate states other than
σ and σ ′. Similarly, for the corresponding (++; ++) components, order U 2 contributions of the diagrams Figs. 10(b)–10(d) can
be calculated, replacing G−− in Eq. (C19) by G++, as

�
(2)++;++
σσ ′;σ ′σ (ε, ε′; ε′, ε) = −{�(2)−−;−−

σσ ′;σ ′σ (ε, ε′; ε′, ε)
}∗ = U 2

[
X ++

σσ ′ (ε − ε′) + Y ++
σσ ′ (ε + ε′) −

∑
σ ′′( �=σ,σ ′ )

X ++
σ ′′σ ′′ (0)

]
. (C20)

The imaginary part of the full vertex function that includes multiple scatterings of all order in U can be calculated up to
linear order terms with respect to ε, ε′, eV , and T , from the diagrams show in Figs. 8(b)–8(d). The leading-order behaviors
are determined by the single particle-hole pair or the particle-particle pair, excitation in the intermediate states. Therefore the
imaginary part of the full causal vertex function is given by

Im �
(b)−−;−−
σσ ′;σ ′σ (ε, ε′; ε′, ε) = −Im

∫
dε1

2π i
G−−

σ (ε1 + ε − ε′) G−−
σ ′ (ε1)�−−;−−

σσ ′;σ ′σ (0, 0; 0, 0) �−−;−−
σ ′σ ;σσ ′ (0, 0; 0, 0) + · · ·

= |�−−;−−
σσ ′;σ ′σ (0, 0; 0, 0)|2 Im X −−

σσ ′ (ε − ε′) + · · · , (C21)

Im �
(c)−−;−−
σσ ′;σ ′σ (ε, ε′; ε′, ε) = −Im

∫
dε1

2π i
G−−

σ (ε + ε′ − ε1) G−−
σ ′ (ε1)�−−;−−

σσ ′;σ ′σ (0, 0; 0, 0) �−−;−−
σ ′σ ;σσ ′ (0, 0; 0, 0) + · · ·

= |�−−;−−
σσ ′;σ ′σ (0, 0; 0, 0)|2 Im Y −−

σσ ′ (ε + ε′) + · · · , (C22)

Im �
(d )−−;−−
σσ ′;σ ′σ (ε, ε′; ε′, ε) = Im

∫
dε1

2π i

∑
σ ′′( �=σ,σ ′ )

G−−
σ ′′ (ε1) G−−

σ ′′ (ε1)�−−;−−
σσ ′′;σ ′′σ (0, 0; 0, 0) �−−;−−

σ ′′σ ′;σ ′σ ′′ (0, 0; 0, 0) + · · · (C23)

= −
∑

σ ′′( �=σ,σ ′ )

�−−;−−
σσ ′′;σ ′′σ (0, 0; 0, 0) �−−;−−

σ ′′σ ′;σ ′σ ′′ (0, 0; 0, 0)ImX −−
σ ′′σ ′′ (0) + · · · . (C24)

The sum �−−;−−
σσ ′;σ ′σ ≡ �

(b)−−;−−
σσ ′;σ ′σ + �

(c)−−;−−
σσ ′;σ ′σ + �

(d )−−;−−
σσ ′;σ ′σ can also be expressed in the following form, in terms of the collision

integrals,

Im �−−;−−
σσ ′;σ ′σ (ε, ε′; ε′, ε) = π

ρdσ
ρdσ ′

{
χ2

σσ ′
[
Wph

K (ε − ε′) − Wpp
K (ε + ε′)

]− ∑
σ ′′( �=σ,σ ′ )

χσσ ′′χσ ′σ ′′ Wph
K (0)

}
+ · · · . (C25)

The properties of the PH propagator X μν

σσ ′ and PP propagator Y μν

σσ ′ and also the collision integrals Wph
K (ω) and Wpp

K (ω), are
described in Sec. VII B.

Note that the causal vertex function for σ �= σ ′ also has the eV -linear real part Re �−−;−−
σσ ′;σ ′σ (ε, ε′; ε′, ε), and it is deduced from

the Ward identity in Sec. VIII B and is shown in Table VIII.

b. Low-energy expansion of �
−−;++
σσ′;σ′σ & �

++;−−
σσ′;σ′σ

We next consider �−−;++
σσ ′;σ ′σ and �++;−−

σσ ′;σ ′σ which arise first from order U 2 particle-hole ladder diagram Fig. 10(b). The
contributions of this process can be calculated, taking F ′ = 1, as

�
(2)−−;++
σσ ′;σ ′σ (ε, ε′; ε′, ε) = (−1)1 i2+1(−1)F ′

U 2
∫

dε1

2π
G+−

σ (ε1 + ε − ε′) G−+
σ ′ (ε1) = −U 2X +−

σσ ′ (ε − ε′), (C26a)

