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Current noise and Keldysh vertex function of an Anderson impurity in the Fermi-liquid regime
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We present a complete microscopic Fermi-liquid description for next-to-leading order transport through an
Anderson impurity under a finite bias voltage V. It is applicable to multilevel quantum dots without particle-
hole or time-reversal symmetry and is constructed based on the nonequilibrium Keldysh formalism, taking into
account the current conservation between electrons in the impurity levels and the conduction bands. Specifically,
we derive the formula for the current noise generated in the steady flow up to terms of order (eV)?® at zero
temperature 7 = 0. To this end, we calculate the Keldysh vertex functions I'))"""*" (w, o'; ', @), which depend
on branches vy, v,, v, and v, of the time-loop contour and on spin degrees of freedom o and ¢”, up to linear
order terms with respect to eV, T, and frequencies w and w’. The coefficients of these linear order terms are
determined by a set of the parameters, defined with respect to the equilibrium ground state: the phase shift, static
susceptibilities, and nonlinear three-body susceptibilities of the impurity electrons. The low-energy expressions
of the vertex components are shown to satisfy the Ward identities with the Keldysh Green’s functions expanded
up to terms of order w?, (eV)?, and T>. We also find that the imaginary part of the Ward identities can be
described in terms of the eV -dependent collision integrals for a single-quasiparticle excitation and that for a
single quasiparticle-quasihole pair excitation. These collision integrals ensure the current conservation of the

next-to-leading order Fermi-liquid transport due to the quasiparticles with a finite damping rate.

DOI: 10.1103/PhysRevB.105.115409

I. INTRODUCTION

Highly correlated low-energy quantum states of the Kondo
systems show universal behaviors which can be described
by the Fermi-liquid theory [1]. It was originally developed
for dilute magnetic alloys, and has been applied later to
quantum dots, for which the universal Fermi-liquid behaviors
have been observed in nonlinear current-voltage characteris-
tics [2,3] and also in the nonequilibrium current noise [4-7].
Furthermore, novel quantum systems having various kinds of
internal degrees of freedom, such as orbitals, nuclear spins and
flavors, bring an interesting variety to the Kondo effects, and
have been being studied for carbon nanotubes [7,8], ultracold
atomic gases [9], quark matters [10], etc.

The Fermi-liquid (FL) theory for quantum impurity sys-
tems has been constructed based on the Kondo model [11] or
Anderson model [12-16]. The ground state properties such
as the residual resistivity of magnetic alloys and the zero-
bias conductance of quantum dots can be described by the
scattering phase shift §,. The Friedel sum rule states that at
zero temperature 7 = 0 it also corresponds to a one-point
correlation function §, /7 = (n,): the occupation number
of an impurity level with o the index for spin or the other
internal degrees of freedom. The phase shift also determines
the spectral weight of the impurity state at the Fermi level
and the energy shift of the impurity level due to the Coulomb
interaction.

Leading order behavior of the Fermi liquid approaching the
limit 7 — O occurs, for instance, as a T -linear specific heat of
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impurity electrons Cimp o T/T*. The Kondo energy scale T*
and the Wilson ratio R together with the phase shift §, com-
pletely describe the leading-order behaviors. These additional
parameters, 7* and R, can be expressed in terms of two-point
correlation functions: the static susceptibilities of impurity
electrons ., which can also be related to the derivative of
the self-energy with respect to the frequency w and the value
of the vertex corrections at zero frequencies [12—14].

Next leading-order behavior occurs especially in trans-
port phenomena, such as the T? resistivity of magnetic
alloys [12—-14] and the nonlinear (eV)? conductance through
quantum dots under a finite bias voltage V [17-21]. In an
ideal situation where quantum impurity systems have the
particle-hole (PH) and time-reversal (TR) symmetries, these
next leading-order terms can be described in terms of the
two-point correlation functions, mentioned above. This is be-
cause in this highly symmetric case the quadratic w?, T2, and
(eV)? dependencies occur only through the damping rate of
quasiparticles. However, these symmetries are easily broken
by external fields, such as a gate voltage and a magnetic
field. When the PH or TR symmetry is broken, the energy
of a quasiparticle also shows the quadratic w?, T2, and (eV )2
dependencies which enter through the real part of the self-
energy [16,22].

It has recently been clarified that the energy shift of the
quadratic order can be described in terms of three-point
correlation functions. Extending Nozieres’ phenomenological
Fermi-liquid theory [11], the next-to-leading order terms for

©2022 American Physical Society
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some transport coefficients have been derived for the SU(V)
Kondo model by Mora, Vitushinsky et al. [23-26], and also
for the Anderson model with [27] and without [28] a mag-
netic field by Filippone et al. and Mora et al., respectively.
Correspondingly, we have presented a fully microscopic de-
scription [29-31] based on the standard many-body Green’s
function approach of Yamada-Yosida, Shiba, and Yshi-
mori [12-16] and have shown without assuming the PH nor
TR symmetry that the order w?, T2, and (eV)? real parts
of the self-energy for the Anderson impurity are determined
completely by the static three-body susceptibilities XEU],U,,,
defined in Eq. (16). We have also examined behaviors of the
three-body susceptibilities of multilevel Anderson models in
a wide range of impurity-electron fillings [32-34], using the
numerical renormalization group (NRG) approach [35,36].
Moreover, three-body correlations between electrons in quan-
tum dots have recently been deduced successfully from
nonlinear magnetoconductance measurements [37].

The current noise becomes one of the most important
probes in recent years for exploring quantum fluctuations.
The nonlinear current noise in the low-energy Fermi-liquid
regime was studied, in early days, mainly in the situation
where both the PH and TR symmetries are present [38—43].
A major milestone has been achieved by Mora et al., without
assuming the PH symmetry: formula for the next-leading or-
der terms of the current noise has been derived for the SU(N)
Kondo model [23] and for the single-orbital Anderson model
at zero magnetic field [28]. However, more general current-
noise formulas applicable to the cases without the PH nor TR
symmetry are necessary for studying nonequilibrium quantum
fluctuations in a wide class of Kondo systems with various
kinds of internal degrees of freedom.

The purpose of this paper is to present a complete
microscopic description applicable to next-to-leading or-
der Fermi-liquid behaviors of the current noise in a wide
class of quantum impurity models. To this end, we investi-
gate the low-energy asymptotic form of the Keldysh vertex
function T')L7" " (w, w'; 'w) up to linear order terms with
respect to a),’ ', T, and (eV), for all branch-components
Vi, V2, vz, and vy of the Keldysh time-loop contour. The
low-energy results of the vertex function satisfy the Ward
identities with the Keldysh self-energy El"]“f; (w) which has
been obtained up to terms of order ®?, (eV)? and T2 Tt
ensures the current conservation is full filled for the next-
to-leading order transport of the quasiparticles with a finite
damping rate and verifies the consistency in the Fermi-liquid
description for nonlinear quantum fluctuations [17,44].

In this paper, we also provide two alternative derivations
for the Ward identities for the nonequilibirum Keldysh cor-
relation functions at finite bias voltage and temperature. The
first one is based on perturbation expansion in U, and the
second one is deduced from a more general Ward-Takahashi
identity for the Anderson impurity. We find that in the low-
energy Fermi-liquid regime the imaginary parts of the Ward
identities can be described in terms of the collision integrals
[45,46], listed in Tables V and VI: the fermionic collision
integral 7, (w) describes the damping of a single quasiparti-
cle, and the bosonic collision integrals Wﬁh (w) and WP (w)
represent the damping of a single particle-hole pair and a

single particle-particle pair, respectively. Furthermore, using
the Ward identities, we find that the causal component of the

vertex function Fa_a/;;a/a (0,0;0,0) foro # o’ has an eV -linear
real part, as shown in Table VIII.

The paper is organized as follows. In Sec. II, we describe
the definition of the steady-state averages for the current and
current fluctuations through the Anderson impurity at finite
bias voltage. In Sec. III, we introduce the Fermi-liquid pa-
rameters necessary for describing low-energy properties up
to the next-leading order, and demonstrated how the asymp-
totic form of the retarded Green’s function can be expressed
in terms of these parameters. In Sec. IV, we discuss some
properties of the nonlinear current noise in the Fermi-liquid
regime, leaving the derivation of the formula to the last part of
this paper. In Sec. V, we provide a perturbative derivation of
the Ward identities for the Keldysh Green’s functions at finite
eV and T. In Sec. VI and Appendix B, the nonequilibrium
Ward-Takahashi identity is derived from the equation of con-
tinuity, and the three-point vertex functions are introduced in
order to extract systematically the symmetrized vertex com-
ponents with respect to the Keldysh time-loop branches. In
Sec. VII, we show that the imaginary part of the Keldysh self-
energies can be described by the fermionic collision integral in
the Fermi-liquid regime, and introduce the bosonic collision
integrals for the particle-hole pair and particle-particle pair
excitations. In Sec. VIII and Appendix C, we calculate the
low-energy asymptotic form of the Keldysh vertex functions,
and show that the imaginary parts of the Ward identities are
full filled through the relations between the fermionic and
bosonic collision integrals. In Sec. IX, using the low-energy
asymptotic form of the Keldysh vertex functions and self-
energies, the nonlinear current-noise formula is derived up to
terms order |eV|* at T = 0. Summary is given in Sec. X.

II. FORMULATION
A. Anderson impurity model

We study low-energy transport of quantum impurities in
the Fermi-liquid regime over a wide range of electron fillings,
using a multilevel Anderson model coupled to two different
reservoirs on the left (L) and right (R): H = Hy + H. + Hr,

N
1
Hy = Zed(r Ngs + 3 Z Ung.ngg, (1a)
o=1 o#o’
N D
He= ) 2/ dg&cli )y (1b)
j=LRo=1""D
N
Hr=— > > v,(¥,d, +div,). (1c)
j=L,R =1
Here, d; for 0 =1,2,...,N creates an impurity electron

with energy €4,. The operator ng, = d, d_ represents the
occupation number, and U is the Coulomb interaction be-
tween electrons in the different levels. For N = 2, this
Hamiltonian corresponds to the usual spin-1/2 Anderson
model. In this paper, we will hereafter cite the internal o
degrees of freedom as ‘spin’ also for N > 2, for simplicity.
Conduction electrons with energy £ in each of the two bands
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on the left and right are normalized such that {cg jo c;, j,g,} =
8 8506(& —§&’) for j =L,R. The linear combination of
these continuous states, ¥, = fi)D d& . /p, Ctjo with p, =
1/(2D), couples to the discrete impurity level with the same o
via a tunnel matrix element v;. It determines the width of the
resonance as A =1y + Tk with I'; =m ,ocvjz-. Specifically,
we consider the parameter region, where the relevant energy
scales are much smaller than the half band width D, i.e.,
max(U, A, |e, |, o], T, |eV]) < D.

__ In this paper, we study nonlinear fluctuations of the current
Jj.o through a quantum dot in the low-energy Fermi-liquid
regime:

Lo = —ivi(W],dy = dji,), (2a)
Tro = HivR(W,d, — d}V,). (2b)
Here, fL,U represents the current following from the left lead
to the dot, and Jg , represents the current from the dot to the
right lead. These currents satisfy the conservation law which

follows from the Heisenberg equation motion, dn, /0t =
—i[ng ., H], and preserves the spin o,
Mio | G Tr =0 3)
9t R,o Lo — Y.
These two current operators can also be classified in to the
symmetrized part
j‘ FLj;Q,a + 1—‘Rj;,,(r
’ Tp+Tr

and the difference j;g,g — ng

“

B. Average current and current fluctuations

We consider a nonequilibrium steady state under a finite
bias voltage eV = u; — ug, applied between the two leads
by setting the chemical potentials of the left and right leads
to be uy, and wg, respectively. The statistical density operator
which describes the steady state in this situation can be de-
scribed, using the time evolution along the Keldysh time-loop
contour [47].

Specifically, the steady-state average of the electric cur-
rent J=e) (J,) can be expressed in the following
form [17,48]:

J = %Z / Zdwm(w) — R@IT@. )

Here, 7, () is the transmission probability that is determined
by the retarded Green’s function G, (w),

_oAnry
To(w) = —m Im G, (w), (6)
Gy = =i [ ar e, 1), 4O
0

1
= . . (7
w— €, +IA— E[,’a(a))

Effects of the Coulomb repulsion on the average current J
enters through the retarded self-energy ¥y,  (w) which also
depends on eV and temperature 7. In Eq. (5), fj(w) = f(w —

w1,01,V1 W2,02,V2
—= —
= <
W4,04,Va w3,03,V3

FIG. 1. Vertex correction F,V,}?zi{”%‘ﬁ;:(wh wy; w3wy4) between the
electron in the levels o; (i = 1, 2, 3, 4). The superscript v; specifies
the branches of Kedysh time-loop contour, for which v = — and +
represent the forward and return paths, respectively. The frequencies

are conserved such that w; + w3 = w, + wy.

;) with f(w) = [e¢®/T + 117! the Fermi distribution func-
tion. We will choose the chemical potentials p; and ug in
a way such that

ur =ageV, ur=—oreV, ar+ag=1. (8)

The parameters «; and oy specify how the bias is applied
relative to the Fermi level at equilibrium which is chosen to
be the origin of one-particle energies Er = 0.

The main subject of this paper is low-energy behavior of
current noise of a quantum dot [44],

Swone = € / dt (87, (1) 815 (0) + 87,/(0) 87, (1)).
oo’ Y TX

C))

Here, (Sj; t) = f,(r) — (.’I; (0)) represents fluctuations of the
s%mmetrized current. The current-current correlation function
D . . . .
S depends not only the smgle-quampartl.c!e properties that
enter through G7 (w) but also on the collision term of two
quasiparticles. It is described microscopically by the Keldysh
vertex corrections F;‘a‘?;ﬁf (w, ;@' w), illustrated in Fig. 1.
We calculate Sl%li)se later in Sec. IX up to terms of order
(eV)3, taking into account all multiple collision processes
described in Fig. 2. Before giving the proof, the results of

the average current and the current noise are summarized

wa Y V2 o

v y' v r v
w,o Va Vs w',d'
v w,g v' v.rl w0, ] "\11‘
:/“~ w,d, | RASTS % w,0 v'

FIG. 2. Feynman diagrams for the current-current correla-
tion function ff;dt IC(‘;’,; (t,0) of symmetrized current fluctua-
tions J, defined in Eq. (4) with K'-(t,0) = —i(8J,(1)7,(0))
and IC;,::(I, 0) = —i(Sj; 0) 8.7:,/(1‘)). The solid line represents the
Keldysh Green’s function G(‘;/"(a)) of the quantum dot. The black
diamond (#) in the two diagrams on the top represents a matrix the
bare current vertex ij‘ym(e, €) for « = v, v’ defined in Eq. (98). The
dashed line in the last two diagrams at the bottom denotes the Green’s
function gj:,“(a)) of the isolated lead on j = L and R.
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TABLE I. Low-energy expansion of dJ/dV up to terms of order
T?and (eV)* forT;, =Tr = A/2 and u; = —jug = eV/2.

% =5 Z [sin? 8, — ¢py (TT) —cyy (VY2 +---1,
To = [ (X252 5 1s0) X 2or) €O 28,
3= O, + Yoy x B ) sin 26, ],
[ (X25 + 52 oi(so) Xeor) €OS 28,
+i(xm 33k ) sin 2, ].

in Tables I and II, respectively. The expansion coefficients
Cr.os Cyq» and ¢, of the next-leading order terms of the
low-energy expansion can be expressed in terms of the static
correlation functions y_ . and XW o> defined with respect
to the equilibrium ground state. We describe the definition
of these static correlation functions, which also determine
the behavior of the self-energy and vertex corrections, in
the next section. We also present, in Sec. IV, some appli-
cation examples of the transport formulas listed in Tables I
and II.

III. MICROSCOPIC FERMI-LIQUID THEORY

The main subject of this paper, i.e., low-energy behavior
of the current noise, is based on the microscopic Fermi-liquid
theory for which the roles of the three-body correlations have
been clarified recently. In this section, we describe the latest
version of FL theory for the retarded Green’s function and the

causal vertex function T, /' (@, o'; o', @).

A. Fermi-liquid parameters

Low-energy transport in the Fermi-liquid regime are
mostly determined by a set of the parameters which can be
derived from the retarded Green’s function with respect to
the equilibrium ground state Gg ,(w) = G (@)|r_y—p- In
particular, the behavior of the retarded self-energy X, ,(w)
at small frequencies w plays a central role,

0 (@) = T4, @)y (10)

The density of states of the impurity electrons at equilibrium
is given by

1
Par(@) = = —Im Gl (@), (11)
TABLE II. Low-bias expansion of the noise SO, obtained at

=0 up to terms of order leV]? for T, =T = A/2 and u; =
—ug =€ev/2.

SP = 22 oy Y [Lsin®28, + ¢, (VR + -],
€5 = % [cOs 48, xZ, + (2 +3C08485)D 01 (so) X
+4Y (%) €08 28, €OS 28, X2,
F33 o) Do ooy SIN 28, SIN28 X i Ky
— (KB, 43 oy x ) sin 46, ]

We will write the value at the Fermi energy w =0 as p,, =
0,4, (0) hereafter, suppressing the frequency argument. It can
also be expressed, as p,, = sin? 8, /7 A, in terms of the phase
shift §,, defined by

€0 T 20 (0
8, = cot™! ["”Tq()} (12)

At zero temperature 7 = 0, the Friedel sum rule relates
the phase shift to the occupation number of the impurity
level which can also be deduced from the free energy 2 =
—T In[Tre /7],

02 T—0 80
(Mdo)og = 7 —> 2 (13)

o€, T

Some of the Fermi-liquid effects beyond the constant
energy shift X ;(0) can be deduced from the linear suscep-
tibilities, as shown by Yamada-Yosida and Shiba [12,14,15]:

YT
/ dt (8145 (T) 81 )
0

X(Ta’ =
829 8(”(16)5 T—0 ~
=3 =— ! Pao Xger» (14)
€,50€,, 0€407
N Xl ,(0)
Toor = 8or (15)
aeda’

Here, 6n4, = nge — (Nao) oq’ and the reciprocal relations hold
between the components: x_ . = X,

For a complete description of the FL corrections up to
next-leading order, the static nonlinear susceptibilities are also
necessary [27-31],

[3] . .
Xovoroy = — | dt; | dTo(T: 8140, (T3) 146, (T2) S14o, )eq

’Q 3 Xoyo
— = Koo, (16)
Beddl 8€d(,2 3601(73 aédgl

where T; is the imaginary-time ordering operator. These three-
body correlation functions become finite when the PH or TR
symmetry is broken. They contribute to the next-leading-order
terms of the transport coefficients, together with the derivative
of the density of states:

Sin 28,

= —— . 17
A Pis (17)

;o 0py, (@)

do — dw

w=0

Here, p,, = p,, /%, is the renormalized density of states
for quasiparticles, with z, the wave-function renormalization
factor,

A%, (@)

1
— = (18)
Z

dw w=0

B. Fermi-liquid relations

Why can the transport coefficients are determined by the
static linear and nonlinear susceptibilities at low energies as
listed in Tables I and II while they are originally defined
in terms of time-dependent correlation functions as Egs. (5)
and (9)? It is owing to the current conservation law described
in Eq. (3), from which the Ward identity can be deduced for
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various kinds of the Green’s functions. The Ward identities
for the Matsubara Green’s function have systematically been
explored by Yoshimori [16] in the limit of T — 0, which can
be rewritten into the following form as a relation between the

causal self-energy .7 and vertex function I'; 2" of the
zero-temperature formalism,
02 () 328”0(0))
oo — T — —T, o (©,0:0, ) g
ow o€y,
(19)

At T = 0, the retarded self-energy is related to the causal one,
as Xgg , (@) = 0(0) Zeg (@) + 0(—0){Zgy (@)} with 6(w)
the Heaviside step function.

The diagonal ¢ = ¢’ component of the identity Eq. (19)
gives the Yamada-Yosida relation, 1/z, = X, [12,16], which
follows from the property I'; - 7 (0, 0,0, 0) = 0. Thus the

T-linear specific heat of the impurity electrons can be ex-
pressed in terms of the diagonal susceptibility, as C;,,, =

5o Koo T
Similarly, at @ = 0, the off-diagonal o # ¢’ component of
Eq. (19) takes the form
Xoor = =T 05(0,0:0,0) pyp. (20)

00’0’0
This shows that the susceptibilities determine the residual
interaction between quasiparticles [49],

—Xoo’

U, =2,2,0..--(0,0,0,0) =

UO'O'O'

(21

oo Xo'o’
Furthermore, the Wilson ratio R, can be defined as a dimen-
sionless residual interaction for o # o/,

I~ ~ —Xoo’
=V PisPao Uaa’ = T (22)

R, —1
N Xoo Xo'a’

oo

C. Higher order Fermi-liquid corrections

The renormalized parameters described in the above are
related to the first derivatives of the self-energy. In order to
explore next-leading-order behaviors of the transport coef-
ficients, information about order w?, T2, and (eV)? terms
of ¥j (@) is also necessary [27,29,30]. Similarly, the low-

energy expansion of I'_ (@, @50, w) up to linear order
terms with respect to frequencies, 7', and eV also includes
alternative information. Here we briefly summarize the re-
cent FL description for these high-order corrections, including
some extensions carried out in this work. These corrections
are also essential for our purpose to explore the low-energy
behavior of the current noise.