�
(2)++;−−
σσ ′;σ ′σ (ε, ε′; ε′, ε) = (−1)1 i2+1(−1)F ′

U 2
∫

dε1

2π
G−+

σ (ε1 + ε − ε′) G+−
σ ′ (ε1) = −U 2X −+

σσ ′ (ε − ε′). (C26b)

These two components are pure imaginary. The low-energy asymptotic forms of the corresponding full vertex functions can be
deduced from the diagram Fig. 8(b), which include multiple-scattering processes of all orders in U ,

�−−;++
σσ ′;σ ′σ (ε, ε′; ε′, ε) = −

∫
dε1

2π i
�−−;−−

σσ ′;σ ′σ (0, 0; 0, 0) �++;++
σσ ′;σ ′σ (0, 0; 0, 0)G+−

σ (ε1 + ε − ε′) G−+
σ ′ (ε1) + · · ·

= −|�−−;−−
σσ ′;σ ′σ (0, 0; 0, 0)|2 X +−

σσ ′ (ε − ε′) + · · · , (C27a)

�++;−−
σσ ′;σ ′σ (ε, ε′; ε′, ε) = −

∫
dε1

2π i
�++;++

σσ ′;σ ′σ (0, 0; 0, 0) �−−;−−
σσ ′;σ ′σ (0, 0; 0, 0)G−+

σ (ε1 + ε − ε′) G+−
σ ′ (ε1) + · · ·

= −|�−−;−−
σσ ′;σ ′σ (0, 0; 0, 0)|2 X −+

σσ ′ (ε − ε′) + · · · . (C27b)
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Therefore the symmetrized and antisymmetrized parts of these two full vertex functions can be written, as

ρdσ ρdσ ′
[
�−−;++

σσ ′;σ ′σ (ε, ε′; ε′, ε) + �−−;++
σσ ′;σ ′σ (ε, ε′; ε′, ε)

] = −i 2πχ2
σσ ′ Wph

K (ε − ε′) + · · · , (C28)

ρdσ ρdσ ′
[
�−−;++

σσ ′;σ ′σ (ε, ε′; ε′, ε) − �−−;++
σσ ′;σ ′σ (ε, ε′; ε′, ε)

] = −i 2π χ2
σσ ′
[
ε − ε′] + · · · . (C29)

Note that Wph(ω) − Wph(−ω) = ω, and the explicit expression of Wph
K (ε − ε′) is shown in Table VI.

c. Low-energy expansion of �
−+;−+
σσ′;σ′σ & �

+−;+−
σσ′;σ′σ

The following two vertex components, �−+;−+
σσ ′;σ ′σ and �+−;+−

σσ ′;σ ′σ for σ �= σ , arise first from the order U 2 diagram Fig. 10(c). These
vertex functions are determined by intermediate particle-particle-pair excitation and are pure imaginary, which can be verified
taking F ′ = 1, as

�
(2)−+;−+
σσ ′;σ ′σ (ε, ε′; ε′, ε) = (−1)1 i2+1(−1)F ′

U 2
∫

dε1

2π
G+−

σ (ε + ε′ − ε1) G+−
σ ′ (ε1) = −U 2 Y +−

σσ ′ (ε + ε′), (C30a)

�
(2)+−;+−
σσ ′;σ ′σ (ε, ε′; ε′, ε) = (−1)1 i2+1(−1)F ′

U 2
∫

dε1

2π
G−+

σ (ε + ε′ − ε1) G−+
σ ′ (ε1) = −U 2 Y −+

σσ ′ (ε + ε′). (C30b)

For these two components, contributions of multiple scatterings of all orders in U can also be deduced up to linear order terms
with respect to |ε − ε′|, eV , and T from the diagram Fig. 8(c),

�−+;−+
σσ ′;σ ′σ (ε, ε′; ε′, ε) = −

∫
dε1

2π i
�−−;−−

σσ ′;σ ′σ (0, 0; 0, 0) �++;++
σσ ′;σ ′σ (0, 0; 0, 0)G+−

σ (ε + ε′ − ε1) G+−
σ ′ (ε1) + · · ·

= −|�−−;−−
σσ ′;σ ′σ (0, 0; 0, 0)|2 Y +−

σσ ′ (ε + ε′) + · · · , (C31a)

�+−;+−
σσ ′;σ ′σ (ε, ε′; ε′, ε) = −

∫
dε1

2π i
�++;++

σσ ′;σ ′σ (0, 0; 0, 0) �−−;−−
σσ ′;σ ′σ (0, 0; 0, 0)G−+

σ (ε + ε′ − ε1) G−+
σ ′ (ε1) + · · ·

= −|�−−;−−
σσ ′;σ ′σ (0, 0; 0, 0)|2 Y −+

σσ ′ (ε + ε′) + · · · . (C31b)