1. &* dependence of Xy,

The antisymmetry property of the vertex function im-
poses a strong restriction on the two-quasiparticle collision
processes,

(w1, 0y w3, w4) = =T - (w3, w2 1, W4)

0'10'2 10304 U}Uz 0104

=T, oo (@3, 01501, w2)

F;];4_0302 (wl , (W45 W3, 0)2).
(23)

The diagonal o) = 0, = 03 = 04 components of the causal
vertex vanish I' 777 (0, 0; 0, 0) = 0 at zero frequencies, and
it has been used for the proof of Eq. (18) [16]. We have
shown in the previous paper that the w-linear real parts of the
diagonal vertex components also vanish at zero frequencies at

T =eV =0130], as

= 0. 24)

00,00

0
a—ReF" ~(w, 0,0, w)

w—0

Order w? real part of the self-energy can be deduced from this
information, taking a derivative of the both sides of Eq. (19)
with respect to w,

2 LS, 0 8%,
ZReT () =l — e (g5
dw 4 20 de2 e,

It shows that the w? real part is determined by the intralevel
component of the three-body correlation function x[] . Phys-
ically, this term of the self-energy induces higher order energy
shifts for single-quasiparticle excitations.

It can also be deduced from Eq. (25) that the diagonal o =
o' components of the vertex function are pure imaginary up to
linear order with respect to @ and @’ and takes the following

format T = eV = 0 [30],

in Z X lw—a |+
o' (Fo)

L i (0,00, 0)p3, =

00,00

(26)

Furthermore, using also the identity Eq. (19), the off-diagonal
o # o’ component can be deduced at T = ¢V =0, as

———— PN
F(TU’;U/U (a)a w W, C()) pdgpdg’

aer aerzr ,
—Xoo’ + pdc 3 w + pdrr’ aedo' w
—G—znx(m,(|a)—w|—|w~|—a)’|)+-~-. 27

Note that the imaginary parts of the vertex functions,
which show nonanalytic |w — «'| and |w+ o'| depen-
dence, determine the damping of the two-quasiparticle
collisions [16,18,50,51]. In this paper, we also calculate all
the Keldysh vertex components at finite temperature and bias
voltage up to terms of order 7 and eV in Sec. VIII and
Appendix C.

2. T? dependence of X7,

We have described in the previous paper that order T2 term
of the retarded self-energy X/, ; can be expressed in terms of
the derivative of the causal vertex at T = 0 [30], rewriting the
proof of Yamada-Yosida [14] in the following form:

xT?
Tl (0 = Tl o O],y = == Tim W, (@) +---,
(28)
V@) = lim T ) T (@00, @)y (@),
(29)

The derivative with respect to o’ in the right-hand side can
explicitly be carried out, using the results of the low-energy
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asymptotic form Egs. (26) and (27) at finite w, and then
the coefficient for order 72 term follows by taking the limit
w— 0,

: —_ 1 8Xao’ . 1 2
lim W, () = Z [ —i3r—x2,, sgn(w)].

d€do! Pio
(30)

The nonanalytic sgn(w) dependence, appearing in the right-
hand side, reflects the branch cut of the vertex function
F;a_ ;;(a) o', a)) along the lines | — @'| =0 and |w +

@'| = 0 in the w-w’ plane [16,30,50,51].

3. Retarded self-energy up to order »?, T?, and (eV)?

Low-energy behavior of the retarded self-energy under a
finite bias voltage has been determined previously up to terms
of order (eV)? as well as order w? and T2 terms, mentioned
above [31,33]. We will describe alternative derivation later
in Sec. V in an extended way, using the generalized Ward
identity which we have obtained in the present work at finite
eV and T. Here we present the low-energy asymptotic form of
the retarded self-energy, extended to multilevel quantum dots
with N > 2,

. 1 3Xo0
ReZf, (@) = By, 0) + (1 = Tom) @ + 5 55 07
1 1 I Xoo’
6 0., o) o€,
ar,r
X [;Rz (eV) + (nT)z]
T +Tr)
~ BNUJ’
Z Xoo' Xsh €V + Z X ogh eV w
de
o'(#0) o'(#0)
axaa
+— DD D e QAR
a(#n)w%¢n>
(31a)
Im X/ (cu):—EL Z 2 (0 —ag eV )?
U,o 2 y oo S
o o'(0)
30 Tk ) 2]
————— (V) +(@aT) |+
(T'L + I'r)?
(31b)

and ogy = (o' — agl'r)/(I'L + T'r). The parameters o
and o are defined in Eq. (8), and specify the position of the
chemical potentials of the left and right leads, respectively,
with a constraint «; + ag = 1. For multllevel quantum dots
N > 2, the nonlinear susceptibilities Xw/a/ between electrons
occupying three different levels (o # o’ # o” # o) give fi-
nite contributions to order (eV)? part of Re 2y o (w) in the
case where oy, # 0. In contrast, for g, = 0, the correlations
X Eﬂ',a, between three electrons in two different levels (o # o)
determine order (¢V)? and T2 terms of the real part. Con-
tributions of these three-body correlation functions play an
important role when the PH or TR symmetry is broken by

external fields, such as gate voltages and magnetic fields.

IV. NONLINEAR CURRENT NOISE IN THE
FERMI-LIQUID REGIME

We describe here properties of the current noise in the
Fermi-liquid regime, leaving the complete proof later in
Sec. IX as the derivation needs precise information about the
low-energy behavior of the Keldysh vertex corrections which
we will shown in Secs. V-VIII and Appendix C.

A. Conductance and thermal noise

We consider first the differential conductance dJ/dV that
can be deduced up to terms of order 72 and (eV )?> from the
Landauer-type formula Eq. (5), using the low-energy expan-
sion of ¥y, , (w) given in Eq. (31). Specifically, for symmetric
junctions with I’y = I'g and pup = —ug = €V/2, the asymp-
totic form spectral function is given by

—AIm G (o)

= sin?$, + 7 sin 268, Xoo @

1 sin 26
2 2 Z 2 o 3] 2

+ T 28[7 + by 72 B
[COS (X(r(r 2 X(r(f) 2 X(r(r(r } w

o'(#0)

_|:— €08 28, Z sm72T<S Z x£20:|

o'(#0) o/(#0)

x {%(eV)2+(7TT)2}+--~. (32)

Table I shows the explicit expressions of the coefficients c;
and ¢y, for the next-leading order terms of dJ/eV, which are
applicable to a wide class of quantum dots without the PH or
TR symmetries:

- — CT’G(JZT)Z — cvqg(eV)2 + .- ]

(33)

The first two terms in the right-hand side of Eq. (33) cor-

respond to the linear conductance. They also determine the

thermal current noise at equilibrium, which can be deduced
from the fluctuation-dissipation theorem [44],

dJ
SO | =4T ==
ose|v_0 dv Voo
4e? .2 2
=T [sin®8, —cp (AT +---]. (34)

[

We will also describe a diagrammatic derivation of the
equilibrium noise in the Fermi-liquid regime in Sec. IX A
as a preparation for calculating nonlinear current noise at
finite eV.

B. Nonlinear current noise

We will calculate Sl?me up to terms of order |eV|* later
in Sec. IX, using the diagrammatic representations shown in
Fig. 2. In order to carry it out, the Keldysh Green’s functions
G;'”(w) should also be expanded up to terms of order w’

and (eV)?. Furthermore, all components of the Keldysh vertex
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function F;;”z;? (w, @'; @' w) are needed to be determined up
to linear order terms with respect to w, @’ and eV . Leaving all
these details in Secs. V=VIII, we discuss here the result of the
nonlinear current noise, is obtained for symmetric junctions
with 'y =TTk and uyp = —ug = €V/2:

|e |Z[Sm

noise |[7=0 —

|

(35)

As shown in Table II, the coefficient ¢g, can be expressed
in terms of the linear and nonlinear susceptibilities similarly
to the other coefficients c¢; , and ¢y, ;. Therefore the nonlinear
Fano factor which is defined as the ratio of order (eV)? current
noise to the nonlinear current of the same order [23,28] can be

J

expressed in the following form:

_ noise
Fy = lim

eVI=0 —2Je| (J — £X Y sin?$,)

_ ZO’ CS,(T
Za CV.U/3

1. Current noise in SU(N) symmetric case

QD 26%eV| sin® 28,
2o

(36)

In a special case where the impurity level becomes de-
generate €, = €, for all components 0 =1,2,..., N, the
Hamiltonian H given in Eq. (1) has the SU(N) symmetry.
In this case, each of the levels equally contributes to the
transport, and thus the nonlinear Fano Factor takes the form
Fy = ¢g,/(cy,/3), with the coefficients that become inde-
pendent of o,

2,2 2
3
Cop = T l)éw |:cos45 + {4 + 5co0s48 + 5(1 —cos48)(N — 2)}N T~ cos 26{0; + 3(N — 1)O} i|, (37
wx2, 5K>
CV,UZT — 1+N—1 cos28 + ©; +3(N — 1)Oy |. (38)
[
Here, K= (N — 1)(R — 1) is arescaled Wilson ratio: R = scaled Wilson ratio approaches K — 1. The three body cor-

1 — X,/ Xss for o’ # o. The diagonal susceptibility x,
in the right-hand side of these equations determines a char-
acteristic energy scale 7% =1/(4x,,). The dimensionless
parameters ®; and ® are introduced for the three-body
correlation functions for the diagonal and off-diagonal com-
ponents, respectively,

(3]

sin 28 ng SIN28 Xypip
O, = 0, = . (39
2 X3y K

The formula for cg , given in Eq. (37) reproduces the previous
result as a special case for N = 2, obtained by Mora, Moca
et al. for the spin-1/2 Anderson model at zero magnetic field.'

The nonlinear Fano factor for the SU(N) symmetric case
is given by Egs. (36)—(38). It also reproduces the previous
result [42], obtained specifically for the particle-hole symmet-
ric case at which 6 = /2 and all the three-body correlation
functions vanish XET],J,, =0,

€¢/—>—7(N}])U 1+ 1% U— 00 1+ 1% (40)
K 14 3K 14+ 2
N—1 N-1

In the strong coupling limit U — oo, the occupation num-
berN, = Za(ndo) takes integer valuesM =1, 2, ..., N — 1
at €, = —(M — 1/2)U and the phase shift is also locked at
8 = wM/N. In this limit, the charge and spin susceptibilities
satisfy the stationary conditions, especially the charge suscep-
tibility is suppressed x,, + (N — 1)x,, — 0, and thus the

'Equation (11) of Ref. [28]. Their notation and our one correspond

) N
to each other S?z(;h that a“)/n = Xpor Py /T = —Xyorr /T =
3
—5 x5, and @),/ =2 x )] | foro’ #o.

relation functions show the property ®; + (N — 1)®y; — 0O in
the strong-coupling limit [34], and thus F}, takes the value,

1 +sin® 268 +%+2@I cos 28
—[1+4 25] cos25 — 20,

F — 41)

This expression agrees with Fy for the SU(N) Kondo model,
obtained previously by Mora, Vitushinsky, et al.> We have
calculated the three-body correlation functions of the SU(N)
Anderson model for N =4 and 6, using the NRG in the
previous paper [33,34]. The results show that, for strong inter-
actions U > A, the three-body correlations are characterized
by a single parameter over a wide continuous filling-range
1 SN, $N —1, including the intermediate valence regions
in between two adjacent integer-filling points M and M + 1
forM =1,2,...,N —2.

2. Current noise at finite magnetic fields

We next provide another application of the current-noise
formula to the case where the time-reversal symmetry is bro-
ken by an external magnetic field b. Specifically, we consider
the spin 1/2 Anderson model (N = 2) at half filling, taking the
impurity level to be €,, =€, —sgn(o)b with ¢, = -U/2,
sgn(1) = +1 and sgn(]) = —1. In this case, the phase shift
takes the form 8, = 7 [1 4 sgn(o) my]/2 with my = (n4y) —
(nq,), and the correlation functions have the following prop-

Bl _ 0 3]
erties: Xyp = Xyp0 Xpy = Xypo X1y = ~Xipps and Xy, =

’Equation (51) of Ref. [23], after inserting some parenthesis for
correcting minor typos.
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TABLEIII. The coefficients C’s for the transport coefficients given in Eq. (43) at finite magnetic fields b for N = 2 at half filling €, = —%.

Dimensionless three-body correlation functions are defined as ©¢ =

3]
sin(emg) X311
_ St

__sin(mg) XNi
gy

b —
,and Op =

2

72

Ct =% + (O} +30%) cos(rmy)],
=2 W”+O"+3® a8

c;:gi W + 0} + 4],

W == W + 6! + S04,

WS” = cos(2mmy) + [4 + Scos(Qmm,)|(R — 1)?
W) = [14 5(R — 1)*] cos(mmy)

Wf = [142(R — 1)*] cos(mmy)

W =1+ $(R — 1)*]cos(rmy)

_ 3

Xryye : .
relation functions X# | and X# J f in this case, which can be
evaluated from the derivative of the linear susceptibilities with

respect to b,

Therefore there are two independent three-body cor-

ax =U
S Bl €«="U2 3 3]
b Xity + Xny Xprr = Xyy
ax —
AN [3] B  «=-U/2 13]
op Xt T X 2 X1y (42)

The transport coefficients up to the next-leading order terms
can be described in terms of the five FL parameters: m,,
T* = 1/(4XM) R=1- XN/XM’ and two different three-
body correlation functions, G) = —sin(mTmy) XTTT/(ZTL’ XTT)
and ®% = — sin(7my) XTN/(Z”XTT)'

Table IIT shows the formulas for the coefficients of the

low-energy expansmn of the differential conductance dJ/dV,
current noise S2> _, and thermal conductivity Kqop for this case:

noise’

262 in” 14
s —2%|gV|[%’md> cs<e ) +]

noise

dJ 262

o () (2) () ]

av

22T T
o= () () - ] o

Here, the thermal conductivity is defined with respect to the
heat current JQ = Kgp 8T, induced by the temperature differ-
ence §7 between the two leads. It is also determined by the
transmission probability 7, (w) defined in Eq. (6) [52], as

2
B} :L{ £QD_(ZUE?E)} "
QDb — 2,0 ’
hT |5 >, Lio

ESB = /00 doo" Ty (w) (—M>
’ oo ow

We consider here behaviors of these coefficients for strong
interactions U > A, where the system can be described by the
Kondo model. Specifically, the behavior of d1/dV in this limit
has already been examined by Filippone et al., i.e., Eq. (17)
of Ref. [27], using a dlfferent notation. Here we consider
mainly the current Sm)lse and kqp. In the Kondo limit, the
Wilson ratio approaches R — 2 as the charge fluctuations are
suppressed x,  + x4 — 0. Correspondingly, two different
components of the three- body correlation functions take an
identical value X i e X[ !, and thus @{’I — @b Therefore,
in the strong-interactlon hmlt the transport coefﬁc:lents de-

(45)

fined in Eq. (43) and Table III are determined by the following
three FL parameters: m,, @{’ ,and T*. These parameters can be
calculated from the spin susceptibility y, of the Kondo model
with the Zeeman coupling H_ = —2S5% b between the impurity

spin S5 = (n 4t — Mg, )/2 and magnetic field b,
Us>A X 1 3<S§)
I8 A o TVl 46
11 4 =2 o (46)
[3] U>A _l 8Xs _ 1 9 (SZ> 47
X1t 8§ ab 4 op? “7)

The field-dependent energy scale can be defined by the inverse
of the spin susceptibility 7* RNy /s
In the Kondo limit, the nonlinear Fano factor takes the
form [34]
Cé’ Usa 4+6cosRmmy)+4 ®Ib cos(rmy)
ch/3 6 cos(mmy) +4©?!

(48)

We also find that the ratio of the 73 thermal conductivity to
the T2 conductance takes a constant value which does not
depend on magnetic field strength b or the Kondo coupling
Jx x A/ (pcU),

C;?,]; usa 13
ch 5°

(49)

Figure 3 shows the NRG results of these coefficients for
strong interactions U/(mwA) 2 2.5 plotted against b/Tk.>

The coefficients are rescaled in a way such that ESE =
(Ti/T*) C2p, Cp = (Tx/T*PCp, Ty = (Tx/T*V €4, and
F? = C%/(C5/3), with the Kondo temperature Tx = T*| b0
defined at zero field [34]. Each of these curves shows the
Kondo scaling behavior. We can see that the universal curve

for ESB and that for (15/3)C. are almost identical and overlap
each other showing a good agreement with Eq. (49). Note that
similar relation does not hold for magnetic alloys for the T3
thermal conductivity and the T2 electrical resistivity [31,53].
Equation (49) clarifies one of the FL properties appearing
in the temperature dependence. The nonlinear Fano factor

Ft=Cy/ (53 /3) can be regarded as a nonequilibrium analog.
As the zero points of Cy and that of C,, appear at different
magnetic fields, F? diverges at the zero point of d;,.

3NRG calculations for this case have been carried out, choosing the
discretization parameter to be A = 2.0 and retaining typically 4000
low-lying excited states.
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FIG. 3. Magnetic-field scaling of the coefficients that determine
the next-leading-order transport of the N =2 Anderson impurity
model. These results are obtained at half-filling ¢, = —U/2 for
strong interactions U/(wA)=12.5, 3.0, 3.5, and 4.0, using the
NRG approach. (a)~(d) show that (a) Co, = (Tx /T*)ZCS';’, b)Cy =
(Tx /T*)*CE multiplied by a factor of 13/5, (c) fs = (Tx/T*)*CL,
and (d) F, 1? = f’; / (ff, /3). The Kondo temperature is defined as Ty =
T*|,—p at zero field with T* = 1/(4x4).

V. KELDYSH GREEN’S FUNCTION FOR ANDERSON
IMPURITY

The current conservation is an essential requirement that
transport theories must satisfy, and it is particularly important
for strongly correlated electron systems. In this and the next
section, we extend the Ward identities for the Keldysh Green’s
function which were previously obtained for nonequilibrium
steady states but only for the zero-bias limit eV — 0 [18].
Specifically, in this section, we perturbatively derive the Ward
identities which hold for finite eV and can be expressed in
terms of the Keldysh self-energy and vertex functions. We
will also present more general Ward-Takahashi identity for the
three-point current vertex which reflects directly the current
conservation between the quantum dot and leads in Sec. VI.

A. General properties

We summarize in this section the general properties of the
Keldysh Green’s function of the Anderson impurity, defined
by [54]

G, (t1.1r) = —i(Td,(t)d} (1)), (50a)
Git(h, ) = —i(Td, (1) d} (1)), (50b)
G (t. ) = —i{d, (1) d} (1)), (50c)
G, (t.0) = i(d}(t)d, (1)), (50d)

where T and T are the time-ordering and anti-time-ordering
operators, respectively. These correlation functions are de-
fined along the Keldysh time-loop contour and are linearly
dependent on each other, as summarized in Table IV. Thus
the above four Green’s functions can be written in terms of

TABLE IV. Linear dependency of the Keldysh correlation func-
tions. The three-point functions CD;‘j ", and A"‘ e, fory =L,R,d

are defined in Egs. (87) and (89). Outline of the derlvatlon is given
in Appendix A.

G~ +GH =Gt + G, P S o
—— ot - —i—+
Y, ao’ + CDV oo’ CDV oo’ CDV oo’
ikt +- +Ht it
- (Dy oo’  + q)y oo’ (Dy oo’ (Dy oo’
P . e
Aymr+Aymr+Aymr+Aymr
+i—— ikt + +it—
—Ayw/-f—l\ +Ayw +Aywu
—— i + +
Faa so'o + Faa so'o + Faa U’a + rao’o’a + Faa 0’0 o T Faa Relles
== ——t+
+Fao "iolo + raa ;0'o
_ _pte—— _ ptie— ——it— ———+ _ p—titt
Faa’ wolo Fcra Reed FO’U Reiled Foo’ wo'o Faa’;o’a
_[Fo PR pe

ool oo'i0'o oo’i0'0"

three components: the retarded G, the advanced G¢, and the
symmetrized GX functions:

G =G, —-G,",
GX=G+G,*

G =G,” -G,
=G,  +GT.

(51a)
(51b)
These Green’s functions can also be written in a matrix form,
G,- G,7
G, = |:G+— G++i|
GX G + G G —Ge

=7”(1+r1)+ 5T 2”irz. (52)

Here, 1 is the 2 x 2 unit matrix and t; for j = 1, 2, 3 are the
Pauli matrices, defined by

R i A Y I

Therefore the determinant of G, can be expressed, as

det{G,} = G,"G/* —G,"GI"=-G. G, (54

and this product G/, G% of the retarded and advanced Green’s
functions plays an important role in the transport theory. We
will also use later the following matrix identity which appears
when we take the derivative of G,

G,1-1)G,=01+1)G, G.. (55)

The Fourier transform of the Green’s function defined with
respect to the steady state at ¢V becomes a function of a single
frequency w,

o0
G (w) = / dt &' G (t, 0). (56)

—0oQ

For U = 0, it can be expressed in the following form:

oo (@) = i2 for(w) A Gy, (@) G (), (57a)
Giy (@) = =i2[1 = fer(@)] A Gy, (@) G, (@), (57b)
Gy (w) = G (w) + G (), (57¢)
G[{j(w) = 0o (@) + G, (a)) (57d)
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} ferr(w)

I'r

I'iy+I'r

Y

KR 0 1239 w

FIG. 4. The nonequilibrium distribution function f.;(w) for
ur — pg = eV and T = 0. The Fermi level at equilibrium is chosen
to be the origin of single-particle energy o = 0.

Here, A = I'; + I, and the retarded function is given by
1

w—¢€,, +i(CL+Tg)

The Fourier transformed Green’s functions have additional

relations, G%(w) = {G (w)}*, and G (w) = —{G, ™ (w)}*.

Furthermore, the greater G~ (w) and lesser G, ¥ (w) functions

become pure imaginary.

The bias voltage eV and temperature 7 enter the Green
functions through the distribution function

Ju(@)TL + fr@)Tr T .
Iy +Tr _ngAf(w )

Gy, (w) = (58)

feff(w) =

(59)

It shows jump discontinuities at w = uy and ug at T = 0, as
depicted in Fig. 4. The noninteracting Green’s function can
also be written in the following form:

{Goo (@) = (@ — €4,) T3 — Zp(w). (60)

It is this noninteracting self-energy Xo(w) that brings fe(w)
into Gy, (@) through the tunneling processes,

To(w) = 1308, (@) T3 + T3 Vzgx(w) T3
= —iA[l = 2fu(@)]d — 71) + AT,. (61)

Here, 8; (w) is the Keldysh Green’s function for the isolated
lead on j = L and R,

vigi(@) = —ilj[1 = 2fi(@)]|d+ 1)) —TjT,.  (62)

Note that Xo(w) does not depend on €, _, and the derivative
with respect to w takes the following form:

IZ0@) _ . dferr(®)
ow w

Effects of the Coulomb repulsion U enter through the in-
teracting self-energy,

IR Y
ZU’U — |: U,o U,(r:|’ (64)

1 —=7). (63)

e o
with {G, ()} ™! = {Gos ()} ™! — Xy - (). The Dyson equa-
tion can also be rewritten into the following form, using
Eq. (60),

(Go (@)} = (@ = €45)T3 = Zuoo (@),
Yiot,o (@) = To(w) + Xy, (w).

(65a)
(65b)

The retarded, advanced, and symmetrized self-energies are
given by linear combinations of the four elements of X;;

S0 =20, + 05 .=y, + 20, (66a)

D 2 TMAED o Y (66b)

Note that £f; | (w) = {X[, ,(@)}*. The lesser and greater self-
energies, namely, E{,; (w) and EZ;,; (w), are pure imaginary.
Similarly, /7 (w) = —{Z; 7, (w)}*, and the imaginary part
of the causal self-energy corresponds to 25,0 (w)/2,

2o (@) + X () Zg,g(a))
2 2

Y. (w) = (67)

Furthermore, using Eq. (54), the Green’s function for the
impurity electrons can also be expressed in the form

G, (w)
=G, (v) Gy ()
|:a) —€,, + 25t (0) —E[;tt, (@) :|
S (2) —(0 — €40) + T o (@) ]
(68)

Note that the off-diagonal Green’s functions are proportional
to the lesser or the greater self-energies. From this property,
it can be deduced that the lesser and greater self-energies take
the following form in the limit of ¢V — 0,

Tl (@) = f@)[ 2l , (@) = Z¢ (@) ], (692)
Sin@) = —[1 = f(][Zl, (@) — B¢ ()] (69b)

This is because at equilibrium eV = 0 the lesser and greater
Green’s functions can be expressed in the following form,
using the Lehmann representation [55], as

Goyly(€) = 27 f(@) pg, (@),
Glio(@) = =i27n[1 = f()] psy (@).

(70a)
(70b)

Here, p,, () is the density of states of impurity electrons,
defined in Eq. (11).

B. Nonequilibrium Ward identities

We describe here a perturbative derivation of the Ward
identity for the Anderson impurity at finite bias voltages. To
this end, we start with the derivatives of the noninteracting
Green’s function G, with respect to external fields and a
frequency. First of all, the derivative with respect to €, is
given by

3G, ()

71
e (T1a)

= 850 Gy, (@) T3 Gy (w).

This can be verified using Eq. (60), using a matrix identity
8G = —G {§G~'} G for a small variation of the Green’s func-
tion 6G. Next one is the frequency derivative, which can be
calculated from Eq. (57), using the property that Gj,_(w) and
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G, (w) are functions of the difference w — ¢,

a a
G
<8a) + de,, ) 00 (@)

_ 8feff(w)( 2iA) Gy, (@) Gy, (w) B i]

L feff( ®)

=———(=2iA) Gy, (@) 1 — 71) Gy, (w).  (71b)

Here, we have used Eq. (55) to obtain the last line. Similarly,
as the bias voltage enters G, (w) only through f,(w), the eV
derivative can be expressed in the form

"Gy, (@)
aevy

_ 0" fogr (@)
aeV )

x G, () (1 - 11) G, ().

(=2iA)

(71c)

These derivatives of G, (w) can diagrammatically be rep-
resented as shown in Fig 5. The Ward identities for the
interacting self-energy X,/ (¢) can be derived using the Feyn-
man diagrammatic approach [16].

5 9 N 9
7T dw ey

J

Vav3

T—>0 VI V2;V3 D,
30

o000

w3 j=L,R

T—0,eV—0 _ Z FU1V22V3V4
Lo !

oo'i0'o

Vav3

In order to obtain the Ward identities of this form, we have
also used the property that the value of X, ; (w) remains un-
changed when the frequencies w,’s for all the internal Green’s
functions along each closed loop that carries level index o’
are uniformly sifted by an arbitrary amount of wy in a way
such that w;, — w;, + wo [16]. In particular, for the diagonal
o = o’ components of Eq. (73a), the internal frequencies for
the closed loops that carry the same level index o as that of
the external one is shifted, choosing @y to be equal to the ex-
ternal frequency w, and then the derivative (3/0w + 0/0€4,)
is carried out.

The off-diagonal o # ¢’ components of Eq. (73a) are ob-
tained in a similar way: shifting the frequencies of the closed
loops carrying level index ¢’ by an arbitrary amount wy in-
dependent of the external frequency w, and then taking the
following derivative:

0 + 0 %, () aEUﬂ(a)) (74)
_ I )= ———.
dwy 0€45 U.o €45

Here, the wy-derivative vanishes 9%  (w)/dwo =0, and
thus only 9% ,(w)/0¢€4, remains in the left-hand side of

/ 40§ P, o of, ) 2 G () Gl )(_.3feff(w'>>

S~ S

,j G, (») and

GG + {kl )G, (w), given in Egs. (71a) and (71b). Here, x and ®

placed in between two propagators denote the matrices T3 8, and
3fen (@)

—

FIG. 5 Feynman diagrams for the derivatives

(—2iA) (1 — 1;), respectively.

1. Ward identities for the » and €, derivatives

We consider the derivative of X,/ (€) with respect to €4,
It can be carried out by using the cham rule with Eq. (71a),
taking the €4, derivative for the internal G,,,’s which consti-
tute the diagrams for the self-energy,

X (€)

U,o _ VIViV3V4

A€ o __/ 27'rlzr‘""”’(66 €€
do vavs

X (G, (€736, ()} (72)

Here, all contributions of the perturbation series in U are
included in the Keldysh vertex functions and the full Green’s
functions that appeared as a matrix product of the form
G_ 13G,.. Note that this identity Eq. (72) holds for arbitrary
eVandT.

In a similar way, the Ward identity for the w can also be
derived, using Eq. (71b),

™ (73a)
( )26 () G ) — (73b)
w, SM,w) — , . , ) —

'uj ’uJ T o I'LJ o M/ FL +FR
(®,0;0, w) pyer- (73¢)

(

Eq. (73a). For obtaining the right-hand side of Eq. (73a)
for o # o', the operator (3/dwy + 3/0€4,) is applied to the
internal Green’s functions along the closed loops carrying the
index o’. We have also used Eq. (55) with Eq. (71b) in order to
rewrite the matrix product of the full Green’s function G, (1 —
71)G,, in therms of the retarded and advanced Green’s func-
tions. The diagonal and off-diagonal components of Eq. (73a)
are also derived from more general Ward-Takahashi identity
that reflects the current conservation at the junctions between
the dot and leads in Sec. VI.

We next describe some properties of the Keldysh vertex
function that can be deduced from the Ward identity Eq. (73).
In the second line that describes the 7 — 0 limit, Eq. (73b),
the derivative of f, (") in the integrand has been replaced by
a sum of the two Dirac delta functions,

_afeff(a)) T—0 Z

T
2 Lsw=-p). @9

j=L.R

In particular, at T = eV = 0, the causal component (v4 =
v; = —) of Eq. (73c) can be compared to the identity Eq. (19)
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which has been obtained by using the zero-temperature for-
malism [16]. Comparing these two results, we find that

DT (0,0;0,0) = T, (0,0:0,0), (76a)
Vav3
D T (,0:0,0) = T (0, 0,0, 0). (76b)

V2v3

Furthermore, at T = eV = 0, the left-hand side of Eq. (73c)
can be rewritten into the following form, specifically for the
lesser component (v4 = —, v} = +) by using the property
Ee_q; (w) = =2if(w)Im Yo (@) and Im Yego (0) = 0 men-
tioned above, as

ad d
(806’ — + )Ee_(lty (w)

Jw Bed[,/

. 0 __
= —2if(w)Im (500’ % + rda/) 2:eq,a(w)
= 2if(w)Im F;{:;; (@,0;0, w)p,p:- a7

Here, T} () = 2, (0)l7=ev=o and we have used Eq. (19)
to obtain the last line. Comparing the last line of Eq. (77) to
the right-hand side of Eq. (73c) for v; = + and vy = —, we

find

D TR (0,00, 0) = <2if (@) Im T, 777 (0, 0:0, ).

oo';0'c oo'0'o
v2v3

(78a)

Similarly, the greater self-energy has the property E;]:, (w) =
—2i[1 — f(w)]Im X (w)atT = eV = 0. From this and the

eq,o
|

oo’;0'o

821‘;‘])] () ®dw . 8f (a)/)
Yo _ _ [ V1v2svsva , /; /’ 2A G, / G4, / _ DJeff
= /7 - E E (v, 00, w)2A G (') U(a))( —_—

deV 2

o/ 3

T—0 , A —Tiu;
0 Y e, Mj;uj,m;(;g,wj)ag,wj)( A;V,/).

o’ w3 j=L,R

At T =0, the derivative 3f,(w')/d(eV) is replaced by the
two Dirac delta functions at @’ = u, g, similarly to that for
the ' derivative, mentioned above for Eq. (75). It also takes
the following form in the zero-bias limit eV — 0,

0 fogr(@) 0f(w)
deV dw

T, — agl"
g = L LTORR (g
't +Tg

= —Qsh
eV—0

This relation holds at finite temperatures 7' # 0. Therefore
the extended Ward identities given in Egs. (73a) and (81a),
reproduce the previous result in the zero-bias limit [18]:

9%, (@) s 9
T = —0sh ; <800’£ + r‘w) ):eq,a (w)

deV
(83)

eV—0

(v4 =+, v; = —) component of Eq. (73c¢), it follows that
DT (0,050, 0)

Vav3

= —2i[1 — f(@)]Im T (o, 0,0, w).

. (78b)
The vertex function also has another general property: six-
teen different components defined with respect to the Keldysh

time-loop contour are linearly dependent,
D TE 0, 00, ) =0, (79)

VIV V34
for which a brief explanation is provided in Appendix A. We
can verify that both sides of Eq. (73a) will vanish if summa-
tions over v; and vy4 are carried out, as a result of the linear
dependence of the Keldysh self-energy and vertex function,
listed in Table IV. Furthermore, at 7 = ¢V = 0, it can also be
deduced from Egs. (76), (78), and (79) that

I (0,0,0,0) + T (0,050, 0)

oo'0'o oo’0'o

=2imT. 7 (0, 0;0, w) (80)

oo';o'o

and T 5 (0,00, 0) = —{T'" 7 (0, 0;0, w)}*.

oo';o0'o oo';0'c

2. Ward identities for the eV derivatives

We have described in the above the Ward identities for the
w and €, , derivatives, i.e., Egs. (72) and (73a), respectively.
Here we present some related Ward identities for the deriva-
tive of ;! (w) with respect to eV, which also hold at finite
bias voltages.

The bias derivative can be carried out by applying the
differential operator d/d(eV') to the internal Green’s functions
in the self-energy diagrams of all order in U. Using also the
chain rule with Eq. (71c) and the properties of the Green’s-
function products shown in Eq. (55), we obtain

81
aeV (81a)
(81b)
[
Note that, at T = 0, the causal component (v4 = v} = —) can
be calculated directly from Eq. (81b), using Eq. (76a), as
0Ey 5 (@) L
e ”%: e ; Lo (@,0:0,0) pyp. (84)

We next consider the second derivative of X, (w) with
respect to eV, extending the derivation given in Ref. [18].
The double derivative can be carried out, applying the formula
Eq. (71c) for n = 1 and 2 to the internal Green’s functions for
the self-energy diagrams with two different first-differentiated
propagators and one second-differentiated propagator, respec-
tively. All contributions of the perturbation series in U can
be taken into account, using the Keldysh vertex function con-
nected to the matrix product of the interacting propagators
G, (1 — 11)G,, that can be simplified further using Eq. (55),
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CURRENT NOISE AND KELDYSH VERTEX FUNCTION OF ...
and it yields the following result:

(D)) 2 9 3 \>
_l’__
%\ 3o de,,

Yo - Ve
a(eV) (@)
T, Tk

eqa

eV—0

(FL+FR)2~/ ZZF

o’ v

Here, we have used the property d/de, = Y, 3/0€,,, in the
first term in the right-hand side. This identity for the double
derivative holds at any finite temperature and reproduces the
previous result given for the causal component at 7 = 0 [30],

T, (o . 9 3 \°
U,g(2 ) T-0 as2h<_ n _) 5o ()
vy o dow  0O¢, '
r.r
LR v (). (86)
I +Tg)

Here, ¥~ () in the right-hand side is the function which is
defined in Eq. (29), and it also determines the T2 dependence
of the self-energy. The bias dependence of the retarded self-
energy shown in Eq. (31) can be deduced from these results,
i.e., Egs. (84) and (86)

VI. WARD-TAKAHASHI IDENTITY AT FINITE BIAS
VOLTAGES

A. Three-point current vertex

In this section, we describe more general Ward-Takahashi
identity, from which the Ward identities discussed in the
above can naturally be deduced. It reflects current conserva-
tion around the quantum dot, and is derived nonperturbatively
from the equation of motion of the Keldysh three-point func-
tions of the charge and current through the Anderson impurity.
We also discuss some important properties of the three-point
functions as a preparatlon for diagrammatic calculations of
the current noise Snolse In order to carry these things out,
we extend the approach that has been used previously for
the three-point functions in the Matsubara formalism to the
nonequilibrium Keldysh correlation functions [56,57].

We consider the three-point correlation function of the
charge fluctuation én iy = Nyo — (n,,,) and that of the current

fluctuations 8] J (J ) for j = L, R, defined with re-
spect to the nonequlhbrlum steady state,

—(Te 8n4 (¢ d, (1) d3 (1)),
QYL (13111, 12) = — (Te 8Ty (1) d, (') A (13)).
OE (1311, 1)) = — (T 8Tpor (1) d, () df (13))-

Here, T¢ is the time-ordering operator along the Keldysh
time-loop contour. The indexes «, 1, and v specify at which
branches of the contour, forward — or backward +, the three
time variables ¢, #;, and #, belong, respectively. Therefore
each of these three-point functions has 23 Keldysh compo-
nents which are linearly dependent, as shown in Table IV and
Appendix A.

In the steady state that we are considering, the system has
the time translation symmetry. Therefore these three-point

a;w

daa (t tlatz) -

87)

o0',0'0

2 /
f(w)>. (85)

N (0, 00, ©)2A G (0") G (o)
30)/2

(

functions depend only on two frequency variables € and w,
and the Fourier transform can be written in the following
form:

dedw
(2m)?

—ie(t—t) e—i (e+w)(t—12)

CtpLV

Q) =

CD;';’:; (6, € +w)

X e (88)

where y =L, R, andd. We will use the matrix notation
to express the Keldysh components, as {®7 , }*' = CI>$‘;2
Similarly, we also introduce the 2 x 2 matrix for the current
vertex A7 ., which includes all vertex corrections due to the
Coulomb interaction, as

<I>‘;,,w,(e, €+ w) = (,(e)Ay vo' (€, € + @) Gy (€ + ).

(89)

. . HAY
Figure 6 shows the Feynman diagrams for @ y.oo’ The current

vertex AJ .. corresponds to the remainder parts which are
left over when the pair of the Green’s functions with the
frequency arguments € + @ and € placed on the left side of
each Feynman diagram are removed. We will discuss later that
it can be expressed in terms of the four-point vertex functions,
as Eq. (109).

1. Relation between current noise and ¥y, .

It is essential for calculating the nonlinear current noise
S:%?se in the Fermi-liquid regime to know the low-energy
behavior of these three-point correlations. For instance, the
current-current correlations between JR - and JLl7 can be

expressed in terms of ®% ., as

Su=2Y / dt[(6 T (1571, (0))

+ (8716 (0)8Tp o (1))]

B e’ * de Tel3 =2 o
_EZ Z "> t[A%(e, €) BF 0 (€, €)].
oo’ a=+,—
(90)
y E+Ww.o v E+w,g v V2 E+w. g
a + r a
€,0 < e.d
H K €0 Va4 V3
FIG. 6. Feynman diagrams for the three-point function

CD‘;Z‘;(E € + w) defined in Eq. (88) for y = L, R, and d. The black
diamond () represents the bare current vertex X‘; (€, € + w) defined
in Eq. (95).
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Here, Tr denotes the trace that is taken over diagonal elements
of the 2 x 2 Keldysh matrices. A7 is the bare current vertex
accompanied by the operator Jy .. It is illustrated in Fig. 6
and its explicit form is given below in Eq. (95).

2. Current vertexes for U = 0: A} and A%

In the noninteracting case U = 0, the three-point correla-
tion functions for the charge fluctuation én, is given by,

@1 (¢, + ) = 8,0 GV(€) S GPV(c +w).  (91)

d,oo
Here, the label (0) in superscript represents that the correlation
function with this label is defined for noninteracting electrons
U=0,ie, G® =G,,. The matrix p§ corresponds to the
projection operator into the forward (—) branch, or the back-
ward (+) branch, of the Keldysh time-loop contour,

__I473 1 0 +_1-7w [0 O
Py = “lo o] 2 o o1

2
92)

The corresponding three-point vertex Ailogf‘g, can be derived
from @9 , using Eq. (91), as AD | = 8,05 with 1§ = p%.

(o2
This function Affz;"g, becomes independent of the frequencies
€ and o for noninteracting electrons.
Similarly, for U = 0, the three-point correlation functions
for current fluctuations take the following form, for j =

L and R,

0 . 0
q);-’();j,,(G, €+w)= 1n;v; 8(7(7/[6((1]‘?(,

(€)p§ GV (e + w)
-GV (e) p% GE%)’J(G + o)]

=850 GL() A4 (e, € + ) GV (€ + ).

93)
Here, n; = —1 and 5, = +1. The intersite Green’s functions
between the dot and leads are written as G, , and G, ,. To

obtain the last line of Eq. (93), we have used the recursive
properties of these intersite Green’s functions which hold for
both interacting and noninteracting electrons,

Gjio(€)=—v;8;(€)T3G,(€),
Gyjo(€) = —v;G,(€) T3 8(€). (94)

Here, g, is the Green’s functions for the isolated lead on j = L
and R, defined in Eq. (62). Therefore the bare current vertex
can be written explicitly in the form:

AM(e, e tw) = injvjz»[pg‘gj(e +w)ts3 — r3gj(e)p§‘].
(95)

In particular, at @ = 0, the bare current vertexes become inde-
pendent of whether « = — or +, as
2

Az(e,€) = iUER[gR(G)T3 — 738(€)]

= 2rR[1 _OfR 18?] (96a)
v2
A (e, €)= —i é[ggem —138,(6)]
_ 0 1
= —er[l _ 0]. (96b)

This can be verified, substituting the explicit form of the
projection operator p§ given in Eq. (92) into the right-hand
side of Eq. (95).