The symmetrized and antisymmetrized functions of these two components can be expressed in the following form:

ρdσ ρdσ ′[�−+;−+
σσ ′;σ ′σ (ε, ε′; ε′, ε) + �+−;+−

σσ ′;σ ′σ (ε, ε′; ε′, ε)] = i 2π χ2
σσ ′ Wpp

K (ε + ε′) + · · · , (C32)

ρdσ ρdσ ′
[
�−+;−+

σσ ′;σ ′σ (ε, ε′; ε′, ε) − �+−;+−
σσ ′;σ ′σ (ε, ε′; ε′, ε)

] = i 2π χ2
σσ ′ Wpp

dif (ε + ε′) + · · · . (C33)

Note that the bosonic particle-particle collision integral Wpp
dif (ω) ≡ Wpp(ω) − Whh(ω) is defined in Eq. (136), and the explicit

expression of Wpp
K (ω) is given in Table VI.

d. Low-energy expansion of �
−+;+−
σσ′;σ′σ & �

+−;−+
σσ′;σ′σ

For multilevel Anderson impurity with N > 2, vertex corrections for σ ′ �= σ also arise from the diagram (d) of Fig. 10. In
this case, the intermediate particle-hole pair can be excited in N − 2 different configurations of internal degrees of freedom σ ′′
as it is required that σ ′′ �= σ and σ ′′ �= σ ′. Thus the contributions of the order U 2 process are given, taking F ′′ = 2, by

�
(2)−+;+−
σσ ′;σ ′σ (ε, ε′; ε′, ε) = (−1)1 i2+1(−1)F ′′

U 2
∫

dε1

2π

∑
σ ′′( �=σ,σ ′ )

G+−
σ ′′ (ε1) G−+

σ ′′ (ε1) =
∑

σ ′′( �=σ,σ ′ )

U 2X +−
σ ′′σ ′′ (0), (C34a)

�
(2)+−;−+
σσ ′;σ ′σ (ε, ε′; ε′, ε) = (−1)1 i2+1(−1)F ′′

U 2
∫

dε1

2π

∑
σ ′′( �=σ,σ ′ )

G−+
σ ′′ (ε1) G+−

σ ′′ (ε1) =
∑

σ ′′( �=σ,σ ′ )

U 2X −+
σ ′′σ ′′ (0). (C34b)

These contributions are pure imaginary. Thus, similarly to the cases of the other components, contributions of the multiple
scatterings of all orders in U can be deduced from the diagram Fig. 8(d), up to linear order terms with respect to eV , T , and
frequencies ε and ε′,

�−+;+−
σσ ′;σ ′σ (ε, ε′; ε′, ε) =

∫
dε1

2π i

∑
σ ′′( �=σ,σ ′ )

�−−;−−
σσ ′′;σ ′′σ (0, 0; 0, 0) �++;++

σ ′′σ ′;σ ′σ ′′ (0, 0; 0, 0)G+−
σ ′′ (ε1) G−+

σ ′′ (ε1) + · · ·

=
∑

σ ′′( �=σ,σ ′ )

�−−;−−
σσ ′′;σ ′′σ (0, 0; 0, 0) �−−;−−

σ ′′σ ′;σ ′σ ′′ (0, 0; 0, 0)X +−
σ ′′σ ′′ (0) + · · · , (C35a)

�+−;−+
σσ ′;σ ′σ (ε, ε′; ε′, ε) =

∫
dε1

2π i

∑
σ ′′( �=σ,σ ′ )

�++;++
σσ ′′;σ ′′σ (0, 0; 0, 0) �−−;−−

σ ′′σ ′;σ ′σ ′′ (0, 0; 0, 0)G−+
σ ′′ (ε1) G+−

σ ′′ (ε1) + · · ·

=
∑

σ ′′( �=σ,σ ′ )

�−−;−−
σσ ′′;σ ′′σ (0, 0; 0, 0) �−−;−−

σ ′′σ ′;σ ′σ ′′ (0, 0; 0, 0)X −+
σ ′′σ ′′ (0) + · · · . (C35b)
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Furthermore, the symmetrized and antisymmetrized functions of these two vertex components can also be written in the form

ρdσ ρdσ ′
[
�−+;+−

σσ ′;σ ′σ (ε, ε′; ε′, ε) + �+−;−+
σσ ′;σ ′σ (ε, ε′; ε′, ε)

] = i 2π
∑

σ ′′( �=σ,σ ′ )

χσσ ′′χσ ′′σ ′ Wph
K (0) + · · · , (C36)

ρdσ ρdσ ′
[
�−+;+−

σσ ′;σ ′σ (ε, ε′; ε′, ε) − �+−;−+
σσ ′;σ ′σ (ε, ε′; ε′, ε)

] = 0 + O((eV )2, T 2). (C37)
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