For later convenience, we introduce the following two
different linear combinations of A7 and A%. One is for the dif-
ference between incoming and outgoing currents through the
(/1\0t Jro —JLos anq\ the other is for the symmetrized current
Jo = (Updro + TrILo)/ (T + Tg) defined in Eq. (4),

Af(e,e +w) = Ag(e, e + w) — Aj (e, € + )

=0 oy + FR)[l B ]?ff(e) fefB(E)iI’

o7
CLAZ(e, € + @)+ TrAf(€, € + w)
I+ Tr

Agm(€, € +w) =

w0 =201 TR 0 1
— m[fL(é)—fR(é)][_l 0]-
(98)

Each of these bare current vertexes shows a pronounced
frequency dependence. While AJ(e,€) represents the lo-
cal nonequilibrium distribution f_(€), the symmetrized part
Agym (€, €) extracts the contributions of single-particle excita-
tions inside the bias-window region through f; (¢) — fr(€).

B. Symmetrization of AJ , , with respect to the forward and
backward Keldysh contours

We also introduce another type symmetrization, defined
with respect to the forward (¢ = —) and the backward (o =
+) Keldysh branches: the symmetrized (S) part and anti-
symmetrized (A) part of the three-point vertex functions are
defined by

AS (e,et+w)=AT (e,e+w)—AT (e, €+ w),

p.oo p.oo p.oo
(99a)
A[/iw,(e, etw)=A, (e et+w)+ A;m/(e, € + ).
(99b)

Here, the label p (=L, R, d, J, and “sym”) specifies the
spatial components of the current and charge three-point ver-
tex functions, including the difference p = J, and the average
p = “sym”, the bare ones of which are defined in Eqgs. (97)
and (98), respectively.

For interacting electrons U = 0, the symmetrized and an-
tisymmetrized three-point vertex functions for the impurity
charge én,, are determined by Egs. (91) and (92), as

Ay=p; —pi =13, Aj=p;+pi =1 (100a)

Similarly, for the bare vertex functions for the current dif-
ference defined in Eq. (97), the symmeterized A] = A, — A}
and antisymmetrized A; = A, + A} vertexes follow form
Eq. (95), as

A€, e+ ) =i[Zole +w) — Zo(e)]
= —2(I'L + T'r) [fer (€ + @) — fegr(€)]

1 -1
121 1

(100b)
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A (e, e+0) =i[13Zo(e + ) — Zo(e) 73]

0 feff('f)
— ferr(€) 0o I

(100c)

w—0

—> 4(I't +Tr) |:1

While the symmetrized part )3(6, € + ) is determined di-
rectly by the noninteracting self-energy X, given in Eq. (61),
the antisymetrized part X? is determined by the product of
73 and Xy. Therefore, at w = 0, X? remains finite, whereas
)3 vanishes, but nevertheless its derivative has a pronounced

property,

%[Ga(e)xﬁ(e, €+ 0)G, (e + )]

w—0

6,0 2

G,(¢)

Ofe(e) [1 1
de L1y

For obtaining the last line, we have used Egs. (55) and (63).

=—-2AG (e)Gi(e

(101)

C. Ward-Takahashi identities for ®* , and A%

y,00’ y,00’

We now come to the point for discussing the Ward-
Takahashi identity between the Keldysh three-point functions
L ®% ,, and ®F

d,oo’> “Roo Lcrtr

3
i D o (311, 1) + iR 5o (1311, 1) — iR 0 (311, 1)

= —050 0(t — fl)P3 3G, (2, 1)

+ 800r 8(t2 — 1) G (11, 1) T3 5. (102)

As shown in the proof given in Appendix B, this identity cor-
responds to the equation of motion of the charge component
®7 .,/ (t;t1,12), and it reflects the current conservation be-
tween the dot and leads, described in Eq. (3). In the frequency
domain, the Ward-Takahashi identity can be expressed in the
following form, carrying out the Fourier transform as Eq. (88),

0P (€, €+ w)+i®; (€, € +w)—i®] (€, €+ w)
= _560’ p%t 73 Ga(e +w) + 600/ GO’(G)TS P3- (103)

Furthermore, it can also be rewritten into the relation
between the three-point vertex functions AJ ;. and the self-
energy, using Eq. (89),

WAy (€, € + @) +iAg (€, € +©) —iA] (€, € + )
= 600/ I:(U ,0% - Pg T3 Ztot,a (€ + (1)) + Zto[’o‘ (6)'['3 pg]
(104)

Here, Xio10(€) = Xp(e) + Xy »(€) is the total self-energy,
and {G,(e)}) ! = (e — €,5)T3 — Ziot,o(€), as shown in

J

p.oo’

oo
AT (€, € + ®) = 80 LI (e, e+a))+f
—00

oo'io'o

Eq. (65). We will show in the following that the Ward identity
given in Eq. (73a) can be deduced nonperturbatively from
the generalized one Eq. (104), in the limit where the external
frequency to be @ — 0.

D. Symmetrized Ward-Takahashi identities
The Ward-Takahashi 1dent1ty Eq. (104) can be rear-

- +
ranged into the symmetrized Ap oot = A, 0o — A, o and
the antisymmetrized A% poor =D, oo T A;M, parts, defined

in Eq. (99), as

WA (e, e +w)+iA (e €+ w)
Yoo (€ + )+ oo (6)],
WAL (e, e +w)+iAL, (e €+ w)

= 500/[0) 1— 73 F1,0(€ + @) + Zior,0(€) 73]-
(105b)

= Spor[wTs — (105a)

Here, AJ =A%, —A],, with the Ilabel g¢
(=—, +.S,A) which spe01ﬁes the time-loop components.
Equation (105b) shows that the antisymmetrized current
vertex A% 7o Temains finite for w — 0, similarly to the

noninteracting one X? given in Eq. (100c),

lAJAac (€,€)= 860’[zlot,a (6)T3 — T3 Xt 0(6)]

0 T (€)
=2 _ Zioto oo 106
[zgt (©) 0 ] (106)
In contrast, Eq. (105a) shows that the symmetrized component
vanishes forw — 0,i.e., AS (€, €) = 0. Nevertheless, the @
derivative remains finite,

J,o0’

+l
d oo’ a
8Etot,o (6)
de '

This equation is identical to the Ward identity given in
Eq. (73a). In order to see it more clearly, we rewrite the
left-hand side of Eq. (107) further.

Contributions of the charge fluctuation term Af;’w,(e, €)
in the left-hand side of Eq. (107) can be separated into two
parts described diagrammatically in Fig. 6. The first diagram
corresponds simply to the bare vertex 73 §,,/, and the second
diagram gives contributions which are exactly the same as

jw (€, +w)

w—0

= 500” |:T3 - (107)

the right-hand side of Eq. (72). Therefore A3 (e, €) can be
expressed in terms of the self-energy, as
X, (e
AS (€, €) = T38,0 + 2yql€). (108)

8€d0’

More generally, contributions of the two diagrams for
(€, € + ) shown in Fig. 6 can be expressed in terms
ofp the four-point Keldysh vertex functions,

d/
2;, ZF““”(6+w € + i€, ) [G, (NI, € + )G, (¢ + )}

(109)
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for any ¢ (= —, 4+, S, A) and any p (= d, L, R, J, “sym”). Therefore the second term i J oo (€, € + ) in the left-hand side

of Eq. (107) can be expressed in the following form, using Eq. (109) and the properties of the bare vertex A3 7 (€, € + w) shown in
Egs. (100b) and (101), as

- 800{820(6)}”“ /
w—0 0

Finally, substituting Eqs. (108) and (110) into Eq. (107), we obtain the same result as Eq. (73a) from the symmetrized part of

a Sv
i Ayl (€, €+ w)

”“””(e €€, €)2AGL(€') G (e )( afsze(f/)) (110)

O'UO'U

uv

the Ward-Takahashi identity,

i _ dE ' r a afef‘f(e/)
(800’8 8€dg> ( ) / ZFO‘U UU(G 6 6 G)ZAG ( )G ( )( 3¢’ )

In addition, the antisymmetrized part of the Ward-Takahashi identity for A

(111)

Avp

7 »o (€, € + ) also provides important information

about the relation between the self-energy and the four-point vertex functions. For instance, at v = 0, Eq (106) can be rewritten

as an integral-form relation, using Eq. (109) for ¢ = A and p = J with the property of the bare vertex A

Eq. (100c):

0
50

'

0o (€) de’ vy 0
O } oo’ —/ ZF(’fl’:””(e €€, 6)2A{G (e)|: e

Too’ H (e, € + w) shown in

’ v
feffge)}caf(e/)} .12

Physically, it represents the relation between the damping of a single quasiparticle in the left-hand side and the effects of the

multiple collisions of two quasiparticles in the right-hand side.

VII. COLLISION INTEGRALS FOR THE FERMI LIQUID
AT FINITE BIAS VOLTAGES

In this section, we consider the low-energy behavior of
the Keldysh self-energies other than the retarded %}, (@) or
advanced X (@) one. We also focus on the partrcle hole and
particle- partlcle excitations that determine the imaginary part
of the Keldysh vertex functions in the Fermi-liquid regime.

A. Lesser and greater self-energies in the Fermi-liquid regime

The lesser and greater self-energies, ;7 (w) and £} (o),
are both pure imaginary in the frequency domain, and these
two components determine the imaginary part of the other
self-energy components, as it can be deduced from Eqs. (66)
and (67). We have already discussed low-energy behavior
of the retarded self—energy, the imaginary part of which is
given by 2ilm X[, (w) = X, (w) - (a)). However, for
calculating the nonhnear current noise Smlse up to terms of or-
der (eV)?, the low-energy asymptotic of another independent
component X5 (@) = T, (w) + T}, (@) is also necessary.

1. Fermionic collision integrals for quasiparticles

The imaginary part of the self-energy X,/ (w) can be
deduced exactly from the scattering process shown in Fig. 7
up to terms of order w?, T2, and (eV)? [14,55]. In particular,
the low-energy asymptotic forms of the lesser and greater self-
energies can be expressed in terms of the collision integrals of
quasiparticles, which in the equilibrium limit eV — 0 take the
form [58]

T4 () = / delf deoll = FEDI = FEDIf(e1 + 62 — )

o’ 4 @T)

> [1 = f(w)],

(113a)

1@ = [deifder fe) el - S + 62 - )

o+ @T)

> (113b)

f ().
Physically, Ie‘g‘ (w) and Ie‘qJ’(w) determine the damping rate
of a single quasiparticle and a single quasihole, respectively.
At finite eV, these collision integrals are extended to the

following form, replacing the Fermi function in Eq. (113) by
the nonequilibrium distribution function fu(w), as

I+_(w)5/ da)I/ dw,
—0o0 —0o0

x [1 = fer (@D — fegr(w2)] fere (01 + w2 — w)

rrkr[
=)~ © == s+, (114)
jkz
G"
u M g" v %
g g g
S v

FIG. 7. Feynman diagram for X'“(w) which yields order w?,
(eV)?, and T? imaginary part. The shaded square represents the
scattering amplitude of quasiparticles that is given by the full
vertex correction F;”U””“,,G(O, 0;0,0) defined at T = eV = 0. The
interlevel o” # o components of the scattering amplitude is real
and finite, whereas the intralevel ones identically vanish since
Ly (0,0;0,0) =0 at zero frequencies as a result of the Pauli

exclusion rule [14,55].
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o0 [o¢]
If+(a))5/ dw1/ dwy

X fer(w1) fer(@2)[1 = ferr(w1 + w2 — )]

S
=> o Tea (@ = 1 =+ o).
jk.e

=L,R

(114b)

In the Fermi-liquid regime, the damping rate of a quasi-
particle is determined by the collision processes, illustrated
in Fig. 7, in which a single particle-hole pair with spin o”
is virtually excited in the intermediate states by an incident
quasiparticle with spin o via the scattering amplitude, given
by the vertex functions I')”" , (0,0;0,0)atw =¢eV =T =
0 that include all effects of multiple scatterings. The lesser
and greater self-energies caused by this processes can be

expressed in terms of Z~ " (w) and Z1~ (w),

doy [d .
Sph@)= Y / D2 (0,0:0,0)

o) 2 2
x T 54r (0,0:0,00G, F (w1)

X G () Gl (w1 + 0 — )+ -+

=—i27 Y T, (0.0:0, 017 040 (4o )

o (#0)
xI (@) +---, (115)
dw, [d .
@)= > f % %F;;,’;T”(O,O;O,O)
o"(#0)
X T 000,00, 000G, (1) G (02)

XG;/,*(wl—i-a)z—a))-i--“

=i2m Y |T,5505(0,050,00p40 {04, Y
o"(#0)

x It (@) + - . (116)

These expressions are exact up to terms of order w?, (eV)?,
and T2, and reproduce the previous results calculated by Ali-
gia [19,20] using the renormalized perturbation theory [49].
In order to obtain the last lines of Eqgs. (115) and (116), we
have rewritten the lesser and greater Green’s functions in the
integrands in the following form, using Eq. (68),

G, (@) = —[Z; (@) + T ()]G (w) G (w)

~ —20_+(a)) Ggq’a 0) Ggq’a(O), (117a)
ij(a)) = —[20*7(0)) + EJ’;(a))]GQ(a)) Gi ()
~ T (@) Gy, (0) Gy, (0), (117b)

In the second line of each equations the total self-energy
in the first line has been replaced by the noninteract-
ing one: I;F(w) = —2iAf4(w), or Tf (w)=2iA[l —
Jee(@)], givenin Eq. (61). This is because the interacting self-
energies X7 (0) and £ (w) themselves show o?, (eV)?,
and T2 dependences at low energies as it can be deduced from
the perturbation theory in U, and they yield corrections higher
than the leading-order ones. Furthermore, in Eq. (117), the
retarded and advanced Green’s functions have been replaced

by the value at w =¢eV =T =0, ie., G;qﬁ
70,4,/ A in the last line of each equation.

Note that the vertex correction that appeared in Egs. (115)
and (116) can be expressed in terms of the static susceptibility
X, for different spin components o # ¢”, using the Fermi-
liquid relations given in Egs. (14) and (20), as

(0) Gy, (0) =

Xoor = = Pao PagrTyarigry (0, 0;0,0). (118)

2. Symmetrization of the fermionic collision integrals

One can also deduce the imaginary part of the retarded
self-energy given in Eq. (31b) in another way, from the dif-
ference between the lesser and greater ones 2iIm Xj;  (w) =
Xt (@) — T (w), using Egs. (113)~(116). The leading-
order terms in the Fermi-liquid regime are determined by the
sum of the single-quasiparticle collision integrals Z+~ (w) +
I (),

Ty(@) =2[ITT (@) + T ()]

31—‘LFR 2 2
ToaTor (V) + (nT)%
(119)

Note that Ijq* (w) + I;;r (w) = w* + (wT)?; the Fermi distri-
bution disappears.

In contrast, X5 () is determined by the difference
I+~ (w) — It (w) between the two collision terms, up to
terms of order w?, T2, and (¢V)?, as

L@ + 3, (@)

= (0 —ageV) +

T
> K Ty(@)+ -

21 2Pdo e

(120)
Iy () = 2T (0) — I+ ()]
r;,r,r
= D AT 4 @ =y = it )]
Jjk,6=L.R
x tanh <w_Mj _Mk—i_W). (121)
2T

We have also shown in Table V an alternative expression, car-
rying out the summation over j, k, £ explicitly. In some special
cases, it takes a simplified form. For example, at equilibrium
eV — 0, itis given by I (w) =0, [w? + (T)?] tanh(55).
At zero temperature, the hyperbolic function that comes
from the Fermi function is replaced by the sign function, as

1 —2f(w) = tanh 5% 120 sgn w. Furthermore, for symmet-
ric junctions I'y = I'g = A/2 and symmetric bias voltages
ur = —ugr = eV/2, it takes the following form at 7 = 0:

. 1 3¢V’ 3eV
= 5[0 o)
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TABLE V. Fermionic collision integral 7, (w), and low-energy
asymptotic form of the self-energy at finite bias eV = u;, — ug. The
parameter o, is defined such that ag, eV = (I g + Crur)/ (T +
).

Iy(w) = 2fd81fd82{[1 — fer (€D — fi(e)]foir (61 + 62 — @)
- eff(el)feff(SZ)[l _feff(gl + & —w)}

= (rz% [(xT)? + (v — ur, — eV)*tanh %
+I20IE (7Y 4 (@ — 1)) tanh 25
+ I (T2 4 (@ — )’ tanh 238
—I—% [(xT)* 4 (0 — pg + €V )*] tanh <=4+
200 (@) + T (@) =723 s Kgo T (@) + -

. 2
S5 ©) = B @) =~ Y 1o (@ — el

30, TR

2 2
+<r,‘+er(‘/’V) +(37ZT) T+,
R}, (@) = T, (0) + (1 = FopJo + 3 o2 2

lo

11 Ngo! 2 3r g 2

7 Y o) BN T )+ i (e )]
~ !

—Za,(#)xw,ashev + Za,(#)ﬁashve

1 MXgo! 2 2
+§Za/(#) ZU”(#D')F((I:/, i (VY +---.

We will show later in Sec. VIII that these results of the
self-energies satisfy the Ward identities with the low-energy
results of the vertex corrections listed in Tables VII and VIII.

TABLE VI. Bosonic collision integrals W2 () and W (w) that

TABLE VII. Low-energy expansion of the Keldysh vertex cor-
rections for the same levels o = o', which is asymptotically exact
up to linear order terms with respect eV, T, and frequencies € and
€’. The leading-order terms of the o = ¢’ components are pure
imaginary and is determined by the collision Wﬁh(a)), defined in
Eq. (135). The components with three identical Keldysh indexes such
as '~ ~+ and ' 7 F vanish in the leading order.

0000 oco00

Lot (e, €€, e)+ Th (e, €€, €)

o000 00,00
=—i (pjf)z Y Ko WEN e =€) + -+,
Lot (e €€, e) =T "(e, €€, €)
= —i (/’jﬁ Zo’”(;ﬁo)xo’za” [E - 5/] + - 5
Cott(e, i€, )+ T ot (e, €€, €)

_ .2 5 b
=1 (pdﬁ ZU”(;&@)XUU” WK (0) —+ .. R

Fon (e e, e) =T 0 F (e, €€, e) =0 + -+,

00,00 00,00
—+—+ 1o ! —

Lo los (6,€€,e) =0+ -+,
+—+— oot —

Lot (6,€5€,6)=0 + ---,

Lo (e, €€, e)=i ﬁ Z””(#)XZU” [Wﬁh(é—é/)—wﬁh(o)]
+ ceey

[+t (e, €€, €) =

o000

—{ (e, €5 €, €)}*.

oco00

TABLE VIII. Low-energy expansion of the Keldysh vertex cor-
rections for different levels o # o', which asymptotically exact up
to linear order terms with respect eV, T, and frequencies € and
€’. The imaginary part of the o # ¢’ components is determined by
the bosonic collision integrals W2 (), W2 (), W (), and also
WP () = w, defined in Egs. (134)~(137). The components with
three identical Keldysh indexes such as F;(;;; and F::;,J(; do not

appear in the leading order at low energies. Note that the counter

. . P ikt A _
determine low-energy behavior of the PH propagator X', and PP part of the causal component is given by ;i (e, €'¢', €) =
ropagator Y. —{T o (e, €€, €)Y, and Xoor = Xoo'/Pyy-
propag oo 0’0’
F**;++(€ e e 6) + 1—~++;77(€ e e 6)
N o rgrg (€, €€, rgrg (€, €€,
Wil(w) = ffoods {fur N1 = fip(e + w)] e 5 i gh“ )
:_lpd Pag! X“"’WK(E_e) T
(e + o)1 = fr (&) T} Doimm(e €€, e) =T 1 (e, €€, €)
_ _TitTh @ WAV w+eV _ _i_om 2 o
= Fhrls wcoth 3% + Lk [(@ + eV) coth 23£ =i o Koo [e—€]1+ ---,
+ (w — eV') coth ‘“2’7‘5‘/], F;:;:; (€,€;€,¢)+ F;’;:; (€,€5€,¢€)
P 2m 2 Pp ’
=i Ko W (€ +€) + -1,
W () = [ delll — fur(@) 111 = fug(w —&)] iy, e T T
U g€ €€, e) =T 50 (e, €€, €)
+feir () fop (0 — &)} =i "dozZ, ; Xgo’ Wg]’;(e +e€)+---,
r2 ) TP “’ e
= frrer (@ = 2pr) coth =t D0t (e.ee )+ T/ (e € e)
2 — 2z ph
+(I‘Liﬁ (L() _ ZMR)COth % =1 PP Za”(#d,o’)xdo” Xorg! WK (0) + 5
—+it+— It +-i—+ 1ot
2r,r —ptp— o (e,€e,e)=T """ (c,€5¢',e) =0 + -+,
+(FL$T:)2 (0 — up — ug) coth %, oo a_i(__ ; ? oo'io a( )
ImI_ 50 (€, €€, €)

Xio(w) = = [T 55 G (e + ) Gl(e),
Yii() = = [7 55 Gy (0 — &) G (o),
ImX 7 (@) = 3[X7 (@) + X7 ()]
=T Py Py WEN (@) + O(e?, (eV )2, T?),

ImY, (o) = 3[Y,} 7 (@) + Y, }(@)]

oo

= T 4Py W (@) + O, (eV Y, T?).

= [x2, (W€ —e)— W +e))

PaoPyyr L700"
h
_ZJ”(#G,J’)XUJ” XJ”J’ Wllz (O)] +oee ’
ReT "~ (e€,€;€,€)

oo'i0'o

— 1 _ aimr’
- [ XD.U/ + de agLlcr €

pdvpda’
3)7‘,10 ’
P €+ B ameV |+,

+040

ap, , Xt

— P4q > do v
'B(m’z - ey ZU'/(#”)X”(T” - de,0 ZO‘”(#”/)er’ry”—'_z”"/(#”ﬁ/) eygm *
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B. Particle-hole pair and particle-particle pair excitations in the
Fermi-liquid regime

We have reexamined in the above that the leading-
order terms of the imaginary part of the self-energies are
determined by the three internal propagators which represent
virtually excited quasiparticles and holes. Correspondingly,
the leading-order terms of the imaginary part of the vertex
functions T')""", (w, '; @', w) are determined by four types
of collision processes, illustrated in Fig. 8. The particle-hole
(PH) and particle-particle (PP) pairs which propagate in be-
tween the shaded squares (vertex functions) determine the
damping rate up to terms of order w, o', eV, and T.

1. Bosonic collision integrals for PH and PP excitations

Leaving precise calculations of the Keldysh vertex func-
tions to Appendix C, here we consider the low-energy
behavior of the PH and PP propagators, X! (w) and Y (w),
defined later in Eq. (128). The low-energy behaviors of the
imaginary parts of the PH and PP propagators up to the linear
order terms with respect to w, eV, and T can be described in
terms of the collision integrals WP (w), WPP(w), and W™ (w),
defined below in Eq. (124)—(126). In this and the next section,
we provide a nonequilibrium Fermi-liquid description, using
these bosonic collision integrals.

To this end, we start with the equilibrium case ¢V = 0, at
which the damping of the PH and PP excitations are deter-
mined by a single bosonic collision integral,

Weq(@) E/ de f(e)[1 — f(e + w)]

[1+ b(w)] Dlim / de[f(e) — f(e + w)]
—oo J_p

w

2

[coth % + 1]. (123)

Here, b(w) = [e®/T — 1]71 is the Bose function. Note that
o coth(55) = 2T for |w| K T, and w coth(5%) = |w| for
o] > T. Thus Weg(@) —> |0]6(w) at T — 0.

We now introduce the nonequilibrium bosonic collision

integral WP (w), which determines the imaginary part of the
PH propagator at finite eV, replacing the Fermi function f(€)

in Eq. (123) by fetr(€),

WP () = / de fo (@)1 = fup(e + w)]

[T
= Z A2 Weq(w‘l‘ﬂj_ﬂk)'

jk=L.R

(124)

Furthermore, the time-reversal process describes the propa-
gation of a single pair which consists of a quasiparticle with
frequency &’ and a quasihole with ¢ + w, as

WP (—w) = / de' fue(e' + o)1 — fog(e)]. (125)

w,g w',a w,g w',d'
— o N T —»H Hy '
Y u u u
w- W'+te € w- W'+e €
G'I A O—" O ' A U'
v v v v
—t - —t -—
wo VYV Vwo wo YV Vo
(a) (b)
w,ag w',a'
u H
IJ IJ " 1" 1 ]
wtw'- € € w,o w",o w',o
Y VY & M H vV
ag ag
v v
W - 2
— v v > w,o g w',d'
w,a w',a'
() (d)

FIG. 8. Feynman diagrams for the Keldysh vertex functions
rvr, (o, o';e, ) which yield the imaginary part up to linear
order terms with respect to w, ', €V, and T. The shaded square
represents the scattering amplitude of quasiparticles that is given by
the full vertex correction I")"" |, (0, 00, 0) definedat T = eV = 0.
The interlevel ¢” # o corﬁponents of the scattering amplitude is
real and finite, whereas the intralevel ones identically vanish since
| e (0,0;0,0) =0 at zero frequencies as a result of the Pauli

exclusion rule.

Similarly, the collision integrals for the single particle-particle
and hole-hole pairs are also given, respectively, by

WP () = /de [1 — feﬁ(e)][l — fog( — s)],

r,r
= > o Walw—p— ). (126)
jk=L.R
Wh@) = [de fyle) funto - o)
LTy
= ) g Walotu+u). (127

jk=L.R

We have also presented in Table VI more explicit forms of
these bosonic collision integrals, carrying out the summations
over j and k.

2. Imaginary part of the PH and PP propagators

We next consider the properties of the particle-hole and
particle-particle propagators X" (w) and Y" (), defined by

d
X ()= — /2—; Gt (e +w) Gl (e), (128a)

de

Y (@) = — /— G (w— )G (e).  (128b)

2mi
Note that the lesser and greater components of these
propagators, i.e., X_ t, X", Y+ and Y7, are pure imag-

inary. Furthermore, the diagonal components are related
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to each other, as X (0w) = —{X, . (®)}* and Y 1 (w)=
—{Y,  (w)}* since the Green’s function has the property
Git(e) = —{G,(¢)})*. The components of the PH and
PP propagators are also linearly dependent, respectively, as
X o 4+X Xt Xt =0and Y, +Y T —Y —
Y+ =0. Thus, in the frequency domain, the imaginary part
of the causal propagator can be described in terms of the lesser
and greater components, as

XX, YK,
oo (w) Im Y(T_aT (a)) _ loo ((U)

ImX_ = ,
5o’ (@) 2i 2i

(129)

Here, XK, = X7 + X T and YX, =Y~ + Y. Note that
the retarded and advanced PH propagators are given by
X=X —X1"1and X =X —X'", respectively.
The retarded and advanced propagators for the PP excitations
are also given by the same linear-combination forms.

The PH collision integral WP (w), defined in Eq. (124),
determines the low-energy behavior of the greater component
of the PH propagator X"~ (w) exactly up to linear order terms

with respect to w, T, and eV,
de
X (w)=— /— Gl (e +w)G, (¢)
2mi

de 2
== [ R4y @ g+ ) )

x [1= fup(e + )]

= i27 Py Py W(@) + - - . (130)
To obtain the second line, the lesser and greater Green’s
functions in the integrand has been replaced by the lowest-
order ones, i.e., G, " (w) ~ —i2np, f.q(w), and GF~ (w) =~
i2mp,,[1 = fy4(w)] in the same way as that used for
Eq. (117). Correspondingly, the low-energy asymptotic form
of the lesser PH propagator X ¥ (w) can be expressed in terms
of WP(—w), as

de
Xo;j((()) = — /ﬁ G;Jr(g + CL)) G;r/i(g)

de' . _ i e
=— =G (-G, () = X (—w)
2mi

=027 Py Pgo WP (—0) + -+ . (131)
Similarly, the low-energy behaviors of the PP propaga-
tors can be described in terms of the collision integrals
WPP(w) and W (w). The greater Y17 () component can be
calculated up to linear order terms in w, ¢V and T, as

d
Y () = — / 2—; G (w— &) G (e)

d
/2_; (2m )zlodaloda’[l - feff(g)]

x[1= fuglw—e)] + -
—i27 Py Py WP (@) + - .

(132)

The lesser component YT (w) is determined by the HH colli-
sion integral W™ (),

d
Y T (w)=— /2—; G, " (w—¢)G, " (¢)

d
= /Z_Tfl (27‘[)2,0(10;0(10—' feff(e)feff(a) — 8) + .

= —i27 Py Pgg W™ (@) + -+ (133)

3. Symmetrization of the bosonic collision integrals

These lesser and greater bosonic propagators can be sim-
plified further, carrying out some symmetrizations. For the
PH pair excitations, the difference between the two X ;;, —
Xt =X, — X%, gives the imaginary part of the retarded
propagator in the frequency domain. It shows the w-linear
dependence which is determined by the collision integrals in
Egs. (130) and (131) at low energies,

ng};(w) = th((,()) - th(—a)) = .

In the zero-bias limit eV — 0, the w-linear imaginary part of
the retarded function is closely related to the Korringa-Shiba
relation of the impurity susceptibilities [15] and also to the
fluctuation-dissipation theorem for the current noise [44].

In contrast, the symmetrized PH propagator XX (), de-
scribed in Eq. (129), is determined by the sum of the collision
integrals WWPP (w) and WPP (—w), as

W (@) = WP (@) + WP (—w)
Iy
= Z e (w+ pj — pi) coth

jk=L.R

(134)

W+ W —
2T '

(135)

This symmetrized part Wﬁh(a)) depends also on eV and T.
The hyperbolic function represents the nonequilibrium distri-
bution, and it interpolates the three different regions (w, 0, 0),
(0,T,0), and (0, 0, eV) of the parameter space, consisting of
(w, T, ev).

Similarly, the difference between the particle-particle and
hole-hole (HH) collision integrals is given by

W (0) = WP (0) — W (w)

=w-—2

7 + Taug + TR + ur)
A? ’
(136)

and the sum of the PP and HH collision integrals takes the
form

WP (0) = WPP(0) + W™ (w)

[T ®— i — Wi

= E ——(w — @ — ug) coth ————.
2 J

Jjk=L,R 2r

(137)

In particular, for symmetric junctions I'y = I'g and u; =
—ugr = €V/2, the PP and HH collision integrals coincide with
the PH ones, as

WP () - WPM(w), W™M(w) > WP (—w). (138)
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In this case, the difference of these two takes the form
ngl;(w) — w which does not depend on eV and T. The
symmetrized part W (w) also coincides with W' (w), and
takes the following form at T = 0,

ph 1
Wi (0) — Z[|a)+ eV] +2|o| + |w —eV|]
_ {le, lo| > leV| (139)
Hol+3leV], ol <eV]

For symmetric junctions, the PP and PH propagators also
become identical at low energies, Y.I (w) = =X (w) + - - -

and YT (w) = —X_ T (w) + - - -, apart from the sign.

VIII. CURRENT CONSERVATION OF THE KELDYSH
VERTEX FUNCTIONS IN THE FERMI-LIQUID REGIME

In order to calculate the nonlinear current noise SS)?SG, up
to terms of order (eV )3, we also need information about low-

energy behavior of the Keldysh vertex function in the Fermi-
liquid regime T'*""” (w, @'; @', w) up to terms of order w,

', and eV. Theagdiflicfsion processes which yield these linear
order terms in the imaginary part of the vertex functions are
illustrated in Figs. 8(a)-8(d).

These diagrams can be calculated in such a way that is
shown in Appendix C. We find that the low-energy behavior
of the imaginary parts of the vertex functions can be described
in terms of the collision integrals Wﬁh(w), and W (»), as
shown in Tables VII and VIII for 0 = ¢” and o # o', respec-
tively. These results explicitly show that all the Keldysh vertex
components other than the causal one I' /7" (w, 0; @, @)
and its counter part F;L:,;Z (w, ;' , w) are pure imaginary
in the frequency domain. Furthermore, the following sum over
the time-loop indexes w, u’, v/, and v vanishes,

—_

[~ 4 oHbtt f pooibd | phbi— | potie

oo'0'o oo'0'0 oo’0'0 oo’0'o oo'0'o

TR T L TR 04 0@, [eV A, T2,

oo’;0'o oo’0'o oo'o'o
(140)

for both 0 = ¢’ and o # o’. Note that the vertex functions
with three identical time-loop indexes, such as I', " * and
[k, do not yield linear order terms with respect to w, ',
and eV. Therefore Eq. (140) represents the linear dependency
between the Keldysh vertex components at low energies (see

also Appendix A),

'y AP _
E E Lo (@ 00, @) = 0.

oy

(141)

In particular, in the frequency domain, it describes a relation-
ship between the imaginary parts of the vertex components.
We show in this section that the Ward identities between
the vertex corrections and self-energy, given in Egs. (73)
and (81), can be expressed in terms of the collision integrals
Iy (w), Wllzh(w), and ng(a)), which is exact up to terms of
orde w, o', eV, and T. The Ward identities, which reflect
the current conservation through quantum dots, also impose
a strong requirement for the real part of causal vertex function
r ;a_;; (w, 0'; &, ). Specifically, it determines the expan-

sion coefficient for the eV -linear real part, which contributes

to the nonlinear current through tunnel junctions without the
inversion symmetry, i.e., I'y # ['g or up # —pug [59].

A. Current conservation and imaginary part of the Keldysh
self-energies

In order to clarify roles of the current conservation in
the lesser and greater self-energies, the product of the re-
tarded and advanced Green’s functions in the right-hand
side of Ward identities (73a) and (81a) can be replaced by
AG ()G (") =mp,, + -+, ie., by the value at the
Fermi level o' = 0 of the equilibrium ground state. This is
because the Keldysh vertex functions, I'_. ;’;*: (v, ;0 , ®)
and I'72" " (0, 0/, @) vanish at o = =eV =T =0
and thus the leading-order terms of the imaginary part of
Egs. (73a) and (81a) for v; = —v,4 emerge through these ver-

tex components in the integrands.

1. The o derivative of X, and X7,

We first of all examine the level diagonal o = o’ part
of Eq. (73a) for the greater and lesser self-energies, i.e.,
V1 = —Vy4, using the low-energy asymptotic forms given in
Egs. (115) and (116). Since the quadratic dependence of
the lesser and greater self-energies on w, eV, and T are
determined by the fermionic collision integrals Z+~ (w) and
I~ (w), the w-linear term of the Ward identities Eq. (73a)
for o = o’ can be extracted by taking the derivative of these
functions with respect to w.

For the greater self-energy ;5 (w), it can be calculated up
to linear order terms, using Eq. (i 16),

A ), ()
—_— (0]
do  deqy ) U

2 Lt~

_ 3 x ,,—(‘”)Jr(f)(wz, (V). T?),
p o0 86{)
o o/ (o)

(142)

and the derivative of the fermionic collision integral takes the
form,

0L a
% = /dsl/dgz 5[1 — ferr(e1 +60)]

x [1 = fer(e)] fesr(er + €2)
= /dw' WP (@ — w/){_ 8feff(a)’)}

o'

T-0 1N
>

Weg(@ + j — i — fre).

Jik,t
=L.R

(143)

Here, the bosonic one WP'(w — ') appearing in the sec-
ond line can be related to the low-energy asymptotic
form of the vertex function ', tH(w, ;0 w)p], =
—i27 ZJ,,(#) x2, WP (w — ')+ -+, which is one the
results shown in Table VII. This vertex component is de-
termined by the collision process described in Fig. 8(a) for
(u,v) = (—,+) and is calculated as Eq. (C12a). Therefore
Eq. (143) shows that in the Fermi-liquid regime the Ward
identity Eq. (73a) for (v4, v;) = (+, —) is satisfied through
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this relation between dZ1~ (w)/dw and WP (w — '), specifi-
cally at T — 0 the bosonic collision integral in the right-hand
side takes the form W, (¢) — e[ 6(e).

Similarly, the derivative of the lesser self-energy Eljj; (w)
can be described by the collision integral Z~ " (w) up to linear
order terms with respect to w, eV, and T, using Eqgs. (115)
and (118),

d n 0 EiJr( )
—_— w
dow  degy ) U°
2 0L (w)
D Kowr —5——

N Neiadl
w

+ O(?, (eV ), T?),

Pio o/(Zo)

—+
O = /d81/d€2 ifeft‘(€l + )
ow Jw
X fert(€2)[1 — ferr(e1 + €2)]
_ —/.da)/ th(w/ . a)){_afeff(w/)}

(144)

o’

T-0 [Ty
_Z A3

Weq(=@ + pie — 11 + pe).

okt
=L,R

(145)

Here, the bosonic collision integral WP («w' — w) is related
to the low-energy asymptotic form of the vertex func-
tion TS5 "(0, 050, 0)pf, = =127 Y 50is0) Xag V"
(0 —w)+---, which is determined by the collision
process described in Fig. 8(a) for (u,v) = (4, —). It can
be calculated as Eq. (C12b) and the result is also listed in
Table VII. Therefore the last line of Eq. (145) also shows that
in the Fermi-liquid regime the Ward identity Eq. (73a) for
o =o' and (v4, V1) = (—, +) is satisfied through this relation
between dZ+(w)/dw and WPM (o' — w).

2. The €,,, derivative of X, and T,

We next consider the off-diagonal ¢’ # o components of
Eq. (73a), i.e., the Ward identities for 82;; (w)/de,,, and
0 E,j; (w)/d€,,,, which show quadratic dependences on w, eV,
and T at low energies,

0Ty (@)

=0 4+ O@?, (eV)?, T?).
aed(r’

(146)
It can be confirmed directly that the asymptotic forms of
vertex functions obtained in Appendix C satisfy the Ward
identities for o’ # o up to linear order terms with respect to
w, eV, and T'; substituting the results shown in Table VIII into
Eq. (73a), we find that the constant and linear order terms of
the right-hand side vanish. Here we describe an alternative
way to verify this consistency with the current conservation in
terms of the collision integrals.

These Ward identities for o’ # o have been derived in
Sec. V, using Eq. (74) which represents the property that the
value of the self-energy is unchanged if the internal frequen-
cies of the Green’s functions along a closed-loop of level o’
are shifted by an arbitrary amount w,. The current conserva-
tion in the Fermi-liquid regime can be verified, applying this
procedure to the collision process shown in Fig. 7. For the

greater self-energy, it takes the form

9T () 3 )
,0 — E+—
dedo <8wo + aed(,/> 0.0 (@)
a a 2 ,
B i Xoo! Ty 4.
dwy  0€qy Pus

21X, 0T (w)
2l Ao T2 )

Pas 86()()

+ O(w?, (eV)?, T?).

(147)

Note that the fermionic collision integral Z+~ (w) can be writ-
ten in the form, shifting the loop frequency by wy from the
one described in Eq. (114),

T () = f de, / dea[1 — fur(en)]

X [1— fere(e2 + wo)] ferr (e1 + &2 + wo — w).
(148)

Although the derivative 0Z1~ (w)/dwy itself vanishes, it can
be expressed in terms of the bosonic collision integrals, as

0
/d81/d€2[1 - feff(el)]a_gz[l — feit(€2)] fesr (61 + &2 — w)
_afeff(w/)}

o’

= /da/[WPh(a) — o) —WP(w + a/)]{

T—0 0T
— Z 1A3 [Weg(@ = e — px + 1)
JKE=L.R

— Weq@ + pe — ptic — w)]=0. (149)

Here, the bosonic collision integrals WP"(w — ') and
WPP(w + ') that emerged in the second line can be regarded
as the contributions of the vertex corrections I'_F+

oo'0'0

(w,Jrq)/;Jra)/, W) Py Py = —i 2nx§0,th(c§ — o), and
Faa’;a’a (a)’ w/; w,’ w) PigPie = 1 anm,WPP(a) + w/)’

shown in Table VIII up to linear order terms. These two vertex
contributions are caused by the collision processes, described
in Figs. 8(b) and 8(c) for (u, v) = (—, +), and are calculated
in Egs. (C27a) and (C31a). Therefore Eqs. (147)— (149) show
that the vertex function that is obtained in Appendix C and
the greater self-energy satisfy the Ward identity Eq. (73a)
for o # o' in the Fermi-liquid regime through the relation
between the fermionic and bosonic collision integrals.

Similarly, for the lesser self-energy, 825; (w)/0¢€,,, can
be expressed in terms of 0Z 1 (w)/dwy which takes the fol-
lowing form,

d
/d81/d82 Jerr(e1) Py, feir(e2) [1 = ferr(e1 + &2 — )]

3 feir (0
- i - oy W - )
w
— r.r,r
= Z JA]; K[Weq(_a)_’_ﬂé _I/Lk“r‘,uj)

J.k.€=L,R
— Wy (=0 — pe + i + 1)) = 0. (150)

The bosonic collision integrals WP (&' — w) and W (' +
) in the second line correspond to the vertex functions
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F::;; (0, @50, @) pyy 0,5 = —i 27 x2, WP (0 — ) and
L (0,00, 0) pyypgy =127 X2, W0+ o) that

emerge in the right-hand side of Ward identity Eq. (73a).
These two vertex components represent the contributions of
the collision processes, described in Figs. 8(b) and 8(c), and
are calculated in Egs. (C27b) and (C31b).

3. The eV derivative of X}, and X7,

We show here that the low-energy asymptotic forms of
the vertex functions, given in Tables VII and VIII, sat-
isfy the Ward identity Eq. (81) with 82L’;’;(w)/3(eV) and
82&; (w)/d(eV). Since the quadratic w?, (¢V)?, and T? de-
pendencies of X7 (w) and X7 (w) are described by the
fermionic collision integrals Z+~ (w) and Z~ " (w), the linear
order terms of these derivatives can be calculated by using
Egs. (115) and (116),

0%, _ 2w » T @) (151)
eV T p 7" JeV ’
do o'(#0)
1%, (w) 27 , I T (w)
—e = . (152
deV l,o Z Koo' ey + (152)
do o/(#0)

For the greater self-energy, dZ"~ (w)/d(eV) can be ex-
pressed in the following form, taking the derivative of the
three nonequilibrium distribution functions fs in the inte-
grand in Eq. (114),

AL+
LA [ do' 2WP (w0 — &) — WP (0 + )]
deV
3 fefi (@)
X e —
deV
T—0 Z [Ty (Mz — Wy — Hk)
— A3 ev
=L,R
X Weg(@ + e — pj — ). (153)
Here, two WPYs and WPP in the integrand corre-

spond to the vertex contributions I'; > *(w, ;0 w),
==+t (PN ==+ PN :

[ ige(@ 00, a)),. and I' [0 (0, 0'; @', w) up to linear

order terms, shown in Tables VII and VIII. These vertex

contributions are caused by the collision processes described

in Figs. 8(a)-8(c) for (i, v) = (—, +), and are calculated in

Appendix C. Furthermore, the last line of Eq. (153), in which
Weq(s) I=90 le| 6(e), explicitly shows that these contribu-
tions coincide with the that in the right-hand side of the Ward
identity (81b).

Similarly, the low-energy behavior of 825; (w)/0eV is
determined by the derivative of Z~ " (w),

0L+
1 7@ _ /dm’ WP (' — w) — W (0 + o')]
deV
. 0 feir (@)
deV
T—0 LTl e — 1 — pi
B Z A3 ( ev )

Jik.e
=L.R

X Weg(—the + 1j + 1k — o). (154)

In this case, two WP"s and one W"!' in the integrand
correspond to vertex contributions T jj(,;’ (w, 00, ®),
F::a_;(a) oo, ), and F;;f:,;(w, '; @', w) up to linear
order terms, shown in Tables VII and VIII. These vertex
components are caused by the collision processes described
in Figs. 8(a)-8(c) for (u, v) = (+, —), and are calculated in
Appendix C. In particular, the last line of Eq. (154) shows
that at 7 = O these contributions coincide with that in the
right-hand side of the Ward identity (81b).

B. Real part of the vertex function at finite eV

We next show that the asymptotic form of the real part of
the vertex function at finite bias voltages can also be deduced
from the Ward identity (73b). That is the explicit expression
of the eV-linear real part of I'_ " (0,0;0,0), which has
not been taken into account in Eqi (27). To be specific, we
consider nonequilibrium behaviors at 7 = 0 in this section.

The Keldysh vertex components other than the causal one
and its counter part are pure imaginary, as shown explicitly in
Tables VII and VIII, up terms of order w, ', and eV. Thus
only I' "~ (w, w';&', w) and F:j:;(a) o'; o', w) have the
real parts in the Fermi-liquid regime, which can be related
to the real part of the retarded self-energy which is identical
to the real part of the causal one Re Xy o (w) =Re EJ; (w),
using the Ward identity Eq. (73b):

) 9 +
7 do  degy

——

)Re X 4 (@)

—— ) L)
== D Rel o iy 0)Ag) (i) <
j=L.R

+ 0(&?, (eV)?). (155)

Here, the product of the two Green’s that appeared in the
right-hand side of Eq. (73b) has been rewritten into
the form AG, (w) G4 (w)/m = A;L)(cu) + O(w?, (eV)?), using
the spectral function A;L)(w) which takes into account the
self-energy corrections up to linear order terms in w and eV':

A
~ 2
— €5y T Do) Ko ¥sh eV) + A2

1
App(@) = = —
T (Xoo @

Zpdcr+p[,ia|:w+ Z @ashev}'k"' .

0”(750) X(TO'

(156)

Here, p&a is the derivative of the equilibrium density of state,
defined in Eq. (17). The spectral function A;L)(a)) includes
the order eV energy shift emerging for asymmetric junctions
with ay # 0 in addition to the equilibrium energy shift € =
€lo + z:erq,tr (O)

As we already know the low-energy asymptotic form of the
retarded self-energy as shown in Eq. (31a), the derivatives in
the left-hand side of Eq. (155) can be calculated explicitly up
to terms of order w and eV': it vanishes for o = o”,

(i + 9 )Re 2 o (@) =04 O(?, (eV)D), (157)
dw  0€44 ’
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and it takes the following form for o # o’,

~ 8%0'0
ReY, (w)= ;- w
Vesor U’g'( ) Xoo Ve s

(158)

Therefore Re ')~ (w, @'; @, @) in the right-hand side
of Eq. (155) can be deduced from these expressions using also
Eq. (156). As shown in Eq. (26), the real part of causal vertex
function for o = ¢”’, does not have a constant and linear order
terms with respect w and ’ at ¢V = 0. This does not change

up to order eV,

Rel'

s (0,050, 0) =0+ 0, », (eV)?).  (159)

We also find that the real part of the causal vertex function
for 0 # o’ captures the eV-linear term when the inversion
symmetry is broken in a way such that i, # 0,

—_— /AN
Rel 7 (0, 050, ©) Py Pqor

~

IXoo oo
~Xoo + Pioc a

Cz) + Pio' a + ﬁgg‘ Qsh eV

+0(0?, 7, (eV) ) (160)

00,4, - 8:00
oo = =502 Y T = 2 Y T
o o (o) €do oi(za")
0 ,
+ Y Moo, (161)
aedaw
(7”/(750',(7/)

We have also confirmed that these results for the real parts
of the vertex functions Egs. (159) and (160) satisfy the Ward
identity for the eV derivative given in Eq. (8§1b), which takes
the following form for the real part,

3 . N —
WRGE (CL)) = — ZZ Re Faa/;a/o‘(w’ /»'(/]7/’(/], (U)
o’ j=L,R
x AD (1 P —Liry + 0(0?, (eV)?)
AeV ’ "

(162)

Namely, the right-hand side of this identity Eq. (162) coin-
cides with the derivative of Re Z{, - (@) on the left-hand side
that can be calculated directly using Eq. (31a),

dRe T}, . (w 9%,
e
0" (#0) do
I Tr 1 Oxoor
— e
2 "
0" (#0) Pdo aeda
a)A(‘(r(r’ 2
+ > ) ag eV 4. (163)

€,
o'(#0) o' (Fo) 4o |

'y 2 I'r 262 w
<—FL +FR) SSRR+ <—FL +FR) SSLL = h —Ar FRZ/ dGG G |:fR(1 —fR)—|—fL(1 _fL)"‘ {1

Crft +Tofr E;Jr;

IX. CURRENT NOISE FORMULA IN THE FERMI-LIQUID
REGIME

We are now at the stage of being able to calculate the
current noise Sno?se at finite bias voltages up to order (eV )*. It
is defined in terms of the current-current correlation function

,CC{(X

o'o?

SP =2 / dy ilK (. 0)+ K0 0)]. (164)

Here, K1 (1,0) = —i (8],/(1)8],(0)), K (t,0) = —i(5],
(O)(Sj:,/(t)). The symmetrized current operator .7:, is defined
in Eq. (4). In the Keldysh-Feynman diagrammatic represen-
tation this operator can be treated as a matrix current vertex

sym (€, € + w) defined in Eq. (98) in the frequency domain,
and in Fig. 2 it is illustrated as a black diamond (e). In
particular, at w = 0, the current vertex for the constant noise
can be expressed in the following form using the Pauli matrix
T2,

—ZFLFR[fL(G) - fR(E)]

AL = T, 165
qym( ) FL T FR 1T ( )
and becomes independent of whether « = — or +. At T = 0,

this current vertex Ag,, (€, €) takes a finite value just in the
bias-window region ug < € < g, and it identically vanishes
at equilibrium eV = 0.

We calculate Snolbe

gD _ <L>2SSRR + <L>255LL
noise FL + FR FL + FR

+ Sap Scoll

qym sym*

separating it into four parts,

(166)

The first two terms 8Sgg and 8S;; represent the contributions
of the processes, illustrated in the bottom row of Fig. 2, and
can be expressed in the form

e ® de i -
8S;= 7141, > | S-1hGy == 1)G, "],
o —00
(167)

for j=L,R. In the Feynman diagrams for these pro-
cesses, the dashed line represents the bare conduction-
electron Green’s function g; of the isolated leads on j =
L and R, defined in Eq. (62). The solid line represents
the full impurity-electron Green’s function G,. The con-
tributions of 8Sgr and 8S;; on the total noise St?()lse can
also be expressed in the following form, rewriting the
lesser and greater Green’s functions in Eq. (167) by using
Eq. (68),

21 TR }
(Tr+TL)?

_ TR( = f) + Tl = fr) Ty,

x (fp — fo)* +

(T +Tg)?*  2i

U,o
(I'L + Tr)? 2i ] (168)
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The remaining two parts, ngm and S of Eq. (166), represent the contributions of the diagrams shown in the top row of Fig. 2,

sym

i.e., the bubble diagram on the left and the one with vertex corrections on the right,

s®. =§ >y TG e, G, A e G, O]
a=4,— o V7™
= %[%T Z f_ " de i) — OR[GO — G OF +26G(e) G (O], (169)
Som = %[ﬁ:ﬂfﬂ 2 f f —[ﬁ(e)—fR(e)][fL(e)—fR(e )1 Qe €, (170)
Qe, €)= (—i)Y Y T (€, €€, ){G,(€)it2G, ()G, (€) TG, (€ e (171)

ool W
W

In order to obtain Eq. (169), we have decomposed the product
of the Green’s function into the three parts, using the basis set,
described in Eq. (52), as

(172)

G,it,G, = a,,(1+711)+a;,T3 — a,,iT).

The coefficients can be determined, for instance, in a way such
that Tr[it,G,i1,G,] = 2a,,, as

+— —+ ro__ (4

a,, = G +6G, 2)(G" G”), (173a)
P12 [a2

a3, = (o ~{o) 5 {Ge} : (173b)
12 a2

ay, = e} ;{G”} . (173¢)

The free-quasiparticle part, i.e., Sgnm of Eq. (169), vanishes
at equilibrium eV = 0 and shows an |eV |-linear dependence at
small bias voltages since the distribution function (f; — fx)>
restricts the region of the integration to the inside of the bias
window ug < € < ur.

The fourth part, Sf)‘,’[lrll of Eq. (170), represents the con-
tributions of collisions between quasiparticles, which enter
through the vertex functions in the kernel Q(e, €’) defined as
Eq. (171). The domains of integrations with respect to € and €’
are also restricted by the distribution functions f7.(€) — fr(€)
and f (') — fr(€’). Therefore this part SC"11 does not show an
|eV |-linear dependence, and the restrlctlons due to the bias
window themselves cause a contribution of order |eV|* at
small bias voltages.

A. Thermal noise at equilibrium eV = 0

Here we briefly show how the previous result for the
thermal noise at equilibrium can be reproduced in our
formulation. At eV = 0, the contributions of Sg, and Sf;g
vanish among the four parts of the current noise, described
in Eq. (166). Furthermore, the lesser and greater Green’s
functions that determine 6Sgg and 85y, through Eq. (167)
can be written in terms of the retarded Green’s function

(—1/7)Im G, using Eq. (70). Therefore the well-known

eq,0°

(

thermal noise formula is derived from Eqgs. (166) and (167), as

g V=0 _ 255 + Y 255
e Iy + T KT\ + g t

— 4T — Z/ ( af(E)) 7;(]’0(6).

Here, 7., ,(€) = T5(€)ly— is the transmission probability,
defined in Eq. (6). We have also used the relation
T(—0df/0e)=f(1 — f) of the Fermi function part. In
the low-temperature Fermi-liquid regime, the thermal noise
can be deduced up to terms of order 7° by using the
low-temperature expansion of the linear conductance, given
in Eq. (34).

(174)

B. The |eV |-linear current noise at T = 0

We next con51der the |eV |-linear contributions of the cur-
rent noise Smlse that can be determined by the first three
terms of Eq. (166). The order |eV| contributions of SSym can
be calculated, taking the frequency argument for the Green’s
functions in Eq. (169) to be € = 0 as the linear dependence
is determined by the width of the bias window. For the
weighted sum of §Sgr and Sz, in Eq. (168), the lesser or
greater self-energy that appeared in the right-hand side does
not yield order |eV| contributions. This is because these two
self-energies X7 (€) and X7 () in the integrand show the
€2 and |eV |? behaviors, as described in Egs. (115) and (116),
and yield high-order terms which we consider later in the next
section. Therefore the sum of these contributions determine
the linear current noise at 7 = 0, as

so oo (T 235 D as
FL+FR RR FL+FR LL

+ 8P+ O(leV]*)

sym

Teqo O] + (175)

- %|e\/| 3 Ter O 1

It reproduces the well-established linear-noise formula, which
is determined by the transmission probability at the Fermi
level 7., ,(0) =sin*$§, .

eq,0
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C. Order |eV |? terms of current noise s

noise

We calculate order |eV |* terms of the current noise Sl?om
in the rest of this section, specifically for symmetric junctions
't =Tgand up = —pugp =eV/2, at T = 0. To this end, we
consider first of all the contributions of the first three parts
of Eq. (166), for which effects of the Coulomb interaction
enter only through the Green’s function G4 (¢), or the self-
energy X" (€), as shown in Egs. (168) and (169). Then, we
calculate the remaining part Sg"llTll, which includes effects of

vertex corrections as shown in Eq (170), later in this section.

1. Contributions of bubble diagrams

The free quasiparticle contributions without vertex correc-
tions are described by the first three parts of Eq. (166), as
mentioned. The sum of these contributions takes a simpli-
fied form for symmetric junctions I'y = I'g and pup = —pug =
evV/2,atT =0,

I 255 +(—Lx 255 1 s
FL 4 FR RR FL + FR LL sym
G, —G*\*
Z/ de (fp — fr)*A [( ) +G§GZ}
2 o0
iZ/ de AG.GE
h =) s

x [fL +fR E{;; _ (1 _fL)+(1 _fR) E[;j;
4i ' 4i '

(176)

In order to extract order |eV|* terms from this equation, the
lesser and greater self-energies in the last line can be replaced
by the low-energy asymptotic forms, given in Eqs. (115)
and (116) which exactly describe the €2 and (¢V )? dependen-
cies of X7 (¢) and X (€). Thus it can be rewritten into the
form

.\’ e \?
— L _)ss — % )5S S
(wu) ot (i) 35+ S8,

leV]

[ [Gh(e) — G2(e)
S E e[z

+Gr(6)Ga(€)i|+2izw Z Xczo“”
do

o o' (F0o)
« /oodé |:fL+fR I+ 4 (I—foy+d —fR)I_+j|
- 2 2
- 177)

The contributions of the first integral in Eq. (177) can be
calculated, expanding G. (¢) and G/ (¢) in the integrand up
to order €> and |eV|? using the asymptotic form of the self-
energy summarized in Table V. Note that AG. (0)G%(0) =
mp,,, and the low-energy expansion of G/ (¢) — G%(e) for
symmetric junctions is given in Eq. (32). The product of the
retarded and advanced Green’s functions G7 (€) G (€) can
also be expanded in a similar way. The second integral in
Eq. (177) can be carried out, using the explicit form of the

collision integrals Z~*(¢) and Z*~ (¢) given in Eq. (114), as

/Oode I:fL‘;fRI+_+ (l_fL)‘;(l_fR)I_+:|

Jevp
=t

Therefore the sum of the first three parts of Eq. (166) can
be expressed in the following form, which is exact up to terms
of order |eV|? for symmetric junctions at T = 0,

.\’ ' \°
Sym + <FL+FR> O5kr + (FL+FR) 85LL

262 sin® 28,
=TI

(178)

2 2 \V4 3 2

- % |e3 | ; |:CVK, cos28, + % sin® 28, x2,
7T2 2

+ 5 %:)pr]+~-~- (179)

Here, ¢y, is the coefficient for the order (eV)* term of the
differential conductance dJ/dV, given in Eq. (33) and Table I.

2. Contributions of vertex corrections S

sym

The remaining term, S§°11111 of Eq. (166), represents the con-
tributions of the two- quas1particle collision processes, which
corresponds to the second diagram in the first row of Fig. 2.
Equation (170) takes a simplified form, for symmetric junc-
tions I'y =T'gp = A/2 and pu;, = —pug = eV/2, especially at
T =0,

" 262 Az lev] leV]
coll _ =%
Soym = h 8 /\evw /W‘de e, €.

The domains of the integrals with respect to € and €’ are
restricted to the inside of the bias window. Therefore, in order
to calculate S°°11 up to order |eV |3, the kernel Q(e, €’) should
be expanded up to linear order in €, €', and |eV |. To this end,
we rewrite O(e, €’) into the following form by substituting
Eq. (172) into Eq. (171),

Q(e, €)= ZZZQ,G(E)CIW, (€)D" (e, €).

oo’ =1 m=1

(180)

(181)

Here, Q (e, €’) corresponds to the vertex contributions,
for which the summations over the Keldysh-branch indexes
(i, w5V, v) in Eq. (171) have been carried out with matrix
set 1 + 7y, 73, and it,. Specifically, for symmetric junctions
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' =Tgr=A/2 and puy = —pug = eV/2, only the two com-

ponents @zi,(e, €’) and sz,/(e, €’) among nine possible (£,
m) configurations have linear order terms with respect to €, €’
and |eV |, and thus Eq. (181) takes a simplified form,

Qe €)=Y [a3,(€) az, () oy (e €)

oo’

a3y (€) ary (€) Qo€ )] +--- . (182)

One of the reasons for this is that the coefficient a, . (¢), de-
fined in Eq. (173), vanishes identically inside the bias-window
region |e| < |eV|/2. It follows from the low-energy proper-
ties of the lesser and greater Green’s functions, described in
Eq. (117),

GI(e)+ G, (e) = =2iA[1 —2f.4()] G () Gi(e).
(183)
Thus the components which are accompanied by a,,(¢) or

a,,.(¢') vanish in the right-hand side of Eq. (181) since
1 —2f () =0at|e| < |eV]/2 for symmetric junctions. An-

. —32
other reason is that two other components Q_ (e, €") and

—23 . .
Q. (€, €") do not have linear order terms in €, €' and |eV |:

—3 . B .
Q (e,€)= 12 Z {13}MUF2‘;‘,;’;,;(6, €'se, ity

w oy
_ -t +—i++ -+ ++—+
- l[rmf’;a’a + Faa’;a’a - Fmr’;a’a - Faa'/;a'/a']
=0+ 0%, €%, eV, (184)

and also 0. (¢, ') = 0+ O(e2, €2, |V |?). The is because
the Keldysh vertex components with three identical branch
indexes, such as I'J~**+ and ", ;' =, do not have a constant
and linear order terms with respect to €, €', and eV.

The two components @fi,(e, €') and @i,(e, €') in
Eq. (182) can be calculated, using the low-energy expansion
of the vertex functions, given in Tables VII and VIII. These
components for o = ¢’ can be expressed in the following
form at |e| < eV ]|/2 and |€'] < |eV|/2,

—33 . 1o
ng‘(€9 E/) = 1 Z Z {TS}uqug;&vav(E» E/; 6/, 6){13}1)’/4’

oy
Tr——i—— it it it
= _l[Faa;mr + FG’U;O’O’ - Faa;aa - FO’G;O’O’ ]
"l 2
=5 Y Xeolle—€l—leVI] + .-
Pdo o)
(185)
and
—=22 . . Y .
Q  (e,€)=—i Z Z (it} THE S (e, €€, lital, 0
w
— [P+t g Pt _ et e
- _l[rao;aa + Fno;an - Faa;aa - Fmr;mr ]
b
=5 Y Xewlle—€l+levi] + -
Pio o' (£0)
(186)

Similarly, at |e| < |eV|/2 and |€’| < |eV|/2, the components
for o # ¢’ are given by

—33 . y
Qe €)=—iY Y (s} TLl2" (e, €€, )fTsh

W
— ++i++ —+i+— +——+
- _Z[Faa’;c’c + Faa’;o’o - Faa’;a’a - Foa/;a/a]
i3
= Xeo(le — €] — le+€))
'Odapda’
— 2lev] Z X(m3Xasa’j| +ee (187)
o3(#0.0")
and
—=22 . . oyt .
0, (€. €)= =iy Y {ima}, UL (€. €€, )italyyy
mv oy’
— _ipt—t +—t— ——3++ ——
- _l[rmr’;a’a + FO'O";O"O' - Faa’;a’a - FGU’;U’U]
b
= X2y [le =€ + le + €] +2leV]]
pdapda’
4+ (188)

In order to obtain these expressions, we have used the proper-
ties of the bosonic collision integrals, described in Egs. (138)
and (139). Note that a,_(¢) and a, (¢) in Eq. (182) can be
replaced by their zero-frequency values

T
a4y, (0) = % c0s 26, .,

(189)

TPy .
0)=i—%% sin26 _,
as,(0) =i A in 28,

since their € dependence yields the corrections higher than the
order |eV|? ones.
We can now calculate the vertex contributions S by

substituting Eqgs. (185) and (188) into Eq. (182), and then
carrying out the double integral in Eq. (180) that is given by

leV] leV]
S 1

de/ Cdelexe] =~V (190)
_levi _levi 3

2 2

Consequently, the vertex contributions to the nonlinear current

noise Sf;’rlﬂl are obtained exactly up to order |eV[* at T = 0,

2% 2leV |3
coll __
Soym = hoo12 Z Z
o o'(#0)

X |:(sin2 28, +2cos’28,)x2,
+ 40828, c0s28,, X2,/

+ 3sin2§, sin 25, Z xw,,xa,,a,:| 4.
0" (#0,0")
(191)

D. Total current noise S up to order |eV [}

noise

We have calculated the nonlinear current noise in the
above, separating it into four parts as shown in Eq. (166). The
contributions of the first three parts which are described by
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the bubble diagrams are given in Eq. (179), and the remaining
part that represents contributions of the vertex corrections are
given in Eq. (191). Adding all contributions, we obtain the
following formula for the nonlinear current noise that is exact
up to order |eV|? at T = 0 for symmetric junctions I'; = I'g
and up = —pugp = ev/2,

sin? 28
S® |eV| Z[

+ g, (V) + }

(192)

The coefficient cg , is given by

2
b4
¢s0 =15 |:cos 48, x2, + (2 +3cos 450)[;%;) X2,

+4 Z c0s 28, c0s 28, x2.
o'(#0)

+3 Z Z Sin 28, sin 28, Xy Xorgn
o'(#0) 0" (#06,0")

sin 46,
_(X¢£3230+3 Z ([I?U) :|

o'(0)

(193)

This is one of the most important results of this paper and is
also described in Sec. IV.

X. SUMMARY

In summary, we have investigated thoroughly
low-energy behaviors of the Keldysh vertex functions
oyt (w, s, w) of the Anderson impurity model in a
nonequlhbrlum steady state under a finite bias voltage eV.
This information is essential to determine the next-to-leading
order transport of the nonlinear current noise through quantum
dots in the Fermi-liquid regime.

We have provided a Feynman-diagrammatic derivation of
the Ward identities, which describes the relations between the
Keldysh vertex functions and the self-energies %} (). In
the perturbation theory in U, effects of the bias voltage eV and
temperature 7 enter through the nonequlibirum distribution
function f.¢(w) that is contained in the noninteracting propa-
gators G (w), given in Eq. (57). It appears in the right-hand
side of the Ward identities Eqs. (73) and (81), and each of
the derivatives 9 fofr(w)/dw and 9 for(w)/9(eV) evolves into
the two Dirac delta functions at w = u; and g in the limit
T — 0.

We have also verified that these relations can be derived
from more general Ward-Takahashi identities for the three-
point Keldysh correlations functions ®7 , (€, € + ), or
the corresponding three-point vertex functions Ai,(m,(e, €+
w) for y =L,R,d and o =+, —, given in Egs. (103)
and (104). These equations explicitly show that the Ward
identity Eq. (73) reflects the local current conservation be-
tween the impurity site and the conduction bands for each
o component.

Thus the current conservation plays an essential role
to the next-to-leading order transport in the Fermi-liquid
regime since a quasiparticle shows the damping of order w?,
(eV)? and T?. It is determined the scattering processes il-

lustrated in Fig. 7, and its precise dependencies on w, eV
and T can be described in terms of the fermionic collision
integrals Zt~ (w) and Z~"(w), defined in Sec. VII. Corre-
spondingly, the imaginary part of the vertex functions are
determined by the scattering processes illustrated in Fig. 8
at low energies up to linear order terms with respect to
w, eV and T; the results are summarized in Tables VII
and VIII. The imaginary part of the vertex functions can
be expressed in terms of the bosonic collision integrals
WP (w), WPP(w), and W' (w) which represent the sin-
gle particle-hole, particle-particle, and hole-hole propagating
processes.

The imaginary parts of the Ward identities are full filled in
the Fermi-liquid regime through the relations between these
bosonic collision integrals and the fermionic ones, as shown in
Sec. VIII. Furthermore, from the Ward identities, we have also
deduced the eV -linear real part Which emerges for the causal
vertex component, i.e., Re Fga o (@, 00, w) for o # o’
This real part becomes finite when the inversion symmetry
of the tunnel junction is broken in a way such that I'; u; +
g # 0, and its value is determined by the nonlinear three-
body susceptibilities and the derivative of the density of
states.

Using these exact low-energy asymptotic forms of the
Keldysh vertex functions and Green’s functions, we have cal-
culated the current noise Sm)lge up to terms of order [V |*, and
have applied it to some typical cases: the SU(N) Anderson
model, and the § = 1/2 Anderson model in a magnetic field
b. Our formula is applicable to a wide class of quantum dots
without particle-hole or time-reversal symmetry, for any value
of the impurity-electron filling (n, ) which varies with pa-
rameters U, €, _, and A. In this paper, the order |eV|3 current
noise has been obtained specifically for symmetric tunnel
junctions satisfying the conditions 'y =T’y = A/2 and u; =
—ug = €V/2, just for simplicity. Nevertheless, calculations
carried out in Sec. IX can be extended straightforwardly to
quantum dots with no such junction symmetries, and it is left
for a future work. The necessary information for carrying it
out, namely the low-energy asymptotic form of the Keldysh
vertex functions in the Fermi-liquid regime, has already been
obtained in this paper without assuming these symmetries for
tunnel junctions.
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APPENDIX A: LINEAR DEPENDENCY OF THE KELDYSH
CORRELATION FUNCTIONS

We describe here briefly the linear dependence among
the components of the Keldysh correlation functions. To this
end, we quickly look back the situation for the single-particle
Green’s function.
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By definition given in Eq. (50), the components of G4" are
linearly dependent, as

Y sen(uv)GY =G, + G -G -Gt =0, (AD)

v

Corresponding relation between the self-energy components
can be deduced from this relations. It can be carried out,
substituting the expressions of G%V in the right-hand side of
the Dyson equation, G, = Gy, + Gos Xy .+ Go, into Eq. (A1),
and using also Eq. (52) to rewrite G further in terms of G/,
G%, and GX, as

ngn(/w)Gg: + G, ;Z Eg'; =0.
v

w'

(A2)

The first term in the left-hand side vanishes because the
noninteracting Green’s function Gj,, also satisfies the same
linear-dependent relation as Eq. (Al). Furthermore, as the
product G, G/ in the left-hand side of Eq. (A2) does not
identically vanish, it follows that

oL+ I+ S+l =0 (A3)
In the next two sections, we examine the linear dependency of
AP and T2 | following along the similar line.

Y, 00 0102,0304

aspuy

1. Linear dependence of A",

The three-point function @;’f’;‘; for y = L,R,d are also
linearly dependent as it can be verified directly from the

definition given in Eq. (87),
(CD_;__, + ¢—2++ _ q)—§+— _ q)—l—ﬁ‘/)

y,00 y,00’ y,00’ y.,00
+i++ +—= +i—+ ity
- (q)y,oa’ + q)y,aa’ - q)y,aa’ - q)y,oa’) =0. (A4)
Therefore the components of the vertex Aii‘;;,(e, €+ w),
defined in Eq. (89) such that ® ,,, = G,AJ .G, in the

frequency domain, are also linearly dependent. The left-hand

side of Eq. (A4) can be rewritten in terms of A‘;’;f,, G, G,

and GX, using also Eq. (52), as
Gi(e) Ghle+ o)A+ AT+ AT+ AT

y,00 y,00’ y,00’ y,00’
+i—— +i++ +i—+ ++-1 _
— AL A = AT = A ] =0. (A5)
Thus, from this, it follows that
Yoy sen@ AV (e e+ @) = 0. (A6)

a=+% pv
2. Linear dependence of I';17233%
We next consider the four-point correlation function,
defined by

4233 [ .
g iy l(t4at2’t37t])

04,02303,0]

= i(Te do, (15") do (57) 5, (57) 5, (1))
It can be expressed in terms of the four-point vertex correc-

tions, as

GRAPRISEL (14, 513, 1)

04,02,03,0]

= —i Gg]“’“ (14, l1)Gg22M3(f2, 13)0

(A7)

040 802(73

+ ingm(m, t3) Gglzlil (t2,11) 6

0201 80’40’3

4
/ VIV V3. / /YA
+/dekZraini;a}%(tlvtz’%’fat)
1
X Gyl (11, 11)G " (12, )G (85, 13)Gl ™ (1a, 1),
(A8)

By definition, sixteen Keldysh components of GL42#5301 are

linear dependent, and the relation among them is given by

Ly fhos L
E sgn(papuapuspey) Gz
e
n3ug

— g it it it
= g(r4,<72;a3,a] + ga4,o2;03,m + g04102;03.01 + gﬁmﬂzﬁsﬁl
T —i—+ i ——t
+ go’4,0‘2;l73,0'1 + gU4,02;03,GI + 904,02;03,@ + 904702;03»01

_ g+—;—— _ g—+;—— _ g——;+— _ g——;—+
04,02,03,01 04,02,03,01 04,02,03,0] 04,02,03,01

Gt gttt gt g
04,02;03,0] 04,02;03,0] 04,02503,0] 04,02503,0]

= 0. (A9)

This relation can be rewritten in terms of ['J!720% Gl ,

10230304 o

G“, and GX, by substituting Eq. (A8) into the left-hand side
of Eq. (A9), and using Eq. (52), as

E sgn(papopaper) G2 (1, 1 13, 11)
w4itn
3y

4
— / V1 V2;V3 V. /! /.4 /
_/Hdtk§ Ty (1], 15315, 1)
k=1

viva
3y

x Gy, (1}, 11)Gy, (12, 15) G, (13, 13)Gy (14, 1;) = 0. (A10)
Note that the contributions of the disconnected parts, which

correspond to the first two terms in the right-hand side of
Eq. (A8), vanish

Y sen(uapapapn) G Gizts = 0.

iy
H3H4

(Al1)

This can be verified, using Eq. (A1), or directly from Eq. (52).
The relation obtained in Eq. (A10) holds for arbitrary #;, 1,

t3, and t4, and thus
DT 6. 1,) = 0.

viv2
v3vg

(A12)

The linear dependence among the Fourier transformed func-
tions F;:;Z;;;-‘}‘j;;(w], wy; w3, wg) can also be expressed in the

same form as Eq. (A12), in the frequency domain defined by

4
i(waty+onh—w3t3—wit;) TV1V23V308 .
/deke L oiones (15 12313, 14)
k=1

=27 8(w1 + w3 — wy — ) T 20 (w1, w2; 03, 04).
(A13)

APPENDIX B: DERIVATION OF WARD-TAKAHASHI
IDENTITY FOR FINITE ¢V AND T

In this Appendix, we provide a derivation of the Ward-
Takahashi identity for the Keldysh three-point functions
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defined in Sec. VI:

8
rn O o (1, 1) + iR o (E5t1, 1) — I ®F (511, 12)

= —855' 6(t — fl)P3 3G, (t, 1)
+ 8501 8(t2 — 1) Go(11,1) T3 5. (B1)

This identity, which is also given Eq. (102), reflects the con-
servation of the current flowing between the dot and leads,

0
oo (0) + 8Jrg = 8J1g = 0. (B2)

It can be deduced from the equation of motion for @7
along the forward @ = — and backward o = 4 branches of
the Keldysh time-loop contour. In the following two sections,
Eq. (B1) is derived separately for these two branches as
Egs. (B3) and (B11). Note that pf, defined in Eq. (92), is
the projection operator into the subspace of the o branch, and
it has the properties p§ T3 = 1305 = 1405 With n_ = +1 and
ny =—1L

1. Forward-branch time evolution of <I>;’W, t;t1, 1)

We consider first the forward branch o« = —, and show
v
that the equation of motion of {®, V=) d, can be

expressed in the following form:

Qo (it 1) + Pp (511, 12) — R (8511, 12)

=800 [8(t — 11)p3 iG, (1, 1) — 8(t2 — 1)iG, (1, 1)p5 |.
(B3)

0
ot

One of the four matrix elements of ® , is the causal

d,oo
function, i.e., ®° d MY for w = v = —. The time derivative of
this function can be calculated, following the standard ap-
proach for the causal three-point functions, described, for
instance, in Ref. [60],

O (it )+ P (st ) — O (st )

ar
= —8(t — 1) (T[8na o (11), d,(11)1d] (12))
— 8ty — 1) (T d,(1))[8n4,0(12), d](12)])
=850/ [8(t —1)iG,~(t, 1) — 8(t — 1)iG, (11, 1)].
(B4)

Here, we have used the current conservation law Eq. (B2) and
the equal-time commutation relations [n,_,, d,] = —8,4' d,,
and [n,_,, d}] = 8,, d]. Note that the Dirac delta functions
arise from the derivatives of the Heaviside step functions,
0(t)’s, that specify the time-ordering of ¢, >, and ¢.

We next consider the component with u =v = +, for
which the time ordering is much simpler,

@, 0) = -0 — o)A} () d, (1)) 8ng o (1))
+0(t, — t1){d, (t1) d (12) Sng o (1))
(B5)

Since the t-dependence enters only through the charge
fluctuation operator én,4 ,(¢) in the right-hand side, the equa-

tion of motion of this component is determined simply by
d8ny o (t)/0t that satisfies Eq. (B2). Therefore

0 )
S — —+
gq)d,wr (1501, 0) + @p [ (15, 1) — ® (151, 1)

=0. (B6)

The other component with @ = + and v = — can also be
expressed, using the step function for time ordering, as

—® (0, h) = 0(t — )(d, (1) Sna o (1) ] (1))
+0(tr — ){d, (1) d (12) $ng o (1))
(B7)

Thus the time derivative of this function is given by

=it —t—(4. —it—(4.
. cbdqgg/ (t’tl’ tz) + QR,JU/ (t’tlv t2) - (I)L,ao'/ (t’tlv tz)

ot
= —8(t — )(d, (1) [8n4.5(2), df (12)])
= 840 8(t — 1) iG} (11, 1). (BS)
Similarly, the time-ordering of the last one of four forward-
branch components, i.e., the one with 4 = — and v = +, can

be expressed in the form
O, (tn, 1) = —0(t — 11)(d}(82) Snaor (1) d, (11))
=011 — 1)(d} (12) d, (11) 14,00 (1)).

(B9)
Taking the derivative with respect to 7, we obtain
0 . _._ -
gq’d(m/(l‘ st )+ PR N, ) — O, )
= 8(t — 11)(d} (12)[8na.o (1), d, (11)])
=840 8(t — 1) iG, T (t, 12). (B10)

The four Egs. (B4), (B6), (B8), and (B10) can be expressed as
one matrix equation, as described in Eq. (B3).

2. Backward-branch time evolution of <I>"'m,, (t;tq, 1)

Time evolution of the three-point function ®*'”, along the

backward branch o« = 4 can also be deduced from the equa-
tion of continuity Eq. (B2), in a similar way that is described
in the above to obtain Eq. (B3). The results can be written in
the form

0
8_<I>;‘“’ (11, 0) + @F (1311, 1) — ®F (8311, 12)
= 8oor[ — 8(t —11)pT iG,(t, 1) + 8(tr — 1) iGo (1, 1)p7 |.
(B11)

Here we provide the derivation of each element of this matrix
equation in the following.

The three-point function for u = v = 4+ corresponds to
the counterpart of the causal function described in Eq. (B4).
Therefore the time derivative of this function can also be
calculated, following the same standard approach [60], as

0
= n n
v @, R n) + P, ) — O, 1)

=8(t — t1)(T[8ng.0(11), d, (t)ld] (12))
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+ 8ty — (T d (11)[8na o (1), d(12)])
=850/ [—8(t — 1)) iGI T (t,10) + 8(t — 1) iGIT (11, 1)].
(B12)

For the component of u = v = —, the time-ordering can
explicitly be written in the form,

—®I:g7(t;t1, h) = 0(t) — 1) (8.0 (t)d, (1)) d} (1))
— 0ty — 1) (814,00 (1) d(12) d, (11)).
(B13)
Since the step functions do not depend on ¢ in this case, the
equation of motion does not have a source term,

y L - o
E‘PI’(,G/ (11, 0) + DFE (511, 1) — ©F (111, 1) = 0.
(B14)

In contrast, the time-ordering of the component with u =
— and v = + depends on ¢,

—® TN (511, 1) = =0t — ){d] (82) Sna o (1) d, (11))

d,oo
= 0(t2 = 1){Sn4,0 (1) d} (1) d, (11)).
(B15)
Thus the equation of motion has a source term in the right-
hand side, as

d . ) )
it EE—— R
i Qo (tst )+ P (it ) — P (1, )

=8(t — )([d) (1), Sna. ()1d, (1))
=840 8(t — 1) iG, T (11, 1). (B16)

Similarly, the component with 4 = 4 and v = — can be
written in the following form,

— (50, 1) = 0t — 1)(d, (1) Sna o (1) df (12))

d,oo
+0(t — t){(8ng.0(t)d, (1) dl(t2)).
(B17)

The equation of motion of this component is given by

3 . .
[ N S N +it— 4.
= D h, )+ P, ) — O (50, 1)

= —8(t — 11)(Id, (), 8nq o (1)]d] (1))

= —840r 8(t — 1)) iG (1, 1p). (B18)

Therefore the equation of motions for the four backward-
branch components, Eqs. (B12), (B14), (B16), and (B18), can
also be expressed as the matrix equation that is shown in
Eq. (B11).

APPENDIX C: LOW-ENERGY EXPANSION OF THE
KELDYSH VERTEX FUNCTIONS

In this Appendix, we calculate the low-energy expansion
of the Keldysh vertex functions I'** ™" (¢, €'; €/, €) up to lin-

ear order terms with respect to e(f,aég,aeV, and T, using the
Feynman diagrammatic technique. Calculations are carried
out for all Keldysh-branch components (u, @'; v, v) and in-
ternal degrees of freedoms o, o’. The results are summarized

in Tables VII and VIII. It has already been shown in Sec. VIII
that these results of I'**,"" (e, €’;€’, €) satisfy the current

oo'io'o

conservation law consistently with the low-energy asymptotic

()

(a) (b) M

FIG. 9. Feynman diagrams for order U contributions, with p =
+, — the Keldysh index.

form of the Keldysh self-energies X" (¢) in the Fermi-liquid
regime, which are also summarized in Table V. These results
also explicitly show that all the vertex components other than
the causal component I'_ """~ (¢, €’; €/, €) and its counterpart
[flte(e. €€, €) are pure imaginary in the Fermi-liquid
regime. Furthermore, the real part of the causal component
and the counterpart can be deduced up to order eV from the
nonequilibrium Ward identity, as shown in Sec. VIIIB and
Table VIII.

We start with a few remarks on the general properties of the
Keldysh vertex function. First of all, the sixteen branch com-
ponents are linearly dependent, as shown in Eq. (79) and ex-
plained more precisely in Appendix A.* The vertex functions
also have the symmetrical property Fé‘g;; (e,€5€¢, €)=
TYVHY (¢ e;¢,€') under the interchange of the variables
for incoming and outgoing particles. Furthermore, the causal
vertex function and its counterpart for 0 = o’ identically van-
ish at zero frequencies € = ¢/ =0, as a result of the Pauli
exclusion principle,

r.:--(0,0;0,0)=0,

0,0,0,0

oo';0'c

440, 0;0,0) = 0.

0,0,0,0

(ChH

In contrast, for different levels o # o’, the zero-frequency
value of the causal vertex function is finite and is determined
by the off-diagonal susceptibility x, ., specifically at eV =
T =0,

T oo (0,050,0) pyy 45 = =TS 1 51(0,050,0) 0y 04

(823

= ~Xoo'*

In the following, we calculate the imaginary part of
Keldysh vertex functions T gf;;; (e, €';€, €) up to terms of
order €, €', eV, and T. To this end, we demonstrate how the
imaginary part arises first in the second-order perturbation
theory in U, and then take into account the contributions of

multiple scattering to all orders in U.

1. Perturbation expansion of the Keldysh vertex function

Here we briefly summarize the Feynman rules for the
Keldysh vertex corrections. In the perturbation theory with
respect to the Coulomb interactions, the sign of an order U”
Feynman diagram of a vertex component is given by

(=)@ (=)D U = ()" (=D un. (C3)

Here, (—i)" and (i)*" in the left-hand side are associated with
U™ which emerges through the time-evolution operator and

4See also the very recent formulation of the spectral function for
multipoint correlation functions by Kugler, Lee, and von Delft in
Ref. [61].
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FIG. 10. Order U? vertex function I'"!/234 The diagram (a) is
for 0 = o/, and (b) and (c) are for o # o', where o and o’ are the
level indexes for the propagators on the left and right, respectively.
The diagram (d) also contributes to o # ¢’ components for multi-
level case N > 2 as well as to 0 = o’ components.

the 2n internal Green’s functions, respectively [55]. Another
sign factor (—1)" appears in the Keldysh formalism, where m
is the number of U’s arising from the time-evolution along the
backward branch (m < n) (see, for instance, Figs. 9 and 10).
The factor (—1)F is determined by the number of fermion
loops F’, which include an additional closed loop that may
be created when the two external Green’s functions with ¢’
on the right side of the vertex diagrams are connected with
each other to construct a three-point correlation function, as
shown in Fig. 6. The remaining factor {i} in the left-side of
Eq. (C3) corresponds to the coefficient that is assigned in the

definitions of @, ,, and '’ [‘:/;/Z, described in Eq. (109).

Figures 9(a) and 9(b) describe the Feynman diagrams for
the first-order vertex corrections with different levels o # o’.
The sign for each of these two diagrams is determined, sub-
stitutingn = 1, F' = 1, and (a) m = 0 and (b) m = 1, into the
right-hand side of Eq. (C3),

r=——(D=D'"'U = U,  (C4)
rOH — (D' -D'i*'U = —U. (C4b)

Similarly, the order U self-energy, described s diagrammati-
cally in Fig. 9(c), is given by

dé’ - 0+
E(l)** — U/— i€’0 G (¢
o i 2 G (@)

o'(F#0)
de' .. D
= / 3¢ 2 Doy G (€), (Csw)
o'(F#o)
(D)++ de’ o+ o
Ea‘ =-U % e Z Go” (6 )
o'(F#0)
de’ -ieo* (it !
=) mi€ Z Lovroe Gy (€).  (C5Db)
o'(#o)

Note that these self-energies can also be regarded as the
lowest-order terms of the skeleton-diagram expansion, in
which the exact Green’s functions G instead of the nonin-

teracting ones Gy are assigned to the internal lines of the
Feynman diagrams.

2. TIU23% (¢, €5 €, €) for ¢ = ¢’ up to linear order terms in ¢,
€,eV,and T

We next consider low-energy asymptotic form of the ver-
tex corrections for electrons with o = ¢’. The imaginary
part arises first from the order U? scattering processes for
Fg‘(’,‘;’[‘,"(;"(e, €’; €', €), shown in Figs. 10(a) and 10(d). For each
of these two diagrams, there are six different branch configu-
rations, I o Tt T T o Toais -
In the following, we demonstrate how the imaginary part
emerges in the second-order skeleton diagrams. Then, tak-
ing into account multiple scatterings to all orders in U, we
calculate the low-energy asymptotic form of the full vertex

functions up to terms of order €, €/, ¢V, and T'.

a. Low-energy expansion of T -~ & THit+

In the second-order perturbation theory in U, the causal
component (——; ——) of the vertex function with o = o’ is
described by the Feynman diagrams shown in Figs. 10(a)
and 10(d) which have F, =1 and F; = 2 closed loops, re-
spectively. Since m = 0 and n = 2 for these processes the
corresponding vertex functions are given by

F(za),,;,,(e’ 6/;6,, 6) — (_1)0i2+1(_1)Fa’

o000

de __ / ——
X Z U2/2_711 G (e1+e—€)G,, (e1), (Coa)

)
P2 (e, €€ €) = (=) (=1
2 d81 o L
x Z v gng (e1) G, (1). (C6b)
)
The sum [0~ = TEATTT + TEL77 can be writ-

ten in terms of the particle-hole propagator X, defined in
Eq. (128),
T 7 (e, €€, €)
= Y UX,,(e—€)—X (0] (7
o’ (F#0)

The corresponding (4+;4+) component of Figs. 10(a)
and 10(d), can be obtained, replacing G_,” in Eq. (C6) by G;’T
and taking m = 2, as

[ @O++++

0000

(€,€'5€',€)

= Y UxShe—eh-xTho] (@8
0" (F#0)

Therefore the low-energy behavior of these two components
are determined by the particle-hole pair propagator X’ .
Furthermore, these results explicitly show that I'(2FH++ =
—{T5, )

To obtain the full vertex function I'; 7"~ (e, €€, e), all
contributions of multiple quasiparticle collision processes
are needed to be taken into account. For the imaginary

part, it can be carried out by replacing bare U by the
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full vertex I' 7 (0,00, 0) for o # ¢”, defined at eV =
T=0 [14,16,51,55]. This is because the damping of a
quasiparticle in the low-energy Fermi-liquid regime is de-
termined by the scattering processes in which a single
particle-hole or particle-particle pair is excited in the inter-

mediate states, and the scattering matrix element is given

J

d81

ImL, 5 (e, €€, €)= Im/zm

o' (#0)

by the zero-frequency value of the full vertex function that
includes all possible higher order corrections. Therefore
the imaginary part of I'; """ (€, €;€’, €) is determined by
the single particle-hole pair excitation shown in Figs. 8(a)
and 8(d) up to linear order terms with respect to € — €', eV,
and T,

Y Touine(0,050,0) T2 7 (0, 050, 0)

oo"0"0

o'oo0

X [-G, (e1+€—€)G, (1) + G, (e1) G, (e)]+ -+

= Y IT,.50,(0.0:0,0)PIm[X . (€ — €)

0" (#0)
e

~on
7 v

To obtain the last line we have used properties of the particle-hole propagator X", and the collision integral Wﬁh(w)
WPN (@) + WP (—w), described in Sec. VIIB and Table VI. Note that the susceptibility for o” # o is given by x,,.

—T 0 (0,0:0,0) pdo Pao-

oo”0

3 K e — ) - W] + -

— X O] + -

(€9

The real part of the causal vertex function for the same level 0 = o’ vanishes at low-energies up to linear order terms in ¢

and €’ due to the fermionic antisymmetrical properties [29,30]:

Rel'> 7" (e, €;¢', €) = 0+ O(e?, €’). Therefore the causal

0000

component for o = ¢’ is pure imaginary up to linear order terms with respect to € — ¢’, ¢V, and T,

{,oda}2 | €€ e)=inm Z xia,,[Wgh(e —€)— Wﬁh(O)] + .- (C10)
o (#0)
Correspondingly, the (++; +-+) component is given by Fj;j,ff(e, €€, €)= T oo (€, e, el
b. Low-energy expansion of T+ & T}~
We next consider the (——; ++) component, for which order U 2 contributions arise from the diagram Fig. 10(a). In this case,
w = —, v =+, and thus m = 1, and it has one fermion loop F; = 1,
. , d
F(%);,;’**(e, € €, e)= (=D Z U2/2—81 Gli(e1+e—€)G He)=— Z U?X/-.(e —€). (Clla)
o' (o) T o"(a)
Similarly, the diagram Fig. 10(a) for u = + and v = — describes the (++; ——) component of the order U? vertex function,
which takes the form
. / de
IOt (e,e'e! e) = (=)' (=D Y sz—' G, (e1+e—€)Gl(e)=— Y UX_t(e—€). (Cllb)
’ o"(#0) e o (#0)

Note that these two vertex components are pure imaginary. Therefore the fully renormalized vertex functions corresponding to
these ones are determined by a single particle-hole pair excitation described in the diagram Fig. 8(a) up to linear order terms

with respecttoe — €', ¢V, and T,

. d . .
Doge (€.€5€ €)= —/2—7‘: > T, (0.0:0,0)THEEE (0,050, 00G (61 + € — €) G, (1) +-
o"(#0)
= > |5 (0.0:0,0) X (e —€) + - (C12a)
o' (#0)
. d . .
Tifo (e, €€ €)= —/2—7‘2 3 T 0,0:0,0)T;007.(0,0:0,00G, (61 + € — €) G (er) + -+
" (#0)
== Y 0, (0.0:0, 00X (e =€)+ (C12b)

o"(#0)
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These two full vertex components can be rearranged into the symmetric and antisymmetric parts,

Pao Y Tovitt (e, €€/, )+ TS "(e. €€, €)= —i2nm Z X2 W e —€) + -, (C13)
0" (F0)

{0asV [Tomi (e, €€/ €) =T (e, €€l )] = —i2m Y xZ[e—€]+--. (C14)
o' (F0)

Note that WPN(w) — WP'(—w) = w as mentioned in Sec. VII B. The explicit expression of Wﬁh(w) is shown in Table VI.

¢. Low-energy expansion of Tt~ & TH—i—+

00300 00300

For o = ¢’ components, there are two other types of order U? vertex corrections, I';">~ and '}, "5, which emerge from

the scattering process illustrated in Fig. 10(d). In this case, the number of loops is F; = 2, and these vertex components can be
expressed in the following form:

. / d
PO (e, eel e) = (D' (=D Y szﬁ Gir(eGf (e = > UX,).(0), (C15a)
’ 2
o (#0) )
. , d
Poes (e ese )= (D)'PH (=D 3 U2 / TG NG en = Y. UX;5.0). (C15b)
. T
o () o"(#0)

These components are pure imaginary, and the corresponding full vertex functions are determined by the multiple scattering
processes described in Fig. 8(d), up to linear order terms in eV, T, and frequencies € and ¢/,

, d A .
[t (e, €€, €) = / zﬁ Z [0 (0,0,0,0) T 55 (0,0,0,00GE (1) G (1) + -+
, - : ;

b o)
= Y 00,00, 01X, (0) + -, (C16a)

oco";0"0
o (F#o)

. d . .
T i(e, €€, e)= / 2—;'1 D T 0,0:0,0)T,,77.(0,0:0,00G,.  (e1) Gl (e1) + -+

00,00 oo, 0"0 o 0,00

0" (F#0)
= Z T (0,0,0,0)°X4,(0) + --- . (C16b)

oo"0"0 o
o' (F0o)

+- _y—+ : :
Note that X, (0) = X .7, (0) at zero frequency. These two vertex components can also be expressed in the symmetrized form

e P[Toaih (e €€ o) + T e €€ o] =i2m > x2,, WE'(O0) + -, (C17)
o’ (F#0)
(Pao Y [Tooit (e, €/5€/, €)= Tf 5 Fe, €€, )] =0+ O((eV ), T?). (C18)

3. T2 (e €5 €, €) for 0 # o’ up to linear order terms in ¢, ¢, ¢V, and T

oo’;0'0
We next consider low-energy behavior of the vertex corrections between electrons in different levels o # ¢’ in the Fermi-
liquid regime. For the vertex functions of o # o, two other Keldysh components I, "+ and T'} ¥~ contribute to the linear
order terms with respect to €, €', ¢V and T, in addition to the ones that appear for ¢ = ¢’ in the above, i.e., F;U_;; F:;:;
oot pHbie— potide pdeet ' '

oo’;0'0” ~ oo',0'c? T 00’0’ T oo'io'o”

We calculate low-energy expansion of all these components in this section.

-=i== o [t

a. Low-energy expansion of T "~ AR

For the causal (——; ——) component, the imaginary part arises from the order U? scattering processes shown in Figs. 10(b)—
10(d) for o # o’. At low energies, leading-order terms of the imaginary part are determined by a single particle-hole-pair
excitations in (b) and (d) and the particle-particle-pair excitations in (c). Contributions of each of these three diagrams can be

written in the following form, taking F, = F/ = 1 and F; = 2,

. , d
Py (e e o) = (1) P (=D U? / 2—"” G, (e1+€—€)G, (e1) =UX, /(e =€), (C19a)
’ T
. : d
T2 (e, €5/, ) = (1) P (= )F U2/2—81 G, (e+€ —e))G, (e1) =UY, (e +€), (C19b)
’ T
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. , de
Qd)——;—— et _ 0 :2+1 Flyr2 1 . __ _ 2 __
FM,;U,{7 (e,e;€e,e)=(=1)"i"" (=1)«U /E E G, ()G (1) =—-U E X, .(0). (Cl19¢)

0"(#0,0") 0" (#0,0")
Thus the total of order U? causal components is given by ng;;f = I‘ffgb,).;;** + Ffj:);; T+ ngd,?;,;‘”. The contribution

of the diagram Fig. 10(d) appears for N > 2 as the summation for o” runs over N — 2 > 0 possible intermediate states other than
o and o’. Similarly, for the corresponding (++; ++) components, order U? contributions of the diagrams Figs. 10(b)-10(d) can
be calculated, replacing G~ in Eq. (C19) by G*™, as

T e, e e) = —{T2 7 (e, €€, 0)) = Uz[x;;(e —e)+ Y (e+€) - Z X5t (0)}. (C20)

oo'o'o oo’;0'o o
o"(#0,0")

The imaginary part of the full vertex function that includes multiple scatterings of all order in U can be calculated up to
linear order terms with respect to €, €', eV, and 7, from the diagrams show in Figs. 8(b)-8(d). The leading-order behaviors
are determined by the single particle-hole pair or the particle-particle pair, excitation in the intermediate states. Therefore the
imaginary part of the full causal vertex function is given by

: d . .
ImI® " (e, ¢;¢,€) = —Im /2_: G, (e1+€—€)G, (e).-(0,0,0,0)T, 3~ ~(0,0,0,0) + - --
1

=T, 5(0,0;0,0)* ImX, (e —€) +---, (C21)
. de . .
Im F;"o)i(;;;’(e, €€ ,e)=—Im fz—] G, (e+€ —e)G, (e, -(0,0;0,0)T_~(0,0;0,0) + - --
: i : :
=T, 5(0,0;0,0)*ImY, (e +€)+ -, (C22)
. de . .
Iy 7 (e, €'5€',e) = Im / 2—1 > Gr(e) Gy (e, i, (0.0:0,0) 0,0 ,(0,0:0,0) 4+ (C23)
T o1 (o)
=— Y T,7i(0,0;0,0)T,, 7" (0,0;0,0)ImX,,,(0) + - . (C24)
o’ (#0,0")
The sum ', " = Fgg,—;a__ + FSC;:;;__ + Fff‘?,;_a_,;__ can also be expressed in the following form, in terms of the collision
integrals,
ImI, " (e, €€, €) = { X2 VR (€ — €) =W (e + )] — Z Xoor Xorgr WENO)E 4 -+ (C25)
’ PasPas o' (#o,0")

The properties of the PH propagator X', and PP propagator Y/’ and also the collision integrals Wﬁh(w) and Wﬁp(w), are
described in Sec. VII B.

Note that the causal vertex function for o # ¢ also has the ¢V -linear real part Re I’
the Ward identity in Sec. VIII B and is shown in Table VIII.

(e, €';€, €), and it is deduced from

oo';o0'c

st S bares

od’;0'0 oo’30'0

b. Low-energy expansion of T
We next consider ') """ and '] '~ which arise first from order U? particle-hole ladder diagram Fig. 10(b). The

contributions of this process can be calculated, taking F’ = 1, as

oo';0'c oo’

. y d
PO (e, s €) = (—1)! 27 (=) U2 f TG Ete— )G e = UK (e—€). (€26
T
d&‘]
2

These two components are pure imaginary. The low-energy asymptotic forms of the corresponding full vertex functions can be
deduced from the diagram Fig. 8(b), which include multiple-scattering processes of all orders in U,

G, (e1 +e—€)G (1) = —UX, T(e — €. (C26b)

oo’

F(2)++;__(€,€,;€/,€) — (_1)1 l-2+1(_1)F/ sz

oo';0'c

. d . .
Lot (e, €€, e) = — /ﬂ [2--(0,0,0,0) T HH+(0,0;0,00G (61 + € —€) G T (er) + -+

oo’;0'0 2i oo’0'c oo’0'o
= —|[,500,0:0,0) X (e —€) + -, (C27a)
. d . .
Tt g (e e e) = —/2—;11 CEHEE0,050,0) Tt (0,050, 00G; ey + € — €) GE(en) + -+
= —|[,0(0,0:0,0)° X, (e —€) + . (C27b)
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Therefore the symmetrized and antisymmetrized parts of these two full vertex functions can be written, as

. . . h
PaosPao [Togri(€ €€, €)+ T, (e, €€ €)] = —i2mxl, Wi(e—€) + -, (C28)
PaoPao [Toridi(e €€, €) =T (e €€ )] = —i2m x2p[e —€] + -+ . (C29)

Note that WPN(w) — WP'(—w) = w, and the explicit expression of Wféh (¢ — €’) is shown in Table VI.

—i—+ =it —
od’;0'0 & raa’;o’a

c. Low-energy expansion of T

The following two vertex components, I', " and '} " for o # o, arise first from the order U diagram Fig. 10(c). These

vertex functions are determined by intermediate particle-particle-pair excitation and are pure imaginary, which can be verified
taking F' = 1, as

. , d
Fff;:;;,_+(e, €€ e) = (=D'F(=DF szz—: Gl (e+¢€ —e)Gi(e1) = UV (e +€), (C30a)
. , d
P (e, €ye,e) = (=D 2T (=1 sz—;l G te+€ —e)G, ()= —-UY F(e+¢€) (C30b)
’ T

For these two components, contributions of multiple scatterings of all orders in U can also be deduced up to linear order terms
with respect to |¢ — €’|, eV, and T from the diagram Fig. 8(c),

. d . .
Lori(eeie,e)=— /ﬂ [ parioie (0,050,0) T 150(0,0,0,0)GT (€ + € — &) G (e1) + -

oo’0'o 27i oo’0'o oo'0'o
= —|T, .4 (0,0;0, 0)|? Yi(e+e€) + -, (C31a)
. de . .
Tt (e es€l,e) = — / 2—‘ rH4h0,0,0,00T,77-(0,0;0,00G, Y (e + € —e1) G, (e1) + ---
’ i : :
= —|[,5(0,0:0,0) Y, F(e+€) + - . (C31b)
The symmetrized and antisymmetrized functions of these two components can be expressed in the following form:
PaoPao [T (€, €€ )+ T (e, €€/, )] = i2m xo, W€ +€) + -+, (C32)
PaoPao [ Coaroi(€. €€ €) =TS (e, €€/, )] = i2m x 70 Wik(e +€) + -+ (C33)

Note that the bosonic particle-particle collision integral Wg}; (w) = WPP(w) — W' (w) is defined in Eq. (136), and the explicit
expression of Wi’ () is given in Table VI.

—Hit— o it

oa’;0'0 oo’;0'0

d. Low-energy expansion of T'

For multilevel Anderson impurity with N > 2, vertex corrections for o’ # o also arise from the diagram (d) of Fig. 10. In
this case, the intermediate particle-hole pair can be excited in N — 2 different configurations of internal degrees of freedom ¢”
as it is required that 6" # o and 6" # o'. Thus the contributions of the order U? process are given, taking F” = 2, by

| . (d
P2 (e, eie, o) = (=)' P (=1)f U2/2—81 S GLenGfen= Y UNX1.0),  (C34a)
’ T
0" (F0,0") 0" (F0,0")

. . " d81 _ _ _
POt e eie o) = (=)' P (=D)F szg Y GHenGiien= Y. UM, L(0).  (C34b)
o (#0,0") o"(#6,0")
These contributions are pure imaginary. Thus, similarly to the cases of the other components, contributions of the multiple
scatterings of all orders in U can be deduced from the diagram Fig. 8(d), up to linear order terms with respect to eV, T, and
frequencies € and €’,

. d : .
F_+’+_(e,e’;e/,e)=/2—81. > T ,(0.0:0,0)TLE (0.0:0,00GE (e1) G, (e1) + -+
Tl

oo’;0'o oo 0”0 oo’0'c"
o"(#0.,0")

= Y T,50,(0.0:0,0)T; 0507 (0,050, 0)X57,(0) + -, (C35a)

oo"0"0 o'o’0'c
o"(#0.0")

: d . .
F+_’_+(e,e’;e',e):/ﬁ Z T 0,0,0,0)T,77 ,(0,0;0,0)G.. (e1) G (e1) + -+

oo’;0'o . oo"0"0 oo’0'c
2mi ’

o”(#0,0)
= Y T,0,00,0:0,00T,.077 (0,0:0,0X,,%,(0) + - . (C35b)

voras o 4
0" (#5,0")
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Furthermore, the symmetrized and antisymmetrized functions of these two vertex components can also be written in the form

ea_ . . h
Pao Pao [Tonriag (€. €56 €) + T e, €€, )] =21 Y Agprorg WE(O) + -+,

g0’ 0’0 00,00

Pao Pao[Tooriarg (€, €56/, €) =TS0 (e, €€, €)] =0+ 0((eV)?, T?).

oo'i0'c

(C36)
o"(#0,0")

(C37)
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